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CATEGORIFICATIONS OF NON-INTEGER QUIVERS:
TYPE I,(2n)

DREW DAMIEN DUFFIELD AND PAVEL TUMARKIN

ABSTRACT. We use weighted unfoldings of quivers to provide a categorification of mu-
tations of quivers of types I2(2n), thus extending the construction of categorifications
of mutations of quivers to all finite types.

CONTENTS

Introduction and main results

Preliminaries

The folding projections of the module and bounded derived categories
The semiring actions on the module and bounded derived categories
Cluster- R, -tilting theory for foldings onto I5(2n)

6. The ¢- and g-vectors of exchange matrices of type I5(2n)

Appendix A.  Worked examples

References

ANl

ERERE =

1. INTRODUCTION AND MAIN RESULTS

This is the second paper in a series started in [7].

In [7], we constructed a categorification of mutations of non-integer quivers of finite
types Hy, H3 and I5(2n+ 1). The main tool in the construction is a weighted (un)folding
of quivers of types Fg, Dg and A,,, the application of which follows the projection of
root systems developed in [15 22] 16]. The (un)foldings induce projections of dimension
vectors of objects in module categories of integer quivers to the roots associated to folded
quivers; they also induce semiring actions on categories associated to integer quivers. We
also define the tropical seed patterns of folded quivers and show that our definition is
consistent with both the folding and the categorical definition of g-vectors.

In this paper, we extend the results of [7] to the last remaining finite type of quivers,
I,(2n), thus completing the construction of categorifications of mutations for quivers of
all finite types. Unlike the settings of [7], there is more than one possible folding that
could be considered for every quiver of type I5(2n). More precisely, a quiver of type I5(2n)
admits an unfolding to a quiver of type As, ; and to a quiver of type D, ;. Moreover,
there are three exceptional foldings Eg — [5(12), E; — I5(18), and Es — I5(30). We
consider all of these different possible foldings to construct categorifications via semiring
actions on the categories associated to different integer quivers, and we see that aside from
the semiring action itself, the theory between these different foldings is very much the
same. The key upshot of this is that the module, bounded derived, and cluster categories
associated to any bipartite Dynkin quiver has a non-crystallographic interpretation via
a semiring action and the associated non-integer quiver. This includes the ability to
associate non-integer g-vectors and mutation to the categories of any bipartite Dynkin

quiver.
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Another difference to the setting of [7] is that for the foldings considered in this paper,
it is more natural to consider the root system of I5(2n) in such a way that it contains roots
of two different lengths. We therefore use non-trivial rescaling throughout the paper. This
approach to the root system generalises how one classically considers the crystallographic
root systems [5(4) = By and I5(6) = Gy to higher n. It is entirely possible to categorify
the root system of I5(2n) via an unfolding with a trivial rescaling (and thus with all roots
of I5(2n) of the same length) and a projection map from the categories associated to
the unfolding. However, when it comes to considering the semiring action on the cluster
category of an unfolded Dynkin quiver, the g-vectors one obtains are precisely those that
are associated to the non-trivial rescaling, and thus we consider this approach to be the
most fitting.

We recall all necessary definitions and details of the construction from [7] in Section

Our first main result is Theorem (see also Corollaries and B.7)), in which we
prove that, given a weighted folding F': Q® — Q") there is a weighting on the rows
of the Auslander-Reiten quiver of mod KQ* and D°(mod KQ*) consistent with F', with
the projection of the dimension vectors of objects, and with the projection of the corre-
sponding root systems. Objects in the rows of weight 1 in the Auslander-Reiten quiver
map precisely to the roots of I5(2n), thus generalising Gabriel’s Theorem for quivers of
type I2(2n). In fact, Theorem Bl says much more than this. The folding F' has a strong
relationship with the structure of the Auslander-Reiten quiver. For example, objects that
reside in the same column of the Auslander-Reiten quiver project onto a multiple of the
same root, and these multiples are determined by the weights of the rows. Moreover,
Auslander-Reiten translation acts by rotation with respect to the projection.

The projection map induced by the folding gives rise to a semiring action on the module
and bounded derived categories of the integer quivers, where the semiring (we denote it by
R, ) is defined separately for each folding (Section [24]) using Chebyshev polynomials. The
main results here (Theorem L7 and Corollary L8] state that mod KQ* has an action
of the corresponding semiring, and there exists a collection of indecomposable objects
of mod KQ* that are in bijection with the positive roots of I,(2n), and these objects
generate the whole category under the action of the semiring. These results naturally
extend to the bounded derived category D?(mod KQ*).

The semiring action also applies to the cluster category of Q%, and this allows us to
extend the results of [2] to categorify mutations of folded quivers by considering distin-
guished objects with respect to the action, which we call R, -tilting objects (Section[H). We
prove (Theorem and Corollary 5.3)) that for a folding F': Q® — Q2" the following
hold for the cluster category Ca of Q®: every basic R, -tilting object T € Ca (injectively)
corresponds to a basic tilting object T e Ca; every basic R, -tilting object has precisely
2 indecomposable direct summands; every almost complete R, -tilting object has exactly
two complements, and changing the complement corresponds to a single mutation; it T
is a basic R, -tilting object, and Ar is the cluster-tilted algebra corresponding to T, then
there exists an R -action on mod Ar.

Finally, we define the tropical seed patterns of folded quivers. We define c-vectors and
C-matrices as in the integer case, and we show that c-vectors of Q2" are roots of I5(2n)
and are thus sign-coherent (Corollary [6.12). Going along the results of [19], this allows
us to define G-matrices as the inverse of transposed C-matrices, and we define g-vectors
as the column vectors of G-matrices. We then prove (see Section [l and Theorem for
details) that these definitions are compatible with both rescaling and the projection of C-
matrices and G-matrices with respect to the folding. We note that these results provide
a categorical interpretation of g-vectors and G-matrices of Q2" (Corollary G.17).
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The paper is organised as follows. In Section 2] we recall all essential definitions and
details from [7] about mutations, unfoldings, and semirings. In Section [B] we describe
the projections of module and bounded derived categories induced by the (un)foldings of
quivers. Section [l is devoted to the description of the semiring action on the module and
bounded derived categories. In Section Bl we extend the semiring action to the cluster
categories of the unfolded quivers, thus providing a categorification of mutations of the
folded quivers. Section [f] is devoted to the construction of the tropical seed pattern, and
to the compatibility of the projections and mutations. Finally, Appendix [A] provides two
detailed worked examples (one for unfoldings of type As,_1 and one for unfoldings of type
D, ;1) that showcases the entire theory of the paper for the benefit of the reader.

Acknowledgements. We would like to thank Edmund Heng for helpful discussions.
A part of the paper was written at the Isaac Newton Institute for Mathematical Sci-
ences, Cambridge; we are grateful to the organisers of the programme “Cluster algebras
and representation theory”, and to the Institute for support and hospitality during the
programme; this work was supported by EPSRC grant no EP/R014604/1.

2. PRELIMINARIES

For the benefit of the reader, we will briefly recall some notation and definitions from [7]
that we will use throughout the paper. Further details can be found in the aforementioned
reference.

2.1. General setup and notation. Throughout the paper, K is an algebraically closed
field and Q* is a quiver of Dynkin type A. The vertex set of Q* is denoted by Q5 and
the arrow set is denoted by Q2. We denote by KQ* the path algebra of Q* over the
field K. All KQ®-modules in this paper are right modules, and thus we read paths in
the quiver from left to right. We denote by mod KQ* the category of finitely generated
right KQ* modules and by D*(KQ*) the bounded derived category.

Each vertex i € Q45 simultaneously corresponds to a simple, indecomposable projec-
tive, and indecomposable injective K Q*-module, which we will denote by S(i), P(i) and
I(i) respectively. The shift functor of D?(KQ?) shall be written as ¥: DY(KQ?) —
DY(KQ?), and where appropriate, we will adopt the abuse of notation where for each
object M € mod KQ?, the object M € D°(KQ*) is the corresponding object concen-
trated in degree 0. Additionally, we denote by 74 the Auslander-Reiten translate in the
category A, where A is either a module, bounded derived, or cluster category of the
appropriate type. Whenever the context is clear, we will omit this subscript and simply
write 7.

2.2. Exchange matrices over a ring, R-quivers, and the [;(2n) root system.
Let R be a totally ordered ring throughout. By an ezchange matriz over R, we mean a
square skew-symmetrisable matrix with entries in R whose rows and columns are indexed
by a set QF. The R-quiver associated to a skew-symmetric exchange matrix B = (b;;)
over R is the R-arrow-weighted quiver Q7 with vertex set QF, arrow set QF, and arrow
weighting function &: Q¥ — R.¢ determined such that b;; > 0 if and only if there exists
an arrow a: ¢ — j in QF with weight £(a) = b;;.

This paper will be working with a particular family of R-quivers and exchange matrices
over R. Namely, we will be working with exchange matrices of type I5(2n) over the ring
R = 7Z[2 cos 5], whose corresponding R-quiver we will denote by

2cos X
QI2(2n) . [0]42">[1]

where the weight of the unique arrow is given by its label.
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FIGURE 2.1. The standard root system of type I5(8) corresponding to the
quiver Q2" with simple positive roots labelled by aq and a;.

The quiver Q2" is associated to a non-crystallographic root system that is related
to the Coxeter group I5(2n) in the sense of [4]. The non-crystallographic root system of
type I5(2n) has 2n positive roots, two of which are simple. Being non-crystallographic,
the root system can appear in various forms which depends on the relative lengths of the
simple roots. This paper will work with two versions of the root system.

Version 1: The standard form. In this version, the positive roots may be partitioned
into two equally sized classes, called short and long positive roots. In particular, one of
the simple positive roots will be longer than the other. The short roots of I5(2n) will be
of length A and the long roots of I(2n) will be of length 2\ cos 5-. For the quiver Q2%n)
above, we will choose the convention that the short positive roots correspond to the points
Aexp(*™) and the long positive roots correspond to the points (2 cos %)exp((%%)”i) for
0 < k < n—1. For the opposite quiver (Q2?"))°P_ this convention is reversed. See
Figure 2.1] for an example. Throughout the paper, we will denote the set of short roots
(resp. short positive roots) of Iy(2n) by @5, (resp. ®3F) and we will denote the set of
long roots (resp. long positive roots) of I,(2n) by @, (resp. ®5T).

We call this version of the root system of I3(2n) standard, as it agrees with the root
systems By = I3(4) and Gy = I5(6), and is the one that is most compatible with the
theory of semiring actions on module categories that we will develop.

Version 2: The rescaled form. In this version the positive roots all have the same
length, which by convention, we choose to be 1. The positive roots thus correspond to
the points Aexp(£Z) with 0 < k < 2n—1. We call this the rescaled root system of I5(2n).
We only use the rescaled root system in Section

To make precise which version of the root system we are using when considering the
R-quiver Q2*") we will define a valuation on the quiver.

Definition 2.1. Let S be a totally ordered ring. An S-valuation of an R-quiver is a
positive S-vertex-weighting ¢: QF — So.

The standard form of the root system of type I5(2n) is associated to the R-valuation
of Q™" given by ¢([0]) = A and ¢([1]) = 2Acos o~. The rescaled version of I5(2n) is
instead given by the R-valuation ¢([0]) = ¢([1]) = A. In all but one case in this paper,
A =1 (where A = 2 in the other case).

Henceforth, whenever we refer to the root system of I5(2n) and its roots, we mean the
standard form (version 1) and its elements. We will always refer to version 2 of I5(2n) as
the rescaled root system and its elements as rescaled roots.

2.3. Weighted (un)foldings. Here we will recall the definition of a weighted (un)folding
from [7]. The definition is a generalisation of the classical definition of unfolding due to

Zelevinsky (see [8, 9] for details) and makes use of rescaling introduced by Reading in
[21].
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Definition 2.2. Let B = (b;;) be an exchange matrix over Z and B’ be an exchange
matrix over R. Suppose there exists a disjoint collection of index sets {Ey; : [i] € QF'}
such that (Jy, cqp Bl = Q. Then B has the structure of a block matrix (Bjj;;) with

blocks indexed by Q(Jf/. In this case, we call a pair (B, B’) of exchange matrices an origams
pair if the following hold:

(O1) For each [i],[j] € QF', the sum of entries in each column of By is b
(02) If bf;, > 0 then the By has all entries non-negative.

Suppose R is an integral domain and let Frac(R) be the field of fractions of R. An
exchange matrix B over Z is said to be a weighted unfolding of an exchange matrix B’
over R if the following hold.

(U1) There exist diagonal matrices W = (w;) and P = (pp;) with positive entries in
R C Frac(R) such that (WBW =1 PB’'P~!) is an origami pair with blocks indexed
by the collection {Ej; : [i] € QF'}. Here, multiplication occurs over Frac(R).

(U2) For any sequence of iterated mutations g, ... pip,) of B’, the pair

Wy - B (BYW ™Y, Pl - - - gy (B))P7)

is origami, where each i is the composite mutation of B given by

g = 11 e
i€y

The composite mutations of B in the above definition are well-defined because the
mutations indexed by each block are pairwise commutative. We call the matrix W the
weight matriz of the unfolding (whose entries w; we call weights), and we call P the
rescaling matriz of the unfolding. We also call the exchange matrix B’ the folded exchange
matriz of B, and we call B the unfolded exchange matrixz of B'.

A weighted unfolding associated to an origami pair (WBW !, PB’P~!) equips both
the associated Z-quiver QF and the R-quiver QP with an R-valuation. For the Z-quiver,
we denote the valuation with the function x: QF — R defined by k(i) = w; for each
i € QF. For the R-quiver Q7', we denote the valuation with the function ¢: QF — R.g
defined by <([i]) = pjj. To each weighted unfolding B of B', we define a weighted folding
of quivers F: Q¥ — QFP'. That is, F is a surjective morphism of quivers such that
F(i) = [j] whenever i € Ej;). Given such a folding F', we call QF the unfolded quiver
and QP the folded quiver. In any given folding, the quivers QF and QP are implicitly
assumed to have the aforementioned structure of R-valued quivers (with weight function
k for QF and ¢ for Q7).

This paper is concerned with three families of foldings onto R-quivers of type I5(2n).
We call these families foldings of type A, D and E, respectively. The foldings of type A
in particular are consistent with similar constructions in [22] 17].

