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Abstract. We consider higher generalizations of both a (twisted) Poisson structure and
the equivariant condition of a momentum map on a symplectic manifold. On a Lie al-
gebroid over a (pre-)symplectic and (pre-)multisymplectic manifold, we introduce a Lie
algebroid differential form called a compatible F-n-form. This differential form satisfies
a compatibility condition, which is consistent with both the Lie algebroid structure and the
(pre-)(multi)symplectic structure. There are many interesting examples such as a Poisson
structure, a twisted Poisson structure and a twisted R-Poisson structure for a pre-n-plectic
manifold. Moreover, momentum maps and momentum sections on symplectic manifolds, ho-
motopy momentum maps and homotopy momentum sections on multisymplectic manifolds
have this structure.
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1 Introduction

A Lie algebroid is a generalization of both a Lie algebra and a space of vector fields on a tangent
bundle over a smooth manifold. It is not only important in differential geometry, especially
in Poisson geometry, but also has appeared in physics like a gauge theory, string theory and
a sigma model.

In this paper, we consider a compatible geometric structure between a section of the exterior
algebra of E* with a Lie algebroid and a (pre-)symplectic and a (pre-)multisymplectic structure
on the base manifold M. It is called the compatible condition. Here E* is a dual space of
a Lie algebroid E over and a (pre-)symplectic and a (pre-)multisymplectic smooth manifold M.
A section of the exterior algebra A®E* is called an E-differential form.

A Poisson structure is an important geometric structure inspired by the Hamiltonian mechan-
ics. A deformation of the Poisson structure by adding a closed 3-form H is called the twisted
Poisson structure [30, 40]. We consider a bivector field 7 € I'(A*TM) and a closed 3-form
H € Q3(M) on a smooth manifold M. If (r, H) satisfy

%[7‘(,7(]5’ = <®37r,H>, (1.1)
(m, H) is called a twisted Poisson structure, where [—, —|g is the Schouten bracket on the space
of multivector fields and (—, —) is the pairing of TM and T*M. The condition of the twisted
Poisson structure is regarded as a compatibility condition between a Lie algebroid and a pre-
2-plectic form. To consider a generalization to general pre-n-plectic form is natural. However,
a generalization is not straightforward since a simple generalization of 7 and H in equation (1.1)
to a multivector field and a pre-n-plectic form does not give a good condition.


mailto:nikeda@se.ritsumei.ac.jp
https://www.ritsumei.ac.jp/~nikeda/
https://doi.org/10.3842/SIGMA.2024.025

9 N. Ikeda

A twisted Poisson structure was discovered in the analysis of a sigma model called a twisted
Poisson (or a WZ Poisson) sigma model [30]. Recently, Chatzistavrakidis proposed a new higher
dimensional topological sigma model with WZ term whose target space was a Poisson mani-
fold [13, 14]. If and only if a multivector field on the target space is satisfied a geometric
condition, the topological sigma model is consistent. A generalization to general Lie alge-
broid setting is formulated in the paper [25]. Consistency conditions of these sigma models
imposes a geometric condition of an F-differential form with a Lie algebroid structure and
a (pre-)(multi)symplectic form. In this paper, we investigate this geometric structure mathe-
matically.

Another motivation is a generalization of a momentum map on a symplectic manifold. A mo-
mentum map is defined on a symplectic manifold M with a Lie group G action. Let g be a Lie
algebra of the Lie group G. Recently, a generalization of a momentum map theory to a Lie
algebroid setting has been proposed [6] inspired by analysis in [5, 33]. A momentum map
is pu: M — g* is generalized to a section of the dual of a vector bundle p € T'(E*) called a mo-
mentum section, where F is a Lie algebroid. If a vector bundle is the direct product £ = M x g,
it reduces to a momentum map.

Conditions of the momentum map are generalized. In this paper, we concentrate on one
compatibility condition called the bracket-compatibility condition,

Equ = —sz,

where w is a symplectic form, p is the anchor map of a Lie algebroid, and £d is the Lie algebroid
differential. This condition looks to be curious at first, however it has natural good properties.
Moreover we claim that the condition is unified with the twisted Poisson structure, and gen-
eralized to higher algebroids and multisymplectic settings. A generalization of the momentum
section to a (pre)-multisymplectic manifold called a homotopy momentum section has be pro-
posed in [22]. Our condition for an E-n-form in this paper is consistent with the definition of
the homotopy momentum section.

A twisted Poisson structure is known as an example of Dirac structures [40]. A momen-
tum map on a symplectic manifold and a homotopy momentum map [10] on a multisymplectic
manifold have reinterpretations in terms of higher algebroids [35]. We show that a compatible
FE-n-form is an example of a higher Dirac structure. Moreover, a compatible E-n-form can
be formulated as a Q-manifold and a QP-manifold. These descriptions are connected to con-
structions of topological sigma models. One of constructions is so called AKSZ sigma models
[2, 23, 38].

We claim that the above structure is interesting and worth to analyze, since it has many
examples already listed above. Generalizations of momentum maps such as momentum sections
on a Lie algebroid, homotopy momentum maps [10] and homotopy momentum sections [22] on
multisymplectic manifolds are examples of our geometric structure.

This paper is organized as follows. In Section 2, a Lie algebroid and related notion are pre-
pared and notation is fixed. In Section 3, a compatible condition is defined and basic properties
are analyzed. In Section 4, examples are listed. In Section 5, the interpretation in terms of
the higher Dirac structure is discussed. In Section 6, the compatible condition is formulated as
a Q-manifold. In Section 7, we reformulate the compatible condition as a (twisted) QP-manifold.

2 Preliminary

In this section, we explain the background geometry of this paper. A Lie algebroid and Lie
algebroid differentials are introduced.
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2.1 Lie algebroids

Definition 2.1. Let E be a vector bundle over a smooth manifold M. A Lie algebroid
(E,p,[—,—]) is a vector bundle E with a bundle map p: E — TM called the anchor map,
and a Lie bracket [—, —]: I'(E) x I'(E)) — I'(E) satisfying the Leibniz rule,
le1, fea] = fler, ea] + p(er) f - €2,

where e; € T'(E) and f € C*®(M).

