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Abstract: A graph G is H-free, if it contains no H as a subgraph. A graph is said to be H-
minor free, if it does not contain H as a minor. In recent years, Nikiforov asked that what is the
maximum spectral radius of an H-free graph of order n? In this paper, we consider about some
Brualdi-Solheid-Turdn type problems on bipartite graphs. In 2015, Zhai, Lin and Gong proved
that if G is a bipartite graph with order n > 2k +2 and p(G) > p(Kyn.—«), then G contains a
Cor42 unless G = K, [Linear Algebra Appl. 471 (2015)]. Firstly, we give a new and more
simple proof for the above theorem. Secondly, we prove that if G is a bipartite graph with order
n>2k+2 and p(G) > p(Kyn—«), then G contains all T3 unless G = Ky ,_. Finally, we prove
that among all outerplanar bipartite graphs on n > 344569 vertices, Kj , attains the maximum
spectral radius.
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1 Introduction

A graph G is called H-free, if it does not contain a subgraph isomorphic to H, where the graph
H can also been called the forbidden subgraph. The classic Turdn’s problem asks what is the
maximum edge number of an H-free graph of order n, where the answer is known as the Turdn
number of H and denoted by ex(n,H). The study of Turdn’s problem was initiated by Mantel
[22], who showed that ex(n,K3) < |n?/4], where K; means a j-clique. Let A(G) be the adjacency
matrix of a graph G and the spectral radius p(G) be the largest eigenvalue of A(G). In 2010,
Nikiforov [26] raised the following Brualdi-Solheid-Turdn type problem:

Problem 1.1 ([26]). Given a graph H or a family H, what is the maximum spectral radius of
H-free(H-free) graph of order n?

Much attention has been paid to Brualdi-Solheid-Turan type problems for various types of H,
such as the clique [3, 31], the complete bipartite graph [1, 25], the path [26], the friendship graph
[9], the odd wheel [6] and consecutive cycles [13, 18, 28, 23, 33, 36]. For more details, we refer
the reader to the survey [27]. In 2010, Nikiforov [26] raised the following Conjecture 1 based
on the {Coxy1,Coxi2 }-free graphs and Cyp-free graphs, and also raised Conjecture 2 based on
T5io-free graphs and 7o y3-free graphs in the same paper, where C; and 7; means the cycle and
some tree of order j, respectively. Denote by V and U the join and union products, respectively.
Define S, x = Ky V I,,_ and S:;k =Ky V (I—x—2UK3), where [ ; means an independent set of order
J-
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Conjecture 1 ([26]). Let kK > 2 and G be a graph of sufficiently large order n.
(@) If p(G) > p(Sux), then G contains a Coxij or Coxyo unless G = S, «;
) Ifp(G) > p(S:k), then G contains a Cy» unless G = SIk.

Conjecture 2 ([26]). Let k > 2 and G be a graph of sufficiently large order n.
(@) If p(G) > p(Syx), then G contains all trees of order 2k + 2 unless G = S, 4.
(b) If p(G) > p(S;f,). then G contains all trees of order 2k + 3 unless G = S, .

Partial cases of Conjecture 1 and 2 were solved by Zhai and Wang [35], Nikiforov [24], Zhai
and Lin [32] and other researchers such as [17, 20, 21]. Recently, Cioaba, Desai and Tait com-
pletely solved them [7, 8]. A graph is bipartite if and only if it has no odd cycles. Since the
extremal graphs of the above two conjectures are both non-bipartite graph, it is natural to consider
about Brualdi-Solheid-Turdn type problem for bipartite graphs. In [34], Zhai, Lin and Gong first
give a spectral condition to guarantee the existence of even cycles in bipartite graphs. Denote by
K, the complete bipartite graph with two partitions of order s and .

Theorem 1.1 ([34]). Let k be a positive number, n > 2k + 2 and G be a bipartite graph of order
n. If p(G) > p(Kin—«k), then G contains a Cyy 2 unless G = K .

In this paper, we shall give a new proof of Theorem 1.1 by local edge maximality and eigen-
vector entry. Also, we give a spectral condition to guarantee the existence of trees in bipartite
graphs.

Theorem 1.2. Let k > 2 and G be a bipartite graph of sufficiently large order n. If p(G) >
P (Kkn—k), then G contains all trees of order 2k + 3 unless G = Ky .

Given two graphs H and G, H is a minor of G if H can be obtained by means of a sequence
of vertex deletions, edge deletions and edge contractions. A graph is said to be H-minor free, if it
does not contain H as a minor. Also, we turn our focus to extremal spectral problem on H-minor
free graph. Naturally, we consider the following problem.

