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ON VIETORIS-RIPS COMPLEXES OF FINITE METRIC SPACES
WITH SCALE 2

ZIQIN FENG AND NAGA CHANDRA PADMINI NUKALA

ABSTRACT. We examine the homotopy types of Vietoris-Rips complexes on
certain finite metric spaces at scale 2. We consider the collections of subsets of
[m] ={1,2,...,m} equipped with symmetric difference metric d, specifically,
Futs Fut UF L, Far Ul g, and F2'. Here Fi* is the collection of size
n subsets of [m] and F7', is the collection of subsets = A where < is a total
order on the collections of subsets of [m] and A C [m] (see the definition
of < in Section [I). We prove that the Vietoris-Rips complexes VR(F,2)
and VR(FT U ]-';’11,2) are either contractible or homotopy equivalent to a
wedge sum of 5?’s; also, the complexes VR(FT* U F 5,2) and VR(F7,,2)
are either contractible or homotopy equivalent to a wedge sum of S3’s. We
provide inductive formulae for these homotopy types extending the result of
Barmak in [4] about the independence complexes of Kneser graphs KGg j, and
the result of Adamaszek and Adams in [2] about Vietoris-Rips complexes of
hypercube graphs with scale 2.

1. INTRODUCTION

Along with the development of topological data analysis [10, [6], determining
the homotopy types of Vietoris-Rips complex of finite metric spaces has become
crucial in applied topology. In fact, the idea behind persistent homology is to
compute the (co)homology of a Vietoris-Rips complex filtration built on data, which
is typically a finite metric space in high dimensions ([5]). Vietoris-Rips complexes
were introduced by Vietoris in [I7] and then by Rips (see [12]) to approximate
a metric space at a chosen scale for different purposes. Additionally, these kinds
of complexes have been intensively used in computational topology as a simplical
model for the sensor networks ([I1} 13, [14]) and as a tool for image processing ([15]).

The Vietoris-Rips complex VR(X;r) of a metric space (X,d) with scale r > 0
is a simplicial complex with vertex set X, where a nonempty subset o € [X]<*°
is a simplex in VR(X;r) if and only if its diameter satisfies diam(c) < r. Here,
[X]<°° denotes the collection of all finite subsets of X, and for any subset S of X
diam(S) is defined as the supremum of all distances d(x,y) between pairs of points
z,y € S. Recent work has focused on studying Vietoris-Rips complexes of circles
([), metric graphs ([7]), geodesic spaces ([I8], [19]), and more.

In this paper, we investigate the homotopy type of the Vietoris-Rips complex
VR(F,2) of a specific class of finite metric spaces with scale 2. Let F be a collection
of subsets of [m] for some m € N, where [m] = {1,2,...,m}. We define a metric
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d on F such that, for any A and B in F, d(A, B) = |[AAB|, where AAB denotes
the symmetric difference of A and B, i.e., (A\ B) U (B \ A). Hence, (F,d) is a
finite metric space. In this paper, we study the homotopy types of the Vietoris-Rips
compelxes, VR(F]",2) (Section M), VR(FZ,2) (Section Bl), and VR(F* U F,2)
(Section [B), where F7*, F7,, and F* U F} are all collections of subsets of [m].
We show that: -

i) the complexes VR(F}",2) and VR(F, UF," |,2) are either contractible or
homotopy equivalent to a wedge sum of S2’s;

ii) the complexes VR(FZy,2) and VR(F* U F),,2) are either contractible
or homotopy equivale;lt to a wedge sum of S$%’s.

Furthermore, we identify inductive formulas for determining the homotopy types of
these complexes. The homotopy type of VR(F,r) for » > 0 is closely related to the
study of the independence complex of Kneser graphs in [4] and the Vietoris-Rips
complexes of hypercube graphs in [2].

The independence complex I(G) of a graph G = (V(G), E(G)) is a simplicial
complex whose simplices are the independent sets of vertices of G, i.e., sets of
vertices no two of which are adjacent. The Kneser graph KG,, » has the n-subsets
of [2n+ k| as its vertices and its edges are given by pairs of disjoint such subsets. In
particular, any two vertices in KG,,  are not disjoint if and only if their symmetric
difference distance is at most 2n—1. Therefore, the independence complex of KG,,
is identical to the Vietoris-Rips complex VR(F2"+* 2n —1), where F™™ denotes the
collection of all n-subsets of [m)].