A Lie algebroid is a generalization of a Lie algebra and the space of vector fields on a smooth
manifold.
Example 2.2 (Lie algebras). Let a manifold M be one point M = {pt}. Then a Lie algebroid
is a Lie algebra g.
Example 2.3 (tangent Lie algebroids). If a vector bundle E is a tangent bundle TM and

p = id, then a bracket [—,—] is a normal Lie bracket on the space of vector fields X(M) and
(T'M,id, [—,—]) is a Lie algebroid. It is called a tangent Lie algebroid.

Example 2.4 (action Lie algebroids). Suppose that there is a smooth action of a Lie group G
to a smooth manifold M, M x G — M. The differential of the map induces an infinitesimal
action of the Lie algebra g of G on a manifold M. Since g acts as a differential operator on M,
the differential of the map determines a bundle map p: M x g — T'M. Consistency of a Lie
bracket requires that p is a Lie algebra morphism such that

[p(e1), p(e2)] = p(lex; ea)), (2.1)

where the bracket in left-hand side of (2.1) is a Lie bracket of vector fields. These data gives
a Lie algebroid (E = M x g, p,[—,—]). This Lie algebroid is called an action Lie algebroid.

Example 2.5 (Poisson Lie algebroids). A bivector field 7 € T'(A*T'M) is called a Poisson
bivector field if [, 7] = 0, where [—, —]g is a Schouten bracket on the space of multivector fields,
['(A*TM). If a smooth manifold M has a Poisson bivector field m, (M, ) is called a Poisson
manifold. For a Poisson bivector field 7, a bundle map is defined as p = —nf: T*M — TM
by (7f(a), B) = 7(a, B) for all B € QL(M).

Let (M, 7) be a Poisson manifold. Then, a Lie algebroid structure is introduced on T*M.
7. T*M — TM is the anchor map, and a Lie bracket on Q'(M) is defined by the so called
Koszul bracket,

[, Bl = ﬁﬂu(a)ﬁ - ﬁﬂu(g)a —d(m(a, B8)), (2.2)
where a, 3 € Q1 (M).
Example 2.6 (Lie algebroids induced from twisted Poisson structures). If a bivector field 7 €
I(A*TM) and H € Q3(M) satisfy

1
5[77,#]5 = (®°m, H), dH =0, (2.3)

(M, 7, H) is called a twisted Poisson manifold [27, 30, 36, 40]. Here <®37T,H > is defined by
(31, H) (o, a9, a3) := H (¥ (), m*(a2), 7 (au3) ) for o € QL (M).

If we take the same bundle map, —n%: T*M — TM as in Example 2.5, and a Lie bracket
deformed by H,

[, Bla,m = Lty B — Lrpgyer — (v, B)) + trt(aytat(s)H
for a, B € QY(M). Then, (T*]\/[7 —rt [, —]W,H) is a Lie algebroid.

One can refer to proper documents for basic properties of Lie algebroids can be found, for
instance, in [34].
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2.2 Lie algebroid differentials

For a Lie algebroid F, sections of the exterior algebra of E* are called E-differential forms.
Consider the spaces of E-differential forms I'(A®*E*). A differential #d on I'(A®*E*) is called a Lie
algebroid differential (or simply, a differential) £d: I'(A™E*) — T'(A™*1E*) and is defined as
follows.

Definition 2.7. A Lie algebroid differential #d: T'(A™E*) — F(/\mHE*) is defined by

m+1
Eda(617 R em+1) = Z (_1)171p(€i)a(617 ey €y 7€m+1)
i=1
+ > (=)aleiejlien iy €y emg),
1<i<j<m+1

where o € I'(A"E*) and e; € I'(E).

(E d)2 = 0 is satisfied. The Lie algebroid differential ¥d is a generalization of the de Rham
differential on T*M and the Chevalley—FEilenberg differential on a Lie algebra.

3 Compatible E-n-forms

3.1 Definition and consistency

In this section, we define a geometric structure on a Lie algebroid over a pre-multisymplectic
manifold. First, we introduce a pre-multisymplectic manifold.

Definition 3.1. A closed (n + 1)-form w € Q"1 (M) is called a pre-n-plectic form. (M,w) is
called a pre-n-plectic manifold.

If we additionally suppose that w is nondegenerate, w is called an n-plectic form. A 1-plectic
form is a symplectic form.

Let d: T(A™E*) — T'(A™"'E*) be a Lie algebroid differential. Given w € Q"*(M), L’; is
defined by

L’;w(ka, coUng1) (€155 k) = Lpter) -+ - bp(ep) W (Vkads - - Unt1)
= <®kp)w>(eka <oy €1, U1, - - - 7vn+l)
= W(p(ek), s 7P(€1)7 Vk+15 - - - 7/Un+1)

for e1,...,ex € I'(E) and vgy1, ..., 041 € X(M).

Definition 3.2. Let (M,w) be a pre-n-plectic manifold and (E, p,[—, —]) be a Lie algebroid
over M. Then, an E-n-form J € I'(A"E*) is called compatible if J satisfies

Eqg = —L;”“lw = —{(@"p,w). (3.1)
Since £d’ = 0,
Ed(htw) =0, (3.2)

must be satisfied for consistency. The left-hand side is

Ed(Lsz) (ent2,-..,e1) =dw(p(er),...,plent2))
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+ Z (—1)i+j71w([p(ei),p(ej)],p(el),...,p(éi),...,p(ej),...,p(en+2))
1<i<yj<n+2

+ 3 (D Mw(p(len e)), pler), - p(Ei)s s p(e), s plensa))
1<i<j<n+2

for e; € I'(E). Since [p(e1), p(e2)] = p(le1,e2]) is satisfied in a Lie algebroid E, we obtain the

following proposition.

Proposition 3.3. Ifw is closed, (3.2) is satisfied and equation (3.1) is consistent with p, [—, —]
and w.