Problem 1.2. Given a graph H or a family Hl, what is the maximum spectral radius of H-minor
free(H-minor free) graph of order n?

As we known that every planar graph is {K3 3, Ks }-minor free and every outerplanar graph is
{K>3,K4}-minor free. The study of spectral extremal problems on planar and outerplanar graphs
has a rich history. Denote by P; the path of order j. In 1990s, Cvetkovi¢ and Rowlinson [10]
conjectured that for any outerplanar graph G, p(G) < p(K; V P,—;) with equality if and only if
G =KV P,_;. Almost at the same time, Boots and Royle [4] and Cao and Vince [5] independently
conjectured that for any planar graph G of order n > 9, p(G) < p(P,V P,_») with equality if and
only if G = P,V P,_5. Subsequently, many scholars took an interest in these two conjectures (see
[5, 14, 15, 29]). Ellingham and Zha [12] proved that p(G) < 2+ +/2n— 6 for a planar graph
G. Dvorédk and Mohar [11] proved that p(G) < v/8A — 16+ 3.47 for a planar graph G with the
maximum degree A. Based on these previous research, these two conjectures were confirmed by
Tait and Tobin [30] for sufficiently large » in 2017, and especially, the conjecture on outerplanar
graph was completely confirmed by Lin and Ning [19] in 2021. Since the extremal graphs of the
above two conjectures are also both non-bipartite graph, it is natural to consider about the problems
for bipartite graphs. For planar bipartite graphs, Hong and Shu [16] proved that A (G) > —/2n—4
with equality if and only if G = K3 ,,_», where A (G) represents the least eigenvalue of A(G). Since
that if G is a bipartite graph, then we have p(G) = —A(G), thus we easily get the conclusion that
among all planar bipartite graphs on n vertices, K> ,» attains the maximum spectral radius. For
outerplanar bipartite graphs, we give the following extremal spectral result.

Theorem 1.3. Among all outerplanar bipartite graphs on n > 344569 vertices, Ki ,_1 attains the
maximum spectral radius.



2 The proof of Theorem 1.1

In this section, we prove Theorem 1.1. Before beginning our proof, we first give a lemma. We
denote the edge set of G by E(G) and e(G) = |E(G)].

Lemma 1 ([34]). Let G = (X,Y) be a bipartite graph where |X| >rand |Y|>r—1>1. IfG
does not contain a copy of Py,1 with both endpoints in X, then

e(G) < (r=1)X|+rY|=r(r—1).
Equality holds if and only if G = K|x| |y, where |X|=ror |[Y|=r— L.

In the following, we would like to introduce an eigenvector technique, Rayleigh quotient. A
Rayleigh quotient is a scalar of the form y'Ay/y'y where y is a non-zero vector in R". The
supremum of the set of such scalars is the largest eigenvalue p of A, equivalently,

p =sup{x'Ax:x € R" ||x|| = 1}.

For a graph G and any vertex u € V(G), we denote by Ng(u) the neighborhood of u in G. For
subsets X,Y C V(G), we write E(X) for the set of edges induced by X and E(X,Y) for the set
of edges with one endpoint in X and another endpoint in Y. Define e(X) = |E(X)| and e(X,Y) =
|E(X,Y)|. Also, define Ny (u) = Ng+(u) NA and da(u) = |[Na(u)| for any vertex u € V(G*) and
subset A C V(G).

The proof of Theorem 1.1. Suppose that G* attains the maximum spectral radius among all Cog47-
free bipartite graphs. We first assume that G* is disconnected. Let Gy, ...,Gy be all components
of G* for n > 2, and let G’ be a connected graph obtained from G* by adding n — 1 edges. By
the Rayleigh quotient and the Perron-Frobenius theorem, p(G’) > p(G*). Also note that if G* is
Coiio-free, then G’ is also Cyio-free. It is contrary to the maximality of p(G*). For this reason,
in what follows, we always assume that G* is connected. Note that Ky, is Cox42-free. Then

p(G") = p(Kin—k) = Vk(n—k). (D
Assume that x = (xj,x2,- -+ ,X,) is the Perron vector of G* and z is the vertex with the maximum

entry of x. Let A = Ng+(z), B=V(G*)\ (AU{z}) and
Y(z) = |A| +2¢(A) +e(A, B). 2)
Since G* is a bipartite graph, ¢(A) = 0. Note that

PG =pG) ¥ x= Y ¥ «x

uENg« () UENGx () vENgG* (u)
= |Alx, + Z da(u)+ Z da(v)x,
ucA veB

< |Alx; 4+ 2e(A)x, + e(A,B)x, = ¥(2)x;.
Thus, combining this with (1),
k(n—k) < p*(G*) < 1(2). 3)
In the following, we prove a claim to finish our proof.