2.3.1. Foldings of type A. The first family to consider is the folding from a bipartite quiver
of type Ag,_1, which we denote by Q42n-1. Specifically, we have F42n-1: Q42n-1 — Q227
where Q4271 is given by

0 1 2 n—4——2n—-3<~—2n-2

with vertex weights such that (i) = U;(cos 5-), where U; is the i-th Chebyshev polyno-
mial of the second kind. Furthermore, each vertex i is such that F'(i) = [0] if 7 is even and
F(i) = [1] if i is odd. The valuation of Q">*") is such that ¢([0]) = 1 and ¢([1]) = 2 cos Z=.
It is not difficult to verify that on the level of unfoldings, this class of unfoldings factors
through an unfolding of an exchange matrix of Dynkin type C,. The above quiver has
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Zy-symmetry via the action that maps i € QOAQ”‘I to2n—2—1 € QS‘Q"‘I. This action

also respects the vertex-weights in the sense that Uj(cos 5-) = Uzp—2_i(cos 5-). In light
of this group action, it is sometimes convenient to work with the alternative labelling

0F — 1t ~— i — (=2t —n—1—n—2) — o —> 1" =0 .

2.3.2. Foldings of type D. The second family of foldings we consider are from bipartite
quivers of type D, 1, which we denote by QP+, Specifically, we have ['Pr+1: QPr+1 —
Q2" where QP+ is given by

(n—1)"

0 1 2 S n—2
(n—1)

with vertex weights such that (i) = 2U;(cos &) for 0 < i < n —2 and k((n — 1)*) =
Un—1(cos 5-). Furthermore, each vertex i is such that F'(i) = [0] if 7 is even and F (i) = [1]
if i is odd (the same rule applies to the vertices (n — 1) with the integer n — 1). The
valuation of Q2" is such that ¢([0]) = 2 and ¢([1]) = 4 cos ~. It is not difficult to verify
that on the level of unfoldings, this class of unfoldings factors through an unfolding of an
exchange matrix of Dynkin type B,. This quiver also has Z,-symmetry via the action
that fixes each i € Qf"** and maps (n + 1)* € Q2" to (n+ 1)F € QY.

2.3.3. Foldings of type E. There are three exceptional foldings of type E. Namely we
have foldings

FEs . QEs — ng(lz)

FEr. QE7 — QIQ(lS)

FEs. QES N QIQ(BO)
where Q¥ QF7 and QF* are bipartite R-valued quivers of type Eg, E; and Eg, respec-

tively. Throughout, the valuation of @™ is such that ¢([0]) = 1 and ¢([1]) = 2cos .
The quiver Q¢ is given by

Vg
0t 1t 2 1= 0~

with weighting such that x(i*) = U;(cos %), £(2) = Us(cos %) and r(vs) = v/2. More-
over, we have F¥(0%) = F'#¢(2) = [0] and F¥6(1*) = F¥(vg) = [1]. This unfolding can
be shown to factor through an unfolding of an exchange matrix of Dynkin type Fj.

The quiver Q7 is given by

=

0 1

[\
w

2
L)’ K’(Z) - UZ OSE) and K,(’U'?) = 2COS El’_78r It

c
) = Us(cos{g). It is therefore

with weighting such that (i) = U;(co

5 (
worth noting that Up(cos §) = Up(cos {g) and Us(cos §

n
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convenient to occasionally adopt the labelling 0 =0 and 3 = 2. Moreover, F&7 maps the
source vertices to [0] and sink vertices to [1].
The quiver Q8 is given by

Ug
0 1 2 3 4 01 oo

with weighting such that £(i) = Us(cos 35), k(¢) = (cos 7-) and k(vs) = ¢~ Us(cos &),
where ¢ = 2cos £ is the golden ratio and o= 2 cos £ is its inverse. Slmﬂar to above,

FFs maps the source vertices to [0] and sink vertices to [1].

7'('

2.4. Chebyshev polynomials and associated (semi)rings. As previously mentioned,
we denote throughout the paper the i-th Chebyshev polynomial of the second kind by
U;. That is, U; satisfies the identity

Ui(cos ) sin = sin((i + 1)6).

In [7], we defined a family of rings related to Chebyshev polynomials of the second kind
that would later be used to define a semiring action on the module, derived and cluster
categories of unfolded quivers. We will do the same here, except the (semi)rings we
consider in this paper will be slightly different. Throughout the paper, denote y*" =
Z[2 cos 5-] for each n > 2. The following (semi)rings will be used in foldings of type A.

Definition 2.3. For each n > 2, define the families of commutative rings

XAQn_l = ZW}% w47 B 7w2n72] C yAQn_l = Z[wlu w27 1/}37 B 7¢2n72]7
subject to the following product rule for any 1 < j <i < 2n — 2:

J
Yithy = i = > Wi_jaan,
k=0

where any element v, with k & {1,...,2n — 2} resulting from the above product is such
that ¥y = 1, 9,1 = 0 and 9,41 = —W9, o k. After cancellation, the above product
will always produce a sum of elements 1, with positive coefficients, and so it makes sense
to define the corresponding semirings:

an b= Do, Y, . . Yoy C )A(f” b= Zso[t1, 2, s, . han—a],

which are subsemirings of y42-1 and Y427-! respectively.

In the next family of (semi)rings, we use a signed notation on the elements. Here,
elements ;" and v; are distinct, but in some statements we collectively refer to them
as Q/Ji We also have statements dependent on elements which either have the same sign
or opposite signs. For example, by zpi , we mean either 1/1*1/1* or ¢; ¢.. On the other

hand, by ¢4, we mean ¢ ¢; or 1; 1/1]+

Definition 2.4. Define commutative (semi)rings of type Dy by
X" =Zlg] C X" = Zlg, ],
X3t = Zsolg) C XY = Zsolg, v,

satisfying the relations ¢3 = 1, gy = ¢; and 92 = 1 + g + g% For n > 3, define further
families of commutative (semi)rings of type D, 1 by

N =T U [ C R = RGO U 0T U,
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Dy, — ~Dy, —
X = Zsg {% T ,Q/J;ELnT_IJ] C X = Zso[Yyg a%ia?/biﬂ/}gc,..., nl
subject to the following product rules for any 1 < j <i<n—1:
J
= szfﬁzk, (Ghy w J ) (1/10 ) - wo =1,
k=0
where each element wy resulting from the above product is such that
(g ifk<n-—1,
R ifk=n—-1landi+j—n+1=0 (mod4),

We =194 . L
(T ifk=n—-1landi+j—n+1=2 (mod4),

Vo o itk>n—1
Definition 2.5. Define the following exceptional rings of type F.
= L[ty , 2]/ (Se) - R = 2y U s W, ) /(S6),
= Z[2, 2]/ (S7) c R = 21, b1, o, G, s, Yn) / (S0),
X = Zp, 2]/ (S5) X% = Zlhr, Y2, s, 01/ (S5),
where each (S;) is the ideal generated by a set of relations S; = S; U S/ with
Ss = {(¥9)? =1, (¥2)* — 1 — 20y — g, by b — Ua},
S = {Wo 0 =1, () =1 =g, by — P — U7 — g, 0 g — 1},
Sr={v} — 1 — ot ¥ — 1 — Uy — o},
Sp={y;—1- 152,1;1 - 1/12152 + 1o + 1;2,1#11/12 — b3 — wlﬂ/iﬂzz — b3 =y, },
Ss ={9" — ¢ — L) — pthy —h2 — 1},
Sy = {1F = 1= tho, 19y — 01 — Py, P11 — P}

Since the product of any two elements with only positive coefficients in the rings y*¢, x*7

and y*® will produce an element which again has only positive coefficients, it is natural

to define semirings % 4, X? and ng by restricting the coefficient ring from Z to Zs.

N

6 8

Remark 2.6. Note that we could also define semirings 5{5 and 5{5 similarly, but we do
not need this in our construction. Moreover, the ring Y7 is somewhat unusual in that the
product of any two elements with only positive coefficients in this ring will not necessarily
produce an element which has only positive coefficients. It is thus preferable to avoid
working with such notions for rings of type F.

The relationship between the above (semi)rings and Chebyshev polynomials of the
second kind is highlighted by the existence of ring homomorphisms

AL A e
T CL)
= U; <cos %) (A € {As—1, Dpy1, Eg, Er, Eg}),
g—1 (A = Dy),
Ji — U (cos g) (A = E;),

g0|—>2(josg (A = Ey),
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77Z)Ui = ’%(vi) (A € {E67E77 ES})7

where n = 6,9, 15 for A = Eg, E7, Eg respectively. This homomorphism along with the
following will be used at various points in the paper.

Definition 2.7. Let A € {Ay,_1, Dpy1, Fg, E7, Eg} and let ¢®%: " — R be the
canonical embedding. Then Y has a partial ordering given by

r<ser=sor oo (r) < oc®e?(s).

This endows Xﬁ with a partial ordering in the natural way via the embedding crf : Xﬁ —

Y

3. THE FOLDING PROJECTIONS OF THE MODULE AND BOUNDED DERIVED
CATEGORIES

In [7], it is shown that a folding onto a quiver of type Hs, Hy or I(2n + 1) induces a
map that projects the dimension vectors of objects in the module and derived categories
of the unfolded quiver to certain multiples of the roots of the folded quiver. Additionally,
the folding induces a weighting on the rows of the Auslander-Reiten quiver of the module
and derived categories associated to the unfolded quiver such that the dimension vectors
of the objects in the rows with weight 1 are projected to the roots of the folded quiver
— providing an analogue of Gabriel’s Theorem (c.f. [I1] [6]) for R-quivers. On the other
hand, the dimension vectors of the objects in the rows with weight w are mapped to the
w-multiple of the projected dimension vector of an object in a corresponding row with
weight 1. We will show that the same is true for all possible foldings onto quivers of type
I5(2n). Throughout this section, we denote by Frac(R) to be the field of fractions of an
integral domain R. First let us make precise the notion of the weighting of the rows of
the Auslander-Reiten quiver.

Definition 3.1. Throughout, let F: Q* — Q"2 be a folding of quivers from Section 2.3
(so A € {Ay,_1, Dyi1, Eg, Er, Eg}) and let A be either the module or bounded derived
category of the path algebra KQ®. For each i € Q®, we denote by P;* the row of the
Auslander-Reiten quiver of A containing the module P(i). That is,

PA={[r™P(i)] : m € Z}

)

where [M] denotes the iso-class of an object M € A. We define the weight of the row Pi*

to be the value ¢; = g(’}(zz)) c Frac(x(2”)),

Remark 3.2. One may note that since KQ* is representation-finite, we could equivalently
define rows of the Auslander-Reiten quiver by sets
A = {[7"1(i)] - m € Z}.

7

For the foldings with A € {Dy,,, E7, Eg}, we have P#* = ZA. For foldings with A = Ay, _1,
we note that P = T3}, ,, which mirrors the relation U;(cos 7~) = Usp—a_;(cos 7). We
also note in this case that F'(i) = F(2n — 2 —4). For the foldings with A = D,,.; with
n even, we have Pt = TA for all i # (n — 1)* and P(i_ni = I(“fl_l);. For foldings with
A = Eg, we note that Pﬁ = Iié for i = 0,1, that P* = TA for i = 2,v6, and that
F(i*) = F(iT). It is then easy to see that in all cases, we could equivalently define the
weight of a row containing both P(i) and I(j) as ¢; = ¢;.

Now we will recall the definition from [7] of the projection map that will be central to
this paper, which we modify slightly to account for the non-trivial R-valuation of Q22"
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Definition 3.3. Given an arbitrary weighted folding F: Q@ — Q"2®", define a map
dp: Z1@l — (Frac(x®™))? by the weighted sum

r(0) (1)
(ui)iego — Z mui, Z g(m)uz

F(i)=[0] F@)=[1]

For each object M € mod K@), we define
SRKR (V) = dp dim(M).
In addition, for each object X =P, I M; € D°(mod KQ), we define
o ) = 3T apeRey) - Y e,

7 even 7 odd

Given any object X € A, where A is either mod KQ or D’(mod KQ), we call the vector
57(X) the F-projected (dimension) vector of X.

Remark 3.4. Tt is easy to see that 57 (X ®X') = 07 (X )+ 64 (X') for any object X, X’ € A.
This fact will be useful in several proofs.

We will now state the main theorem of this section.

Theorem 3.5. Let F': Q* — Q2" be a weighted folding and let A be either mod KQ*
or D*(mod KQ?). Then the following hold:

(a) For any i € Q5 such that F(i) = [0], we have
O (1™ 1(i)) = i,

where au, is the short root corresponding to the point ¢([0])exp(Z).
(b) For any i € Q such that F(i) = [1], we have

O (™ 1(0)) = i,

where B, is the long root corresponding to the point ¢([1])exp(

2m4-1)mi
( ;L) )

Essentially, the theorem above says that the map d7 maps an indecomposable object
in the category A to a specific multiple of a root of the standard root system of I5(2n).
In fact, it says much more than this: objects in the same row map to vectors of the same
length /multiple and that the Auslander-Reiten translation of an object corresponds to a
rotation of the corresponding vector. Before we begin the proof, we will highlight some
immediate corollaries for the benefit of the reader. The first Corollary may be viewed as
a generalisation of Gabriel’s Theorem to quivers of type I5(2n).

Corollary 3.6. The map &7 induces a bijection from each row of the Auslander-Reiten
quiver of A to a subset of roots of I5(2n). In particular,

®5F ife; =1, F(i) = [0] and A = mod KQ*,
5, ife;=1, F(i) =[0] and A = D’(mod KQ*),
oLt ife; =1, F(i) = [1] and A = mod KQ*,
o, ife;=1, F(i) = [1] and A = D(mod KQ?).

03 (Pr) =

[
[
[
[

Corollary 3.7. For any i € Q5 and m € Z, the length of the vector 57 (™ P(i)) with
respect to the standard basis of R? is

(07 (7™ P(i))) = K(0).
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The proof of these results follows the same reasoning as that used for the foldings
onto I5(2n + 1) featuring in [7]. The proof works along these lines: We first show that
the the relative length of the F-projected vectors of any two indecomposable projective
(resp. injective) modules that correspond to the same folded vertex is determined by the
R-weights of the unfolded vertices. Next, we show that the Auslander-Reiten translate of
an object corresponds to an anticlockwise rotation of its F-projected vector by an angle
of Z about the origin. The proof is then finalised with the calculation of the F-projected
vectors of two objects (one corresponding to a short root and the other a long root).

Lemma 3.8. For any i,j € Q5 such that F(i) = F(j), we have
R(DITE KN (P()) = k(IR (P(i))
R(DIEEQN(1())) = w(H)IEEL (1(0)).

