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Abstract

Solutions of polymer chains are modelled using
non-equilibrium Brownian dynamics simula-
tions, with physically associative beads which
form reversible crosslinks to establish a system-
spanning physical gel network. Rheological
properties such as the zero-shear-rate viscosity
and relaxation modulus are investigated sys-
tematically as functions of polymer concentra-
tion and the binding energy between associa-
tive sites. It is shown that a system-spanning
network can form regardless of binding energy
at sufficiently high concentration. However,
the contribution to the stress sustained by this
physical network can decay faster than other
relaxation processes, even single chain relax-
ations. If the polymer relaxation time scales
overlap with short-lived associations, the me-
chanical response of a gel becomes “evanes-
cent”, decaying before it can be rheologically
observed, even though the network is instanta-
neously mechanically rigid. In our simulations,
the concentration of elastically active chains
and the dynamic modulii are computed inde-
pendently. This makes it possible to combine
structural and rheological information to iden-
tify the concentration at which the sol-gel tran-
sition occurs as a function of binding energy.

Further, it is shown that the competition of
scales between the sticker dissociation time and
the single-polymer relaxation time determines
if the gel is in the evanescent regime.

Introduction

Associative Polymers

Associative polymers are polymer chains that
are decorated with functional groups, or stick-
ers, which can form thermo-reversible bonds
with each other1,2. This reversibility dis-
tinguishes them from polymers which have
been chemically cross-linked, essentially per-
manently3. With a sufficiently high number of
bonds or cross-links, individual polymer chains
become united in a system-spanning mesh ca-
pable of bearing mechanical load, and the sys-
tem has become a gel4. In a permanent chem-
ical gel, this load is supported indefinitely, but
in a reversible “physical” gel, thermally ac-
tivated dissociations release stress over time
and the gel will eventually flow5. In chemi-
cal gels, the onset of gelation is generally trig-
gered by an increase in concentration or the ex-
tent of the cross-linking reaction6,7. In physical
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Figure 1: Schematic representations of the hypothesized linear viscoelastic responses of physical gels
and their dependence on the number and strength of reversible bonds. (a) Given a fixed sticker strength,
the blue curves represent how the relaxation modulus G(t) changes as we decrease the density of bonds
(for example, by changing the polymer concentration). Darker shades correspond to a “weaker” gel with
a lower elastic plateau. (b) Given a fixed concentration, red curves represent how changing the bond
lifetime (for example, by varying the sticker interaction energy) modifies the relaxation modulus. Darker
shades approach the “evanescent” gel behaviour, in which the elastic plateau is subsumed by the single
chain response. In both figures, the broken lines represent the hypothesized viscoelastic response of the
network, which is not readily separable from the single chain response, such that only their combined
response (solid coloured lines) is observable rheometrically.

gels, concentration, temperature, and sticker
strength are typical control variables8. In this
work these controls are collectively referred to
as triggering variables. In both classes of gel,
the molecular architecture of the unbound pre-
cursor chain (branches and sticker locations)
can also play a role in the ultimate material
properties of the gel9.

Physical gels have attracted attention due
their combination of practically elastic be-
havior, ultimate fluidity, and tunable prop-
erties8. Since the relaxation is driven by
thermal activation, physical gels have strongly
temperature-dependent rheological properties.
Further, solution variables such as pH and con-
centration10,11 which can be modified after for-
mulation can also affect the gel properties with-
out depending on the preparation state. These
qualities provide physical gels with an adapt-
ability or tunability that is hard to emulate in
chemical gels. There are also a range of dif-
ferent associative groups that can be used to
decorate the individual chains with12–17, which

make the sticker strength and functionality de-
sign variables as well. The proliferation of con-
trol parameters for such physical gels makes
them ideal materials for applications that call
for rapid prototyping or precisely tuned rheo-
logical properties8,10,11.

They have two other valuable qualities as
well. Firstly, the associative mechanism for
gelation means that if a gel is torn apart by ex-
cessive load, the polymer chains will dissociate
rather than break the polymer chain, and the
stickers can then form new associations to re-
build the mesh in a self-healing process18–21. In
addition, the rheology of associative polymers
is driven by the statistical physics of reversible
bonds instead of a particular chemistry. This
means that applications with limited chemical
options (such as biomedical applications22–25)
are readily developed.

The focus of this work is to investigate the
effects of polymer concentration and “sticker
strength” (the activation energy needed to
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break a reversible bond) on the linear rheo-
logical response of a physical gel. Schematic
representations of the effects of these parame-
ters are shown in Fig. 1. Broadly, there are ob-
vious limiting behaviors for these two parame-
ters, but a clear understanding of the crossover
between these limits is not yet established. In
the limit of very high sticker strength, the be-
havior of a physical gel must approach that of
(thoroughly studied) chemical gels. That is, at
low concentration, stickers can only bond with
other stickers on the same chain, and no net-
work forms. At very high concentration, all
stickers are bound, most to different chains,
and a robust elastic network is formed, with
some defects or dangling chains. In the limit of
low sticker strength, associative polymers must
behave as undecorated “homopolymers” which
do not form a gel at any concentration. Some-
where in between these sticker strength limits,
as we decrease the sticker strength there must
be a point at which the signatures of gelation
disappear. In the present work, molecular sim-
ulations of a model physical gel system are used
to resolve this point and describe the differ-
ences in behavior on either side of it. A curious
discovery from this investigation has been that
a system-spanning network can exist, and yet
not exhibit the distinct rheological signatures
that are conventionally used to identify a gel.

It is necessary to clarify some terminology
about gels and associations. The long-time
(or low-frequency) plateau in the elastic mod-
ulus of a physical gel (labelled Gϵ in Fig. 1)
is sometimes referred to as G0, but this nota-
tion sets aside the relaxation processes within
the polymer chains. Since our work focuses on
a regime where both phenomena are relevant,
we denote the (persistent but ultimately finite-
life time) elastic modulus of a physical gel as
Gϵ. The instantaneous shear modulus, includ-
ing the entire polymeric contribution at time
t = 0 following imposition of a step strain is
then denoted as G0, as indicated in Fig. 1. Sec-
ondly, we note that, the term “weak gel” has
been used to describe physical gels quite gener-
ically5. This term is applied because a physical
gel can exhibit a lower apparent elastic modu-
lus than a chemical gel with similar molecular

weight, concentration, and bond density. In
some cases, the term “weak gel” has been used
to specifically refer to an associative polymer
solution which exhibits no observable elastic
plateau, but this manuscript explicitly avoids
that usage. There is a distinct difference be-
tween a weak sticker and a weak gel. The
“strength” of a gel is a reference to the mag-
nitude of its elastic modulus, as represented
schematically in Fig. 1(a). The “strength” of
a sticker is effectively a reference to the life-
time of a bond, as in Fig. 1(b). If one assumes
a particular polymer concentration and sticker
strength produce a robust gel, then a reduc-
tion of the concentration reduces the number
of bonds, weakening the gel. If instead the con-
centration is fixed but the sticker strength is re-
duced, then the depth of each energy well rep-
resenting the strength of the stickers binding
is reduced, but the high concentration of avail-
able stickers will ensure that the number of
bonds remains high. The height of the elastic
modulus is therefore only marginally affected
by the strength of the stickers, while the dis-
sociation time scale is much more sensitive to
it. A system with stickers so weak that the
gel-like behavior is disrupted by thermal fluc-
tuations is therefore more suitably referred to
with a temporal qualifier, so the term “evanes-
cent” is used

Gel Transition

Experimentally, gelation in associative poly-
meric solutions is typically characterised by ap-
plying small amplitude oscillatory shear and
calculating the viscoelastic response in terms of
the storage modulus (G′), loss modulus (G′′),
and loss tangent (tan δ = G′′/G′)26–32. The
dynamic moduli as functions of the oscillation
frequency, ω, for an unentangled homopolymer
solution are well described by the spectrum
of relaxation times predicted by the Zimm
model (or, in simulations that neglect hydro-
dynamic interactions, by the Rouse model),
so that there always exists a terminal flow
regime in the limit of sufficiently low frequency.
However, multi-sticker associative polymer so-
lutions may exhibit broad power law relax-
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ation spectra33–35 with no readily discernible
characteristic relaxation time scale, such that
G′ ∼ G′′ ∼ ωn over a wide range of oscillatory
forcing frequency26,31. The onset of gelation
for such systems is typically identified by plot-
ting the loss tangent (tan δ) as a function of
the triggering variable for a range of frequency,
and then identifying the threshold value of the
triggering variable for which tan δ becomes in-
dependent of frequency26,31.

Apart from the dynamic moduli, gelation in
associative polymer solutions is also character-
ized based on the scaling of zero-shear-rate vis-
cosity (ηp0) and terminal relaxation time (τ)
with variations in the triggering variable such
as concentration or temperature27,31,36. For in-
stance, the divergence of the zero-shear-rate
viscosity and terminal relaxtion time at the on-
set of the sol-gel transition are prominent dy-
namic signatures of gelation for strong elasti-
cally active gels31. However, for weak stickers,
instead of divergence, both the zero-shear-rate
viscosity and the terminal relaxation time can
exhibit non-divergent power-law scaling in the
gel regime27,36,37. Another characteristic of the
gel transition is the appearance of an equilib-
rium shear modulus at long times (or low fre-
quency) as the system becomes mechanically
rigid. The magnitude of this modulus (visu-
ally, the height of a plateau in G(t) or G′(ω),
denoted as Gϵ in Fig. 1) increases with the trig-
gering variable in accordance with percolation
theory31,38–40.

The onset value of a triggering variable at
which the transition from the “sol” (phase
with no system-spanning network) to the “gel”
phase (where there is such a network) occurs
is called the gel point and is denoted by cg
when concentration is the control variable. At
this point the solution forms a “critical gel”,
meaning that a fractal network has formed31,41

which spans the sample domain, but contains
a vanishing number of loops. Such a network
exhibits a power law distribution of relaxation
times, and therefore a divergent viscosity. Si-
multaneously, the critical gel lacks intercon-
nected structures (discussed in the next sec-
tion), necessary to exhibit an elastic plateau.
The development of this network across the gel

point represents a percolation transition, which
exhibits several scaling laws near the transition
on either the gel or the sol side. In particular,
we note that when c is near cg, we expect

G(t) = G0

(
t

τ̂0

)−n

, (1)

ηp0 ∼
(
cg − c

cg

)−s

, (2)

Gϵ ∼
(
c− cg
cg

)z

. (3)

Here τ̂0 refers to the relaxation time of the
smallest possible connection between branch
points in a network (in this work, the number
of springs between adjacent stickers) and ηp0
is the polymer contribution to the zero-shear-
rate viscosity. The scaling exponents n, s, and
z depend on the topology of the individual as-
sociative polymers, but the relationships be-
tween these exponents is universal, and takes
the form n = z/(z + s)31.

Sticky Theories

The mechanical rigidity of a gel originates from
the concentration of elastically active chains
within the network. Elastically active chains
are distinguished from dangling or looping
chains or free clusters. A dangling chain is only
connected to the network at one end. Loop-
ing chains connect back to the same point in
the network. Free clusters (and free chains)
aren’t associated to the system-spanning net-
work. All of these other types of chains can
fully relax any stress on a finite time scale, but
each elastically active chain contributes to the
overall elastic modulus of the network. The re-
lationship between the concentration of elasti-
cally active chains νe and the shear modulus Gϵ

is often expressed as Gϵ = νekBT . However, νe
is not directly measurable in a rheological ex-
periment. To the authors’ knowledge, neither
has it been evaluated explicitly by previous
simulation studies, likely due to the subtlety
of distinguishing elastically active chains from
fully relaxable ones. The number of elastically
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active chains is related to the circuit rank of the
elastic network42. The circuit rank is a mea-
sure of the number of independent closed loops
within a network, which can be extracted from
the bond configuration in a simulation. The
number density νe is usefully related to the rhe-
ological signatures of gelation. Below the gel
point, νe is zero by definition, since there is no
system-spanning network. At the gel point, νe
is still technically zero, since the circuit rank
at the percolation transition is zero. At this
point there is a scale free distribution of re-
laxation times, since the fractal nature of the
network amounts to a scale free distribution of
dangling chains lengths. As more bonds form
beyond the gel point, new circuits in the net-
work introduce mechanical rigidity, so νe (and
therefore Gϵ) increases. The appearance of this
bond-concentration-dependent elastic modulus
is what is represented in Fig. 1(a).

