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REPRESENTATION TYPE OF BLOCKS OF CYCLOTOMIC
HECKE ALGEBRAS OF TYPE G(r,1,n)

YANBO LI AND XIANGYU QI

ABSTRACT. Let K be an algebraically closed field with CharK # 2 and
(s1,82, -+ ,8r) € Z" a multicharge with » > 2. Let Hn, (g, Q) be a cyclotomic
Hecke algebra of type G(r,1,n), where ¢ # 0,1 and Q = (¢%1,¢%2,--- ,q¢°").
For each block B of Hn (g, Q), we introduce a new invariant, called block move
vector, which can be considered as a generalization of the weight w(B). We
prove by using block move vector that block B has finite representation type if
and only if w(B) < 2, or B is Morita equivalent to K [z]/z®*(B)*1, Blocks of fi-
nite representation type with weight more than one are determined completely
by block move vectors. This result implies that some blocks of finite type are
Brauer tree algebras whose Brauer trees have exceptional vertex. We also de-
termine representation type for all the blocks of cyclotomic ¢-Schur algebras.
Moreover, by using our result, we construct examples of blocks with the same
weight that are not derived equivalent. Examples of derived equivalent blocks
being in different orbits under the adjoint action of the affine Weyl group are
also given.
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1. INTRODUCTION

The cyclotomic Hecke algebras of type G(r,1,n) (Ariki-Koike algebra) were in-
troduced in [8], [14] and [17] which include Hecke algebras of types A and B as
special cases. They play an important role in modular representation theory of
finite groups of Lie type, and are in relation with various significant objects, such
as quantum groups and rational Cherednik algebras. Consequently, these algebras
have received intensively and continuously study since their appearance. The inter-
est on these algebras has been strengthened by a result of Brundan and Kleshchev
[15], in which an explicit isomorphism between blocks of cyclotomic Hecke algebras
and type A cyclotomic Khovanov-Lauda-Rouquier algebras were constructed, and
many profound results emerged. For example, Jun Hu and Lei Shi proved the fa-
mous center conjectures in [31] recently. However, it is still an open problem to
determine the representation type of blocks of a cyclotomic Hecke algebra.

In general, it is an essential and difficult problem in representation theory to
determine the representation type of a finite dimensional algebra. Recall that a
finite dimensional algebra A has finite representation type if the number of in-
decomposable A-modules up to isomorphism is finite. Otherwise, A has infinite
representation type. If A has infinite type, then Drozd [2I] proved that A is either
tame or wild and not both (we refer the reader to [21] for relevant definitions). Back
to Hecke algebras, the representation type of blocks of a Hecke algebra of type A
was determined by Erdmann and Nakano in [23]. Then Ariki [5] determined repre-
sentation type for all the block algebras of Hecke algebras of other classical types
by using a result obtained in [7] and the techniques developed in a series of papers
[6] 10 1T, 12]. In 2010, Wada [50] gave a necessary and sufficient condition on pa-
rameters for a type G(r, 1,n) cyclotomic Hecke algebra to have finite representation
type. Regarding to the blocks, as far as we know, there are two kinds of relevant
results, which are both given by Ariki and his collaborators. On one hand, the
representation type of some special cases are determined in [6l [I0], in which the
main tool is cyclotomic Khovanov-Lauda-Rouquier algebras. On the other hand,
Ariki et al proved that an indecomposable self-injective cellular algebra A has finite
representation type if and only if A is isomorphic to a Brauer tree algebra whose
Brauer tree is a straight line with at most one exceptional vertex [7, Theorem 6.8].
However, given a finite dimensional algebra, it is in general difficult to determine
the structures of all its indecomposable projective modules and so one can not de-
termine the representation type of a block directly by the result aforementioned.
That is, it is still an open problem to determine when a block of a cyclotomic Hecke
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algebra of type G(r,1,n) has finite representation type. Our main purpose in this
paper is to study this problem.

In order to describe the main result precisely, we need to recall some definitions
and fix some notations, which are also useful in other sections. Let K be an
algebraically closed field, 1 # g € K*. Define the quantum characteristic of ¢ to be
the positive integer e which is minimal such that 1 +¢+---+¢°~! = 0. If no such
e exists, we set e = co. Fix positive integers n and r. Let (s1, 82, ,8,) € Z" be a
multicharge and define Q = (Q1,Q2, - ,Q,) € K" with Q; = ¢*. Then H,(q, @),
the cyclotomic algebra of type G(r,1,n) with parameters ¢ and @, is the unital
associative K-algebra with generators Ty, 11, ---, T,,—1 subject to the following
relations:

(H1) (To — Q1)(To — Q2) -~ (To — Q) = 0;

(H2) TOT1TOT1 = TlToTlTo;

(H3) (T;+1)(T:—q)=0 for1<i<n-—1;
(H4) TzTH-sz = Ti-l—lTiTi—i-l for 1 S ) S n — 2;

The cyclotomic g-Schur algebra S, (¢, @Q1,Q2, -, Q) associated to H,(q, Q)
is the endomorphism algebra S, , = EndHn(qu)(EBH M*®), where p runs all over
the r-multipartitions of n and where M,, is a certain H,(q, Q)-module (see [19] and
[44] for more details).

Now let us connect H,(q, @) to Lie theory. Let T'. be the oriented quiver with
vertex set I = Z/eZ and with directed edges i — i+ 1, for all ¢ € I. Note that
I =7 if e = co. Thus, I'; is the quiver of type A, if ¢ = 0o, and if e > 2 then it
is a cyclic quiver of type Agl_)lz

Ay i+ — =2 -1 0 1 2—---
2
3 2
L 0<>1 A
A
0 1 0 L
e=2 e=3 e=4

Let (a;;)i,jer be the symmetric Cartan matrix associated with I'c, so that
2 if i = 7,

0 ifi#£j+£1,

-1 ife#2andi=j+1,

-2 ife=2andi=j+1.

Qi =

Following Kac [35, Chapt. 1], let (h,II,II) be a realization of the Cartan matrix,
and IT = {a; | i € I} C b* the associated set of simple roots, {A; | ¢ € I} C h* the
fundamental dominant weights, and (-,-) the bilinear form determined by

(ai,aj) = Q; and (Ai,aj) :5ij7 for i,7€l.

Denote by P = @,.; ZA; and P, = @,.; NA; the weight lattice and the dominant
weight lattice of (b, II,II), Q4 = @,c; Na; the positive root lattice, and W the
affine Weyl group, which is generated by {o; }icr, the fundamental reflections of the
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space h*. Note that ;A = A — (A, a;)oy; for A € P and 0,0 = aj — ajicx; for
arbitrary 7 € I. The Kac-Moody Lie algebra corresponding to this data is f/:\[e.
Given a multicharge s = (s1, 52, -+, ,), one can associate it with a dominant
weight A = >, kA, where
) #H{1<j<r|sj=i(mode)} ife < oo,
<< s =) if e = oo,

and the algebra H, (g, Q) will be denoted by H2 if needed. By [I5, Section 4.1],
there is a natural system {e(i) | i € I} (some could be zero) of pairwise orthogonal
idempotents in H2. Take 8 € Q4 with >, ;(A;, 8) = n and let

IP ={i=(i1,i2, - ,in) € I" | i, + -+ + o, = B}

If IP # @, then by [44, Theorem 2.11], eg = > ; ;s €(i) is a primitive central
idempotent of H2. Write by 7—[3 the block algebra egH2. Then

A A
M= D Hs
BEQ4, IB#D

is the decomposition of H2 into a direct sum of blocks.

In [16] (3.4)], Brundan, Kleshchev and Wang defined the defect of 3 € Q4 to
be (A, B) — 2(8,8). It coincides with Fayers [24] definition of weight for the block
algebras Hj and will be denoted by w(H5).

In addition, we emphasize that using the derived equivalence given by Chuang
and Rouquier [18], which lifts Weyl group action, two blocks HA and ’Hg of cyclo-
tomic Hecke algebras are derived equivalent if A — a and A — 3 are in the same
W-orbit.

The following is the main result of this paper.

Main Theorem. Let K be an algebraically closed field with CharK # 2 and
qge K*, q#1. Let HE} be a block of Hn(q,Q), that is a cyclotomic Hecke algebra
of type G(r,1,n) with r > 2. Then the following are equivalent.

(1) Block ’Hg has finite representation type.

(2) The weight ong is less than 2, or Hg is Morita equivalent to K[x]/xw(HQ)H.

Let us describe in some details our approach to the proof of the above theorem.
It is generally believed that the weight can measure how complicated a block is.
We have no doubt on it in the case of type A because some well-known evidences,
for example, a block has finite representation if and only if the weight is less than
2. However, this is no longer true for H,(q, @). A block with a small weight is rel-
atively simple, but the opposite is not correct in general. As a result, most results
of type A that are related with wights have not cyclotomic versions, including rep-
resentation type of blocks. In fact, the representation type of a block of H, (g, Q)
can not be determined by its weight completely. Consequently we need to look for
a generalization of the weight of a block. Thanks to [7, Theorem 6.8] aforemen-
tioned, we first studied the structure of a finite representation type cellular Brauer
tree algebra, and found that the so-called multiplication poset has to be a totally
ordered set. This simple observation leaded us to picking out the blocks whose
multiplication posets are not totally ordered sets. The main method is to construct
incomparable abaci. During the study, we gradually realized that the structure of
a multiplication poset, to some extent, is controlled by the process of an arbitrary
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abacus in the block moving to its core through elementary operations, which were
introduced in [33] by Jacon and Lecouvey. Accordingly, we defined a new invariant
for each block, which is called block move vector (see Definition B.Z5 for details). Tt
is a key concept in this paper. Roughly speaking, just as its name implies, a block
move vector is a vector that records the process of an abacus in the block moving
to its core. Note that the sum of components of a block move vector is just the
weight of the corresponding block. This is just the reason why we say that block
move vectors generalize weights. Fortunately, one can determine all of the blocks
of finite representation type with weight more than one by a criterion about block
move vectors.

As by-products, our results can be used to determine the representation type of
blocks of a cyclotomic g-Schur algebra. We can also study the derived equivalence
among blocks of H,(q,@). It is well-known that two blocks of a Hecke algebra
of type A are derived equivalent if and only if they have the same weight, and if
and only if they are in the same orbit under the adjoint action of the affine Weyl
group. This is no longer right in cyclotomic case. We will construct examples of
blocks with the same weight that are not derived equivalent. Moreover, examples
of derived equivalent blocks in different orbits will also be given.

The paper is organized as follows. We begin our study with the multiplication
poset of an indecomposable selfinjective cellular algebra A in Section 2. The main
result is that if A is of finite representation type, then the multiplication poset
must be a totally ordered set. We emphasize that the result can help us determine
the representation type of most blocks in a cyclotomic algebra and may be used to
consider blocks of other algebras. Note that the cell modules of a cyclotomic Hecke
algebra are indexed by multipartitions and each multipartition can be represented
by an abaci. Then in Section 3, after give some preliminaries on blocks and abaci,
we study properties of abaci in details. Firstly, we give a description of the action
of an affine Weyl group on blocks by the language of abaci. Secondly, we define the
so-called incomparable abaci and prove that given a block, the existence of a pair
of incomparable abaci implies the existence of a pair of incomparable multiparti-
tions with respect to dominance order, which leads to infinity of the representation
type by Section 2. Thirdly, we define the (block) move vector and conduct some
preliminary study. Finally, we classify blocks and provide a framework of the proof
of Main theorem by block move vectors. Based on the preparation given in Section
2 and Section 3, We begin the proof in Section 4, which handles the case that at
least one component of block move vector is at least 2. In Section 5, we deal with
the case of all components of the block move vector being equal to 1 and Section
6 is devoted to the case left. In Section 7, we apply our results obtained to study
derived equivalence and in Section 8, we determine the representation type of all
blocks of a cyclotomic g-Schur algebra.

2. POSET AND REPRESENTATION TYPE

Let A be an indecomposable selfinjective cellular K-algebra with cell datum
(A, M, C, %), where K is a field with the characteristic different from two. We prove
in this section that if A is of finite type, then the poset A must be a totally ordered
set. This result will play a very important role in the whole paper.
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We begin with the definitions and some well-known results of cellular algebras
and Brauer tree algebras. The main references are [1} 13| 28]. The main result of
this section is given in Subsection 2.3.

2.1. Cellular algebras. Cellular algebras were introduced by Graham and Lehrer
in [28] in 1996. Cellular theory provides a systematic framework for studying the
representation theory of many interesting and important algebras coming from
mathematics and physics, including Ariki-Koike algebras, the main research object
of this paper. In particular, an Ariki-Koike algebra satisfying assumptions of Main
theorem is symmetric. The reader can find more information about symmetric
cellular algebras in [41], [42] [43].

Definition 2.1.1 (|28 Definition 1.1]). Let R be a noetherian commutative integral
domain. An associative unital R-algebra A is called a cellular algebra with cell
datum (I'; M, C, %) if the following conditions are satisfied:

(C1) The finite set T' is a poset with order relation >. Associated with each
A €T, there is a finite set M(X). The algebra A has an R-basis {C3 | X €
I, S,T e M(\)}.

(C2) The map * is an R-linear anti-automorphism of A such that (CgT)* = C%,S
forall X € A and S, T € M(N).

(C3) Let A€ A and S,T € M()\). For any element a € A, we have

aC3r = Z Ta(S/,S)Cg/ﬁT mod A(> \),
S"eM(N)

where 14(S', S) € R is independent of T and A(> \) is the R-submodule of
A generated by {Cp;y | U, V€ M(p), pp> A}

Before giving a rather lengthy list of definitions associated with cellular algebras,
let us give a remark about the poset I' in Definition Z.T.Tl Firstly, we define another
poset A, which is equal to I" as a set, and a partial ordering is as follows. For
arbitrary two elements A\, u € A, we say A > p if and only if there exist some OQ,T
and a € A such that certain C{iv appears in the linear expansion of aC@)T with
nonzero coefficient. Clearly, I' is a refinement of A. It is worthwhile to note that A
is more essential than I" for our study and will be called the multiplication poset of
A. Tt is easy to check that (A, M, C, x) is a cell datum of A too, and we will always
instead poset I" by A throughout this section unless otherwise specified.

We now turn to give a number of basic definitions and results connected with
cellular algebras. As a natural consequence of the axioms, the cell module is defined
as follows.

Definition 2.1.2 ([28, Definition 2.1]). Let A be a cellular algebra with cell datum
(A, M, C,%). For each A € A, the cell module Wy is an R-module with basis {Cs |
S € M(N\)} and the left A-action defined by

aCs = > 1.(5,8)Cy (a€A, SeMMN),
S"eM(N)

where r4(S", ) is the element of R defined in Definition 21 (C3).
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Let A be a cellular algebra with cell datum (A, M, C, x). For arbitrary elements
S,T,U,V € M()), Definition 2. I.1] implies that
C3rChyv = ®(T,U)Csy mod A(> N),
where ®(T,U) € R depends only on T and U. It is easy to check that ®(T,U) =

®(U,T) for arbitrary T,U € M(XA). By using these ®(T,U), one can define a
bilinear form for cell module W) introduced in Definition

Dy WHaxWy,—R
(Cs, Cr) — ©(S,T)
Define
rad A :={x € Wy | ®r(x,y) =0 for all y € Wy}.
If @y # 0, then rad \ is the radical of the A-module W).
When R is a field, Graham and Lehrer [28] proved the following result.

Lemma 2.1.3. [28, Theorem 3.4] For any A € A, denote the A-module Wy /rad A
by Ly. Let Ag = {\ € A| ®) # 0}. Then {Lx | A € Ao} is a complete set of

(representative of equivalence classes of ) absolutely simple A-modules.

For A € A and u € Ag, let dy, be the multiplicity of L, in W). Sometimes,
we write dy, as [Wy : L,]. Denote the matrix (dx,)aea, uer, by D, which will be
called the decomposition matrix of A.

Lemma 2.1.4. [28, Proposition 3.6] Let A € A and pn € Ag. Then d,, = 1.
Moreover, if dx, # 0, then A > p.

An equivalent basis-free definition of a cellular algebra was given by Koenig and
Xi [36], which is useful in dealing with structural problems.

Definition 2.1.5. [36, Definition 3.2] Let A be an algebra over a noetherian com-
mutative integral domain R with an R-involution x. A two-sided ideal J in A is
called a cell ideal if and only if the following data are given and the following con-
ditions are satisfied:

(1) The ideal J is fixed by *: (J)* = J.

(2) There exists a free R-module A C J of finite rank, such that there is an
isomorphism of A-bimodules « : J ~ A @p A* (A* C J is the x-image of
A) making the following diagram commutative:

J —2 = A®pgA*
*l lv1®v2>—>v§®v{

J —2 5 A ®Rr A*

The algebra A with R-involution x is called cellular if and only if there is an
R-module decomposition A =J, & J, @®---J, (for some m) with (J), )" = J),
for each j (j =1,...,m) and such that setting J,, == @j_, J), gives a chain of
two-sided ideals of A:

0=Juni1 Cdu €y Cdpp s C--CJyy =A
each of them fized by *, and each Jj, = Jy; [y, is a cell ideal of A/Jy, ., (with

respect to the involution induced by * on the quotient).
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For \ € Ag, let Py, be the projective cover of L. By applying the functor —® 4 Py
to the cell chain of A in Definition [2.1.5 gives a sequence of A-submodules

0 = Px(ttm+1) C Px(tm) C Pr(ftm—1) C Pa(ftm—2) C -+ C Px(1) = P,

which is in fact a cell filtration of Pj.

Lemma 2.1.6. [28, Theorem 3.7] For A € Ag, denote the multiplicity of a cell
module W, in Py by [Py : W,]. Then [Py : W,] = [W,, : Lx]. This implies that a
simple module Ly is a composition factor of a cell module W, if and only if W, is
a factor of Pj.

We should note that given a cellular algebra with cell datum (A, M, C, ), the
set {p1, 2, -+ , pm } in Definition is in fact a linear extension of A. However,
we can find some more subtle structure of Py if we work with the original poset A.
The following lemma is a simple corollary of Lemma

Lemma 2.1.7. Let A € Ag, p,v € A and p, v incomparable, denoted by p || v.
Then W24 @ Wgad‘” is a subquotient of Pj.

Proof. Clearly, A := A/(A(> v) + A(> p)) is a cellular algebra. By abusing the
notations, we still denote the cell modules corresponding to v and p by W, and
W, respectively. Since || v, J;, & J), is an ideal of A, and thus W, and W), are
both submodules of a quotient of Py. Now the lemma is clear by Lemma2.1.601 [

2.2. Brauer tree algebras. The main references of this subsection are [1} [13]. A
Brauer tree is a finite tree together with two additional structures on each vertex i:

(1) a circular ordering of the edges adjacent to i;
(2) a positive integer m(i), called the multiplicity satisfying at most one m(7)
is larger than one.
The vertex with multiplicity more than one is called the exceptional vertex, which
is drawn customarily as a blackened circle. A finite dimensional algebra A is called
a Brauer tree algebra if the structure of the indecomposable projective modules can
be described in terms of a Brauer tree in the following way.

(1) There is a one to one correspondence between the edges « of the tree and
the indecomposable projective A-modules P, and hence the corresponding
simple A-modules L.

(2) For an edge a connecting vertices ¢ and j, let (o = oy, ,a¢) and (o =
B1,--+,Br) be the circular orderings of edges adjacent to ¢ and j, respec-
tively. Then rad P, = U, + V,, where U, N V,, = L, U, is uniserial with
composition factors Ly,, - , La,, La,, m(i) times from top to bottom, and
Vg is uniserial with composition factors Lg,, -+, Lg,, Lg,, m(j) times from
top to bottom.

Given a Brauer tree T, let I" be the quiver whose vertices are in one to one
correspondence with the edges of T. For a vertex ¢ in 7T, the circular ordering
(a1, ,aq) give rise to an oriented cycle C;. Then the vertex v, in T' corresponding
to the edge « in T connecting vertices ¢ and j belongs exactly two oriented cycles
C; and (. Denote the path in C; without repeated arrows starting and ending at
a by p&¥). Define relations p to be (pﬁf))m@') - (pg))m(j),uv, where u is the arrow
in C; with e(u) = o and v the arrow in C; with s(v) = «, or w is the arrow in C}
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with e(u) = o and v the arrow in C; with s(v) = a. Then the algebra K(T', p) is a
Brauer tree algebra given by T'. It is worth to note that a Brauer tree determines
a unique Brauer tree algebra up to Morita equivalence (see [38, Corollary 4.3.3]
for details). Furthermore, the cellularity of a Brauer tree algebra was studied by
Koenig and Xi in [36].

Lemma 2.2.1. [36 Proposition 5.3] A Brauer tree algebra is cellular if and only
if the Brauer tree is a straight line.

Let us illustrate some examples for later use.

Example 2.2.2. (1) Let A be a Brauer tree algebra for the following Brauer tree
7.

Then the indecomposable projective module is uniserial with composition factor
L., m(1)+ 1 times from top to bottom.

Let T’y be the quiver
1,1 Cva

and let p be (ay1)™ M. Then K (T, p) is a Brauer tree algebra given by Ty.

(2) Let A be a Brauer tree algebra for the following Brauer tree To with n > 1.

— 0
[ V)
w
3
3
Fo
Jun

Then the structures of indecomposable projective A-modules are illustrated as
follows.

La1 LOtQ Qn
Py, = L, ;o P, = La, L, R i L, ,
L, L, L,

(3) Let A be a Brauer tree algebra for the following Brauer tree Ts with n > 1.

a1 Qn

o
n+1

—0
[\Vie)
<.e
30
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The indecomposable projective A-modules are illustrated as follows.

Lo,
Lo, Lo, L,
Po, = La, I #F L2 Poa:j: Yo
L, L,
La,
L%‘—l L%‘
La, La,
L. Lo, Lo, Lo,
Qj—2 Qj—1 ] Aj+1
Pozj,1 = b POtj = : b Y
Ly, Lq;_,
LOt]7] Laj
L,
o L, , L,
Pan: L(ln71 a.]#n_Fla Pan: e a.]:n+1
Lan Lan
Lan

2.3. Posets of finite type self-injective cellular algebras. Let A be a Brauer
tree algebra whose Brauer tree is a straight line. Then A is a cellular algebra by
Lemma 22771 Assume that (A, M, C,*) is a cell datum of A. Then by Lemma
213 there is a one to one correspondence between the set of edges «; and Ag. For
simplicity, we still denote the image of «; in Ay by «a;. Let us determine the form
of a cell module of A.