Barmak proved in [4] (Theorem 4.11) that the independence complex of KGo ,
I(KGz ), is homotopy equivalent to \/(%3) S2. For any m > 4, note that VR(F3", 2)
VR(F3",3) = I(KGg m—4); thus, the complex VR(FJ", 2) is homotopy equivalent to
a wedge sum of (mgl) copies of S2. Our result on the homotopy types of VR(F™, 2)
(Corollary [TT)) is a generalization of Barmak’s result. When m = 2n, the complex
VR(F,m — 2) has (7:) vertices and is the boundary of a cross-polytope, so it is

homotopy equivalent to S 2(7)-1,

The hypercube graph is a graph whose vertices are all binary strings of length m,
denoted by @, and whose edges are given by pairs of such strings with Hamming
distance 1. The Hamming distance between any two binary strings with the same
length is defined as the number of positions in which their entries differ. We can
consider @,,, as a metric space equipped with the Hamming distance, and then the
hypercube graph can be identified as the complex VR (@, 1).

Adamaszek and Adams investigated the Vietoris-Rips complexes VR(Q,,, ) at
small scales r = 0, 1, 2 in their recent work [2]. The complex VR(Q,», 0) is homotopy
equivalent to a wedge sum of (2" — 1)-many S°’s, and VR(Q,,1) is homotopy
equivalent to a wedge sum of ((m — 2)2™~! + 1)-many S'’s. Their main result is
that the complex VR(Q,,2) is homotopy equivalent to a wedge sum of ¢, copies
of §%s, where ¢, is given by c¢,, = 2o<j<icm(d T+ 1)(2m=2 — 2i=1). The Cech
complexes of the metric space Q,, with scales 2 and 3 are studied in [3].

Each binary string of length m can also be considered as the characteristic func-
tion of a subset of [m]. Hence, there is a natural isometric map between the metric
spaces Qn, and P([m]), where P([m]) is the collection of all subsets of [m] equipped
with the symmetric difference metric d. Notice that P([m]) contains the empty
set () as an element. Hence the result about the homotopy type of VR(Qm,2) by
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Adamaszek and Adams is a special case of Theorem which gives a deeper un-
derstanding on how its homotopy type is formed. Adamaszek and Adams in [2]
used Polymake [8] and Ripser++ [20] to compute the reduced homology groups
of VR(P[m],3) for m = 5,6,...,9, with coefficients Z or Z/2Z. They found that
these homology groups are nontrivial only in dimensions 4 and 7, indicating that
the complex VR(P[m], 3) is a wedge sum of copies of S*’s and S7’s. This suggests
that the homotopy type of the complex VR(P[m], 3) is more complicated than that
of the complexes VR(P[m|,r) with r = 0,1,2. Shukla [I6] subsequently proved
that for m > 5, the reduced homology group H;(VR(P([m]),3)) is nontrivial if and
only if i € {4,7}.

In this paper, we extend the study of Vietoris-Rips complexes to other collections
of subsets in [m] with scale 2 beyond F3* and P[m]. To determine the homotopy
type of VF(P[m],2), Adamaszek and Adams in [2] used an inductive proof on the
clique complex of the graph G7, whose vertices are binary sequences of non-negative
integers < ¢— 1 with edges given by pairs of sequences with Hamming distance < 2.
We adopt a different inductive process to study these complexes and our approach
is also potentially applicable to the investigation of these complexes at larger scales.

We start with introducing notations for certain collections of subsets of [m]. For
n < m, let F2' be the collection of all subsets of [m] with cardinality < n. It is
easy to see that the complex VR(FZ,r) is contractible since it is a cone with the
cone vertex being the empty set (). We now proceed to define a total ordering <
on P([m]) to facilitate the conduction of induction process. For each A C [m] with

|A| = n, we represent A = {i1,42,...,0n} as i1i2 i, with i3 <is < --- < i,. For
any A, B C [m], we say A < B if one of the followings holds:
i) |A] <|BJ;

ii) there is a k € N such that iy, < jx and iy = j, for any ¢ < k, when
Clearly this is a total order on P([m]) and for any subcollection F of P([m]), (F, <)
is also a total order. For any A C [m], we denote 77y = {B: B < A and B C [m]}
and F7'y = F7'y U{A}. Notice that the set [m] is the maximal elements in P([m]);
hence if A = [m], F7?, = P([m]).