In associative polymer solutions, forma-
tion of a percolating network does not al-
ways guarantee the existence of a gel with a
measurable elastic modulus. Polymer chain
length, monomer concentration, density of
sticky groups along the polymer backbone are
all parameters that modify the viscoelastic
response30,32. It is interesting to note that
depending on the elasticity of the network
formed after gelation, the dynamic modulii
(G′ and G′′) may show power law scaling with
no characteristic relaxation, terminal flow, or
a distinct plateau (eventually also reaching a
terminal regime)27,30,32. For instance, G′ and
G′′ can exhibit a strong elastic response in a
system with high molecular weight, yet show
a terminal flow behaviour at low molecular
weight with the same spacing and strength of
stickers30. Such work demonstrates that the
crossover between gel-like and fluid-like be-
havior is multi-faceted. There are not always
well-established guiding principles for deter-
mining under which conditions a gel forms.

Since the unique rheological properties in so-
lutions of associative polymers arise from the
statistics of sticker association, Santra et al. 43

have thoroughly investigated the static prop-
erties related to the scaling of intra-chain and
inter-chain associations and different static sig-

natures of gelation based on percolation, max-
ima in the free-chain concentration, and on-
set of bimodality in the cluster size distribu-
tion. However, the relationship of these static
or instantaneous signatures with the viscoelas-
ticity and dynamic signatures of gelation is cur-
rently unknown. The key findings from that
earlier study on the static signatures of gela-
tion are that each of these different signatures
occur at different values of scaled concentra-
tion, c/c∗, and these concentrations are inde-
pendent of the chain length (Nb) for a given
distance between stickers on a chain (ℓ) and
sticker strength (ϵst). In the present work,
this ambiguity is dispelled by combining mi-
croscopic structural measurements with con-
ventional rheological bulk measurements of the
shear relaxation modulus to reveal the effect
that changing sticker strength has on physical
gelation.

The paper is organised as follows. Several as-
pects of our simulation methods are discussed
in the Model for Associative Polymer Solutions
section. The subsection Dynamic Functional
Associations is noted as a pivotal development
which is instrumental to this work, in which
a method of calculating the concentration of
elastically active chains explicitly from simula-
tion configurations is presented. The Results
section presents the data obtained from these
simulations. In the Conclusion we discuss sev-
eral insights and conjectures drawn from the
simulation data.

Model for Associative Poly-

mer Solutions

Governing Equation

A bead-spring chain model was used to sim-
ulate solutions of associative polymers using
Brownian dynamics (BD) within the HOOMD-
Blue simulation toolkit44,45. The governing
equation in BD simulations is a stochastic dif-
ferential equation describing the evolution of
the position vector rµ(t) of a bead µ with time
t. The Euler integration algorithm for the non-
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dimensional version of this Itô stochastic differ-
ential equation is given in its most general form
as46,

rµ(t+∆t) =rµ(t) + (κκκ · rµ(t))∆t

+
∆t

4

N∑

ν=1

Dµν ·
(
Fs

ν + FSDK
ν

)

+
1√
2

N∑

ν=1

Bµν ·∆Wν

(4)

This equation is nondimensionalized with the
length scale lH =

√
kBT/H and time scale

λH = ζ/H, where H is the spring constant
and ζ is hydrodynamic friction coefficient of a
bead. There are three qualitatively different
terms in this equation. The term containing κκκ

accounts for the unperturbed solvent flow field
v through κκκ = (∇v)⊤.
The second term accounts for the forces act-

ing on each bead, where Fs and FSDK are the
net forces on each particle due to the connect-
ing springs and pairwise interactions, which
will be detailed later. The spring forces Fs are
drawn from a finitely extensible nonlinear elas-
tic (FENE) spring force law with extensibility
parameter b = 50.0. The force FSDK includes
contributions from the excluded volume (EV)
interaction between all overlapping pairs of
beads, as well as the associative interaction
between reversibly bound pairs of stickers.
Both of these types of interactions are mod-
eled by the piecewise potential proposed by
Soddemann, Dünweg, and Kremer (SDK)47.

USDK =





4

[(σ
r

)12

−
(σ
r

)6

+
1

4

]
− ϵ; r ≤ 21/6σ

1

2
ϵ

[
cos (α

( r

σ

)2

+ β)− 1

]
; 21/6σ ≤ r ≤ rc

0; r ≥ rc

(5)

This potential can represent interactions from
an athermal excluded volume interaction if
ϵ = 0, to a strong associative interaction if
ϵ≫ 1. We denote strength of the excluded vol-
ume interaction between non-associative back-
bone beads as ϵbb, This same interaction ap-
plies to non-associative beads interacting with
a sticker. Meanwhile, the sticker strength is
ϵst. In principle, the EV interaction can inter-
polate between good solvent and poor solvent
limits by varying ϵbb

48, but in this work, it was
fixed in the good solvent limit ϵbb = 0.

The diffusion tensor Dνµ = δνµδ + (1 −
δνµ)ΩΩΩ(rν − rµ), where δ and δµν represent a
unit tensor and Kronecker delta respectively,
and ΩΩΩ is the Rotne-Prager-Yamakawa (RPY)
hydrodynamic interaction tensor49. The vec-
tor Wν represents a collection of independent
standard Wiener process, so each element is
drawn from a real-valued Gaussian distribution
with zero mean and variance ∆t. The non-

dimensional Bνµ acts on Wν to produce multi-
plicative noise50. It is sometimes noted as the
“square root” of the diffusion tensor by con-
structing block matrices D and B where the
(µ, ν) block contains Dµν or Bµν , respectively,
so B · BT = D. Efficiently computing this
decomposition is challenging, but has recently
been implemented as a plugin to HOOMD-
Blue using an efficient ”positively split” Ewald
sum51. That work brought the cost of large
many-particle simulations with hydrodynamic
interactions down to O(N√logN). This was a
key development for the present work, as large
systems are necessary to capture the dynam-
ics of the fractal-like structure of the super-
molecular network near the gel transition. We
studied systems here with up to thousands of
chains, or tens of thousands of particles, but
this algorithm could support systems with mil-
lions of particles. The super-linear compu-
tational cost due to the logarithm would in-
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crease from a factor of 2 at N = 104 to 2.45 at
N = 106. RPY hydrodynamics are character-
ized by the hydrodynamic radius of a bead a,
which was fixed at a = 1 in the original pos-
itively split Ewald implementation. We have
modified it to allow for the typical hydrody-
namic interaction parameter h∗ = a/

√
π in

polymer theory, and whose value has been set
in the current simulations to be h∗ = 0.2.

The simulation workflow is as follows. Poly-
mer chains with Nb total beads are initialized
in random walk configurations and equilibrated
in the dilute limit with no associations to mea-
sure the radius of gyration in order to calculate
the overlap concentration c∗. The homopoly-
mer relaxation time τ0 is estimated using the
Thurston approximation to the Zimm model52.
Systems are then equilibrated at a chosen c/c∗

with ϵst = 0 for 3τ0. Associations are then equi-
librated by increasing ϵst in increments of 3 and
running for 3τ0 at each ϵst. The final simulation
snapshot at each ϵst is used as the initial config-
uration for a step strain measurement. Planar
shear flow is applied via the velocity gradient

∇v =



0 0 0
γ̇ 0 0
0 0 0


 (6)

with Lees-Edwards periodic boundary condi-
tions. The strain rate γ̇ = 106 is applied for
t = 2 · 10−7λH , to produce a final strain of
γ = 0.2. After the step, systems were held at
this strain for 103λH to measure G(t). Larger
strains were found to separate a small fraction
of associated stickers. The strain used here
produced a response consistent with smaller
strains, but with a clearer signal to noise ra-
tio.

Dynamic Functional Associations

By utilizing various polymer chemistries, asso-
ciative groups can be incorporated into physi-
cal gels with a wide variety of properties5,53,54.
Two key parameters to describe this interac-
tion are the energy barrier against dissocia-
tion (sticker strength ϵst) and the number of
associations that a functional group can form

Algorithm 1 Association Update

1: possible pair list← conventional neighbour
list

2: new pair list ← ∅
3: for all stickers i do
4: Nbonds[i]← 0
5: end for
6: shuffle possible pair list
7: for all pairs (i, j) ∈ possible pair list do
8: ∆Eij ← Ubound(rij)− Uunbound(rij)
9: if (i, j) ∈ previous pair list then
10: if X ∼ U(0, 1) > exp(−∆Eij) then
11: append (i, j) to new pair list
12: Nbonds[i]← Nbonds[i] + 1
13: Nbonds[j]← Nbonds[j] + 1
14: end if
15: else if Nbonds[i] < functionality and

Nbonds[j] < functionality then
16: if X ∼ U(0, 1) < exp(−∆Eij) then
17: append (i, j) to new pair list
18: Nbonds[i]← Nbonds[i] + 1
19: Nbonds[j]← Nbonds[j] + 1
20: end if
21: end if
22: end for
23: previous pair list ← new pair list

(functionality f). If the association is based
on hydrophobic interactions, the bond strength
varies smoothly with the length of a hydropho-
bic block, and the functionality can be very
high. For other chemistries, the functionality
is generally 1-3, and the strength depends on
chemistry and pH. Another feature of associa-
tive systems is the notion of selective “species”
of stickers which either only associate with
themselves, or only with a particular other
species. An assortment of such qualities can be
leveraged to enhance material performance55.

In this work, if a pair of beads are associ-
ated, they simply interact with an SDK po-
tential with a larger value of the well depth
than the “backbone” excluded volume interac-
tion that most bead pairs feel. The decision to
bind or unbind a pair is made using a typical
Monte Carlo (MC) process. If two stickers are
within the cutoff distance of each other, the
change in energy ∆E if the bond state were

7



Table 1: Parameter values used in this work.

Parameter Name Symbol Values
Backbone interaction strength ϵbb 0
Sticky beads per chain f 4
Spacer beads between stickers ℓ 4,0
Sticker strength ϵst 3-12
Hydrodynamic interaction parameter h∗ 0,0.2
Beads per chain ((ℓ+ 1)f + ℓ) Nb 4,24
Concentration c/c∗ 0,0.1-10
Integration time step ∆t 0.0001, 0.001, 0.005
Simulation duration t 1000
Polymer chains per simulation Nc 8-30, 300, 3000
Independent simulation instances Nrun 32-1000
Step Strain γ 0.2
Step Strain rate γ̇ 106

changed is calculated. A pseudo-random num-
ber is drawn from a uniform distribution be-
tween 0 and 1. If the random number is less
than exp(−∆E/kbT ), then the change of state
is carried out. In an update sweep, each ex-
isting bond attempts to break in this manner,
then bond formations are attempted. If two
stickers are within the cutoff distance, but at
least one of them already has as many bonds
as the functionality setting permits, then the
bond formation for the new pair is not at-
tempted.

The bond update algorithm is detailed in Al-
gorithm 1. A simulation contains Nstick stick-
ers each with functionality f . The algorithm
maintains an Nstick × f array in which the ith
row contains the list of indices of stickers as-
sociated with sticker i. There is a persistent
copy of this array called the previous-partners
list, which is accessible to the machinery within
HOOMD for calculating pairwise forces based
on a neighbour list. This persistent array is
initialized to the no-bonds state, then in each
update step, Algorithm 1 is applied.

This association update sweep is applied once
before each Brownian dynamics time step. If
the BD simulation were frozen and the MC
bond update applied iteratively, it would sam-
ple the Boltzmann distribution for the possi-
ble bond configurations of the system, given
that instantaneous particle position configura-
tion. This is clear because all possible bond

state changes are directly reversible, and have
the complementary probabilities required for
detailed balance56,57. That is, the probabil-
ity of moving into a state decays exponentially
with the energy difference between the states.
As BD and MC update steps are interleaved,
it is expected that the infinitesimal changes in
particle positions during a BD step will only
infinitesimally change the possible bond con-
figuration energies. Therefore, the Boltzmann
distribution from one update step to the next
will be similar enough for the MC bond update
steps to approximate it.