Lemma 2.3.1. Keep notations as above and let Wy be a cell module. We have
(1) dra; <1 for alli.
(2) Neither Lai-s I Lais ) nor( Lo I La, ) is a submodule
(e 73 Q1
of a cell module W.
(3) Neith La La., ‘ tient
either Lo . Lo, nor Lo . Lo is a quotien

module of a cell module W.

Proof. (1) If dxo, > 1 for some «;, then by Lemma [ZT7] Wfadmi is a subquotient
of P,,. This is impossible for a Brauer tree algebra whose Brauer tree is a straight
line. We refer the reader to Example for structures of P,,.

(2) If there exists a cell module W containing a submodule, which is of the form

( Laiy I Lain (i > 1), then we conclude from Lemma 2.6l that L, ,

is a composition factor of P,, ,. However, according to the definition of a Brauer
tree algebra, the possible composition factors of P,, , are Ly, ,, Lo, , and L.
It is a contradiction.

i—1

% Laz
Lo,
cell module W. If j = 1 and ( Lo I L
o
module W, then the multiplicity of Lo, in P,, is at least 2. This is impossible.
(3) is proved similarly as (2). O

Moreover, if j # 1, then clearly, ( is not a submodule of any

is a submodule of some cell
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Corollary 2.3.2. For a cellular Brauer tree algebra, each cell module W,, is of the

L, L,
fO’f"I’TL Lal; Lan; < Lail ) 0r< LOZI >

Proof. An immediate corollary of Lemma [2.1.0] is that each cell module must be
a cell factor of an indecomposable projective module. Apply Lemma 2.3.1] to the

structures of indecomposable projective modules of a cellular Brauer tree algebra A.
We get that a cell module W must be of the form L,,,, ( LLO”*I or LLO"'“ > )
e 77 (677
Hence we only need to prove each L,, with 1 < i < n is not a cell module. In fact,
L, with 1 < i < n is a composition factor of P,, ,. If Ly, a cell module, then by

Lemma ZT6, [Lo,; : La;_ ;] = [Pa;_, : La;] > 1. It is a contradiction. O

Definition 2.3.3. We call the cell modules ( LE"*I ) are of type I and ( LE”I )

are of type II.

Let us investigate the cell filtration of indecomposable projective modules P,,.
We begin with P,,.
Lemma 2.3.4. Let A be a cellular Brauer tree algebra with cell datum (A, M, C, x).
We have

(1) If vertex 1 is not exceptional, then a cell filtration of P,, is either of the form

L,
Loy L L
Lo, C | Las C -+ C P,,, or of the form < oz ) - e -
L Lal LQQ
(5] L

e C Pal-
(2) If vertex 1 is exceptional, then cell filtration of P,, is either of the form

L L L
Lo, C ( o ) C --- C P,,, or of the form < a2 ) C | Las -
L, L I

ai
"'CPal-

Proof. Tt follows from Corollary 232 that each L, is either a submodule of a type
I cell module or a quotient module of a type II cell module defined in Definition
2.9.9)

(1) If vertex 1 is not exceptional, then P,, is uniserial and rad P,, has composi-
tion factors (La,, La, ), m(2) times from top to bottom. A consequence of Lemma
is that each L,, has to combine with an L,, to form a cell module. This
forces the top or the socle of P,, to be a cell module. If the socle of P,, is a cell
module, then all the other m(2) cell modules have to be of type I, and if the top is
a cell module, then all the others have to be of type II.

(2) When vertex 1 is exceptional, only one L, appears in P,,, and this L,
combining with the top or the socle of P,, forms a cell module. Now by Corollary
232 each L,, left is a cell module. O

A interesting result about the cellular structure of a cellular Brauer tree algebra
is that all the cell factors of P,, will be determined once the type of cell factors of
P,, is fixed. We describe it as a lemma as follows for later use.

Lemma 2.3.5. Let A be a cellular Brauer tree algebra with cell datum (A, M, C, x).
Then all cell modules with two composition factors are of the same type.



12 YANBO LI AND XIANGYU QI

Proof. Assume that the cell factors with two composition factors of P,, are of type
I. By Lemma [2ZT.6] all of these cell modules are cell factors of P,,. Then the
structure of P,, forces top P,, to be a quotient module of a cell module ( éo‘z ),
[e%:}

which is of type I. As a result, all cell factors with two composition factors of P,,
are of type I. Continuing this analysis for P,, one by one, we can deduce all cell
modules with two composition factor are of type I.

A similar analysis is efficient too when the cell factors with two composition
factors of P,, are of type II, and then we have completed the proof. O

Based on the above preparation, we can study the poset of a cellular Brauer tree
algebra.

Lemma 2.3.6. Let A be a cellular Brauer tree algebra with cell datum (A, M, C, x).
Then A is a totally ordered set.

Proof. Denote the set of indexes of cell factors of P,, by A,,. We claim that A, is
a totally ordered set. In fact, let W, be the cell module with top W,, = top P, .
Then according to Lemma 232 234 and 230 top W, is a composition factor
of each cell factor of P,,. By Lemma [ZT4] this implies that «; is minimal in A,,.
Moreover, assume that there exist p,v € Ay, with p||v. Then W, & W, is a
subquotient of P,, due to Lemma [2T7 It is in conflict with the structures of cell
factors of P,, determined by Lemma [23.4] and

On the other hand, all cell modules with two composition factors are of the same
type by Lemma If a type I cell module appears, Lemma [2.1.4] implies that
a; > a;4q for 1 <i < n. Combine it with the above claim makes A to be a totally
ordered set, the minimal element of which is «,. For the case of type II, we can
deduce from Lemma 2.1.4] that o;11 > «;, and this also forces A to be a totally
ordered set, in which the a4 is the minimal element. O

Now we are ready to give the main result of this section.

Proposition 2.3.7. Let A be an indecomposable self-injective cellular K -algebra
with cell datum (A, M, C, %), where K is an algebraically closed field with the char-
acteristic different from two. If A is of finite type, then the poset A must be a totally
ordered set.

Proof. By [7, Theorem 6.8] and [37, Theorem 8.1], if A is an indecomposable self-
injective cellular K-algebra of finite type, then A is Morita equivalent to a cellular
Brauer tree algebra. It is well known that if two algebras are Morita equivalent,
then the lattices of ideals are isomorphic. The proposition then follows from Lemma
2.5.6) ]

According to the results obtained above, for an indecomposable self-injective
cellular K-algebra of finite type, we can determine its the cellular structures com-
pletely. Let us illustrate an example.

Example 2.3.8. Let A be a Brauer tree algebra for the following Brauer tree.
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Fiz a cellular structure of A. Then the cell modules in sequence have to be one
of the following:

Lag Lag Lag LO¢3 LO¢4
Lm<<Lm)<<La2)<<La2><<La2 <4 ) <L,
e ()< ()< G ) < ) < () <

[P as [e %3 asg a2

The following result is a simple corollary of the cellular structure of an indecom-
posable self-injective cellular algebra of finite type. We write it here for later use.
The proof is left to the reader as an exercise.

Corollary 2.3.9. Let A be the same as in Proposition[2.3.7 and A\, € A. Assume
that

(1) neither X nor p is mazimal;

Then dim Wy = dim W,,.

3. ABACI ORBIT, INCOMPARABLE ABACI AND MOVE VECTOR

It is well-known that a block of a cyclotomic Hecke algebra of type G(r,1,n)
satisfying the assumptions of Main Theorem is symmetric. In the light of the
result obtained in Section 2, in order to determine the representation type of an
indecomposable symmetric cellular algebra, one can analyze the poset first. We
will use this idea to determine the representation type of the blocks of a cyclotomic
Hecke algebra. The first important thing is to find a property which can help to
study the relevant posets. We emphasize that it is also needed to transform a block
into an easy-to-study form by derived equivalence. The aim of this section is to
make all necessary preparations, which includes the following. We begin with some
preliminaries about blocks and abaci. Then we translate the action of an affine Weyl
group on blocks into the language of abaci for later use. Next we define and study
the so-called incomparable abaci, which is one of key notions in this paper. Finally,
we introduce move vector and give a framework of the proof of Main Theorem.

3.1. Preliminaries on blocks and abaci. We begin with some combinatorics.
Let n be a positive integer. A partition A of n is a non-increasing sequence of non-
negative integers A = (A1, -+, A) such that 7, A\; = n and we write |A\| = n. The
Young diagram of a partition X is the set of nodes [\] = {(i,7) | 1 <4,1 < j < A}
The conjugate of A is defined to be a partition X' = (X}, A3, ---), where \} is equal
to the number of nodes in column j of [A] for j =1,2,---. A rim e-hook (or simply
an e-hook) of [A] is a connected subset of the rim of [A] with exactly e nodes, which
can be removed from [A] to obtain another Young diagram [u]. Given a partition A,
unwrapping e-rim hook of [A] one by one until none can be unwrapped, the partition
obtained is called the e-core of [A] and the number of e-rim hook unwrapped is called
the e-weight of \.

An r-partition of n is an r-tuple XA = ()\(1), e ,)\(T)) of partitions such that
Al =30, IA®D| = n. The partitions AV, --- A are the components of A. The

conjugate of an 7-partition X is defined to be A" = ()\(T),, e ,A(l)l). Foro € &, \°
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is defined to be ()\(‘7(1)), e ,)\(‘T(T))). Denote the set of r-partitions of n by 2, ,.
Then for X\, u € &y, we write A> p (or p I A) if

s—1 J s—1 J
IR SRS NS o7
=1 i=1 t=1 i=1

forall1 < s<randallj>1. Write A\t>p (or g <<A) if A> g and X # . The
Young diagram of an r-partition A is the set of nodes

A ={G5k) | 1<i1<i<A® 1<k <r)

Define the residue of node (i, j, k) € [A] to be ¢/~"* and define c¢(\) to be the
number of nodes in [A] of residue f. By using the residues, Fayers defined the
weight for a multipartition, which coincides with defect given in Section 1.

Definition 3.1.1. [24, (2.1)] Let A be an r-partition of n. The weight of X is
defined to be the integer

w) = (Y@ )~ 5 3 (erd) — e (V)2
i=1

fex*

A X-tableau is a bijective map t : [A] — {1,2,---,n}. A A-tableau t is called
standard if the entries increase along each row and down each column in each
component. The set of standard A-tableaux is denoted by Std(X). The residue
sequence of t is defined to be the sequence (rest=1(1),---,(rest™'(n)). An r-
partition X is said to be (Q, e)-restricted if there exists t € Std(A) such that the
residue sequence of any standard tableau of shape g < A is not the same as the
residue sequence of t.

As far as we know, algebra #H,,(¢, Q) has three cellular bases. The first one was
given by Graham and Lehrer in [28] using Kazhdan-Lusztig basis of H(S,,), the
Hecke algebra of S,,. The second one is standard basis, which was constructed in
[19] by Dipper, James and Mathas. It is similar to the basis of H(S,,) introduced by
Murphy [47]. Then one has cell (Specht) modules W (), where A are r-partitions.
Moreover, Ariki [3] proved that if A is a Kleshchev r-partition, then L(), the top
of W(A) is simple, and {L(A) | X Kleshchev} provide a complete set of simple
Hn (g, Q)-modules up to isomorphism.

In [32], Jacon proved the generalized DJM conjecture about Kleshchev r-partitions.
The reader can find more details about this conjecture in [29]. The following lemma
if a special case of [34] Theorem 5.1.1].

Lemma 3.1.2. An r-partition A is Kleshchev if and only if X is (Q, e)-restricted.

Recall that given a finite dimensional algebra A, two A-modules belong to the
same block if all of their composition factors belong to the same block. For a
cellualr algebra, according to [28, 3.9.8], all composition factors of a cell module
belong to the same block. Therefore, we can say in this sense block ’Hg of Hn(q,Q)
contains cell module W(A) and we abuse notation to say that A lies in block ’H,g
More exactly, we often write pair (A, s) in ’Hg because the multicharge s cannot be
omitted in the circumstances of this paper. It is helpful to point out here that 3 is
uniquely determined by X with 8 =37,/ c4i (A)a;.

Given two pairs (A,s) and (s, s), we have the following lemma.
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Lemma 3.1.3. [28, Proposition 5.9 (ii)][44, Theorem 2.11] Pairs (X,s) and (u,s)
belong to the same block if and only of cy(A) = cyp(p) for all f € K.

The third cellular basis of H, (g, Q) that we want to introduce was given by Hu
and Mathas in [30], which is compatible with the block decompose of H, (g, Q).

Lemma 3.1.4. [30, Lemma 5.4 and Corollary 5.5, Theorem 5.8, Corollary 5.12]
Let H,(q,Q) be a cyclotomic Hecke algebra of type G(r,1,n). Then
(1) The algebra H,(q,Q) is a graded cellular algebra with poset (P ,,>) and
graded cellular basis {2 | X € Py, s, t € Std(A)} (HM basis).

(2) Let ’Hg be a block of Hn(q,Q). Then there exists f@;ﬂff C P, such that
{2l xe 9#5,5,’( € Std(A)} is a graded cellular basis of ’Hg.

(8) The corresponding ungraded cell modules coincide with the cell modules de-
termined by standard basis, respectively.

We also need the following easy results about H.,,(q, Q).

Lemma 3.1.5. [50, Remarks 2.4 (iii)] For any 0 # ¢ € K, we have an isomorphism
Hi(q,Q1, -, Qr) = Hp(q,cQ1,- -+ ,cQyr). For any permutation o of r letters,
Hn(Qv Q1 7Q’r‘) = Hn(Qa Qa(l)v T aQa(r))'

Based on Lemma BT 5 and BI3] pairs (A?,s7) and (A,s) are in the same block
for o € G,.

We now begin to recall some result about r-abaci. The main reference is [33].
Abaci first appeared in the work of Gordon James [34]. Given a partition A and
s € Z, one can associate it to a set of integers Ly(\) = {\; —j+s|j € NT}. Note
that we assume that A has an infinite number of zero parts. As is well-known, the
set Ls(\) can be expressed by an abacus. Let us illustrate an example.

Example 3.1.6. Let A = (7,5,4,1,1) and s = 0. For each i € Lg()), we set a
bead at i-th position on the horizontal abacus. Then Lg(X) is expressed as below. A
position without a bead will be called an empty position. We usually omit the labels.

......O..OOi0.0.00.0000
-2-101 2 3

Moreover, an abacus Lg(\) can also be represented by an e-tuple of abacus, in
which the abaci are labeled by Lg, L1, -, Le_1 from bottom to top. For each
ke Ls(\),if k =ye+a with 2,y € Z and 0 < x < e, then place a bead in position
(x,y), which means the y-th position of L,. We will denote this r-tuple by L£¢(A).
Let e =3 and A = (7,5,4,1,1). Then £3()\) is

000000000 OOOODOOOOLOLOLOLOO
0000000000 O0O0O0ODODOODODOOO
..........iOOOOOOOOOOO

Let s = (s1,82, - ,87) € Z" be a multicharge and A = ()\(1), e ,)\(T)) an 7-
partition. Then the pair (A, s) can be associated with an r-abacus Lg(A) by setting
abaci Ly, ()\(i)), i=1,---,r, from bottom to top so that all the beads in position
0 of each abacus appear in the same vertical line, which will be called (e, s)-abacus

of pair (A, s). Note that each r-abacus Lg(A) can be mapped to a abacus by Uglov
map, whose definition is as follows.
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Definition 3.1.7. [49, Section 4.1], [33], Section 2.4] Let X be an r-partition. Then
the image of or pair (\,s) under Uglov map 7., is (A, s), which is defined as
follows. For each bead at position (x,y) in Ls(X), let y = k.e+c with k € Z
and ¢ € {0,....,e — 1}. Then we set a bead in our new I-abacus Ls(X\) in position
(r—xz)e+ ker + c.

It is not difficult to check the Uglov map is a bijection (see [49, Section 4.1]) and
5=),5i

In an r-abacus Lg(A), the number of beads in column k is denoted by ¢i(Ls(A)),
or ¢ if there is no danger of confusion. Denote by .é- (A, s) the j-th bead from

right to left of L, (A(”). If there is no dangerous of confusion, we write it simply
as Q; The following lemma is easy to check and we omit the proof.

Lemma 3.1.8. For the (e, s)-abacus Ls(X) of a pair (A, s), we have

(1) The number of empty positions between @, and @, is equal to )\g) —

AL |

(2) The number of empty positions that are to the left of .3'» s equal to )\y .

(8) Assume that the number of beads in Ly, ()\(i)) on the right of the dashed
vertical line is nj1 and that the number of empty positions on the left of the
dashed vertical line is n;o. Then n;1 — ngo = ;.

By using the above lemma, we can study the relationship between the numbers
of certain positions in two r-abaci. Denote by nf(Ls(\)) the number of beads on
the right side of the h-th position in runner ¢. If there is no dangerous of confusion,
we write it simply as n¥

Lemma 3.1.9. Let Ls(M\) and Ly(p) be two r-abaci and 1 < i, 5 < r. Let h be

an integer such that all positions (i,1) in Ls,(A?) and positions (j,1) in Ly, (n@),
where I < h, are occupied by beads. Then n;?(Lv(u)) —nl(Ls(A) = vj — s;.

Proof. Without loss of generality, we can assume h < 0. By dividing the n?(Lv(u))
beads into two parts with the dashed vertical line, one can obtained the following
equality: n;?(Lv(u)) = —h—1—njs + n;1. Note that by LemmaB.T.8 (3), —nj2 +
nj1 = v; and hence n/(Ly(n)) = —h — 1 + v;. Similarly, we have nl(Ls(X)) =

—h — 1+ s;. Combining the two equalities above, we complete the proof. (Il

Before we introduce more results on r-abaci, we need some additional notations
defined by Jacon and Lecouvey in [33]. Given two abaci L and L', we write L C L'
if for each bead in position i of L, there is a bead in position 7 in L. We also need
to recall two subsets of Z".

A= {(s1,--,8,) €L |Vi,je{l,--,r},i<j 0<s;—s; <e},
AL ={(s1,---,8,) €Z" Vi, j€{l,---,r},i<j0<s;—s <e}.
Clearly, A7 c A..
Definition 3.1.10. [33] Definition 2.8, 2.10] An r-abacus is called (e,s)-complete
if
Ly M) C Ly,(A®) € - c Ly, (A7) € Ly e (AD).

A pair (X, s) is said to be a reduce (e,s)-core if its (e,s)-abacus is (e,s)-complete.
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By an easy observation, Jacon and Lecouvey revealed a relation between reduced
(e,s)-cores and A..

Lemma 3.1.11. [33] Proposition 2.11] Given a pair (A,s), if X is a reduced (e,s)-
core, then s € A..

For convenience we agree the nonexistent positions (r + j,h) to be (j,h — ¢€)
for 1 < j < r when e # oco. Let us collect some simple properties about the
(e,s)-abacus of a pair (A,s).

Lemma 3.1.12. Given a pair (X\,s) and its (e, s)-abacus, we have
(1) Letl<i<r ande < oo. If position (i,1) is empty, then there exists some
k € N, such that the bead at position (i,1 — (k + 1)e) is black and position
(i,1 — ke) is empty. If position (i,1) has a bead, then there exists some k
such that position (i,1+ke) has a bead and position (i,1+ (k+1)e) is empty.
(2) Lets e A.. If in Lg(X), positions (i,1;) have beads and positions (i + 7, 1)

are empty, where (t =1,---,m), 1 <i<r and 1 <j <r, then there exist
hi, -+, hm such that positions (i,hy) are empty and positions (i + j, hy)
have beads for x =1,--- ,m.

(3) Let e# oo and Ls(\) be (e,s)-complete. If there exists a bead in column 1
of Ls(X), then all positions of column | — ke have bead for each k € NT.

(4) Assume that s, +k < s;, for1 <i,j<r andk € N*. Then there exist
hi,-++ ,hi € Z such that in (\,s), positions (i,h:) are empty and positions
(4, ht) have beads, where 1 <t < k. In particular, if Ls(X\) is complete, then
i < j and there exist hy,--- ,hy € Z such that in Ls(\), positions (x,hy)
are empty and positions (y, hy) have beads, where 1 < x <14, j <y <r and
1<t<k.

Proof. (1), (2) and (3) are easy. We only prove (4). Let I be an integer such that in
Ls(N), all positions (z,y) have beads, where 1 < z < r and y <. Since s;+k < 55,
by Lemma B8, n} —nl = s; —s; > k. We have proved the first half of the lemma.

Moreover, if Lg(A) is complete, then in Lg(A) position (4, h) being empty forces
positions (x,h) to be empty where 1 < z < 4, h, and position (j,h) being oc-
cupied by a bead implies that all positions (y,h) have beads, where j < y < r.
Consequently, the second half of the lemma holds. (I

3.2. Orbits of abaci. In this subsection, we give an explanation by abaci for
the action of an affine Weyl group on blocks. Let us first fix some notations.
Given a pair (A,s), it clearly belongs a unique block. Denote by Axs and B g
the corresponding elements in dominant weight lattice and positive root lattice,
respectively. In addition, if e = co, then both j (mod e) and j + ke, k € Z means
jy,and 0 < j < e—1means j € Z. For j € I and pair (), s), define an action
of gj on (A,s) by g;(A,s) = (0;(A),0;(s)), where the abacus of (o;(X),0;(s)) is
obtained by interchanging columns j — 1 + ke and j + ke in Lg(A) for all k € Z.
A simple result about the action is that the charge is invariant. Let 0 < i < e.
The diagram obtained by putting all j-th columns with j = i (mode) together
in the original order and with the original labels is called the i-th subabacus of
Ls(X). For arbitrary = € Z, we sometimes say x-th subabacus, which means the
i-the one, © = i(mode) and 0 < 7 < e. Clearly, for a given abacus Lg(\), both
the number of the beads in j — 1-th and j-th subabaci are infinite. However, if we
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ignore positions j — 1 + ke and j + ke, k € Z, as long as both them are occupying
by beads, then in a natural way, we can say the difference between the number
of beads in j — 1-th subabacus and that in j-th one. For convenience, denote the

difference by m’ ™" (Ls(X)) = 32 cz(Ci—14ke — Citne)-
Lemma 3.2.1. Forj €1, o;(s) =s.

Proof. It is a direct corollary of the definition of the action of o; on a pair and

Lemma B.T78 (3). O

To achieve the target of this subsection, we first do some work on 1-abaci. Given
an abacus Ls(A), let > 1 and @, at the h-th position. If the h + 1-th position is
empty, then slide @, to the h+ 1-th position and denote by (i, u) the new abacus.
By Lemma (2), po = A\ + 1, and \; = p; for each i # x. Moreover, we have
from Lemma [B.1.8 (3) that u = s. Using this method, each abacus Lg(\) can be
obtained from L.(@) by finite steps. Clearly, this process is invertible.

Lemma 3.2.2. If @; is at j + ke-th position in Ls(\), where 0 < j < e—1, then
the residue of node (i, A;) in [A] is j.

