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Chern dartboard insulator: sub-Brillouin zone topology and skyrmion multipoles
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Topology plays a crucial role in many physical systems, leading to interesting states at the surface. The
paradigmatic example is the Chern number defined in the Brillouin zone that leads to the robust gapless edge
states. Here we introduce the reduced Chern number, defined in subregions of the Brillouin zone (BZ), and
construct a family of Chern dartboard insulators (CDIs) with quantized reduced Chern numbers in the sub-BZ
(sBZ) but with trivial bulk topology. CDIs are protected by mirror symmetries and exhibit distinct pseudospin
textures, including (anti)skyrmions, inside the sBZ. These CDIs host exotic gapless edge states, such as Mobius
fermions and midgap corner states, and can be realized in photonic crystals. Our work opens up new possibilities
for exploring sBZ topology and nontrivial surface responses in topological systems.

INTRODUCTION

Chern insulators are classic examples of non-interacting
systems with nontrivial bulk topology', in which the quan-
tized Hall conductivity observed in transport experiments is
related to the first Chern number defined in the Brillouin
zone (BZ)?>. The associated quantum anomalous Hall effect
has also been observed > along with robust gapless edge
states*>%, In this work, we show that the nontrivial topology
can appear locally in the BZ, even when the global topology
is trivial. The idea relies on the concept of sub-Brillouin zone
(sBZ) topology where the topological invariant is defined in
a fraction of the BZ. We introduce a family of delicate topo-
logical systems'®!'!, termed as the Chern dartboard insula-
tors (CDIs), which exhibit the nontrivial sSBZ topology. The
n-th order Chern dartboard insulators, CDI,, for short, have
quantized first Chern numbers inside 1/2n of the BZ. These
reduced Chern numbers are protected by n mirror symme-
tries (Fig. 1a). These systems cannot be captured by the theo-
ries of tenfold way'>!?, symmetric indicators'*"'® or topolog-
ical quantum chemistry'”'8. In addition, all the CDIs exhibit
multicellular and even noncompact topology'®!'19  ie., the
Wannier functions cannot be entirely localized to d-functions
due to the reduced Chern numbers. Similar to the returning
Thouless pump (RTP) insulators, all the CDIs can be captured
by the quantized Berry phases along the high-symmetry lines
(HSLs), and the topology can be trivialized by adding trivial
atomic bands into either the occupied or unoccupied space.

Interestingly, for the two-band CDIs, skyrmion multipoles
appear as a manifestation of the sBZ topology in the BZs.
Contrary to Chern insulators that exhibit meron-antimeron
pairs, the BZs of CDIs consist of HSLs which pin the pseu-
dospins in the same direction. The (anti)skyrmions live in the
sBZs bounded by the HSLs, thereby exhibiting the multipole
structures (Fig. 2). The total number of (anti)skyrmions in the
sBZ indeed corresponds to the reduced Chern number.

Here we observe that with the sBZ topology, all the CDIs
host gapless edge states, even with Mobius fermions and
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midgap corner states in certain cases. However, contrary to
Chern insulators, by including weak disorders (compared to
the bulk gap) that obey mirror symmetries, one can in gen-
eral gap out the edge states. In this sense, the edge (corner)
states are as robust as the two-dimensional (2D) weak TIs or
the multipole-moment insulators protected by crystalline sym-
metries?*?3. Nevertheless, under the sharp boundary condi-
tion, the gapless edge states can be protected at certain high-
symmetry edges.

ANALYSES AND RESULTS

Theory. We aim at finding the possible topology protected
by n mirror symmetries Mj, Mo, ..., M,,. These symmetries
divide the BZ into the irreducible BZs, which become the fun-
damental domain to define the topology. A possible realiza-
tion is to consider the systems with the same mirror symmetry
representation My, ... M, =0, ® 1,

M;H(E)M;' = H(R;k), (1)

where o, and [ are the Pauli and identity matrix, and R; rep-
resent the mirror reflections in the k space. Here, the basis
orbitals are chosen such that the mirror symmetry representa-
tion is diagonal. Therefore, the projection matrix onto the oc-
cupied space at the HSLs is in a block diagonal form. Notice
that the system also has C),, symmetry with trivial representa-
tion C,, = I.

Next, we consider the models in which all the occupied
states at the HSLs have the same mirror representations. The
blocks in the projection matrix are thus composed of zero and
identity matrices, which correspond to the unoccupied and oc-
cupied space, respectively. Up to a k-dependent U(1) phase,
the HSLs are mapped to a point in the Hilbert space, and
each sBZ enclosed by the HSLs is topologically equivalent
to a compact manifold. The first Chern number is thus well-
defined in the irreducible BZ,
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where F, is the non-Abelian Berry curvature, and C,, is the
reduced Chern number of the n-th order CDIs.






related to the existence of skyrmions.

Higher-order CDIs, on the other hand, are quite different
from the CDI;s as they cannot be captured by the RTP in-
variant. In particular, the symmetry representations of the
valence bands (or the conduction bands) at all the HSLs are
exactly the same as the symmetry representation of one of
the basis orbitals. Figures 2c, 2d and 2e plot the peudospin
textures of the two-band higher-order CDIs. All these cases
have blue-centered skyrmions or antiskyrmions inside the ir-
reducible BZs, which lead to the nontrivial reduced Chern
number C,, = 1. Finally, we note that there are two types
of CDI;3s with different configurations of the irreducible BZs.
Here we plot Type I CDIj3 that corresponds to the configura-
tion in Fig. la.

By inspecting the symmetry representations at the HSLs
alone, one cannot detect the CDIs. However, the CDIs still
have different band representations from the ones with J-like
Wannier functions, since the homotopic inequivalence occurs
from the quantized reduced Chern number. Moreover, the
n = 2,4,6 CDIs are noncompact atomic insulators, where
the orthonormal Wannier functions cannot be strictly local and
compact!®. Note that these models are quite different from the
cases studied in Ref.'?, where the noncompactness arises from
the obstruction of the lattices that leads to obstructed atomic
insulators. Here, the CDIs are not obstructed and the noncom-
pactness arises due to the multicellularity.

Gapless edge states. Similar to the Chern insulators, the
appearance of gapless edge states in CDIs can be explained
by the domain walls, with the exception of Type I CDI;s. The
domain walls arise because of the band inversions inside the
irreducible BZs. For Type I CDlIjss, there are no isolated band-
inversion points and the gapless edge states only exist in the
directions perpendicular to the HSLs. For other CDIs, there
must exist isolated band-inversion points inside the irreducible
BZ, owing to the quantized reduced Chern number C,,. Inside
the irreducible BZ, the topology shares similar behavior with
regular Chern insulators. If one tries to close the gap by cre-
ating massive Dirac cones at the band-inversion points, the
minimal low-energy Dirac Hamiltonian with mirror symme-
try representation o, ® I can be expressed as

H(k,r) =k,I'y+ k,Ly +m(r)o. @1, %)

where the three matrices I';,I'y, 0, ® I anticommute with
each other, and m(r) is a position-dependent mass term. Since
m(r) < 0 inside the bulk, the gapless edge states appear as
the domain walls between the bulk and the vacuum in which
m(r) > 0%. In the two-band models, the band-inversion
points are exactly associated with the skyrmion centers in
Fig. 2.

It is worth emphasizing that there is a fundamental differ-
ence between the Chern insulators and the CDIs. In a Chern
insulator with C = 1, we have only one band-inversion point
inside the BZ. Thus, the chiral gapless edge states appear due
to the domain walls between the bulk and the vacuum. How-
ever, for CDIs with C,, = 1, we have 2n band-inversion points
with opposite signs of reduced Chern number inside the BZ
under mirror symmetries. It follows that the edges host n
gapless edge states with positive chirality and n gapless edge
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FIG. 3. Edge states of Chern dartboard insulators. The nanorib-
bon band structures are shown in all subfigures. The doubly degen-
erate edge states localized separately at the two opposite edges are
highlighted by red color. @ Type I and II CDI;s with edges along
the y-direction in the flat-band limit. The edge states localized at
the left (right) edge are denoted by blue (black) color. b Type II
CDI; with edges along the x-direction in the flat-band limit. ¢ CDI»
with edges along the z-direction. d CDI4 with edges along the z-
direction. e CDI3 with edges along the y-direction, which corre-
spond to the zigzag edges. The edge states localized at the left (right)
edge are denoted by blue (black) color. f CDI3 with edges along the
z-direction, which correspond to the flat edges.

states with negative chirality near ¥ = 0, regardless of the
edge terminations. The bulk-boundary correspondence for all
the CDIs, except for Type I CDI;, can be written as,

Nt =N, =nC, ©)

where N is the minimal number of gapless edge states with
positive (negative) chirality near £ = 0. Here, we emphasize
again that this picture only works in the low-energy region.
One can expect that the gapless edge states with positive and
negative chiralities may rejoin at high energy such that they
are disconnected from the bulk bands. In this sense, the gap-
less edge states in the CDIs are as robust as the delicate TIs.
In Fig. 3, we plot the nanoribbon band structures for all the
CDIs. It is easy to observe that the bulk-boundary correspon-
dence Eq. (0) is satisfied. Finally, the edge states in Fig. 3c,
Fig. 3d and Fig. 3f are doubly degenerate because of mirror
symmetry that relates the two boundaries.
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FIG. 4. Midgap corner states in Type I n = 1 Chern dartboard
insulator. a The nanoflake energy spectrum. b The probability dis-
tribution of the two corner states. In the flat-band limit, the left and
right corners of the nanoflake also host midgap corner states, but
they are not robust. To explicitly show it, we set m = 0.2 and add
the nearest-neighbor coupling 0.3 cos ko to Eq. (3).