We start with some easy observations of the homotopy types of such complexes.
For any collection F of subsets of [m], VR(F,0) is a complex with |F|-many disjoint
vertices. Also for any 1 <n < m — 1, VR(F)", 1) is also the space of (’:) disjoint
vertices since d(A, B) > 2 for any two different subsets A, B with cardinality n.
Also for each ¢ = 0,1,...,m, the metric space F;" is isometric to F,"_, since the
complementary mapping with ¢(A4) = [m]\ A preserves the symmetric distance from
FIto Fi_,. Therefore VR(F]™,r) is homotopy equivalent to VR(F._;,r) for each
r > 0. We see that the complexes VR(F{",2) and VR(F}'_,,2) are contractible
because each pair of their vertices has distance 2. Hence the complex VR(F,2) is
contractible when n = 0,1, m—1, or m. Similarly the complexes VR(F, UF}" ,2)
is contractible if n =0 or m — 1.

2. NOTATIONS AND PRELIMINARY RESULTS

Topological Spaces and Wedge sums. Let X and Y be topological spaces.
We write X ~ Y when they are homotopy equivalent. We denote S* to be the
k-dimensional sphere. The wedge sum of X and Y, X VY, is the space obtained
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by gluing X and Y together at a single point. The homotopy type of X VY
is independent of the choice of points if X and Y are connected CW complexes.
For k > 1, \/kX denotes the k-fold wedge sum of X. We denote XX to be the
suspension of X. For any sphere S*, 5% is homeomorphic to S¥*1. A function f
from X to Y is said to be null-homotopic if it is homotopic to a constant map. It
is well-known that any mapping from S™ to S™ is null-homotopic when n < m.

Any two metric spaces (X, dx) and (Y, dy) are said to be isometric if there is a bi-
jective distance-preserving map f from X to Y, i.e., dx(z1,22) = dy (f(x1), f(22))
for any x1,z2 € X. Hence if X and Y are isometric, then it is straightforward to
verify that VR(X,r) is homeomorphic to VR(Y,r) for any r > 0.

A cross-polytope with 2n vertices is a regular, convex polytope that exists in
n-dimensional Fuclidean space. So it homeomorphic to the unit ball in R™ whose
boundary is homeomorphic to ™1,

Simplicial complexes. A simplicial complex K on a vertex set V is a collection
of non-empty subsets of V' such that: i) all singletons are in K; and ii) if 0 € K
and 7 C o, then 7 € K. For a complex K, we use K¥) to represent the k-skeleton
of K, which is a subcomplex of K. For vertices v1,va,...,v; in a complex K, if
they span a simplex in K, then we denote the simplex to be {vy,va,...,vc}. If &
and 7 are simplices in K with ¢ C 7, we say o is a face of 7. We say a simplex is a
maximal simplex (or a facet) if it is not a face of any other simplex. We say that
L is a full subcomplex of K if it contains all the simplicies in K spanned by the
vertices in L.

A complex K is a clique complez if the following condition holds: a non-empty
subset o of vertices is in K given that the edge {v,w} is in K for any pair v,w € o.
For any graph G = (V, E), we denote Cl(G) to be the clique complex of G whose
vertex set is V and Cl(G) contains a finite subset 0 C V as a simplex if each pair
of vertices in o forms an edge in G. Also, we see that the Vietoris-Rips complex
over any metric space is a clique complex by the definition.

Let L be a complex and v be a vertex not in L. The cone over L with the vertex
v, denoted by v * L, is a simplical complex defined on the vertex set L(®) U {v} such
that a simplex of v * L is either a simplex in L or a simplex in L adjoined with v.
Notice that any cone is contractible.

The following result is proved in [9]. This is an important method to investigate
the homotopy type of a complex by splitting it into two or more subcomplexes.

Lemma 1. Let K be a simplical complex. Suppose that K = K1 U Ky and the
inclusion maps 11 : K1 NKe — Ky and 19 : K1 N Ko — Ko are both null-homotopic.
Then

KﬁKl\/KQ\/E(KlﬁKQ).