Proof. By the definition of abacusLg()\), we have s + \; — i = j + ke, that is, the
residue of node (i, A;) is j. O

Lemma 3.2.3. Assume that in abacus Ls(\), position j+ke is empty and there is a
bead at position j—1+ke, where 0 < j < e—1. Denote by Ls(p) the abacus obtained
by sliding the bead at position j — 1+ ke to position j+ke. Then B, ; = B, ,+a;.

Proof. Suppose that the bead at position j — 1 + ke is @;. Then pu; = \; + 1 and
tze = Ag for all x # 3. We can deduce from Lemma that the residue of node

(i,pi) in [p] is j. That is, B, ; = B 5 + . O
Lemma 3.2.4. Given an abacus Ls(\), then

/Bcrj()\),s = /8)\,5 + mgilaj
forjel.

Proof. Firstly, let us find all pairs of positions that need to interchange under o;.
Assume X = {b; | i = 1,---,1} are all integers such that position j — 1 + be is
empty and position j+b;e has a bead. Note that X may be empty. Therefore there
isaset Y ={ap,€Z|h=1,--- ,l—i—m;-_l} such that position j — 1 + ape has a
bead and position j + ke is empty. By Lemma B.2.3]

- -
Bo,ne) =Bas T (i + Doy —la =B, +m] oy

d

Lemma 3.2.5. For j € I and a pair A, s, we have 0j(Axs—Bx ) = Axs =B, (5),s-

Proof. Without loss of generality, we assume 0 < s < e — 1. Since arbitrary abacus
Ls(X\) can be obtained by a process aforementioned in this subsection, the lemma
can be proved by induction.
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We start from A = @. Obviously, B, , = 0. If j # s, we can deduce from the
shape of Ls(\) that ¢;(@,s) = (@, s), that is, Bo,(2),s =Ba,s = 0.

Uj(AzaS _613,5) = UjAs

= As — (5j5aj

= AS

= A)\,s - /ng(z),s-
If j = s, according to the shape of L (@) and the definition of the action of o}
on pairs, Ls(05(@)) is obtained from Lg(A) by sliding the bead at position s — 1
to position s, and consequently, os(@) = (1). This implies that Ay, = A,
B(1),s = & and thus

Us(AJ’J,S - ﬁg,s) =0sAs =Ay — oy = Aos(z),s - ﬁgs(z)ﬁs

Assume the lemma holds for pair (A, s) and abacus L () is obtained from Lg(\)
by sliding the bead at position I — 1 + he to position | + he, where 0 <[ < e — 1.
We now prove the lemma holds for pair (i, s). By Lemma B.23]

(3.2.1) Bus =Bxrs T au

Since for arbitrary pair (A, s), the dominant weight Ay s is uniquely determined
by s and independent of A, we denote it by A for simplicity during the rest of this
proof. Clearly A = A;.

It is easy to check that mi™ (Ls(\)) = m/ ™! (Lg(n)) + 2.

For j =1, by Lemma [B.2.4] we have

(322) Boj()\),s = ﬁ)\,s + mjil(LS()‘»aﬂ

and

(3.2.3) B (s =B + (I (Ls(N) — 2)e;

Substituting (3.2.1) into (3.2.3), we obtain

(3.2.4) By, s = Bos + (I HL(N) = Dayj.

Then the lemma can be derived from the above preparation as follows.
0j (A - /Bu,s)

= A-B,s— (aj,A =3, )e; (Defnitionof o)
= A-— (ﬁ/w +a;) — (aj, A — (ﬁ/w + ay))a; (Substituting (3.2.1))
= A-=Bys—a— (oA =By )+ (aj, ai)a
= (A -8y, (aj,A—B, ¢ )a;) + a; (Definition of bilinear form(, ))
= 0j(A— B, ;) + ag (Defnition of o)
= A —B,,(n),s T au (Induction hypothesis)
= A—(Bys+ (m;:_l(Ls()\)) —1)a;) (Substituting (3.2.2))
= A =B, (u),s (Substituting (3.2.4))
For j # [, we consider two cases according to whether or not e = 2.
Case 1. e = 2. In this case, j =1 — 1. It follows from Lemma [3.2.4] that

(3.2.5) B, (n.s = Bas = H(Ls(V) e
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and

(3.2.6) Boy(us = Bus + (2 —m H(Ls(V))e;
Substituting (3.2.1) into (3.2.6), we get

(3.2.7) Bouy.s = Brs +ar+ (2—m H(Li(N))ay.

With the above preparation, we can start our computation.
0y (A - /3#,5)
= A-B,;— (aj,A =B, )a; (Defnitionof o;)
= A—(By,+o)—(aj,A— (B, + )y (Substituting (3.2.1))
= A-By,—a—(a;,A =B, ,)a; + (aj, )
= (A-By;—(aj,A =B, )a;) — a; — 2c; (Definition of bilinear form(, ))
= oj(A— Bis) — o+ 20y (Defnition of o)
= A B, s — o —2a; (Inductionhypothesis)
= A-pB,,+m (Li(\)oy — a; — 2a; (Substituting (3.2.5))
= A—(By.+(2—m (Ls(N))eyj +eu)
= A —B,,(u,s (Substituting (3.2.7))

Case 2. e # 2. There are three subcases need to handle.

Subcase 1. j =1+ 1. Clearly, m{ (Ls(\)) = m},;(Ls(n)) — 1 We have from
Lemma 3.2 that

(3.2.8) Bo;n)s =Bas + m 1 (Ls(N) ey
and
(3.2.9) Bo, s = Bps + (ml 1 (L(V) + Dy,
Substituting (3.2.1) into (3.2.9), we obtain
(3.2.10) Boy e = o+ + (ml 1, (L) + Dex;.
Now we can check the lemma.

oi(A=Bs)

= A_ﬁy,s_ ((Xj,A—ﬁ%S)Oéj

= A-— (ﬁA)S +a) — (o, A — (ﬁA)S + ay))a; (Substituting (3.2.1))

= A_ﬁ)\,s — o — (aij_/B)\,s)aj + (ajval)aj

= (A-B,,— (aj, A — ﬁ)\_’s)aj) — oy — a; (Definition of bilinear form(, ))
= 0j(A=By,) —u—aqj

= A-B,,ns—u— oy (Induction hypothesis)

= A—By,—mi(Ls(N)aj — a; — a; (Substituting (3.2.8))

= A — B, (u,s (Substituting (3.2.10))

Subcase 2. j =1 — 1. It is proved similarly as Subcase 1 by consider | — 2-th
subabacus and [ — 1-th one.
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Subcase 8. j # 1,1 £ 1. Under this condition, it is clear that m?il(LS(/\)) =
mg_l(Ls (1)). By Lemma [B:224] we have

(3211) Boj()\),s = 6)\,5 + mjil(LS()\»aJ
and
(3.2.12) B, (s = B + o+ miHLo(N) ey
. By using (3.2.11) and (3.2.12),
oi(A=B,) A—(Byst+ar)—(aj, A= (B, +au)a;

= (A=By,—(aj,A =B, )oy) — au + (0, cu)a;
= 0j(A=B,) —a
= A-(,, —mj:*l(Ls()\))aj — oy
A= (B, +ou+ml (L))
= A- ﬁUj(MLs
To sum up, the lemma holds for pair (y, s).

According to induction, we have completed the proof. O

Now we are in a position to give the main result of this subsection.
Proposition 3.2.6. For 0 < j <e—1 and pair (A,s), we have
0j (A)\-,S - 6A,s) = AA,S - ﬁa’()\),s'
Proof. 1t follows from Lemma [3.2.5] that

T

0i(Axs —Brs) = 05 ) (Axors, —Brors,)

=1
r
= > 0i(Ayo e — Brirs)
=1
s
= D (Aors, = Boynin)s)
=1

= Axs B0
The proof is completed. ([

3.3. Incomparable abaci. In this subsection we introduce the so-called incom-
parable abaci, which is an very important concept in our study. The main result is
that from incomparable abaci we can construct incomparable multipartitions with
respect to the dominance order.

Definition 3.3.1. Given two r-abaci Ls(A) and Ls(p) with |A| = |p|. Assume
that there exist L1,12 € Z and k1 # Ko, 1 < K1, Ko < r such that
(1) In Ls(X), there is a bead at position (k1,t1) and position (ka,t2) is empty,
and in Ls(p), position (k1,t1) is empty and there is a bead at position
(IQQ, LQ).
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(2) The beads on the right side of 11-th position in Ls(A"V)) are the same
as those in Ls(u('“)), and the beads on the left side of ta-th position in
Ls(A"2) are the same as those in Ls(p(52)).

Then we say Ls(A) and Ls(p) are incomparable, which will be denoted by Ls(\) ||

Ls(p), or Ls(p) || Ls(X).

Example 3.3.2. Lete =5, A =((2,1,1),(2,2,1,1),(2,2,1),(4,3,1,1)), and s =

(1,0,2,0). Then Ls(X) is
.....O..OEO@0.00000
00000000 OO0OOCOCOMOOOO
00000000 000000 0ODOOO0
.......OQEQ0.000000

Let p=((2,2,2),(5,1,1,1),(3),(4,2,1)) and s = (1,0,2,0). Then Lg(p) is

......0.0i.@0.00000
0000000000 0COCOOOOO
0000000000000 OOOOO0
.......OOE...OOOOOO

Take k1 =4, ke =2, 11 =1, 19 = —1. It is easy to check that the conditions (1)
and (2) of Definition [T31 are satisfied. Then Ls(X\) and Ls(p) are incomparable
abaci.

The original intention of introducing the concept of incomparable abaci is to find
incomparable multi-partitions that are in the same block. An easy computation
gives p > A in Example B.32] This implies that we can not conclude from two
abaci Lg(X) and Lg(pt) being incomparable that the corresponding multi-partitions
are incomparable with respect to the dominance order >.

A simple observation tells us that if Lg(A) and Ls(pu) are incomparable abaci,
then for arbitrary o € &,, Lgs (A7) and Lg- (p”) are incomparable too, where s”
is defined to be (S,(1),- - ,Sx(r)). If we choose 0 = (124) in Example 3.3.2 then
Lso (A7) and Lgo (7)) are as follows.

00
COee

w’ =1((4,2,1),(2,2,2),(3),(5,1,1,1)),s* = (0,1,2,0)

.....O..E”OOO0.0000
0000000000 0OOCOCOMOOOO
00000000 000000 0O0OOO0
......0.0i.@0.00000
Now let us consider A = ((4,3,1,1),(2,1,1),(3,1,1),(2,2,1,1)) and p° =
((4,2,1),(2,2,2),(3),(5,1,1,1)). Tt is easy to check A7 || pu?. It is worth to point
out that this has general significance. That is, we can prove that if Ls(A) || Ls(p),
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then there exists some o € &, such that A7 and p” are incomparable. To this aim,
let us first give some characterizations of incomparable abaci.

Lemma 3.3.3. Let Lg(\) || Ls(w). Then
(1) The number of empty positions on the left side of position (k1,01 + 1) in
Le(A"V)Y is the same as that in Lg(pu()).
(2) The number of the beads on the right side of position (ka,13—1) in Ls(A*2))
is the same as that in Le(p(#2)).

Proof. (1) Choose k € Z such that all positions those are to the left of k + 1-th
positions of both Lg(
blam) and Lg(p) are occupied by beads. According to Definition B3] (1), k < ¢1.
On the other hand, we have from Lemma BIL8(2) that nf (Ls(X)) = nf (Ls(p)).
Then the result follows from Definition B3] (2).

(2) is proved similarly as (1). O

With the above result, we can prove a special case.

Lemma 3.3.4. Keep notations as in Definition [3.31l. Let Lg(A) || Ls(p) and
k1 < kg Ifce{l,- k1 —1}U{ka+1,---,r} implies that Ly(A?) and Lg(p()
are the same, then X || w.

Proof. Suppose that the bead at position (k1,¢1) in Lg(X) is @' (A,s). Since
Ls(A) || Ls(w), by Definition B3] the beads on the right side of ¢1-th position in
Ls(A")) are the same as those in Lg(p("1)). This implies that for each 1 < a < k,
if @%1(A,s) is in position b, then so is @4 (u,s). Moreover, we have from Lemma
B33 that the number of empty positions on the left side of position (k1,t1 + 1)
in Lg(A"V) is the same as that in Lg(p(")). Consequently, the number of empty
positions on the left side of @51 (A, s) in Lg(A")) is the same as that on the left
side of @1 (,s) in in Lg(pu(®)) for 1 < a < k. Then we obtain by Lemma BI.8
(2) that

(3.3.1) ALY = pl).

Furthermore, since the position (£1,¢1) in Lg(p) is empty, it is clear that @} (i, s)
is on the left side of position ¢;. Using Lemmal3.3.3](1) again, there are fewer empty
positions on the left side of @} (,s) than on the left side of @;*(\,s). We deduce
from Lemma (2) that

(3.3.2) pl) < Al
Combining (3.3.1) with (3.3.2) yields
k k
(3.3.3) > oplr) <y Al
a=1 a=1

Note that the assumption implies that the rows below ki-th row in Lg(A) are
the same as that in Lg(p), and thus for each 1 < ¢ < &1, A = 19, This gives

I{lfl I{lfl

(3.3.4) DS
c=1 c=1
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By combining (3.3.3) with (3.3.4) we get

Kk1—1 k1—1

(3.3.5) Z ()| +Zufl> < Z 1A +Z>\<”1>

On the other hand, let the bead at position (k2,t2) in Ls(u) be @72 (w,s). Then
by analyzing the number of beads as above, we can obtain the following two for-
mulas:

(1) Alx2) = qu"?) for arbitrary = > t.
(2) m"™ <A,
This implies that

ST < AL,

>t x>t
Combing this formula with
Yo k9I= %0 A,
c=ko+1 c=ko+1

which is an easy corollary of the assumption, leads to

(3.3.6) > plr) 4 Z ] <D 4 Z A,

>t c=krao+1 x>t c=kKo+1

Moreover, it follows from |A| = |u| that

(3.57) > I = 3 A,
c=1 c=1

Then (3.3.7) — (3.3.6) is

T

Zlu =Qou + Y Ik >Z|)\C|— (DAL + Z ).

x>t c=ko+1 x>t c=ro+1
Note that
r r Kko—1
Dol =Qoul Y e = Z Iz C)|+Zu(”2
c=1 x>t c=kKo+1
and )
Ko —
Z|AC|—Z>\”2+ Z Z|A |+Z>\“2>
>t c=kKo+1
We arrive at
Ko—1 ko—1

(3.3.8) Z 1]+ Zu r2) > Z A€ + ZA r2).

Now we come to the conclusion A || g by combining (3.3.5) and (3.3.8) together. O

We can deduce a simple fact immediately from Lemma[B3.3.4] that is, two incom-
parable abaci Lg(\) || Ls(p) with k3 = 1 and k2 = r give a pair of incomparable
multi-partitions A || p. Clearly, for Lg(A) || Ls(p), we can always find o € &, such
that o(k1) =1 and o(ka2) = r. As a result, Lgo (A7) || Lss (17).
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Proposition 3.3.5. Suppose that Ls(\) || Ls(p). Then there exists o € &, such
that A% || p° with respect to the dominance order.

3.4. Move vector. It is well-known that for an abacus L£()) of a partition A,
sliding a bead from position (z,y) to (x,y — 1) is equivalent to unwrapping an e-
rim hook from [A]. An r-abacus version of this operation was introduced by Jacon
and Lecouvey.

Definition 3.4.1. [33] Section 4.1] Let A be an r-partition of rank n. An elemen-
tary operation in runner x on the (e,s)-abacus of Ls(\) is a move of one bead from
runner x to another.

(1) First kind: if the bead at position (z,y) with 1 < x < r is black and
(x +1,y) is empty, then slide the bead to position (x + 1,y) (note that the
resulting r-abacus corresponds to an r-partition of rank n — sz41 + sz — 1).

(2) Second kind: if e # oo and the bead at position (r,y) is black and (1,y —e)
is empty, then slide the bead to position (1,y — e) (note that the resulting
r-abacus corresponds to an r-partition of rank n —s1 + s —e —1).

To continue our study, we need to define concepts “before”, “after” and “be-
tween”, which are about relationship between positions in an abacus.

Definition 3.4.2. Given an r-partition X and a multicharge s, let Ls(X) be the
associated (e, s)-abacus. We say position (j,h) is before position (i,1) if one of the
conditions below is satisfied

(1) h=1landi<j<r.

(2) h=1—-(k+1)e, where k € N.
If position (j,h) is before position (i,1), then we also say position (i,1) is after
position (j, h). Let position (j, h) be before position (i,1). We say position (x,y) is
between positions (j,h) and (i,1) if it is after (j, h) and before (i,1).

Clearly, in an abacus Lg(A), there exist two positions (4,1) and (4, h) such that
(i,1) is neither before nor after (j,h). However, this phenomenon will not happen
in a subabacus of Lg(A). Let us list some observations about subabaci for later use.

(1) None of the positions of Lg(A) belong to two different subabaci simultane-
ously.

(2) We can not move a bead from one subabacus to another by elementary
operations.

(3) Index a bead in a subabacus by z if there are exactly x — 1 beads after it.
Then elementary operations do not change the index of a bead.

Based on the above observations, elementary operations from Lg(A) to Ly (u)
is a definite set, which is independent of the choice of the procedure of move. We
often call this set operation set and denote it by F. Moreover, an elementary
operation happened in a subabacus does not affect other subabaci. Therefore, each
elementary operation of an abacus Ls(A) can be naturally viewed as an elementary
operation of a subabacus. Given an elementary operation that slides the number
x bead at position (4,1), we record it by a triple [(¢,1), ]. When the index need
not to be pointed out, the triple will be written as [(i,1), *]. The following is an
obvious result about operation sets.

Lemma 3.4.3. Let F be the operation set from Ls(X) to its core with [(i, h), *] € F,
where 1 <i <7 (ife=o00,1#71) and h € Z. We have in Lg(\),
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(1) if position (i 4+ 1,h) has a bead, then there is an empty position before it;
(2) if position (i,h) is empty, then there is a position with a bead after it.

An interesting fact about elementary operations is that they are “commute” with
Uglov map.

Lemma 3.4.4. Let F be the operation set from Ls(A) to Ly (). Then there exists
a definite operation set Tx from Lg(X) to Ly (1), where (A, s) and (u,v) are images
of (A\,s) and (w,v) under Uglov map, respectively, such that the following diagram
commute.

]-'l lT}‘
Ly(p) — Ly(n)

Proof. (Sketch) We only need to consider the case of F containing only one ele-
mentary operation [(z,y),*]. Let y = ke 4+ ¢. It is not difficult to check that if
y < r, the corresponding elementary operation is moving in £¢(\) the bead in po-
sition (¢, —x + kr) to (¢,r —x — 1+ kr). If x = r, the corresponding elementary
operation is moving in £¢(A) the bead in position (¢, kr) to (¢, kr — 1). Then it is
a routine to check the diagram commute. (|

Operation sets give rise to a key notion in this paper, move vector, whose defi-
nition is as follows.

Definition 3.4.5. Let F be the operation set from Ls(X) to Ly (p). Define
m; = 4{[(i,h),z] € F | h € Z,x € NT}.
Then M = (m1,ma,--- ,m,) is called the move vector from Lg(X) to Ly (p).

For the reason of importance, let us give an example of operation sets and move
vectors.

Example 3.4.6. Lete =3, s =(0,2,1) and A =((2,1),(3,2),(4,3,1)). Then the

associated (e, s)-abacus of pair (A,s) can be represented as follows.
........O.iO0.0.000000
0000000000 00000000000
00000000 000OOOO0OOOLOOLOOO

Let p = (0,(4,3,1),(3,2)) and v = (0,1,2). Then the associated (e,s)-abacus

Ly () can be represented as follows.

0000000000 0C0COOOOOOOLOO
0000000000 0000O00O0O0O0OOO
00000000000 000OLOOOOOO

The operation set from Lg(X) to Ly (p) is
F={1(2,-2),4],[(1,1),3],[(2,1),3],[(3,1),3]},
)

and consequently, M = (1,2,1).
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The following lemma reveals that the move vector from abacus Lg(A) to another
one can reflect variations of multicharge s and the shape of Lg(A). It is a simple
corollary of Definition and Lemma B.1.9 and we omit the proof and leave it
as an exercise.

Lemma 3.4.7. Let M = (my,ma, - ,m,) be the move vector from Lg(\) to
Lu(p). Then for 1 < i <r, we have nl(Lg(X)) —nl (Ly(p)) = m; —m;_1 = s; — u;
(the meaning of mg is m;.).

The purpose of introducing concept “move vector” is to study blocks of cyclo-
tomic Hecke algebras. Let us recall the definition of the core of a pair (A,s) which
introduced by Jacon and Lecouvey.

Definition 3.4.8. [33, Definition 4.2] Let (\,s) be a pair with s € A,. The core
of (X, 8) is a pair (A*,s*), whose abacus is complete and is obtained from Ls(X) by
elementary operations.

Lemma 3.4.9. Lets € A, andu,v € Z". If the move vector from Lg(X) to Ly (v)
is equal to that from Ly(p) to Ly(v), then s = u and (A,s) and (p,s) belong to
the same block.

Proof. Let (mq,---,m,) be the move vector from Lg(A) to Ly (v) with my +--- +
m, = l. Then by Lemma BZ 7 v; —s; = m; —m;—1 = v; —u; for 1 < i <r,in
which my means m,.. This implies s = u.

Let 7es(A) = A, Tes(p) = p1, Tew(V) = vand s = Y1 s, v = . v. If we
need k elementary operations from L (v) to its e-core, then by Lemma B2 we
can obtain this e-core from both £¢(\) and L£S(i) by k + I elementary operations,
respectively. Therefore, (), s) and (u, s) belong to the same block. This is equivalent
t0 Ce,s(Te,s(A)) = Ce,s(Tes(pt). By [B3l Corollary 2.23], Ces(A) = Ces(pr). We
deduce from Lemma B3 that (A,s) and (i, s) belong to the same block. O

The most important value of move vector is that they induce a new block invari-
ant, which can play a greater role than weights. Let us prove a lemma for giving
the definition.

Lemma 3.4.10. Let (\,s) € 7{3 withs € A, and Lg-(X*) its core. If (u,s) € ’H,f.},
then its core is also Lg=(X*) and the move vector from Ls(p) to Lg«(X¥) is equal to
that from Lg(A) to Le«(X¥).

Proof. Since (A, s) and (u, s) are in the same block, we have from [33, Lemma 2.23]
that (A, s) and (p, s) are in the same block and therefore (), s) and (p, s) have the
same e-core (A*, s*). Note that Uglov map is injective. This implies that (A*, s*) has
a unique preimage, which is a reduced (e, s)-core by Lemma B.44l Consequently,
the preimage has to be Lg« (A™).

