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Abstract

For a set of graphs F, let ex(n,F) and spex(n,F) denote the maximum number
of edges and the maximum spectral radius of an n-vertex F-free graph, respectively.
Nikiforov (LAA, 2007) gave the spectral version of the Turdn Theorem by showing that
spex(n, Ky1) = A(Tk(n)), where Ty (n) is the k-partite Turdn graph on n vertices. In
the same year, Feng, Yu and Zhang (LA A) determined the exact value of spex(n, Ms41),
where M1 is a matching with s+1 edges. Recently, Alon and Frankl (arXiv2210.15076)
gave the exact value of ex(n, { Kj+1, Ms4+1}). In this article, we give the spectral version
of the result of Alon and Frankl by determining the exact value of spex(n, { Kx+1, Msi1})

when n is large.

1 Introduction

In this paper, we consider only simple and finte graphs. Let G = (V, E) be a graph with
vertex set V = V(@) and edge set E = E(G). We write |G| for |E(G)| through this paper.
Let A(G) be the adjacency matriz of G and let A\(G) be the largest eigenvalue of A(G), and
call it the spectral radius of G.

Let F be a family of graphs, we say graph G is F-free if G does not contain any graph in
F as a subgraph. As the classical Turan type problem determines the maximum number of
edges of an n-vertex F-free graph, called Turdn number and denoted by ex(n, F). Brualdi-
Solheid-Turan type problems consider the maximum spectral radius of an n-vertex F-free

graph, denoted by spex(n, F), i.e.

spex(n, F) = max{\(G) : G is an n-vertex F-free graph}.
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In the recent ten years, there are fruitful results of Brualdi-Solheid-Turan type problems,
for example, in [2], 4] 9, 11, [13] 14}, 16 17, 18], 19, 21].

Let K, and K, denote the complete graph and the empty graph on n vertices, respec-
tively. For any graph G and U C V(G), write G — U = G[V(G)\U]. Let K,, ... n, denote
the complete k-partite graph with partition sets of sizes nq,...,ng. A Turdn graph Tj(n)
is the complete k-partite graph on n vertices whose partition sets have sizes as equal as
possible. Define Gy, (n, s) = Tj_1(s) V K,,_s, the join of the Turdn graph Ty_;(s) and empty
graph K,,_,. Clearly, Gi(n,s) is a complete k-partite graph on n vertices with one partition
set of size n — s and the others having sizes as equal as possible. Write M}, for a matching
consisting of k edges.

A fundamental theorem (Turdn Theorem) due to Turdn [20] gives ex(n; K1) = |E(Tk(n))]
for n > k+1 > 3. In 2007, Nikiforov [I5] gave a spectral version of the Turdan Theorem
by showing that A(G) < A(Tjx(n)) for every n-vertex Kji1-free graph G, with equality if
and only if G = Ti(n). When considering the bounded matching number, Feng, Yu and
Zhang [8] proved that

AMKy), if n=2sor 2s+ 1;

MKosy1 UKy 95 1), if 25 +2<n <35+ 2;

MKV Ky _g) or M(Kasi1 UKy 951), if n=3s+2;
AKs VKo y), if n > 3s +2.

SpeX(”u M8+1) =

Recently, Ni, Wang and Kang [14] extended the above result by determining the exact value
of spex(n, kK,11) for k > 2, r > 2, and sufficiently large n.

Another fundamental result in graph theory is the Erdés-Gallai Theorem [6], showing
that

extin, M) = max {|BGen (o) (21 1)

Recently, Alon and Frankl [I] combined the forbidden graphs of Turdan Theorem and Erdds-
Gallai Theorem by showing that

Theorem 1.1 ([I]). Forn >2s+1 and k > 2,
ex(n, { Kit1, Ms11}) = max{|T,(2s + 1)|, |Gr(n, s)|}.
Observe that when n is sufficiently large,
ex(n, {Kiq1, Mot1}) = max{|Ti(2s + 1), |Gy (n, s)[} = |Gr(n, 5)].