The next lemma (see [2], Lemma 1) is an easy corollary of this result. For any
vertex v in a complex K, K \ v denote the induced complex on the vertex set
KO\ {v}. The star of a vertex v in K is stx(v) = {0 : 0 U{v} € K}. Hence for
any v € V, stx(v) is contractible because it is a cone over lkg(v) with the vertex
v, namely v * kg (v), where lkx(v) = {o:0cU{v} € K and v ¢ c}.

Lemma 2. If v is a vertex in K with the inclusion map @ : lkx(v) — K being
null-homotopic, then K is homotopic to K \ vV X(lkk (v)).



ON VIETORIS-RIPS COMPLEXES OF FINITE METRIC SPACES WITH SCALE 2 5

Proof. Let v be a vertex in K such that the inclusion map ¢ : kg (v) — K is null-
homotopic. It is straightforward to verify that K = stx(v) U K \ v. Since stx (v)
is contractible, the inclusion from lkg (v) to stx(v) is also null-homotopic. Notice
that (K \ v) Nstg(v) = kg (v). Hence by Lemma [Il and the fact that sty (v) is
contractible,

K~K\vVstg(v)VE(lkg(v)) = K\ vV X(kg(v)).

O

Lemma 3. If 0 is a k-simplex and K, is the simplicial complex generated by o,
then Kg") is homotopy equivalent to a wedge sum of (n_]f_l) -many of S™ for any
n<k.

Proof. Assume o = {wvg,v1,...,v;} and K, is the simplicial complex generated by

o. Denote K = K((,n). Notice that there are (nf_l)—many n-simplices which don’t

contain vg. List such n-simplices as 71, 72, . .. STk Then K = stx (vo) UU{ K, :
n+1

i=1,2,..., (n_kH)} where K., is the simplicial complex generated by 7; for each .
Next we show that K ~ \/( ) S™ by induction.
n+41
First notice that stx(vo) N K, is the boundary of 7y, and hence is homotopy
equivalent to S"~!. Since both sty (vg) and K,, are contractible, the inclusion
maps from their intersection to each of them are null-homotopic. By Lemma [2]

stx(vo) U K,, ~XS""t ~ §" Then inductively, K =~ \/( ) sn. O

k
n+1

Also in this paper for convenience, we set Ef:a f(i) =0 when b < a, where f is
a function on the set of natural numbers.

3. STAR CLUSTER OF A SUBCOMPLEX

To investigate the topology of the independence complex of graphs, Barmak [4]
introduced a general tool using which he answered a question arisen from works of
Engstrom and Jonsson and investigated lots of examples appearing from literature.
It turns out this concept is a powerful tool to understand general simplicial com-
plexes. For any subcomplex L of K, we define the star cluster of L in K as the
subcomplex

SCk(L) = J stx(v).

ve L(0)

If o is a simplex in K, Barmak in [4] proved that SCg (o) is contractible, hence
homotopy equivalent to o. In general, given that L is a subcomplex of K, SCk (L)
is not homotopy equivalent to L as showed in the example below.

Example 4. Let K = VR(P([2]),1) and L be the full subcomplex with vertices
{0,{1},{2}}. Then L is contractible but in the other hand, SCk (L) = K which is
homotopy equivalent to S*.
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Next, we’ll give a sufficient condition under which the star cluster of a sub-
complex L in K is homotopy equivalent to L. This result is a generalization of
Barmak’s result about SCx (o) being contractible for any simplex ¢ in K; and it
is also heavily used to determine the homotopy type of simplicial complexes in this
paper.

Lemma 5. Let K be a clique complex and L a clique subcomplex of K. Suppose
that the edge {v,w} is in L for any pair v,w € L) with (stx(v) Nstx(w))\ L # 0.
Then the following hold:
i) L is a full subcomplex of K;
ii) for any collection of wvertices, vi,va,...,v¢ in L, the complex L' = LU
Ule sti (vi)) is homotopy equivalent to L.
In particular, ii) implies that SCrk (L) is homotopy equivalent to L.

Proof. First we prove i). Let 0 = {wo, w1, ..., ws} be a simplex in K and w; € L
foreach j = 0,1,..., k. Take an arbitrary pair w;, w;s of vertices from o with j # j'.
Suppose, for contradiction, that {w;,w; } ¢ L. Since the 1-simplex {w;, w;} is in
K, it is in both stx(w;) and stx(w, ). Hence, stx(w;) Nstx(w; )\ L # 0. Then
by the assumption the edge {w;, w;} € L which is a contradiction. Therefore each
pair of vertices in o forms an edge in L. Since L is a clique complex, o € L.