Claim 1. There exists a path Py consisting of edges in E(A,B) with both endpoints u,v € A
containing in G* unless G = Ky ,,_.



Proof. Otherwise, by Lemma 1,
e(A,B) < (k—1)|A|+k|B| —k(k—1).
Then by (2), e(A) =0 and |A| + |B|+ 1 = n, we have

¥(z) = |A| 4+ 2e(A) + (A, B)
< k|A|+k|B| —k(k—1)
=k(JA|+|B]+1—k)
=k(n—k).

Combining this with (1) and (3), it is a contradiction unless the equality holds. Since the equality
holds if and only if G* = K ,,_x by Lemma 1, as desired. |

By Claim 1, since u,v € A, G* contains a Cyy2 = zuPs1v unless G* = Ky ,,_, which is
contrary to Cy1p-free, we complete the proof. U

In the proof of Theorem 1.1, we aware that we can use the condition that G is Cz-free instead
of that G is bipartite to finish the proof. We can obtain a general result as follows.

Theorem 2.1. Let k be a positive number, n > 2k + 2 and G be a Cs-free graph of order n. If
p(G) > p(Kin—k), then G contains a Cyys unless G = Ky .

3 The proof of Theorem 1.2

In this section, we will give the proof of Theorem 1.2. Before beginning our proof, we first
give some notations and lemmas. For k > 2, let T denote the set of all trees on 2k + 3 vertices.
We use G, r to denote the set of T-free bipartite graphs on n vertices for T € Ty. Let G, 1 be a
graph with maximum spectral radius among all bipartite graphs in G,, 7.

Lemma 2 ([8]). Let y be a non-negative non-zero vector and c be a positive constant. For every
non-negative symmetric matrix A, if Ay > cy entrywise, then p(A) > c.

Proof. We have y' Ay >y’ cy since Ay > cy entrywise. Then by Rayleigh quotient, p(A) > %
c follows.

T IV

The following lemma is an exercise in [2]. For short, we use H C G(H C G) to express that
is a (proper) subgraph of G below.

Lemma 3 ([2]). Let T be an arbitrary tree on k+ 1 vertices. If G is a graph with its minimum
degree 6(G) >k, then T C G.

Lemma 4. If G is a graph with size e(G) > kn, then H C G and its minimun degree 8 (H) > k+ 1.

Proof. Let H be an induced subgraph of G defined by a sequence of graphs G,G», -+, G, such
that:

(1) G1 =G, Gy =H;

(2) for every integer j € [1,7] (if # > 1), there exists one vertex v;; € V(G;) such that dg,(v;;) <
k+1 and Gj+1 = Gj— {V,'j};

(3) for every vertex v € V(G41) (if any), dg,,, (v) > k+ 1.



By the construction, |V(G)\V (H)| =1, and if t > 1 then dg;(v;;) <k for 1 < j <t. We assert that
H is not a null graph. Otherwise, assume that H is a null graph, i.e., t = n. Then

e(G) = dG(Vi| ) +dG2(V,'2) 4. +dG, (V,‘,) <tk= kl’l,
contrary to e(G) > kn. Similarly, we can prove that |V (H)| > k+ 2 since
e(G)=dg(vi)) +dg,(vi) +---+dg,(vi,) +e(H) <thk+(n—t)(n—t—1) < tk+ (n—t)k = kn,

which is contrary to ¢(G) > kn when |V (H)| =n—1t < k+ 1. By the construction of H, 6(H) >
k+1, as desired. O

Lemma 5. Let n be a sufficiently large integer, for any tree T;, we have

(a) ex(n,T;) < (t —2)n.

(b) T C K1yt
Proof. We first give the proof of (a). Suppose to the contrary that ex(n,T;) > (t —2)n. Let G be
a graph with size e(G) = ex(n,T;) > (t — 2)n, By Lemma 4, if ¢(G) > (t — 2)n, then there exists
a subgraph H C G with minimum degree 6(H) >t — 1. Thus, H contains 7; by Lemma 3, a
contradiction. This implies ex(n,T;) < (t —2)n.

