
ar
X

iv
:2

30
2.

05
51

4v
1 

 [
m

at
h.

C
O

] 
 1

0 
Fe

b 
20

23

A note on strongly and totally chain intersecting families

Dániel Gerbner∗
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Abstract

Bernáth and Gerbner in 2007 introduced (p, q)-chain intersecting families of subsets
of an n-element underlying set. Those have the property that for any p-chain A1 (

A2 ( · · · ( Ap and q-chain B1 ( B2 ( · · · ( Bq, we have Ap ∩ Bq 6= ∅. Bernáth
and Gerbner determined the largest cardinality of such families. They also introduced
strongly (p, q)-chain intersecting families, where Ap ∩ B1 6= ∅ and totally (p, q)-chain
intersecting families, where A1 ∩ B1 6= ∅. They obtained some partial results on the
maximum cardinality of such families. We extend those results by determining the
largest cardinality of strongly (p, q)-chain intersecting families if n is sufficiently large,
and by determining the largest cardinality of totally (2, 2)-chain intersecting families.

1 Introduction

Let [n] = {1, . . . , n} be our underlying set. We are going to study families of subsets of [n].
As we only deal with such families, we will simply call them families and omit describing the
underlying set. One of the fundamental results in extremal finite set theory is the theorem
of Sperner [12], which states that the largest cardinality of a family without a member
containing another member of the family is

(

n
⌊n/2⌋

)

. Such family is called a Sperner family

or antichain. An example of a Sperner family of cardinality
(

n
⌊n/2⌋

)

is the family of all the

⌊n/2⌋-element sets. A family of all the sets of a given size is called a level.
A chain of length k is a family of k sets pairwise in containment relation, i.e., F1 ( · · · (

Fk, thus an antichain shares at most one member with any chain. A natural generalization
is to assume that there is no chain of length more than k in a family F . Such families are
called k-Sperner families, their largest cardinality was determined by Erdős [2]. It is the
cardinality of the middle k − 1 levels, which are the levels of size at least ⌊(n − k + 1)/2⌋
and at most ⌊(n+ k − 1)/2⌋.
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Another well-studied class of properties arises from the intersection of sets. A family is
called intersecting if any two members share at least one element. Erdős, Ko and Rado [3]
determined the largest cardinality of intersecting families and r-uniform intersecting families.
The first is trivial: at most one of a set and its complement can be in an intersecting family,
giving the upper bound 2n−1, and there are several intersecting families of cardinality 2n−1.
We mention two of them: all the sets containing a fixed element, and all the sets of size
more than n/2, together with the sets of size n/2 containing a fixed element, if n is even. In
the r-uniform case, the largest cardinality turns out to be

(

n−1
r−1

)

if r ≤ n/2, with equality in
the case of all the r-element sets containing a fixed element (if r > n/2, then every pair of
r-element sets intersect).

There are several variants of the above problems, see [7] for a collection of them. It is a
natural idea to combine Sperner-type and intersection properties. Intersecting Sperner and
intersecting k-Sperner families were studied e.g. in [11, 4, 5, 6].

Bernáth and Gerbner [1] introduced a different combination of these properties. The
family can contain long chains and disjoint sets, but cannot contain disjoint sets on the top
of long chains. More precisely, a family F is (p, q)-chain intersecting if F does not contain
sets A1 ( A2 ( · · · ( Ap and q-chain B1 ( B2 ( · · · ( Bq with Ap ∩ Bq = ∅.

For a positive integer z, we call the family consisting of all the sets of size at least n−z+1
the upper z levels. The upper z + 1/2 levels is the upper z levels plus the sets of size n− z
containing a fixed element.

Theorem 1 (Bernáth and Gerbner [1]). The largest cardinality of a (p, q)-chain-intersecting
family is equal to the cardinality of the upper (n + p+ q − 1)/2 levels.

Bernáth and Gerbner [1] also introduced two variants of chain intersecting families; when
the bottom sets in the chains have to intersect and when the top of one chain has to intersect
the bottom of the other chain. More precisely, a family F is totally (p, q)-chain intersecting

if F does not contain sets A1 ( A2 ( · · · ( Ap and q-chain B1 ( B2 ( · · · ( Bq with
A1 ∩ B1 = ∅, and strongly (p, q)-chain intersecting if F does not contain sets A1 ( A2 (

· · · ( Ap and q-chain B1 ( B2 ( · · · ( Bq with Ap ∩ B1 = ∅.

Conjecture 2 (Bernáth and Gerbner [1]). If F is a strongly (p, q)-chain-intersecting, then
F ≤ max{|R1|,R2|}, where R1 is the upper (n + p)/2 levels and R2 is the middle q − 1
largest levels.

They proved this conjecture in some cases.

Proposition 3 (Bernáth and Gerbner [1]). Conjecture 2 holds if n + p is even or p ≥ q or

p = 1.

Our first result proves this conjecture for sufficiently large n. Note that in this case
|R1|> |R2|.