Proof. One can see from the multiplication rule for Chebyshev polynomials of the second
kind that
e;,0) if P(i) is simple,

mod KQ4 i (
op (P(i)) {(5“gi) if P(i) is non-simple.
(
(

5?odKQA(I(,L~)) 07 Ei) ) lf I(l) ?S Slmpl‘ea
4e;cos® o, ;) if I(7) is non-simple.
Thus, the result follows from the commutativity of Y. O
Remark 3.9. Recall that £((1,0)) = <([0]) = X and £((0,1)) = ¢([1]) = 2Acos 5, where

A=1if A# D,y and A =2 if A = D, 1. Thus by the law of cosines, the length of
the vector (1,1) is A. From this, the proof of the above lemma, and the definition of the
foldings, we can conclude that £(6#(P(i))) = x(i). Likewise, we have £(67(1(i))) = x(i).

Lemma 3.10. Let M € A. Then §7(7M) is obtained from 67 (M) by an anticlockwise
rotation of % about the origin.

Proof. Suppose M € mod KQ* is a non-projective indecomposable. Let

00— P —>F—> M —0,
0—>7M—1, =1I,—0
be the minimal projective resolution of M and the corresponding injective resolution of

M given by applying the Nakayama functor v. Since KQ* is radical square zero, P,
and I are semisimple modules. Consequently, we have

07 (P1) = (0,7), 07 (Py) = (r,7),
Sp(Iy) = (45 cos® =, 8, Sp(Io) = (s,0).

2n’?
for some 7,7, s, 5" € Frac(x®"). But since vP(i) = I(i) for each i € Q4', we in fact have
r = s and r’ = §'. This, along with Remark 3.9 implies that
(AR = (0AU,)  and  FA(PY)) = €OAL)).

Now note that the vector —d7(Iy) is obtained from 67 (FP) by an anticlockwise rotation
of T about the origin. Likewise, 67 (];) is obtained from —d7(P;) by an anticlockwise
rotation of 7 about the origin. But such a rotation is a linear transformation, and we
have

SA(M) = 67 (Po) — 67 (P1),
5?<TM) = 5?([1) - 5?([0)
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by dimension counting the above projective/injective resolutions. Thus, §7(7M) is an
anticlockwise rotation of the vector 7(M) by an angle of ® about the origin.

Now suppose instead that M € D’(mod KQ*) corresponds to an indecomposable
projective module concentrated in some degree k. Then 7M = ¥*+1T for some indecom-
posable injective module I whose corresponding vertex has the same weight as with M.
So 07 (TM) = —6#(X*I), which we have already shown to be the appropriate rotated
vector. By Remark B.4] we therefore conclude that for any object M € A, the vector
07 (TM) is obtained from 67 (M) by an anticlockwise rotation of £ about the origin. [

We can now prove Theorem [3.5]

Proof of Theorem[33. (a) If F(i) = [0] then I(i) is simple. So d7(I(i)) = (&;,0). The
result then follows from Lemma

(b) If F(i) = [1] then I(i) is non-simple. As shown in the proof of Lemma [B.10,
0#(1(1)) is given by an anticlockwise rotation of the vector —67(P(i)) = (0, —¢;) by =
about the origin. Thus, §7(1(i)) = &;50, where f3, is the long root corresponding to the
point <([1])exp(2X). The result then follows from Lemma BI0 O

Remark 3.11. The results of this section can be viewed as an ‘unfolded categorification’ of
the root system of type I5(2n). Equivalently, this can be approached from the perspective
of a ‘folded categorification’, as presented in [12]. In particular, Theorem 4.11 of [12]
in the I5(2n) case can be obtained from our Theorem with A = Ay, and A =
mod K Q42-1.

4. THE SEMIRING ACTIONS ON THE MODULE AND BOUNDED DERIVED CATEGORIES

Each folding F': Q® — @'2®*») and the non-crystallographic projection it induces gives
rise to a semiring action of R, = Xﬁ on mod KQ* and D’(mod KQ*) in the sense of |7,
Definition 6.1], where x% is as defined in Section 24l As in [7], we call the appropriate
category an R, -coefficient category when it is equipped with a semiring action of R, .
Whilst the semiring actions are slightly different for each folding, the general principle
underlying each action is the same. We will first define the semiring actions for A =
mod KQ*, as the semiring action on D’(mod KQ?) is a straightforward extension of this
action.

4.1. The action on iso-classes of objects. For each positive root a of I5(2n), define
a set of iso-classes

M, = {[M] : M € A indecomposable and '64(M) = ra for some 7,7 € x*V}.

Since Q4 is bipartite, it follows from Theorem that the iso-classes in M, bijectively
correspond to objects in the same column of the Auslander-Reiten quiver. That is,
M, = {[r"I(i)] : F(i) = j}, where j = [0] if & € ®}" and corresponds to the point
s([0])exp(™), and j = [1] if a € @4 T and corresponds to the point g([l])exp(%).
In both cases, define M;, = 7™1(i). Hence [M;,] € Z# and (F(i))67(M; o) = k(i)a.
Consequently, we have

0]} ifaec®yF
(1]} ifa e @57

UM FG)
Mo = {{[Mi,a] . F()

The semiring R, will act on mod KQ* in such a way that for any positive root a,
for any [M] € M, and for any r € Ry, the object M will be isomorphic to an object
whose indecomposable direct summands belong to iso-classes in M,. We will describe
this precisely for each folding.
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FIGURE 3.1. The folding F47: Q47 — Q®). Top: The Auslander-Reiten
quiver of mod KQ47. The category has Zy-symmetry determined by re-
flection in the dashed line. Bottom: The non-crystallographic projection
of the Auslander-Reiten quiver of A = D’(mod KQ*7) under the map 0%,
with irreducible morphisms superimposed. Objects in the same Zs-orbit
map to the same point. Objects concentrated in odd (resp. even) degree
map to the points labelled with (resp. without) X. One of the sectors
of morphisms is dashed to indicate that they are not morphisms between
objects of degrees k and k£ — 1, but rather between objects of degrees k and
k + 1. Rays in the Auslander-Reiten quiver map to octagonal arcs in the
projection (eg. the blue arrows).

13
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4.1.1. Isomorphism conditions of type As,_1. We will adopt the unsigned labelling of the
vertices for Q42°=1 (the first quiver in Section 23). For any positive root a, we have a

function w,: M, — XAQ" ' defined by Wa([M;a]) = ¢ for each [M;,] € M,. Now recall

2n1

the product rule for the semiring X *"~", which gives

@/)jwa zoz Z wk

kEV;;

for each 9; € XJA;Q" ' and for some index set Vj; C {0,1,...,2n — 2}. Since the index j is

even, note that the set Vj; consists of indices that are either all odd if 7 is odd, or all even
if 7 is even. In particular, this implies that there exists [Mj, o] € M, for each k € V};. We

will thus define the semiring action of Xf”’l on mod KQ“2»-1 such that the following

isomorphism holds for each positive root a, each [M,,] € M, and each v; € Xf" !
Mo = B My (A1)
keVi;

An example demonstrating the action of Xf"‘l on mod K Q42" is given in Section [A.1l

4.1.2. Isomorphism conditions of type Dy. The semiring action of Xf“ on mod KQP* is
a minor extension of the classical Zs-group action on mod K@QP*. That is we define for
any positive root «

gMO,oz = M2+,a7 gM2+,a = M2*,a7 gMZ—,a = MO,om
ng,a = Ml,a-

4 ~

The action of x* is only different from the action of Zj in that we have (r 4+ )M
rM & r'M for any r,r’ € XD4 and M € mod KQP+.

4.1.3. Isomorphism conditions of type D, 1. We assume n > 4, since D3 = A3 and Dy is
covered separately. For any positive root a, we define a map w,: M, — XD”“ by

Fhs if0<i<n-—1
Wa([M;o]) = {wli o ;fi :_(Zn<—n1)i'

n—1

For each [M;,] € M, such that i # (n — 1)*, we have

wiwa 7,0 Z qu ’l/}k + 1/}].;; )
k=0
n—2

= Z Qijkwa([Mk,aD + Qij(nfl) (wa([M(n—1)+,o¢]) + wa([M(n—l)*,oz]))
k=0
where each ¢;;; € {0, 1,2}. In particular, g;;x = 0 for all even k if ¢ is odd and ¢;;; = 0 for

all odd k if 7 is even. We will thus define the semiring action of Xf”“ on mod K QP+ to
be such that the following isomorphism holds for each positive root a, each [M;,] € M,

with i # (n — 1)* and each ;" € X

n—2 Qijk ql](" 1)
wj:‘tMi,a @ @ Mk o S @ (n—-1)*,« S M(n—l)*,a)- (Dl)
k=0 =1

This is a slight abuse of notation, as M}, , might not exist if ¢;;, = 0. However, My, is
not a direct summand of the above if g;;, = 0, so this is fine.
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On the other hand, if i = (n — 1)* then

+ — + it j
(Mg o) = § V) b e
Zkevﬁ (Vg +by) +b,_y if £ odd,
+ — — if J
(Mg o) = § AV V) 0 e
Zkevﬁ (Vg +by) +ab,_y if £ odd.
for some index set V;; C {0,...,n — 1} whose elements are odd if n — 1 is odd, or even if

n — 1 is even. Thus, we will define the action of Xf”“ on mod KQP+! to be such that

@ke‘/ji Mkva @ M(n71)+7a

wiMi,a =
! @ke‘/ﬂ Mkva @ M(nfl)iva

An example demonstrating the action of Xf"“

if i = (n — 1)* and £ even
orif i = (n—1)F and  odd,
if i = (n—1)% and § even
orif i = (n — 1)* and  odd.

(D2)

on mod K QP+ is given in Section

4.1.4. Isomorphism conditions of type Fg. Let a be a positive root of I5(12) and let M,
be as before. Then R, will act on mod K Q¥ such that the following isomorphisms hold.

¢6Mia Y JT,a 1 j Wl J € {07 }7 (E61)
’ M;,  otherwise,
Ms,o if i = 0%,
M M'U [0} M e f = 1:|:
YoM o = tha @ Muga © M, 1 Z ’ (E6.2)
’ Mo+ o ® My o @ My o @ My-,, ifi=2,
M1+,Q@M1—,a if ¢ = Vg,

4.1.5. Isomorphism conditions of type Er. The isomorphism conditions for the folding
FF7 are such that for any positive root a, we have the following.

(M, if i =0,
M o & Ms, if i =1,
MO,a D MT,a D Mia D MZQ if i =2,
VoMo 2 My o ® Ms o ® Ms o ® M, o ifi=3, (E7.1)
M; , @® M, if i =1,
Mz, @ M, ® M, if i =2,
(| M5 if 1 = vy,
(M;, if i =0,
Mz o ® My, o if i =1,
My, ® M, ® My, ifi=2,
PaMig = { My o ® My ® My, ifi=3, (E7.2)
M, & Maq if i =1,
Moo ® Mz, & My ifi=2,
(Mo © My, o if 1 = vy,
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It is easy to verify that the above is compatible with the relations ng =1+ 1;2 + 19 and
V3 =1+ ha)o.

4.1.6. Isomorphism conditions of type Eg. The isomorphism conditions for this folding
are such that for any positive root «, we have the following.

( My, if i =0,
Ml,a EB M3,a lf'l = 17
Moo ® Moo ® Myg if i = 2,
M M. M, M if 1 =
YoM o = Lo @ My © Mug o © Moy 0 1 Z % (E8.1)
, M2,a ©® M4,a & M47a D M¢07a if 1 = 4,
Mg,a D M¢1,CV if i = vg,
M3,a ©® Mvg,a ©® M¢1,a if 1 = ¢17
( My,q if i = ¢y,
([ Mo,a if i = 0,
M¢1,a if i =1,
My, if i =2,
M. M, if 1 =
oM,y = | Moo @ Moo T2, (E8.2)

’ M2,a EB M4,a lf Z == 4,
M37a if i = Vs,

Mo ® My, o iti=a¢r,
\MO,a > M(bg,t:v if 1 = (b(]u

4.2. The action on morphisms. The action of R, on morphisms in mod KQ* is best
described by adopting a particular basis for the modules. Under this basis, the semiring
can be seen to act diagonally on morphisms. This requires us to establish additional
notation for an explicit explanation. As in [7, Section 6], let {n; : i € Q5'} be a complete
set of primitive orthogonal idempotents of KQ* and let N be a KQ*-module. Let
N;;: N; = Nj be the restriction of the linear action of the unique arrow a; ;: i — j € Q9
on N to the vector subspace N; = Nn);, composed with the canonical surjection onto
N; = Nnj;. The data given by all vector subspaces N; and all linear maps N, ; entirely
determine the structure of N — this is equivalently the module N expressed as a K-
representation of @, which in this setting, is more convenient to work with. For any
L € Mp and morphism f € Homy,,.(N, L), we then recall by Schur’s lemma that f can
be written diagonally as (fi)iEQOA with f; = fln,: N; — L;.

To define the appropriate basis of ¢; N, first let [M;,] € M, for some positive root «
of I5(2n) and write

Qijk

iji,a = @ @Mk,a

keQp =1

for some non-negative integers g;;, determined by the relevant isomorphism conditions.
Then we define the vector subspace (¢;N); of 1; N to be the vector space

Qijk

(W;N) = @ PN,

keQf =1
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where each N,gl) is a copy of the vector subspace N, C N. For each arrow a: i — i’ in
Q*, the linear map (¥;N); i : (¢¥;N); — (¢;N); is defined blockwise by linear maps

l 4 LU
ng) — Nk(:/ ): V= Ca(t,k,lz:/Nk,k?'(v)

for some constants Cél}jlzc/ € K determined such that the isomorphism conditions hold.

Under such a basis, one can define the action of ¢; on a morphism f = ( fi)ieQ(%: N — L
by the morphism 9, f: ¢; N — ;L given by
Qijk

W)= P P A

keQOA =1
Finally, we define
r+")f:(r+")N—=> @+ L=rf&rf:rN®&rN - rL&r'L

for any r,7" € R, such that r + " is irreducible, and we define ¢y = 1 € R, to act by
the identity functor.

Remark 4.1. For the case where A = A,,_, the semiring action on the category mod K Q*
can also be described via the equivalence given in Theorem 3.1 (and Section 6.3) of [12].

4.3. Basic properties and actions on the bounded derived category. Let F': Q° —
Q2" be a weighted folding. Since the action of R, on mod KQ* has been defined such
that certain isomorphism conditions are met and that the actions on morphisms are di-
agonalisable with respect to a given basis, it is easy to see that Max = mod KQ* has
the structure of an R -coefficient category. In particular, the action of any r € R, is
exact, faithful, and induces an injective map Extj, (M, N) — Ext), (rM,rN). As is
the case in [7], it is straightforward to extend this action to the bounded derived category
DY = D*(My). One simply notes the faithful action of R, on Ext},-spaces and defines
rYM = YrM for each object M. One can then see that D% is also an R, -coefficient
category.