Midgap Corner States. By cutting the edges in the (1,1)
and (1,-1) directions of Type I CDI;, we obtain two protected
midgap corner states with quantized 1/2 charges. Notice that
the unit cell is preserved, and the upper and lower corners have
two atoms instead of one atom. Contrary to the 2D weak TIs
where there are plenties of midgap edge states, Type I CDIy
host two protected midgap corner states at the upper and lower
corners (Fig. 4). This is similar to the midgap corner states in
the model with a quantized polarization®®, where the corner
states appear at the corners that correspond to the direction of
polarization. Therefore, Type I CDI; also serves as the sim-
plest two-band models with protected midgap corner states.

Mbobius Fermions. Interestingly, the edge states parallel
to the z-axis in Type II CDI; show even more striking phe-
nomenon. We expect that there are two chiral gapless edge
states with opposite chirality near £ = 0, regardless of the
edge terminations due to the band inversions inside the irre-
ducible BZ. In the flat-band limit, the edge Hamiltonian de-
scribes the phase transition point of the four-band SSH model,
and the edge states form the Mbius fermions (Fig. 3b). The
energy of the two edge states are Ey(k,) = sin(k,/2) and
E5(k,) = —sin(k,/2). Clearly, they show the Mobius twist:
the energies are only periodic in k, € [0, 4], and a single
edge Dirac cone appears at k, = 0. Since the edge Dirac
cone is protected by the quantized reduced Chern number, the
Dirac cone cannot disappear although the position can shift
from k, = 0. The e**+/2 dependence is also clearly shown
in the edge states (see Supplementary Note 2 for details). In
addition to Type II CDI;, the M&bius fermions also appear in
both types of CDI3s (Fig. 3f). Finally, we note that the Mobius
fermions can only appear with odd numbers of Dirac cones in
the CDIs.

DISCUSSIONS

We introduce a novel concept of sBZ topology that man-
ifests itself in different classes of CDIs. CDIs host gapless
edge states in general and can even develop nontrivial Mobius
fermions or midgap corner states in certain cases. Although
here we only consider specific examples of the sBZ topology,
one can easily generalize the same argument to systems in
higher dimensions or with different symmetries/constraints.
The sBZ topology thus opens a fertile area for new topological
systems with nontrivial surface responses. The different phys-
ical properties from the global topology make the realization
and classification of the sBZ topology a new frontier of re-
search in topological materials. Thanks to the recent advances
in detecting local Berry curvature in various systems®*3!, and
in realizing topological phases in nanophotonic silicon ring
resonators>2, the realization and observation of CDIs and their
exotic edge states is expected in the near future.

METHODS

Conventions and definitions. With translational symmetry, the
second quantized tight-binding Hamiltonian can be written into the
Bloch form,

H=Y dl, [H(K)], )k (7
k

where

1 ik-R
by %e iR (®)
is the electron annihilation operator. Here, 7 = 1, ..., 2N labels the
basis orbitals and spins, R labels the unit cell position, and [V is the
total number of the unit cells. We use the convention that the Bloch
Hamiltonian H (k) is periodic under a translation of a reciprocal lat-
tice vector G:

H(k)=Hk+ G). ©)
The intra-cell eigenstates are defined by:
H(k)|u' (k) = E'(k)|u' (K)), (10)

where [ = 1,..., 2N are the band indices and E'(k) is the eigenen-
ergy. Note that one can generically choose a smooth and periodic
gauge for the eigenstates of CDIs since the total Chern number is
zero. Considering the half-filling band insulators, the intra-cell states
can be decomposed into the valence states |ul,) and the conduc-
tion states \ulc) where | = 1,...,N. The Bloch state is given by
[0 (k) = e Blul (k).

The non-Abelian Berry connection for the valence bands is de-
fined as:

Apn (k) = i{uy (K)| V| (k)), (1n
and the non-Abelian Berry curvature in two dimensions is:
Fzy,lm = 8;L’Ay,l'm - 8y141,l'm - Z[Aﬂu Ay} Im* (12)

Skyrmion number. The topology of two-band CDIs can be vi-
sualized using the psudospin textures. We first expand the Bloch
Hamiltonian into the Pauli matrices:

H(k) = Z di(k)os, (13)



where o; with ¢ = x, y, z are the Pauli matrices. The reduced Chern
number can be defined as the degree of the map from the irreducible
BZ to S
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where n(k) = d(k)/|d(k)| are the unit vectors that define the space
of S2. The reduced Chern number measures how many times the
irreducible BZ wraps around S2.

The peudospin textures of CDIs are plotted in Fig. 2. The first
Chern number can be calculated as the sum of the indices around
either ng = (0,0,1) or ng = (0,0, —1) inside the BZ, with a sign
difference®. Note that this choice is just for convenience as one can
easily do an arbitrary unitary transformation. The reduced Chern
number is

Co=>_5i (15)

where \S; is the index around the south pole ng = (0,0, —1) with
the blue center in the plot, and ¢ denotes the different skyrmions in-
side the BZ. Since the irreducible BZ is a two-dimensional manifold,
the indices can be calculated simply as the winding numbers of the
vectors around the south pole. Notice that the Poincaré—Hopf theo-
rem constrains the total indices including those around the north pole
no = (0,0, 1) are summed to zero. This is consistent with Eq. (14)
since a nonzero Chern number implies the north pole and the south
pole must be wrapped around nontrivially.

Tight-binding models. Here we list the two-band spinless tight-
binding models used to construct the figures in the main text for
CDIs. The n = 1, 2,4 CDIs are built in the simple square lattice with
primitive lattice vectors a1 = (1,0) and a2 = (0, 1) in the unit of a
lattice constant. The CDI3 is built in the triangular lattice with prim-
itive lattice vectors a1 = (1,0) and a2 = (1/2,+/3/2) in the unit
of a lattice constant. The basis orbitals are all placed on the atoms.
The numerical results of the midgap corner states and the nanoribbon
band structures are performed using the PyryTB package™.

Type I CDI;:

H{ (k)= cos k, sin kyo, + sin ky sin ky o,
+(m + cosky)o, (16)

where m is a parameter. The basis orbital consists of a s orbital and
a py orbital. The Hamiltonian has the mirror symmetry M, = o..
For —1 < m < 1, this model has a quantized reduced Chern number
C1 = 1 inside the upper half BZ, see Fig. 1. The system has a flat-
band limit when m = 0.

Type I CDI;:

H{' (k)= cos k, sin 2k, 0, + sin k, sin k, o,
+(m + cos 2k, — cosk;)o, a7

where m is a parameter. The basis orbital consists of a s orbital and
a py orbital. The Hamiltonian has the mirror symmetry M, = o..
For 0 < m < 2, this model has a quantized reduced Chern number

C1 = 1 inside the upper half BZ, see Fig. 1. The system has a flat-
band limit in the following form:

1
H{'(k)= = (1 + cos k) sin 2k, 0, + sin k, sin kyoy

[(1+ coskz)(cos2ky — 1) + 2]o.. (18)

I

+
CDIQZ

Hy (k) =—sin kg sin 2kyo, + sin 2k, sin kyoy
+(m + cos 2k, + cos 2ky)o-. (19)

where m is a parameter. The basis orbital consists of a s orbital and
a dg, orbital. The Hamiltonian has two mirror symmetries M, =
M,y = o0.. For 0 < m < 2, this model has a quantized reduced
Chern number C2 = 1 inside the upper right quarter of the BZ, see
Fig. 1. We set m = 1.0 for all the figures.

CDI4Z

Hy(k) = (—sin kg sin 4ky + sin 4k, sinky)ox
+(sin 2k, sin 4k, — sin 4k, sin 2ky ) oy
+ [m + cos 2k, + cos 2k, + cos 4k,
+ cos 4k, + 4 cos k; cos ky] 0z, (20)

where m is a parameter. The basis orbital consists of a s orbital
and a second orbital that is odd under four mirror symmetries. The
Hamiltonian has four mirror symmetries My = My, = My4, =
My—y = 0.. For 2 < m < 4, this model has a quantized reduced
Chern number C4 = 1 inside the irreducible BZ, see Fig. 1. We set
m = 3.0 for all the figures.

Type I CDI3:

Hj(k) = [sin gkx sin ?ky — sin 2k, sin v/3k,
3V3

1
+ sin 5]@ sin Tky] O

+ [— CcoSs gkm sin ?ky — cos 2k, sin \/gky

3v/3

+ cos %km sin Tky] oy

6
n {m n Z (eitg(a)»k " %e%tg(a)»k) o @1
a=1

where m is a  parameter and  t2(a) =
v/3[cos(wa/3 — w/6),sin(ra/3 — 7/6)]T.  The basis orbitals
consist of a s orbital and a f,(3,2_,2) orbital. The Hamiltonian has
three mirror symmetries M, = C3M,C; ' = C3M,C5? = o..
The o, term contains the hoppings with range a1 + a2, 2((11 + (12),
and also the ones generated by all the Cg rotations. The o, and
o, terms contain the hoppings with range a1 + 2a2 and the ones
generated by three mirror symmetries. For 0 < m < 4.5, this model
has a quantized reduced Chern number C3 = 1 inside the irreducible
BZ, see Fig. 1. We set m = 2.0 for all the figures.

DATA AVAILABILITY

The data for all the figures are all available by requesting.