We'll prove ii) by induction. Suppose that the vertices vy, va, ..., vk—1 in L satisfy
that the complex Lo = LU |J{stx(v;) : i =1,2,...,k —1} ~ L. When k = 1,
Lo = L and the result holds. Let vj, be any other vertex in L and Ly = LoUst g (vg).
We’ll show that L ~ L.

We claim that Lo N stx(vg) = str,(vg). Note that both stx(vx) and str,(vk)
are contractible, hence so is ¥(str,(vr)). Then by Lemma [I and the inductive
assumption,

L1 = LoUstg(vg) =~ LoV X(str, (vg)) Vstr(vg) =~ Lo ~ L.

Next we prove our claim above. The inclusion str,(vi) C Lo N st (vy) is clear
from definition. Then, take a simplex o € LoNstk (vg) and we’ll prove o € str, (vk)
in the following two cases.

Case a): Suppose that all the vertices of o are in L. Since o € stx(vg), o U {vi} is
a simplex in K whose vertices are in L. Then by i), o U{vx} € L C Ly;
hence o € sty (vg).

Case b): Suppose that the simplex o contains at least one vertex not in L. Then
clearly 0 ¢ L. Because o € Lo, then there exists at lease one kg with
1 < ko < k—1 such that ¢ € stx(vi,). So o U {vg,} is a simplex in
K. Since o € stx(vx), o U{vx} is also a simplex in K. Also note that
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o € (str(vg,) Ustr(vg)) \ L. By the assumption {vg,,v;} is an edge in
K. Since K is a clique complex, o U {vk,, v} is a simplex in K; and this
simplex is in st (vk,) C Lo. Hence the simplex o U {vy,, vx} is in str, (vx)
which implies that o is also in str, (vi).

O

Next, we give a way to split a complex K into a union of two subcomplexes using
star clustering. Then we could apply Lemma [I] to investigate the homotopy type
of the complex K.

Lemma 6. Let K be a simplicial complex and K1, Ko be subcomplexes of K such

that
i) KO =Kk uK;

i) Ks is a full subcomplezx of K.
Then K = SCK(Kl) U KQ.

Proof. Let o be a simplex of K. If one of ¢’s vertices, namely v, is in K7, then
o € sti(v) C SCk(K1); otherwise, 0 € Ko by the assumption. O

4. VIETORIS-RIPS COMPLEX VR(F[",2)

Starting from this section, each vertex of a complex is a subset of [m] and we’ll
use A, B, C, or D to represent them. For any subset C of [m], denote N[C] = {A €
P([m]): C C A and |[A\C| =1} and L[C] = {A € P([m]) : A C C and |C\A4| = 1}.

Fix n,m € N with n < m. For any {i1,42,...,in,int1} € [m] with i1 < is <
coe <y < ip41, we get that

N[il,iQ,.. .,Z.nfl] = {A S ‘/—_-;n : {il,ig,.. .,’L'nfl} C A}, and

Lli1, i, ying1] = {irig--ij-int1:j € {1,..on+1}},

here, 41924 inpy1 is defined to be {i1,42,...,0n,iny1} \ {¢;} for each j.
Lemma 7. Assume that m > n+ 2 with n > 2 and {i1,i2,...,int1} C [m].
Then Nli1,i2,..,in—1] and Lli1,ia,...,in11] are mazimal simplices in the complex
VR(FM™, 2).
Proof. Tt is straightforward to verify that N[iy,i2,...,4,—1] is an (m — n)-simplex
and Lli1,i2,...,ip+1] is an n-simplex in VR(F}*, 2).

First, we show that NTiy,i2,...,i,_1] is a maximal simplex in VR(F",2). Let

A be an n-subset of [m] such that A ¢ Nliy,i2,...,in—1]. Without loss of gen-
erality, we assume that i; ¢ A, then we pick i,57 € A\ {i1,42,...,in—1} and
k € [m]\ {i,4,41,42,...,9n—1}. Let B = {i1,ia,...,in—1,k} which is clearly
in Nliy,ig,...,in—1]. Clearly, d(A,B) > 4 since {i,j,k,i1} € AAB. Hence
Nliy,i2, .., in—1] is a maximal simplex in VR(F",2).