Throughout, we let A be either of the R, -coefficient categories Ma or D4. We have
the following basic properties.

Remark 4.2. Let M € A be indecomposable and r € R,. Write rM = M, @ ... ® M,,,
where each M; is indecomposable.

(a) My, ..., M,, reside in the same column of the Auslander-Reiten quiver. In partic-
ular, 7 commutes with the Auslander-Reiten translate 7.

(b) The Auslander-Reiten quiver starting (resp. ending) in M is mapped under r to
the direct sum of each Auslander-Reiten sequence starting (resp. ending) in M;.

In [7], the notion of basic and minimal R,-generators was defined. We will briefly
recall those here.

Definition 4.3. Suppose A is an abelian R -coefficient category and let R be the ring
obtained from R, by applying the Grothendieck group construction on the additive
commutative monoid structure of R,. We say that an object N € A is R -generated by
M € A if for some r, 7’ € R, , there exists a split exact sequence

0—=r'M—-rM— N =0

with N/ 2 N. Similarly for a triangulated R, -coefficient category A, we say an object
N € Ais R, -generated by M € A if for some r,7" € R, , there exists a split triangle

M —rM — N —Xr'M
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with monic first morphism such that N' = N. In both the abelian and triangulated
settings, we call the pair (r,7") the R,-generating pair of N by M and call the value
r —r'" € R the R-index of N with respect to M. We denote the class of all objects
R, -generated by M in a category A by G4(M).

Given a set ' of objects of A, we denote by A(I") the full subcategory of A whose
objects are R, -generated by the objects in I". The objects of A(I") may be endowed with
a partial ordering by defining N; < N, if and only if N3 = N, or there exists M € I such
that Ny is R.-generated by M with the pair (ri,7]) and Ny is R -generated by M with
the pair (rq, ) and r + 14 < 19 + 1.

We say I' is a set of R, -generators for A if A(I') ~ A. We say I is basic if the
elements of [ are pairwise non-isomorphic indecomposable objects. We say a basic set
of R -generators I is minimal if for any other basic set of R, -generators I/, there exists
an injective map of sets #: I' — [V and inclusions ¢: I' = T UTI" and //: IV — "' UT” such
that «(M) < /O(M) for each M € T'. We say I is 7-closed if for any (non-projective if A
is abelian) M € T', we have 7M € T

For the foldings outlined in this paper, there is a close relationship between the projec-
tion map &7 and R,-generated objects. The proof of the following remarks is identical
to [T, Section 6].

Remark 4.4. Recall that for each folding F'2 we have R, = Xﬁ- Let Uf: Xﬁ — X2 be the
canonical embedding and let ¢®: y® — x®" be the homomorphism from Section 24l
Let £(v) denote the length of the vector v € R? with respect to the standard basis of R?
(a) For any M € A and any r € x%, we have ((07(rM)) = o202 (r)l(04(M)) and
S7(rM) is collinear to 67 (M).
(b) Suppose A has a set of R -generators and that Ni, Ny € A are indecomposable.
Then N; and N; have a common Xﬁ—generator if and only if N; and Ny are con-
centrated in the same degree and d7(N;) and 57 (Ny) are collinear. Furthermore,

N; < N, if and only if N; and N, are concentrated in the same degree, 5ﬁ(N1)
and 67 (Ny) are collinear, and £(54(Ny)) < £(67(Ny)).

One of the main results of [7] is that the R, -coefficient categories that arise from
foldings onto quivers of type Hy, H3 and I5(2n + 1) all have basic, minimal, 7-closed sets
of R, -generators that are unique up to isomorphic elements. The same is not always true
for R, -coefficient categories that arise from foldings onto quivers of type I(2n) (except
for the foldings F¥7 and F¥s). One always has sets of basic, 7-closed R, -generators, but
the condition that is lost is the minimality condition. The problem in this setting is, in
effect, the category is too big. One has non-isomorphic indecomposable objects that map
to the same (multiple of a) root, which leads to some objects being incomparable under
the partial ordering. This happens precisely when there is a Zs-action on the category
and when an object is not stable under this action. So to fix this, we need a weaker
notion of minimality that takes into account the group action.

Lemma 4.5. Suppose there exists a group G C Ry and a set I of Ry-generators for A.
Then for each g € G and M € T, the set

Do = (\ {M}) U {gM}
is a set of Ry -generators for A

Proof. Since G is a group embedded in the semiring R, it follows that M is R -generated
by gM by the pair (g7, 0). This recovers the original set I'. Hence, A(I'YM) ~ A(T') ~ A,
as required. O
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The above lemma implies that we have an equivalence relation ~¢ on sets of R,-
generators whenever there is a group embedded in R,. That is, we say that ' ~g I if
and only if for each M € T, there exists g, € G such that IV = {gyyM : M € T'}.

Definition 4.6. Suppose there exists a group G C R,.. We say that a basic set of R,-
generators I' is G-minimal if for any basic set of R -generators IV %4 I', there exists an
injective map of sets #: I' — I and inclusions ¢: I' - TTUT” and ¢/: " — I" UT” such
that «(M) < /O(M) for each M € T.

Theorem 4.7. Let F*: Q* — Q2" be the weighted folding of type A. Then there
exists a basic, T-closed set of R,-generators of A, where R, = Xﬁ- In particular, we
have the following.
(a) If A = Ay, 1, then there exist four distinct (up to isomorphic elements) such sets
of Xf”_l—genemtom that are Zo-minimal. Namely,
Iy ={MeA:[M]ePUP}

with i € {0,2n—2} and j € {1,2n—3}. These are pairwise equivalent under ~z, .
(b) If A = Dy, then there exist three distinct (up to isomorphic elements) such sets
of Xf“ -generators that are Zz-minimal. Namely,
I, ={MeA: M ePrAupty,

with © # 1. In addition, I'; ~z, I'; for any distinct 1,5 # 1.
(¢c) If A = D, 1, then there exist two distinct (up to isomorphic elements) such sets
of Xf”“-genemtors that are Zs-minimal. Namely,

I ={MecA: M ePAUP}_y:},
where i = 0 if n is even and i = 1 if n is odd. In addition, TT ~z, T™.
(d) If A = Eg, then there exist four distinct (up to isomorphic elements) such sets of
Xf"'-genemtors that are Zs-minimal. Namely,
r&®H = (M eA: M ePLUPA},
I&ED = (M e A: [M] e PAUPAY.
These are pairwise equivalent under ~z, .

(e) If A = Ex, then there exists a unique minimal such set of X? -generators (up to
isomorphic elements). Namely,

I'={MeA:[MePfUP

(f) If A = Eg, then there exists a unique minimal such set of ng -generators (up to
isomorphic elements). Namely,

I'={MecA:[MeP!UP!}.
Proof. (a) We will first show that I'g; is a set of R;-generators. We have
Ma = {[Mo,a]u [M2,Cv]7 R [M2n72,a]} (Oé S @;;j),

M = {[Myg], [Mz ], - .., [Man—35]} (8 € 57).

It is easy to see from (AIl) that ¢o; Mo, = Ms;,. Thus the iso-classes of M, are R,-
generated by Mj,. To see that the iso-classes of My are R, -generated by M, g, first
define r; = 1 and 7} = 1. It then follows from (AI) that My s is Ri-generated by
(T2i415T9i41), Where 79,41 = 9 + 15,y and 7r5,,; = ry_1. Thus by Theorem and
Remark A.2] I'y; is a set of R,-generators for A, which is clearly also basic and 7-closed.
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It remains to show that I'g; is Zo-minimal. By (All), we have Zy = {1,19, 2} C Ry
as Yop—oM; = Ms,_1_;, for any ¢ and positive root y. From this and Lemma 4.5 we
can see that PO,l ~7a an_zl ~7a FO,Qn—?) ~7a F2n—2,2n—3~ MOI‘GOVGI‘, E(aﬁA(MO,a)) <
U(6PA (M g)) for all i #n — 1 and £(045 (M g)) < £(04a(Mai16)) for all i #n — 2. So
each I'; ; is Zy-minimal by Remark 4.4] as required.

(b) This is a consequence of the sole generating element g € X% being the Zs-
group action on the category, along with the fact that £(045(Moa)) = ((5pa (Mot o)) =
0(64A (M- ,)) for each short positive root .

(c) We will first show that in both the odd and even cases, the sets ['* are both basic,
T-closed sets of RT-generators that are equivalent under the group action Zg = {1, } C
R, . Suppose n is even. In this case we have

M, = {[Moa]; [M2a],- - [Mn—24]} (o € (I);;j_)a

)

M = {[Myg], [M3 ], - - [Mn-1)+ g, [Mn—1)- 5]} (B € ®5h).

It is straightforward to see from (DIl that My, R -generates the iso-classes in M, —
the argument is identical to that used in type A. We can also see that M,_1)+ g both
R -generate the iso-classes in M. This follows from (D2)), where we can see that each
M, _1_9;p is Ri-generated from M, 1) g by the pair (@Z);i,wz_(i_l)). Thus I'* are both
sets of R, -generators of A.

Now suppose n is odd. In this case we have

M, = {[Mopé]v [MQ,G]v SRR [M(n,1)+7a], [M(nfl)*,a]} (a € (I)g;j—)a
Mg = {[Mi5], [M34], ..., [Mn—24]} (B € @)

By (D2), My—1)# o Ry-generates the iso-classes in M, in the same way as M(,_1)= g
does for My in the even case. By (DIl), M s R, -generates the iso-classes in My in a
similar way to how M g does for Mg in type A — the pairs are the same except with =+
superscripts. Thus, ['T are again both sets of R -generators of A.

It now remains to show that these sets of R, -generators satisfy the required properties.
That they are basic and 7-closed follows trivially by construction. The equivalence under
~z, is also obvious, as 15 M;, = M;, for any v and any ¢ # (n—1)*, and g Mg,_1)t , =
M, —1)% 5. Thus, it remains to show that these sets are Zy-minimal. Here, it is important
to note the following: if [M(,_1)= ,] € M, for some ~, then every M;, (with ¢ # (n—1)%)
does not R, -generate M, 1)+ ,. This follows from (DIl), where we can see that for any
object N that is R -generated by M;,, M1+, is isomorphic to direct summand of
N if and only if M,_y)- , is isomorphic to direct summand of N. That is, it may be
possible to R -generate M, 1)+, ® M,_1)- 5 from M; ., but not one of these summands
individually. So even though we may have M; ., < M,_1)+ ,, this is irrelevant, as any set
that does not contain one of M,_y)x, is not a set of R, -generators. As for the set of
iso-classes such that [M(,_1)= ;] € M, the Zy-minimality of M, or M, , is obvious from
Remark .4l Hence, I't are both Zy-minimal.

(d) Let a be a short positive root and § be a long positive root of I5(12). Then we
can see I/ (with 4,5 € {#,F}) is a set of R,-generators by the following table of
R -generating pairs (where columns are R, -generated by rows with pairs in the given

cell).

Moz o | Moro | Moo | Mizpg| Mizp My 5
MOi,a (17 O) (,lvz)(;7 O) (¢27 O)
Mli,ﬁ (170) (1/}(;70) (1/}271+7vb(;)
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By Theorem and Remark 2] this is basic and 7-closed, as required. The group is
Zo = {1,y } C Ry, and thus it is clear from the table that these sets of R -generators
are pairwise equivalent under ~y,. To see that these are Z,-minimal, we note that

(078 (My+ ) = U(0pa (Mo-a)) < £(05a(Ma,0)),
(078 (Mug,5)) < L0058 (Mi+ ) = U(07a (M- ),

but also that M, g does not R -generate either M= g (the best we can do is R-generate
M+ g @ M- 5, which is insufficient). Hence, each () is Zy-minimal by Remark 4] as
required.

(e) Let a be a short positive root and /5 be a long positive root of I5(18). Then we can
see I' is a set of R -generators by the following table of R, -generating pairs.

Moo M, Mo | My, | Mig | Msp

Mo | (1,0) (¢2@Z2,¢2+@Z2) (@Z%O) (102,0)
Mv?ﬂ (170) (’(ZQal) (%,0)

By Theorem and Remark 4.2] I is basic and 7-closed, as required. It also follows
from Remark [£.4] that I" is minimal, since

((07a (Moa)) < L(0pa(Mz ) < U(0pa(Mg,)) < L(07a(Mza)),
(038 (Mur 5)) < L0052 (Mip)) < U(07a(Ms,g)),

M=

2,

as required.

(f) Let o be a short positive root and  be a long positive root of I3(30). Then we can
see I' is a set of R -generators by the following table of R, -generating pairs.
Moo | Mg Myo |Mpyo!| Mig| Mspg | My, 5 My, 3
M07Oé (17 0) (’17/)2, 0) ((,077[)2, 0) (907 O)
M (1,0) | (2,1) [ (¢,0) | (pth2 + 1,02 + @)

By Theorem and Remark [£2] T" is basic and 7-closed, as required. It also follows
from Remark [£.4] that I" is minimal, since

U(S7a(Mo,a)) < U6pa(Mgya)) < €(07a(Maa)) < £(07a (M),

(0 (M,5)) < U(07a(Myg,5)) < U(07a (M, 5)) < £(07a (Ma5)),
as required. O

Corollary 4.8. Let F2 be a folding onto Iy(2n) and let T be a basic, T-closed set of
minimal (or G-minimal) set of Ry-generators of Ma. Then the elements of ' are in
bijective correspondence with the positive roots of I3(2n).

Proof. We have by construction (and Theorem [B.F) that the sets M, (with a € @)
partition the iso-classes of indecomposable objects of M. By Theorem .7, I' = {N,, :
a € ®5 }, where each [N,] € M,. Thus, the elements of I are in bijective correspondence

with the roots in ®F , as required. O

Similar to the situation in [7], a useful consequence of the above Theorem is the fol-
lowing.

Remark 4.9. Let R, C R, where R is the ring obtained by performing the Grothendieck
group construction on the additive commutative monoid structure of R,. Then the
Grothendieck group Ky(Ma) of the category Ma has the structure of a free R-module

of rank |QP®"| = 2. For each iso-class [M] € Ko(M.,), mulitplication by r — ' € R
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(where r, 7' € R,) is given by (r — r")[M] = [rM] — [r'M]. A basis of Ko(Ma) is given
by simple objects that belong to a set of basic R, -generators of M.