Parameter Values

The simulations carried out to study the dy-
namic properties consist of multi-sticker asso-
ciative polymer solutions at finite concentra-
tions with f = 4 stickers per chain and spacer
length, ℓ = 4 or 0, implying the total number
of beads per chain Nb = (ℓ+1)f + ℓ = 24 or 4.
All simulations used an athermal solvent qual-
ity for the backbone, ϵbb = 0, and a range of
sticker strengths ϵst. All relevant parameters
are compiled in Table 1. For the specific sys-
tem f = 4, ℓ = 4, ϵst = 5, the three static signa-
tures of gelation are observed at cg1/c

∗ ≈ 0.3,
cg2/c

∗ ≈ 1.0 and cg3/c
∗ ≈ 0.5, where the sub-

scripts g1, g2 and g3 denote three distinct gela-
tion signatures at the percolation transition,
onset of cluster size bimodality, and free chain
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(a) (b)

Figure 2: Simulated linear viscoelastic stress response G(t) (a) for sticker strength ϵst= 5 while varying
c/c∗and (b) for c/c∗= 1.2 while varying ϵst in the absence of HI.

concentration maximum, respectively43. Dur-
ing the production run, dynamic properties are
calculated as a function of time from each in-
dependent trajectory. Ensemble averages and
error of mean estimates of different dynamic
properties are then computed over a collection
of 500 to 1000 such independent trajectories.
All simulations with HI (with h∗ = 0.2) have
been carried out with a non-dimensional time-
step ∆t = 0.005. Simulations are carried out
using the non-dimensional time scale λH and
length scale lH .

Results

The bulk of the data examined in this work is
extracted from the linear viscoelastic stress re-
sponse G(t). In BD simulations, this response
can be measured either using the stress auto
correlation function in equilibrium, or by de-
forming the simulation volume to perform a
step strain protocol and measuring the result-
ing stress. Examples of the resulting relaxation
curves are presented for a few conditions in
Fig. 2. Detailed expressions for the evaluation
of the stress auto-correlation and relaxation
modulus, as well as the resulting numerical
measurements are provided in the Supplemen-
tary Information for all combinations of sticker

strength, concentration, chain length, and hy-
drodynamic interactions which were evaluated
for this work. A further validation of our G(t)
measurements via selected small amplitude os-
cillatory shear flow simulation is also presented
there. Fig. 2(a) shows data from simulations
with relatively weak stickers, ϵst=5, ranging
from the dilute limit to twice the overlap con-
centration. These responses exhibit a Rouse-
like distribution of relaxation modes, as well
as a modest push toward longer relaxation
times with increased concentration. In con-
trast, Fig. 2(b) shows data from simulations
just above c∗ with a range of ϵst from 3 to 12.
The curves for higher sticker strengths exhibit
a more notable response at later times. It is
expected that for sufficiently high concentra-
tion and sticker strength, G(t) should include
a plateau due to the elastic response of the net-
work. This interpretation is plausible for the
ϵst=12 case in Fig. 2(b), but more data are
needed for a clearer picture.

Strong Stickers

In order to reduce the computational cost of
data collection, a system of very short chains
is modelled so that the single-chain relaxation
modes are limited to short times, rendering the
response of the network more distinguishable

9
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Figure 3: Conventional rheological signature of
gelation with concentration as a triggering vari-
able. G(t) exhibits a power law relaxation near
cg/c

∗ ≈ 0.30, and a growing plateau as c is in-
creased further.

at later times. Fig. 3 shows G(t) for a system of
4-bead chains, in which each bead is a sticker.
Fig. 3(a) clearly demonstrates the transition
from a sol phase with a very short terminal
relaxation time, to a critical gel with a power-
law relaxation process at cg/c

∗ ≈ 0.30 causing
the viscosity to diverge. Finally, a gel with a
long-lasting elastic plateau is formed. Without
running longer simulations, it is impossible to
measure directly how long this plateau will per-
sist before dissociations release stress, but the
computational expense of BD limits the du-
ration of routine simulations. In the present
analysis, G(t) curves are fit with the functional
form

G(t) =

[
GEα

(
−G
V
tα
)
+Gϵ

]
exp

(
− t

τϵ

)
,

(7)
where Eα(z) is the Mittag-Leffler function

Eα(z) =
∞∑

k=0

zk

Γ(αk + 1)
. (8)

This form captures the phenomenology of a
broad distribution of relaxation modes due to
chain segment relaxation processes, in addi-
tion to a single extra mode due to the load
supported by a rigid network. The Mittag-
Leffler function approaches a stretched expo-

nential at short times and a power law at long
times58–60. This function has been derived us-
ing fractional calculus as a model for viscoelas-
tic materials61,62. Here it is simply employed
as a phenomenological model to extract prop-
erties from G(t) data. We multiply the Mittag-
Leffler function by an exponential to account
for the terminal flow behavior inherent in phys-
ical gels, and to extract the longest relaxation
time. For a system in the sol state, the plateau
modulus Gϵ is 0. In the limit of a chemical gel,
the terminal relaxation time τϵ is infinite. At
the gel transition, the terminal relaxation time
has diverged, but the plateau modulus is still
0. In each of these cases, a simplified model
can be used to fit G(t) with more robust values
of the remaining parameters. A discussion of
this fitting and the use of information criteria
to determine the appropriate model is avail-
able in the Supplementary Information. The
zero-shear-rate viscosity ηp0 in the sol phase is
measured using the integral of the G(t) fit as
ηp0 =

∫∞
t=0

G(t)dt. A validation study compar-
ing this integration to a steady shear protocol
is available in the Supplementary Information.
The elastic modulus in the gel phase is taken
from the fit parameter Gϵ.

Small amplitude oscillatory shear experi-
ments are typically used to measure the fre-
quency dependent storage and loss modulii
G′(ω) and G′′(ω). Fig. 4(a) shows a con-
struction of these modulii from simulation data
by taking the real and imaginary parts of
the Fourier transform of G(t) (further details
of these calculations and a validation of the
Fourier transform method using a selection of
oscillatory shear simulations are given in the
Supplementary Information). For numerical
stability, the fit to Eqn. 7 is used instead of
the raw data. These curves exhibit all of the
conventional features of gel-forming systems.
At low concentration, the terminal flow regime
is observed at low frequency. The character-
istic frequency ω1 is also identified at the in-
tersection of G′ and G′′. Near the critical
point (the green line for c/c∗= 0.32), the mod-
ulii are parallel power laws over a broad range
of frequencies. Above cg, the elastic modu-
lus is seen as a low-frequency plateau in G′.

10



(b)(a)

(c)

Increasing
Concentration

Increasing
Concentration

𝜔𝜔𝜆𝜆𝐻𝐻

𝜔𝜔𝜆𝜆𝐻𝐻

Figure 4: (a) Storage G′(ω) (solid) and loss G′′(ω) (dashed) modulii as functions of dimensionless
frequency, ωλH at fixed ϵst and varied c/c∗. The characteristic frequency ω1 is indicated at the intersection
of G′ and G′′. Gϵ and G0 are indicated as the low- and high-frequency limits, respectively, of G′. The
low-frequency, low-concentration slopes of G′ and G′′ are labelled to indicate terminal flow. (b) The
loss tangent tan δ = G′′/G′, for the same values of c/c∗. (c) tan δ as a function of concentration. The
intersection of curves for various frequencies indicates the gel point.

The gel transition is sometimes located using
the frequency-independence of the loss tangent
tan δ = G′′/G′, as plotted in Figs. 4(b) (vs fre-
quency) and (c) (vs concentration). The flat-
ness of tan δ(ω) near c/c∗ ≈ 0.32 or equiv-
alently the intersection of tan δ(c) curves for
various frequences at c/c∗ ≈ 0.3 are consistent
with the indications drawn from ηp0 and Gϵ.

Weak Stickers

Returning now to the weaker stickers repre-
sented in Fig. 2(a), the properties of associative
polymers are again considered as a function of
concentration, despite the absence of a clear
plateau due to an elastic network. The scal-
ing of the terminal relaxation time (τ) with
concentration is often used to characterize the
dynamic signatures of gelation in associative

polymer solutions31,36. Fig. 5 presents several
dynamical measurements of this system, in an
effort to discover any macroscopically observ-
able evidence of the divergence seen in Fig. 3.
Measurements are reported of time scales ex-
tracted from the end-to-end unit vector auto-
correlation (τRe), the tail of the stress relax-
ation (τG), the inverse of the characteristic fre-
quency (τω), and the zero viscosity (τη). Plots
of the raw numerical measurements of these ob-
servables, procedures for extracting relaxation
times from each of them, and measurements of
the instantaneous shear modulus are presented
in the Supplementary Information. All of these
time scale measurements τi are normalized by
their respective dilute limits τ 0i . The depen-
dence of all these measurements on concentra-
tion collapse to a power law with an exponent
near 0.6 above c/c∗≈ 0.5, as opposed to the di-
vergence leading up to cg observed with higher
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Figure 5: Multiple independent measurements of
the longest relaxation time in a solution of associa-
tive polymers with ϵst=5 show self-consistent scal-
ing with c/c∗, but no indication of the diverging
time scale expected on approach to the gel transi-
tion. Yellow diamonds represent simulation data
from Huang et al. 63 for homopolymer solutions.

ϵst. This raises several notable differences be-
tween the rheology of solutions with weak or
strong stickers. The system with weak stickers
exhibits finite relaxation times at all concentra-
tions. In addition, there is no plateau in G(t)
in Fig. 2(a). Similarly, presented in the Sup-
plementary Information, there is no frequency-
independent region of the loss tangent. These
results suggest that a gel has not formed in
the weak system. Yet there is a clear quantita-
tive cross-over in the scaling of relaxation times
with concentration. Interestingly, the maxima
in the free chain concentration for this system
when studied by Santra et al. 43 , which occurs
at c/c∗ = 0.5, coincides with the cross-over
concentration of the τ ∼ c0.6 regime.

The scaling of the ratio τ/τ0 with c/c∗ for
associative polymer solutions is compared with
that of homopolymer solutions, where the ter-
minal relaxation time for homopolymers are
estimated from end-to-end unit vector auto-
correlation function. Note that for homopoly-
mers we have performed only few simulations
in the dilute regime, and data has been ac-
quired from the work by Huang et al.63 (yel-

𝜂
𝑝
0
/𝑘

𝐵
𝑇
𝜆
𝐻

(𝑐 − 𝑐𝑔)/𝑐𝑔

slope≈ 1/(3𝜈 − 1) = 1.25

Figure 6: Concentration scaling of the polymer
contribution to the zero shear-rate viscosity for a
solution of associative polymers with ϵst=5. The
value cg/c

∗=0.5 has been estimated based on the
scaling regimes in Fig. 5 to enable this comparison
with theory36 and experiment27.

low diamonds in Fig. 5), for the purpose of
comparing with associative polymers. As com-
pared to associative polymer solutions, the nor-
malised relaxation time for the homopolymers
goes through a broad cross-over with a scaling
exponent of (2 − 3ν)/(3ν − 1) = 0.25, where
the Flory exponent ν = 0.6, which is a well
known scaling law for relaxation time in the
semi-dilute unentangled regime63,64. It is in-
teresting to note that the concentration depen-
dence of homopolymer and associative polymer
relaxation times is roughly similar until the as-
sociative solution crosses over to the gel scal-
ing regime. It should also be noted that if the
strong-sticker simulations could be run for a
few more orders of magnitude of time, the dis-
sociation of the network would be captured and
the scaling of the terminal time scale could be
analyzed.

In the mean-field theory developed by Rubin-
stein and Semenov36 for associative polymer
solutions, the zero-shear-rate viscosity (ηp0) in
the post gel regime, close to the gel-point,
is shown to scale with the relative distance,
∆, from the gelation concentration (cg), where
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Figure 7: Scaling of terminal relaxation times
with the number of inter-chain associations per
chain fp2. Vertical lines indicate values of fp2
corresponding to c/c∗=0.6 and 2 for these values
of f, ℓ, and ϵst.

∆ = (cg − c)/cg, as

ηp0 ∼ ∆1/(3ν−1), (9)

where ν = 0.6 is the Flory exponent, which
implies that the exponent 1/(3ν − 1) = 1.25.
Considering cg/c

∗ = 0.5, we find ηp0 to scale
with a slope of 1.25 in the post-gel regime, as
shown in Fig. 6. Note that it is not scaled
with the number density of polymer chains, np

(which is related to monomer concentration c),
in order to bring out the concentration depen-
dence explicitly. This is one of the dynamic
signatures of gelation which is in agreement
with the prediction by the mean-field theory36

and as observed by Bromberg27 in experiments
with thermo-reversible hydrogels.