In other words, Definition 3.2 means that if —LZ“w is Fd-exact, and its E-n-form is .J, (J,w)
is called compatible.

3.2 Gauge transformations

Recall that LZ“w is closed with respect to the Lie algebroid differential ¥d, Ed(LZ“w) =0
from consistency with equations (3.1) and (3.2). Obvious equivalence relation of compatible
E-n-forms is difference of £d-exact terms.

Definition 3.4. For a Lie algebroid E, two compatible E-n-forms J and .J’ are equivalent if
there exists an E-(n — 1)-form K € T'(A""'E*) satisfying J' = J + FdK.

In fact, if J is a compatible E-n-form J’' also satisfies the same compatible condition.

We consider another nontrivial equivalence. For a pre-n-plectic form w, we consider a defor-
mation w’ = w + d\ for an arbitrary n form A € Q" (M), which is called a gauge transformation.
Obviously, if w is a pre-n-plectic form, «’ is also a pre-n-plectic form.

Using the identity [p(e1), p(e2)] = p([e1, e2]) of a Lie algebroid, the following equation holds,

Pa(ga) = gt
for A € Q"(M). Thus, if J is a compatible E-n-form for w, and w’ = w — d\, the compatible
E-n-form J' for «’ is given by J' = J —j . In fact,

Eqy = —L;”rlw' = —LZHw — (1p)" AN = —LZHw — Ed(LZ)\) =Fq(J - ).

A gauge equivalence of two compatible F-n-forms is formulated as follows.

Definition 3.5. Two compatible E-n-forms J and J' are gauge equivalent if there exists an
n-form A € Q"(M) such that J' = J — (J\.

In Section 4, we discuss gauge equivalence of the twisted Poisson structure in Example 4.2.

4 Examples

The compatible E-n-form (3.1) is considered as a universal compatibility condition of a Lie
algebroid structure with a pre-multisymplectic form. It appears in various geometries. In this
section, we list up examples.

Example 4.1 (Liouville 1-forms). Take n = 1 and let (M,w) be a symplectic manifold and
E =TM be a tangent bundle. T'M is a tangent Lie algebroid with the anchor map p = id (see
Example 2.3). An E-1-form J is a normal differential form on M, and a Lie algebroid differential
Ed = dgg is the de Rham differential. The compatible condition (3.1) is

ddRJ = —Ww,

which means that J is the Liouville 1-form for the symplectic form w.
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Example 4.2 (Poisson and twisted Poisson structures). Let (7, H) be a twisted Poisson struc-
ture on M (see Example 2.6). Note that it reduces to a Poisson structure if H = 0. The
cotangent bundle T*M has a Lie algebroid structure as explained in Examples 2.5 and 2.6.
Formulas of the twisted Poisson structures and induced Lie algebroids are in [32, 40]. Equa-
tion (2.3) is equivalent to Edr = —<®37r, H >, where d is the Lie algebroid differential of this
Lie algebroid T*M. Thus, J = 7 is a compatible T'M-2-form on a pre-2-plectic manifold with
a pre-2-plectic form H.

Next let us analyze gauge equivalence. A gauge transformation of the twisted Poisson struc-
ture is H' = H + dB with a 2-form B. Then, the compatible E-2-form with respect to H’
st =m— <®27T, B> from Definition 3.5.

Note that gauge transformations in Definition 3.5 are different from the definition of the
gauge transformation in the twisted Poisson structure [9, 40]. In the standard definition, the
bivector field changes to 7’ = m(1+ 7B)~! under H' = H + dB.

In the standard definition, equation (2.3) gives the Lie algebroid structure on 7% M and a com-
patible E-n-form simultaneously. If the gauge transformation 7’ = 7(1 4+ 7B)~! consistently
deforms the Lie algebroid structure defined by (7', H) and a compatible E-n-form to J' = «’
simultaneously.

However, our gauge transformation 7’ = m — <®27r, B > only deforms the compatible F-n-form
to J' = 7’ under the fixed Lie algebroid constructed from (7, H). The reason is for generalizations
to higher pre-n-plectic cases. In a pre-n-plectic case, the simultaneous deformation of the Lie
algebroid and the compatible E-n-form like the twisted Poisson structure does not work. The
twisted Poisson structure is a very special case and our gauge transformation is applicable to
general E-n-form on a higher n-plectic manifold.

Example 4.3. A twisted R-Poisson structure (7, H,J) on a smooth manifold M is defined as
follows [13].) M is a smooth manifold and © € I'(A*TM) is a Poisson bivector field. H is
a closed (n+1)-form, and J € I'(A"T'M) is an n-multivector field. As explained in Example 2.5,
the Poisson bivector field 7 induces a Lie algebroid structure on T*M, where p = —x* and the
Lie bracket is given by (2.2). Under this Lie algebroid structure, (H,.J) is the twisted R-Poisson
structure if it satisfies

FdJ = (-1)"(@""'x, H).
J is a compatible T* M-n-form with the pre-(n + 1)-plectic form w = (—1)"*1H.

Example 4.4 (momentum maps). We assume a smooth action of a Lie group G on a symplectic
manifold (M,w). Let g be a Lie algebra for G. The Lie group action induces the Lie algebra
action p: g = TM. A map pu: M — g* is called a momentum map if it satisfies

dp(e) = —lp(e)W, (4.1)
,0(@1)0% €2> = (M? [61762]>
for e,e;,e2 € g. Here (—, —) is the pairing of g* and g. As explained in Example 2.4, the
Lie group action induces an action Lie algebroid structure on a trivial bundle £ = M X g.
The anchor map is induced from the map of the Lie algebra action as p: M x g — T M. The

momentum map is regarded as a section of the dual trivial bundle p € T'(M x g*). Under the
condition (4.1), equation (4.2) is changed to [6]

Edu(ey, e0) = —Liw(el, e2),

ie., Pdu= —Lf,w. Here £d is a Lie algebroid differential with respect to the action Lie algebroid.
Thus we obtain the following result.