REFERENCES



[1] Haldane, F. D. M. Model for a Quantum Hall Effect without
Landau Levels: Condensed-Matter Realization of the “Parity
Anomaly”. Phys. Rev. Lett. 61,2015-2018 (1988).

[2] Qi, X.-L., Wu, Y.-S. & Zhang, S.-C. Topological quantization
of the spin Hall effect in two-dimensional paramagnetic semi-
conductors. Phys. Rev. B 74, 085308 (20006).

[3] Chang, C.-Z. et al. Experimental Observation of the Quantum
Anomalous Hall Effect in a Magnetic Topological Insulator.
Science 340, 167-170 (2013).

[4] Liu, C.-X., Zhang, S.-C. & Qi, X.-L. The Quantum Anoma-
lous Hall Effect: Theory and Experiment. Annu. Rev. Condens.
Matter Phys. 7,301-321 (2016).

[5] He, K., Wang, Y. & Xue, Q.-K. Topological Materials: Quan-
tum Anomalous Hall System. Annu. Rev. Condens. Matter
Phys. 9, 329-344 (2018).

[6] Deng, Y. et al. Quantum anomalous Hall effect in intrinsic mag-
netic topological insulator MnBisTes. Science 367, 895-900
(2020).

[7] Serlin, M. et al. Intrinsic quantized anomalous Hall effect in a
moiré heterostructure. Science 367, 900-903 (2020).

[8] Ozawa, T. et al. Topological photonics. Rev. Mod. Phys. 91,
015006 (2019).

[9] Wang, Z., Chong, Y., Joannopoulos, J. D. & Soljaci¢ M. Ob-
servation of unidirectional backscattering-immune topological
electromagnetic states.. Nature 461, 772-775 (2009).

[10] Nelson, A., Neupert, T., Bzdusek, T. c. v. & Alexandradinata,
A. Multicellularity of Delicate Topological Insulators. Phys.
Rev. Lett. 126, 216404 (2021).

[11] Nelson, A., Neupert, T., Alexandradinata, A. & Bzdusek, T.
c. v. Delicate topology protected by rotation symmetry: Crys-
talline Hopf insulators and beyond. Phys. Rev. B 106, 075124
(2022).

[12] Kitaev, A. Periodic table for topological insulators and super-
conductors. AIP Conf. Proc. 1134, 22-30 (2009).

[13] Ryu, S., Schnyder, A. P., Furusaki, A. & Ludwig, A. W. W.
Topological insulators and superconductors: tenfold way and
dimensional hierarchy. New J. Phys. 12, 065010 (2010).

[14] Kruthoff, J., de Boer, J., van Wezel, J., Kane, C. L. & Slager, R.-
J. Topological Classification of Crystalline Insulators through
Band Structure Combinatorics. Phys. Rev. X 7, 041069 (2017).

[15] Po, H. C., Vishwanath, A. & Watanabe, H. Symmetry-based
indicators of band topology in the 230 space groups. Nat. Com-
mun. 8, 50 (2017).

[16] Po, H. C. Symmetry indicators of band topology. J. Phys. Con-
dens. Matter 32, 263001 (2020).

[17] Bradlyn, B. et al. Topological quantum chemistry. Nature 547,
298-305 (2017).

[18] Cano, J. et al. Building blocks of topological quantum chem-
istry: Elementary band representations. Phys. Rev. B 97,
035139 (2018).

[19] Schindler, F. & Bernevig, B. A. Noncompact atomic insulators.
Phys. Rev. B 104, L.201114 (2021).

[20] Benalcazar, W. A., Bernevig, B. A. & Hughes, T. L. Electric
multipole moments, topological multipole moment pumping,
and chiral hinge states in crystalline insulators. Phys. Rev. B
96, 245115 (2017).

[21] Benalcazar, W. A., Bernevig, B. A. & Hughes, T. L. Quantized
electric multipole insulators. Science 357, 61-66 (2017).

[22] Benalcazar, W. A., Li, T. & Hughes, T. L. Quantization of frac-
tional corner charge in C,-symmetric higher-order topological
crystalline insulators. Phys. Rev. B 99, 245151 (2019).

[23] Schindler, F. et al. Fractional corner charges in spin-orbit cou-
pled crystals. Phys. Rev. Research 1, 033074 (2019).

[24] Alexandradinata, A. A topological principle for photovoltaics:
Shift current in intrinsically polar insulators. Preprint at
https://arxiv.org/abs/2203.11225 (2022).

[25] Zhu, P, Noh, J., Liu, Y. & Hughes, T. L.
ing theory of delicate topological insulators.
https://arxiv.org/abs/2210.02459 (2022).

[26] Hasan, M. Z. & Kane, C. L. Colloquium: Topological insula-
tors. Rev. Mod. Phys. 82, 3045-3067 (2010).

[27] Su, W. P, Schrieffer, J. R. & Heeger, A. J. Soliton excitations
in polyacetylene. Phys. Rev. B 22,2099-2111 (1980).

[28] Ezawa, M. Higher-Order Topological Insulators and Semimet-
als on the Breathing Kagome and Pyrochlore Lattices. Phys.
Rev. Lett. 120, 026801 (2018).

[29] Shiozaki, K., Sato, M. & Gomi, K. Z> topology in nonsym-
morphic crystalline insulators: Mobius twist in surface states.
Phys. Rev. B 91, 155120 (2015).

[30] Wimmer, M., Price, H. & Carusotto, I. Experimental measure-
ment of the Berry curvature from anomalous transport. Nat.
Phys. 13, 545—550 (2017).

[31] Schiiler, M. et al. Local Berry curvature signatures in
dichroic angle-resolved photoelectron spectroscopy from two-
dimensional materials. Sci. Adv. 6, eaay2730 (2020).

[32] Leykam, D. & Yuan, L. Topological phases in ring resonators:
recent progress and future prospects. Nanophotonics 9, 4473-
4487 (2020).

[33] von Gersdorff, G., Panahiyan, S. & Chen, W. Unification
of topological invariants in Dirac models. Phys. Rev. B 103,
245146 (2021).

[34] Python tight binding open-source package.

Scatter-
Preprint at

ACKNOWLEDGMENTS

The authors thank Yi-Chun Hung for helpful discussions. Y.C.C. and Y.J.K. were
partially supported by the Ministry of Science and Technology (MOST) of Taiwan under
grants No. 108-2112-M-002-020-MY3, 110-2112-M-002-034-MY3, 111-2119-M-007-
009, and by the National Taiwan University under Grant No. NTU-CC-111L894601.
Y.P.L. received the fellowship support from the Emergent Phenomena in Quantum Sys-
tems (EPiQS) program of the Gordon and Betty Moore Foundation.

AUTHOR CONTRIBUTIONS

Y.C.C conceived the ideas and performed the theoretical and numerical analysis.
Y.P.L provided the idea to look at the pseudospin textures and Mobius fermions. Y.J.K.
supervised the project. Y.C.C, Y.P.L and Y.J.K. wrote the manuscript.

COMPETING INTERESTS

The authors declare no competing interests.



arXiv:2302.07448v1 [cond-mat.mes-hall] 15 Feb 2023

Supplementary information for ‘“Chern dartboard insulator: sBZ topology and
skyrmion multipoles”

Contents
Supplementary Note 1. Mathematical Formulation of Chern Dartboard Insulators 1
Supplementary Note 2. n = 1 Chern Dartboard Insulator in the Compact Limit 1
Supplementary Note 3. Type II n = 3 Chern dartboard insulator 6
Supplementary Note 4. Noncompact Atomic Insulators 7

Supplementary Note 1. Mathematical Formulation of Chern Dartboard Insulators
Consider n mirror symmetries M7, Mo, ..., M,, with the same mirror symmetry representation My, ..., M,, =0, ® I:
M;H(E)M; " = H(R;k), (1)

where R; represent mirror reflections in k space. Using the Stokes theorem:
1 1 9
—— ¢TrA -dk=—— d°kTr Fpy = Cp, )
2m T JirBZ

where A and F,, are the non-Abelian Berry connection and curvature, and C,, is the reduced Chern number of the n-th order
CDIs. The loop integral encloses the irreducible BZ. On the HSLs, the valence states are eigenstates of the Hamiltonian due
to Eq. (1). Next, we consider the models which all the occupied states at the high-symmetry lines (HSLs) have the same
mirror representations. As a result, the valence states are spanned by the basis orbitals:

N
|ul,(k € HSLs)) = Y " Uy;(k € HSLs)[b/), 3)

Jj=1

where |0/) with j = 1, ..., N are the basis orbitals that have the same mirror symmetry representation with the occupied states
|u? (k € HSLs)). Here, the basis orbitals are chosen into the basis such that the mirror symmetry representation is diagonal.
Since the total Chern number is zero, U;; (k) can be chosen to a smooth and periodic U(NN) gauge transformation. The key
point is that the rank of the occupied states is equal to the rank of the basis states |0”) such that U;; (k) is a well-defined U (N')
gauge transformation. By plugging Eq. (3) into Eq. (2), it follows that,

%/Tr UIVU, -~ UfvU,| - dk = ¢y, )
where U, and U, denote the gauge transformation at the two different HSLs, and
fij{TrUTVU.dk::Cn, )
27

for n > 1. The reduced Chern number is thus quantized to integers. Note that the k-dependent U (1) phase is crucial to obtain
the nonzero reduced Chern number.