Rubinstein and Semenov36,37 have proposed
the sticky Rouse model, which predicts the
scaling of the relaxation time, τrelax, in unen-
tangled solutions of associative polymers well
above the gel point. According to the predic-
tion

τrelax ≈ tbond (f p2)
2, (10)

where tbond is the bond lifetime of associated

stickers, f is the number of stickers per chain
and p2 is the fraction of inter-chain associated
stickers. From its definition, the product f p2 is
essentially the total number of inter-chain asso-
ciated stickers in a chain. In order to verify this
prediction for our model, we first calculate the
average bond lifetime of associated stickers by
considering all possible associating pairs for the
systems of associative polymer solutions at dif-
ferent concentrations. According to the mean-
field theory36,37, tbond is effectively a function of
only the sticker strength, ϵst, however, from the
Brownian dynamics simulations we find that at
a constant value of sticker strength, ϵst = 5.0,
the bond lifetime varies weakly with concentra-
tion, for both HI and no HI cases (as shown in
the Supplementary Information). The average
bond lifetime of the stickers is relatively higher
for simulations carried out with HI. The rea-
son for such a behaviour may be attributed to
the influence of the back flow generated by the
long-range hydrodynamic perturbations, which
increases the contact time between the stickers.
It is noteworthy that the values of bond life-
time are of the same order as that of the large
scale relaxation times. The ratio τi/(τ

0
i tbond)

is plotted as a function of f p2 at different val-
ues of monomer concentration in the pre and
post-gel regimes, as shown in Fig. 7. Here, τi’s
are the large scale relaxation time estimated
from various methods as discussed earlier and
τ 0i ’s are the corresponding values of relaxation
time in the dilute limit. It is necessary to di-
vide the relaxation times by the concentration-
dependent non-dimensional bond lifetime tbond
to expose the (f p2)

2 scaling in Eqn. 10. In
order to investigate the effect of HI on the re-
laxation dynamics of the associative polymer
solutions, results from the simulations with HI
are compared with those obtained from sim-
ulations without HI. From Fig. 7, it is clear
that in the HI case the ratio τi/(τ

0
i tbond) is

independent of the methods used to evaluate
the relaxation time. Moreover, the scaling of
the ratio τi/(τ

0
i tbond) with f p2 goes through a

cross-over and follows an asymptotic exponent
of 2 for a range of concentration well above the
gel-point (cg/c

∗ = 0.5), which is in agreement
with the prediction of the sticky Rouse model,
given in Eq. (10). At low concentration, relax-
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ation seems to be faster with HI, but at high
concentration, HI is screened and the two con-
ditions converge. This may indicate that ne-
glecting HI increases the observed cg.

As shown in Fig. 7, in the no HI case the nor-
malised relaxation times computed from Re,
G(t), and η0p are found to match with each
other, however, the relaxation time τ1/ω =
1/ω1, calculated from the intersection ofG′ and
G′′ diverges from the universal curve. The di-
vergence in the behaviour of τ1/ω comes from
the difference in the scaling of G′ and G′′ in the
intermediate frequencies, based on whether the
model includes HI or not. In the Rouse model,
where HI is not considered, the dynamic mod-
uli follow the power law scaling G′ ∼ G′′ ∼
ω0.5 in the intermediate range of frequencies,
whereas, in case of Zimm model, which con-
siders HI, G′ ∼ G′′ ∼ ω2/3 (as shown in the
Supplementary Information). Thus the point
of intersection of G′ and G′′ is very sensitive
to the slope of dynamic moduli in the interme-
diate frequencies. Given the sensitivity of the
point of intersection between G′ and G′′ on the
presence or absence of HI, since, τ1/ω is esti-
mated from this intersection point, there exist
a significant difference in the prefactor of τ1/ω
calculated with and without HI. However, it is
worthy to note that in the limit of high con-
centration (c/c∗ > 1) at the post gel regime,
the normalised relaxation times in the no HI
case also follow the same asymptotic scaling as
predicted by the mean-field theory. Further-
more, except the estimate of relaxation times
based on intersection of G′ and G′′, the HI and
no HI case follow the same universal curve at
the limit of high concentration in the post gel
regime, indicating screening of HI due of for-
mation of a dense gelation network.

Identification of Elastically Active
Chains

The data presented thus far for strong stickers
have exhibited the standard rheological signa-
tures of gelation in the permanent-associations
limit. Meanwhile the weaker stickers have
shown a terminal flow behavior that agrees

with theories of thermoreversible associations,
but fails the rheological test for the formation
of a mechanically rigid network. These results
raise two questions. First, how do the weak
stickers exhibit the viscosity scaling predicted
by assuming the presence of a system-spanning
network without exhibiting the elastic response
expected from such a network. Second, at what
level of sticker strength does the elastic re-
sponse of the network become apparent? It is
noted that a simple consideration of the sticker
strength as the triggering variable to find a gel
point ϵg at a fixed concentration is uninterest-
ing because the dissociation energy barrier is
often determined by chemistry and is not al-
ways trivial to adjust. A useful answer to the
second question requires a systematic predic-
tion for whether or not a gel is possible at any
concentration given a particular ϵst. To resolve
this ambiguity about the existence of a span-
ning network based on rheological data, the mi-
croscopic network structure must be analyzed
carefully to aid the interpretation of macro-
scopic measurements.

The number of elastically active chains in a
simulation volume is usually described as the
number of independent cycles in a network,
or the number of branch points in the net-
work. An important detail to this description
is that only those cycles or branches which are
attached to the network by at least three in-
dependent paths may contribute to the elas-
tic modulus of the network. Here we present
an algorithm to identify the elastically active
elements in the simulated molecular network.
An illustration of this process is presented in
Fig. 8. Consider for example a localized, highly
inter-connected bundle of polymers which are
only connected to the system-spanning net-
work by a single strand, such as the subnet-
work circled in blue in the upper right corner
of Fig. 8(a). This bundle, though it contains
many branches and cycles, is ultimately a dan-
gling end which is free to relax after a deforma-
tion. Consider further the case that the bundle
is connected by two strands, such as the sec-
tion circled in green if the upper left corner
of Fig. 8(a). Now the bundle as a whole acts
merely as a single bridging chain, and all of the
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Figure 8: Depiction of the process used to efficiently enumerate the elastically active elements in a
super-molecular network. Black edges in (a) correspond to polymer springs, while red edges represent
associations. In (b),(c), and (d), edges represent paths between junctions in the original network.

structures internal to the bundle can still relax.
Only if the bundle is connected to the network
by at least three independent paths may it con-
tribute to the rigidity of the network.

The enumeration of the triply-connected net-
work elements can be accomplished with off-
the-shelf graph analysis tools. A graph must
be constructed of the super-molecular network,
using the Nbead beads as nodes and Nconnect

springs and associations as edges. Existing al-
gorithms can identify the tri-connected com-
ponents of such graphs in O(Nbead + Nconnect)
time. However, the pre-factor on this compu-
tational cost is large enough that systemati-
cally applying the algorithm to the full simula-
tion data set is unnecessarily time-consuming.
The process is sped up dramatically by first
simplifying the network graph to only include
branch points as nodes and the bridging chains
between them as single edges. This process of
simplifying the network graph is depicted in
Fig. 8(b). The algorithm used is detailed in
Algortihm 2. This algorithm considers the as-
sociation matrix M defined by Mij(t) = 1 if
and only if sticker i is bound to sticker j at
time t65. The algorithm for enumerating elas-
tically active chains then constructs a graph
using M as an adjacency matrix, then itera-
tively replaces branchless paths in this graph
with single edges until only the simplest web
of elastically active elements remains.

Fig. 8(a) depicts the single large graph H
acquired in step 4. This graph contains sev-
eral dangling ends and hierarchies of bridg-
ing chains. Fig. 8(b) depicts the first appli-
cation of step 5. All nodes and only the nodes

Algorithm 2 Indentifying Elastically Active
chains

1: Mij(t1, t2) ← 1 if (i, j) in pair list at both
t1 and t2 or (i, j) are connected by a spring

2: Graph G is defined by adjacency matrix M
3: Graph H is the largest connected compo-

nent of G
4: while any nodes in H have degree < 3 do
5: replace all branchless paths in H with

a single edge
6: remove duplicate edges from H
7: end while
8: Construct S, the SPQR tree of H
9: Graph T is the largest node of S
10: Return (edges in T ) - (nodes in T ) + 1

which were junctions in the previous step have
been kept. Sequences of beads between junc-
tions have been replaced with a single graph
edge. Duplicate bonds between junctions have
been drawn for visual clarity, but the actual
graph constructed in the algorithm only keeps
one such edge. Therefore, upon successive ap-
plications of step 5, nested bridging chains
are successively simplified until only a single
edge remains, as show in Fig. 8(c). However,
there still remains the possibility that a tri-
connected subgraph is only connected to the
rest of the network by two edges. One such
cluster is circled in Fig. 8(c). Naively, one
would have to test for such clusters by remov-
ing every possible pair of edges (an O(N2

edge)
task), and check if the graph is still connected
(an O(Nedge) task). However, an algorithm ex-
ists to analyze tri-connected components of a
graph in linear time using a data structure
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Figure 9: Comparison of the rheologically measured G(t) with the microscopically measured νe(∆t)
for (a) ϵst=6 (b) ϵst=9 (c) ϵst=12. Weak stickers form an evanescent gel, which contains mechanically
rigid structures that dissociate before their elastic response is observable. As ϵst is increased, the elastic
plateau emerges from the single-chain relaxations. Solid lines through G(t) data represent fits using
Eqn. 7. Broken lines through νe(∆t) represent fits with a single exponential.

called an SPQR tree. This algorithm was
adapted into a function which receives the bi-
connected graph in Fig. 8(c) and returns the
lists of nodes in each tri-connected component
of the graph. As shown in Fig. 8(d), the largest
tri-connected component is retained, and any
smaller components are replaced with a single
edge. The circuit rank of this final graph is the
number of elastically active chains in a simula-
tion volume. Note that the actual simulation
networks contain thousands of beads, and even
the final network can contain dozens of nodes.
Due to the periodic, three-dimensional nature
of the simulation, the networks are in general
non-planar and difficult to visually interpret.

By applying this algorithm to simulation
data and taking a time average over pairs of
snapshots with the same ∆t = t2 − t1, a curve
is constructed for the concentration of elasti-
cally active chains which have persisted for a
length of time. The ∆t = 0 limit of this mea-
surement is the equilibrium concentration of
elastically active chains. A key realisation is
that in order for an elastic element to exhibit
a stress response, it must have maintained its
connection to the network since the strain was
applied. Fig. 9 shows the resulting curves for
the concentration of persistent elastically ac-
tive chains, νe(∆t), as well as G(t). The im-

mediate observation is that increasing polymer
concentration increases the instantaneous con-
centration of elastically active chains, even at
lower sticker strengths. But there is an “as-
sociation turnover” with weak stickers, mean-
ing that while a percolated network exists at
any moment, the bonds within it are constantly
dissociating, relaxing, and forming new associ-
ations in a relaxed configuration. This causes
the elastic plateau observed for stronger stick-
ers to recede to shorter times instead of drop-
ping to lower heights. Fig. 9(a) emphasizes the
“evanescent” behavior, meaning that the elas-
tic response of the network decays faster than
the segmental relaxations of even single poly-
mer chains, rendering it invisible, buried within
the polymer relaxation spectrum.

Figs. 10 (b) and (c) display the dependence
of νe on concentration, sticker strength, and
time scale. These measurements of the con-
centration of elastically active chains make it
possible to estimate cg as a function of ϵst by
using νe as a proxy for Gϵ and fitting νe(c) with
a power law, νe(0) = A(c/cg− 1)z. Further, by
considering the values of νe at different time
scales, we can estimate the observed cg if rheo-
logical measurements were limited to a partic-
ular time scale. The investigated time scales
are chosen relative to the longest Rouse relax-
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Figure 10: Extraction of cg from measurements by (a) finding the intersection (crosses) of the interchain
conversion p2 with the quantity 1/[(1− p1)f − 1], where p1 is the fraction of intra-chain associations and
f is the number of stickers on a chain; or fitting with the form νe(c) = A(c/cg − 1)z at (b) t = 0, or at
(c) t = λ1 where λ1 is the slowest Rouse mode for a 24 bead chain. After dissociations reduce νe to zero,
fit is possible.

ation time for a 24 bead chain. The reasoning
for this choice is that a process faster than this
time scale will be difficult to distinguish from
the polymer modes. In different complex flu-
ids there might be other relaxation processes in
play which might be competing with the disso-
ciation mechanism. The points of intersection
of the different curves in Figs. 10 (b) and (c)
with the x-axis (corresponding to νe = 0), rep-
resent the different estimates of cg/c

∗ in each
case. For reference, a procedure for estimat-
ing cg/c

∗ from purely static measurements is
also included in Figs. 10 (a), using the cri-
terion adapted by Dobrynin66 from the work
of Flory and Stockmayer that the fraction of
inter-chain associations p2 at the gel point is
p2 = 1/(1 − p1)f − 1, where p1 is the fraction
of intra-chain associations and f is the number
of attractive groups (stickers) on a chain. This
criterion is applied because it is a method of
extracting an estimate of cg from static prop-
erties using very few concentration samples.