Since J is denoted by R in the paper [13], it is called the R-Poisson structure.
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Proposition 4.5. A momentum map p: M — g* is a compatible E-1-form for the action Lie
algebroid induced from a Lie group action on M.

Example 4.6 (homotopy moment(um) maps). [10] Let (M,w) be an n-plectic manifold. As-
sume an action of a Lie group G on M as in the case of the momentum map. The ac-
tion of G induces the corresponding infinitesimal Lie algebra action on M as vector fields,
p: g — TM. We consider the space, QF(M,\""*g*) = QF(M) ® A" *g*, and two differen-
tials d := d ® 1 and dcg := 1 ® dcg where d is the de Rham differential on QF(M) and d¢p is
the Chevalley-Eilenberg differential on A *g*. Introduce a k-form taking a value in A" Fg*,
Ly € QF (M, /\”_kg*), where k =0,...,n — 1, and their formal sum, i = ZZ;& L.

Definition 4.7. A homotopy momentum map i is defined by?

n

(d+deg)i =Y _(~1)"FHatFky, (4.3)
k=0

A momentum map on an n-plectic manifold [11, 19] is a homotopy momentum map. Ex-
panded by the form degree, equation (4.3) becomes the following n equations,

dﬁn_l = —L;

dﬁan + dCEﬁnfl = ngv

w,

dfig—1 + dopiix = (1) Fa R,

dCEﬁO = (—1)"+1L2+1w. (4.4)

The Lie group action induces an action Lie algebroid structure on the trivial bundle £= M x g.
The Lie algebroid differential on the action Lie algebroid is ¥d = ad; +dcg, where ad® is the
following action on « induced from the Lie algebra action on M,

m—+1
ad’aler,. .. emi1) = 3 (~1) pler)aler, .., - emin)

i=1
for e; € g, We can rewrite n equations (4.4) to equivalent n equations [22],

1
dun—l = _pru

dpn—2 + Ed:un—l = _Lf)wy

dpsmr + Py = 5,
Eduo = —LZHw, (4.5)

where fi, = (—1)" **1p;. The last equation (4.5) shows that J = jq is a compatible E-n-form.

n+1

Proposition 4.8. [ = (—1)"""ug in a homotopy momentum map is a compatible E-n-form.

2Sign factors of the equation are different from [10]. Sign factors are arranged to original ones by proper
redefinitions.
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Example 4.9 (momentum sections). A momentum map is generalized to a momentum sec-
tion [6]. See also [24, 26, 33]. A momentum section is also an example of a compatible E-n-form.

Suppose that a base manifold M is a pre-symplectic manifold with a pre-symplectic form w.
Moreover, suppose a Lie algebroid (E, p, [—, —]) over M. In order to define a momentum section,
we introduce a connection on the vector bundle E, V: I'(E) — I'(T*M ® E), which is a R-linear
map satisfying the Leibniz rule,

V(fe) = fVe+(df)®@e
for e € I'(F) and f € C*°(M). A dual connection on E* is defined by the equation,
d{u, €) = (Vp, e) + (u, Ve)

for all sections p € I'(E*) and e € I'(E).
A momentum section is defined as follows.

Definition 4.10. A section p € I'(E*) of E* is called a bracket-compatible momentum section

if u satisfies the following two conditions:?
Vi = —tpw, Equ = —Liw. (4.6)

The second equation (4.6) is nothing but the condition (3.1) of a compatible E-1-form
for J = p.

Proposition 4.11. A momentum section u is a compatible E-1-form.

Example 4.12 (homotopy momentum sections). [22] A homotopy momentum map on a pre-
multisymplectic manifold is generalized to a homotopy momentum section.

As the preparation to introduce a homotopy momentum section, we define another derivation
called an E-connection on a Lie algebroid.

Definition 4.13. Let E be a Lie algebroid over a smooth manifold M and E’ be a vector bundle
over the same base manifold M. An E-connection on a vector bundle E’ with respect to the
Lie algebroid E is a R-linear map ¥V: I'(E') — I'(E* ® E') satisfying

EVe(fe') = [PV’ + (ple) e’
fore e I'(E), ¢ e I'(E') and f € C*°(M).

The ordinary connection is regarded as an E-connection for E = TM,V =TMv.
The standard E-connection on E' = E, PV: T'(E) — I'(E* ® E) is defined by

EVee =V o€ + [e, €]
for e, e’ € I'(E). A general E connection ¥V on FE is given by
Evee/ = vp(e)el + [6, 6/] - X(ev 6/)

with some tensor x € I'(F ® E* ® E*).
If a normal connection V on E as a vector bundle is given, we can define the following

canonical E-connection for the tangent bundle E/ = T M. An (canonical) E-connection on
a tangent bundle, “V: I'(T'M) — I'(E* ® TM) is defined by

Evev = ‘Cp(e)v + p(va) = [p(e)a U] + p(vve)a

30ne more condition V2 = 0 is imposed in [6]. The condition is dropped in this paper, since it is not necessary
in our context.
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where e € I'(F) and v € X(M). It is also called the opposite connection. One can refer
to [1, 15, 18] about the general theory of connections on a Lie algebroid.

Given a normal connection V, a covariant derivative is generalized to the derivation on the
space of differential forms, dV: QF(M, A" E*) — QFFY(M, A™E*), called an exterior covariant
derivative.*  Similarly, given an E-connection ¥V, the Lie algebroid differential ¥d can be
generalized to the operation on the space

T(ANFE' @ AmE*),  FdV:T'(A"E' @ ANME*) — T(AFE @ AT E).
For instance, see [1]. The concrete equation for E' = T*M is as follows.
Definition 4.14. For

QF(M,AME*) =T (AFT*M © AE”),

the E-exterior covariant derivative dY : QF(M, NME*) — QF (M, A™T1E*) is defined by

m+1
FadVa(er,....emp1) = > _(~1)""FVe (aler,... 6. .. emp1))
=1
+ > (=D)a(leiejlien iy €y )
1<i<j<m+1

for a € QF(M, A" E*) and e; € T(E).