Theorem 4. Let p, q be positive integers and n be an integer sufficiently large. Then Con-

jecture 2 holds.
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Let us continue with totally (p, q)-chain-intersecting families F . Observe that if p = 1,
then Proposition 3 implies that |F|≤ 2n−1, which is sharp as shown by any intersecting
family of that cardinality. Here we deal with the first open case.

Theorem 5. The largest totally (2, 2)-chain intersecting family has cardinality 2n−1.

Finally, we state a conjecture regarding totally (p, q)-chain-intersecting families. Let
Fq(i) = {F ⊂ 2[n] : 1 ∈ F, |F |≤ i} ∪ {F ⊂ 2[n] : i − q + 1 ≤ |F |≤ i}. In this family every
chain of length q contains a set of size at most i − q, thus all the members of such a chain
contain 1. This implies Fq(i) is totally (p, q)-intersecting for every i, if p ≥ q.

Conjecture 6. If F is a totally (p, q)-chain intersecting family and p ≥ q, then

|F|≤ max{|Fq(i)|, |R|},

where 1 ≤ i ≤ n and R denotes the middle p− 1 levels.

2 Preliminaries

Let us start with introducing the so-called permutation method. Given and a permutation
α on [n] and a set G ⊂ [n], we let α(G) = {α(x) : x ∈ G}. Given a family G, we let
α(G) = {α(G) : G ∈ G}. Let gi denote the number of sets of size i in G. Let us consider the
following double sum.

∑

α

∑

F∈F∩α(G)

1

g|F |

(

n

|F |

)

=
∑

F∈F

∑

α:F∈α(G)

1

g|F |

(

n

|F |

)

,

where α runs through every permutation of [n]. For every F there are |F |! (n − |F |)!
permutations that map a given |F |-element set to F , thus there are |F |! (n− |F |)! g|F | per-
mutations that map a member of G to F . Therefore, the right hand side of the above
equation is |F|n!. If we give an upper bound on

∑

F∈F∩α(G)
1

g|F |
for every α, then we obtain

an upper bound on |F|.
This method works for every family G, but few families give sharp upper bounds. For

k-Sperner families a full chain, i.e., a chain of maximal length n + 1 can be used to obtain
the theorem of Erdős [2]. The first application of the permutation method was the case
k = 1 in [10]. We note that if 1

g|F |

(

n
|F |

)

is replaced by a different weight function w(|F |), then
we obtain a bound

∑

F∈F w′(|F |) for some w′. In particular, [10] proved a stronger result
than Sperner’s theorem. Here we will always use this weight function, and we will simply
say weight of a family F instead of

∑

F∈F
1

g|F |

(

n
|F |

)

.

We will consider two other families as G, just like in [1]. The chain-pair consists of a full
chain C and the chain consisting of the complements of the members of C. We denote the
complement of a set A by A.

The other family is a bit more complicated. We consider [n] cyclically, i.e., 1 comes after
n. An interval consists of consecutive elements. An interval [i, j] is of form {i, i+1, . . . , i+j},
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where addition is modulo n. Note that ∅ and [n] are also intervals. The permutation method
with G being the family of intervals is called the circle method and was introduced in [9].
When we talk about a subfamily of the intervals, we simply say that the family is on the
circle.

Let us describe how the permutation method was used in [1]. First we need to bound
∑

F∈F∩α(G)
1

g|F |

(

n
|F |

)

on the chain-pair or the circle. In each case, the bound can be easily

found on the chain-pair. In particular, for strongly (p, q)-chain intersecting families, i.e.,
in the setting of Theorem 1, the upper (n + p + q − 1)/2 levels have the maximum on the
chain-pair. This gives a sharp bound if n + p + q − 1 is even. However, if n + p + q − 1
is odd, then we have a set on level (n − p − q)/2. On the chain-pair, this gives the weight
(

n
(n−p−q)/2

)

/2, thus the upper bound is the cardinality of the top (n + p + q − 2)/2 levels

plus
(

n
(n−p−q)/2

)

/2. On the other hand, the conjectured bound is the cardinality of the top

(n+ p+ q − 2)/2 levels plus
(

n−1
(n−p−q−2)/2

)

. In this case the circle helps, where again the top

(n+ p+ q − 1)/2 levels have the maximum weight.
More generally, if the optimal family on the chain-pair contains both sets from a level i,

they give the weight
(

n
i

)

, which corresponds to the cardinality of the full level i. If the optimal
family on the chain-pair contains one set from level i < n/2 (the one containing our fixed
element), this corresponds to half that cardinality, which is larger than the cardinality of an
intersecting family on that level. Analogously, if i > n/2, we may look for the complements
of the members of an intersecting family. Therefore, the chain-pair may give a sharp result
if we have full level everywhere, except maybe level n/2. On the other hand, on the circle
the half leveli where i < n/2 consists of i sets, which gives a sharp bound in these cases.

One can see that the weighted analogue of Conjecture 2 holds on the chain-pair (we will
show it in the proof of Lemma 9). This gives most of the results mentioned in Proposition
3. In fact this gives a bit more: if n + p is odd and the middle q levels are optimal on the
chain-pair for the weighted problem, i.e., the middle q − 1 levels are larger than the upper
(n+ p− 1)/2 levels plus

(

n
n−p+2

)

/2, then again we obtain a sharp bound.