Some notes must be made about the values
of cg extracted in Figs. 10 (b) and (c). The
ability to extract a value of cg is contingent on
at least three different values of c/c∗ with a
non-zero value of νe in order to constrain the
fit. With so few data points (due to limita-
tions of computational resources), meaningful
uncertainty estimates on these fit parameters
are not available. The purpose of this exer-

cise is to demonstrate that cg may be identi-
fied systematically, rather than to resolve its
value precisely. It is also notable that once the
observation time scale passes beyond the dis-
sociation time scale, νe drops to 0 and the gel
network is not rheologically apparent (ϵst = 3
and 6 in Fig. 10(c)).

Competition of Time Scales

Fig. 11(a) collects the values of cg as a func-
tion of ϵst extracted from static measurements
and from νe data. The curves for different time
scales suggest that, so long as an elastic net-
work persists at all, the value of observed value
of cg is not significantly impacted by the obser-
vation time scale. Meanwhile, the absence of a
cg value for lower ϵst values, even when consid-
ering time scales much shorter than the single
chain relaxation time, emphasizes the difficulty
of rheologically detecting the presence of a net-
work of weak stickers. Together, the curves in
Fig. 11 show that, as one might intuitively ex-
pect, cg generally decreases with ϵst, and that
static or instantaneous measurements can de-
tect a network at much lower sticker strength
than dynamic measurements can, due to inter-
ference from other relaxation processes. Intu-
itively, even if the association strength was 0, a
static analysis of the polymers would show ap-
parent contact between beads labeled as “stick-
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Figure 11: (a) Dependence of cg on ϵst. The curves compare between the apparent gel point when
considering coarse static information (fractions of intra-chain p1 and inter-chain p2 associations), detailed
instantaneous information (νe(t = 0)), or dynamic measurements at various time scales. (b) Dependence
on ϵst of the time scale τν for the dissociation of elastically active chains. Horizontal lines indicate
terminal relaxations predicted by Rouse and Zimm theory.

ers”, which at high concentration would form
a network. This is also evidenced by the asso-
ciated cluster size distribution, available in the
Supplementary Information, which exhibit a
power law near the percolation threshold, and
a bimodal distribution in the percolated state,
even if the lifetime of the bonds is very sort.
So, when stickers are very weak, a structural
analysis of features such as cluster size or free
chain concentration may not correlate precisely
with the rheological signatures of gelation.

The crossover from the strong sticker regime
with a clear rheological signature of gelation
to the evanescent gel is understood by consid-
ering competing time scales. Fig. 11(b) shows
the dependence of the network persistence time
scale τν on ϵst. Two systems are represented
with different chain length and hydrodynamic
interactions, both showing a similar roughly
exponential dependence on ϵst. The slightly
super-exponential behavior is likely due to re-
dundancies created in the elastic network when
the concentraition of associated pairs is high,
as the lifetimes of individual associated pairs
don’t show this exaggerated dependence on ϵst.
The chain relaxation times λ calculated using

the Rouse and Zimm models are represented
as horizontal lines to emphasize the ratio of
these two time scales as ϵst is varied. The val-
ues of ϵst here correspond to those in the three
panels of Fig 9, demonstrating that the visibil-
ity of the elastic plateau is contingent on the
mechanical rigidity of the network persisting
longer than the single chain relaxation time.
A similar comparison can be made between the
longest observed relaxation time and the time
scale for individual associations. Fig. 12 de-
picts the concentration dependence of two dif-
ferent relaxation time measurements for both
strong and weak stickers. One time scale is the
rheologically observed terminal relaxation time
τG. The other time scale is the renormalized
bond lifetime τM . This time scale is measured
using the association matrix M . Specifically,
just as p2 is the fraction of stickers which are
associated to a different chain, we define M2

which includes only inter-chain associations.
We then define an autocorrelation function

CM(∆t) =< M2(t) ·M2(t+∆t) > (11)

where < A · B > indicates an ensemble, time,
and element-wise average of the element-wise
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Figure 12: The associative pair lifetime τM limits
the growth of the longest observed rheological time
scale τG. When τM is short, the rapid growth of
τG leading up to the gel transition is suppressed.
A power law with exponent -3 represents scaling
theory.

product of A and B. This autocorrelation
function decays as a single exponential (plots
are provided in the Supplementary Informa-
tion), from which we extract the time scale
τM using a single exponential fit. We exclude
the intra-chain associations because there is
a permanent probability for stickers on the
same chain to re-associate, so the persistence of
those bonds obscures the lifetime of the elas-
tically relevant inter-chain bonds. τM there-
fore constitutes a robust measurement of intra-
chain bond lifetime via the dissociation rate.
Bond lifetimes for weak stickers could be mea-
sured by averaging the durations of individual
association events, and such statistics are avail-
able in the Supplementary Information. How-
ever, the decay of the above autocorrelation
captures the average lifetime even if it is longer
than the observation window.

This association lifetime is compared to the
longest relaxation time extracted from G(t).
Fig. 12 shows that the bond lifetimes for
ϵst = 12 are several orders of magnitude above
the dilute terminal flow timescale. However,
when ϵst = 5, the bond lifetimes are unsurpris-
ingly lower. The proximity of the bond lifetime

to the single polymer relaxation time means
that, even if there are instantaneously large as-
sociated clusters, the rapid growth of the clus-
ter relaxation time is not observable because
the clusters dissociate before that time scale is
reached. With higher sticker strength, the di-
vergence of the relaxation time for a cluster on
approach to the gel transition is observable.

Hyperscaling

Precise determination of the scaling exponents
s and z from the available data is challenging,
because the scaling laws best describe only the
data near the critical point. The power law tail
on G(t) is relatively straightforward to fit since
we have resolved the tail over almost three
decades in time, however because the scaling
of ηp0 and Gϵ are limited to the neighborhood
of cg, the exponents s and z are weakly deter-
mined by less than a decade of concentration
values. There are also finite-size and run-time
effects. On the sol side of the transition, cap-
turing the divergence in the zero-shear-rate vis-
cosity requires accounting for the longest relax-
ation mode, which is diverging. In simulations,
viscosity calculation at the critical point could
therefore easily be influenced by the finite du-
ration of the simulation. Further, because we
are modelling associations with finite lifetime
(though approximately 100 times longer than
our simulation duration on average at ϵst = 12),
the viscosity cannot truly diverge. Regarding
the elastic modulusGϵ in the gel phase, near cg,
where the scaling is most accurate, the value
of Gϵ is infinitesimal, requiring many realiza-
tions to measure precisely. In addition, due to
the finite system size, simulations will tend to
over-count the number of apparently system-
spanning elastic elements. Finally, as with the
viscosity, dissociations will reduce the apparent
elastic modulus of the gel, particularly near the
critical point where relatively few dissociations
can rupture the network.

To mitigate these challenges, we compare our
results in Fig. 13 with the hyperscaling rela-
tionship n = z/(z + s)31 by performing simul-
taneous regression of ηp0(c), Gϵ(c), and G(t) at
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Figure 13: (a) The polymer contribution to the zero-shear-rate viscosity ηp0 (blue circles) measured as
the integral of G(t) diverges on approach to cg from below. Also shown is the gel elastic modulus Gϵ (red
squares) measured by equivalence to the concentration of elastically active chains νe. (b) Comparison
of the inter-relationship between different scaling exponents resolved in this work (red box), an array
of experimental results for various gel-formers31,67–76 (blue boxes), and the hyperscaling relationship
n = z/(z + s) (surface). Box dimensions indicate confidence intervals.

c/c∗= 0.30 to equations (2),(3), and (7) respec-
tively, with the constraints that n(z + s) = z,
and in the G(t) fit that Gϵ = 0 and α = −n.
Note that our G(t) data exhibit a plateau
at short t due to the fastest relaxation mode
of bead-spring chains, so a pure power law
model77 such as equation (1) yields a poor fit
and a distorted estimation of n (fitting pro-
cedures are detailed in the Supplementary In-
formation). This fact motivated our adoption
of the Mittag-Leffler form to capture both the
power law tail and the exponential head. In ad-
dition, to measure the elastic modulus in the
gel phase, we have considered the concentra-
tion of elastically active chains as well as the
long-time plateau in G(t). This measurement
agrees with the elastic modulus extracted from
G(t) at high concentration, while also revealing
the modulus just above cg, which is not distin-
guishable from the noise in G(t) present at that
concentration, as illustrated in Fig. 9. After
all of these considerations, our constrained fit
demonstrates agreement with the hyperscaling
relationship n = z/(z + s). At cg/c

∗ ≈ 0.30,
(green circles in Fig. 3, the power law expo-
nent for the tail is n ≈ 0.73. The power law
fits to ηp0, Gϵ in Fig. 13(a) show exponents
s ≈ 0.90 and z ≈ 2.6. Additionally, another

scaling exponent κ = n/z ≈ 0.28 (related
to the shear modulus and crosslinking density
p as [∂ lnG(t)/∂p]p=pg ∼ tκ)78 is within the
range 0.2–0.3 observed in experiment31,78–80.
An illustrative comparison of experimental re-
sults67–76 for the scaling exponents compiled by
Suman and Joshi31 is shown in Fig. 13(b).

Conclusion

Dynamic signatures of gelation in associative
polymer solutions have been investigated using
Brownian dynamics simulations. Dynamic and
linear viscoelastic properties like zero-shear-
rate viscosity, storage (G′) and loss (G′′) mod-
ulii, large scale relaxation time and bond life-
time are used to characterise the viscoelastic-
ity of the associative polymer solutions in the
pre and post-gel regimes. Results obtained for
the scaling of the zero-shear-rate viscosity and
terminal relaxation time are compared with
the scaling prediction of the mean-field theory
for associative polymers when the energy bar-
rier against dissociation is relatively low. For
stronger stickers, this scaling prediction may
still be followed, but the relaxation times in
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question are outside of our observational win-
dow. The concentration corresponding to the
gelation crossover for ϵst = 5, coincides with
the maxima in free chain concentration, which
is one of the static measures of gelation. For
ϵst = 12, several conventional rheological sig-
natures of gelation were observed, including
a diverging instantaneous viscosity, a growing
plateau in the elastic modulus, power laws in
G(t), G′, and G′′, and the frequency indepen-
dence of tan δ. The scaling exponents n, s, z,
and κ relating the viscosity, plateau modulus,
and derivatives of G at the gel point were found
to be consistent with the hyperscaling relation-
ships n = z/(z + s) and κ = n/z.

In order to study the effect of HI on the dy-
namic properties in the pre-gel and post-gel
regime we have compared the results from sim-
ulations carried out with and without HI. A
key finding of this study is that the relaxation
time as a function of the fraction of inter-chain
associated stickers per chain follows the scal-
ing prediction by the sticky Rouse model36,37,
in the post gel regime. Moreover, the same
asymptotic scaling is also obtained at the limit
of high concentration in the post gel regime
from simulations without HI, indicating the
screening of hydrodynamic interaction due to
formation of a dense network.

It has been verified by analyzing the struc-
ture and dynamics of the associated network
directly that the viscoelastic response of phys-
ical gels at long times corresponds to the per-
sistence of load-bearing structures within the
associative network. By monitoring the sta-
tus of the network in addition to the whole
solution’s stress response, we have shown that
the network’s response can be overwhelmed by
the distribution of relaxation modes inherent
in polymeric systems. This situation leads to a
competition of time scales between the lifetime
of the network and the terminal relaxation time
of the unassociated polymer. If the association
time scale is much greater, then the classical
signatures of gelation established with chemi-
cal gels are present, at least approximately. If
the association time scale is near or less than
the single polymer’s, then only the concentra-
tion scaling of terminal flow behavior can re-

veal the evanescent gel beneath the other re-
laxations.