Let ux € Qk(M, /\”_kE*) be a k-form taking values in A" *E*, where k = 0,...,n — 1.
Both the exterior covariant derivative V and the E-exterior covariant derivative £dV act on the
space QF (M, /\”_kE*).

Definition 4.15. A formal sum p = ZZ;(I) i is called a homotopy momentum section if u
satisfies

(dv + Edv)u =— Z L?kaw. (4.7)
0

n

Expanding the equation by form degree of both sides, equation (4.7) is the following n
equations,

dvlu’n—l = _sza

dv:uan + Edvlunfl = —L?)w,

)

EaViuy = Fdpg = fL:,H'lw. (4.8)

The final equation (4.8) is the condition that J = pg is a compatible E-n-form (3.1).

Proposition 4.16. g in a homotopy momentum section is a compatible E-n-form.

“The exterior covariant derivative is also denoted by V in [22].
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5 Higher Dirac structures on E § A" 1E*

In this section, we reformulate a compatible E-n-form in terms of a higher Dirac structure of
a Lie n-algebroid. We consider a Lie n-algebroid on E® A" ! E* induced from a Lie algebroid E.

Let (E,p,[—,—]) be a Lie algebroid over M. Then, an almost Lie algebroid structure
is induced on E @ A" 'E*. Three operations are constructed from the Lie algebroid oper-
ations. They are a bilinear symmetric form (—,—): T'(E ® A" 'E*) x I'(E & A" 'E*) —
F(/\”*QE*), a bundle map p: E® A" 'E* — TM called the anchor map, and a bilinear bracket
[, =]p: T(E@A"1E*) x(E®A" 'E*) — I'(E®A" 1 E*) called a (higher) Dorfman bracket.
Let u+a,v+ 8 € I‘(E o /\”_1E*), where u,v € I'(F) and «, 8 € F(/\”_lE*). Then three op-
erations are defined by

(ut ot B)=whtua e = p(u)], (1)
[u4 o, v+ Blp = [u,v] + LB — t,Bda + vyt (LZ“w), (5.2)

where the interior product ¢, is the contraction of an element v € I'(E) with T'(E*), p(u) is the
anchor map of E, and ¥, := 1,Fd 4 Fdu, is the E-Lie derivative. The Dorfman bracket (5.2)
is not skew-symmetric but satisfies the Jacobi type identity,

[[u+a,v+ Blp,w+]p +[[v+ B,w+v]p,u+alp
+ [[w+v,u+alp,v+B]lp = 0. (5.3)

An algebroid satisfying equation (5.3) is called a Leibniz algebroid. Especially, we call
(E 5> /\nilE*a <_7 _)7 P, [_7 _]D)

a Lie n-algebroid, or a Vinogradov algebroid induced from a Lie algebroid E [20]. We only
consider this specific Lie n-algebroid in this paper. There are many analysis about general
theories for Lie n-algebroids. In general, Lie n-algebroids are induced from a QP-manifold of
degree n. A general concept of Lie n-algebroids is referred to, for instance, [7, 16, 17, 21, 29, 39,
41, 45].

Equations (5.1)-(5.2) does not contain J. The compatible condition (3.1), ¥dJ = —LZ'HW, is
described as an extra structure on the Lie n-algebroid, a higher Dirac structure[4, 8, 45].

Definition 5.1. A higher Dirac structure is the subbundle L of the Lie n-algebroid satisfying
the conditions, (e1,e2) = 0 for all ej,ea € I'(L), and [e1, e2]p is an element of I'(L), i.e., I'(L) is
involutive with respect to the bracket, [['(L),I'(L)]p C T'(L).

Note that we do not impose that L is the maximal rank with respect to the inner prod-
uct (—,—) but only isotropic, which is different from the definition of a Dirac structure of
a Courant algebroid.

For an E-n-form J € T'(A"E*), we consider the following space of sections of £ @ A"~ E*,

T(L)={u+ (Ju) e (E® A" 'E*) |ue(E)}.

Theorem 5.2. If J € I'(A"E*) and w € Q"M (M) satisfy PdJ = —LZ‘Hw, then L is a higher
Dirac structure of a Lie n-algebroid E ® N\"~1E*.

Proof. The inner product of two elements of I'(L), u + (J,u) and v + (J,v) for u,v € T'(E) is
(u+ (Ju),v+ (J,v) = (u, Jv) + (Ju,v) =0

from completely skewsymmetricity of J.
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Moreover, using (5.2), the Dorfman bracket is computed as

[u+ (Jyu),v+ (J,0)]p = [u+ tyJ, v+ t,J]D
= [u, 0] + P Luto ] = 1,5 deud + tuto (5 w)

= [u,v] + ELwtnd — 0P Lud — totZAT + Lyt (L?Hw). (5.4)

Using the formula ELute — L, = Luyo) analogous to the Cartan formula, (5.4) becomes

= [u,v] + (J, [u,v]) + tutePdT 4 tuty (LZHw), (5.5)
which is an element of I'(L) again if the identity £dJ = —LZHw is satisfied. Note that we
use tytyPdJ = —1,1,7dJ. Since then (5.5) becomes

[u + (‘L u)vv + (J/U)}D = [u7 1)] + (J7 [u7 U])
for every u,v € T'(E). [

Example 5.3. Let (M, 7, H) be a twisted Poisson manifold and T*M is a Lie algebroid in-
duced from the twisted Poisson structure in Example 2.6. We take n = 2 and consider a Lie
2-algebroid T*M @ TM ~TM @ T*M. For o, € QY M), u,v € X(M), and f € C®(M)
operations are defined as

(@+uf+v)=wh+uwa,  platu)f=r(a)f),
[Oé + u, B + U]D = [aw@]ﬂ,H + £Z7HU - Lﬁdﬂ',Hu + <®37T7 H>(a7 ﬁ)a

which give a Courant algebroid with ((—, —), o, [—, —]p), where

[Oé,B]mH = Eﬂ,ﬁ(a)ﬁ - £Wﬁ(/3)a - d(ﬂ'(O&, 6)) + Lﬂﬁ(a)Lﬂ.n(ﬁ)H, dﬂu = [’/T,U]S,
dr,gru = dru + <(®27T & 1)H, u>, Lg’Hv = (tadr,g + dr Hia)v.