Then, we give the proof of (b). Note that every tree is bipartite. Then we can divide the vertex
set of T; into two partitions. Since the larger partition of 7; has a <t — 1 vertices and the smaller
partition has b < L%J vertices, T; C K, C KI,M% | the proof is complete. O

For a graph G and v € V(G), let N;(v) be the vertices at distance i from v and d;(v) = |N;(v)|.
Specially, d;(v) = dg(v). For short, we use p and d(v) instead of p(G) and dg(v) if G is clear
from the context respectively.

Lemma 6. For two integers k >2 andn > k+2,
k(n—k) < p(Gnr) </ (2k+1)n < V3kn.

Proof. Note that Ky ,_x € G, and G, r is the graph with the maximum spectral radius in G,, 7.
Then p(G, 1) > p(Kin—k) = Vk(n—k). Since G,r is a bipartite graph, e¢(N;(v)) = 0. By
eigenvalue-eigenvector equation, we have

p? < max Y Aiu = max Y d)

veV veV

ueNg,  (v) ueNg, 1+ (v) @
=max{d(v) +2e(Ni (v)) +e(Ni (v),N2(v)) }
= max{d(v) + (N (v), Na (1))}
By Lemma 5 (a), ¢(G,,r) < (2k+ 1)n. Combining this with (4), we have
p? < e(Gur) < (2k+1)n < 3kn,
as desired. O



Let 1) be a positive constant which only depends on &:

1 1

3 2

"<mm{10k (2k+2—)(16k2)'(16kz_1 4(16];k_]) ’sjk];J:S]k} ®)
Let x = (x1,---,x,) be the eigenvector corresponding to the eigenvalue p(G, r) such that x, =

max,cy ()X = 1. Then we introduce two positive constants that depend on 7 and k:

I 1
8<mm{g 163" 8k 32k?+2} ©
2

a<min{n,3k} (7)

For convenience, we individually introduce the following inequality, which can be easily deduced
by (5) and (6):
n—2e> (32> +2)e —2-£ = 32k’¢. (8)

In the following, we define two vertex subsets of G, r that depend on & and x:
L:={veVx,>a}, M:={veV|x,>a/3}.

Lemma 7. Forn > %, we have |L| < 5\/15 and |M| < 15\/15

Proof. For any v € V(G, ), we have that
px, = qu <d(v). 9)

u~y

Combining this with the lower bound in Lemma 6, we obtain /k(n—k)x, < px, < d(v). Sum-
ming over all vertices v € L gives

ILIVk(n—k)oe < Y d(v) < ) d(v) <2e(Gyr) < 2maxex(n,T) < (4k+2)n,

veL vev TETy

where the last inequality holds by Lemma 5 (a). Thus, we obtain that |L| < 5‘F forn > %
By a similar analysis, we have

M| \/k(n—k) - % (4k+2)n

which follows that [M| < 15k O

Now we give the proof of Theorem 1.2.
The proof of Theorem 1.2. First of all, we assert that the graph G, 7 is connected. If not, G, r
has r > 2 components: Cj,...,C,. Let C; be a component with p(G,.r) = p(C1). Note that x is an
eigenvector responding to p(G,,r) and x, = 1. Without loss of generality, we assume that z € Cj.

By (9),
d(z) > p(Gur) > Vk(n—k).

Since other components have at least one vertex, there exists a vertex u € Cy,s # 1. Let

Gn,T =Gur— {uv :forallv e N (u)} + {uz}.

Let C; = Cy + {uz}. It’s clear that C; C C; C G,,.r. Then

p(Gur) = p(C)) > p(C1) = p(Gur).



Moreover, we claim that (A;,,J contains no tree in T. If not, we suppose (A}n,T contains 7. By the
construction of G, r, we obtain that u must be a leaf of T and is adjacent only to the vertex z in
Gnx. Note that d(z) > \/k(n— k). Thus, the vertex z is adjacent to at least /k(n — k) — (2k+ 1)
vertices in V(Cy) \ V(T), and so there exists w € Ny(z) \ V(T), such that

T'=T—uz+zw>=T, T CCi CGyr.

It is impossible because G, 7 contains no 7' € Ty. Since p(GmT) > p(Gy,r) and C’;'nj contains no
tree in Ty, it is contrary to the maximality of G, 7.

Let L;(v) = LNN;(v) and M;(v) = M N N;(v). For short, we will use N;, L; and M; instead of
N,'(V), L,'(V) and M,'(V).

Claim 2. For any vertex v € L with x, = ¢ > o, we have d(v) > &%.