This study was confined to very short chains,
with f = 4 stickers per chain and ℓ = 0 or 4
spacers between stickers. Future studies should
consider the effects of f and ℓ on the gel tran-
sition systematically. An important consider-
ation in modern applications is the nonlinear
rheology of complex fluids. Associative poly-
mers are known to have unique responses to
high flow rates because the reversible bonds
can be torn apart, yet recover quickly when
the fluid is at rest. With this study’s simula-
tion framework in place, future studies should
investigate the nonlinear behavior of these as-
sociative polymers, and whether the “evanes-
cent” gel exhibits a more pronounced response
in different flow conditions.
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SI. COMPUTATION OF DYNAMIC PROPERTIES

In this section, we discuss the formulation to compute various dynamic properties from

Brownian dynamics simulations and present some simulation data to demonstrate the cal-

culations.

The dynamic properties such as relaxation modulus, zero-shear rate viscosity, dynamic

moduli (G′ & G′′), investigated in this work, can be defined in terms of the components of

stress-tensor1 for the polymer solutions. In the absence of external forces, the stress tensor

(σ∗) (non-dimensionalized by npkBT , where np is the number of polymer chains per unit

volume), for a multi-chain system, can be shown to be2

σ∗ =
σ

npkBT
=

1

Nc

[
N∑

µ=1

N∑

ν=1

⟨rµν FSDK
µν ⟩+

Nc∑Nb−1∑

ν=1

⟨Qν F
c(Qν)⟩

]
(S1)

Here, Nc is the total number of chains and N = Nc × Nb is the total number of beads

in the system. In the above equation, the first summation represents all the excluded

volume and associative interactions between backbone monomers and sticker monomers,

where rµν = rµ − rν is the vector between bead µ and ν and FSDK
µν is the force acting

between the beads due to SDK potential. The second term represents the contribution from

the spring force, Fc(Qν), due to the connector vector Qν = rν+1 − rν between two adjacent

beads along the backbone of a polymer chain.

Once the stress tensor is computed, we can easily estimate various dynamic properties

and material functions for the polymer solutions. Here, we focus on the calculation of

dynamic and linear viscoelastic properties in terms of relaxation modulus, shear viscosity

and dynamic moduli. While these properties are typically computed from non-equilibrium

simulations or experiments, there are sophisticated techniques for their calculation based on

equilibrium simulations1,3–5. We discuss some of these techniques in the subsequent sections.
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A. Relaxation modulus

The relaxation modulus, G(t), is related to the stress auto-correlation function, C(t), by

the following equations,

Gij(t) = Geq + Cij(t) (S2)

Cij(t) =
V

kBT
⟨σij(0)σij(t)⟩ (S3)

where Gij(t) and Cij(t) are the ijth component of the relaxation modulus and stress auto-

correlation function, respectively, and V is the total volume. The stress-autocorrelation

function, C(t), can be easily computed from equilibrium simulations using Eq. (S3). Geq

is the equilibrium modulus which takes a non-zero value for systems having an infinite

relaxation time5,6. For systems where Geq is not zero, the general protocol is to estimate the

equilibrium modulus by doing actual step strain experiments or simulations and allowing

the system to relax. However, in the limit of Geq = 0, the relaxation modulus is equal to the

stress auto-correlation function. In such a case the relaxation modulus is exactly calculated

Figure S1: Non-dimensionalized stress auto-correlation function, C∗(t), for systems of asso-
ciative polymers with Nb = 24, ℓ = 4, f , ϵbb = 0 and ϵst = 5.0 at different values of scaled
monomer concentration, c/c∗, in the dilute and semi-dilute regimes. The solid black lines
are fit to the simulation data using a sum of exponentials. The inset shows the entire range
of c/c∗ covered in the study.
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from stress auto-correlation function. Additionally, the stress auto-correlation function may

also be used for the determination of relaxation time scale, as explained in the subsequent

section. Since, at equilibrium the stress-tensor, σ, is isotropic, the relaxation modulus and

stress auto-correlation function can be expressed as

G(t) =
1

3
(Gxy(t) +Gxz(t) +Gyz(t)) (S4)

C(t) =
1

3
(Cxy(t) + Cxz(t) + Cyz(t)) (S5)

Finally, we define a non-dimensionalized relaxation modulus and stress auto-correlation

function given by,

G̃(t) =
G(t)

npkBT
(S6)

C∗(t) =
C(t)

npkBT
(S7)

In this work we have evaluated the stress auto-correlation function for a range of scaled

monomer concentration, c/c∗, in the dilute and semi-dilute regimes as discussed in the main

text. Here, we present the results obtained with chain length Nb = 24, spacer length, ℓ = 4,

ϵbb = 0 and ϵst = 5.0. As shown in Fig. S1, the decay in the stress auto-correlation function,

obtained from simulations, is generally fitted with a sum of exponentials7, as given below,

and all the subsequent calculations are carried out using the fit.

C∗(t) =
n∑

i=1

ai exp(bit) (S8)

Here, ai and bi are the fitting parameters and n is the number of exponentials used to

fit the auto-correlation function. All the stress auto-correlation functions evaluated here

are typically fitted with 6 to 7 exponentials. From this fit, we can estimate the longest

relaxation time by the relation, τmax = −max{1/bi}. Several other methods to estimate the

terminal and characteristic relaxation times are discussed further in subsequent sections. In

the following sections we present the linear viscoselastic properties, such as zero-shear rate

viscosity and dynamic moduli, obtained from the stress auto-correlation function and their

scaling with concentration which has been used to characterize the dynamic signatures of

4



10-3

10-2

10-1

100

101

100 101 102 103
10-3

10-2

10-1

100

101

101 102 103 101 102 103

Figure S2: All G(t) data for ℓ = 0, h∗ = 0.

gelation for weak stickers.

Alternatively, by using non-equilibrium simulations with shear schedule involving a step-

strain of magnitude γ, we can measure G(t) directly as

G(t) =
1

3γ
(σxy(t) + σxz(t) + σyz(t)), (S9)

where t = 0 is defined as the end of the step. This protocol is more complicated to implement,

but captures any equilibrium modulus. Results presented in this work applied a step strain

γ = 0.2, with strain rate γ̇ = 106. Initial post-step stress was found to depend linearly on

the strain at this and higher γ, but at higher γ some associated pairs were broken apart

during the strain. Figures S2-S4 show comprehensive plots of the shear relaxation modulus

G(t) measured by this method under various conditions simulated in this work.
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Figure S3: All G(t) data for ℓ = 0, h∗ = 0.2. The concentration in (B) is c/c∗ = 1.

B. Zero-shear rate viscosity

An important viscometric function to understand the dynamics and viscoelasticity of

polymer solutions is the polymeric component of shear viscosity, ηp, calculated from shear

flow experiments or simulations. For a planar shear flow, the velocity gradient tensor,
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Figure S4: All G(t) data using the HOOMD code for ℓ = 4, h∗ = 0.

κ = (∇v)T , presented in Eq. (4) in the main text, is defined as,

κ =




0 γ̇ 0

0 0 0

0 0 0


 (S10)

Here γ̇ is a constant shear rate. For such a system, the shear viscosity, ηp, is computed as

ηp = −
σxy

γ̇
(S11)
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While the study of shear viscosity at moderately high shear rates are important in non-linear

rheology, for linear viscoelasticity the focus is on polymeric component of the zero-shear rate

viscosity, defined as η0p = limγ̇→0 ηp, which is typically estimated by measuring the shear

viscosity of the polymer solution subjected to multiple small values of shear rate, followed

by extrapolation to the zero-shear rate limit. Alternatively, for Geq = 0, η0p can be calculated

from equilibrium simulations, by an application of the Green-Kubo relation3,7,8 to the stress

auto-correlation function, as shown below,

η0
∗

p =
η0p

npkBTλH

=

∫ ∞

0

C∗(t) dt (S12)

In the above equation, η0
∗

p is the zero-shear rate viscosity non-dimensionalized by npkBTλH ,

where np is the number of polymer chains per unit volume and λH = ζ/4H is the typical

time unit for Brownian dynamics simulations.

Figure S5: Polymeric component of the non-dimensionalized shear viscosity, η∗p =
ηp

npkBTλH
, as a

function of non-dimensional shear rate (γ̇ λH) for different values of monomer concentration, c/c∗.
The open symbols are the values of η∗p calculated from shear flow simulations and filled symbols

are the values of zero-shear rate viscosity, η0
∗

p , evaluated as the integral of G(t)
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A more direct method of estimating η0
∗

p is by performing shear flow simulations under

very low shear rates and then extrapolating the value of the shear viscosity to the limit of

zero-shear rate. Fig. S5 presents the non-dimensional shear viscosity, η∗p, as a function of

dimensionless shear rate, γ̇ λH (in a range of very small values of shear rate), at different

c/c∗, where the extrapolated values of η∗p in the limit of γ̇ λH → 0 are in good agreement

with the zero-shear rate viscosity computed from Eq. (S12), which are represented by the

filled symbols. By considering these few representative concentrations for the systems of

associative polymer solutions, we have illustrated that both the methods produce the same

zero-shear rate viscosity, which implies that the equilibrium modulus, Geq, is essentially 0.

Using the Green-Kubo relation to estimate the zero-shear rate viscosity, η0
∗

p , we now

Figure S6: Scaling of the ratio of zero-shear rate viscosity at finite concentration, η0
∗

p , to its value

in the dilute limit, η0
∗

p0 , with the scaled concentration, c/c∗, for solutions of associative polymers

with Nb = 24, ℓ = 4, f = 4, ϵbb = 0 and ϵst = 5.0. The symbols from simulations and the dashed

lines with slope 0.6 is obtained from least square fit.
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investigate the scaling of η0
∗

p with concentration, c/c∗. In Fig. S6, the ratio of zero-shear

rate viscosity at finite concentration, η0
∗

p , to its value in the dilute limit, η0
∗

p0
, is plotted against

the scaled monomer concentration, c/c∗, for associative polymer solutions with chain length,

Nb = 24, spacer length ℓ = 4, number of stickers per chain f = 4, ϵbb = 0 and ϵst = 5.0.

The scaling of the normalised zero-shear rate viscosity, η0
∗

p /η0
∗

p0
, with scaled concentration

indicates a cross-over at c/c∗ ≈ 0.5, beyond which the scaling exponent takes an asymptotic

value of 0.6. This cross-over scaling behaviour is identical to the scaling of the longest

relaxation time for weak stickers, as shown in the main text. This is not surprising since an

alternative method to estimate the large scale relaxation time (λη) is based on the polymeric

contribution of the zero-shear rate viscosity (η0p), which is given by the following expression9

λη =
M η0p

cNAkBT
(S13)

where M is the molecular weight of the polymers, c is the monomer concentration. It

noteworthy that normalising λη at a finite concentration with its value in the dilute limit,

λ0
η, gives the ratio λη/λ

0
η, which is equivalent to the ratio η0

∗
p /η0

∗
p0
, used for the scaling of

the zero-shear rate viscosity. Thus, the scaling of λη/λ
0
η and η0

∗
p /η0

∗
p0

with concentration are

identical.

C. Dynamic moduli (G′ & G′′)

The elastic and viscous response of a viscoelastic fluid is generally characterised by the

storage (G′) and the loss (G′′) moduli, which are together referred to as the dynamic moduli.

These properties are typically calculated from oscillatory shear flow (OSF) experiments or

simulations. In numerical simulations, an OSF is implemented by subjecting the simulation

box to an oscillatory shear strain (γ(t)), using Lees-Edwards boundary conditions10–12, such

that

γ(t) = γ0 sin(ω t) (S14)

γ̇(t) = γ0 ω cos(ω t) (S15)
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where γ0 is the strain amplitude and ω is the frequency of oscillation. The response to this

oscillatory strain input produces an oscillatory stress component σxy(t), from which G′ and

G′′ are extracted as follows,

σxy(t) = σ0 sin(ω t+ δ)

= σ0 cos(δ) sin(ω t) + σ0 sin(δ) cos(ω t) (S16)

G′(ω) = −σ0 cos(δ)

γ0
, G′′(ω) = −σ0 sin(δ)

γ0
(S17)

Here σ0 is the amplitude of the stress response, δ is the phase difference. It is important to

note that δ = 0 for a Newtonian liquid, whereas, δ = 90◦ for a purely elastic solid. Since G′

and G′′ determine the shear stress that is linearly dependent on the strain, these material

functions are also linear viscoelastic properties. In the limit of very small strain amplitude

(γ0 ≪ 1), G′ and G′′ can be estimated by Fourier transformation of the stress autocorrelation

function, C(t),4,5 as described below,

G′(ω)−Geq =

∞∫

0

d(ωt)C(t) sin(ωt) (S18)

G′′(ω) =

∞∫

0

d(ωt)C(t) cos(ωt) (S19)

Finally, the dynamic moduli may be scaled by npkBT to define the dimensionless storage

modulus (G′∗) and loss modulus (G′′∗).