In this note, we consider the Brualdi-Solheid-Turén type problem of Theorom [L.I] when n

is sufficiently large. Here is our main theorem.



Theorem 1.2. For n > 4s> 4+ 9s and k > 2,

spex(n, { Ki41, Ms+1}) = MGg(n, s)).

The rest of the note is arranged as follows. We give some preliminaries and lemmas.
The proof of Theorem will be given in Section 2. We give some discussion in the last

section.

2 Preliminaries and lemmas

The Tutte-Berge Theorem [3] (also see the Edmonds-Gallai Theorem [5]) is very useful when

we cope with the problem related to matching number.

Lemma 2.1 ([3],[5]). A graph G is Msi1-free if and only if there is a set B C V(G) such
that all the components G, ...,Gy, of G—B are odd (i.e. |V(G;)| =1 (mod 2) fori € [m]),

and
V(G -1
|B| + ;:1 5 =s.

The following result is due to Esser and Harary [7].

Lemma 2.2 ([7]). For any k-partite graph K = Ky, ... n, of order n, the characteristic

k

polynomial P (N) is given by

k k k
oN) =N [ +n) =D n [ A +ny)
i=1 =1 j=1,j#i
k
And the spectral radius of K is the largest root of 1 — 3~ 3= = 0.
i=1

The following lemma shows that for a complete multipartite graph the more balanced

the graph is, the larger will the spectral radius be.

Lemma 2.3. For any k-partite graph Ky, .. n, of order n, if there exist i and j with
ni —mnj = 2, then )‘(Knl,"' n‘—lv"'mj-l-l,“'vnk) > )\(Knlv"'vniy“‘7nj7"'7nk)'

s1he

Proof. Let A and A be adjacent matrices of K = K, ... n, and K = K, .. . _1.... NS
respectively, where K is obtained from K by moving a vertex v in the i-th part V; to the
j-th part V;. Let A = A(K) and A = A(K). Let x be a unit Perron vector of A. Note
that all vertices in the same part of K or K have the same corresponding components in its

unit Perron vector. Denote the components corresponding to the vertices in the /-th part
k
in x by xy. Let f(z) =Y £ — 1. By Lemma[Z2] X is the largest root of f(z). Clearly,

r+nyg




k
f(+o0) =—1<0and f(n;) = > -2+ " _1>0. Hence, A >n;. Since Ax = \x,

fort nj+ng nj+n;
k k
we have A&y, = D nyxy — Ny, 1.6 Ty = Y, nyze/ (A + nyy,) for m € [k]. Therefore,
/=1 =1
xT(fl —A)x = Z 2L, Ty — Z 2L, Ty
u€Vi\{v} ueVj

= 2(ni — 1):1722 — 27”Lj$jl‘i

= 23)2[(711 — 1):Ei — ’I’le‘j]

k
n;—1 n;
— 9. _
xl;né$é<A+ni A+nj>

k
Ay — A —n; —A\n;
— %y i J J
v ;ngxg ()\—l—nl)()\—kn])

> 0,

the last inequality holds because n; > n; 4+ 2 and A > n;. Therefore, we have A >

Let M be an n x n real symmetric matrix with the following block form

My - My
M= : S

My -+ Mg
For 1 <1i,j <k, let b;j; denote the average row sum of M;;. The matrix B = (b;;) is called

the quotient matriz of M. Moreover, if for each pair ¢, j, M;; has a constant row sum, then

B is called the equitable quotient matriz of M.

Lemma 2.4 ([10]). Let M be an n x n real symmetric matriz and let B be an equitable
quotient matriz of M. If M is nonnegative and irreducible, then A(M) = X(B), where
A(M) and N(B) are the largest eigenvalues of M and B, respectively.