Suppose that the weight of ’Hg is w, the move vector from Lg(A) to Lg«(A") is
(m1,--+,m,), and the move vector from Lg(p) to Lg-(X¥) is (m}, -+ ,m.). Then
Lemma B4 implies m; —m;—1 = sf —s; =m}, —m/}_, for 1 < i <r, in which mg
means m,. Then the result follows from m; +---4+m, =w=m{ +---+m.. O

In the light of Lemma 3410, we also say Lg«(A™) is the core of block 7—[3

Definition 3.4.11. Let (A\,s) € ’Hg with A € Al. Then the block move vector of
'ng is defined to be the move vector from Ls(X) to the core of the block.
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In order to simplify the descriptions of some lemmas’ proofs in subsequent sec-
tions, let us do some work that is related to operation sets and move vectors be-
forehand.

Firstly, we study the move vector related to a simple deformation of abaci.
Given an abacus Lg(A) in ’Hg with s € A, and e < 0o, denote by L, () the abacus

obtained by deleting the the first 7 runners and putting Lsm+e()\(z)), 1<z <ion
the top in Lg(A). Let M = (my,---,m,) and M’ = (m),---,m.) be the move
vectors and F and F’ the operation sets from Lg(A) and Lyu(p) to their cores,
respectively. Then we have some easy results as follows.

Lemma 3.4.12. The followings hold.
(1) m}; =myy; for 1 < j<r—i.
(2) m; =Myyj_p forr—i+1<j<r.
(3) 1(4,h),*] € F'if and only if [(i + j,h),*x] € F for 1 < j <r.
(4) Lu~(p*) can be obtained from Lgx(X*) by deleting the the first i runners and
putting LS;+G(A*(I;)), 1 <z <i in the original order on the top in Lg-(N).
(5) ue A and (p,u) € 7—[3

Secondly, we consider the composition of certain elementary operations. The
following lemma is a generalization of [33, Remark 4.3 (1)]. It is easy and we omit
its proof.

Lemma 3.4.13. Let Ls(A) be an abacus with position (i,l) having a bead and
position (j,1—ke) is empty and before (i,1), where 1 <i,5 <r,l€Z, ke Nandk =
0 when e = co. Move in Lg(X) the bead at position (i,1) to position (4,1 — ke) and
denote by Ly(p) the new abacus obtained. Then Ly(p) can be obtained from Lg(X)
by elementary operations and the operation set is {[(¢,1),*], -+, [(r,1),*], [(1,1 —
e)yx], -, [(rl—e), %], -, [(r,l —ke—+e),x], [(1,] — ke),*], ---, [(4,] — ke), *]}.

The following two results are direct corollaries of Lemma [B.4.T3] We list them
below without proofs.

Lemma 3.4.14. Let F be the operation set from Lg(X) to its core (X*,s*). If in
Ls(X), position (i,h) has a bead and position (j, h — ke) is empty and before (i, h),
where k € N and k =0 if e = co. Then the operations moving the bead at position
(i,h) to (§,h — ke) are contained in F.

Lemma 3.4.15. Let Ls(A) be an abacus with position (i,l) having a bead and
position (j,1) being empty, where 1 < i < j <r. Let Ly(u) be the abacus obtained
by moving in Ls(X) the bead at position (i,1) to position (j,1). Then L,(w) can be
obtained from Lg(X) by elementary operations with move vector M = (mq, -+ ,my),
where my =1 if i <t < j—1 and m; = 0 otherwise.

Let us consider a special case of Lemma [3B.4.T3] We can give more details in this
case.

Lemma 3.4.16. Let Ls(\) be an abacus.
(1) Assume that position (i,1) is empty and position (i,l4¢€) has a bead. Denote
by Lu(p) the abacus obtained from Lg(X) by moving the bead at position
(1,1 + €) to position (i,1). Then u = s and the move vector from Lg(X) to
Lyu(p) is (1,---,1). Moreover, [u] can be obtained by deleting a rim e-hook
from A9
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(2) If [u] can be obtained by deleting a rim e-hook from [A], then there exists
l € Z such that in Lg(\), position (i,1) is empty and position (i,1 + €) has
a bead.

Proof. Tt is an evident corollary of Lemma B47 B-A T3 and [33] Remark 4.3(1)]. O
Thirdly, we introduce a new concept, dual abacus.

Definition 3.4.17. Given an abaci Ls(N), the dual of Ls(X), denoted by Lgn (A7),

is an abacus, in which position (i,h) is empty if and only if in Ls(\), there is a

bead at position (r — i+ 1,—h — 1). Furthermore, ()\D, sP) is called the dual pair

of (A,s).

Example 3.4.18. Let A = ((2,1),(4),(1,1)) and s = (0,2,3). Then Lg(\) is

0000 0000000000 000O0

0000000000000 0O0O0OO0

.......OQE0.0000000
The dual abacus Lgp (AP) is

0o000000 0000000000 O

00000000 0O 0OOOOOODOOO

.....O0.0EOOOOOOOOO

It is easy to check that AP = ((2

~—

,(1,1,1,1),(2,1)) and sP = (=3,-2,0).

By an easy observation on Example B8, we have A” is in fact the conjugate
of A and sP = —s,_;;1. We emphasize that this has general significance. Let us
summarize into a lemma for later use.

Lemma 3.4.19. Let Lo (AP) be the dual of Ls(A). Then AP =N, sP = —s, ;11
for 1 < i < r and consequently, if s € ﬁz, then sP € ﬂz and if s € AL, then
sP e Ar.

About dual abaci, we have the following lemmas, which will be used later.

Lemma 3.4.20. Let (A,s) and (u,s) be two pairs. Then

(1) (A, s) and (u,s) belong to the same block if and only if (AP, sP) and (uP,sP)
belong to the same block.
(2) Lo(\) || Lalp) if and only if Lo (AP) || Loo ().

Lemma 3.4.21. Let F, M and F', M’ be the operation sets and move vectors
from Lg(A) and Lgo(AP) to their cores, respectively. Then [(i,h),+] € F if and
only if [(r —i,—h —1),%] € F'. Moreover, m; =mj_; | forall 1 <i <.

Proof. We first consider operation sets. It is clear by Definition B 417 that we only
need to prove if [(i, h), %] € F, then [(r—i,—h—1),x] € F’. In fact, take an element
[(i,h),*] € F such that in Ls(X), position is empty and position (i, h) has a bead.
Then in Lgp (AP), position (r—i, —h—1) has a bead and position (r —i+1, —h—1)
is empty. This implies [(r—i,—h—1),*] € F'. By sliding the bead at position (7, h)
to (i+1,h) in Ls(A), and sliding bead at position (r—i,—h—1) to (r—i+1,—h—1)
in Lgp ()\D ), we clearly get two dual abaci. Since F is a finite set, by repeating this
process finite many times, abacus Lg(X) arrives to its core.

Furthermore, as a direct corollary of the above, we can obtain the result on move
vectors and we complete the proof. (I
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3.5. Frame of the proof of Main Theorem. We conclude this section by provide
a frame for the proof of the Main Theorem.

Let K be an algebraically closed field with CharK # 2 and ¢ € K*, q # 1 with
quantum characteristic e. Let s = (s, 82, - ,$,) € Z" be a multicharge. Define
s:= (s}, --,s.) €{0,---,e—1}" such that s; = s; (mode). Then there exists a
unique os € &, such that

(1) 56,01) = o) S = S0y
(2) If 84,3) = Say(i41) for i € {1, ;7 — 1}, then os(i) < o5(i + 1).

Set 87 := (s, (1), S, (2)> "+ 54 (ry)- Then clearly, s7= € A7. Since (A,s) and
(A%#,87=) belong to two isomorphic blocks, without loss of generality, we can assume
s € A]. Because the representation type of blocks of a Hecke algebra of type A or
B have been determined by Erdmann and Nakano in [23] and by Ariki in [5], we
always assume in this paper that r > 2.

Given a cyclotomic Hecke algebra H,(q, @), let S,.»(q,Q1,Q2, -+ ,Qr) be the
cyclotomic g-Schur algebra associated to it. Take v = (@, -+, @, (1™)). Let ¢, €
Sy, be the identity map on MY and zero on others. Then ¢,, is an idempotent of
Snr and ¢, Sy, rpy is isomorphic to H, (g, Q). If B is a block of S, -, then clearly,
wu By, is isomorphic to a block of H,, (g, Q). Moreover, it is well-known ([22]) that
if ¢, By, has infinite type, then so is B. If the weight of a block of S, is 1, then
by [24, Theorem 4.12] and [50, Proposition 1.7] the block has finite representation
type. Consequently, the weight one blocks of H, (g, @) has finite representation
type. As a result, we only need to handle the blocks of weight more than one.

Based on the above analysis, the proof of Main Theorem is divided into three
parts according to the characteristic of the block move vector M = (mq, ma, -, m;):

Part I. There exists some m; > 2.
Part II. All m; are equal to 1, for i =1,--- 7.

Part III. All m; are less or equal to 1, and there exist at least one m; = 0.

4. PROOF OF MAIN THEOREM: PART I

Given a pair (A,s) € Hg with s € A. and r > 2, let F be the operation set
from Lg(A) to its core and (mq,ma,--- ,m,) the block move vector. In this section,
we prove that if there exists 1 < ¢ < r such that m; > 2, then 7{3 has infinite
representation type. To this aim, in the light of Proposition [Z.3.7] and B35 we can
form incomparable abaci in 7{3. The method is to analyzing the property of the
associated F of an arbitrary pair (\,s) € ’Hg. It is easy to know that each F must
be one of the following two types:

Type I. There exists 1 < ¢ < r such that [(¢, h1), %], [(Z, h2), %] € F with hy # ho;

Type IL [(i, h1), %], [(i, h2),*] € F implies hqy = hg for all 1 <i <.

For example, let e = 5, s = (2,2,2,3) and A = ((1),(1,1),(2,2)(1,1)). Then

Ls(A) is
.........i.OQQOOOOO
000000000 0O0OOOOOOOO
000000000000 000DO0OO0
00000000 O0OOOOOOOOO
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*

Clearly, [(2,0),%], [(2,1),%] € F, 0 # 1, that is, pair (A,s) is of Type L
If we take p = (9,9, (1),(1,1)), then Lg(p) is
o000 00
0 0606 OO0 O
0000000
0000 0O0O0OOO0OO0

Type II.

We will begin with some preparation in Subsection 1., and then prove the result
of this section in Subsection 4.2 and 4.3.

7} %]
00000 OO0 00O
00000 OO0 00O
000000 ONONONGC,
000000

4.1. Some existence conditions of incomparable abaci. This subsection is
devoted to provide some circumstances, under which one can construct incompara-
ble abaci.

Lemma 4.1.1. Let (A,s) € 7{3 with s € .7\:. If there exist 1 < j <r, hy, ho € Z
with hy # ho such that in Lg(X):

(1) there is a bead at (j,h1) and position (j + 1,h1) is empty;

(2) there is a bead at (4, ha) and position (j + 1, hz2) is empty,
then there exist r-partitions p,v such that (u,s), (v,s) € 7{3 and Ls(p) || Ls(v).

Proof. Slide the beads at positions (j, k1) and (j, h2) in Ls() to positions (j+1, k1)
and (j + 1, h), respectively. Denote by Ls(A) the new abacus obtained. Then the

move vector from Lg(X) to Lg(A) is M = (my, ma, - ,m,), where

{ 2, ifi=j;
m; =
0, ifij.

It follows from Lemma B.1.12 (2) that there exist hg, hg such that in Lg(A) the
positions (4, hg) and (j, hs) are empty and positions (5 + 1, hs) and (j + 1, hy) are
occupied by beads. Then in Lg(X), positions (j, h1), (4, h2), (j, h3) and (j, hy) are
empty and there are beads at positions (§ + 1,h1), ( + 1,h2), ( + 1,h3) and
(j + 1, hq). Define {l1,l2,13,14} to be equal to {hi, ho, hs, hs} as a set satisfying
I <ly <l3 <ly.

Slide the beads at positions (j+1,11) and (j+1,l4) to positions (j,11) and (4, 14) in

Ls(X), respectively. Denote by Ly (p) the new abacus. Slide the beads at positions

(j+1,12) and (j+1,13) to positions (j,l2) and (j,13) in Ls(A), respectively. Denote
the new abacus by L (v). Clearly, the move vectors from L, () and Ly (v) to Lg(\)
are both equal to M. Hence we can deduce from Lemma[B.4.9]that s = u = v and
(m,8),(v,s) € ’H,,’B‘ Moreover, take (k1,t1) = (4, l4) and (k2,t2) = (j + 1, I1). It is
easy to check that the conditions (1) and (2) of Definition B3] are satisfied. Then
Ls(A) | Ls(p). .

The way to construct two incomparable abaci in Lemma [ 1.1l will be used over
and over again. In order to help the reader understand the construction process,
let us give an example below.

Example 4.1.2. Let e = 5, XA = ((1%),(2,1°),2,(1) and s = (2,2,3,3). Then
Ls(N) is
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OOOOOQQQQEQQ0.00000
0000000 O®WOWOOO OOCOOO
00000000000 0OOO0ODOOO0
.......OQEQQQOOOOOO

Taking 7 = 1,h1 = —4 and he = 2 and sliding the beads according to Lemma
[Z.1.1}, we get Ls(X) as follows, where X = ((2%,1),2, 2, (1)) and s = (0,4,3,3).
QQQQQQQQQEQQOQOOOOO
000000000000 OOOOO
000000000 O0OOO® O 0ODOOO
.....0.0QEQQOOOOOOO

Choose hg = —2, hy = 3. Then Iy = —4,1o = 2,13 = 2 and Iy, = 3 and

the abaci Ls(p) and Ls(v) constructed by using Lemma[{.1.1] are as follows, where

p=((2,1°),(1°),2,(1) and v = ((1°),(2,1%), @, (1)).
QQQQQQQQQEQQOQOOOOO
00000000 OGO OOOOO
00000 000 O0O0OO0OO0ODO0OO
.......OQEQQO@OOOOO
.........3..0.00000
00000000 O0OO®OOOOOO
0000000 0000 0O O 0ODO0OO
.....O...i...@OOOOO

The following lemma will be used only if the number of runners in an abacus is
not less than four.

Lemma 4.1.3. Let (A,s) € ’Hg with s € A, where r > 4. Assume that in Ly()\),
(1) there is a bead at position (i,1) and (i + 1,1) is an empty position;
(2) there is a bead at position (j, h) and (j + 1,h) is an empty position,
where lLbh € Z, 1 <i,j5 <r withi+1<jandi # 1 if j =r. Then there exist
r-partitions p, v such that (u,s), (v,s) € Hg and Ls(p) || Ls(v).

Proof. Slide the beads at positions (i,1) and (j,h) in Ls(\) to positions (i + 1,1)
and (j + 1, h), respectively. Denote by Lz(\) the new abacus obtained. Then the

move vector from Lg(X) to Lg(A) is M = (mq, ma,--- ,m,), where
1, ifk=1;
m =<1, ifk=y;
0, others.

It follows from Lemma B.I.12 (2) that there exist I’,h’ € Z such that in Ls())
the positions (4,1') and (j,h') are empty and there are beads at positions (i + 1,1)
and (j+1,h'). Then in Lg()), the positions (4,1), (i,1'), (j,h) and (j, h’) are empty
and there are beads at positions (i +1,1), (i +1,1'), (j +1,h) and (j+1, /). Define
{h1,ha} to be equal to {h,h'} as a set satisfying hy < ho. Define {l1,l2} to be
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equal to {l,1'} as a set satisfying l; < lo. Hence we can deduce from Lemma [3:4.0
that s =u=v and (u,s), (v,s) € 7—[2}.

Denote by Ly (pt) the abacus obtained by sliding the beads at positions (i +1,l2)
and (j + 1,hy) in Ls() to positions (i,l2) and (4, k), respectively and denote by
Ly (v) the abacus obtained by sliding the beads at positions (i+1,11) and (j+1, ha)
in Lg(A) to positions (i,1;) and (4, hy), respectively. Clearly, the move vectors from
Lyu(p) and Ly (v) to Lg(A) are both equal to M.

If we take (k1,t1) = (i,12), (k2,t2) = (j + 1,h1), then Lg(p) and Ls(v) satisfy
the conditions (1) and (2) of Definition B3] and consequently, Ls(p) || Ls(v). O

Lemma 4.1.4. Let (\s) € ’Hg and s € A.. Assume there exists 1 < i <1 such
that in Lg(\),

(1) there is a bead at position (i,11) and position (i + 1,11) is empty;

(2) position (i,13) is empty and there is a bead at position (i + 1,13);

(8) there is s a bead at position (i + 1,13) and position (i + 2,13) is empty;
(4) position (i + 1,14) is empty and there is a bead at position (i + 2,14) ,

where l1,1s,13,l4 € Z such that Iy # 14 orly # I3 holds. Then there exist r-partitions
w, v with (u,s), (v,s) € Hf} and Ls(p) || Lsv).

Proof. According to the relationship among 1, I3, 3,4, we divide the proof into the
following three cases.

Case 1. ll }é l4 and l2 }é lg.
In Lg(N), slide the bead at position (i,11) to position (i + 1,1;) and slide the

bead at position (i + 1,13) to position (i 4+ 2,l3). Denote by Lg(A) the new abacus

obtained. Then the move vector from Lg(A) to Lg(A) is M = (mq,ma, -+ ,m,),

where
1, ifk=d,i+1;
mig =
0, others.

In Ls(X), the positions (i,11), (4,12), (¢ +1,12) and (i 4+ 1,l3) are empty and there
are beads at positions (i +1,11), (i +1,l2), (1+2,13) and (i +2,14). Define {hq, ho}
to be equal to {l1,l2} as a set satisfying hy < ho and define {hs, hs} to be equal to
{l3,14} as a set satisfying hg < hy.

Denote by Ly () the abacus obtained by sliding the beads at positions (i +1, hz)
and (i + 2, h3) to positions (i, h2) and (i + 2, h3) in Lg(A) and denote Ly (v) the
abacus obtained by sliding the beads at positions (i+1, k1) and (i+2, hye) to (i, h1)
and (i + 1, hy) in Lg(X). Clearly, both the moving vectors from Lyu(p) and Ly (v)
to Ls(A) are equal to M. We can deduce from Lemma that s = u = v
and (u,s), (v,s) € 7—[3 Furthermore, it is easy to know Ls(p) || Ls(v) by taking
(Hl, Ll) = (Z, hg) and (IQQ, LQ) = (’L + 2, hg)

Case 2. I =1y and ly # I3

Since there are beads at positions (i + 1,12) and (i + 1,l3) and position (i +2,13)
is empty, if position (i + 2,l2) is empty, then by Lemma Tl the result follows.
Now we assume that there is a bead at position (i + 1,13).

Slide in Lg(A) the beads at positions (i,11) and (i + 1,13) to positions (i + 1,11)

and (i + 2,13), respectively. Denote by Lg(\) the new abacus obtained. The move



34 YANBO LI AND XIANGYU QI

vector from Lg(A) to Lg(A) is M = (my,mg,- - ,m,), where

1, ifk=di+1;
mr =
0, others.

Let us take a look at Lg(X). Positions (¢,11), (i,12) and (i + 1,13) are empty, and
there are beads at positions (i +1,11), (i +1,12), (i +2,11), (i +2,12) and (i +2,13).
Define {h1,ha} to be equal to {l1,l2} as a set satisfying hy < ha. The rest of our
discussion is divided into the following two subcases.

Subcase 1. l3 > ho orls < hy. Denote by L,(p) the abacus obtained by sliding
in Lg(X\) the beads at positions (i + 1, h) and (i + 2, ha) to (i, he) and (i + 1, hg),
respectively, and denote by Ly () the abacus obtained by sliding in Lg(A) the beads
at positions (i 41, h1) and (i 4+ 2,13) to positions (4, hy) and (i + 1,13), respectively.
Clearly, both the move vectors from L,(p) and Ly (v) to Ls(X) are equal to M.
Hence we can deduce from Lemma B 49 that s = u = v and (u,s), (v,s) € HE}. It
is easy to check Ls(w) || Ls(v) by taking (k1,t1) = (4, ha), (k2,t2) = (i + 2, ha).

Subcase 2. hy < l3 < hy. We construct two incomparable abaci as follows. In
Ls(M), sliding the beads at positions (i+1, hy) and (i+2, hy) to positions (i, h;) and
(i + 1, hy), respectively, gives an abacus Ls(p) and sliding the beads at positions
(1 +2,13) and (i + 1, ha) to positions (i, hy) and (4, he), respectively, gives another
one, Ls(v). Then by taking (k1,t1) = (i +1, ha) and (K2, t2) = (i + 2, h1), we know
Ls(p) || Ls(v).

Case 3. l1 # 1y and I3 = 13.

It is a dual case of Case 2. O

Corollary 4.1.5. Let (A,s) € ’Hg and s € A,. Assume there exists 1 < i <r such
that in Lg(\),

(1) position (i, h1) has a bead and position (i + 1, hy) is empty;

(2) position (i + 1, ha) has a bead and position (i + 2, hs) is empty;

(3) position (i + 2, h1) is empty or position (i,h2) has a bead.
Then there exist (u,s), (v,s) € 7—[2} with Ls(w) || Ls(v).

Proof. By Lemma B.T.12] there exist hs, hy € Z such that in Lg(\)

e position (i, h3) is empty and position (i + 1, h3) has a bead;

e position (i + 1, hy) is empty and position (i + 2, hs) has a bead.
Clearly, if position (i, h2) has bead, then hsz # ho, and if position (i + 2,hq) is
empty, then hy # hi. By Lemma [£1.4] the proof is completed. O

Let us do some work under the condition e < oo.
Lemma 4.1.6. Let e # oo and (\,s) € 7—[3 with s € A,. Assume that there exist
1<i<r li,ls €7 with Iy + e # la, such that in Ls(\)

(1) there is a bead at position (i,11) and position (i + 1,11) is empty;

(2) there is a bead at position (i + 1,12) and (i + 2,12) is empty,
and there is a bead at position (141,11 +e¢) or position (i+1,lo—e) is empty. Then
there exist (u,s), (v,s) € ’Hg such that Ls(p) || Ls(v).

Proof. Tt follows from Lemma B.I.12 (2) that there exist hy, hy € Z such that in
Ls(A), there are beads at positions (i + 1, k1) and (i + 2, he) and positions (7, k1)
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(i + 1, he) are empty. If hy # I or hy # l1, then we are in the circumstances of
Lemma [£.1.4l Hence we only need to consider hy = Iy and hy = [;.