Using the above formulation, we compute G′ and G′′ from the stress auto-correlation

function for associative polymer solutions for a range of concentration, c/c∗, and investigate

their frequency dependencies in the pre and post-gel regimes. Figs. S7 display the non-

dimensional storage (G′∗) and loss (G′′∗) moduli as a function of frequency for different

concentrations, c/c∗, with chain length Nb = 24, spacer length ℓ = 4, backbone monomer

interaction strength ϵbb = 0 and sticker strength ϵst = 5.0. The inverse of the frequency

corresponding to the point of intersection of G′∗ and G′′∗ is defined as a characteristic

relaxation time of the polymer solutions, τ1/ω = 1/(ω1 λH), where ω1 is the intersection

frequency. For each concentration, c/c∗, the storage modulus, G′∗, in the limit of high

frequency, saturates to a value G0, which is identified as the elastic plateau modulus. In

11



(a) (b)

(c) (d)

Figure S7: Non-dimensional storage (G′∗) and loss (G′′∗) moduli of associative polymer solutions as

a function of dimensionless frequency, ω λH , for different values of c/c∗ with chain length Nb = 24,

spacer length ℓ = 4, number stickers per chain f = 4, backbone monomer interaction strength

ϵbb = 0 and sticker strength ϵst = 5.0. The filled and open circles in the plots are G′ and G′′,
respectively. The inverse of the frequency corresponding to the point of intersection of G′ and
G′′ curves represents the characteristic relaxation time τ1/ω = 1/(ω1 λH). G0 indicates the elastic

modulus. The slopes of G′∗ and G′′∗ in the terminal flow regime are 2 and 1, respectively, as

indicated in the figures.

addition, the variation of loss tangent, defined as tan δ = G′′/G′, with frequency, ω λH ,

is presented for different concentrations in Fig. S8. For all the concentrations, shown in

Figs. S7, there exists a unique point of interaction betweenG′∗ andG′′∗, along with a terminal

flow regime in the limit of low frequencies, where G′ ∼ ω2 and G′′ ∼ ω1,13. Considering

12



Figure S8: Variation of the loss tangent, tan δ, with the dimensionless frequency, ω λH , at different

values of c/c∗ for associative polymer solutions with Nb = 24, ℓ = 4, f = 4, ϵbb = 0 and ϵst = 5.0.

cg/c
∗ = 0.5 as the gel-point, these observations imply the existence of a finite terminal

relaxation time in both the pre-gel and post-gel regimes, for associative polymer solutions

with weak stickers. These results diverge from the typical power-law behaviour of G′(ω)

and G′′(ω), with no discernible relaxation time scale, as observed for the strong stickers

and discussed in the main text. Besides, the loss tangent, tan δ, becomes independent of

frequency at the gelation concentration for a typical gel-forming polymer solution, which is

not observed for the present systems, as tan δ decreases with frequency at all the values of

c/c∗, as shown in Fig. S8.

Notably, the characteristic relaxation time, τ1/ω, normalised with the relaxation time τ 01/ω

in the dilute limit, plotted as a function of scaled monomer concentration, c/c∗, shown in

Fig. S9, exhibits a change in the scaling exponent at a value of c/c∗ ≈ 0.5, which is also

the concentration (cg3/c
∗) at which maxima in the free chain concentration and a crossover

in the zero-shear rate viscosity scaling is observed. Surprisingly, the asymptotic value of

13



Figure S9: Scaling of the ratio of characteristic relaxation time, τ1/ω, to its value in the dilute

limit, τ01/ω, with the scaled concentration, c/c∗, for solutions of associative polymers with Nb = 24,

ℓ = 4, f = 4, ϵbb = 0 and ϵst = 5.0. The symbols from simulations and the dashed lines with slope

0.6 is the best fit to the data.

the exponent following the crossover is 0.6, which is the same as that for the crossover in

the scaling of zero-shear rate viscosity. In the main text, τ1/ω/τ
0
1/ω is used as one of the

measurements for the longest relaxation time scale and it is found to follow a universal

curve. Additionally, in Fig. S10 (a) we show a crossover in the scaling of the elastic plateau

modulus, G0/kBT , with monomer concentration, at c/c∗ ≈ 0.5. For the elastic modulus the

scaling exponent is found to change from 1 to 1.2, following the crossover. According to the

prediction of mean-field theory for associative polymer solutions proposed by Rubinstein and

Semenov14, the elastic modulus (G0) in the post-gel regime, close to the gel-point, scales with

the relative distance from the gelation concentration, cg, following the relation G0 ∼ ∆3µ,

where ∆ = (c−cg)/cg and exponent µ = 0.85 (i.e. 3µ = 2.55). However, our simulations (see

Fig. S10 (b)) show a much weaker dependence of G0 on ∆, where the asymptotic value of the

exponent in the post-gel regime, near the gel-point cg/c
∗ = 0.5, is 0.64. This difference in

the scaling of G0 between the simulations and theory may be a consequence of the formation
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(a) (b)

Figure S10: (a) Scaled elastic modulus, G0/kBT , versus concentration, c/c∗, for the solutions of

associative polymers with Nb = 24, ℓ = 4, f = 4, ϵbb = 0, ϵst = 5.0. (b) Elastic modulus, G0/kBT ,

as a function of the relative distance from the gelation concentration ∆ = (c − cg)/cg, near the

gel-point in the post gel regime, where the gelation concentration is considered to be cg/c
∗ = 0.5.

Symbols are the simulation data and the solid and broken lines indicate the corresponding scaling

exponents.

of “evanescent” gels with weak stickers, where the increase in concentration in the post gel

regime does not cause a sharp increase in the elastic modulus.

Figure S11 Demonstrates a fundamental rheological discrepancy between models with

and without hydrodynamic interactions. When HI is neglected, there is a modest but non-

negligible change in the distribution of relaxation times. This difference is represented here

using the magnitude of the complex modulus. Since a modest change in the exponent of a

power-law-like region of the dynamic moduli can significantly affect the point of intersection

of G′ and G′′, this may account for the separation observed in the main text of τω from the

other time scales in systems without HI.

D. End-to-end R̂e auto-correlation

In simulations, the terminal relaxation time of polymer solutions is typically evaluated

by fitting the tail of the decay of stress auto-correlation, as discussed in the earlier section,

or from end-to-end vector auto-correlation functions7,15,16. Here, we will discuss the method

15



Figure S11: Effect of hydrodynamic interaction on the scaling of complex modulus.

to extract the terminal relaxation time from end-to-end vector auto-correlation. Longest

relaxation time scale can be estimated by fitting a single exponential to the decay of end-

to-end unit vector auto-correlation function of the polymer chains, defined as follows

u(t) =
1

Nc

Nc∑

i=1

⟨R̂i
e(0) · R̂i

e(t)⟩ (S20)

where, R̂i
e is the end-to-end unit vector of the ith chain and Nc is the number of chains in

the system. Fig. S12 (a) presents the end-to-end unit vector auto-correlation function of

associative polymer solutions at different concentrations, where the last 30 to 40 percent

of the decay is fitted with an exponential of the form, û(t) = A exp(−t/τ), where τ gives

the estimate for the longest relaxation time. It becomes clear from Fig. S12 (a) that with

increase in concentration the rate of decay of the auto-correlation function for associative

polymers becomes progressively slower, whereas, in case of homopolymer solutions, shown

in Fig. S12 (b), the decay of the end-to-end unit vector auto-correlation function has a very

weak dependence on concentration, c/c∗. The relaxation time extracted from the exponential

16



(a) (b)

Figure S12: End-to-end unit vector auto-correlation function at different monomer concentrations,

c/c∗, for (a) associative polymer solutions with Nb = 24, ℓ = 4, f = 4, ϵbb = 0 and ϵst = 5.0 and

(b) homopolymer solutions in athermal solvent (ϵbb = 0) with chain length Nb = 24. Symbols

represents the simulation data and dashed lines are the exponential fit at different concentrations.

fit is compared with other measurements of longest relaxation time and the data is found to

collapse on a universal curve, as shown in the main text. Additionally, we also present the

end-to-end unit vector auto-correlation functions for all other conditions studied, including

with relatively higher sticker strength as shown in Figs. S13-S15.

E. Bond Lifetime

Bond lifetimes are measured by extracting the durations of bond events from simulation

trajectories. Alternatively, the autocorrelation of bonded pairs provides a renormalized

lifetime which includes bind-unbind-rebind events. The bond lifetimes used to validate the

Sticky Rouse Model, discussed in the main text, is measured by the average association

duration, shown in Fig. S16, where the average bond lifetime (tbond) of associated stickers is

plotted as a function of concentration with and without HI for the case of ϵst = 5.0. Here,

tbond is computed by considering all possible associating pairs for the systems of associative

polymer solutions at different concentrations. Fig. S16 indicates that at a constant value

of sticker strength, the bond lifetime decreases with concentration for both HI and no HI

cases. Interestingly, in both HI and no HI cases there is a crossover in the scaling behaviour

of the average bond lifetime with concentration, where the scaling exponent goes from a

value of −0.2 to −0.54. In the main text, using these values for bond lifetime as function a

17
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Figure S13: All Re ACF data for ℓ = 0, h∗ = 0.

concentration, we have validated the Sticky Rouse Model showing satisfactory data collapse.

Figures S17-S19 present the auto-correlation function for the fraction of inter-chain as-

sociations at time t which are also present at t+∆t. These data sets were fit with a single

exponential for which the only parameter is the relaxation time τM . Surprisingly, there

appears to be a power-law tail in this auto-correlation function, which is robustly excluded

by the single-parameter fit, as demonstrated in Fig. S19A. Note that this tail seems largely

independent of both concentration and sticker strength, suggesting generic characteristic

of this measurement. This could be due to a mechanism such as sticker pairs dissociat-

ing, de-correlating completely, then subsequently re-associating due to the finite number of

potential partners in the simulation volume.

SII. ASSOCIATED CLUSTER SIZE DISTRIBUTION

In an associative system below the gel concentration, finite sized clusters of associated

chains form. With increase in polymer concentration, the cluster size increases, which results

18
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Figure S14: End-to-end unit vector auto-correlation function at values of sticker strength,
ϵst = 5, 9, 12, and different monomer concentrations, c/c∗, for associative polymer solutions
with Nb = 4, ℓ = 0 and HI parameter, h∗ = 0.2.

in the formation of a system spanning network at the gel point. In finite-sized simulation

systems, bimodality of the chain cluster size distribution is observed17. Additionally, at

the gel point the material structure becomes self-similar with no characteristic length scale

and the cluster size distribution shows a power law scaling, P (m) ∼ m−τF , where P (m)
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Figure S15: All Re ACF data using the HOOMD code for ℓ = 4, h∗ = 0.

is the probability of finding a cluster of size m and the exponent τF is often called the

Fisher exponent18,19. Here, we have investigated the chain cluster size distribution, P (m),

of associative polymer solutions at different scaled concentrations, c/c∗, and different chain

lengths, Nb, with spacer length, ℓ = 4, backbone interaction strength, ϵbb = 0 and sticker

association strength, ϵst = 5.0. At low concentrations, such as c/c∗ = 0.3, 0.5, 0.6, the

probability of finding large cluster decreases exponentially as displayed in Figs. S20, whereas,

at about c/c∗ = 0.8 and above the cluster size distributions, shown in Figs. S21 (c) and (d),

indicate a power law scaling for a significantly wide range of values of cluster size, m. It
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Figure S16: Dimensionless mean bond lifetime, tbond as a function of concentration, c/c∗, for

associative polymer solutions with Nb = 24, ℓ = 4, f = 4, ϵbb = 0 and ϵst = 5.0. The symbols are

from simulations and the dashed line is best fit to the data.

is also noted that P (m) becomes independent of chain length with increase in Nb. The

shouldering of the chain cluster size distribution observed at higher value of c/c∗(= 0.9)

is because of the onset of bimodality in the distribution. From this analysis we interpret

that the onset of gelation transition, based on the power-law scaling of the cluster size

distribution, happens at about c/c∗ ≈ 0.8, which lies in between the other two gel transition

concentrations based on other static signatures identified in Ref. 17. This is another static

signature of gelation which along with other static signatures guide us to explore the range

of concentration at which dynamic signatures are to be observed. Figs. S22-S24 show the

clusters size distributions for various conditions studied. Note in Fig. S22 that a power law

and even bimodal distribution is possible even with ϵst = 0, at high concentration. This is

due to the fact that stickers with ϵst = 0 have a 1:1 probability of being bound or unbound

based simply on proximity, so an instantaneous cluster is still possible at high concentration,
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Figure S17: All M2 ACF data for ℓ = 0, h∗ = 0.

thought this cluster would have no rheological effect.