Proof. Suppose to the contrary that there exists a vertex v € L such that
no
dv) < —.
) <<
Combining eigenvalue-eigenvector equation on some vertex v with Lemma 6 and e(N;) = 0 as
G, r is a bipartite graph, we have

(10)

k(n—k)c < p’c
= pzxv

- Y ¥ o«

ueN; (v) weN (u)

<d)e+2eNiv)+ Y, Y x
uEN; (v) weN; (u), (11)

WEN>(v)
c+ Z Z Xy

ueN; (v) weN (u),
WENz( )
V) + Z Z Xy + Z Z Xy«
ueN; (v) Vv\;g}\(/}z((ldv))7 ueN; (v) we[:]‘;’{]‘% ")

Combining this with Lemma 7 and (10), we have

Y Y x<eNi() M)

u~y WwW~u,

weM, (v)
<ex(d(v)+|M|,T) (since G, 7[N1,M>] is a T-free bipartite graph.)
< (2k+1)(d(v)+ |M|) (by Lemma 5)
na | 15vVkn
< (2k+1) [ — .
(2k+1) <8k * o )

2
15-24(2k+1)kv/k
W , We have

(2k+1) <ﬂ+ 15;{5) < (2k+1)n <3+7a(2]‘_3) > _ e

8k 8k | 24k(2k+1) 3

Furthermore, for n > <

Combining this with Lemma 5 (a) and (11), we get

o noc no o 1 2k 2
k(n—1e < 2% L% o (). N\ M (o)) E < XYL o
(n—k)c < 8k+ +€( 1(v), N2\ 2(V)) <%T3 + (2k+1)n 3 (8k+ +3

which implies a contradiction for n > and x, = ¢ > «a since v € L, as desired.

2443
8k2 —16k—3



Again by Lemma 5 (a), we have

1 no
2k+1)n > >=) dv)>|Ll—.
(k1) 2 e(Grr) 2 5 Y d0) 2 Ll

Then we get the refinement of the size of set L that

16k(2k + 1)

L] <
(04

(12)

Next we will refine the degree estimates of the vertices in L' := {v € L|x, > n}. Let S :=V \ L =
{veV|x, <a}andS;(v) :==SNN;(v). For short, S; = S;(v) if v is clear from the context.

Claim 3. Let v be a vertex in L' with Perron weight x, = ¢. Then d(v) > cn— €n.
Proof. Suppose to the contrary that
d(v) <cn—en. (13)

Combining eigenvalue-eigenvector equation on the vertex v with e(S1) = e(L1,S5;) =0 as G, r is
bipartite, we have

k(n— kc<pc— Z Z x, =d(v)c+ Z Z Xy
UEN; (v) wEN] (u) MGNl(V)WGN;é u),

<dW)e+ ), Y xu+2e(Si)o+2e(L)+e(Ly,S1)o+e(Ni,Sz)o 14
ueS wen, (u), (14)
wely

C—i—Z Z Xy +2e(L) +e(Ny1,S:)a.
ueS; weN (u),
wely

By Lemma 5, e(Ny,S,) < (2k+ 1)n. Combining this with (12), for n > % we deduce that

L
2e(L) +e(Ny1,8)a < 2<|2|> + (2k+ Dna < |LP* 4+ 2k + 1)no < 3kna.
Thus, by (7) and (14), we obtain that
k(n—k)c < p’c

<dW)e+ Y, Y xw+3kno

MGS] w~u,

wel, (15)

<d(v)c+e(Si,Ly)+ 3kna

< d(V)C + e(S1 ,Lz) + en.
Note that v € L. Then n > x, = c. Thus, by (6), we have

e<n<c<l.
Combining this with (13) and (15), we deduce that
(k—c+¢&)nc—k*c=k(n—k)c— (cn—en)c < (k(n—k) —d(v))c < e(S1,L,) + €%n,

which follows that

e(Sy,Ly) > (k—c)nc+ enc — €n—k*c > (k— )nc + €*n— k2c. (16)



Next we will prove that there are at least On vertices in S} with degree at least k in G,, 7[S1, L],
where 0 := %. If not, there are at most dn vertices in S| with degree at least k in G, 7[S1,L].
Thus, by |S1| <d(v) < cn—eéenand (12), e(S1,Ly) < (k—1)|S1|+|L|6n < (k—1)(c — €)n+ €n.
Combining this with (16) gives —(k —2)ne > €*n —k*c > 0 for n > ';—i which is impossible
because k > 2 and € > 0.