We first assume that there is a bead at position (i + 1,11 + e). If there exists
I3 € Z with I3 # 11, l3 # l2 such that there is a bead at position (i 4+ 1,13), and
position (i,l3) or (i + 2,l3) is empty, then by Lemma [Tl and Lemma T4 the
result follows. Now we suppose that both positions (i,13) and (i+2,[3) are occupied
by beads whenever there is a bead at position (i+1,13) for each I3 € Z with I3 # 14
and l3 # l5. There are three possible cases need to consider.

Case 1. Ir <y

There exists k € N by Lemma B.T.12(1) such that in Lg(A) position (4,1l — ke)
is empty and position (i,ls — (k + 1)e) is occupied by a bead. Move the beads at
positions (¢ + 1,11 +e) and (i +1,l2) in Ls(\) to positions (i + 1,11) and (i + 2,1s),
respectively. Denote by Lg(A) the new abacus obtained. Then by Lemma

the move vector from Lg(A) to Lg(A) is M = (mq,ma,- -+ ,m,), where
9 ift=i+1;
my =
1, others.

Denote by Ly (p) the abacus obtained by moving in Lg(A) the beads at positions
(i,la—(k+1)e) and (i+2,13) to positions (i,1; —ke) and (i+ 1, l2), respectively and
denote by Ly (v) the abacus obtained by moving in Lg(A) the beads at positions
(i+1,11) and (i42,1;) to positions (i,11+e¢) and (i+1, 1), respectively. Clearly, the

move vectors from Ly (p) and Ly (v) to Ls(A) are both equal to M. We can deduce
by a routine verification process that Ls(u) || Ls(v) with (u,s), (v,s) € ’Hg.

Case 2. [y <la<li+e

Move the beads at positions (i +1,12), (i,11) and (4,11 +e) in Ls(X) to positions
(i +2,12), (i + 1,11) and (4,11), respectively. Denote by Lg(A) the new abacus

obtained. Then by Lemma [B4.16 the move vector from Lg(X) to Lg(A) is M =
(m1,ma,- - ,m,), where

2, ift=d,i+1;
my =
1, others.

Denote by Ly (p) the abacus obtained by moving in Lg(A) the beads at positions
(’L + 2,[2), (’L + 1,[2) and (’L,ll) to pOSitiODS (’L + 1,[2), (’L,lg) and (’L + 1,[1 + 6)
respectively, and denote by L,(v) the abacus obtained by moving in Lg(\) the
beads at positions (i +1,1; +e), (i +2,l; +e) and (i + 1,13 — (k+ 1)e) to positions
(i,l1+e), (i+1,l1+e) and (i + 1,15 — ke), respectively. Clearly, the move vectors

from Ly(p) and Ly (v) to Lg(A) are both equal to M. Hence we can deduce from
Lemma B.49 that s = u = v and Lg(p) || Ls(v) with (p,s), (v,s) € 7—[2}.

Case 3. [1 +e <y

We have from Lemma (1) that there exists ¥ € N such that in Lg(\)
position (i,l3 — ke) is empty and there is a bead at position (¢,lo — (k + 1)e). In
Ls(A), move the bead at position (i + 1,l2) to position (i + 2,l3) and move the

bead at position (i + 1,11 + €) to position (¢ + 1,13). Denote by Ls(A) the new

abacus obtained. Then by Lemma [B.4.13] the move vector from Lg(A) to Lg(A) is
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M = (m1;m27 T 7m’l“)7 where

2, ift=14i+1;
my =
1, others.

Denote by Ly (p) the abacus obtained by moving the beads at position (i+2,11+e€)
to (i + 1,11 + e) and moving the bead at position (i,lo — (k + 1)e) to position
(i,12 — ke) in Lg(X). The move vector from Lyu(u) to Ls(A) is equal to M, and by
Lemma s = u. Then Lg(\) and Ls(p) are incomparable abaci that we need

to construct. O

Lemma 4.1.7. Let e # oo and (\,s) € %%A with s € A.. Suppose there exist
1<i<r andly,ly € Z such that

(1) there are beads at positions (i,11), (i,11 +€) and (i — 1,11);

(2) position (i + 1,11) is empty.
Then there exist (u,s), (v,s) € ’Hg such that Ls(p) || Ls(v).

Proof. Since in Lg(A), position (i,11) is occupied by a bead and position (i 4+ 1,11)
is empty, we have from Lemma [B.1.12] (2) that there exist lo € Z such that position
(i,12) is empty and there is a bead at position (i 4+ 1,13). Clearly, lo # 11 +e. We
consider two cases.

Case 1. Position (i — 1,l2) is occupied by a bead.

By Lemma (2), the bead at (i — 1,l2) and empty position (i,l3) ensure
the existence of hy € Z, such that position (i — 1, h1) is empty and position (i, hq)
is occupied by a bead. Moreover, hy # [; and we have in Lg(\),
position (i — 1,13) is occupied by a bead and position (z,l2) is empty;
position (i — 1, hy) is empty and position (¢, h1) is occupied by a bead;
position (4,11) is occupied by a bead and position (i + 1,11) is empty;
position (i,13) is empty and position (i + 1,12) is occupied by a bead.

That is, we are in the circumstances of Lemma 1.4 and thus the result follows.

Case 2. Position (i — 1,13) is empty.

Slide in Ls(A) the bead at position (i,11) to position (i + 1,/;) and denote the
new abacus by Ls(A). The move vector from Lg(X) to Lg(A) is M = (mq,--- ,m,),
where

if t =1,
my =
0, others.

Slide in Lg(A) the bead at position (i+1,l2) to position (i,l3) and denote by Lgr ()
the new abacus obtained. It is easy to check that the move vector from Lg/(€) to
Lg(A) is equal to M. By Lemma 349, we have s” = s and (£,s) € HE}. Now in
Ls(€), we have

e position (i — 1,11) is occupied by a bead and position (z,11) is empty;

e position (4,l3) is occupied by a bead and position (i + 1,12) is empty;

e position (4,11 + €) is occupied by a bead and I; + e # I,
which are requirements of Lemma . This complete the proof. O

Lemma 4.1.8. Let e # 0o and (A,s) € %%A with s € A,. Assume that there exist
hi,ha € Z such that in Ls(\),

(1) position (r — 1, hq) is occupied by a bead and position (r,hy) is empty;
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(2) position (r — 1, hg) is empty and position (r, hg) is occupied by a bead.
If the first empty position before (r,hs) is in runner 1 and the first bead after
(r (— é, hg) is not in runner r, then there exist (u,s), (v,s) € HE} such that Lg(p) ||
Lgs(v).

Proof. Suppose that the first empty position before (r, hg) in Lg(A) is (1, ho — (k1 +
1)e), where k1 € N. Then the positions between (1, he— (k1 +1)e) and (r—1, ha) are
occupied by beads. Particularly, there is a bead at position (r, ha — k1e). Suppose
that the first bead after (r—1, ho) is (I, ha +kae), where ko € N. Then the positions
between (r, ho) and (I, ha + koe) are empty. Particularly, (I + 1, ho + koe) is empty.
If k1 # 0, by direct observation of abacus Ls(A), we have
e position (r — 1, h1) is occupied by a bead and position (r, hy) is empty;
e position (r, ha — k1€) is occupied by a bead and position (1,he — (k1 + 1)e)

is empty;
e position (r — 1,hg) is empty and position (r, hs) is occupied by a bead,
ho # ha — k1e,

and the result follows from Lemma 4141
Now we assume k; = 0 and consider three cases as follows.
Casel. 1<landl+1<r.

We have in thus case that positions (1, hg —e) and (I+1, ho + kee) are empty and
there are beads at positions (I, hs + k2e) and (r, ha), which are conditions required
by Lemma T3]

Case 2. [+ 1 =r. We need to consider two subcases.

Subcase 1. ha+kae # hy. In Lg(N), positions (r, ha + kee) and (7, hy) are empty
and there are beads at positions (r — 1, hg 4+ kee) and (r — 1, hy). Then the result
holds by Lemma 111

Subcase 2. ha+koe = hy. It is clear ko # 0 because ha # hi. Note that in Lg(A),
position (r, he) is occupied by a bead and position (1, hg — €) is empty. By Lemma
BI12 (2) there exists hy € Z such that position (r, hg) is empty and there is a
bead at position (1, hg —e). Moreover, position (1, he + koe — €) is empty since it is
between positions (r — 1, hg) and (r — 1, ha + kae), and consequently, hg # ha + kae.
To sum up, we have in Lg(\),

e position (r — 1, ha + koe) is occupied by a bead and position (r, he + kae) is
empty;
e position (r, he) is occupied by a bead and position (1, hy — €) is empty;
e position (r, h3) is empty and position (1, hg — e) is occupied by a bead,
which are conditions of Lemma 1.4
Case 3. [ =1.

If r > 3, then [+1 < r—1 and the conditions of Lemma[d.T.3 have been satisfied.
That is, positions (I + 1, he + kee) and (r,h1) are empty and there are beads at
positions (I, hg + koe) and (r — 1, hy).

So we now assume r = 3 and consider two subcases.

Subcase 1. kg # 0. Under this condition, we have in Lg(A),

e position (1,hs + kee) is occupied by a bead and position (2, he + kae) is
empty;
e position (2, hy) is is occupied by a bead and position (3, hy) is empty;
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e position (2, hs) is empty and position (3, hs) is occupied by a bead, hy #
h,2 + k2€.
Then by Lemma [£1.4] we get the result.
Subcase 2. ky = 0. The following is observation of abacus Lg(A):
e position (2, hy) is occupied by a bead and position (3, k1) is empty;
e position (1, h2) is occupied by a bead and position (2, he) is empty;
e position (3, h2) is occupied by a bead and (1, hy — €) is empty.

Slide the bead at position (2, h1) to position (3,h;) and denote by Le () the
new abacus obtained. The move vector from Lg(A) to Lg(A) is M = (0,1,0).
Define {l1,l2} to be equal to {hy, ha} as a set satisfying I; < 3.

In Lg (), slide the bead at position (3,11) to position (2,1) and denote by Ly(p)
the new abacus obtained. Slide the bead at position (3,l2) to position (2,l2) and
denote by Ly (ft) the new abacus obtained. Clearly, both the move vectors from
Lu(p) and La(ft) to Le(X) are equal to M, and we have by Lemma that
s=u=n1, (u,s),(i,s) € 7—[,/3\

Notice that position (2,13) in Ls(ft) is occupied by a bead. By LemmaBT12 (1),
there exists k& € N such that position (2,13 + ke) is occupied by a bead and position
(2,12 + (k + 1)e) is empty. Move in Lg(ft) the bead at position (1, hg) to position
(1, he — e) and denote by Lg~ (&) the new abacus obtained. Then by Lemma B.4.16
the move vector from Lg(f1) to Lgv(€) is M’ = (1,1,1).

In Lg» (&), move the bead at position (2,ls + ke) to position (2,13 4+ (k + 1)e).
Denote the new abacus obtained by Ly (v). Clearly, the move vector from Ly (v)
to Lg:(€) is equal to M’. For this reason, we can deduce from Lemma that
v =sand (v,s) € ’H,,’B‘ Then the proof is completed by taking (k1,t1) = (1, h2)
and (kz,t2) = (3,11). O

Lemma 4.1.9. Let e # oo and (A,s) € %A with s € A,. If there exist 1 < j <
i1 <r,l1,la € Z such that in Ls(\),

(1) positions (i,11) and (i + 1,11) are empty;

(2) there are beads at positions (i,l2) and (i + 1,12);

(8) there is a bead at (j,11) and position (§ + 1,11) is empty;

(4) there is a bead at (j — 1,13 — e) and position at (j,la — e) is empty,
then there exist (u,s), (v,s) € 7{3 with Ls(p) || Ls(v).

Proof. Let us consider position (j,12). If there is a bead at (j,[l2), then it is easy
to check that we are in the circumstances of LemmaA.T.60l So we assume from now
on that position (j,l2) is empty. We consider two cases.

Case 1. i+1#7r orj#1.

By moving the bead at position (j,11) to position (i,11), we obtain a new aba-

cus Lg/(A). By Lemma BZT3 the move vector from Lg(A) to Lg(A) is M =

(mla e 7m’l“)a where

1, ifj<t<i
my =
0, others.

In Lg(A), move the bead at position (i,l2) to position (j,l2). Denote this new

abacus by Ly(p). Clearly, the move vector from Ly(p) to Lg (A) is equal to M
and by Lemma B4 s = u, (u,s) € Hf} Observing abacus Ls(p) gives

e position (7 —1, 1o —e) is occupied by a bead and position (j,l2 —e) is empty;
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e position (4,11) is occupied by a bead and position (i + 1,11) is empty.
If j £ 1, j < i, the result follows from Lemma T3 If j = 1, then i + 1 < r.
Furthermore, according to the previous engagement, position (j —1,l3—e) is (r, l2).
Then Lemma T3 leads to the result.
Case 2. i+1=randj=1.
We first rewrite the known conditions on abacus Lg(A) in this case.
(1) Positions (r — 1,11) and (r,11) are empty.
(2) There are beads at position (r — 1,12) and (r,l2).
(3) There is a bead at position (1,1;).
(4) Positions (1,13 — e) and (1,13) are empty.
In Lg(N), slide the bead at position (r,13) to position (1,13 —e) and slide the bead
at position (r — 1,l2) to position (r,lz). Then move the bead at position (1,1) to
position (,11). Denote by Ls/(X) the new abacus obtained. The move vector from
Ls(A) to Lg(A) is M = (my,ma,- -+ ,m,), where

r—1, ift=q;
me =
1, others.

Define {hy,ha} to be equal to {l1,lo} as a set satisfying hy < ho. Note that in
Lg/(X), there is a bead at position (r, he). By LemmaB.T12 (2), there exists k € N
such that position (r, he + ke) is occupied by a bead and position (r, hy + ke + €)
is empty.

Let us construct two incomparable abaci from Lg (M) by elementary operations.
The first one, Ly (p) is obtained by moving the bead at position (1,12 —e) to position
(1,12), and sliding the bead at position (r, ha) to position (r — 1, hs). The second
one, Ly(v) is obtained by moving the bead at position (r,hs + ke) to position
(ryhe + (k4 1)e), and sliding the bead at position (r, k1) to position (r — 1, hy). It
is easy to check that both the move vector from Lyu(p) and Ly (v) to Lg/(X) are
equal to M. This implies by lemma 349 that u = v = s and (u,s), (v,s) € 7—[3

To know Ly(p) || Lv(v), one only need to take (k1,t1) = (1,l2), (k2,t2) =
(T — 1, hl) O

Lemma 4.1.10. Let (\;s) € Hé\ with s € A., where e # oco. If there eist
1 <iy,i9 < r with iy # ia and hy, he € Z such that in abacus Ls(X)

(1) position (i1, h1) is empty and position (i1, h1 + €) has a bead;

(2) position (iz, he) is empty and position (iz, ha + €) has a bead,
then there exist (u,s) € 7—[3 such that Ls(X) || Ls().

Proof. Let j # i1 and j # ia. There exist hs, hy € Z with e { hg — hg such that in
Ls(A),
e position (4, hs) has a bead and position (j, hs + €) is empty;
e position (4, h4) has a bead and position (j, hy + €) is empty.
Move in Lg(X) the bead at positions (i1,h1 + €) and (iz, ha + €) to positions

(41, h1) and (iz2, he), respectively. Denote by Lz(A) the new abacus. We have from

Lemma B4T6 that the move vector from Lg(A) to Lg(A) is M = (2,--- ,2). Next,

move in L () the beads at positions (j, h3) and (j, ha) to positions (j, hs +€) and
position (j, hy + €), respectively. Denote by Ly(u) the new abacus obtained. It is

easy to check that the move vector from Ly(p) to Lg(A) is M. We can deduce
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from Lemma that u = s and (u,s) € Hg. In order to prove Lg(A) || Ls(p),
one only need to take (k1,t1) = (i1, h1 +€). (ka,t2) = (i2, ha). O

Remark 4.1.11. The above lemma still holds without condition i1 # is. We omit
the details here.

Corollary 4.1.12. Let (A\;s) € 7{3 with s € ZZ, where e # oo. If there exist
1<, 11 75 io, h1i,ho € Z, k1,ko € N7 such that in LS(A),
(1) position (i1, h1) is empty and position (i1, h1 + k1e) has a bead;
(2) position (iz, he) is empty and position (iz, ha + kaoe) has a bead,
then there exists (p,s) € 7—[,/3\ such that Ls(X) || Ls().
Proof. Tt is easy to check there exist I1,lo € N such that positions (i1, h1 +1¢) and

(i2, ha +12e) are empty and positions (i1, h1 + (I1 +1)e) and (i2, he + (I2+1)e) have
beads. Then the result follows from Lemma £.T.100 O

The following lemmas are mainly used in the proof of Type II.
Lemma 4.1.13. Let (A,s) € ’Hg with s € A.. If there exist 1 < i) < iy < i3 <
ig < r such that

(1) position (i1, h) is occupied by a bead and position (is,

(2) position (iz,h) is occupied by a bead and position (i4,
then there exist (w,s), (v,s) € 7—[3 such that Ls(p) || Ls(v).

h) is empty;
h) is empty,
Proof. Move in Lg(X) the beads at positions (i1, /) and (iz, h) to positions (i3, h)
and (i4, h), respectively. Denote by Lg(A) the new abacus obtained. The move

vector from Lg(A) to Lg(A) is M = (my,mg,- - ,m,), where

L,
2, ifigﬁtﬁig—l;
1, ifilgtgig—l;
0, if others.

ifig <t <ig—1;

mi =

It follows from Lemma[3.T.12 (2) that there exist hy # h, ho # h such that in Lg(\),

and consequently in Lg(A)
e position (i1, h1) is empty and position (i, h1) is occupied by a bead;
e position (42, h2) is empty and position (i4, ha) is occupied by a bead.

Moreover, in Lg(A),
e position (i1, h) is empty and position (i3, h) is occupied by a bead;
e position (42, h) is empty and position (i4, h) is occupied by a bead.

Define {l1,l3} to be equal to {h,hi} as a set satisfying I; < Il3. and define
{l2,14} to be equal to {h,ha} as a set satisfying la < l4. Denote by Ly (u) the
abacus obtained by moving in Lg(\) the beads at positions (i3, l3) and (i4,l2) to
positions (i1,13) and (ig, l2), respectively and denote by L~ (v) the abacus obtained
by moving in Lg(\) the beads at positions (i3, l4) and (i4,[1) to positions (i1, l4)
and (ig,11). It is easy to check that both the move vectors from Lg (u) and Ler (V)
to Ls(A) are equal to M. Hence we can deduce from Lemma 32 that s = s’ = s”
and (u,s), (v,s) € ’H,g Finally, it is a routine task to check that Ls(u) || Ls(v) by
taking (Hl,Lg) = (il,lg) and (HQ,LQ) = (i4,12). O
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Lemma 4.1.14. Let (\;s) € 'H,g with s € A.. Assume that there exist 1 < iy <
1o < i3 < r such that

(1) position (i1, h1) is occupied by a bead and position (iz, h1) is empty;

(2) position (i, h1) is empty and position (is,h1 + €) is occupied by a bead.
Then there exist (u,s), (v,s) € ’Hg such that Ls(p) || Ls(v).

Proof. Move the bead at position (i1, h1) to position (ig,h1) in Lg(A). Denote by

Ls(A) the new abacus obtained. Then by Lemma BAT3 the move vector from

Ls(A) to Lg(A) is M = (mq, ma,- -+ ,m,), where

1, lfllétSZQ—:l,
my =
0, if others.

It is ensured by Lemma BI.T2| the existence of hy # hy, such that in Ls(A) position
(2, h2) is occupied by a bead and position (i1, ha) is empty.

Define {l1,l2} to be equal to {h1,ha} as a set satisfying l; < ls. Denote by
Lg/(p) the abacus obtained by moving the bead at position (iz,l2) to position

(i1,12) in Lg(A), and denote by Le/(€) the abacus obtained by moving the bead at
position (ig,11) to position (i1,l1) in Lg(A). Clearly, both the move vectors from
Ly/(p) and Lgr(€) to Ls(A) are equal to M. By Lemma 340 s = s’ = s” and
(1,5), (€,5) € HE.

Let us construct a new abacus from Lg(€). Since position (ig,l1) is empty, we
have from Lemma (2) that there exists k € N such that position (ig,l1 —
(k 4+ 1)e) is occupied by a bead and position (iz,l; — ke) is empty. We first slide
the bead at position (i, hy + €) to position (iz,h1) in Lg(¢) and denote by Lg(€)
the new abacus obtained. Then by Lemma the move vector from Lg(€) to
Ls(€) is M = (m},m},--- ,ml), where m}, = 1 for all 1 < ¢ < r. Then in Lg(€),
move the bead at position (iz,l; — (k 4+ 1)e) to position (i1,l; — ke), and denote
by Le» () the abacus obtained. Clearly, the move vector from Lg# (1) to Ls(€) is
equal to M’. Therefore, s = 8" and (v,s) and (£, s) are in the same block ’H,,/B\

By taking (k1,t2) = (i1,12) and (k2,t2) = (i3, h1), we arrive the result Lg(u)

I
Ls(v). O

A dual lemma of Lemma[£.T.T4lis as follows. Its correctness is ensured by Lemma
B.4.19 and Lemma [3.4.20

Lemma 4.1.15. Let (\,s) € 'H,g ands € A,. If

(1) position (iz, h1) is occupied by a bead and position (i3, h1) is empty;

(2) position (i1, h1 — e) is empty and position (i;, h1) is occupied by a bead,
wh(er; 1 <y < iz <ig <, then there exist (u,s),(v,s) € ’Hg such that Ls(p) ||
Ls(v).

4.2. Proof of Type I. In this subsection, we will prove the result of this section
as long as in block ’H,g, there is a pair (A,s) such that the operation set F from
Ls(A) to its core is of Type I. We divide the proof into 7 cases according to the
possible shape of abaci.

Case 1. Positions (i + 1,h1) and (i + 1, he) are empty and there are beads at
positions (i,h1) and (i, hs).

This is just the result of Lemma [£T1.1]
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Case 2. Position (i + 1,hy) is empty and there are beads at positions (i, hi),
(i, h2) and (’L + 1, hg)

Note that the case of i = r can be transformed into the case i < r by Lemma
B.4.12] So we only need to prove for the case of i # r. Firstly, let e # co. By lemma
B3 there exist empty positions before (i + 1, ha). Let (j+ 1, ho — ke) be the first
one, where 1 < j < r, k € N. Then all the positions between (j + 1, ha — ke) and
(i — 1, he) are not empty. Particularly, position (j, he — ke) is occupied by a bead.
We discuss according to whether or not j = r.