Supplementary Note 2. n = 1 Chern Dartboard Insulator in the Compact Limit

In this supplementary note, we discuss the analytical results of the CDI; s in the compact limit. Here, the compact limit means
that the model has the compact orthonormal Wannier functions with finite lattice sites. Note that for general parameters of
the Hamiltonian, the Wannier functions decay exponentially rather than compactly localize.For the trivial atomic insulator,
the compact limit is attained when the electrons entirely localize at each atom and the associated Wannier functions are -
functions. However, for the CDIs with multicellularity, it is impossible to adiabatically deform the models into the trivial
atomic insulators. Nevertheless, it is possible for CDI;s to attain the compact limit where the Wannier functions are strictly
zero outside a finite domain.

In the compact limit, the system has the following properties: (i) the correlation length is strictly zero, and the correlation
function has a finite range; (ii) the excited spectrum is entirely flat since the excited degrees of freedom can be localized into a
finite region. Therefore, there can’t be dispersion of k. The first property can be proved by expanding the correlation function
into the basis of the orthonormal compact Wannier functions:

Cgﬁ = <ch-05j) = Z (ai|Wg)(WRIB)), (6)

neocc.,R

where o, 3 label the positions of two atomic lattice sites, and 7, j label the basis orbitals or spins. Wpg are the Wannier
functions constructed from the occupied space with position R. Since the Wannier functions are compact, the correlation
function must also be compact and become zero outside a finite domain.

Type I CDI;. The Type I CDI; in the compact limit with C; = 1 has the form:

H{ (k) = cosk, sink,o, + sin k, sin ko, + cos k0. @)

Interestingly, this model can be simply related to the Bloch sphere through the mapping defined by the polar coordinate
ks — ¢, ky, — 0. These two polar coordinates define the direction of the vector n. It is clear that the upper half BZ is mapped
to the entire sphere through the Mercator projection and therefore has reduced Chern number C; = 1, see Fig. 2 in the main
text. In the compact limit, the energy spectrum is entirely flat:

E(k) = £|d(k)| = £1, ®)
and the normalized valence state is given by:
. _p—iks o3 kiy
ful (k) = e~ */2 ( C ok ) . ©)
cos

Notice that a global periodic and smooth gauge is possible for the valence state as the total Chern number is zero under
mirror symmetry. Since the normalization is a constant, we can easily obtain the orthonormal compact Wannier function at
the origin R = 0:

L
(2m)?

The Wannier function occupies four atomic lattice sites, see Supplementary Fig. la. The Wannier center is localized at

Wyckoff position b, which shares the same representation with the 2D weak TI protected by mirror symmetry. One should

note that these two models cannot be adiabatically deformed into each other due to the quantized reduced Chern number.
The polarization and the Berry curvature can be analytically obtained:

[Wr—o) = / d?ke™® T |ul (k)), (10)
BZ

2w

P, - Axdkle—cosky’
0 2
27 1

Py= [ Ak, ==, (1
0 2
sink

Fpy=-222,

Y 2

which are written in the concise expressions due to the constant normalization of the valence state. The quantized polarization
P, = 1/2 because of the mirror symmetry M, as P, - —P, = —1/2 = 1/2 modulo integer under mirror reflection. In
contrast, the polarization P, shows the returning Thouless pump (RTP) behavior. The RTP invariant is associated with the



Supplementary Figure 1. Compact valence band Wannier functions for the n = 1 Chern dartboard insulators. Each
atom is assigned with a s and a p,, orbital, which correspond to the first and the second component of the spinors. a Type I
n = 1 Chern dartboard insulator in the compact limit. The Wannier function transforms as a p,, orbital at Wyckoff position b.
b Type Il n = 1 Chern dartboard insulator in the compact limit. The Wannier function transforms as a p,, orbital at Wyckoff
position a.

k-dependent U (1) phases at the HSLs arising from the quantized reduced Chern number. Note that it is impossible to find
the periodic and smooth gauge that has no k,-dependent U (1) phase at both HSLs. For example, under the gauge of Eq. (9),
the valence state at the HSLs is given by

ey = 00 = ().

. (12)
ey =) = e (o).

One can find that at the HSL &, = 7, |ul (k;)) oc e~%= which leads to the quantized RTP invariant. Although we can simply
remove this gauge by multiplying a phase ¢**= in all the BZ, the valence state at the HSL k, = 0 develops a new phase etke
such that the difference AP, = P,(k, = m) — P,(k, = 0) is still quantized to one. Therefore, the RTP invariant and the
reduced Chern number C; are indeed quantized under mirror symmetry.

Notice that here we use the convention that both the Hamiltonian and the intra-cell state are periodic in the BZ. It is
interesting to ask what will happen if we use another convention that is more convenient for getting the polarizations and
Wannier centers of the systems. In this convention, the valence state has an additional phase e~***= depending on the basis
vector t,. The intra-cell state and the Hamiltonian are thus aperiodic. To respect the mirror symmetry M, = o in real
space, t,, o< &. Here, we assume the first orbital is localized at x = 0 and the second orbital is localized at =z = (3, where (3 is
a constant, and we have set the lattice constant ¢ = 1. By plugging the phase e~*#%= into the second orbital in Eq. (9), one
can easily check that

(1+5)—(1—p)cosk,

P, = ’
2

1
P, =-
v (13)

sin k

FIZ/ = _(1_5)Ty7
Ci=1-20.

Therefore, the reduced Chern number and the RTP invariant are no longer quantized if we use the aperiodic convention and
the two orbitals are not overlapped with each other in the z-direction. This actually makes sense: at k, = 0, the valence
state is spanned by the second orbital at x = 3; and at k, = m, the valence state is spanned by the first orbital at z = 1,
see Eq. (13). In fact, this is just a demonstration of the violation of the iso-orbital condition that ensures the quantization of
the RTP invariant. The iso-orbital condition states that the occupied states have the same symmetry eigenvalues as the band
representation induced from one of the basis orbitals, which is obviously violated in the Type I CDI;. Moreover, when 5 = 1,



where all the invariants except P, become trivial, the valence state in Eq. (9) becomes

ik

.k
— * sin -+
mﬁhﬁzlwzel%“<eimamﬁ>

2

—sin k&
—iky /2 2
¢ ! L ky :
COS 5

Notice that the e~**+ phase disappears in the valence state. The corresponding Hamiltonian is given by:
Hi(k,B =1) = sink,o, + cosk,o,. (14)

This describes the compact limit of the Su-Schrieffer-Heeger (SSH) model (up to a unitary transformation) stacked in two
dimensions. Therefore, the system can be continuously tuned to the 2D weak TI if one allows to move the orbitals in the
x-direction.

Type II CDI;. The compact limit of the Type II CDI; with C; = 1 is:

1 1
H(k) = 5(1 + cos k) sin 2k, 0, + sin k, sin ky o, + 5[(1 + cos k) (cos 2k, — 1) + 2]o. (15)

One can simply check that the model has two flat bands E(k) = +|d(k)| = £1. The normalized valence band state in the
compact limit is given by:

— cos L= sin ky > (16)

I7 _ ks /2 2
[ (k) = &=/ (cosk;cosky +isin &
The compact Wannier function is shown in Supplementary Fig. 1b, which occupies six atomic lattice sites. Notice that the
Wannier center is localized at Wyckoff position a, which is consistent with the symmetry representation. The corresponding
polarization and Berry curvature are:

P, — 1 —cos ky,
2
P, =0, (17)

ink
Foy=—(1 —|—coskz)sm L.

Here, the bulk polarization P, = 0 contrary to the Type I CDI; which has P, = 1/2. The Type II CDI; shows the same RTP
behavior as the Type I CDI;. As a simple check, one can find that the valence state at the HSLs are:

ey =00 = ().

0 (18)
|u£(kx,ky = 7r)> — e*ikz (_1> .

Notice the difference between the valence state in the Type I CDI;. Here, they have the same mirror representation at both
HSLs. Nevertheless, the appearance of the phase e~ ¥+ is essential to lead to the quantized reduced Chern number and the
RTP invariant.

If we use the aperiodic convention for the intra-cell states, the second orbital should multiply a phase e~*?*=_ where £ is
the position of the second orbital in the z-direction. Here, we see that the Type II CDI; is fundamentally different from the
Type I CDI;. By multiplying the phase in the second orbital, the valence states at both HSLs also multiply the same phase.
Although the polarization P, get shifted by (3, the RTP invariant stays the same since the difference doesn’t change. Therefore,
the reduced Chern number also stays the same. This just reflects the fact that the valence state at both HSLs correspond to
the same basis orbital p,. Therefore, by shifting its position, the difference between the polarizations at both HSLs cannot
change. In fact, since the Type II CDI; has the same mirror representation at both HSLs, the iso-orbital condition is satisfied.

Compact edge theory. It is also inspiring to discuss the edge physics in the compact limit which has zero correlation
length. Since the correlation function is strictly local and becomes zero outside a finite domain, it is possible to find the set of
compactly supported eigenstates inside the bulk:

H|Wp) = E"W), (19)



where |[Wg) are the compactly supported Wannier functions, and the energy E™ is the same for all the Wannier functions
within the same band n. Since all the eigenstates are degenerate within the same band in the compact limit, the Wannier
functions are also the eigenstates of the Hamiltonian. Note that in general Wannier functions are not the eigenstates of the
real-space Hamiltonian. Eq. (19) is only true in the compact limit. Now we consider the boundaries of the system. Since the
correlation function is strictly local, the edge states are also strictly local in the direction normal to the edge:

ﬁe(ke”ei(ke» = Ee(ke)lei(ke)). (20)

Here, k. is the reciprocal vector in the direction that parallels to the edge as we assume the periodic boundary condition
along that direction. ¢ labels the different edge states that are strictly localized on the boundary, that is, (R'j|el(k.)) = 0 for
|R' — Re| > ge, where R’ is the projected atomic position in the direction normal to the edge, and R, is the projected position
of the edge. g. is a positive integer.