Let B be the subset of S in which each vertex has degree at least k in G, 7[S1,Lz]. Thus
|B| > &n. Since there are only (lL,fl) < (‘i') < (161‘(2]‘;1)/‘)‘) options for every vertex in B to
choose a set of k neighbors from, there exists some set of k vertices in L, with at least dn/ (‘i') >
5n/(16k(2k;1)/a) = %n/(mk(%:l)/a) > 2k +2 common neighbors in B, and so Ky 1 o542 C

Gn.1[S1,L2], which is contrary to Lemma 5(b) that G,, r contains T as desired. |
Claim4. (1—¢)kn <e(S;,{z} ULy) < (k+¢€)n.

Proof. Recall that x, = 1. Since e(S,{z} ULy) = e(S1,Ly) +d(z) — |L;

, by (15), we have

k(n—k)-1<d(z) +e(Si,Ly) +€n
=e(S,{z} ULy) +|L| +€*n (17)
<e(S,{z}ULy)) +|L| + €*n.

By (6), € < 2617. Combining this with (12), e(S;,{zUL,}) > (1 — €)kn. For the upper bound of
Claim 5, suppose to the contrary that e(S1,{z} ULy) > (k+ €)n. We first assert that there are at
least dn vertices in S| with degree at least k in G, 7[S1,Lz], where & := %. Otherwise by
IS1| < n and (12), we obtain that e(S;,Ly) < (k—1)|S;|+|L|6n < (k—1)n+en= (k+€—1)n,
which leads to a contradiction that e(Sy,{z} ULy) > (k+ €)n. Therefore, let D be the subset of S|
with at least 8n vertices such that every vertex in D has degree at least k in G, 7[S1,Ls]. For every
vertex in D, there are at most (‘i') < (16]‘(2"; b/ a) options to choose a set of k neighbors from.

Thus, we have that there exists some set of k vertices in L,\ {z} having a common neighborhood

with at least 8n/ (1) > §n/ (1) = %n/(mkm;l)/“) > 2k + 2 vertices for n large
enough. So, Kiy12k+2 C Gu7[S1,L2 U{z}], which is contrary to Lemma 5 (b), as desired. O
Claim 5. Let v be a vertex with v e L' := {v € V|x, > n}. We have x, > (1 — 1617) and d(v) >
(1— 8—]163)11

_ 1
16k

there is some vertex in v € L and x, < (1
we have that

) for any v € L through a contradiction by assuming that

_ L
163

Proof. First we prove that x, > (1
). Then refining (15) with respect to the vertex z

k(n—k)-1<p?-1
<e(S1(2),L2(2)\ {v}) + [N1(z) "Ny (v)|x, + €%n
= e(S1(2),La(z) U{z}) — e(S1(2), {z}) — e(S1 (2), {v}) + N1 (2) N\ Ny (v)|x, + €2

< (k+&)n—|S1(x) NN1 (V)| + |N1(z) NN (v)] <1 — ﬁ) +&%n
— o+ en+|Li(2) AN (v)| = yzvl(z)mvl(v)ym]T +en

Thus, for sufficiently large n, we have

1
IN1(z) NN, (V)IW <en+|Li(2) NN (V)| + €’ n+ k> < en+e°n+|L| +k* < 2en,
by (12). Recall that |[N;(z)| > (1 — €)n by Claim 3. Then there are at most €n vertices that not

contained in Nj(z). Since v € L, we have x, > 1 and d(v) > (n — &)n from Claim 3, and so



IN1(z) ﬂNl( )| > (n—¢&)n—en=(n—2¢)n>32k>en by (8), a contradiction. This implies that

Xy >1—5 6k3 Combining this with Claim 3 and (6), we have that

1 1
d(v) > (x,—€)n> (I—W—S)nz (1—@)n,

as desired. O

Now we shall show |L'| = k by proving |L'| > k+1 and |L'| < k—1 is impossible. If L' >
k+1, then G, 7[S) ,Ll] contains a Ky ox42 since the (k+ 1)-vertex set B C L' has a common
neighbourhood with at least ( ’;,;1 )n > 2k + 2 vertices for n large enough, contrary to Lemma
5(b). Next, if |L'| < k— 1, then by (17), we have

k(n—k) < p? <e(S1,L)+e(S1,Lo\L)N +€2n < (k— D)n+ (k+&)nn + €2n < k(n—k),
where the last inequality holds for n large enough. This gives the contradiction. Thus
IL]=

# )n. Thus, the

common neighborhood R of vertices in L has at least (1 — #)n vertices. Let E =V (G)\ (RUL').
Clearly, |E| < g5-