Subcase 1. j # r. There are two possibilities to consider.

(1) |¢ — 4] > 1. Then in Lg(A), positions (j + 1,he — ke) and (i + 1,hq) are
empty and there are beads at positions (j, he — ke) and (i, hy). These are just the
requirements of Lemma [A.1.3]

(2) |t — j] < 1. This implies that j +1=4,0ri+1=j or j =1.

(i) If j + 1 = 4, then k # 0 because position (i, ho — ke) is before (i + 1, ha). As
a result, there are beads at positions (i, ha — ke + €) and (i + 1, hg — ke + €) since
they are between positions (i, he — ke) and (i — 1, ha). Moreover, it is clear that
ha — ke + e # hi. Now we have possessed all the conditions required by Lemma
4.1.60 For the convenience of the reader, we illustrate them as follows.

e Position (i — 1, ha — ke) has a bead and position (i, ha — ke) is empty.
e Position (7, 1) has a bead and position (i + 1, k1) is empty.
e Position (i, he — ke + €) has a bead, ha — ke + ¢ # h;.

(ii) If i + 1 = j, then there is a bead at position (i, he — ke) since it is between
positions (i + 2, he — ke) and (i — 1, he). By combining this fact with facts
e there is a bead at position (¢, hq) and position (i + 1, k1) is empty;
e there is a bead at position (i + 1, hg — ke) and position (i + 2, hy — ke) is
empty,
e there is bead at position (i, hy — ke).
we get all the conditions required by Corollary [4.1.5

(iii) If 4 = j, we consider the relationship between hy and hg — ke.
If hy # ho — ke, then in Lg(A) we have
e position (4, k1) is occupied by a bead and position (i 4+ 1, hy) is empty;
e position (4, hy — ke) is bead and (i + 1, ho — ke) is empty position.
Then the result follows from Lemma .11
Conversely, we assume hq = ho — ke. Note that position (i + 1, ho — ke) is before
(i + 1, h2). This implies k # 0 and therefore, both positions (i,hy — ke 4+ e) and
(i — 1, hg — ke) are between positions (i + 1, hg — ke) and (i — 1, hy). Consequently,
these two positions are occupied by beads. In addition, there is a bead at position
(i, ha — ke) and position (i + 1, hs — ke) is empty. By Lemma ET.7 we get the
result.
Subcase 2. j =r. We need to analyze the following three possibilities.
(1) 1 <iand i+ 1 <. Then in Lg(\), we have
e position (¢, k1) is occupied by a bead and position (i + 1, hy) is empty;
e position (r, hy — ke) is occupied by a bead and position (1,hy — ke — e) is
empty.
They are conditions of Lemma [4.1.3]
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(2) 1 = 4. The proof is similar to Subcase 1. (2) (i). We omit the details and
leave it as an exercise.

(3) i +1 = r. The proof is similar to Subcase 1. (2) (ii). We leave it as an
exercise.

A final remark is for the case of e = co. The proof is a copy of Subcase 1, in
which & need to be replaced by 0. Then we have completed the proof.

Case 3. Positions (i,h1), (i +1,h1) and (i + 1, he) are empty and there is a
bead at position (i, hz).

It is dual to Case 2.

Case 4. Positions (i+1, h1) and (i, ha) are empty and there are beads at positions
(i, hl) and (Z + 1, hg)

By Lemma B4T2 we can transform the case i = r into the case i < r. So we
only need to handle the case ¢ < r. Let us first give the proof under the assumption
e # oo. Note that the existence of empty positions before position (i + 1, hs) is
ensured by Lemma [B43] and thus we suppose that position (j + 1, ha — kye) is the
first one, where k1 € N, 1 < j < 7. Then there is a bead at position (j, ha — k1e).
Furthermore, Lemma 3. 4.3 also tells us there are positions occupied by blacks beads
after position (i, hs). Let (I, ha + kae) be the first one, where ko € N, 1 < < r.
Note that then position (I + 1, he + kze) is empty. We divide the proof into four
parts according to the values of j and .

Subcase 1. j =1 =r. Under this condition, position (r, hs + kze) is after (i, hs).
This implies ko # 0 and therefore, hy — k1e # ha + kae. Now in Lg(\),

e position (r, he — k1e) is occupied by a bead and position (1,he — (k1 + 1)e)
is empty;
e position (r, ha + k2e) is occupied by a bead and position (1, hg — kee —e) is
empty;
We complete the proof of this subcase by Lemma [Z.1.1]
Subcase 2. j =r and | # r. We consider three possibilities.
(1) 1 <iand i+ 1 < r. Now the conditions of Lemma [L.1.3 are all in readiness.
e Position (r, ho — k1e) is occupied by a bead and position (1, ks — (k1 + 1)e)
is empty.
e Position (i, h1) is occupied by a bead and position (i + 1, hy) is empty.

(2) 1 =4 andi+1 < r. We have owned all conditions required by Lemma 1.4
Let us illustrate them as follows.

Position (7, ha — k1e) has a bead and position (1, he — (k1 + 1)e) is empty.
Position (1, h1) has a bead and position (2, k1) is empty.

Position (1, h2) is empty and position (2, hy) has a bead.

h,2 }é h,2 — (kl + 1)6

(3) 1 <iandi+1=r. Weare in the circumstances of Lemma 1.7

Subcase 8. j#r andl =r.

It is dual to (2).

Subcase 4. j # r and | # r. We consider two possibilities according to the
relationship among ¢, j and [.

(D) Ji—jl>1or|i—1]>1.

If |i — 4| > 1, by combining it with facts that
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e position (i, hy1) is occupied by a bead and position (i 4+ 1, h1) is empty;
e position (j, ha — kie) is occupied by a bead and position (j 4+ 1, he — k1e) is
empty,

we have gathered all the conditions required by Lemma E.T.3]
On the other hand, if |[i — ] > 1, we can obtain the result by the following
information of Lg(A), which is required by Lemma

e Position (i, h1) has a bead and position (i + 1, hy) is empty.
e Position (I, ha + koe) has a bead and position (I + 1, he + koe) is empty.

(2) |i —j] <1land |i —1] <1. We consider 7 possibilities.
(i)fj=i+landl=4i—1,thenl+1<jand

e position (I, he 4 koe) has a bead and position (I 4+ 1, ha + kae) is empty;
e position (j, ho — k1€) has a bead and position (j + 1, ho — kie) is empty,

which are requirements of Lemma .13

(ii) If j =4+ 1 and [ = 4, then position (i, ha + koe) is after position (i, he) and
hence ko # 0. Since all positions between (i, h2) and (i, he + koe) are empty, we
have position (i+2, ho + koe) is empty. Note that in Lg(A), position (i+1, ha —kqe)
has a bead and position (i 4+ 2, ha — k1) is empty. We have from Lemma BT.12| that
there exists hsg € Z such position (i + 1, hs) is empty and position (i + 2, hs) has a
bead with hs # ha + kae. Here is a summary of useful information in abacus Lg(A).

e Position (i, ha + k2e) has a bead and position (i + 1, hy + kze) is empty.
e Position (i 4+ 1, ha — k1e) has a bead and position (i + 2, ho — k1€) is empty.
e Position (i + 1, h3) is empty and there is a bead at position (i + 2, hs).

which suit the conditions of Lemma [£.1.4]

(iii) If j=i+1and I =i+ 1, then (i + 1, ho + kzoe) is after (i, ho) and this leads
to ko # 0 and hgy — k1e # ha + koe. Note that in Lg(A),

e position (i + 1, hy — k1e) has a bead and position (i + 2, ho — k1e) is empty;
e position (i + 1, ho + koe) has a bead and position (i + 2, ha + koe) is empty.

It is proper to use Lemma .11
(iv) If 5 =4 — 1 and |l — 4| < 1, then position (i, hy — kie) is before position
(i + 1, ha) and so k1 # 0. By observing abacus Lg(\), we have
e position (¢ — 1, he — k1e) has a bead and position (i, ha — k1€) is empty;
e position (4, k1) has a bead and position (i + 1, k1) is empty;
e position (i, he) is empty and position (i + 1, he) has a bead.

Clearly, hy # ho. Then by Lemma T4l we get the result.

(v)If j =i+1and ! =1i—1, then all positions between position (i + 1, ha — k1e)
and position (4, ha) are occupied by beads, which include position (i — 1, ho — kye).
Notice that in Lg(A), position (i — 1, he + kze) has a bead and position (i, hg + kze)
is empty. By Lemma B.I.12 there exists hy € Z with hg # ho — k1e such that
position (i — 1, h3) is empty and position (¢, h3) has a bead. We have gathered all
conditions of Lemma .14 Let us make a summary as follows.

e Position (i — 1, ha + k2e) has a bead and position (i, hy + kze) is empty.
e Position (i, ha — kie) has a bead and position (i + 1, ha — k1e) is empty.
e Position (i — 1, h3) is empty and position (z, h3) has a bead.
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(vi)If j =i+ 1 and I = 4, then we have ky # 0 from that position (i+1, he — k1e)
is before position (i + 1, ho). As a result, ho — k1e # hg + kee. Then in Lg(A), we
have

e position (¢, ha — k1e) has a bead and position (i + 1, ha — k1€) is empty;
e position (i, he + koe) has a bead and position (i + 1, he + koe) is empty.
This fits Lemma [£.1.1]

(vii) If j = 1 = i + 1, then ks # 0 because position (i + 1, ha + koe) is after

position (i, he). This implies that ho # ho + kee. Now in Lg(A),
e position (i, he — k1e) has a bead and position (i + 1, he — kie) is empty;
e position (i + 1, ha + koe) has a bead and position (i + 2, ha + koe) is empty;
e position (¢, ha) is empty and position (¢ 4 1, he) has a bead.

The conditions of Lemma [£T.4] have been satisfied.

Let us give a final remark to complete the proof. If e = oo, then the proof is a
copy of case j # r, [ # r, in which both k; and =k, are replaced by 0.

Case 5. Positions (i, h1) and (i+1, h1) are empty and there are beads at positions
(i, hz) and (Z + 1, hg)

For the same reason as in the cases above, we assume i < r. Firstly, let e # oco.
By Lemma [B.43] there exist beads after position (i, h;). Let the bead at position
(I, h1+ k1e) be the first one, where 1 <1 <r, k; € N. Note that position (i+1, h1)
is empty. Then all the positions between (i + 2,h1) and (I, h; + k1e) are empty.
Particularly, position (I + 1,k + kie) is empty. Moreover, we have from Lemma
that there exist empty positions before position (i + 1,hs). Let position
(j + 1, ha — koe) be the first one, where 1 < 7 < r, ko € N. Note there is a bead
at position (i, h2). Then all positions between (j + 1, ho — koe) and (i — 1, ha) are
occupied by beads, including position (j, ha — kaoe). We consider four subcases.

Subcase 1. | = j = r. There are two possibilities.

(1) If hl + kle }é h2 - k26, then in Ls()\),

e there is a bead at position (r,h; + kie) and position (1,hy + ke — e) is
empty.
e there is a bead at position (r, ha — kse) and position (1,hy — kee — €) is
empty.
By Lemma [£1.1] the result follows.

(2) If hy + k1e = ha — koe, then positions (i, hy) and (i + 1,hq) are empty and
there are beads at positions (i, hy + (k1 + k2)e) and (i + 1, (k1 + k2)e), which are
just conditions of Corollary E.T.12]

Subcase 2. I < r and j =r. We consider three situations.

() Ifl <land I+ 1<, then in Lg(A),

e there is a bead at (I, hy + k1e) and empty at (I + 1, hy + k1e) is empty;
e there is a bead at (j, ha — k2e) and empty at (j + 1, hg — kge) is empty.
It is clear that we are in the circumstances of Lemma

(2) IfI+1 = r, then there is a bead at position (r—1, hy +kye). Since (I, h1+kie)
is after position (i, k1), position (142, h; + kie) is between positions (i + 2, hq) and
(I,h1 4+ k1e). This implies that position (I + 2,hy + kje) is empty, or position
(1, h1+k1e—e) is empty. Moreover, we have in Lg(A) that position (1, hg — koe —e€)
and (r, hy + k1e) is empty and there are a bead at position (r, ha — kze). We have
gathered all conditions required by Corollary .15
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(3) If I = 1, we consider the value of k;. If k; # 0, then position (I, hy + kie) is
after position (¢, hy). This forces positions (r, h; + k1e) and (1, h1 + k1e — €) being
between positions (¢ + 2, k1) and (1, h; + k1e), and therefore they are empty. In
addition, position (r, ha—kae) has a bead. This implies that ho—koe—e # hi+ki—e.
Here is a summary of useful information in abacus Lg(A).

e there is a bead at (r, ho — koe) and position at (1, he — koe — €) is empty;

e there is a bead at (1, hy + k1e) and position at (2, hy + kie) is empty.

e Position at (1,h; 4+ k1e —e) is empty and hy + kie — e # ho — ko —e.
which are requirements of Lemma

If k&1 = 0, we counsider positions (i + 1, he — kae) and (i, ha — koe). They are
between positions (1, he — kae — €) and (i — 1, he) and consequently occupied by
beads. By combining this with the following facts

e positions (¢, k1) and (i + 1, hy) are empty
e there is a beads at position (r, ho — ke) and position (1, he — ke —e) is empty;
e there is a bead at position (1, h1) and position (2, hy) is empty;
we obtain all conditions of Lemma
Subcase 3. l =1 and j <.
It is dual to Subcase 2.

Subcase 4. 1 < r and j < r. We consider the relationship between j and [. If
|l — j| > 1, then the following facts are just required by Lemma LT3l
e There is a bead at position (I,h; + kie) and position (I + 1,h; + kie) is
empty.
e There is a bead at position (j, he — kae) and position (j + 1, ha — kze) is
empty.
On the other hand, if |l — j| < 1, we need to handle three possibilities, [ = j or
I+1=jorl—1=j.
(1) I = j. We need to discuss the situation. If hy + kie # ha — koe, then in
Ls(N),
e there is a bead at position (I, h; +k1e) and position (I+1, h1 +k1e) is empty,
e there is a bead at position (I, ha —koe) and position (I+1, he —kge) is empty.
Then the correctness of the result is ensured by Lemma 111
If hy + k1e = ha — kse, then positions positions (i, h1) and (i + 1, hy) are empty
and there are beads at positions (¢, h1 + (k1 + k2)e) and (i + 1, (k1 + k2e)e), which
are just conditions of Corollary
(2) 141 = j. Note that position (j — 1, ha — koe) is between positions (j+1, he —
kse) and (i — 1, he). This implies that there is a bead at position (j — 1, ha — kze).
Then in Lg(A),
e there is a bead at position (I, h; +k;e) and position (I+1, hy +kye) is empty.
e there are beads at positions (I, ha — kae) and (I 4 1, ho — kae) and position
(I 4+ 2, ha — kee) is empty.
The all conditions of Corollary [£.1.5 are satisfied.

(3) I — 1 =j. We need to discuss according to the values of k1 and ko.

If ko > 2, then positions (j+ 1, ha —koe+e) and (j+2, ho — ke + €) are between
positions (j + 1, he — koe) and (i — 1, hs), and therefore they are occupied by beads.
This forces ho — koe + e # hy + k1e because position (j+ 2, h1 + k1e) is empty. Now
in abacus Lg(X), we have
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e position (j, ha — kee) has a bead and position (j + 1, ho — kee) is empty;

e position (j + 1, hy + k1e) has a bead and position (j + 2, h1 + k1€) is empty;

e there is a bead at (j + 1, ha — kee + €), ha — kae + e # hy + ke,
which are all conditions required by Lemma and we obtain the result. Sim-
ilarly, we can prove the result if k; > 2. So we only need to consider k; < 2 and
ko < 2. It is necessary to point out here that we can prove the result by the way
aboveif ko =1landi<j+1lorifky =1landl <i+1.

Let us divide the proof into the following.

(i) k1 = k2 = 1. By the analysis above, we only need to work under the assump-
tions ¢ > 7+ 1 and [ > i + 1. Obviously, this is contradict with [ — 1 = j.

(ii) k1 = 0 and ko = 0. Note that position (I, h; + kyie) is after position (i, hq).
Then ky = 0 implies I < i. Moreover, position (j + 1, ha — koe) is before position
(14 1,h2). A simple corollary of ko =0isi+1 < j+1,0r i < j. As a result, we
get [ < j, which is contradict to [ = j + 1.

(iii) k&1 = 0 and ko = 1. We only need to give a proof under condition j+ 1 < 1.
Then in Lg(A),

e positions (¢, hy) and (i + 1, hy) are empty and there are beads at positions
(i, hz) and (l + 1, hz);
e position (j + 1, 1) has a bead and position (5 + 2, h;) is empty.
e position (4, he — e) has a bead and position (5 + 1, ha — e) is empty.
All conditions of Lemma are satisfied.

(iv) k1 = 1 and k2 = 0. It is a dual case of (ii).

Finally, if e = 0o, then the proof is a copy of case j # r, | # r, in which both k;
and =k are replaced by 0.

Case 6. There are beads at positions (i + 1,h1) and (i + 1, ha).

Because positions (i+1, h1) and (i+1, ha) have beads and [(i, k1), ], [(Z, h2),*] €
F, the operation set F has to contain [(i + 1, k1), *] and [(i + 1, he),*]. If one of
positions (i + 2, h1) and (i + 2, hy) is empty, then we arrive at Case 1 or Case 2.
Otherwise, repeat the above analysis process. Clearly, the process will end after
finite times. since F is finite and this completes the proof.

Case 7. Positions (i,h1) and (i, he) are empty.

Note that positions (¢, k1) and (i, he) are empty and [(¢, k1), ], [(¢, h2),*] € F.
This forces [(¢ — 1,h1),%], [(¢ — 1, ha), %] € F. If one of positions (¢ — 1, hy) and
(i — 1, ho) is not empty, then we are in the circumstances of Case 1 or Case 3.
Otherwise, we can repeat the above analysis process. Note that F is finite. This
implies that we only need to do the analysis process finite times.

4.3. Proof of Type II. In this subsection, we will prove the result os this section
as long as in block ’H,,’B‘, there is a pair (A,s) such that the operation set F from
Ls(N) to its core is of Type II. Assume m; > 2 and the operations happen in column

h.

We divide the proof into the following 4 cases.

Case 1. Position (i, h) is empty and there is a bead at position (i +1,h).

By Lemma B 412 we can transform the case i = r into the case i < r. So we
only need to handle the case ¢ < r. Let us first give the proof under the assumption
e # oo. In this case, it is clear that there exist at least two empty positions
before position (i +1,h). Let position (ji,h — kie) and (j2,h — kae) be the first
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one and the second one, respectively, where k1 < ko € N. This implies that all
positions between (j1,h — kie) and (i + 1, h) and those between (jo, h — kze) and
(41, h — k1e) are occupied by beads. If k; = 0 then ¢ +1 < j; < r and if ks = 0 then
i+ 1 < j1 < jo2 <r. On the other hand, there exist at least two positions occupied
by beads after position (¢4 1, h). Let positions (js, h+ kse) and (jq, h+ kqe) be the
first one and the second one, respectively, where k3 < k4 € N. Clearly, all positions
between (i, h) and (j3,h + ksze) and those between (js, h + kse) and (ja, h + kge)
are empty. Moreover, if k3 = 0 then 1 < j3 < i and if k4 = 0 then 1 < j4 < j3 < i.
We now analyze the possible values of ko and k4. If ko > 1, then by Lemma [3.4.14]
[(r,h), %], [(r,h — e),*] € F. It is contradict with the conditions of this type and
therefore, ko < 1. Similarly, we have ky < 1. Furthermore, if k4 = ko = 1, then
[(r,h),*], [(r,h + €),%] € F. It is also a contradiction. That is, we have proved
ko + k4 < 1. In addition, if ks + k4 = 1, by conditions of this type, we have jo < jy4.

Now let us divide the proof into five subcases according to the values of k1 and
ks and the relationship between js and j4.

Subcase 1. ko = kg = 0. Under this condition, it is easy to check that
e positions (j1,h) and (j2, h) are empty;
e there are beads at positions (j4, k) and (53, h);
o 1 <ja<js<ji<jz<r.
By Lemma [ET.T3] the result follows.
Subcase 2. ko =1, kg =0 and jo2 = js. The given conditions implies that
e positions (¢, h) and (jg, h — e) are empty;
e there are beads at positions (j3, k) and (j4, h);
o 1 <ju<yj3<i.
Clearly, this is just the case Lemma [.1.T5] handled.
Subcase 3. ko = 1, ky = 0 and jo < js. Move the runners 1,---,jo of Lg(A)

e positions to the right and put them on the top in the original order. Denote
by Ls /(M) the new abacus obtained. Then by Lemma (5), Le(X) € H3,
s’ € A_. By analyzing the shape of Lg()) and using the relationship between L ()
and Lg (), we get that in Lg (X),
e positions (i — ja, h) and (r, h) are empty;
e there are beads at positions (j3 — j2, k) and (j4 — jo, h);
o 1 <jy—jo<js—Je<i—jga<r,
which are conditions required by Lemma
Subcase 4. ke =0, ks =1 and jo < js. Move the runners jy,--- ,r of Lg(A) e
positions to the left and put them at the bottom in the original order. Then the
proof left is similar to Subcase 3.
Subcase 5. ka =0, kg = 1 and j2 = js. By observing abacus Lg(\), we have
e positions (j1,h) and (j2, h) are empty;
e there are beads at positions (i + 1, h) and (ja2, h + €);
e i +1<j1<g2<r.
Then Lemma . T.14 provides us a pair of incomparable abaci.
Finally, if e < 0o, then the proof is the same as Subcase 1.
The following three cases can be handled similarly as Case 1. We omit the details
here.
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Case 2. Position (i,h) is occupied by a bead and position (i + 1,h) is empty.
Case 3. Both position (i,h) and (i + 1,h) are occupied by beads.
Case 4. Both positions (i,h) and (i + 1,h) are empty.

5. PROOF OF MAIN THEOREM: PART II

Given a pair (A,s) € 7—[3 with s € A, and r > 2, let M = (1,1,--- ,1) the block
move vector from Lg(A) to its core. We prove in this section that 7—[3 has infinite
representation type. Clearly, the condition on M in this section forces e < oo.
Moreover, s has to be one of the following two types.

Type I: There exists 1 < j < r such that s; # s;41.

Type II: s; =554 forall 1 < j <.

5.1. Proof of Type I. Let us first prove two lemmas under the assumptions of
this type.

Lemma 5.1.1. Let Ls(X) be (e, s)-complete, wheres € A%. Then there exists h € Z
such that in Ls(X), position (r,h) has a bead and position (1,h) is empty.