Now, we can apply the strictly local condition to the Type I CDI;s in the compact limit. First we observe that the edge
states that parallel to the x-axis have flat energy band due to the quantized bulk polarization P, = 1/2. This shares the
same characteristics with the 2D weak TIs. However, the edge states that parallel to the y-axis are much different due to the
quantized reduced Chern number. One can expect that for k,, € [0, 7], the edge behaves like a chiral gapless edge states and
have the opposite chirality for k,, € [m,27]. By observing that the Wannier functions occupy two atomic lattice sites along
the x-direction (Supplementary Fig. 1), we conclude that the edge states occupy only one atomic lattice site normal to the
boundary, that is, g. = 1. Therefore, the edge Hamiltonian in Eq. (20) is exactly given by:

H.(ky) = coskyo,. 20

The edge states are exactly given by:
(22)

with energy EX(k,) = cosk, and EF(k,) = — cos k,. Here the superscript L and R represent the edge at the left or right
boundary. Although the edge Hamiltonian is a two-band Hamiltonian, the two edge states are spatially living in the opposite
boundaries. Since the edge states need to be orthogonal to the bulk states, there is only one edge state living in each boundary.
One can observe that indeed the edge states flow between the bulk bands with energy E(k) = £1 for k € [0, 7| and opposite
for k € [, 27]. Recall from the argument in the main text, this connectivity persists as long as mirror symmetry is preserved
and the sharp boundary condition is assumed, even though the system is not in the compact limit. In addition, the Hamiltonian
Eq. (21) describes the simplest one-dimensional conducting chain with nearest-neighbor coupling.
The appearance of the edge states can be explained through the angular-momentum anomaly:

—t8rLo(ky = 0) + 7Ly (ky = 7)
= ﬁfLC(ky = 0) - ﬁfﬁc(ky = ) = AP,. (23)

Here it £; denotes the number of left-edge-localized states with the same mirror representations of the valence bands ¢ = v or
conduction bands ¢ = c. It is easy to see that ;1 L, (k, = 0) = 0 and §7L,(k, = m) = 1, in addition with §;L.(k, =0) =1
and f7L.(k, = m) = 0. Since the RTP invariant is a topological invariant protected by mirror symmetry, there must exist
edge-localized states such that the relation is obeyed. The edge spectrum flows between the bulk bands since they have
different mirror representations at k, = 0,7 with the valence or conduction bands. Moreover, the edge states at the left and
right boundaries form a conjugate pair as their mirror representations are opposite, and the angular-momentum anomaly is
satisfied with an opposite sign.

We again investigate the edge physics for the Type II CDI;. First, consider the edge states that parallel to the y-axis. In
this case, one can expect the similar edge behavior as the Type I CDI;s. Since the compact Wannier functions also occupy
two atomic lattice sites along the x-direction (Supplementary Fig. 1), we have g. = 1, and the edge Hamiltonian is exactly
given by:

1 1
H.(ky) = 3 sin 2k, 0, + §(COS 2k, +1)o.. (24)

Here, contrary to the previous case, the edge Hamiltonian is not a simple one-dimensional conducting with nearest-neighbor
coupling but rather the phase transition point of the SSH model between winding number w = 0 and w = 2. This is consistent



with the intuition as the Type II CDI; has more robust topology than the Type I CDI;. The normalized edge states are given

by:
1 1 + efik}y
Ly _ —_ .
|6 > - 2 (Z‘+Z.€Zky)
1 (i—ie
Ry _ —_ .
|€ >_ 2 (1+62ky)’
with energy EZ(k,) = cos k, and ER(k,) = — cos k,,. The edge states flow between the bulk bands with energy E(k) = £1
for k € [0, 7] and opposite for k € [, 27]. Therefore, the bulk-boundary correspondence N, = N = (; is satisfied. We
emphasize again that the spectral flow is protected even though the system is not in the compact limit. Here, the Type II
CDI; s host nontrivial one-dimensional conducting chain at the edges. Since the bulk bands have the same mirror eigenvalues
at k, = 0, m, the edge states must have different mirror eigenvalues at k,, = 0, 7, contrary to the Type I CDI;s where the edge
states have the same mirror eigenvalues. We can also check that the angular-momentum anomaly is obeyed from Eq. (23),
and the edge states at the left and right boundaries also form a conjugate pair.
The edge states that parallel to the z-axis in the compact limit show quite different edge physics. Here, we expect

ge = 2 since the Wannier functions occupy three atomic lattice sites along the y-direction (Supplementary Fig. 1). The edge
Hamiltonian can thus be exactly obtained:

(25)

1 1
H.(k:) = —3 sin kp1y0oy + 5(1 — cos k)00 (26)

Here, 7; represents the Pauli matrices acting on the sublattices since now we have two atomic lattice sites g. = 2 for the edge
states. 79 = I is the identity acting on the sublattices. The mirror symmetry representation becomes M, = 7,0, and it acts
as an internal symmetry for the edge states. The edge Hamiltonian describes the phase transition point of the four-band SSH
model. By explicitly solving the normalized edge states, we obtain:

2 2 2 2 2

|€?> = My6|€1U>

1 ks k, ke ko \ "
eV = = <—isin” —1,8in — — 1, cos —, —i cos ">

T (27
eY) = ! isin ko i, — sin b 1, — cos ka icos ko
22 2 7 2 2’ 2
|62D> = Mye|€g>7
with energy EV = EP = sin(k,/2), EY = EP = —sin(k,/2), where the superscripts label the edge states at the upper or

lower boundary, which are related by mirror symmetry.

One may immediately notice that the edge states form the Mobius fermions as discussed in the main text. Apparently,
both the edge states |e{) and |eY') are not periodic in the edge BZ even though we use the periodic convention. However,
notice that |e¥ (k, = 27)) = |e¥ (k, = 0)), [V (k. = 0)) = |eJ (k, = 27)) and the two edge states together form a periodic
and smooth function between k, € [0, 47]. The corresponding energies EV (k,) and EY (k,) also show the Mobius twist.

Supplementary Note 3. Type II n = 3 Chern dartboard insulator

The Type II CDI3 has a quantized reduced Chern number Cs inside 1/6 of the BZ, see Supplementary Fig. 2a. It can be
built by a s and a f,(,2_3,2) orbital on the triangular lattice with lattice vectors a; = (1,0)7, as = (1/2,v/3/2)". The
Ja(22—3y2) is odd under three mirror symmetries: M, C3 M C3 e 2 M Cy 2. All these mirror symmetries have the same
representation o,. The C rotation has a trivial representation C's = I since it can be obtained by a combination of two mirror
symmetries. The model with C3 = 1 is:

5 3 1 3V3
Hj' (k) = [sin ikw sin gkzy — sin 2k, sin v/3k, + sin §kx sin —\[k’y] Oy

2
1
+ [sin ng cos ?ky — sin 2k, cos \/gky — sin ikr cos 32£ky] oy (28)
6
a=1
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Supplementary Figure 2. Type II n = 3 Chern dartboard insulator. @ The quantized Chern number inside the irreducible
BZs. The dashed lines indicate the HSLs. The reciprocal lattice vectors G; = (2m,27/v/3)T and Gy = (0,47/v/3)7T
form the rhombus-shape BZ, which is indicated by the red dashed lines. The numbers denote the Chern numbers inside the
irreducible BZs, enclose by the path ' — M’ — K’ — M — T'. b The peudospin texture of the Type I CDI;. There are totally
6 skyrmions and 3 antiskyrmions inside half of the BZ, which add up to C; = 6 — 3 = 3. The antiskyrmions are not clear in
this figure since they are very close to the skyrmions. Here m = 1.5.

where t;(a) = [cos(ma/3),sin(ra/3)]T. The o, term contains the hoppings with range a1, 2a;, and also the ones generated
by all the Cg rotations. The o, and o, contains the hoppings with range 2a; + a3 and the ones generated by three mirror
symmetries. The system has a quantized reduced Chern number C3 = 1 if 0.5 < m < 2.5. The pseudospin texture is plotted
in Supplementary Fig. 2b.

The Type II CDI; is actually a little different from other CDIs. The sBZs with quantized reduced Chern number are not
entirely enclosed by the HSLs. Nevertheless, the sBZ topology is still well-defined. This comes from the fact that the valence
states inside the half rhombus-shape BZ, which is an equilateral triangle, is C3-symmetric around the center K or K'. This
emergent C%, symmetry is a combination of a C'5 symmetry plus a k-space translation. Next, we use the Stokes theorem:

1 1
— P A-dk=— d*kF,,, 29
27'[' ‘% 27T sBZ 4 ( )

where the loop integral is around the path I' — M’ — K’ — M — T, see Supplementary Fig. 2a. Due to the C% symmetry, the
path integral:

1 K’ 1 M
— A-dk+ — A-dk =0, (30)
2 M’ 2T K’
and the remained integral:
1 M 1 r
—/ A~dk+—/ A-dk=-CleZ 3D
27T r 27T M

is a loop integral since M’ maps to M by C% symmetry, which has a trivial representation. Therefore, the region enclosed by
this path has a quantized reduced Chern number C} € Z.