Now we have the above equation and every vertex in L has degree at least (1 —

Claim 6. For any vertex v € V(G,,r), we have px, =Y, Xy > k— 5 6k2

Proof. We will divide the examinations of the Perron weight in the neighborhood of v into three
cases.
Case (a): v € L. By Claim 5,

1
ZXW va_ ( @)

wny

Combining this with p > \/k(n—k) > k,

1
>k
Lo = p(l=1o3) 2 k= 1o,

wny

since n is large enough.
Case (b): v € R. Since |L/| = k and the vertex v is a common neighbor of L/, we deduce that

1
W;VXWZWZVXWZIC ]6k3) k—@

wEL

Case (¢): v € E. Suppose to the contrary that Y, x, < k— given the graph

i
1612°
H=G,r—{vw:forallwe N, (v)}+{vu:forallueL}.

Now since ¥, x, < k — 16k2, we have that x"A(H)x > x"A(G,r)x = p(G,r) since x is an
eigenvector with respect to p(G, 7), and p(H) > p(G, r) by Rayleigh quotient. However, we
assert H is T-free. Otherwise, if H contains 7', then T contains the vertex v since G, 7 is T-free.
Clearly, there exists some edge e € E(H) N E(T) which must be incident with the vertex v and the
other vertex u € L. Now since R has at least (1 — #)n > 2k + 2 vertices, there must exist another
vertex v € R,V ¢ V(T) satisfies that for all vu € E(H)NE(T),v'u € E(Gyr). Thus, G, r contains
T, a contradiction, and so H is T-free. It is contrary to the maximality with G, r, as desired.
To sum up, we finish our proof of Claim 6.

10



Since the graph G, r is bipartite, the set L' must be contained in one partition, while R is
contained in the other set since R is the common neighborhood of L. It follows that e(R) =0.
Moreover, any vertex in E is adjacent to at most 2k + 1 vertices in R, else Ki1 2¢4+2 C G, 7 , which
is contrary to Lemma 5 (b). Finally, any vertex in E is adjacent to at most k — 1 vertices in L by
the definition of E. Next we prove that the vertex set E = 0 for n > 128]‘

Assume to the contrary that E # 0. Recall that any vertex r € R satlsﬁes xr < 1. Therefore,
any vertex v € E must satisfy

px, = qu— Z xu—|—qu<k—1+(2k+2)n—|—2xu.

U~y u~v U~y U~y
MGL/ UR uckE uck

Combining this with Claim 6 and (5), we have

Licptn  pxy— (k=1 —(k+2m | (k=D+(2k+2n _ 4

pxy pxy - k— o ~ 5k

Now consider the matrix B = A(G,,r[E]) and vector y := x| (the restriction of the vector x to
the set E). We see that for any vertex v € E,

4
qu - Skva ﬁpyv

u~y
uck

Hence, by Lemma 2, we have that p(B) > 5kp >z \/ k By Lemma 6, p(B) < \/3k|E| <
’/3]{822 = /2 when |[E| > k+2. If |[E| < k+1, since G,r[E] is a bipartite graph, p(B) =

|E| ‘E‘ 3k]E] < ?;_Z By a simple calculation, we get a contra-
dlctlon for large n. Thus, E=0. Th1s 1mphes that V(G,r) = L' UR. Note that R is the common

neighbourhood of L'. Then Kin—« C Gy r. Clearly, G, = Ki ,—«. By the arbitrariness of 7', we
complete the proof of Theorem 1.2. U

4 The proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3. Before beginning our proof, we first give
some notation not defined above. Denote by F(G) the face set of G, and let ¢(G) = |F(G)|. For
any face f € F(G), let dg(f) be the degree of the face f in G. For short, dg(f) = d(f) if G is
clear from the context.

Lemma 8. If G is a connected outerplanar graph of order n and size m, then m < 2n—3. Moreover,

. . . . 3n—4
if G is a connected outerplanar bipartite graph, then m < 5=,

Proof. Since G is a connected outerplanar graph, there exists a face in G satisfying d(f) = n.
Combining this with the fact that d(f) > 3 for all f € F(G), we deduce that

Z d(f (G)—1)+n

f€F(G)

Note that Y. s () d(f) = 2m, and n —m+ ¢ > 2 by Euler’s formula. Then by a simple calculation,
we yield that m < 2n — 3, as required.