SIII. VALIDATION: OSCILLATORY SHEAR

It is possible that the equilibrium stress autocorrelation function C(t) does not capture

the plateau modulus of a gel, since C(t) must go to zero as t goes to infinty in equilibrium.

That is, there could be a finite offset between C(t) and G(t) for a gel. To validate that

the absence of an apparent gel transition at ϵst = 5 was not due to such a concern, oscil-
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Figure S18: All M2 ACF data for ℓ = 0, h∗ = 0.2.

latory shear flow simulations were carried out at several frequencies to validate that there

was no discrepancy between the modulii measured by transforming C(t) vs those measured

by preturbative simulations. Fig. S25 demonstrates the correctness of the the stress auto-

correlation measurement and the oscillatory measurement by comparing with the exactly

known Rouse spectrum of a 24 bead chain. Fig. S26a then demonstrates this validation for

the non-trivial case of Nb = 79 with several stickers. Lissajous curves for these oscillatory

simulations are shown in Fig. S26b.

Here, we calculate dynamic moduli using these two methods for a system of Rouse chains
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Figure S19: All M2 ACF data using the HOOMD code for ℓ = 4, h∗ = 0. Fit lines to the
form y = exp{−t/τM} are included to emphasize the single-exponential character of this
ACF, and the ability of this fitting method to exclude the power-law tail.

in dilute limit and a solution of associative polymers with Nb = 79, ℓ = 4, f = 15, ϵbb = 0

and ϵst = 5.0 at c/c∗ = 1.0. In the Rouse case we compare the result with the analytical

solutions as discussed in the following. For Rouse model of polymer solutions, consisting of
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Figure S20: Chain cluster size distribution in semi-log scale for systems of associative polymers

with spacer length ℓ = 4, ϵbb = 0 and ϵst = 5.0 at (a) c/c∗ = 0.3, Nb = 44, (b) c/c∗ = 0.5, Nb = 44

and (c) c/c∗ = 0.6, Nb = 34. The solid red symbols are simulation data and the exponential decay

of the cluster size distribution is shown by the dashed black lines.

bead-spring chains with (Nb − 1) Hookean springs per chain, the analytical expression for

the constitutive equation is well known. For such a model there is a spectrum of relaxation

times, λj, given by20

λj =
ζ/2H

4 sin2(jπ/2Nb)
(S21)

where ζ is the friction coefficient and H is spring constant. For a dilute solution of Rouse

chains subjected to small amplitude oscillatory shear flow, the polymeric contribution of the
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Figure S21: Chain cluster size distribution in log-log scale for systems of associative polymers

with spacer length ℓ = 4, ϵbb = 0 and ϵst = 5.0 at different values of c/c∗ = {0.3, 0.5, 0.8, 0.9} and
different chain lengths, Nb. The power-law behaviour of the cluster size distribution is shown by

the solid black lines in (c) and (d).

complex modulus can be decomposed into the following real and imaginary parts,

G′ = npkBT
Nb−1∑
j=1

λ2
j ω

2

1 + (λj ω)2
(S22)

G′′ = npkBT
Nb−1∑
j=1

λj ω

1 + (λj ω)2
(S23)

Here, ω is the frequency of oscillation and np is the number density of chains. Fig. S25
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Figure S22: All cluster size distribution data for ℓ = 0, h∗ = 0. c/c∗ = 0.06 for purple
triangles, 0.12 for purple diamonds, 0.25 for blue triangles, 0.5 for green squares, and 1 for
red circles.

shows very good agreement among different methods used to compute G′ and G′′ for a dilute

solution of Rouse chains. Both equilibrium and SAOS (with amplitude, γ0 = 0.2) simulations

produce the same results which is also in agreement with the analytical expressions.

Similarly, for the associative polymer solutions with chain length Nb = 79 and spacer

length ℓ = 4 at c/c∗ = 1.0, the dynamic moduli obtained from the equilibrium simulations

are compared with that from SAOS. As shown in Fig. S26 (a), for the three values of

oscillation frequencies considered here, G′ and G′′ calculated from both the methods are

in agreement with each other within errorbars. Note that even for a longer chain length

(Nb = 79) with short spacer (ℓ = 4), there exists a terminal relaxation behaviour with

finite relaxation time as observed for the short chain simulations discussed in the main text.

We also present the viscoelasticity of this system in terms of Lissajous curves, shown in

Fig. S26 (b). Typically, with the increase in frequency of oscillations the Lissajous curve

takes the shape of a more elongated ellipse (getting narrower along the minor axis and
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Figure S23: All cluster size distribution data for ℓ = 0, h∗ = 0.2.

elongated along the major axis) until it becomes a straight line in the purely elastic limit.

A similar trend is observed in case of the system of associative polymer solution considered

here.
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Figure S24: All cluster size distribution data using the HOOMD code for ℓ = 4, h∗ = 0.

SIV. BAYESIAN INFORMATION CRITERION

The model used in the main text to fit G(t) data to extract relaxation times and moduli

is

Gfull(t) =

[
GEα

(
−G
V
tα
)
+Gϵ

]
exp

(
− t

τϵ

)
, (S24)

In this equation, Gϵ represents the height of the temporary elastic plateau due to the for-

mation of a gel. If a gel has not formed, then a fitting routine will use this parameter to

overfit the noise in G(t), yielding a misleading value for Gϵ, which should be 0. Similarly, if
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Figure S25: Non-dimensionalized dynamic moduli (G′∗ & G′′∗) as a function of dimensionless

frequency, ω λH , for a dilute solution of Rouse chains with chain length, Nb = 24. The filled (for

G′) and open (for G′′) symbols are from BD simulations at equilibrium and under oscillatory shear

flow (OSF), where γ0 is the amplitude of oscillation. The solid and broken lines are analytical

solutions for G′ and G′′, respectively, for Rouse chains in a dilute solution.

the association lifetime is longer than the observation period, the terminal relaxation time

τϵ is not apparent in the data, but the fitting routine will still attempt to determine the

parameter. In order to evaluate which of these parameters can be meaningfully extracted

from the data, We measured the Bayesian information criterion (BIC), presented in Fig. S27,

for various subsets of the proposed model parameters. BIC is calculated as

B = k lnn− 2 ln L̂, (S25)

where n is the number of data points, k is the number of model parameters, and L̂ is the

maximized likelihood of the model, here calculated as the total squared error of the fit. Each

of the model variations tested in this way corresponds to a physically meaningful system
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Figure S26: (a) Non-dimensionalized dynamic moduli (G′∗ & G′′∗) as a function of dimen-
sionless frequency, ω λH , for associative polymer solutions with chain length, Nb = 79, spacer
length, ℓ = 4, ϵbb = 0 and ϵst = 5.0 at c/c∗ = 1.0. The filled (for G′) and open (for G′′)
symbols are from BD simulations at equilibrium and under oscillatory shear flow (OSF)
at different oscillation frequencies, where γ0 is the amplitude of oscillation. (b) Lissajous
curve corresponding to the frequencies considered for the comparison of dynamic moduli
calculated from equilibrium and OSF simulations.

state. For the case of a liquid with no discernible elastic response, we would have

Gliquid(t) =

[
GEα

(
−G
V
tα
)]

exp

(
− t

τϵ

)
. (S26)

For the case of the critical gel, with a power law tail of relaxations, so neither a terminal

relaxation nor a plateau, we would have

Gcritical(t) =

[
GEα

(
−G
V
tα
)]

. (S27)

In the case of a physical gel when the terminal flow due to dissociations is within the window

of observation, the full model is appropriate. If the association lifetime is too long, then the

elastic plateau appears permanent, and the system appears solid, leaving the expression

Gsolid(t) =

[
GEα

(
−G
V
tα
)
+Gϵ

]
. (S28)
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Figure S27: Bayesian information criterion for various generalizations of the Mittag-Leffler
function as a model for the viscoelastic response of our simulated gel-forming system. These
curves represent measurements for a system with ℓ = 0, f = 4, Nb = 4, h∗ = 0.2, ϵst =
12. Since the difference between BIC for different models is more meaningful than the
absolute value, the minimum BIC for each concentration is subtracted from all models at
that concentration. This emphasizes the optimal model at a particular concentration as the
bottom line at that concentration. The height of each model above the 0 line suggests the
degree to which that model is inappropriate due to too few or too many parameters.

The comparisons in Fig. S27 are consistent with the expected transition of the solution

from liquid to critical to gel as concentration is increased. At low concentration, the liquid

model is preferred. At concentration near 0.3c∗, the critical gel is favored. Just above the gel

point, the network is not particularly robust, and there is ambiguity between the permanent

or temporary model, the ”solid” chemical gel model, or the ”full” physical gel model. At

high concentration with ϵst = 12, the gel appears to be permanent as far as data within our

simulation window can show. Considering the possible distortion of parameter estimates due

to over-fitting, calculations of viscosity in the sol state are carried out on a fit using the liquid

model, where that model is preferred by the BIC. Analysis of Gϵ is similarly limited to high

concentrations. Note that in systems with low sticker strength, the BIC universally prefers

the fluid model. Similar considerations were taken with the Akaike information criterion,

which can prefer models with more parameters, but the results were the same.
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SV. SCALING EXPONENTS

Suman et al. (2021)21 have arrived at the following expressions for G(t) near the gel

point,

G(t) =





St−ne−αSt
κ
; c < cg

St−n; c = cg

G(t) = St−n(1 + αGt
κ + ...+

αm
G t

mκ

m!
) +Ge; c > cg

(S29)

where αS ∼ (cg−c), αG ∼ (c−cg), m = floor(n/k), and Gϵ ∼ (c−cg)
z. A clear advantage of

using these forms to extract scaling information is that the curves from many concentrations

can be regressed simultaneously using consistent coefficients cg, S, n, κ, and proportionality

constants for αS, αG, and Gϵ, thus reducing the total number of free fitting parameters for

the whole data set dramatically. The resulting fits and exponents are shown in Fig. S28. In

the development of (S29) there are several time scales that are assumed to be well separated.

In particular, the fastest Rouse relaxation and the dissociation time scale are assumed to be

outside the observation window in the short and long time directions, respectively. However,

in this work computational limitations and the study of dissociation dynamics required these

time scales to be relatively close together. This produced G(t) curves with several artifacts

which are not accounted for in (S29). At short ∆t < λH , we observe a plateau due to the

relaxation time of a single spring toward the instantaneous shear modulus G0, which is not

accounted for in (S29). Accounting for this short-time plateau motivated our adoption of

the Mitaag-Leffler form. Meanwhile, the longest Zimm relaxation time for a 4-bead chain

at h∗ = 0.2 is 3.8λH , and this time scale appears in our data as the floor, below which the

terminal relaxation due to network modes cannot recede. So the observable network modes

in the range 10-1000λH are conflated with the single chain modes when c isn’t very close to cg.

Note in Fig. 12 of the main text that the terminal relaxation time τG grows from 10 to 1000

between c/c∗ = 0.2−0.3. The proximity of the single-chain relaxation time and the network

relaxation time mean that the exponential cutoff e−αSt
κ
doesn’t fit cleanly our sol phase

data, as seen in the c/c∗ = 0.22 and 0.23 curves in S28. The result of these artifacts is that

the apparent scaling exponents extracted using this fitting procedure do not comply with the

hyperscaling relationship. Improving the confidence of the simulation scaling would therefore

require many simulations in the range c/c∗ = 0.25-0.3, and the duration of those simulations
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Figure S28: Simultaneous regression to computed G(t) curves at several concentrations using
the form (S29).

would need to be at least an order of magnitude longer to observe the termination of the

network relaxation modes. Furthermore, the signal to noise ratio gets worse as G(t) decays,

so more simulation replicas would also be needed. Significant computational resources have

already been consumed to locate cg precisely enough to determine where this sort of focused

data collection should be targeted. However, as discussed in the main text, applying a

more phenomenological model and constraining the scaling fits for each set of parameters

to satisfy the hyperscaling relationship reveals that our data are clearly consistent with this

relationship.
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