In Supplementary Fig. 3, we plot the edge states for the Type II CDI5. Notice that the edge states in the y-direction are
not connecting with the bulk bands and thus they show the feature of M&bius fermions. For both the zigzag and flat edges,
we observe that the bulk-boundary correspondence is still satisfied for each edge:

NF = N =3=nC,. (32)

Supplementary Note 4. Noncompact Atomic Insulators

Contrary to the CDIys, the n = 2,4,6 CDIs are noncompact atomic insulators. This comes from the fact that the non-9
compact Wannier functions are incompatible with C's symmetry of trivial representation Co = I. If the Wannier functions are
compact, there exists a minimal circle with radius 7, such that (R’j|W,.,) = 0 for |[R’ — ro| > r,. Here, |R'j) represents
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Supplementary Figure 3. Nanoribbon band structures of the Type II n = 3 Chern dartboard insulator. a The spectrum
in the z-direction. The edge states localized at the lower (upper) edge are denoted by the blue (black) color. b The spectrum
in the y-direction. In this case, all the edge states are doubly degenerate because of the mirror symmetry M., as highlighted
by the red color. Here m = 1.5.

|R%1j) = |Rij)

Supplementary Figure 4. Proof for the noncompact atomic insulators. The key point is that the Wannier function centered
at 7 = 2R}, — ro must have a nonzero overlap |(R};j|W,,)|* with the Wannier function centered at .

the atomic lattice state at position R’ and j € 1,2,.., N denotes the orbitals. 7y denotes the center of the circle and the
Wannier function |WW,.,). Let us define the farthest basis state collection {|R;7) } with nonzero overlap (Rpsj|W,.,) # 0 for
at least one j, that has the maximal distance from the center of the circle |[Rps — ro| = 7, > | R/ —1¢| for all (R/j|Wy.,) # 0
for at least one j.

Now we arbitrarily choose a farthest basis state | R}, j) from the collection {|Rysj)}. If this basis state doesn’t lie on the
center of the Wannier function 7o, there exists another farthest basis state |R%,7) = |(2ro — R1;)j) = Ca|RY,j) = |R},J)
related by a C rotation, see Fig. 4. However, if we consider another Wannier function centered at 7 = 2R}V[ — 17y, the overlap
between the two Wannier functions is given by:

(Wl Way) = > (Wa|Rj) (R | Wy, )
R ,j

= (R j|Wro)|* # 0,
for at least one j. Notice that here we have used the equal condition of the triangular inequality:
IR —ro| + |R — 7| > |F —ro| = 2rp,. (33)

Since (R'j|W,.,) = 0 for |R' — r¢| > r,, and (R'j|W5z) = 0 for |R' — 7| > r,, the only overlap between the two Wannier
functions is at R = R1,. However, this overlap must be nonzero due to the trivial representation of Cy symmetry, and



Supplementary Figure 5. Compact Wannier functions for the Type I n = 3 Chern dartboard insulator. a An equilateral
triangular shape of the Wannier function. The dashed lines show the mirror reflection planes that pass through the atomic
sites. b N = 7 compact Wannier function. ¢ N = 13 compact Wannier function. d N = 16 compact Wannier function. e
N = 19 compact Wannier function. f N = 25 compact Wannier function.

the Wannier functions are not orthogonal to each other. Therefore, the non-é orthonormal compact Wannier functions are
incompatible with a C5 rotation of trivial representation. The only loophole of this proof is that the minimal circle has radius
rm = 0 such that there is only one farthest basis state, which is just the Wannier function itself. Therefore, it is possible to
have the ¢-like compact Wannier function, as it should be.

For the CDIs protected by three mirror symmetries, we cannot use the above proof since there is no C'; symmetry in
the systems. Therefore, we explicitly search for different shapes of symmetric compact Wannier functions that satisfy the
orthogonality. We find that the compact Wannier functions less or equal than 25 atomic sites are all inconsistent with the
symmetries and orthogonality conditions. For simplicity, we consider the two-band models built on the triangular lattice with
primitive lattice vectors a; = (1,0) and @z = (1/2,1/3/2) in the unit of a lattice constant. Then orthogonality conditions
can be written as:

(Wr|Wr') = 0rR/, (34)

for any R and R’. Mirror symmetric conditions can be written as:
M;|Wr) = £|Wk). (35)

Here, the real-space mirror symmetry operator M; = R; ® 0., where R; represents mirror reflection in real space with
i =1,2,3, and o, is the mirror symmetry representation acting on the orbital basis. Notice that the systems also have C's = I
symmetry arising from three mirror symmetries. Without loss of generality, we consider only the cases that the compact
Wannier function transforms as a s orbital under mirror symmetries, M;|Wg) = |Wg). From these symmetry constraints,
we can easily list different shapes of the symmetric compact Wannier functions. Then we use all the orthogonality conditions
to constrain each component of the compact Wannier functions. We label each configuration with the total number of the
occupied atomic sites. The atomic lattice states are denoted as

i) = (Z) : (36)

where ¢ labels the atomic lattice sites as shown in Supplementary Fig. 5 and 6. Notice that the C3 = I symmetry substantially
reduces the number of different atomic lattice states for each compact Wannier function. In the following, we discuss the
Type I and Type II CDI3s respectively.

Type I CDI3. The mirror reflection planes pass through the atoms of the triangular lattice, see Supplementary Fig. Sa.
The three mirror symmetries can be denoted as M, C3M,C5 ", C2M,C5 2. The basis orbitals consist of a s orbital and a
fy(gmzfyz) orbital.



N = 4 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary
Fig. 5a. Since the mirror reflection planes pass through each atom, the atomic lattice states should be the eigenstates of the
mirror symmetry representation o, with eigenvalue 1. That is,

o:l1) = 1) = (‘3>, (37)

where |1) are the three outer atomic lattice states that constitute a equilateral triangle. The orthogonality condition requires
that

(11) =0, (38)

which is impossible. We note that this contradiction arises as long as the shape of the compact Wannier function is an
equilateral triangle regardless of the total number of the occupied atomic lattice sites inside. Therefore, in the following, we
have automatically excluded the compact Wannier functions with this kind of shape.

N = 7 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary
Fig. 5b. First we list the mirror symmetry constraints

o:|1) = 1) = <%1>, (39)
0.[2) = |2) = (‘ff) : (39b)
o.]3) = |3) = <%3> . (39¢)
The orthogonality conditions require that,
(2[1) =0 = a3a; =0, (40a)
(1) +(22) = 0 = |a1]? + [ag|* = 0, (40b)
(3|1) + (1]2) + (1|2) 4+ (2]3) = 0. (40¢)

From Eq. (40b) we can conclude that a; = a2 = 0. Therefore the N = 7 compact Wannier function is inconsistent.
NN = 13 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary
Fig. 5c. The mirror symmetry constraints are:

2) = 0:1) = (Zj) — (_“;1), (41a)

0.]3) = [3) = (%3> : (41b)

0.l4) = [4) = (‘3‘) : (41c)

0.15) = 15) = (‘{f) (“41d)

The orthogonality conditions require that,

211) =0 = |a1]* = 02> = 0, (42a)
(1) + (212) = 0 = |aa | + [b2|* + a1 ]* + |1 ]* = 0, (42b)
(4]1) +(2]3) =0, (42c)
(311) + (3[2) + (4]3) + (1]4) + (2[4) =0, (42d)
(511) + (1]2) + (3[3) + (4]4) + (1]2) + (2[5) = 0, (42e)
(411) + (412) + (5[3) + (3]4) + (3[4) + (4]5) + (1]3) + (2[3) = 0. (42f)

From Eq. (42b), we obtain a; = by = ay = by = 0 and the Wannier function becomes the N = 7 compact Wannier function.
Therefore the N = 13 compact Wannier function is inconsistent. It is clear from this case that all the Wannier function with
star shape is also inconsistent.
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N = 16 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

Fig. 5d. The mirror symmetry constraints are:

B =alz = (52) = (

wy == (),
w =1 = ().
o-[5) = |5) = (”05) ,
o.|6) = (‘g’) .

The orthogonality conditions require that,

3|]1) =0=a3a; =0,

= ajar + agag + |azf* = |bo|* +[aa|* + as[* + |azf* — |bo|* + ajas + aza = 0,
(4]1) + (5/2) + (5[3) + (6]4) + (4]5) + (1|3) + (4]5) + (5[6) +

az
ba

(214) +

).

3I1)

(111) + (32) = 0 = Jas|* + |az|* — b2|* = 0,

(5]1) + (2]2) + (3|3) = 0 = aiar + |az|® + |b2|* + |az|® + |b2|*> = 0,

(4]1) + (5]2) + (1]3) + (3|4) = 0 = aja1 + azaz + ajas + asa4 = 0,

(6]1) + (4]2) + (4]3) + (5|4) + (2]5) + (3]5) = 0 = aga1 + ajas + ayas + atas + asas + ajas =0,
(5[1) + (6]2) + (2[3) + (4]4) + (5[5) + (2[3) + (1[5) + (3]6) = 0

(43a)

(43b)

(43¢)

(43d)

(43e)

(44a)
(44b)
(44c)
(444d)
(44e)

(441)
(44¢)

From Eq. (44a), it is clear that either a; = 0 or as = 0. However, a; # 0 otherwise the Wannier function becomes the

N = 13 compact Wannier function, which is inconsistent. Therefore the only possibility is that

a2:a3:0,

and Eq. (44b) becomes
b = |aa|?.

From Eq. (44c¢), (45) and (46), it follows that
atay + 2la|? =

Since a; # 0, it implies that

a5 = —2a1.
From Eq. (44d) and (45), we obtain
aq = 0
From Eq. (44e), (45) and (49),
ag = 0.