Proof. Let us use reduction to absurdity. Assume that in Lg(\), if position (r, h)
has a bead, then so is position (1,h). Note that (\,s) is complete. This implies
that for arbitrary h € Z, if position (1, h) has a bead, then all positions (z, h) have
beads for 1 < z < r, and if position (1, k) is empty, then all positions (z,h) are
empty for all 1 < z < r. That is, all runners in Lg(A) are the same. By Lemma
B4 this forces s; = s = --- = s,.. It contradicts with the assumption of Type I
and this completes the proof. O

For the other lemma, we continue to use the method of disproof.

Lemma 5.1.2. There exists k € Z such that in Ls(X), position (1,k) has a bead
and position (r,k + e) is empty.

Proof. Suppose for arbitrary [ € Z, the bead at position (1,7) implies a bead being
at position (7,1 + e). Denote by Ly(p) the abacus obtained by in Ls(A) deleting
Ls,(AYY) and putting L, +o(A") on the top. It follows from Lemma that
Up—1 = 8 and u, = s1 + e. Then in L,(p), a bead at position (r,l) forces there
being a bead at position (r — 1,1). Let h be an integer such that all positions (i, x)
are occupied by beads, where 1 < ¢ < r and z < h. Then in Ly,(p), positions
(r —1,y) with y > h having beads are more than that in runner r. Combining this
fact with Lemma B.1.9] we get u,_1 > u,, or s, > s; + e. This contradict with
s € A”. We have completed the proof. O

We are ready to give the proof of Type I. The strategy is to construct incompa-
rable abaci.

Proof of Type I. Let Lg«(A*) be the core of Lg(A). Then a direct corollary
of Lemma B4T is s* = s. Note that Ls(A*) is (e,s)-complete. We have from
Lemma (2) that there exists h € Z such that in Lg(X™), position (r, h) has
a bead and position (1, h) is empty. Take the biggest one and denote it still by h.
According to the definition of (e, s)-complete, we can find 1 < j < r such that in
Ls(X™), positions (z, h) have beads for j < x < r and positions (y, h) are empty for
1 <y < j. On the other hand, Lemma implies the existence of k € Z such
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that in Lg(A™), position (1, %) has a bead and position (r,k + ¢) is empty. Write
the biggest one still by & for simplicity. It is clear h # k + e by assumptions above.
We consider two cases.

Case 1. h<k+e.

In Ls(A*), move the beads at positions (1,k) and (j, h) to positions (r,k + e)
and (1, h), respectively, and then move successively the beads at positions (z, k) to
positions (z — 1,h) for all j < z < r from j + 1 to r. Denote by Ly (p) the new
abacus obtained. Furthermore, suppose that in Ls(A*), @7 is at position (2,m).
Move in Lg(X™) the bead at position (2,m) to position (2,m + e) and denote by
Ly (v) the abacus obtained. By Lemma 3413, both move vectors from Ly (p) and
Ly(v) to Lg(X") are equal to M = {1,1,---,1}. We deduce from Lemma
that u = v = s and (u,s), (v,s) € ’Hg. To prove Lg(p) || Ls(v), we can take
(Hl,Ll) = (1,h>, (Iig, L2) = (2,h>

Case 2. k+ e < h. We divide the proof into two subcases.

Subcase 1. j > 2. This implies that in Lg« (A¥) position (2, h) is empty. Suppose
that in Ls(\"), the bead @1 is at position (1,m). Move this bead to (1,m +e¢) and
denote by Ly(p) the new abacus obtained. On the other hand, move in Lg(A*) the
bead at position (1, k) to position (r,k + e€) and then move the bead at position
(2, k) to position (1, k). Move the bead at position (4, k) to position (2, h), and next
move successively the beads at positions (x, h) to positions (z — 1,h) for j <z <r
from j 41 to r. Denote the final abacus obtained by Ly (v). In the light of Lemma
B4T3 both the move vectors from Lyu(p) and Ly(v) to Ls(A*) are equal to M.
According to LemmaB49 u =v =s and (u,s), (v,s) € 7—[3 It is a routine task
to check Ly(p) || Lv(v) by taking (k1,¢1) = (1,m + e) and (ke,t2) = (1, h).

Subcase 2. j = 2. This implies that in Lg(A\™) position (2, h) has a bead. Assume
bead @7 in Lg(\*) is at position (2,m). Let us construct two incomparable abaci by
Ls(X\™). Firstly, denote by Ly, (p) the abacus obtained by moving bead at position
(2,m) to position (2,m + €). Secondly, move in Lg(A*) the bead at position (1, k)
to position (r, k + e), and move successively beads at positions (z,h) to (z — 1, h)
for 2 <2 <r from 2 to r. Denote by Ly (v) the new abacus. Then u=v =s and
(m,s), (v,s) € 7—[3 By taking (k1,t1) = (2,m + e) and (k2,t2) = (r,k + €), we get
Lu(p) || Ly (v).

5.2. Proof of Type II. Let us first depict the frame of abaci in a block with block
move vector being (1,1,---,1). For this aim, we need the following lemma.

Lemma 5.2.1. If Ls(\) is (e, s)-complete, then all runners in Ls(X\) are the same.

Proof. Let h € Z such that in Lg(A) all positions (x,y) are occupied by beads,
where 1 < 2 < r and y < h. Assume the bead at position (1,h) is .]1-. Note that
51 = sr. So by Lemma 1.9 the bead at position (r, ) is @}. On the other hand,
We can derive from Lg(\) being complete that for all | € Z,
e if position (r,1) is empty, then all positions (z,1) in Lg(\) are empty;
e if there is a bead at position (1,1), then all positions (x,1) in Lg(A) have
beads.

As a result, for 1 < k < j, @}, and @} are in the same column. This forces all
runners are the same. O
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In the following two lemmas, we always assume (\,s) € 'H,g with s € A and

L« (A¥) its core. The pair (A, s) satisfies assumptions of this subsection. Based on
Lemma £.2.7] we can describe all the abaci in ’Hg.

Lemma 5.2.2. The following are equivalent.
(1) (w,s) € HQ
(2) In Ls(w) there is an empty position (j,1) such that position (j,1+ e) has a
bead and Lg+(A*) can be obtained from Ls(p) by moving the bead at position
(4,1 + €) to position (j,1).
(3) X* can be obtained from p by deleting a rim e-hook in p() .

Proof. (2) < (3) is a clear corollary of Lemma and “(2) = (1)” is a direct
corollary of Lemma and Thus we only need to prove“(1) = (2)”.

By Lemma 347 we have s* = s. Since (u,s) € ’Hg, we deduce from Lemma
[B4T0l that the core of Lg(p) is Ls(A™). Obviously, Ls(A™) is (e, s)-complete, and
then all its runners are the same in the light of Lemma [5.2.71 This forces the final
operation from Lg(p) to Lg(A") is [(r,] 4 €) *] for some | € Z. Suppose the final
operation is done in abacus Ly (v). Then in Ly (v), we have

e position (1,1) is empty and all the other positions in column [ have beads;
e position (r,1+ ¢) has a bead and all the other positions in column [ + e are
empty;
e for each h # 1,1+ e, all positions in column h are either occupied by beads
or empty.
Consequently, operations from Lg(p) to Ly (v) must happen in columns [ and [ +e.
Furthermore, in Lg(p) column [, there is only one empty position (i,{) and in
column [ + e there is only one position (4,1 + e) occupied by a bead. Note that the
block move vector is (1,1,---,1). This forces i = j. [l

The following corollary is easy and we omit its proof.

Corollary 5.2.3. All multipartitions in ’Hg s a totally ordered set with respect
to the dominance order. Moreover, assume one can obtain X* from p and v by
deleting a rim e-hook in ™ and v9) | respectively. Ifi < j, then p>v.

Next we consider the simple modules of a block satisfying assumptions of this
subsection.

Lemma 5.2.4. If pair (\,s) is a Kleshchev one, then X* can be obtained from A
by deleting a rim e-hook in p(").

Proof. By Lemma 522 A* can be obtained from A by deleting a rim e-hook in
@, where 1 < j < r. If j < r, let o be transposition (j,7) and write A” = v.
Since A* can be obtained from v by deleting a rim e hook in v", we have from
Lemma[B2Z2 that (v,s) € ’Hg. It is clear that if t is a standard (A, s)-tableau, then
t, is a standard (v,s) tableau. Note that s; = so = --- = s,.. This implies that
resy s(t) = resy s(t,). By Corollary[5.2.3] At>v. Then we can deduce from Lemma
that pair (A, s) is not Kleshchev. This completes the proof. O

We divide the proof into two cases according to whether or not e = 2.
Case 1. e #2
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It is a classical result (see [46, Exercise 5.10]) that there are exactly e partitions
A1) B> A2) B>+ Aey of weight 1 with e-core )\(T_l)*, and because e # 2, the numbers
of standard A(,)-tableaux and standard A(._1)-tableaux are not same. Let

w= ()\*(1)7 ... 7)‘*(T*2)7 )\(8)7)\*(7“))
and
U= ()\*(1)7 ... 7)\*(T*2), A(eil),)\*(r))'
Clearly, the numbers of standard p-tableaux and standard v-tableaux are not same.
We have from Lemma that (u,s), (v,s) € Hg. Moreover, it follows from
Lemma[B. 2.4l that neither p nor v is a Kleshchev multipartition, and from Corollary

B.2.3] that both p and v are not maximal. We deduce from Corollary [2.3.9] that
block 7—[3 has infinite representation type.

Case 2. e = 2.
Given a pair (), s) satisfying the assumptions of this subsection with (X*,s*) its
core, we deduce from Lemma [5.2.2] that

(1) Ls«(X™) can be obtained from Lg(A) by moving certain bead at position
(4, h) to empty position (j, h — 2);

(2) s* =s;
(3) all runners in Lg-(A) are same and A*M = X*®) = ... = X*(") are 2-cores.
It is easy to check that A*® s of the form (my,m —1,---,1) with m > 0. The

2-core is @ when m = 0. Assume the bead @1 in L (A) is at position (1,z). Move
this bead to position (1,2 4 2) and denote by Lg(A(m)) the new abacus obtained.
It follows from Lemma that (X(m),s) and (X,s) belong to the same block.
By Lemma [3.1.5] we can assume that s; = s = -+ = s, = 0. Then AS\( =rAy

and

(5:21)  Bsgmys = {

We claim that

m),s

rlk?ag + k(k + 1)aa] + ao + o, if m = 2k;
rl(k+1)2ag + k(k + )] + oo + a1, if m =2k + 1.

F(rAo — Bs if m = 2k;
rAg —ap —a; = (anl)k(T 0 6A(m)75)’ 1 m )
(o001) UO(TAo—B;(mLS), if m=2k+ 1.

We use induction on m. Clearly, the claim holds when m = 0. Assume the claim
holds for m — 1. We now prove the claim holds for m. Let us consider two cases.
If m = 2k, then

o1(rAo — ﬁj\(m),s)
= 01(rAo —r[krao + k(k + 1)) — ap — a1) (Substituting (5.2.1))
= rAg—r[k’ag +k(k+1Day] —ag — oy
—(a1, Ay — r[k*cg + k(k + 1)ay] — ag — a1)ay (Definition of o)
= 1Ay —r[k?ag + k(k — 1)ay] — ag — a; (Definition of bilinear form (, ))
= 1Ao— Bx(n_1)s (Substituting (5.2.1))

That is, (co01)*(rAg — Bx(m),s) = (ror1)F~tro(rA — Bx(m-1),s)- By the induction
hypothesis, the claim follows in this case.
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If m =2k +1, then

o0(rAo = Bx(m).s)
= oo(rAg —r[(k + 1) %o + k(k + 1)a] — ap — 1) (Substituting (5.2.1))
rAo — r[(k +1)2ao + k(k 4+ 1)ou] — ag — ay
—(ao,7Ag — 7[(k + 1)%ag + k(k + 1)ay] — ap — a)exg (Definition of o)
rAo — r[k*ap + k(k + 1)a1] — ag — . (Definition of bilinear form (, ))
= Ao — Bx(m-1)s (Substituting (5.2.1))

This implies that (cgoq)*oo(rAg — Bx(m)s) = (coo1)F(rA — Bx(m—1),s)- By the
induction hypothesis, the claim holds in this case and we have proven the claim.
According to a classical result proved in [I8] by Chuang and Rouquier, we only
need to consider block H7A9 We have from Lemma [B.T.4] that this block has

] aptog”
a basis {eagtan¥ivs | 0 < i < 7,0 < j < 2}, or the block is isomorphic to
Kly1,y2)/{y,y3). Clearly, the block has infinite representation type.

6. PROOF OF MAIN THEOREM: PART III

Let 7—[,/3\ be a block with block move vector M = (my,---,m,), where r > 2,
satisfying

(1) w=>,m; >2;

(2) m; <lforl<i<m;

(3) I[;mi=0.
Define an oriented quiver I',. associated with 7—[,/3\ as follows. The vertex set is
I=7/rZ=1{1,2,--- 7} and directed edges are i — i + 1 for all m; = 1.

If e = 00, then the meaning of 0 < j<e—1is j € Z.

6.1. Infinite representation type cases. To simplify the proof, we can assume
according to Lemma B. 412 in this subsection that m, = 0. A direct benefit is that
we can write elements i in Z/rZ as i and compare them as natural numbers without
any confusion. Let (\,s) € 7—[3 with s € A, and T, the associated oriented quiver.
Denote by Lg«(A*) the core of Lg(A). We handle four cases in this subsection,
which are all of infinite representation type.

Case 1. There exist at least two connected components (not isolated dots) in
I,

Since there exist at least two connected components (not isolated dots) in I',,
there exist 1 < i1 < is +1 < i3 < iy < r such that the path from i; to is + 1
and path from i3 to ¢4 + 1 are two connected components. To prove block ’H,,’B‘ has
infinite representation type in this case, we construct two incomparable abaci from
Ls(A).

By Lemma [3.47 we have s} = s;, — 1, 87,1 = Si,41 + 1, 5], = si; — 1 and
si,+1 = si,;+1 + 1. Note that s € .712. This implies s;;, < 84,41 and s;; < Si,41.
Therefore, s7 +2 < s7 .4, s, +2 < s7 ;. Then we can deduce from Lemma
(4) that there exist h1, ha, hs, hy € Z with hy < hg and hsg < h4 such that in
Ls* ()‘*)7
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e positions (i1, hy) and (i1, he) are empty and positions (iz + 1, hq) and (iz +
1, ha) have beads;

e positions (i3, hg) and (i3, hs) are empty and positions (i4 + 1, hg) and (i4 +
1, h4) have beads.

Define Ls(A) to be the abacus such that the move vector from Lg(X) to it is M =
(mq,- -+ ,m,), where

1, ifdi; <j <igoriz < j <ig;
m; =
/ 0, otherwise.

It is clear that Lz(A) is uniquely determined and runners ij,--- ,i2,i2 + 1 and

i3, " ,ia,i4+11in Lg(A) and Lg« (A*) are the same, respectively. Denote by Ly ()
the abacus obtained by moving in Lg(A) the bead at positions (i + 1, hs) and
(i4 + 1, hs) to positions (i1, ko) and (i3, hs) respectively. Moreover, move in Lg(X)
the beads at positions (iz + 1, h1) and (i4 + 1, hy) to positions (i1, h1) and (i3, hy),
respectively. Denote by Ly (v) the new abacus obtained. By Lemma B:ZT3 both
the move vectors from abaci Ly (p) and Ly (v) to Ls(A) are equal to M. Tt follows
from LemmaB.Z 0 that u = v = s and (s, s), (v,s) € Hg To prove Lg(p) || Ls(v),
we only need to take (ki,t1) = (i1, h2), (ke2,t2) = (ia + 1, h3) and this complete the

proof of this case.

In the following three cases, we assume in I',, there is only one non
isolated dot connected component, which is a path from ¢; to ix + 1 with
length not less than 2. It is easy to check that the move vector from
Lg(A) to Lg«(X*) is M = (mq,- -+ ,m,), where

L, if i <j<iy
m; = .
0, otherwise.

Case 2. There exists i1 < i3 < iz such that s;; # siz41.

We have from Lemma [B.4.7 that s} = s;; — 1, 87,1 = si,+1 + 1 and s} = s;
for all i1 < j < 4. As a result, sj, = s;,. Since s € ZZ and S;; # Sig41,
we have s;; < si;41. Then we come to a conclusion s}, = s;; < sj541 < 87,41, OF
s;,+1 <sj ;. Furthermore, combining s7 | = si,+1, s;, +1 = s;;, and s, < 84,41
gives s7 +1 < 57, ;. Similarly, s; +1 < s} ;. Note that Lg«(X") is complete. Then
by Lemma B.T.12] (4), the fact s, +1 < s} ,; implies that there exists [; € Z such
that in L(A",s*), position (i1,11) is empty and positions (i; +1,11), -+, (i2 + 1,11)

have beads. Similarly, there exists lo € Z such that positions (i1,l2), - , (i, l2)
are empty and positions (ig + 1,12), -, (i2 + 1,12) have beads, and there exists
l3 € Z such that position (i1,l3),- -, (i2,l3) are empty and position (is + 1,13)

has bead. The configuration of L(A*,s*) described above implies that 1, I and I3
are different from each other. Define {hq, ha, h3} to be equal to {l1,12,13} as a set
satisfying hy1 < ha < hs, and define {j1, j2, j3} to be equal to {i; + 1,95+ 1,io+ 1}
as a set such that in Lg«(A™),
e positions (i1, 1), -+, (j1 —1, h1) are empty and positions (j1,h1),- -, (i2+
1, h1) have beads;
e positions (i1, he), -+, (jo—1, ho) are empty and positions (jo, ha), -, (ia+
1, ha) have beads;
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e positions (i1, hs), -, (js—1, h3) are empty and positions (js, hs), -, (i2+
1, h3) have beads.

We consider two possibilities.

(1) j1 > js. Move in Lg+(A¥) the beads at positions (js, hs) and (iz + 1, hq)
to positions (i1, hg) and (js, h1), respectively. Denote by Ly (u) the new abacus.
Another abacus Ly (v) is obtained by moving in Lg<(A*) the beads at position
(i2 + 1, ha) to position (i1, hs). By Lemma BZAT3] both the move vectors from
Ly(p) and Ly (v) to Lg-(A") are equal to M. We reach a conclusion by Lemma
BZ9that u = v =s and (u,s), (v,s) € 'H,g By taking (x1,¢1) = (i1, h3), (K2, t2) =
(i2 +1,h1), we get Lg(p) || Ls(v).

(2) j1 < js. Denote by Ly(p) the abacus obtained by moving in Lg«(A™) the
bead at position (iz + 1,hs) to position (i1,h2). On the other hand, move in
Lg-(A™) the beads at positions (ji,h1) and (iz + 1, h3) to positions (i1, h1) and
(41, hs), respectively, and denote the new abacus by Ly (v). For the same reason as
Subcase 1, we have u = v = s and (u, s), (v,s) € 7—[3 To reach Lg(p) || Ls(v), we
can choose (Iil, Ll) = (il, hg), (IQQ, L2) = (’LQ + 1, hg)

Case 3. Sy 7§ Si141-

By analyzing similarly as in Case 2, we get s}, +2 < sj ,; and sj, +1<s7 .
According to Lemma (4), there exist integers hy < hg such that in Lg« (A"),
positions (i1, h1) and (i1, h2) are empty and at positions hy and hs all runners
i1+ 1,--- ,22 + 1 have beads. For the same reason ,there exists l; € Z such that in
Lg«(X*) positions (i1,11),- -, (i2,11) are empty and position (ig + 1,1;) has a bead.
Let us consider three possibilities. We will only illustrate incomparable abaci in
each situation and omit the details.

(1) hy < hg < li. Move in Lg+(X*) the bead at position (i2 + 1, he) to position
(i1, h2). The new abacus is Ls(p). Move in Lg« (A*) the bead at positions (i1+1, hq)
and (i2+1,11) to positions (i1, h1) and (i1+1,1;), respectively. The abacus obtained
is Ls(v). By taking (k1,t1) = (i1, ha), (ke,t2) = (i2 + 1, ha), we arrive at Lg(p) ||
Ls(v).

(2) Iy < h1 < hg. The proof is similar to (1).

(3) hi <y < hs.

By moving in Lg«(A*) the bead at position (i + 1,h1) to position (i1, k1), we
get abacus Ls(p). Abacus Lg(v) is obtained by moving in Lg«(A*) the beads at
positions (i2+1,{1) and (i1 + 1, ha) to positions (i1 +1,{1) and (i1, ha), respectively.
It is a routine task to check Ls(w) || Ls(v) by taking (k1,¢1) = (i1+1, ha), (ke,t2) =
(ia + 1, hl).

Case 4. Sig 7§ Sio+1-

The proof is similar to Case 3.

6.2. Finite representation type case. Let (A,s) € ’Hg with s € A;. and I',
the associated oriented quiver. Denote by Lg« (A*) the core of Lg(A). Suppose that
there is only one non isolated dot connected component in I';., which is a path from
i to i+ w— 1. According to results of previous subsection, if m, = 1, then the
block has infinite representation type. Then based on the previous subsection there
is only one case to consider, that is, s; = s;41 = - -+ = S+ and m, = 0. Fix the
meaning of ¢+ and w throughout this subsection. Our aim now is to prove the blocks
have finite representation type. Let us first study the configuration of Lgx (A™).
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Lemma 6.2.1. There exist h,h' € Z such that in Lex(X"),

(1) positions (1,h),---,(i,h) are empty and and positions (i + 1,h), -+, (r, h)
have beads;

(2) positions (1,h'),--- ,(i+w—1,h") are empty and and positions (i +w,h’),

-+, (r,h') have beads;

(8) runnersi,i+1,--- i+ w are the same except for columns h and h'.

(4) for eachl € Z with 1 # h,h’, the number of beads in column I is either more
than r — i, or less than r — 1 — w + 1.

Proof. Tt follows from Lemma 347 that s} + 1 = si, s7,,, — 1 = iy and s} = s;
for ¢ < j < i+ w. Note that s; = s;41 = -+ - = S;4 We have

sitl=siy1 = =8 ,_1= 8y L
Then (1) and (2) follow from Lemma B.1.12] (4).

(3) Let k be an integer such that all positions (z,y) in Lg«(A™) are occupied by
beads, where 1 < z < r and y < k. In the light of Lemma [B.1.9, we have

(6.2.1) iy = =0,
(6.2.2) nfo=nf 41
and

(6.2.3) nf, =0k + L

Let us use reduction to absurdity. Suppose that there exists [ # h,h’ such that
in Lg«(A"), position (7,1) is empty and position (j + 1,1) has a bead, where i <
j<i+w—1. If j =i, then nf | = n¥ + 2. It contradicts to equality (6.2.2).
Ifi<j<i+w-—1, then né? — n§+1 > 1. It contradicts to equality (6.2.1). If
j=i+w—1,thennf , —nk , >2 It contradicts to equality (6.2.3) and the
proof of (3) is completed.