For two non-adjacent vertices u, v in a graph G, we define the switching operation u — v
as deleting the edges joining w to its neighbors and adding new edges connecting u to the
neighborhood of v. Let G,_,, be the graph obtained from G by the switching operation
u — v, that is V(Gy—y) = V(G) and

E(Guso) = (E(G) \ Eg(u, Na(u))) U Eg(u, N (v)),

where Eq(S,T) is the set of edges in G with one end in S and the other in T' for disjoint
subsets S,T C V(G). Note that the edges between u and the common neighbors of v and v



remain unchanged by the definition of G,—,,. For two disjoint independent sets S and T in
a graph G, if all vertices in S (resp. T') have the same neighborhood Ng(S) (resp. Ng(T)),
we similarly define Gg_,7 to be the graph obtained from G by deleting the edges between
S and Ng(S) and adding new edges connecting S and Ng(T).

Proposition 2.5. For r > 2 and two disjoint independent sets S and T in a graph G,
if all of vertices in S (resp. T) have the same neighborhood Ng(S) (resp. Ng(T)) and
Eq(S,T) =0, then either G' = Gs—r or G' = Gr_g has the property that A\(G') > \(G).

Proof. Let S and T be two such independent sets of G. Let x be a unit Perron vector of
A(G). Without loss of generality, suppose >, x,> > . x,. Let G = Gg_ . Then

z€Ng(T) z€NG(S)
xTAG) —AG)x = > > 2w — Y, Y. 2w,
u€S zeNg(T) u€S zeNg(S)
ues z€Ng(u) zENG(v)
Therefore, we have A(G') > A(G). O

3 Proof of Theorem

Now we are ready to give the proof of the main theorem.

Proof of Theorem [1.4. Suppose n > 4s®> + 9s. Let G be an n-vertex graph with maximum
spectral radius over all {Kj 11, Mgy }-free graphs. Let A = A(G) and x be a unit Perron
vector of A(G). We show that A\(G) < A(Gk(n, s)).

Since G is Mi1-free, by Lemma 2] there is a vertex set B C V(G) such that G — B

consists of odd components Gy, ..., Gy, and

B +Z% _s (1)
=1

Let A; = V(G;) and |A;| = a; for i € [m]. Denote A = U A;. Let Ig(A) ={i € [m]:a; =
1}. We may choose G maximizing |Ig(A)| (assumption (*)). Let |B| = b. Then we have
b<sanda; <2s+1.

Define two vertices u and v in B are equivalent if and only if Ng(u) = Ng(v). Clearly,
it is an equivalent relation. Therefore, the vertices of B can be partitioned into equiva-
lent classes according to the equivalent relation defined above. We may choose G (among
graphs G satisfying assumption (*)) with the minimum number of equivalent classes of B

(assumption (**)). Note that each equivalent class of B is an independent set of G by the



definition of the equivalent relation. We first claim that every two non-adjacent vertices of
B have the same neighborhood (a spectral version of Lemma 2.1 in [I]), for completeness

we include the proof.

Claim 1. Fvery two non-adjacent vertices of B have the same neighborhood.

Proof. Suppose there are two non-adjacent vertices u,w € B with Ng(u) # Ng(w). Then u
and w must be in different equivalent classes U and W by the definition of the equivalence.

Since uw ¢ E(G), we have Eq(U, W) = (). Without loss of generality, suppose Y. x, >
2ENg(w)
> x,. Let G’ = Gyw. By Proposition 25, A(G') > A(G). Now we show that G’ is
2€Ng(u)
{Kki1, Ms11}-free too. Clearly, G' — B still consists of odd components Gy, ..., G,,. Hence

G’ is Mgyi-free by Lemma 2l If G’ contains a copy T of Kj.1, we must have a vertex
w e V(T)NU. Since Ng/(u') = Ngr(w) = Ng(w), (V(T) \ {«'}) U{w} induces a copy of
K11 in G, a contradiction. Hence, Gy_w is {Kj11, Msy1}-free. By the extremality of G,
we have A\(G') = A(G). But the number of equivalent classes of G’ (U and W merge into
one class in G’) is less than the one in G, a contradiction to the assumption (**).

O

By Claim [l and G is K1-free, G[B] is a complete {-partite graph with ¢ < k. Let its

partition sets be By,..., By and let Byy; =--- = B =0 if £ < k. Let b; = | B;| for i € [k].
Without loss of generality, assume that » =z, >--- > > xz,. By Claim [ if there is a
veEB, UEBk

vertex in B; adjacent to v € A; then B; C Ng(v).