The equation (44f) by plugging into Eq. (45), (46), (48) and (49) becomes

—2|a1\2 = 0,

and be = 0 also. Therefore the N = 16 compact Wannier function is inconsistent.

(45)

(46)

(47)

(48)

(49)

(50)

(5D

NN = 19 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

11



Fig. Se. The mirror symmetry constraints are:

[4) =0.12) =
o:l1) = [1) =
0:13) = [3) =
0.15) = [5) =
0.16) = |6) =
o.|7) =|7) =

We only have to list the first orthogonality condition,

(3|]1) =0 = aja; = 0.

(52a)

(52b)

(52¢)

(52d)

(52e)

(52f)

(53)

It is clear that either a; = 0 or ag = 0. However, both cases imply that the Wannier function becomes the N = 16 compact
Wannier function, which is inconsistent. We thus conclude that the N = 19 compact Wannier function is inconsistent. It is

clear from this case that all the Wannier function with hexagonal shape is also inconsistent.

N = 25 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

Fig. 5f. The mirror symmetry constraints are:

6) =0.14) =
o.|3) =13) =
0:15) = [5) =
o:|7) = |7) =
0.18) = [8) =
0:19) =19) =

12

(54a)

(54b)

(54c)

(54d)

(54¢)

(54f)

(54g)



The orthogonality conditions require that,

21) =0= | = ba]* =0, (552)
(5|11) + (2|2) = 0 = aa; + |a1|> + |b1]* = 0, (55b)
(6]1) + (2]3) = 0 = alay — biby +ataz = 0, (55¢)
(4|1) + (5|3) 4+ (6]2) = 0 = ajai + bjby + azasz + aja; + byby =0, (55d)
(8[1) + (32) + (6]3) + (5|4) + (2]6) = 0

= aga; + aza; + ajas + afas +ajag +b7by =0, (55¢)
(711) + (1]2) + (3|3) + (6/4) + (5|5) + (2|7) =0

= ala; + |as]? + |aa]® — |bs|? + |as|® + alar = 0, (55%)
(TI1) + (712) + (8[3) + (4]4) + (1]5) + (6[6) + (5|7) + (2[5) = 0

= aa; + ata; + ajas + |ag|* + |ba? + alas + |as* + |ba]? + alar +alas =0, (55g)
(9|1) + (412) + (7]3) + (8]4) + (4]5) + (3]6) + (6]7) + (5|8) + (2|8) =0, (55h)
(8|1) + (8]2) + (913) + (7|4) + (3]5) + (7]6) + (8|7) + (4]8) + (1]6) + (3|5) + (6]8) + (5]9) + (2|4) = 0, (551)

(7I1) + (512) + (8[3) + (914) + (7[5) + (4]6) + (7]7) + (8]8)

+ (416) + (1]2) + (1]5) + (3]8) + (6]9) + (5[7) + (2|7) =0, (55)
(4]1) + (6]2) + (7[3) + (84) + (6]5) + (8]6) + (9[7) + (7[8)
+ (3]6) + (4]5) + (7]8) + (8]9) + (4|7) + (1]3) + (3]4) + (6]7) + (5|8) + (2]3) = 0. (55k)
From Eq. (55a) and (55b), we obtain
2|a1|? +ata; = 0. (56)
If a; # 0, then
a5 = 72(11. (57)
From Eq. (55d) and (57), it follows that
ayay + b3by —ajas = 0. (58)
By combining Eq. (55¢) and (58), we get
ajar =0, (59)
bel = a’{ag, (60)
and it follows that
as =0, (61)
|b4]* = [as]?, (62)

since a; # 0 and |a;|?> = |b;|?. From Eq. (55¢), (60) and (61), we obtain
agay + 2a5a; =0, (63)

and therefore
ag — —2&3. (64)

Using Eq. (57), (61) and (62), we can rewrite Eq. (55f) as
4la1)? + ata; +ajar = 0. (65)
From Eq. (55g), (57), (61), (62) and (64), it follows that
2a%a; — 2aiar = 4|aq | (66)

It is clear that the only solution is a; = 0 which is in contradiction to our assumption. Therefore a; = 0 in the first place, but
it implies that a; = b; = as = by = 0. The Wannier function then becomes the N = 19 compact Wannier function which is
inconsistent. We thus conclude that the N = 25 compact Wannier function is inconsistent.
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Supplementary Figure 6. Compact Wannier functions for the Type II n = 3 Chern dartboard insulator. a An equilateral
triangular shape of the Wannier function. The dashed lines show the mirror reflection planes. b N = 7 compact Wannier
function. ¢ N = 12 compact Wannier function. d N = 18 compact Wannier function. € N = 19 compact Wannier function.
f N = 25 compact Wannier function.

Type II CDI3. The mirror reflection planes pass through the center of the equilateral triangle, see Supplementary Fig. 6a.
The three mirror symmetries can be denoted as M, Cs M, Cy v C3M,Cy 2. The basis orbitals consist of a s orbital and a
fm(msz}yz) orbital.

N = 3 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary
Fig. 6a. Since the mirror reflection planes pass through each atom that we label as 1, the atomic lattice states should be the
eigenstates of the mirror symmetry representation o, with eigenvalue 1. That is,

a
why == (7). (©7)
However, the orthogonality condition requires that
(11) =1/v3 =0, (68)

which is impossible. We note that this contradiction arises as long as the shape of the compact Wannier function is an
equilateral triangle (or star shape) regardless of the total number of the occupied atomic lattice sites inside. Therefore, in the
following, we have automatically excluded the compact Wannier functions with this kind of shape.

NN = 7 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary
Fig. 6b. First we list the mirror symmetry constraints:

2) = 0.]1) = <Z§> = (_“gl) (69a)

wli =1 = (7). (690)
The orthogonality conditions require that,
2[1) =0= |a1|* — [b1]* =0, (70a)
(11) +(2[2) = 0 = |aa|* + [ba|* + |aa]* + [ba|* = 0, (70b)
(311) + (12) + (1]2) + (2[3) = 0. (70¢)

From Eq. (69a) and (70b), we can conclude that,
a1:b1:a2:b2:07 (71)
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and the N = 7 compact Wannier function is inconsistent.

NN = 12 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

Fig. 6¢c. The mirror symmetry constraints are:

=an = (32) = (%),
w2z == ().

i) =11y = ()
The orthogonality conditions require that,
(3[1) = 0= |as|* = [ba]* = 0,
(11) + (32) = 0= |aa]* + [b1|* + afaz = 0,
(4)1) + (212) + (1|3) + (3]4) = 0 = aja; + |as|® +ajas = 0,
(2[1) + (4]2) + (2|3) + (1|4) + (3]|4) = 0 = a3a1 + ajas + asa; + ajag + afas =0,
(411) + (4]2) + (113) + (2|3) + (4]4) + (2]4) + (1|2) + (3]4) = 0.
From Eq. (73a) and (73b), we can obtain
ai(2a; +az) =0.

If a1 # 0, this implies that
as = —2a1.

By plugging Eq. (75) into (73c) and (73d), it follows that
4la1|* + alas + afa; =0,

—4|ay|? + 2a3ay — 2aja; = 0.

(72a)
(72b)
(72¢)
(73a)
(73b)
(73¢)

(73d)
(73e)

(74)

(75)

(76)

It is clear that the only solution is a; = 0 which is in contradiction to our assumption. Therefore a; = 0 in the first place.
But this implies that by = a3 = b3 = 0, and the shape of the Wannier function becomes an equilateral triangle. Therefore the

N = 12 compact Wannier function is inconsistent.

N = 18 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

Fig. 6d. The mirror symmetry constraints are:

7.5 =15 = (7).
0:[6) = |6) = (?) :

The orthogonality conditions require that,

(41) = 0= Jas|* = b = 0,

(1|1) + (4]2) = 0 = |a1|® + |b1]* + afag — bby = 0,

(1]2) + (4]3) = 0 = ajay + biby + ajay + biby = 0,

(51) + (3]2) + (1]4) + (4]5) = 0 = agar + [az|* — [b2|? + ajas = 0,

(211) + (52) + (3[3) + (1]5) + (4]6) = 0 = ajas + b3by + agas + |az|* + |b2|* + ajas + ajag =0,
(6[1) + (6]2) + (2(3) + (2[4) + (5]5) + (3|6) + (1[3) + (4]6) =0

= agay + ajag + |az|? — |ba|? + ajay — b3y + |as|® + asas + ajag — biby + ajag = 0,
(3I1) + (6[2) + (6[3) + (2[4) + (2[5) + (5[6) + (3[5) + (1]6) + (4]6) =0
= aya; — b5b1 + agas + agas + asa; — b3by + asas + afag + asas + ajag + ajag = 0,

(5]1) + (6]2) + (513) + (4]1) + (3|4) + (6]5) + (6]6) + (2|5) + (2|3) + (5]6) + (3]6) + (1]2) + (4]5) = 0.
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(77a)
(77b)
(77¢)
(77d)
(78a)
(78b)
(78¢)

(78d)
(78e)

(78f)

(78g)
(78h)



From Eq. (78a), (78b) and (78c), we can obtain
G,:{(G& + (LQ) = 0.

If a; # 0, it implies that
a2 = —aj.

By plugging Eq. (80) into (78b) or (78c), it follows that
bi(by — b2) = 0.
Since a; # 0 and Eq. (78a), it implies that b; # 0 and
by = b;.
Using the results of Eq. (78a), (80) and (82), we can get from Eq. (78d) and (78e)

agal + (ITCL5 =0.

2
—aiay + ajas + 2|a1]” + ajag = 0.