We will use a theorem of Hilton [8]. We say that two families F and F ′ are cross-Sperner
if there are no members F ∈ F and F ′ ∈ F ′ with F ⊂ F ′ or F ′ ⊂ F .

Theorem 7 (Hilton [8]). If F and F ′ are complement-free cross-Sperner families, then

|F|+|F ′|≤ 2n−1.

3 Proofs

We say that a family F is r-complementing-chain-pair-free if it does not contain sets F1 (

F2 ( · · · ( Fr together with their complements. Clearly a (p, q)-chain intersecting family is
(p+ q − 1)-complementing-chain-pair-free. Theorem 1 uses this observation, more precisely
the following lemma.

Lemma 8 (Bernáth and Gerbner [1]). The largest weight of an r-complementing-chain-pair-

free family on the circle is equal to the weight of the upper (n + r)/2 levels on the circle.
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Lemma 9. If n is sufficiently large, then the largest weight of a strongly (p, q)-chain in-

tersecting family on the circle is equal to the weight of the upper (n + p)/2 levels on the

circle.

Proof. As we have mentioned, the statement holds on the chain-pair. More precisely, if C is
a chain-pair and F0 is a strongly (p, q)-chain intersecting subfamily of C, then we have two
options. If a chain A in C contains at least q members, then the other chain B can have at
most p− 1 members that do not intersect the bottom of A. Therefore, F0 is the union of an
intersecting (thus complement-free) family and a (p− 1)-Sperner family on one chain. The
maximal weight is obtained when the p− 1 sets are in the middle of B and we pick one set
from each complement-pair. The upper (n+ p)/2 levels give equality here, let x denote their
total weight. In the other case both chains contain at most q − 1 sets, the maximal weight
is obtained when we take q − 1 levels in the middle, let y denote the total weight of them.
Clearly x > 2n−1 and it is well known that y = Θ(2n/

√
n), thus x > y if n is sufficiently

large.
Let F be a strongly (p, q)-chain intersecting family on the circle. If F is p-complementing-

chain-pair-free, then we are done by Lemma 8. Assume that F contains A1 ( A2 ( . . . Ap

together with their complements. Let A denote a chain on the circle containing A1, . . . , Ap,
B denote the complement chain and C denote the chain-pair A∪B. If |A ∩F|≥ q, then the
bottom member of F in A is a subset of A1, thus disjoint from A1, which is the top of a chain
of length p, contradicting the strongly (p, q)-chain intersecting. Analogously, |B ∩ F|≥ q is
also impossible, thus we have |C ∩ F|≤ 2q − 2.

Let Ci denote the chain-pair we obtain from C by replacing each interval [a, b] by [a+i, b+i].
Observe that each interval on the circle except for ∅ and [n] is contained in exactly two of
the chain-pairs Ci, 0 ≤ i ≤ n− 1. Clearly, ∅ and [n] are in every chain-pair and have weight
1. Therefore, 2w(F ∩ G) = ∑n−1

i=0 w(Ci) ≤ (n− 1)x+ y + 2n− 4.
Observe that nx/2 is the upper bound on the weight we get by using the chain-pairs

without any further ideas. This is the weight of the upper (n + p − 1)/2 levels plus half
the weight of the next level (level (n − p + 1)/2) on the circle, i.e., n

(

n
(n−p+1)/2

)

/2. The

conjectured optimal construction is the upper (n+ p)/2 levels, thus its weight is the weight
of the upper (n + p − 1)/2 levels plus (n − p + 1)

(

n
(n−p+1)/2

)

/2. Therefore, this weight as

exactly nx/2− (p−1)
(

n
(n−p+1)/2

)

/2. The upper bound (n−1)x+y+2n−4 we obtained is at

most nx/2−c2n for some constant c. If n is sufficiently large, then (p−1)
(

n
(n−p+1)/2

)

/2 < c2n,
completing the proof.

Theorem 4 follows from the above lemma by applying the permutation method as de-
scribed in Section 2. Let us continue with Theorem 5. Recall that it states that (2, 2)-totally
chain intersecting families have cardinality at most 2n−1.

Proof of Theorem 5. Let F be a (2, 2)-totally chain intersecting family. Let G be the sub-
family of sets that are both maximal and minimal in F . For each pair G,G of complement
sets in G, we pick one of them and place these sets to G1. Let G2 = G\G1 and let F1 = F \G2.

We claim that F1 is complement-free. Indeed, assume that F, F ∈ F1. If one of them,
say F is in G, then F ∈ G1, but then F ∈ G2, thus F 6∈ F1, a contradiction. Therefore,
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F, F 6∈ G, thus both F and F are contained in some chain of length 2. The bottom sets in
those chains must be disjoint, creating a forbidden configuration.

Clearly, G2 is complement-free. F1 and G2 are cross-Sperner since the elements of G2 are
not related to any set in F . Therefore, we can apply Theorem 7 to complete the proof.
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[2] P. Erdős, On a lemma of Littlewood and Offord, Bulletin of the American Mathematical
Society 51 (1945), 898–902.
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