Claim 2. as =a3=---=a,, = 1.

Proof. Suppose vy is a vertex in A with > xy = max Y, x,. Without loss of
uwENG(v1) VEA LeNG(v)
generality, suppose v; € A;. We prove by contradiction. Suppose there is an a; with a; # 1

for some 2 < i <m.

If |G[A1]] = 0, let G’ be the resulting graph by applying the switching operations u — vy
for all vertices u € A\ {v;} one by one. Then we have |G'[A]| = 0. By Proposition 2.5
AMG') > A(G). With the same discussion as in the proof of Claim [ we have that G’ is still
{Kki1, Msy1}-free. But |Igr(A)| = m > |Ig(A)|, a contradiction to the assumption (*).

If |G[A1]] > 0, i.e. a1 > 3. Without loss of generality, assume ag > 3. Since G[As]
is connected, we can pick two vertices, say uj,u2 in Ag such that G[A2\{u1,us}] is still
connected (uq,uy exist, for example, we can pick two leaves of a spanning tree of G[A3]).
Let G be the resulting graph by applying the switching operations u; — v; and us — vy

one by one. With similar discussion as in the above case, we have A\(G1) > A\(G) and G; is

az—1
2

{Kk11, Mg1q}-free. Continue the process after ¢ = steps, we obtain a graph G; with



MGy) > MG) and Gy is {Kgy1, Msiq }-free. But |Ig,(A)| = [Ig(A)| + 1, a contradiction to
the assumption (*). O

The following proof is divided into two cases according to a.
Case 1. a1 = 1.

In this case b = s by (). By Claim[2] A is an independent set of G. Let A = {v1,..., v }.

If by, = 0, then G[B] is a complete ¢-partite graph on s vertices with £ < k — 1. We may
assume ¢ = k — 1 (Otherwise, we can add new edges in G[B] to make it (k — 1)-partite and
this operation will increase the spectral radius of G by the Perron-Frobenius Theorem, a
contradiction to the maximality of G). With the same reason, we can add all missing edges
between sets A and B to make G a complete k-partite graph. Now by Lemma 2.3 we have
AMG) < A(Gg(n,s)), and the equality holds if and only if G = Gk (n, s).

If by # 0, then G[B] is a complete k-partite graph on s vertices. Since G is K-

free, each vertex in A is only adjacent to k — 1 parts in B. By the assumption > =z, >
vEB]
- > > z, and the maximality of G, we may assume every vertex of A is adjacent to
vE By
By, -+ ,Bi_1 (the only possible exception is when » =z, = -+ = Y a,, in this case,
vEBy UGBk
we can relabel Bq,...,B; and do switching operations in vertices of A to obtain a new

graph with the non-decrease spectral radius and the desired property). Now combine By,

k—1

and A as one part, we obtain that G is a complete k-partite graph. Since Y b; < s—1, by
i=1

Lemma 2.3] we have A\(G) < A(Gk(n,s)). This completes the proof of the case.

Case 2. a1 > 3

In this case b+ C”T_l = s. Since G is Kj41-free and has maximum spectral radius, we
also can assume that G[B] is a complete (-partite graph with £ = k — 1 or k& and each
vertex in A is only adjacent to the first k& — 1 parts in G[B]. Now let A = B, U (A\ A;)
and a = |A|. Then A is an independent set of G. To finish the proof, we will show that
MG) < M(Gr(n,s)). To do this, let G be the graph obtained by adding all missing edges (if
any) between the sets A and B\ By, all missing edges (if any) between 4; and B\ By, and
all missing edges (if any ) in Ay, i.e. G = G[B\ By] V (K, U K,,). Clearly, G C G. Hence

we have A\(G) > A(G). Therefore, it is sufficient to show that \(Gk(n,s)) > A\(G).
Claim 3. \(Gi(n,s)) > \(G).