Let us introduce a bivector field J € I‘(/\2TM ) and define a subbundle defined by
L={a+(J,a) eT(T*M &TM) | a € Q' (M)}.

Iff L is a Dirac structure, J is a compatible T*M-2-form, i.e., a bivector field satisfying #dJ =
—12H. This case is special. We can take J = 7 since both are elements of I‘(/\QTM),
and Pdr = —12 H is equivalent to the condition that (7, H) is a twisted Poisson structure.

6 Q-manifold description

In this section, a compatible E-n-form is formulated by graded geometry. A Q-manifold de-
scription based on graded geometry provides a clear method to formulate Lie n-algebroids. Con-
cretely, the compatible F-n-form is described by a Lagrangian Q-submanifold of a Q-manifold.

A graded manifold M is a locally ringed space (M, Opq) whose structure sheaf Oy is a Z-
graded commutative algebra over an ordinary smooth manifold M. The grading is compat-
ible with the supermanifold grading, that is, a variable of even degree is commutative and
a variable of odd degree is anticommutative. By definition, the structure sheaf of M is locally
isomorphic to C*(U) ® S*(V), where U is a local chart on M, V is a graded vector space,
and S*(V) is a free graded commutative ring on V. Oy, is also denoted by C*°(M). Grading
of an element x € C°°(M) is called degree and denoted by |z|. For two homogeneous elements
f.g € C®°(M), the product is graded commutative, fg = (—1)llgf. There are some recent
reviews of graded manifolds in [12, 23, 38, 44] and references therein.

We concentrate on nonnegatively graded manifolds with Z>o grading called an N-manifold.
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Definition 6.1. If an N-manifold M has a vector field Q of degree +1 satisfying Q? = 0, it is
called a Q-manifold, or a differential graded (dg) manifold.

This vector field @ is called a homological vector field.

Let E be a vector bundle over M. FE is a Lie algebroid if and only if E[1] is a Q-manifold
with a homological vector field [43]. Concrete correspondence is as follows. Let (2%, ¢%) be local
coordinates on E[1] of degree (0,1). Here i is the index on the base manifold M and a is the
index of the fiber. A vector field of degree +1 is locally given by

0 1
Che(2)a’q°

Q= Pi(x)qa@ e (6.1)

dq®’
where pi(z) and CZ(z) are local functions. We define a bundle map p: E — TM and the Lie
bracket [—, —]: T(E) x ['(E) — I'(E) as p(eq) := p4(2)0;, [eq,ep] := CS(2)ee, for the basis of
sections e, € ['(E). Then, Q% = 0 is equivalent that the two operations (p, [, —]) satisfy the
definition of a Lie algebroid on E: all the identities of the anchor map and the Lie bracket in
the Lie algebroid E are obtained from the Q% = 0 condition.

We have another description of a Lie algebroid based on a QP-manifold.

Definition 6.2. If an N-manifold M has a graded symplectic form wgaq of degree n and a vector
field Q of degree +1 satisfies @* = 0, and Lowgrad = 0, (M, wgrad, Q) is called a QP-manifold
of degree n.

In a QP-manifold, if n # 0, there exists a Hamiltonian function © such that @ = {6, —}.
Q? = 0 is equivalent to {©,0} = 0.

For a Lie algebroid, we take an n — 1-shifted cotangent bundle M = T*[n — 1]E[1] with
a nonnegative integer n — 1. Take local coordinates on T*[n — 1]E[1], (2%, ¢%, 2;,y4) of degree
(0,1,n—1,n—2). Since T%[n — 1] E[1] is a (graded) cotangent bundle, it has a canonical graded
symplectic form of degree n — 1, wgraa = 02" A §2; + 6¢® A 8y,, where § is the graded de Rham
differential on the graded manifold. A graded Poisson bracket for wgraq is defined by

{f,9} = (=DM x, weraa.
The Poisson brackets {—, —} satisfy

{e gy =0, Aza't=-0, A{wr=6. {m}=-()"7
We take the following degree n function on T%[n — 1]E[1],

(-
2

(-

5 Co(2)q"qYa.  (6.2)

OLie = {p(q), 2) + (lg. . v) = (1" p () 20" +
Here (—, —) is the pairing of TM and T*M an (—, —) is the pairing of E and E*. {Ope, OLie} =0
is equivalent to p(e,) = pi(2)d; and C{(z) are the anchor map and the structure function of
the Lie bracket of a Lie algebroid.

We can prove that tg,, werad = —0OLic, equivalently, Qric = —{Oric, —} in (6.2) satis-
fies Q%,, =0 and Lo, weraa = 0 if and only if F is a Lie algebroid. The local coordinate
expression is

0 1

; : 0
QLic = — {OLie, —} = py(x)q" Erche §Cgc($)qchaqa + ((=1)"phzi — C&(7)q"ye) E
j a (_1)77, a c
- (&ﬂézg'q - 0iChe(2)4"4 Ya o7
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Here 9; = %. Quie is also denoted by Lo = Qrie and called the tangent lift of the vector
field @ in (6.1). QLie is the homological vector field such that Q = Quie|gp)- T7[n — 1]E[1] has
a QP-manifold structure induced from a Lie algebroid structure on F.