5. CLUSTER-R,-TILTING THEORY FOR FOLDINGS ONTO I5(2n)

Cluster algebras and mutations of Dynkin Z-quivers have previously been categorified
via the cluster category (constructed in [2], see [1] for further details). The semiring
action on the category DX naturally extends to the cluster category Ca = D4/ (Tpy, »h
of Q2. In particular, we have a canonical triangulated quotient functor G': D% — Ca
(due to [13]) and we define the action of R, on Ca by rG = Gr for each r € R,. Given
any set of R -generators Lpy of D4, we obtain a set of R, -generators

Tes = {G(M): M €Ty }

of Ca. Moreover, I'c, is basic if I'py is basic and I'c, is G-minimal if I'py is G-minimal.
For worked examples of the theory that follows, see Section [Al

Definition 5.1. Let ' be a set of R -generators of Co. We say an object T" € Cp is
(cluster)-R., -tilting with respect to I' if the following hold.
(T1) T = @‘izll T; with each T; € T'.
(T2) T is Ry-rigid: Ext} (T",T") = 0 for any T, T" € Gr.
(T3) T is maximal: If there exists X € I' such that T"&® X is R,-rigid, then X is
isomorphic to a direct summand of T

In addition, we say an R -tilting object T' € Cx is basic if the direct summands of T are
pairwise non-isomorphic and 7T is with respect to a basic, G-minimal set of R -generators,
where G is some (possibly trivial) group embedded in R,.

Henceforth, we will assume that I' is a basic, 7-closed, G-minimal set of R, -generators
of Ca that corresponds to a basic, 7-closed, G-minimal set of R, -generators I of D%
under the quotient functor G: D% — Ca.

Theorem 5.2. Let T = X1 @ ... D X, € Ca with each X; € I'. For each i, denote by
Ix, the set of all iso-classes of indecomposable objects in Ca that are R -generated by X;.
Then the following are equivalent.
(a) T is basic R, -tilting with respect to T.
(b) T = X, @& Xy, where X1,Xs € T' reside in (distinct) adjacent columns of the
Auslander-Reiten quiver of Ca.

(c) The object
P @ vee
i=1 [YiJely,
15 basic tilting.

Proof. (¢) = (b): Since T is basic, the direct summands of 7' are pairwise non-isomorphic.
By construction, this is true only if we have X; 22 X, for all i # j. By Remark .2} the
iso-classes in Ix, are precisely the iso-classes of indecomposable objects that reside in the
same column as X; in the Auslander-Reiten quiver of CA. Thus we conclude that T is
basic only if each X; resides in a distinct column of the Auslander-Reiten quiver of Q3.
To see that m = 2, we note that if m # 2, then |f| # |Q5], and thus cannot be tilting
by the results of [2]. Thus, T = X; & X,.

It remains to show that X; and X, reside in adjacent columns. Suppose for a contra-
positive argument that this is not the case. Then at least one of X; and X is represented
by an object M; € D% concentrated in degree 0 — for convenience, we will say (without
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loss of generality) that this is a representative of X;. Then by assumption, X5 is repre-
sented either by another object M, concentrated in degree 0, or by an object ¥ P(i) € D%
for some i € QF.

In the latter case, if P(i) is simple (or equivalently, ¢ is a sink vertex), then M; 2
S(j) for any source vertex j € Q5 (otherwise, X; and X, are adjacent). Thus we
must have S(k) C M, for some sink vertex k € Q5 and hence ExtlpbA (XS(k), M) =
Hompe (ES(k), XM1) # 0. But each ¥S(k) (k a source vertex) is a representative of
some object Y5 € Ca in the same column of the Auslander-Reiten quiver as X5 (that is,
[Y5] € Iy,). So Extlpg(f, T) # 0, which implies Exte, (T,T) # 0, and hence T is not
tilting, as required. On the other hand, if P (%) is not simple (or equivalently, i is a source

vertex), then M; % S(j) for any sink vertex j € Q5 (otherwise, X; and X, are again
adjacent). In this subcase, we trivially have Ext%)bA(ZP, M) = Hompy (3P, XM;) # 0 for

some indecomposable object P in the same column as P(7), as this occurs as a component
of a projective cover of M; in the category Ma. Thus we again have ExtéA(f, f) # 0,
which implies T is not tilting.

Now we consider the former case where we have representatives M; and My both
concentrated in degree 0. Suppose without loss of generality that M, resides in a column
strictly to the right of M; (that is, in the direction of the irreducible morphisms in the
Auslander-Reiten quiver). Then M; does not correspond to a injective object in M and
M, does not correspond to a projective object in M (otherwise we are forced to have X
and X5 in adjacent columns). Thus by the Auslander-Reiten formula,

dimg Extgg (M, My) = dimg Hompy (Mg, ©M) = dimg Homjy,, (M7, 7Ms),

where each M/ is some object in the same column of the Auslander-Reiten quiver as
M;. This quantity must be non-zero for some choice of M| and M), since TM} is not
injective and thus has a simple projective subobject P such that the inclusion of P into
T M} factors through M. This implies that we must have Ext;, (T,T) # 0 in this case,

which implies T is not tilting, as required. This was the final case to consider, and
hence we conclude that X; and X, must reside in (distinct) adjacent columns of the
Aulsander-Reiten quiver.

(b) = (a): Let Y} € Gy, and Y3 € Gx, be indecomposable and let M, M, € D% be
representatives of Y] and Y5 respectively. Note that by Remark that Y} resides in the
same column as X; and Y5 resides in the same column as X5 in the Auslander-Reiten
quiver of Ca.

If M, and M, are concentrated in the same degree, then they also reside in adjacent
columns of the Auslander-Reiten quiver of D4, and clearly we have

Ext;)bA(Ml, Ms) = ExtlpbA(Mg, M) =0

So assume Y] and Y3 are concentrated in the degrees k and k + 1 (where we as-
sume without loss of generality that Y] is concentrated in degree k), then clearly we have
ExtlpbA (Y1,Y2) = Hompy (Y1, XY3) = 0, since DY is hereditary. To compute Ext;)bA (Y, Y1) =
HomeA (Y2, XY7), we note that either Y5 and XY] are concentrated in the same degree.
By construction, there are two possibilities: either Y5 and Y] are non-isomorphic simple
objects or XY] necessarily resides in a column to the left of Y5 in the Auslander-Reiten
quiver of DY. In both cases, we trivially have Ext1DbA (Y2, Y1) = 0.

Now assume Y; and Y5 are concentrated in the degrees k and k 4 [ with [ > 2 respec-
tively. Again we have ExtébA (Y1,Ys) = 0 from the fact that DY is hereditary and that
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EXt%bA (Y2,Y1) = 0 since 2Y] resides in a column to the left of Y5 in the Auslander-Reiten

quiver of DY.

Since I is a set of R,-generators, and every object R -generated by X; resides in the
same column as X;, and we have made an argument based on arbitrary indecomposables
in each column, we have Exte, (X7, X}) = Exte, (X5, X{) = 0 for any X| € Gx, and X} €
Gx,. By similar arguments to the above, one also has Exte, (X7, X7) = Exte, (X3, X}) =0
for any X| € Gx, and X} € Gx,. Thus, T must be R,-rigid. It is also basic, since X;
and X5 are non-isomorphic by assumption. That 7" is maximal follows from the fact that
there exists an element r € R, such that every indecomposable object residing in the
columns of both X; and X, belong as subobjects of rT". Namely,

(3070 if A= Ay,
2| n=1 _ .
sl s vy A =D,
PEQLE Y+ if A = F,
1+¢2+1/12+1P21/12 if A = FEr,
(L + v+ o+ if A= Fs.

In particular, [rT| = |Q5|, where |rT| denotes the number of distinct (up to isomorphism)
indecomposable direct summands of T'. Thus 7T is a basic cluster tilting object. But
then if X3 is distinct from X; and X, (which since I' is G-minimal, implies it resides in
a distinct column), we must then have direct summands Z;, Zy C (T @ X3) such that
Exte, (21, Z2) # 0. Hence, T' must be maximal and hence basic R, -tilting with respect
to I', as required.

(a) = (c): This is immediate from the last part of the proof of (b) = (a). O

Recall from [7] that we call an object T' € Ca almost complete basic R -tilting (with
respect to ') if T'is R, -rigid and there exists X € I' such that T'@® X is basic R, -tilting.
We call such an object X a complement to T. The following is a trivial consequence of
the above theorem.

Corollary 5.3. Let T € Ca.

(a) If T is basic Ry -tilting, then T has precisely |QI2 (2n) | = 2 direct summands.
(b) If T is almost complete basic R -tilting, then T is indecomposable and has precisely
two complements.

Also recall from [7] that given a basic R,- t11t1ng object T' € Ca, we call the algebra

Endc, (T )Op the cluster-R, -tilted algebra, where T is the cluster-tilting object given in
Theorem B.2)(c).

Remark 5.4. For any basic R -tilting objects T} = X & X;,T, = X & Xy € Ca, the
respective cluster- R, -tilted algebras A; and A, are Morita equivalent to either KQ* or
(KQ?)°P. In particular, A; ~ KQ* if and only if Ay ~ (KQ*)°, and thus changing
complement corresponds to mutation of the folded quiver Q2?"). Furthermore, the asso-
ciated module, bounded derived and cluster categories of the cluster-R, -tilted algebras
have the structure of R -coefficient categories in the natural way.

6. THE ¢- AND g-VECTORS OF EXCHANGE MATRICES OF TYPE I5(2n)

The ¢- and g-vectors of an integer exchange matrix were introduced in [I0]. In [7], we
defined ¢- and g-vectors for quivers of type Hy, Hs and I5(2n + 1). We will do the same
now for quivers of type I5(2n) using similar methods.
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6.1. Representations of y*. The first step in defining c- and g-vectors for I(2n) is
to realise the exchange matrix of the unfolded quiver Q* as a block matrix with blocks
given (in some way) by representations of an associated ring. The situation is slightly
more complicated in the I(2n) case, as on the one hand we have a subring x» C y*
whose role is to act on the larger ring, and on the other hand, the exchange matrix of
I5(2n) has a rescaling due to the simple roots being of different size.

It is helpful to bypass the problems caused by the embedding of rings and different root
sizes by instead considering the doubled quiver Q* = Q* Ll (Q*)°P with vertex weights
given as before. That is, Q® has the same R-valuation as given in the folding F'2, and
(Q?)°? is a copy of this quiver with the same R-valuation, but with the orientation of
the arrows reversed. B

Part of the idea here is that the exchange matrix of Q® has nicer properties (which we
will later demonstrate), however it is also the most canonical setting when considering
unfoldings of the rescaled /skew-symmetric form of I5(2n) (where roots are considered to
be of the same length). That is, the doubled-quiver @ allows us to consider a folding
onto the ‘rescaled’ quiver Q2" which is the same as Q2" except we now have an
R-valuation of ¢([0]) = ¢([1]) = A, where we define

yo d1 HAFE Dy,
12 ifA=D,..

We thus have a corresponding weighted (double-)folding FA: CZQA — QIQ(Q”) such that

F maps source vertices in Q* to the source vertex [0] € QéQ(zn), and likewise maps sink

vertices to the sink vertex [1] € Q2.
We will recall the definition of the regular representation of a ring R from [7].

Definition 6.1. Suppose R has a finite Z-basis B. Define a ring homomorphism
p: R — ZIBXIBL: s p(1r),

where the j-th column of p(r) (with j € B) is the vector (a;;)ies given by jr =3, g aiji.
We call the map p the regular representation of R with respect to B.

For A € {Ay, 1, Dy, Fg, E7, Es}, we will later see that the regular representation of

X2 is sufficient to describe the blocks of the exchange matrix of QA. This motivates the

following definition.
Definition 6.2. Let A € {Ay, 1, Dy, Fg, Er, Eg} and consider the Z-bases

Bt = {4, 1, . . s},
BP+ = {4y, 1, g, 9%},
B = {if g, 0 by s 2, g )
B = {@/)0,@/)1,?;1,1/)2,@52,@/)3,?/%7},
B = {0, 0, %1, i, Yo, U, Yug, 9y },

where both 1y and vy denote 1 € Y. We call the regular representation p> of Y& with
respect to B2 the representation of X° corresponding to F.

The situation for type D, with n > 3 is slightly more complicated. In this case, the
ring XPn+1 has a positive Z-basis

BDn-H = {1/}3:7’1/}%:7 coee 71/}7:1:—1}



26 DREW DAMIEN DUFFIELD AND PAVEL TUMARKIN

that is useful to us, but is too big to describe the blocks of the exchange matrix of CZZD"“.
Instead, we have the following.

Definition 6.3. Let n > 3 and consider the ideal (and proper submodule) of Y7+
<¢;+¢0_7¢1’—+¢1_77w 2+wn Zv,gz): 1777Z)n 1> C X n+1

whose integral basis BPn+1 s given by its listed set of generators. From this, define a ring
homomorphism

pD”“: XPmt1 o grttxntl .y pD"“(T),
where the j-th column of pPr+1(r) (j € BP»+1) is the vector (aij);egpnss given by jr =
> icgPns @it We call the map pPr+t the representation of XP7+* corresponding to FDnt1,

The bases for the above representations have been deliberately chosen such that one
has a bijective map

95 BA — Q5 (A € {Ag,_1, Dy, Eg, Er, Eg})
A Qb (A= Dyy1,n>3)
Wi (A € {Aop_1, Ee, Ex, E5})
g—2" (A =Dy
g° =27 (A = Dy)
O i (A =Dy 1,n>3)
Y 0T (A €{Dp.1, Es})
oY — ¢ (A = Eg,i€{0,1})
P > 3 (A = Ey)
by 4 (A = Ej)

which satisfies k9 (e) = 52 (e) for each e.

Remark 6.4. Consider the element s € Y2 with

_ Yy A€ {As_1, Dy, E7, Eg},
Vf A €{Dpi1, Es}

Then we have the following that result from the structure of Y2.

(a) For each e € B2, the product se = >, pa aw€’ is such that each a. € {0,1}.

(b) There exists an arrow 92 (e) — 92(€') or an arrow 92 (e') — 92 (e) in Q2 if and
only if €’ is a summand of the product se.