Proof. The quotient matrix of A(G) according to the partition By U - - -

0 by br_1 ai

by O br—1 ay
M = . : .

by b 0 ay

b1 bo bp—1 O 0

b1 b b1 0 a1 —1

UBk_lLJzZlUAl is

By Lemma 24 we have A\(G) = A\(M), where A(M) is the largest eigenvalue of M. It can
be calculated that the characteristic polynomial of M is

/\(/\—1—1—a1

i = (\?
() = (A M tadhtloa)

k—1
—I—(a—l—l))\+a(1—a1)) (—/\—bl) <
=1

W.Mw

Thus, A(M) is the largest root of <I>M()\) Let

k—
B AA+1—a)
foN) = - V+A+aQ+1—m <
and
h(A) =A%+ (a+ DA+ a(l —ap).

Since a; <2s+1,1<b;<b<sandn>4s>+9s, we havea=n—a; —b > 4s> + 65 — 1.

Then we have

k—1
a b k-1 1 1 1
S S >0
folar) a%+a1+a+;bi+a1_23+2 2f+1 25+2  4s—1
and
k—
. (a+a))A—ala; — 1)
- 1 -1 g =-1<0.
fo(+0) A_1>IJ{100< +)\2+)\+a()\+1 ) —aa1

Thus the largest root of fy()) is larger than a1. Since h(a1) = a?+a;+a > 0and a+1 > 0,
M) > a;.

Next, we will prove that A\(M) < A(Gy(n,s)) by shifting vertices from A; to A and
1], let Gy be the graph

obtained from G by shifting one vertex from A; to A and one vertex from A4; to some B;,

the largest root of fy(\) and ®j;(\) are the same. Therefore, we have A(

some B; for i € [k — 1]. Specifically, arbitrarily choose an i € [k —
where when we shift a vertex from a set X to another set Y, we delete the edges between
the vertex and its neighbors and adding new edges connecting it to the neighborhood of Y.

Note that G = Ky bV (Ko UKy, ). Then Gy = Ky bit1,be g V (Kag1 UKy, —2). Let

k—
bi+1
M :;

/\(/\+3—a1)

fid) = At A+ @+ )M +3—a)




Then

A
A2+ (2b; + L)X + b7 + b,
AA2 + (2a1 — 2)\ — a? + 4a; — 3)
T4 (a+ DA +al—a) XN+ (a+ 22+ (a+1)(3—a))
A Age(N)
g1(A)  g3(N)ga(N)
Ag3(N)ga(A) — Agi1(N)g2(A)
g1(N)g3(A)ga(N) '

Since a1 <25+ 1,1<b; <5, a>4s%>+ 65— 1, and \(M) > a1, we have

fi(A) = fo(N)

g3(A(M)) — go(MM)) = (14+a—2a1+2)AM)+a(l —ar)+ (a3 —1)(a; — 3)

> (14a—2a;+2)a; +a(l —ar)+ (a1 — 1)(a; — 3)
= a—a%—a1+3

> 452 +65s—1—(2s+1) - (25s+1)+3

> 0,

and

g1 A(M)) — g1 (A(M)) = (a—2bi+ DAM) + (a+1)(3 —a1) — b — b;
> (a—2b;+1)ay + (a+1)(3 —ay) — b —b;
> 3(4s% + 6s) — 5s® — 3s

0.

V

Therefore, we have fi(A(M)) — fo(A(M)) > 0, which implies that the spectral radius in-

creases after one shifting operation. Therefore, after ¢ = “17_1 times of shifting operations,

k=1
v, ,.a» Where > b = s —b; < s and
- i=1

a/ =n—s5+b, >n—s By Lemma Z3 we have A(Gr(n,s)) > A(Gy) > A(G). This
completes the proof of Case 2. O

we get a complete k-partite graph G; = Ky

19000

The proof of Theorem is completed.

4 Concluding Remarks

In this note, we determine spex(n, {Ky,1, Msy1}) when n > 452 4 9s, we believe that the
lower bound of n can be optimized, and when n is small, the extremal graph will be Tj(n).

We leave this as a problem.
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