Furthermore, if G is a connected bipartite outerplanar graph, then d(f) > 4 for all f € F(G).
Thus, ¥ rer(G)d(f) = 4(¢(G) — 1) +n. By a similar analysis as above, we obtain that m < It
as required. U

11



Now we shall give the proof of Theorem 1.3.
The proof of Theorem 1.3. Let G be the outerplanar bipartite graph on n vertices with maximum
spectral radius p(G). We first assume that G is disconnected. Let Gi,...,Gy, be all components
of G for n > 2, and let G’ be a connected graph obtained from G by adding 1 — 1 edges. By
the Rayleigh quotient and the Perron-Frobenius theorem, p(G’) > p(G). Also note that G’ is also
an outerplanar bipartite graph. It is a contradiction because of the maximality of p(G). For this
reason, in what follows, we always assume that G is connected.

Since the graph K ,_1 is an outerplanar bipartite graph, we obtain that

p(G) = p(Kip1)=vVn—1. (18)
Let x = (x1,---,x,) be the eigenvector corresponding to the eigenvalue p(G) such that x, =

max,cy )Xy = 1. In what follows, we shall divide our proof into three claims.
Claim 7. For any vertex u € V(G), d(u) > x,n—7/n.

Proof. LetA; = Ng(u) and By =V (G) \ (A1 U{u}). By eigenvalue-eigenvector equation, we have
that
P (G)x, = Z Z x, <d(u)+ Z Z X, + Z Z Xy (19)
YEN (1) veN(y) YEN (u) vEN(y)NA| YEN (1) vEN(y)NB)

Recall that G is outerplanar bipartite graph. Then e(A;) =0, and G contain no K> 3 as a subgraph
which implies that each vertex in B; at most has two neighbors in A;. Thus,

Y Y x=o0 (20)

YEN (u) veN(y)NA;

By Lemma 8(i.e. ¢(G) < %)

2 4e(G) 6n—38
x, <2 Xy < ——~ dv) < <
y€§(u) veNgﬂBl vgB’I p(G) vél p(G) p(G)
Combined this with (18),
6n—=6
Z Z Xy < =6vn—1<64/n, 21
YEN (1) veN (y)NB vVin— 1 ( )

According to (18), (19), (20) and (21), we obtain p?(G)x, < d(u) + 6+/n. Again by (18), we yield
that d(u) > x,n —7+/n, as required. O
Claim 8. For any vertex u € V(G) \ {z} , x, < %

n

Proof. Recall that x, = 1. Then by Claim 7, we have d(z) > n — 7/n. Thus, for any vertex
u € V(G)\ {z}, we have d(u) < 8y/n. Since otherwise, |N(u) "N (z)| > \/n > 3, and so we can
find a K> 3 in G, a contradiction. Combining this with Claim 7, we have 8\/n > d(u) > x,n—7/n,
which follows x,, < 1—\%, as required. |

Claim 9. d(z) =n—1.

Proof. Let Ay = N(z) and B, = V(G) \ (A, U{z}). Then n = |Az| + |Ba| + 1. We first prove that

Yoen, Xy < 557,71 In fact, combining (18) with Claim 8, we have

Yiep,d(v)- 1_?1 15(e(A2,B2) 4 2e(B3))
Y %< p(G) = nn—1)

. (22)



By Claim 7, we have |A;| = d(z) > n— 7+/n, which follows that |B;| < 7y/n. Since G neither
contain K3 3 nor C3 as a subgraph, we obtain that e(A,) = 0 and each vertex in B, at most has two
neighbors in Ay, which follows e(Az,By) < 2|By| < 144/n. Combining this with Lemma 8, we
obtain e(B;) < 3|B2| % and s0 2¢(B,) < 3|By| — 4 < 21,/n. Thus, (22) becomes

ZX < 15-35 <55_7
VGBZV Vn—l \/ﬁ’

for n > 9, as required. Next, we shall prove B, = @ to complete our proof of the claim. Suppose
to the contrary that By # 0 and let vertex y € B;. Recall that each vertex in B, at most has two
neighbors in A;. Combining this with Claim 8 and (23), we have that for n > 344569,

Z Xy = Z Xy + Z Xu

(23)

ueN(y) ueN(y )ﬂBz uEN(y)ﬂA2
< Y x+
UEB>
(557 + 30)
—F— < 1.
vio

Let G =G —{yv:v € N(y)} +{zy}. Then clearly, G* is also an outerplanar bipartite graph.
However,
x" (A(GY) —A(G)x) 2xy

- ) x)
xTx x 0

ueN(y)

p(G*)—p(G) >

which follows that p(G*) > p(G), contrary to the maximality of p(G). Thus, B, = 0, as desired.
O

Since G is a bipartite graph, by Claim 9, we have G = K| ,,_1. Thus, we complete the proof. []
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