(c) Let < be a total ordering of the set QO satisfying vy < v; for any vertices
vo, v1 € Q4 such that F2(vg) = [0] and F2(v;) = [1]. Then the exchange matrix
of QA with rows and columns ordered with respect to < is given by the block

matrix Ba_ (_pg(s) pAO(S)) :

(d) Let < be a total ordering of the set Q5. Then the exchange matrix of Q% is
BA — AAEA@A
where ©% is the matrix corresponding to the canonical inclusion Qs — é@ and

A is the matrix corresponding to the canonical surjection Q5 — Q5 of Z-
bases/index sets with respect to the order <.
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(e) Since Qa = QAU (Q?)°P, the exchange matrix B2 @ (B2)T is indexed by the set
Q5, where @ is the direct sum of linear maps and (B*)7T is the matrix transpose
of B2, In particular,

B* =V(B*a (B4 )V
where V' is the orthogonal permutation matrix that orders the Z-basis/index set
for the rows of B2 @ (B*)T with respect to < from (c). It therefore follows
that, the operation A2(—)O2 is left inverse to V(— @ —T)V~! where — is a
placeholder for a |QF| % |QF| integer matrix with respect to the ordering <, and

—"is a placeholder for a |Q5| x |Q5'| integer matrix with respect to the ordering
<.

Remark 6.5. Let e, e’ € B>,
(a) If A # F7, then ee’ is a sum of positive multiples of elements of B2. Thus the
entries of the matrix p®(e) are all positive.
(b) If A = E; and e & {t1,,,}, then e is also sum of positive multiples of elements
of BE" and hence the entries of the matrix p®7(b) are all positive. On the other
hand, we have

010000 0 000000 1
5(1]6(1)8(0](0] 000001-1

B 7N B, _[oo0o0010 1
=|001100 0 and =10000010

P () 000001 0 P () 0010000
000011 1 0101000

000001 —1 1-11000 0

with respect to the ordering vy < ibvl < IZQ <Py < Py < Py < Yy,

6.2. C-matrices and c-vectors. We shall recall the following general definitions for
C-matrices and c-vectors of R-quivers from [7].

Definition 6.6. Let J be an index set and let T; be the |J|-regular tree, where any pair
of distinct edges incident to a common vertex in T; are respectively labelled by distinct
indices in J. Choose a distinguished vertex ty € T; and consider an exchange matrix B
over a ring R with rows and columns indexed by J. We define the extended exchange
matriz of B over R to be the 2|J| x |J| matrix

where By, = B and (}, is the identity matrix. For any edge t——¢ in T J, one then

defines matrices
S o Bt = o Bt/
B, = (Ct) and By = <th)

such that Et/ is obtained from ét by mutation at £ € J. We thus define the mutation of
Cyat k € J as ug(Cy) = Cy.

With this in mind, we define a tropical y-seed pattern by assigning to each vertext € T
a tropical y-seed {By;cij : j € J}, where each ¢, ; is the j-th column of the matrix Ci.
We call the tropical y-seed at the vertex tq the initial tropical y-seed. We call the matrices
Cy (where t € T;) C-matrices, and we call the vectors c,; c-vectors. The c-vectors ¢y, ;
in particular are called the initial c-vectors.

The folded quivers Q2™ arise from skew-symmetrisable exchange matrices B2(" =

2ny that have been rescaled to a skew-symmetric exchange matrix
0

(b[i} [j])[i] e
Bl = pREeY Pt — (jy)

I3(2n) .

[i]5]1€Qq
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The relationship between these exchange matrices, their respective C-matrices and mu-
tation can be summarised by the following due to [21].

Lemma 6.7. Consider the initial extended exchange matrices

I2(2n) S12(2n)
Birog (2n) and %102 (2n)
Cto CtO

of B2") and éb(%), respectively. Mutation of B2®™ and its C-matrices commutes with
rescaling. In particular, for any vertext € TQIQ(Qn) we have
0
(a) B’tb(?n) _ PBtIQ(Qn)P_l,
(b) G = polen p-1,
Proof. (a) The effect of rescaling by the diagonal matrix P = (p H)[ Jeq@i2Cm is such that
Prig

Py

Since the rescaling matrix has positive entries, it is clear from the above and the mutation
formula for exchange matrices that rescaling commutes with mutation. That is,

MW(B’IQ(QVL)) _ P,u[ }(BIQ(Q?’L))P*l

for each [k] € QP®" and thus B?®" = PB/*®™ P~1 as required.
(b) Since initial C-matrlces are identity matrices, the extension of the initial rescaled
exchange matrix of type Q2™ is such that

B’{O?(Qn) B PBtIOQ@n)P_l PBI2(2”)P 1
C_;ff(%) C_;ff(%) PC’tI(f(Qn) p-1
k
Also recall the mutation formula for C-matrices corresponding to an edge tlt’ :

—Cli|[K] ¢ if [j] = [k,
Clijljly = { :

cre + sen(em,e)[Cim dmp .+ otherwise,

ba = —bu)-

where for any value a, sgn(a) denotes the sign of a and [a], = max(0,a). From this, it is
clear that mutation of C-matrices also commutes with rescaling. Thus,

C_:IIQ(QTL PCJQ 2n P 1

t
for each vertex t' € T QL2 d

Since we have weighted foldings F**: QA Q"2 and FA: QA = Q2" each vertex
teT Q12 is associated to vertices 7 € TQA and t € TQA obtained via the unfolding

procedure That is, if t is obtained from ¢y by traversing edges ki, ..., k,, in T Q2 then
0

t is obtained from the initial vertex ty € Tqa by traversing sequences of edges ki, ..., kn

in TQA where El corresponds to the composite mutation fig,; = ] FAG)=[ky] Mi- Similarly,

¢ is obtained from the initial vertex ¢, € TQA by traversing sequences of edges kl, ceey k;m

in ']I‘QA, where k:l corresponds to the composite mutation i, = HFA (k] M- The only

vertices of TQA and T o that we will consider in this paper are those assomated to the
vertices t € T Q12 by unfolding. Thus for the purposes of readability, we will abuse

notation and erte t and t as t. Likewise, if the context is clear, we will write fik and
Fiik) 8S fhik)-
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The relationship between the C-matrices of the double-unfolded quiver CZQA and the
C-matrices of the single-unfolded quiver Q2 is similar to what happens with rescaling.

Lemma 6.8. Consider the initial extended exchange matrices

BA BA

g) and < =b

(Cto CI%
of B® and EA, respectively. Composite mutation (with respect to unfolding) of B2 and
its C-matrices commutes with the operation A®(—)02. Similarly, composite mutation of

B2 and its C-matrices commutes with the operation V(— @ —T)V =L, In particular, for
any vertex t € Tng(gn) we have
0

(a) B2 = AAétA@A and EA =V(BA g (BAT)V!
(b) CA = AACAOA and CA =V (CA @ (CATV!

Proof. Similar to the previous lemma, we have

Btg ~ [(AABREA
Cto - AAc«A@A
Since QA is a disjoint union of @* and (Q*)°, the result follows from the unfolding

procedure and mutation formulae. The commutativity of V(— @& —7)V ! with mutation
follows by the same argument. O

In what follows, we will utilise the block matrix structure of unfolded exchange matri-
ces and C-matrices. In particular, for the double-folding F A we will denote by B[z][ it

and C[f”] the ([i], [j])-th block of B2 and C2, respectively. Here, we note that By

corresponds to the ([7], [7])-th entry of B, under the unfolding procedure.
Proposition 6.9. Lett € T Q122 and let A € {Ag,_1, Dpy1, Eg, Fr, Eg}.

(a) For any [i],[j] € QIQ Cn) there exists T € X° such that

S0 A
Clile = P~ (ape)-
In particular, T = Y .epa Ge€, where each a. € Z is such that sgn(a.) =
sgn(ae) for any e e’ € B2,
(b) C2 is block-sign-coherent. That is for any [i],[j] € Q2®™, the entries ofC

are either all positive or all negative.

(c) Let t—— 4

(1041,
t' be an edge of T, y(2n) Then the matriz C5 = u[k](é’f) is such that

_ C‘A if [7] = [K]
A [k )
Clag.e = { e

C[?][] + Sgn(C[@][k )[C[?][k [k} 5], t] other’wise,

where sgn(é’ﬁ[k}’t) is the sign of the ([i], [k])-th block of C2, and for any matriz A =
(aij), we define [A], as the matriz whose entries are given by [a;], = max(0, a;;).
(d) The blocks of C& commute. That is,

CtinaCiime = Chin Ol

for any [i], (3], [¥], 1] € Qg™
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Proof. The proof of (a)-(d) is completed by induction on composite mutation. The initial
C-matrix of Q* is
o (1) )
0 \p0) pR(1))7
which clearly satisfies (a), (b) and (d). For the induction argument, we note that the

blocks of any C-matrix C:'tA that satisfies (a) are just representations of the commutative
ring x®. Thus, (a) clearly implies (d). Moreover, any C-matrix C:'tA that satisfies both
(a) and (b) also satisfies (c) — the proof of this is identical to the proof of [7, Proposi-
tion 8.7(b)]. Thus, the induction argument is completed if we can show that given C*
satisfying (a)-(d), any matrix C that arises from applying (c) satisfies both (a) and (b).
The proof is very similar to that used in [7, Proposition 8.7], except in this paper, we
cannot take for granted that (a) implies (b) — see Remark BG.5|(b).
So suppose Cf* satisfies (a)-(d) and let C2 = pp(CF). Clearly we have

Chiwr = =P~ () = P (—Taw.e)-

This shows that the particular blocks C:'[%Mk] . are expressible as in (a). Moreover, the

block-sign-coherence of C:'tA then implies that each block é[?][k},t’ is sign-coherent, so (b)

is satisfied for these blocks too.
For the blocks with [j] # [k], we have

Clite = 0~ (rapne) = (0% (rg.e) p™ (£9)]+
= p® (P £ [Esrim ),

where s is as in Remark To see that 71,0 = T, = [isr[mk“h is as in (a), we
note that since C:'[ZAH 18 the C-matrix of a direct product of Dynkin quivers, its columns
are sign-coherent (c.f. [10, 5, I8]). In particular, if 70 = D .cpa ace with sgn(a.) #
sgn(ae ) for some e, e’ € B2, then the column of é[ﬁmt, = p* (7)) that is indexed by
1 € Y2 is not sign-coherent — a contradiction. So we must have sgn(a,) = sgn(a.) for
all e, ¢’ € B? instead. B
If A # E7, then Remark [6.5] automatically implies that O[ZA][ i satisfies (b). Otherwise

if A = Ex, we note that (b) fails only if aj , ay,, # 0. But by Remark 6.5 the columns of

PE7({/;1) and pf7(1,.) are not sign-coherent. In particular, since C:'[ZAW] » must be column-
sign-coherent, this (and Remark [6.5]) implies that there exist some ey, ..., €, € BE7 \
{11, .. } such that

p (a%wl + ay,, Yo, + Z aeiel)
i=1

is column-sign-coherent (where each a. is as determined from (a) of the proposition).
But since (a) is satisfied, all entries of such a matrix must have the same sign. So C_'[ZAH i
satisfies (b), as required.

We have thus shown that any C-matrix produced by composite mutation from some
other C-matrix satisfying (a)-(d) also satisfies (a)-(d). Since the initial C-matrix satisfies
(a)-(d), the induction argument is complete. O

The connection between C-matrices of type A and type I53(2n) is formalised by the
following.
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Definition 6.10. Let R = x(*® and Frac(R) be its field of fractions. Given a weighted
folding F': Q — @', where @)’ is a quiver of type I5(2n), let dr be the map from Defini-
tion B3l Suppose there exist ig, i1 € QQp such that ¢([0]) = k(ip) and ¢([1]) = k(41). Then
define the matriz F-projection map with respect to (ig,41) to be the map

dri 7,|Q0l%1Qol _ (P‘rac(R))2X2
(We)keqo — (dr(uy)  dp(uy,))

where each u; is a column vector. Similarly, define the matriz transpose F'-projection
map with respect to (ig,41) to be the map

d}cm i : Z)QolxIGol _y (Frac(R))**?
dr(uy,)
(Uk)reqo — <dF(ui1)
where each uy, is a row vector.

We will henceforth adopt the following notation. For each vertex i € QQA C CZQA, we will

label the corresponding vertex of the opposite quiver by ¢ € QOA’OP C Q*. The matrix
projection maps of primary importance are then the maps

(i) dzago and dpag; if A # Eg,

(ii) dﬁA,o+,(0+)' and dpa g+ 1+ if A = E.
For readability purposes, we will thus write without any ambiguity dza and dpa to
represent these maps respectively.

Remark 6.11. It is not difficult to verify that since the vertices of 6512(2") have the same
R-valuation, we have dga = le3 .- However, the same is not true for dpa and dfm

Our next set of results follow naturally from the previous proposition. In particular,
we show an analogue of [7, Corollaries 8.8, 8.10].

Corollary 6.12. Let t € ']I'ng(zn). Then we have the following.
0

(a) dpa(CP) = G2°.
(b) s (CP) = G
(¢) The c-vectors of B and B2®" are sign-coherent.

(d) The c-vectors of B2@™) are rescaled roots of Io(2n) and the c-vectors of B2(2n)
are roots of Ir(2n).

Proof. For clarity, we will denote the y™-valuation of @IQ(Q") and Q2" by the func-

tions ¢ and < respectively. In particular, we note that ¢([0]) = ¢([0]) = A and <([1]) =

2¢([1]) cos(5) = 2A cos(%), where A = 2 if A = D, 1 with n > 3 and A = 1 otherwise.
(a) By Proposition [6.9(a), we have

A — C%][O C[O e | — (Pi(r[o][o],t) ,Oi(r[o][u,t))
t C[AH[OL C[l 0.t P ("’[1}[0],15) P (7‘[1][1},0
where (5.6 = D .cpa Ge )¢ With each ae ) € Z. It then follows from the definitions
that we have
_ Qe,[0][0] K (86) ae,[o][l}/iﬁA(se)
dpa t D) Z (a'e [1][0] K V2 (se) ae,[l][l}/ﬂ?A(se)

_ 1 (32(Argoe) 75 (o)
A\ Arpore) - 02 (A e)
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_ (3A(T[0M0Lt) Ei(r[mm,t))

~

G2 (rujone) T2 ()

where s = ¢d + 1y if A = D,,; with n > 3 and s = 1 otherwise. In particular, for the
initial C-matrix, we have

dpa(CR) = @igé; gig?;) _ giatn

The proof of statement dza (CA) = PP for each t € T QL2 is then given by an
induction argument on composite mutation, which is identical to the proof of 7, Corollary
8.8].
(b) We will first show that

dpa(ASCRO%) = Pl (CR)P, (+)
where the operations A2(—)©4 and P~!(—)P are as in Remark [6.4(d) and Lemma
We begin by noting that

A GAEA — (AAO]P (0 )@i A@P (r [0}[1]715)@@)
! A2 (ro ) Ay (. )Oqy)

where @@ is the matrix corresponding to the canonical inclusion {j € Q5 : F2(j) =
[i]} — Q2 and A@ is the matrix corresponding to the canonical surjection Q5 — {j €
QS : F2(j) = [i]} of Z-bases/index sets. That is, A[]p (r M[j]vt)@@] is obtained from
p>(rpi)4) by removing the rows indexed by {k € Q5 . FA(K) # [i]} and removing the
columns indexed by {k € Q5 : FA(k) # [j]}. Thus,

1

= L Sio|" CTAS T
dpa(ASGAES) = (0D A( 0] (0] 0].¢) (EDAA( (17 o){1).¢)
am? " (Sormoes)  gmo - (ST
(

A 8A(s[1])AA

rolot)  qon 0 (Mlolu.e)

aA(Sl)
0 () o ()
-1 /~ ~ ~
_ ( s~ 0 ) (220‘[01[0},0 22(7’[0}[1170) (O'A(Sm) 0 )
0 <)) \o(rujo.e) o= (rpym.) 0 o(sm)

Yo +y  if A= D,y with n > 3,
S —=
8 1 otherwise,

S0 A
— €( 0]) (
O' 8[0

where

O+ 7 if A= D, withn >3,
spy = q ¥ if A = Eg,
Wy otherwise.