We consider a function of degree n,

1
l = aJal...an (‘T)qal T qan7

corresponding to the E-n-form J € I'(A" E*), where

1

mJal...an () :==J(eayy---,€a,)-

The term J is summed to Opie as OLics = OLic + (—1)""1J, and consider the vector field of
degree +1

Qries = —{OLics, —}

Q1ie j 18 not necessarily a homological vector field since Q%ie s is not necessarily zero without
any condition for J. In order to realize the condition (3.1) of a compatible E-n-form J, we
modify Qrics by adding a term induced from a (pre)-n-plectic form w = H as®

n n(n -1 n
Qcomp = {_@Lie + (_1) lv _} + (_1) (nt1)/2 (wgrad) Lp(q)H

0 1 . b e O
oz §Cbc(37)q q o

= ph ()¢

. 1 0

_1nzi_Cc bC —1)" Ja ba .. bn

— 8-pjz' a_ﬂa.ca b c
1Pa?jq 9 ( bc(x)q q Ya
pyn L 0;J, 1 n . a1 an| 9

+(— ) ﬁ( iJay..an — Pay len ij1.--jn)q g (9725’ (6-3>

where
1 i in
H = i 1)!Hi1..,in+1(x)dx LA Adatntt

is a closed (n + 1)-form. For a 1-form
a=ai(x)de’,  (whaa) ' TFln— 1E[1] = TE[]
is the map induced from the symplectic form wgyaq.

0

booy—1
Wer a=o;(r)—.
( g ad) Z( )azz
Proposition 6.3. Let E be a Lie algebroid and H is a pre-n-plectic form. The vector field of
degree +1, Qeomp in (6.3) satisfies Qcomp2 =0 if and only if J is a compatible E-n-form.
Proof. We compute the square of Qcomp. Using equations Qiie ;=0 and

{Ovic: gy H} = {L 1y H} =0,

etc., we obtain that Qcomp2 is proportional to {Ore, J} + LZ(J;)lH , which must be zero. This
equation is equivalent to the condition of a compatible E-n-form (3.1). |

°In this section and the next section, a pre-n-plectic form on a (normal) base manifold M is denoted by H
not w to distinguish with wgrad-
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Example 6.4. Let m = 37 (2)9; A 9; € T (A*TM) be a bivector field and H = 3, H;j,(x)dz’ A
dz? Ada* € Q3(M) be a closed 3-form. We take n = 2 and consider an N-manifold 7*[1]T[1] M.
Local coordinates are (:z:i,qi, zz-,yi) of degree (0,1,1,0). Now, the homological vector field @ is
given by

ij 9 Lo ik 9 ij ij k ij 9
Q=m"(2)aiy 5 — 50 (SC)Qijafq. — (72 + O (2)qsy” — 7 q;) 0

)

. 1 1 . . P
+ |0 2 qn + §ai8j77kl(Ileyj - 5(3¢7T”k — T ) a5 92
T

Q? = 0 is equivalent that (7, H) is the twisted Poisson structure.

There does not necessarily exist a homological function © satisfying Qcomp = {©, —} for the
homological function in (6.3), if H is nonzero. A compatible E-n-form can not be constructed
as a QP-structure on T*[n — 1]E[1].9

7 Realization by QP-manifold and twist

In the Q-manifold description in the previous section, a compatible condition is not formulated
as a QP-manifold, i.e., there exists no homological function © such that (gw = —d© for the
homological vector field @ in equation (6.3) if H # 0. We consider another realization in graded
geometry as a Lagrangian Q-submanifold of a QP-manifold.

For it, we consider a shifted cotangent bundle of the graded bundle in Section 6. Take
a shifted double cotangent bundle T*[n]M of M = T*[n — 1] E[1] in the previous Section 6. We
consider a QP-structure on 7*[n]M, i.e., we take the canonical graded symplectic form Wgraq
and @ such that Eéwgrad =0.

7.1 Twisting of homological functions and twisted QP-manifolds

In this section, a general theory to describe a Lagrangian submanifold and its geometric structure
of a QP-manifold in terms of graded geometry and applied to a compatible F-n-form. We use
twisting of a homological function introduced by [37] and analyzed in [29, 31, 42].

Let pr: T*[nJM — M be a natural projection map. M is a trivial Lagrangian graded sub-
manifold since {pr* f,pr* g} = 0 for all f,g € C*°(M) and M is of half dimensions of T*[n] M.

If (T* [N M, Wgrad, @) is a QP-manifold of degree n, an induced graded Poisson structure of
degree —n is defined on M as follows. A bilinear graded bracket of degree —n + 1 is defined
on M by a derived bracket,

{f.9}m =pr. {{pr" £,0},pr" g}, (7.1)

where {—, —} is the graded Poisson bracket induced from Wg;aq and Oisa homological function
for Q. {—,—}am is a graded Poisson bracket of degree —n by using {pr* f,pr* g} = 0. In fact,
{—, —} m satisfies identities of a graded Poisson bracket,

{f.gtm = —(=1)WI=ntDal=ntlrg 6y 4,

{f.ghyam = {f, gtmh + (=)W=l g L pY oy,

{fAg, Byactm = {UF, ghms By + (=)Wt DUal=nt0 00 108 n kg
for f,g,h € C®(M).

In order to construct a general geometric structure realized in a Lagrangian submanifold
L C T*[n+ 1]JM, we use twist of a homological function ©.

8Since a homological function for a compatible E-n-form does not exist, we cannot construct a topological
sigma model by using the so called AKSZ construction [2].
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Definition 7.1. Let ¢ € C>(T*[n]M). Then the twist €24 of any function a € C*°(M) by ¢
is defined by [37]

e?19q ::a+{a,¢}+%{{a,qb},qzﬁ}%—-'--I—%{'--{{O&,cb},cb}’---@}*‘""

If a function ¢ € C°(T*[n]M) is of degree n, twist preserves degree and gives a Poisson
map o — e*?q satisfying

{eadd)a’eadqﬁﬁ} — ead¢{a’ﬁ}

for all o, 8 € C®°(T*[n|M).

Let &4 := {ea‘w pr*f| fe COO(M)} be a space of functions twisted by a degree n function
¢ € C(T*[n|M). In general, &, is identified as a space of functions on some graded manifold
Ly CT*[n]M, Ey = C>®(Ly), by applying a Serre-Swan type theorem on a graded manifold.

Proposition 7.2. Ly is a graded Lagrangian submanifold of T™*[n]M.

It is confirmed using the formula {ead¢pr* 7 ead¢pr*g} = 9 fpr* f pr* g} = 0 and the
dimension of Ly is the same as M.