Combining the above equations, it follows that
2a1 + 2a5 +ag = 0.
By plugging Eq. (78a), (80) and (82) into Eq. (78f), we obtain

las|” = 4ay|*.

Remember we still have two orthogonality conditions to check. Luckily, the first one Eq. (78g) is enough, which gives

—4|a1)? - 2aja; — 2a}as + aiag + 2aiag = 0.

Using Eq. (83), (85) and (86), we can rewrite this equation as

—12|a1|2 — 8&{@5 =0.

(79)

(80)

1)

(82)

(83)

(84)

(85)

(86)

87)

(8%)

It is clear that the only solution to Eq. (86) and Eq. (88) is a; = 0 which is in contradiction to our assumption. Therefore
a1 = 0 in the first place. But this implies that b; = a4 = by = 0, and the shape of the Wannier function becomes the N = 12

compact Wannier function. Therefore the N = 18 compact Wannier function is inconsistent.

N = 19 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

Fig. 6e. The mirror symmetry constraints are:
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The orthogonality conditions require that,

BI1) = 0= |ar* = [b:|* =0,

4|1y + (3]2) = 0 = ajay + ajaz =0,

(11) + (4)2) + (3[3) = 0 = |a1 > + |01 |* + ajaz + |a1|* + || = 0,

(6]1) + (2|2) + (4]4) + (3]5) = 0 = atas — biby + |ag|* + |aa|® + ajas — bjbs = 0,
(5[1) 4 (6]2) + (23) + (1[4) + (4]5) + (3[6) = 0

= aiay + biby + afas + asa; + ajaq + ajas + ajas + bibs =0,

(711) + (512) + (1[3) + (54) + (6[5) + (2[6) + (1[3) + (4]6) + (3|7) = 0

= aa; +atay + atay + |as|* — |bs|* + asas + ajas + afar =0,

(611) + (712) + (5[3) + (2/4) + (5[5) + (6]6) + (2[4) + (1]6) + (4]7) + (3]5) =0

= aiay — biby + ajag + afa; — biby + 2ajay + 2|as|? + 2|bs|? + alas — bibs + ajar + ajas — bjbs = 0,

(90a)
(90b)
(90¢)
(90d)

(90e)

(90f)

(90g)

(5]1) + (6]2) + (4[3) + (6]4) + (7[5) + (5[6) + (1]4) + (2[3) + (5[6) + (6]7) + (2[5) + (1]2) + (4]5) + (3[6) = 0

5 + ajas + ajas

= ala; +biby + alay + ajar + atay + atas + 2|as|?
+ a’{a5 + bTb5 =0.

From Eq. (90a), (90b) and (90c), we can obtain
4la1*a; — ala3 = 0.

If ai 75 0,
a9 = :t2a1.

By plugging it into Eq. (90b), we get
as = F2aq.

From Eq. (92) and (93), we can simplify Eq. (90d) and (90e) into

8|a1|2 + a’gal + CLTCLE, — b;bl — bTbg, = 07

(1+2)azar + (1 F2)ajas + biby + bjbs = 0.
Combining these two equations, it follows that
8lai|* + (2 £ 2)ata; + (2 F 2)ajas =0,

and
a5 = —2(11.

Then Eq. (94) can be rewritten as
biby + bibs = 4lay|?.

Using Eq. (92), (93) and (97), Eq. (90f) and (90g) become

4lay|?® — |bs|? 4 azay + alar = 0,

—8|ay|* + 2|bs|* — 2b5by — 2b7bs + 2aka; F 2ajar = 0.
From Eq. (98), (99) and (100), it follows that
—8la1|* + (2 £ 2)aka; + (2 F 2)ala; =0,

and
a7 = 2a1 .

Plugging it into Eq. (99), we obtain
[b5[* = 8lar|*.
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oD

92)

93)

(94)

95)

(96)

o7

(98)

99)

(100)

(101)

(102)

(103)



We have still one orthogonality condition Eq. (90h) to check. Using Eq. (92), (93), (97), (102) and (103), we can simplify it

into

biby + bibs = 20]aq |*.

(104)

From Eq. (98) and (104), it is clear that the only solution is a; = 0 which is in contradiction to our assumption. Therefore
a1 = 0 in the first place. But it implies that b; = a3 = b3 = a4 = a2 = 0, and the shape of the Wannier function becomes

the V = 7 compact Wannier function. Therefore the N = 19 compact Wannier function is inconsistent.

N = 25 compact Wannier function. The configuration of the compact Wannier function is shown in Supplementary

Fig. 6f. The mirror symmetry constraints are:

s =ain = (57) = (

The orthogonality conditions require that,

(5]1) = 0= |a1|* — |ba|* = 0,

(1|1) + (5]2) = 0 = |a1|® + |b1|* + atag — biby = 0,

(112) + (5|3) = 0 = ajag + bjba + ajaz =0,

(6]1) + (4]2) + (1[5) + (5[6) = 0 = agay + [az|* — [ba|? + afag = O,

(2[1) + (612) + (4]3) +(

(2]2) + (6|3) + (4]4) + (1]7) + (5[8) = 0 = 2|az|?® + 2|b2|? + ajasz + 2ajar + 2bjbr = 0,
(71) + (8]2) + (3[3) + (2[5) + (6]6) + (4]7) + (1[4) + (5[8) =0

= afay + biby + afag — biby + |az|* + abay — byby + |ag|? + ajay — biby + ajag — biby + ajar + biby =0,

b

).

116) 4+ (5|7) = 0 = aja; + b3b1 + agas + asas + ajas + ajar — biby = 0,

BI1) + (712) + (8[3) + (3]4) + (2[6) + (6]7) + (4]8) + (1]8) + (5[9) = 0

= aja; + arag + b3by + asas + ajaz + ajas + agar + ajar + bsby + ajar — bibr + ajag = 0,
(8[1) + (912) + (7[3) + (2[4) + (3]5) + (7[6) + (8[7) + (3[8) + (2[4) + (6[8) + (4]9) + (1[3) + (5[7) =0

= aia; — biby + ajas + ataz + 2|az)? — 2|ba|* + ala; + atag

2 2
+ |az|* — |b7|* + ajar + agar + ajag + ajas + ajar — bjbr =0,

(411) + (8]2) + (9I3) + (7]4) + (2[5) + (3[6) + (7]7) + (8I8) + (3[6) + (2I8)

+(6[9) + (4[7) + (1|7) + (5[8) = 0,

= 2a3a; — 2b3by + 2a3as — 20%by + agas + 2a3a6
+ 2|az|* + 2|b7|? + 2a5a7 — 2b3br + afag + 2a%ar + 2b7b; = 0,

(611) + (712) + (8[3) + (6]4) + (1]5) + (4[5) + (86) + (9]7) + (7[8) + (2]6)
+ (314) + (718) + (8]9) + (3I7) + (2[3) + (6]7) + (4[8) + (1]2) + (5/6) = 0.

From Eq. (106a), (106b) and (106¢), we can obtain

2|a1|* + 2ajas + ajaz = 0.

If ay 75 O,

az = —2a1 — 2&2.
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(105a)

(105b)

(105¢)

(105d)

(105¢)

(1051)

(106a)
(106b)
(106¢)
(106d)
(106e)
(106f)
(106g)

(106h)

(1061)

(106))
(106k)

(107)

(108)



We can solve for b; from Eq. (106a) and (106b),

B 2|a1|? + ajas

b 109
2 = (109)
Notice that b; # 0 since a; # 0. From Eq. (106b), (106d), (106e) and (106f), we get
|a1|? + afag + ajar =0, (110)
and therefore
ag — —ay — arp. (111)
By using Eq. (109) and (111), Eq. (106d) can be rewritten as
6la1|? + 2atas + 2a%as + alar + ata; = 0. (112)
One can observe that the quantity
3la1|? + 2ajas + ajar =iy (113)
must be an imaginary number. Now we can solve for a7,
a7 = —3ay — 2ay — L. (114)
1
Using Eq. (108), (109), (111) and (114), we can solve for b; from Eq. (106d),
b — |a1‘2—|—2a"1‘af—i7a2/a1. (115)
b1
Plugging Eq. (108), (109), (111), (114) and (115) into Eq. (106g), it follows that
‘”'22 = 4]y |%. (116)
|a1]
and therefore
i7 = £+2|a;|?%i. (117)
We can obtain the expressions for ag, a7 and bz,
ag = (2 £ 2i)ay + 2ao, (118)
ar = —(3i2i)a1 —2&2, (]]9)
2 2 20)a*
by — L+ @ F 20)ajaz (120)
b1
Eq. (106h) can thus be simplified into
(=6 F 4i)|a1|® — 2a%as + afag = 0, (121)
and consequently
ag = (6 £4i)a; + 2as. (122)
We have still three orthogonality conditions to check. The first one Eq. (106i) after plugging all the solved variables gives
—8la1|? + 2|az|? + 4ajay + 4asa; = 0. (123)
The second one Eq. (106j) gives
(12 F 8i)|a1|? + (=12 F 44)alas + (4 & 4i)aba; = 0. (124)
Now we can solve for as,
1
as = (1 F 22’) ai. (125)
By plugging it into Eq. (123), we obtain
las]? = 0. (126)

Therefore a; = a3 = 0 which is in contradiction to our assumption, and thus a; = 0 in the first place. But it implies that
b1 = a5 = bs = 0, and the shape of the Wannier function becomes the N = 19 compact Wannier function. We can conclude
accordingly that the N = 25 compact Wannier function is inconsistent.
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