But then 52 (s;) = <([i]) for both i € {0,1}, and hence the rightmost matrix in the above
product is precisely the rescaling matrix P. Thus, the required commutativity relation
() holds. The result then follows from (a) alongside Lemma [6.7(b) and Lemma [G.8(b)
and the fact that the operations A®(—)©4 and P~!(—)P are invertible.

(c) This follows from (a), (b), and Proposition[6.9(a), as all morphisms involved respect
positivity /negativity.

(d) We note that the module category of KQ* is equivalent to the category mod K Q4 x
mod K Q?°P. The category mod KQ*°P also satisfies an analogue of Theorem 3.5, where
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the rows of the Auslander-Reiten quiver corresponding to sink vertices now correspond
to short roots and vice versa. Since the c-vectors of Q* are +1-multiples of dimension
vectors of indecomposable K Q*-modules, (a), (b) and the definition of dz. imply that

for a C-matrix
Gila(2n) _ (g[o}[o] S[o}[ll) = (Cjqy €
t Cajf] - Cuyn] ( v ])

we have Cjg = 5mOdKQ (M) and €y = FrodKQs (M) for some M € mod KQ* and

FAop

M' € mod KQ* op that reside in rows of weight 1, where
FA,op: QA,op — Q[g(2n)

is the folding of the opposite quiver defined in the natural way by mapping sources vertices
to sources and smks to sinks. It is then clear from Theorem that the columns of the
C-matrix C glven by the inverse rescaling of C ) are roots of I,(2n), as described

in Section - O

6.3. G-matrices and g-vectors. Since c-vectors of exchange matrices of type I5(2n)
are sign-coherent, we are permitted (by the results of [19] on the tropical duality of c-
and g-vectors) to use the following definition of G-matrices and g-vectors.

Definition 6.13. Let J be an index set and let B be a |J| x |J| exchange matrix over
R whose c-vectors are sign-coherent. For any t € T, we define for each C-matrix C; the
corresponding G-matrix

Gy = (C))™
We call the collection {G; : t € T} the G-matrices of B and call each column of each G;
a g-vector of B. We define the mutation of a G-matrix G; at index k to be the G-matrix
ur(Gy) = Gy, where t—*# is an edge in T}.

Remark 6.14. The results of [19] show that the mutations of G-matrices defined above
are given by the explicit formula provided in [10] (6.12)—(6.13)].

The next theorem shows that all of the definitions of this section are compatible with
each other.

k
Theorem 6.15. Let g € TQIQ(Qn). Then the diagram of Figure commutes.
0

Proof. We begin by considering the front and back cubes of Figure

(—T>*1 . (=)
CA GtA B 01512(271) }__HGIQ (2n)
@/ -" @/ P 4(—)% (_T)E(:)P v
oA e G Gl
Hik] Hik]
un un
H[k] H[k]
H[k] —Ty-1 = H[k] —T-1
C =7) N GtA’ C«;’/Q(Qn) (F ) N Gl{/2(2n)
/ a( AB ()08 Lprop L e

(_T)— t’ (_T)—l t’

Firstly, the left faces commute as a consequence of Lemma [6.8§ and Lemma Secondly,
the commutativity of the top/bottom squares of both cubes are a trivial exercise in
linear algebra — for the front cube it is perhaps easier to see with the inverse map
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V(— @ —T)V =L Thirdly, the front and back faces of both cubes follow by definition, and
this is compatible with the classical notion of G-matrix mutation due to the fact that all
c-vectors in this paper are sign-coherent (c.f. [19, [10]). Finally, the fact that (—=7)~! is
(self-)invertible and all other squares of both cubes commute imply that the rightmost
squares of both cubes commute. Thus the front and back cubes commute, as required.
We now turn our attention to the central cube of Figure Namely, the following.

( T) —1
012(2n) Glz (2n)

WV Ten ¥

CA N GA

i Hik]
Hik)
(T
d_ CI{IQ(QH) ;_ GZ[Q(QH)
F F
:A\/ (_T)fl :A/
CA GA
(_T)fl
CIQ(2TL) L th2(2n)

Hk]

C

FIGURE 6.1. The relationship between the different notions of C- and
G-matrices for foldings onto I5(2n) can be described by the above commu-
tative diagram, which forms a tesseract. Arrows have been given different
colours for clarity, where two arrows (and their corresponding operations)
pointing in the same ‘dimension’ have the same colour. Notation is derived

from Remark [6.4](e), Section [6.2] and Definition [6.10
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The left square commutes by Corollary [6.121 The front/back squares again follow by
definition. If in addition to this, the top and bottom squares commute, then the right
square commutes due to the fact that (—7)~! is self-inverse. Thus this is the next step
of the proof.

Note that for an arbitrary exchange matrix over a ring R (and indexed over a set J)
whose C-matrices are sign-coherent, it follows that for each ¢ € T, the determinant of
C; is |Cy| = £1. This follows from the fact that Cy, is the identity matrix, and that
C-matrix mutation involves changing the sign of a column and/or (when sign-coherence
is satisfied) adding a multiple of one column to another — an operation that preserves
determinant up to sign. Now write

0)lo] o

Gl _ ( g }) and O — (C[o 0 Q[om]) _ (pi('f’[om) /)A(T[O][l})).

I
o) €y Cujo) Chypy P> () % ()
Since the blocks of C:'tA commute and the determinant of all C-matrices is &1, a simple
computation shows that we have

Ghen _ 4 ( Ay —ﬁum) and GO+ ( P2 (rp) PAA(_THHOJ))
—Clojy Cojjo] p=(=rny)  p° (roo)-

DL 0L

From this, we can see that dza ((:}’tA) = étA, as required. Thus, the top and bottom
squares commute, and hence, the entire central cube commutes.
Next comes the left and right cubes of Figure

P=i(—)P

n = n = n P(_)P_l n
) Cvtl2(2 ) - Ct12(2 ) GI2(2 ) , Gt12(2 )
F/ *"AA(_)GA :FA\/ FA\/t “' FA/\
Cp ——— Cp
H[k] H[k]
Hk] Hk)
HIK] HK]
Hik) PP ") N L "
Cvtll2(2 ). - CI2 (2 Gi{?@ ) N thl2(2 )
CA /dFA A‘/dFA A ‘/ld G \/‘dgA
/ / / +—)
" ases G Gi A% (-0

The commutativity of the left cube is a consequence of Corollary and the relation
() in its proof. For the right cube, we have already proven that the left, front and back
faces commute. The proof of the commutativity of the top and bottom faces of the right
cube follows a similar argument to the proof of Corollary [6.12(b). Namely, we note that

- 1 or _ 1 ,
di.(AAGRER) =+ gﬂOp A< o) <) ( S[o)fljo])
o’ (spyrioi) am? 2 (spyro)0)

72 (sj01) ~ —a2>(sj01) ~
I G e G )

2 (sp1)) ~ UA(S[I])AA

oy ¢ AO“[O][H) =) To][0])

3A 1][1 —C [1][0]
5[1 —Clojiy Cojjo]

+
~A
= (O (S[O]) 3AO )) dja(GR) P!

(0 i)
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where each sp; is as in the proof of Corollary E.I2(b). But then 52 (s;) = <([i]) for both
i € {0,1}, and hence the leftmost matrix in the above product is precisely the rescaling
matrix P. Thus, the top and bottom squares commute. Since A®(—)©42 and P(—)P~*
are invertible, the right face of the right cube is also commutative, as required. Thus, we
have just shown that both the left and right cubes commute.

The last thing to check are the top and bottom cubes. But for both of these remaining
cubes, we have proved the commutativity of all but the topmost and bottommost faces
respectively. Since all maps have an inverse, these squares are also commutative. Hence
the entire tesseract of Figure is commutative. O

Using Theorem and the results of [3, 20], one can obtain g-vectors of I5(2n)
directly from the semiring action on the cluster category Ca of Q*. Let P C Ca be
the full subcategory whose objects are the classes that correspond to the complexes of
projective objects of mod KQ* concentrated in degree 0. Then for any object X € Ca,
we know from [14] that there exists a triangle

P—>P—>X—>YXP

with P, P’ € P. In our setting, we are particularly interested in objects of Ca that reside
in rows of the Auslander-Reiten quiver with weight 1. That is, rows that contain an
object corresponding to an indecomposable projective P(i) with (i) = ¢(F2(i)). Given
a choice of indecomposable objects Py & P(ig) and P, = P(i1) in P with F2(i;) = [j] and
k(i;) = s([s]), and given an indecomposable object X € Ca in a row of the Auslander-
Reiten quiver with weight 1, we have a triangle

7"6P0@T1P1—>7“0P0@T1P1—)X—)Z(T{)P()@Tipl)
for some 1o, 1), 71,74 € X5

Definition 6.16. Let X € Ca be an indecomposable object in a row of the Auslander-
Reiten quiver with weight 1. We call the vector

g% = (0%(r —11),0%(r0 — 1))
the folded g-vector of X with respect to Py, P, € P, where Py, Py, 1o, 1, 1 and 7] are as
above.

An immediate consequence of Theorem [6.15 and known results on the categorification
of g-vectors (c.f. [3,120]) is the following.

Corollary 6.17. Let X be the collection of all indecomposable objects of Ca that reside
in rows of the Auslander-Reiten quiver with weight 1.
(a) The folded g-vectors of the objects in X are precisely the g-vectors of Q2.
(b) Basic Xﬁ—tz’ltz’ng objects (with respect to a basic, G-minimal set of Xﬁ—genemtom
') correspond to G-matrices of Q2™ . In particular, let T = Yy @ Y] be basic
Xﬁ—tiltz’ng with respect to I' such that Y; resides in a row that corresponds to

1) € QIQ(Q"). Then we have the following.
0
(i) If Xo, X1 € X are respectively x5 -generated by Yy and Yy, then

GX1Xo — (gXI’gXO)

is a G-matriz of Q2™
(ii) Let TV = Y, @ Y{ be given by changing complement and let X! € X be an
object Xﬁ—genemted by Y{. Then the G-matriz

GX{,XO — (gXi’gXo)
is obtained by mutating GX1X0 with respect to the index [0] € Q2.
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(iii) Let T©) = Y] @ Y; be given by changing complement and let X)) € X be an
object Xﬁ—genemted by Yy. Then the G-matriz

GXLX(/) — (glegX(/))
is obtained by mutating GX1X0 with respect to the index [1] € Q2.

APPENDIX A. WORKED EXAMPLES

Many of the constructions in this paper are combinatorial and seemingly technical in
nature. However, it is not too difficult to construct examples of how the theory works
in practice. We will show two examples: One example highlights the theory for foldings
of type A and the other will highlight the theory for foldings of type D. The three
exceptional foldings of type E work along a similar principle to the other two examples.

A.1. The folding F*7. Consider the example given by F47: Q47 — Q2®) . We already
have an example of the projection maps 5£A7 with A = mod KQ*7 or A = D*(mod KQ*7)
with FigureBl From the figure, it is straightforward to see the implications of Theorem B.5]
and Corollaries B0 and B7l In particular, we have 07, (0%) = (1,0) and 074, (1F) =
(0,1), where the vectors are given with respect to the standard root system of I5(2n).
We will thus focus on the impact of Sections on this example.

The category A has an action of Xf = Z>o[t2, 4, s]. Here, the element 14 represents
the Zy-symmetry on the quiver, and thus, 1y = ¥910s. The isomorphism condition ([AT])

in Section .1l shows that the Auslander-Reiten sequence/triangle
205 02 50t -

maps to sequences/triangles that are isomorphic to the following Auslander-Reiten se-
quences/triangles under the following actions.

) + o+ o- + ot + o-—

v e
— — + _ — — —

Yy Y ST e 527

e : = S0 =

The middle term in the first sequence reflects the relation 91 = ¥ + 3 € 5(\17 and
the middle term in the second sequence reflects the relation ¥4 = 13 + 5 € 5&7. One
also notes from this that the original Auslander-Reiten sequence ends in an object whose
FA7_projected dimension vector is of length 1, and that under the action of ;, this maps
to an Auslander-Reiten sequence ending in an object whose F47-projected dimension
vector is of length 57(¢);). Similarly, the Auslander-Reiten sequence/triangle
R L A

maps to sequences/triangles that are isomorphic to the following direct sums of Auslander-
Reiten sequences/triangles under the following actions.

. ot o- ot 2t 2- 0— ot ot ot o- ot 2t 2— 0- 2— 2t ot ot o+ o-
Y 1+ 3 © 1+ 3 1~ _>(1+€B 1+ 3 )EB( 1t 3 © 1- 3 )_> 1+ SER

a2y e O_1—2_32J1+0Jr - (%: D 0_1—2_32+) D (0_1—2_32+ .2 0+1+2+32_) -2 e e
Pgr (T L @0 2 5 0

This highlights multiple relations at play simultaneously. For example, we have the
relations Yo (1 + 10g) = 14 290y + 10y and ¥4(1 + 1) = 1o + 29h4 + 16 reflecting the action
on the objects of the middle terms of the first two sequences. Moreover, we have the
relations 910 = 11 + 13 and Yy1h; = 13 + 15 reflecting the action on the starting/ending

terms of the first two sequences.
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The action on the Auslander-Reiten translate of the above sequences is given in the
natural way by the fact that the action of r & Xf commutes with 7. A key upshot of
this is that every Auslander-Reiten sequence in A can be labelled by an element 1); € )?f
determined by the starting or ending term (which in turn, can be determined by the row
in the Auslander-Reiten quiver that the starting/ending object resides in). If ;1 =
Zkevj .Y for some index set Vj;, then ¢; maps an Auslander-Reiten sequence labelled
by 1; to a sequence that is isomorphic to a direct sum of Auslander-Reiten sequences
labelled by the summands 1, (whose ending terms all reside in the same column).