By definition, for a, 3 € C*(L_g), there exist f,g € C°(M) such that a = e~ 24 pr* f and
B =e 249 pr* g, The derived bracket of a and 8 is equal to

{{e ™% pr* f,0), 670 pr* g} i= o2 { pr* £,6*190}, pr* g ). (7.2)

A bilinear bracket is defined by the following derived bracket,

{o, BYe_, = pr,e” L pr* f,e*90} pr* g}. (7.3)

Since it is equivalent to pr, {{e_ ad¢ pr* f, C:)}, e 2d¢ pr* g}, then twisting by ¢ gives a graded
Poisson bracket on £_g4 induced by © equivalent to a graded Poisson bracket on M induced
by 199, We can prove that {—,—}c_, is a graded Poisson bracket of degree —n + 1 similar
to the proof for the bracket (7.1).

Thus, in the preceding discussion, we analyze the twisted homological function %@ on M
instead of a homological function on £_.

The twisting function ¢ is an almost homological function. By (7.2) and (7.3), the graded
Poisson bracket is defined by the derived bracket {{—, é}, —}. On the other hand, we obtain

pr, e %9

=pr, (6+{6,0) + 5{{8:0}, 0} +-+ - {...{{8,0},0},.... 6} +- ). (T4)

n brackets

The function ¢ is of degree n, and from equation (7.1), the third term of pr, €*1¢@ gives

{¢.0}m = —pr. {{6,0},0}. (7.5)

If equation (7.5) is zero, ¢ is a homological function on M and (M, {—, —} o1, @) is a QP-manifold
of degree n — 1. However, equation (7.5) is not necessarily zero.

Inspired by the above analysis and equation (7.4), we define a twisted QP-structure. We
consider the following class of generalizations of a QP-manifold which has good properties but
it is not a QP.



16 N. Ikeda

Definition 7.3. Take a shifted cotangent bundle N’ = T*[n]M of a graded manifold M. Let
N = T*[n]M be a QP-manifold with a homological function ©. If a degree n function ¢ €
C>°(T*[n|M) satisfies

pr, €*19Q =0, (7.6)

(M, {—, =} m, ¢) is called a twisted QP-manifold, where pr: T*[n]M — M is a natural projec-
tion.

A function ¢ satisfying the condition (7.6) is also called a a Poisson function or a canonical
function. Obviously a QP-manifold is a twisted QP-manifold. A twisted QP-manifold has
some applications to physical theories such as the reduction of the AKSZ sigma models and the
supergeometric construction of current algebras [3, 28, 29].

7.2 QP-manifold description of compatible differential forms

Our graded manifold is 7% [n]M = T*[n]T™*[n—1]E[1]. In order to compute the concrete formula,
take local coordinates (a:i, q°, z, ya) of degree (0,1,n —1,n —2) on T*[n — 1]E[1] and canonical
conjugate coordinates of the fiber (fi,pa,gi,na) of degree (n,n — 1,1,2). The canonical pro-
jection pr: T*[n]JM — M is given by pr: (&,pa, (" na) — (0,0,0,0). The canonical symplectic
form of degree n is

Dgrad = 02" A\ 8& + 69 A 6pa + 02 A 6C" + Sya A o1
Graded Poisson brackets induced from the above symplectic form are

{«',¢} = {@afc } =dt, {q® pp} = —(=1)"Ypp, ¢} = 6L,
{z, 0} = ="z} =6,  {van’} =—{n"va} =}

We take an (n + 1)-form H on M and consider the following function of degree n + 1,

- n(n—1) _
i a nn=l) 1 ; i
=& +pan” + (1) 2 mHilminJrl(x)C P,
where H = +11),Hzl ding (2)CH Q-Ci"“ is a degree n + 1 function corresponding to the (n +
1)-form H = o Hin. dnsa ()T A - Adaintt € QUFY(M). An (n + 1)-form is identified to

a degree n+ 1 function on T'[1]M. © satisfies {@ @} = 0 if and only if H is closed, dH = 0, i.e.,
(T*[n]M, Wgrad, € Q) is a QP-manifold if H is a pre-n-plectic form on M, where Q is a Hamﬂtoman
vector field for ©.

We consider a twist using the following function of degree n, ¢ = ¢4 —J, where two functions
are

7 a 1 c a
Suie = P ()2ig" + 5Cap(2)g ¢"ye, (7.7)

1 a a
J = aJal...an(l’)q Lo g%, (7.8)

and impose the condition (7.6), pr, eaddQ = 0. ®Lie 1s a similar form as Or in equation (6.2).

Compare to the condition in non-graded geometry by defining the following operations.
Let p := p' () a?;z leas ep] = CSe. be a bilinear bracket on I'(E)
for the basis e, € T'(E). Moreover let J := |Ja1...an (x)e® A---ANe? € T'(A"E*) be an E-n-form
with the basis e* € I'(E™).
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By structures of coordinates, z;, ¢* and y,, only nonvanishing terms in pr, 2@ after the
projection pr are following four terms,

{16, dric} drie ), {{0,J},bric}, {{O.0uie}t, I}, { - {{O.bLic}, PLic}s- - PLic} -

(n+1)brackets

At first, {{(:), qﬁLie}, ¢Lie} = 0 is satisfied independently. This equation gives conditions for p
and Cy. that p, = p!0; is an anchor map and Cj., is a structure function of the Lie algebroid
on E. Another condition

pr. (318,201} + 5{{8. 010} 2}

1

+ CES] {.. . {{9, ¢ric}, PLic}, - - -, ¢Lie}> -0 (7.9)

(n+1) brackets

gives the compatible condition of J, equation (3.1). In fact, the first two terms in (7.9) is
equivalent to dJ and the third term is LZHH by straightforward calculations.
From these analysis, we obtain the following result.

Proposition 7.4. (E,p,[—,—]) is a Lie algebroid and J is a compatible E-n-form with a pre-
(n + 1)-form H if and only if ¢ satisfies equation (7.6) pr, e %0 = 0, i.c., M is a twisted
QP-manifold with ¢ in equations (7.7) and (7.8).
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