(4) Let !l € Z with I # h,h/. If position (4,1) has a bead, then it follows from
Lgs«(A¥) being complete that all positions (j,1) have beads for i < j < r, that is,
column [ has at least r — ¢ + 1 beads.

On the other hand, if position (i,1) is empty, then by (3), all positions (j,1) are
empty for 1 < j < i+w. This implies that column [ has at most r—i—w beads. O

From now on, we fix the meaning of h and h'.

Lemma 6.2.2. Under the assumptions of this subsection, we have

(1) each elementary operation from abacus Ls(A) to Lex<(X*) is of the form
(2, ), #] or [(x, 1), %);

(2) the abaci Ls(A) and Ls+(A*) are the same except for positions {(z,y) | i <
z<i4w,y=hn"n};

(3) in Ls(X), the number of beads in column h is r —1i and that in column h' is
r—1i—w+1.

Proof. (1) We use disproof. Assume that [( + j,y),*] € F with 0 < j < w and
y # h, h'. This implies that at least one of the positions (¢, y), (i+1,v), -+, (i+J,9)
is empty and at least one of the positions (i + j + 1,y), - -, (i + w, y have a bead.
This contradicts to Lemma [6.2.] (3). Therefore, y is equal to h or h’.

(2) is a corollary of (1) and the assumption on block move vector.
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(3) Note that m, = 0 forces all elementary operations being of the first kind.
Therefore, the number of beads in each column is not changed. Then the result

follows from Lemma (1). O
Lemma 6.2.3. In Ls(X), only one of the positions (i, h), (i+1,h), ---, (i +w,h)
is empty and only one of positions (i,h’), (i + 1,h'), --+, (i + w, ') has a bead.

Proof. According to the assumptions of this subsection, all w elementary operations
from Lg(X) to Lg«(X™) are of the first kind, and happens in columns h and A’ in
the light of Lemma Note that Lg«(A*), we have from Lemma (1) that
only one of the positions (¢,h), (i + 1,h), ---, (i + w, h) is empty and only one of
positions (i, k'), (i4+1,h'), -+, (i+w, h’) has a bead. Clearly, the number of beads
in each column does not change under the first kind elementary operations. Then
the lemma follows. (|

Now all pairs (i, s) in block ’Hg can be determined completely.

Lemma 6.2.4. Pair (u,s) is in 7—[,13\ if and only if
(1) Ls(ps) and Lgx(X*) are the same except for positions {(z,y) | i < z <
i+w,y=nhnh};
(2) there exists i < j < i+ w such that in Ly(w), position (j, h) is empty and
position (j,h') has a bead.

Proof. “=” By Lemma [6.2.2] (2), we only need to prove (2). Let [ be an integer
such that all positions (z,y) in Ls(p) are occupied by beads, where 1 < z < r

and y < [. By Lemma [BT.0 condition s; = s;41 = -+ = S;4q implies that
ni=nl , =---=nl . Then (2) follows from Lemma (.22 and .23

“<” By moving in Ly(p) the beads at positions (i, h) and (4, k') to positions
(4,h) and (i + w, ), respectively, we get Lg«(A™). By Lemma BZ4TI3 the move
vector from Ly (p) to Ls«(A™) is just the block move vector. Then we have from
Lemma 349 that (p,s) € Hg O

We can give some more details on the shape of abaci of pairs in 7—[,/3\ Since
m, = 0, the following lemma is clear.

Lemma 6.2.5. Let (pu,s) € Hg and e # oo. If in Ls(p), position (4,1) has a bead,
then all positions (z,1 — ke) have beads for k € N*. In particular, h # h' (mod e).

According to the definition of the action of affine Weyl group W, it is easy to
check that in each W-orbit of blocks, there exists A — ,8 such that (a;, A — ,8) >0
for all 0 < j < e — 1. Take a pair (X,s) in block Hg. Because block move vector

and the multicharge are invariant under the action of W, block Hg satisfies the

assumptions of this subsection. Then abaci LS(X) has an interesting property, which
is described as follows.

Lemma 6.2.6. In Ls(j\), the number of beads in column [ —1 is not less than that
in column 1 for arbitrary | € Z.

Proof. We first prove the lemma under the assumption e # co. We consider three
cases according to ¢;, which is the number of beads in column I of Lg(\).

Case 1. 0<¢g <.
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Subcase 1. 0 < ¢;—1. Let us use disproof. Suppose that ¢;—1 < ¢;. We have from
Lemma [6.2.5] that ¢j_pe = 7 = ¢j—1—ke and Cl—14+ke = 0 = ¢4k for each k € NT.
This implies mﬁfl < 0. On the other hand, let [ = j (mod e) with 0 < j <e—1.
It follows from Lemma that

A—pB— (0, A= PB)a; :Uj(A—B):A—BU(S\),SZA_B_‘“?%O‘J"

which implies that mﬁ_l = (o, A — ﬁ) > 0. We reach a contradiction.

Subcase 2. c;_1 = 0. Suppose ¢;_1_qe = 7, where a € Nt such that cy <1
for all y € Z with y > 1 —1—ae and y = | — 1 (mod e). By Lemma [6.2.5
Clo1—ae—ke =T = Cl—ke and ¢;_11ke = 0 = ciyge for all K € NT. Consequently,

mfl < 0. We can also get a contradiction similar to Subcase 1.

Case 2. ¢, =r.

Clearly, we only need to prove ¢;_1 = r. Suppose ¢j4qc = 0, where a € NT such
that ¢, > 0 for all y € Z with y <l +ae and y =1 (mode). If 0 < ¢y < 1,
then by Lemma 625 ¢; e =7 = ¢;—1-peand cjqgetke = 0 = ¢j_14ke for k € NT.
Therefore, mé_l < 0, which leads to a contradiction.

If ¢;_1 = 0, one can analyze similarly. We omit the details here.

Case 3. ¢; = 0.

Nothing need to prove in this case.

Finally, if e = oo, then for j € Z by Lemmal[3.2.0] the number of beads in column
j — 1 is m more than that in column j, where m = (a;, A — 3). Since m > 0, the
result follows. O

Based on the preparations above, we can prove the result of this subsection now.
By the result given by Chuang and Rouquier in [I8], we only need to consider block
Ls(N). Let us first summarize characteristics on the shape of abaci of pairs (X, s)
in HA.

By Lemma [6:2.1] (4), (3) and Lemma [6:2.6] we have

(1) eg>r—iifl<h, ¢ <crojpi1 if I >R and ¢; > ¢14q for all | € Z;

(2) W =h+1.
According to Lemmal[6.2.4] assume in Lg(A), position (i4j, h) is empty and position
(i + j,h') has a bead, where 0 < j < w. Then by combing the characteristics (1),

(2) above with Lemma [6.2.6] we get that in Ls(A),
(3) if position (x,y) has a bead, where x # A/, then so is position (z,y — 1);
(4) position (i + j,h — 1) has a bead.
In light of Lemma BI8, characteristic (3) and (4) force |A] = 1. As a result, all
multipartitions in Hg are of the form

(@1,"' 5®’L’71;(1)i7®i+1;'"®i+’u);®i+’u)+1;"' 7®7“)
(@1,"' 5®’L’71;®’L‘7(1)’L’+1;'"®i+’u);®i+’u)+1;"' 7®7“)
(@1, i1, Dit1s (Ditw, Divwt1, , Dr)

From LemmaB.T.4] we deduce that the block has a basis {1, z,--- ,z"}. That is, ’Hg

is isomorphic to k[z]/(z**!), which has finite representation type. Consequently,
all blocks that are in the same W-orbit with Hg are of finite representation type.

By [7, Theorem 6.8], this forces these blocks being Morita equivalent with a Brauer
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tree algebra, whose Brauer tree is T} in Example 2.2 with m(1) = w. That is,
these blocks are Morita equivalent to k[z]/(z%*1).

Remark 6.2.7. The result of this subsection implies that in cyclotomic case, there
exist blocks of finite representation type are Brauer tree algebras whose Brauer trees
have exceptional vertex. Clearly, this can only appear when r > 3.

6.3. Remarks on finite type. In this subsection, we give two additional results
on blocks of finite representation type in this section. One is about multipartition
and the other is an equivalence characterization of conditions in Subsection 2. In
our opinion, they are interesting, although they are not necessary in the proof of
the Main Theorem.

It is known that all multipartitions in ’Hg form a totally ordered set with respect
to dominance order <. In fact, we can write them out in order. For this goal, we
first introduce a new notation. Let (u,s) € ’H,g If in abacus Ls(p), position
(i 4+ j, h) is empty and position (i + j, h’) has a bead, where 0 < j < w, then we
rewrite multipartition p by X [j].

Lemma 6.3.1. For 0 < j < w, we have

(1) if h <k, then A[j] > A[j +1];

(2) if h >R, then A[j] QX[ +1].
Proof. (1) Let the bead at position (i + j,h') in Ls(X [j]) be @577 and let the bead
at position (¢ + j,h) in Lg(A[j + 1]) be Qzﬂ. By observing the shape of the two
abaci, it is easy to know

(i) a <b;

(i) 05 (LsA ) = i (Ls(A[5 + 1)

(iii) the number of empty positions on the left side of '+ 1-th position in runner

i+ j of Ls(A[j]) is equal to that of Ls(A[j + 1]).

Combining this observation with Lemma B8 (2), we get that for arbitrary x

with 1 <z <aor x> b,

(6.3.1) A[)EHD = A[j + 1)+,
For a < z < b, the number empty positions in Lg(A[j]) on the left side of position

@®."7 is one more than that in Lg(A[j + 1]). Note that the empty position is just
(i +4,h). As a result of Lemma BT (2), if a < < b, then

(6.3.2) A9 > A+ 19,
A direct corollary of (6.3.1) and (6.3.2) is
(6.3.3) AL > A+ 1),

For each 1 < ¢ <r withc#i+4j, i+ j+ 1, runner ¢ in Lg(A[f]) is the same as
that in Lg(X [j + 1]). This fact leads to

(6.3.4) A =A[j+ 1)@,
and consequently,

i+j—1 itji—1

(6.3.5) YW= Y] A+
y=1 y=1
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Combining (6.3.3) with (6.3.5) leads to

i+ i+J

(6.3.6) DO+ @l

Note that all multipartitions in 7—[,/3\ is a totally order with respect to the domi-
nance order. Then (6.3.6) implies A [j] > A[j + 1].
(2) is proved similarly. O

In order to describe the second result, we need to define a new vector for a given
block.

Definition 6.3.2. Let (A,s) € ’H,g and F be the operation set from Ls(\) to its
core. Define Wx = (wox, Wix, - ,We—1x), where

w; = H{[(z,h),x] €e F|1<ax<r h=i(mode)}.
Then W(’Hg) = (wo, W1, ,We—1) = Z(A,s)eHg Wi is called the subabacus move
vector of block ’Hg

Lemma 6.3.3. Let HQ be a block satisfying the assumptions of Subsection 2. Then
the number of non-zero components in W is 2.

Proof. Keep notation as in Subsection 2. Let (u,s) € ’Hg. Then by Lemma
all the elementary operations from Ls(u) to Lg«(A™) happen in columns h and h'.
Moreover, we from Lemma that columns h and h' are in different subabaci
of Lg(p). As a result, the number of non-zero components in W is not more than
two.

On the other hand, we know that [(¢,h),*], [(i + 1,Rh'),*] € F, where F is the
operation set from Lg(A [1]) to Lg« (A*), that is, the number of non-zero components
in W is two. O

Lemma 6.3.4. Let ’ng be a block satisfying assumptions of this section and assume
in Ty, there is only one non isolated dot connected component, which is a path from
i1 toia+1 (1 < iy <ig < 1) with length not less than 2. If there exists i1 < i3 < i
such that si; # si;+1, then the number of non zero components in W is not less
than 3.

Proof. We consider three cases.

Case 1. 11 < i3 < is.

Let l1,12,15 be integers as Case 2 of Subsection 1. By Lemma BI12 (3), it is
easy to check that columns /1, I3 and I3 are in different subabaci. Move in Lg« (A¥),
which is the core of ’H,g, the beads at positions (i1 +1,11), (i3+1,12) and (i2+1,13)
to positions (i1,01), (¢1 + 1,12) and (i3 + 1,13), respectively. Denote by L, (u) the
new abacus obtained. It follows from Lemma that the move vector from
Ly(p) to L« (X¥) is equal to M. In light of Lemma [543, we have u = s and
(u,s) € ’H,g This implies that in W = (wo, - - - , We—1), components w;, , w;, and
wj, are nonzero, where 0 < ji,j2,j3 < e and j1 = Il (mode), jo» = Iz (mode),
js =l3 (mode).

Case 2. i3 = i.



REPRESENTATION TYPE OF BLOCKS OF CYCLOTOMIC HECKE ALGEBRAS 61

Let I; be an integer as Case 3 of Subsection 1. By Lemma BI.T2(3), it is easy
to check that columns hy, ho and [; are in different subabaci.

Move in Lg«(A™) the bead at positions (i; + 1,h1) and (i2 + 1,11) to positions
(i1,h1) and (i1 + 1,11). Denote the new abacus by Ly(p). Move in Lg+ (A¥) the
beads at positions (i1 4+ 1, he) and (iz + 1,11) to positions (i1, he) and (i1 + 1,11).
Denote the new abacus by Ly (v). It is routine to check that u = v = s and
(u,s), (v,s) € HE}. This implies that in W = (wq, - - - , We—1), components wj, , wj,
and wj, are nonzero, where 0 < ji, j2, js < e and j1 = hy (mode), jo = ha (mode),
js =11 (mode).

Case 3. i3 = io.

The proof is similar to Case 2. O

Combining Lemmas and [6.34 we get the following result.

Theorem 6.3.5. Let ’ng be a block of weight more than 1 and M its block move
vector. Then ’Hg has finite representation type if and only if

(1) m, =0;

(2) T, has only one non isolated dot connected component;

(8) the number of non zero components of W is 2.

7. DERIVED EQUIVALENCE OF BLOCKS

In this section, we study the derived equivalence of blocks of a cyclotomic Hecke
algebra by using the theory developed in this paper.

Recall that two blocks of a Hecke algebra of type A are derived equivalent if and
only if their weights are equal and if and only if they are in the same orbit under the
adjoint action of the affine Weyl group. However, this does not hold in cyclotomic
case (r > 2). Firstly, we can easily find two blocks with the same weights, and one
of them has infinite representation type, and the other is Morita equivalent to a
truncated polynomial ring, which has finite representation type. This implies that
equal in weight does not mean derived equivalence. So our discussion in this section
will center on constructing examples of derived equivalent blocks being in different
orbits under the adjoint action of the affine Weyl group.

It is an open problem to give a necessary and sufficient condition for two blocks
of a cyclotomic Hecke algebra being derived equivalent. In the light of Ariki’s
result |7, Theorem 6.8], a finite representation type indecomposable self-injective
cellular algebra is Morita equivalent to a Brauer tree algebra whose Brauer tree
is a straight line with at most one exceptional vertex. The problem of derived
equivalence of Brauer tree algebras is complete resolved in [48]. We will translate
the results [7, Theorem 6.8] and [48, Theorem 4.2] into the language of weight and
charge for blocks of a cyclotomic Hecke algebra. Obviously, two blocks being Morita
equivalent to truncated polynomial rings are derived equivalent if and only if they
have the same weights. Thus we only need to handle the weight one case.

Given two pairs (X,s) and (p,u) with s,u € A and (A\*,s*) and (u*,u*) the
corresponding cores, respectively, denote by By s and B, 4 the blocks containing
(A,s) and (p,u), respectively. Suppose that w(Bx,s) = w(Bupu) = 1. Then we
have the following proposition.
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Proposition 7.0.1. Blocks By s and B, are derived equivalent if and only if the
number of non-zero components in W(Baxs) is equal to that of W(Bp.u)-

Proof. Let the block move vector of By g be M = (mq1,ma, -+ ,m,) with m; =1
and m; =0 for all 1 <4 <7, 4 j. Assume that s;11 —s; = a ($y41 is defined to
be s1 + e if e < 00). We claim that the number of multipartitions in By s is a + 2.
In fact, if j < r, we have from Lemma .47 that s7 ; = sj41+1 and sj =s; — 1
and thus s} +a +2 = s7,;. It follows from Lemma [3.1.T2] (4) that there exist
hi, -+ ,hat2 € Z such that in Le-(A"), positions (j, h1), -+, (j, hat2) are empty
and positions (j + 1,h1), -, (J + 1, hqt2) have beads. Let h be an integer such
that all positions (z,y) in Lg«(A¥) are occupied by beads, where 1 < z < r and
y < h. In the light of Lemma BI9, n?,, —n} = a +2. Note that Ls-(X") is
complete. This implies that if position (7, k) is empty and position (j 4+ 1, k) has a
bead, then k € {hi, -+, het2}. Because w(Bx ) = 1, this forces each abacus of a
pair in Bj ¢ has to be obtained by sliding in Lg+(A*) the bead at position (j +1, k)
to position (4, k) with k € {h1,--+ ,hato}. The case j = r can be transformed into
the case j < r by using Lemma [3.4.12

Combining [24], Theorem 4.12] with [7, Theorem 6.8] gives that By s is Morita
equivalent to a Brauer tree algebra, whose Brauer tree is a straight line with a + 1
edges and without exceptional vertex.

Moreover, by Lemma 112 (3) we have e { hy —hy forall z,y € {1,2,--- ,a+2}.
This implies that for arbitrary pair (A,s) € Bag, columns hq,--- ,heq2 are in
different subabaci of Lg(A), and consequently, the number of non-zero components
of W(Bxs) is a + 2.

By the same reason, block B,, 4, is also Morita equivalent to a Brauer tree algebra,
whose Brauer tree is a straight line without exceptional vertex. According to [48]
Theorem 4.2], derived equivalence classes of Brauer tree algebras are determined
by the number of the edges and the multiplicity of the exceptional vertex. Then
the proposition follows. O

Now let us give some examples. The first one is from the blocks Morita equivalent
to truncated polynomial rings.

Example 7.0.2. Lete =5 and s = (1,1,1,3,3,3). Take A = ((1),9,9,9,9,9)
and p = (2,9,9,(1),2,2). Then abacus Lg(A) is

.........i...OOOOOO
0000000000000 0O000O0OO
OOOOOQQQQEQQQOOOOOO
0000000 O®O®OOOOOOLOO
00 000000000000 0OOOO0
.........i0.0000000

and abacus Ls(p) is
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.........i...OOOOOO
0000000000000 0O000O0OO
OOOOOQQQQEQQ0.00000
0000000 O®O®OO0OOOOLOO
0000000000 00O0O0O0OOOO0
.........i.OOOOOOOO

It is easy to check that M(Bxs) = (1,1,0,0,0,0) and M(B,s) = (0,0,0,1,1,0).
According to the result obtained in Subsection 6.2, both Bx s and B, ¢ are isomor-
phic to K|z]/(x®). On the other hand, all abaci in block By s can be determined
completely by Subsection 6.2. In the accordance with the definition of the action of
an affine Weyl group on abaci, non of the abaci in By s is belong to the image of
Ls(X). This implies by Proposition [3.2.6] that blocks Bx s and By, s are in different
orbits.

Another example is from the blocks of weight one.

Example 7.0.3. For arbitrary r > 3, [ rand s = (0,1,2,---,7r — 1).
, D). =

et e =
For 1 < i < r, define Ali]| = (&,---,9,(2),9,- - Clearly, M(Bx[i,s)
N—— N——

i—1 r—i
(m1,ma, -+ ,m;), where m; =1 and m; = 0 if j # i. It follows from Proposition
[7.0.1] that all blocks By ;s are derived equivalent, and that all abaci in By s can
be listed completely. By Proposition [3.2.0, all blocks By ;s are in different orbits.
For example, let r = 4. Then Lg(X[1]) is

.........3...@00000
000000000000 OCOOOO|O
0000000000600 0O0O0OOO|0
00000000 0O0OCO®OOO00OO0O|0
Abacus Ls(A[2]) is
.........3...000000
000000000000 OCOOOO|O
0000000000000 0O0OOO|O
0000000000 0OCOOOOOO|O
Abacus Lg(A[3]) is
.........3...@00000
000000000 0O0CO®OOOO|0O
000000000000 0O0O0OOO|O
000000000 0O0OOOOOOO|O
Abacus Ls(A[4]) is
.........3..00.0000
000000000000 OCOOOO|O
000000000000 0O0O0OOO|O
0000000000 0OCOOOOOOO
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The last example is a derived equivalent class of infinite representation type
blocks.

Example 7.0.4. Let k > 2 be an integer. Take r =e =3k ands = (1,1,2,---,).
For 1 <i <k, define Ai] = (&,---,9,(2),9,---,9). It is easy to check By s is
—— N——
3i—1 r—3i
of infinite representation type. Moreover, all blocks Bxs, 1 < i < k, are derived
equivalent and in different orbits.

8. BLOCKS OF CYCLOTOMIC q—SCHUR ALGEBRA

We end our paper by a remark on representation type of blocks of a cyclotomic
g-Schur algebra.

Combining Theorem A and Theorem B in [5] gives that a block of a Hecke
algebra of type B has finite representation type if and only if its weight is not more
than one. This implies that the representation type of a block of the cyclotomic
g-Schur algebra associated to a type B Hecke algebra is finite if and only if its
weight is not more than one. On the other hand, in [50, Corollary 3.20], Wada
proved that any block of S, (g, @Q1,Q2, -, Q) is Morita equivalent to a certain
block of Sy 2(q, Qi, Q) for some i,j € {1,2,--- ,r}. Therefore, the representation
type of each block of a cyclotomic ¢g-Schur algebra can be determined in this sense.
By using the Main Theorem, we can give a direct result without using the Morita
equivalence mentioned above.

We point out that if a block B of H,(gq, Q) is Morita equivalent to a truncated
polynomial ring, then the Auslander algebra (see [I3] for definition) of B is just
the corresponding block of S, .. It is well-known that the Auslander algebra of
K|x]/(z") has finite representation type if and only if 0 < i < 4. Let B be a block
of S, and B the corresponding block in H, (¢, Q). Then by Main Theorem, we
get

(1) If w(B) > 2, then B has infinite representation type.
(2) If w(B) < 2, then B has finite representation type.
(3) If w(B) = 2, then the representation type of B is the same as that of B.

According to the above result, w(B) = 1 is only a sufficient condition for B being
of finite representation type (non simple).
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