To showcase the theory of Xf—generators on categories, we will focus on mod K Q4.
Consider the sets

— foE 2+ 27 oF _ [0F 2% o+ oF  2F 0F 1F
FOi_{OaliagaliF} and Pli_{ 1= » 1£ 3 ) 3 1F 7]-}

By Theorem [A.7|(a), any set Lgs 1 = Tos UT'w is a basic, 7-closed, Zy-minimal set of
Xf—generators of mod KQ47, where s,s’ € {+,—}. Note that the elements of Ly 1o
bijectively correspond to the columns of the Auslander-Reiten quiver, which in turn,
bijectively correspond to the positive roots of I5(8) (this is Corollary .8). The object
27,27 for example, is Xf—generated by the object 0+1+2+ with y47-index 1, — 1, or
equivalently, with the x%7-generating pair (15, 1) (this is Definition EE3). That is, we
have an isomorphism of split exact sequences

0—— 0+1+2+ —f>1p2 (0+1+2+) — Coker f —=0

+ ot + ot + 9- + 90—
ot 2 At gty L2

0 1+ 1

By Remark B9, the Grothendieck group Ky(mod KQ#7) has the structure of a y47-
module of rank 2, whose x“7-basis can (for example) be given by {[0F], [1*]}.

By Section Bl the action of Xf naturally extends to the cluster category C4,. We will
choose our basic, Zy set of Xf—generators of Cy4, to be

D= {E.0% 3 IR O, A )

With respect to I, the object 9 is almost complete x4 "-tilting with complements -
and 1. Note that these complements reside in adjacent columns of the Auslander-Reiten
quiver to (1): , as per Theorem (5.2l Thus for example, the object T' = (1): @1~ is basic Xf—
tilting with respect to I', and the act of changing complement corresponds to mutating
the folded quiver I5(8) at a vertex. Note also that by Theorem (5.2l T corresponds to a
cluster-tilting object

T=(Ce 2,0, 0% el a3al?)

and mutation/changing complement in 7" corresponds to composite mutation /iteratively
changing complement for each object in a bracket in T

Now we shall compute the folded g-vectors in Cy,, as per Definition [6.16l The set I'
consists of all objects in rows of weight 1 (up to the group action of 1), so we will focus
on computing the folded g-vectors of these objects — it is not difficult to check that
the folded g-vectors ¢ and g% are in fact the same. We will compute the g-vectors
with respect to the projectives 9~ and 17. We thus have the following triangles and
corresponding folded g-vectors, where for readability purposes, we have denoted the zero
object by 0 and the identity element 1 € Xf by 1 (or omitted it completely if the action
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on an object is trivial).

0—-1" =1 =0 ~ gt =(1,0),
o
0—9 =" =0 ~ g1~ =(0,1),
_ _ _ o _ 2= 0~
= (o +12) )" — 20 = X1 g3l = (= 12+\/_)
1’—>z/;2?:—>23’—>21* ~s g§:(11+\/_)
_ _ 2t 92—
1/121_—><1P2+1/14)?,—> 1322 — Yl s g1t3 =(=1-— \/_2+2\/_)
2+
Yol ™ = 17 @0 = 2 = Thpl™ gt = (=v2,1+V?2),
_ 0t 2+
Yal™ = (P +16) 07 = 2T 5 TYlT e g 1T = (—1- V2,24 V2),
Yel™ = 67 = 07 = Tyigl™ 9" =(-1,1),
Im"=0—=31" =317~ gt = (~1,0),
0~
005030 520~ g1 = (0,—1).

In the above, we have used the fact that 047 (vs) = 047(1hy) = Us(cos T) = 1 + V2 and
o7 (g) = 047(1g) = 1. As per Corollary 617, these are g-vectors of the standard root
system of type I5(8), and for each basic Xf—tilting object T' = Xy & X, we obtain a
G-matrix of I5(8) by GX1:%0 = (g1 ¢%0). For example, the Xﬁ -tilting object Y~ @ 1~
corresponds to the initial G-matrix. Using Theorem [6.15, we can mutate the initial

G-matrix G 1~ at index 0] to obtain

10 (-1t 10 Gl_,?:
01 01 T
|
|
v

T
I“[O] | H[0]

Y
1 24+V2\D/ -1 0 2- 07 0”
(0 1 )%)<2+f1 =—G31 1

which corresponds to changing complement, as required.

A.2. The folding F”5. Inevitably, combinatorics in the setting of foldings of type D is
more complicated than in the setting of type A. Since F'P5 is also a folding onto Q'2(®),
we will focus on the aspects of the theory that differ from the type A; setting. To further
simplify things, most of this example will concern the category A = mod KQP5, as the
theory for D’(mod K QP?) is a straightforward extension of this. The non-crystallographic
projection of A is illustrated in Figure[A. DIl We remind the reader that whilst the positive
simple roots are of length 2 and 4 cos § respectively (under the standard basis of R?), the
positive simple roots are written as (1,0) and (0,1) with respect to the standard root
system of I5(8).

The category A has an action of X% = Zso[ty , 5,15, where we will also write
1 =14 € X% for clarity. Here, the element 1), represents the Z,-symmetry on the
quiver. Similar to the theory for type A, we can label the Auslander-Reiten sequences
by elements of X X ° and this label is determined by the row that the starting/ending
term resides in. In particular, we can assign an Auslander-Reiten sequence a label of
U + b (for i € {0,1,2}) if the starting/ending term resides in the row T, and a
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+ 2 02 2
3 13~ 13t 3~

S WANVENAN

2 0 2 2 02 2 9
133~ 13t37 1 13t 3~
/ N\ /! N /! N\ /!
1 0 2 2 2 02
13+3~ 13t 3~ 1

N\ / N /! N / N

o

[\

=N
s}

1 3t 3~

FIGURE A.1. The folding FP5: Q5 — @'2®). Top: The Auslander-Reiten
quiver of mod KQP?. Bottom: The non-crystallographic projection of the
Auslander-Reiten quiver under the map 5?33 KQDS, with irreducible mor-
phisms superimposed. The radius of each half-octagon (from the centre

outwards) is 2, Us(cos 5 ), 2U;(cos §) and 2Us(cos g).

label of ¢ if the starting/ending term resides in the row Iéi. The action of an element
r e st on an Auslander-Reiten sequence labelled by s € st is then such that the
sequence is mapped to an exact sequence isomorphic to a direct sum of Auslander-Reiten
sequences whose labels are determined from the product rs. That is, we can write
rs = Z?:o a;(¥i 4+ ;) + as+1by + az-1)5 , and thus the resulting sequence is isomorphic
to a direct sum of a; Auslander-Reiten sequences labelled by ;" 4+, and az+ Auslander-
Reiten sequences labelled by w;f (all in the same column). Likewise, we can also label
individual indecomposable objects by elements of 5{25, which is determined by the row

® on an object will also always respect

the object resides in (as before). The action of x”
this labelling (column-wise).

To demonstrate this, consider the Auslander-Reiten sequences

0—-2—-592-50->0 (S0)

0— %2 218257 =% =0 (S1)
0 %7, %20 2 &2 —2-0 (S2)
0— %% — Y22, — 4 =0 (S3p)
0— %% —» Y22, — 2 =0 (S3m)

where for clarity, we have denoted the zero object by 0 to distinguish it from the simple
module 0. The above Auslander-Reiten sequences (and the starting and ending terms
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may be labelled by ¢ + 1y, ¥ +¥1, ¥y + 1y, 5 and 15, respectively. The objects
in the middle terms of each sequence therefore have labels 1" + 7, ¥d + 1y + s + 15,
O+ + 5+, ¢ by and ¢F + ¢y, respectively.

The action of 1) on the Auslander-Reiten sequence (S0) is a map to (a sequence
isomorphic to) the Auslander-Reiten sequence (S2)). This reflects the product 3 (1d +
Vo) = ¥y + 15 for the sequence itself, and simultaneously, the product 3 (¢ + 1) =
Y 4+ Yy 4+ 5 + b for the middle term. The action of ¢35 on (S2), or equivalently the
action of (¢¥3)% = 1bg + b5 + by on (80), is such that we obtain a sequence isomorphic
to (80) & (S2) @ (S2). Both of these examples showcase isomorphism condition (DII).

Another example is the action of 1), , which representing Z,-symmetry, maps to
(S3ml) and vice versa. On the other hand the action of 1), on any other sequence in the
list is trivial (up to isomorphism).

Finally, one needs to be careful of complicated sign changes with some of the products
in 5{25. The effect of this is highlighted in isomorphism condition (D2]). For example,

Stbs = + 7 + 5. Thus, the action of 15 on ([S3p) is such that we obtain (SI)) @
(S3m).

Now we define the following three sets.
F0:{07%73+23—7?} and F:l::{g%F ) 0123i7 1233F73i}

Theorem [4.7(c) then states that the sets I'g UT'1 are pairwise equivalent, basic, T-closed,
Zo-minimal sets of X%—generators of A. Extending this to the cluster category Cp,, we
obtain similar sets of basic, Zs-minimal X%—generators

_{Z 71,3+23 71}U{Z3ia 32¥>013i’ 13¥’3i}

An example of a basic Xf -tilting object with respect to I'" is therefore T @ 0123+ and
the corresponding basic y~ °-tilting object with respect to I'" is ? @ 01 4 - The theory
does not depend on which set we choose, as long as we are consistent with our choice.

Similar to the situation in type A, we can compute the g-vectors of I5(8) from the
category Cp,. However this time, our choice of objects in the resolution do not always
belong to a set of X%—generators of Cp,. For example, the row containing 3* does not
have the correct weight, so we must instead choose the object 1. We therefore have the
following triangles and corresponding folded g-vectors.

0—>1—-1—-0 ~ g 1,0),
0,1),

1,2 +V2),

0-9—=>9—>0 ~ gl =

— (¢;+¢;)(1] — 01§+3* — 21 ~ g 13%37

(
(
(=
L=oyf ) = 32 =51~ g3t =(-1,1+V2),
Yol = (g +105) 9 = %85 = Xl ~ g123+23*:( 12,2+ 2v2),
Uil =189 = 3 5 SYfl g1 = (V2,1 +2),
Uil = (U +98)9 = 02 = Tyl - g% = (-1 - V2,24 V2),
1-9—>0—-31 ~ ¢ =(-1,1),
120231 —=%1 ~ gt = (~1,0),
{502 =>3%0 g21:(0,_1)_

As we can see, these are identical to the folded g-vectors computed before.



42

1]

[6]

DREW DAMIEN DUFFIELD AND PAVEL TUMARKIN

REFERENCES

A. B. Buan and B. R. Marsh. Cluster-tilting theory. In Trends in representation theory of algebras
and related topics, volume 406 of Contemp. Math., pages 1-30. Amer. Math. Soc., Providence, RI,
2006.

A. B. Buan, B. R. Marsh, M. Reineke, I. Reiten, and G. Todorov. Tilting theory and cluster
combinatorics. Adv. Math., 204(2):572-618, 2006.

R. Dehy and B. Keller. On the combinatorics of rigid objects in 2-Calabi-Yau categories. Int. Math.
Res. Not. IMRN, (11):Art. ID rnn029, 17, 2008.

V. V. Deodhar. On the root system of a Coxeter group. Comm. Algebra, 10(6):611-630, 1982.

H. Derksen, J. Weyman, and A. Zelevinsky. Quivers with potentials and their representations II:
applications to cluster algebras. J. Amer. Math. Soc., 23(3):749-790, 2010.

V. Dlab and C. M. Ringel. On algebras of finite representation type. Department of Mathematics,
Carleton Univ., Ottawa, Ont., 1973. Carleton Mathematical Lecture Notes, No. 2.

D. D. Duffield and P. Tumarkin. Categorification of non-integer quivers: Types Hy, Hs and Iz(2n +
1), 2022, arXiv:2204.12752.

A. Felikson, M. Shapiro, and P. Tumarkin. Cluster algebras and triangulated orbifolds. Adv. Math.,
231(5):2953-3002, 2012.

A. Felikson, M. Shapiro, and P. Tumarkin. Cluster algebras of finite mutation type via unfoldings.
Int. Math. Res. Not. IMRN, (8):1768-1804, 2012.

S. Fomin and A. Zelevinsky. Cluster algebras. IV. Coeflicients. Compos. Math., 143(1):112-164,
2007.

P. Gabriel. Unzerlegbare Darstellungen. I. Manuscripta Math., 6:71-103; correction, ibid. 6 (1972),
309, 1972.

E. Heng. Coxeter quiver representations in fusion categories and Gabriel’s theorem, 2023,
arXiv:2302.01866.

B. Keller. On triangulated orbit categories. Doc. Math., 10:551-581, 2005.

B. Keller and I. Reiten. Cluster-tilted algebras are Gorenstein and stably Calabi-Yau. Adv. Math.,
211(1):123-151, 2007.

G. Lusztig. Some examples of square integrable representations of semisimple p-adic groups. Trans.
Amer. Math. Soc., 277(2):623-653, 1983.

R. V. Moody and J. Patera. Quasicrystals and icosians. J. Phys. A, 26(12):2829-2853, 1993.

B. Miihlherr. Coxeter groups in Coxeter groups. In Finite geometry and combinatorics (Deinze,
1992), volume 191 of London Math. Soc. Lecture Note Ser., pages 277-287. Cambridge Univ. Press,
Cambridge, 1993.

K. Nagao. Donaldson-Thomas theory and cluster algebras. Duke Math. J., 162(7):1313-1367, 2013.
T. Nakanishi and A. Zelevinsky. On tropical dualities in cluster algebras. 565:217-226, 2012.

P.-G. Plamondon. Cluster algebras via cluster categories with infinite-dimensional morphism spaces.
Compos. Math., 147(6):1921-1954, 2011.

N. Reading. Universal geometric cluster algebras. Math. Z., 277(1-2):499-547, 2014.

O. P. Shcherbak. Wave fronts and reflection groups. Uspekhi Mat. Nauk, 43(3(261)):125-160, 271,
272, 1988.



	1. Introduction and main results
	2. Preliminaries
	3. The folding projections of the module and bounded derived categories
	4. The semiring actions on the module and bounded derived categories
	5. Cluster-R+-tilting theory for foldings onto I2(2n)
	6. The c- and g-vectors of exchange matrices of type I2(2n)
	Appendix A. Worked examples
	References