Next, we show that L[i1,ig,...,in+1] is a maximal simplex in VR(F",2). Let
A be an n-subset of [m] such that A ¢ L[iy,d2,...,in41]. Then there is an i €
[m] \ {é1,42,...,9n+1} such that ¢ € A. Suppose A N {i1,i2,...,9n41} # 0. Then
we can pick B € Lliy,ia,...,int1] such that ({i1,é2,...,4n41} \ A) C B. Then
|[A\ Bl > 1since i € A\ B. Also, |B\ A| > 2 since at least 2 elements in
{il,ig,. ..,in+1} are not in A. So d(A,B) Z 3. If An {il,iQ,.. .,in+1} = (Z),
d(A,B) > 2n > 4 for any B € L[i1,i2,...,in+1). Hence Lli1,ia,...,in+1] is a
maximal simplex in VR(F),2). O
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For convenience in this paper, we will use Ni1,d2,...,%,—1] Or L[i1,42,...,in+1]
to represent both a simplex and the subcomplex generated by the simplex in
VR(F]",2) or any other complexes containing them.

For a complex K, let M (K) be the collection of maximal simplices in K. Clearly
K = |UM(K). Hence it is important to understand the collection of maximal
simplices in a complex. Next, we show that there are only these two of maximal
simplices in VR(F}", 2).

Lemma 8. Fizn,m € N with 1 <n < m. Let K be the complex VR(F]",2).

i) Any mazimal simplex o in K is either N[i1,i2,..,in—1] or Lli1,i2, .., in+1]
fO’I’ 11,12,13, ey bnt1 € [m] with 11 < ig < ... < i, < Tnt1-

i) For any k > 2 and {A1, Aa,..., Agt1} being a k-simplex in K such that
| ﬂlgill Ayl < n—1, the only maximal simplex containing {A1, As, ..., Aky1}
as a face is L[A; U Ag].

Proof. To prove i), we pick a maximal simplex ¢ in the complex K.

Note that the vertices of K are subsets of [m]. Hence, o is a collection of subsets
of [m] and (o C [m]. If | o] = n— 1, then clearly o is one of the simplices in the
form N[il, ig, ey in—l]-

We claim that the size of the set (o can’t be greater than 0 and less than
n — 1. For the purpose of contradiction, we suppose that 0 < |(o| < n — 1. Let
|[Nol =k with 0 < k <n—1 and list (o as {i1,4i2, - ,ix}. Pick A € o such
that A\ (o = {j1,J2,---+dn—k}. For each £ =1,2,...,n — k, pick By € ¢ such
that jo ¢ By. Also |By \ A| = 1 because d(Bg, A) = 2 for each ¢. Since k < n — 1,
n —k > 2. Then we let iy be the number in By \ A and jy be the number in
By \ A. If ig # jo, then the B1ABy = {j1, %0, j2,jo} which is a contradiction. So
10 = jo. Therefore, by induction, By \ A = {ig} for each £ = 1,2, ..., n—k. Then if
C = {io,ig, [P ,ik,jl, . -jnfk}; then CAA = {io, il} and CAB[ = {il,j[} for each
¢=1,2,...,n—k, ie., d(C,A) =2 and d(C,By) =2 for each £ = 1,2,...,n — k.
If C is in o, then 41 ¢ () o; and if C is not in o, then o is not a maximal simplex.
These contradictions show that it is impossible that 0 < | o| <n — 1.

Now we suppose that [Jo = 0. Pick A € o and represent A as iyig - --4,. For
each ¢ = 1,2,...,n, there exists By € o such that iy ¢ By. Using the argument
above, we can show that By \ A = By \ A for each ¢,/ = 1,2,...,n. Denote
B1\ A= {int1}. Then clearly o = Lli1,iz,...,int1].

To prove ii), we start with a k-simplex {A1, As,..., Ag41} in K such that
|ﬂ§ill A¢l < n—1and k > 2. Then if ¢ is a maximal simplex in K such that
{A1,A9,...,Ak41} C o, then (o = 0 by the argument above, and hence o is

in the form L[i1,ia,...,in41]. Clearly A; U Ay C {i1,i2,...,in+1} which means
Ay U Ay = {i1,i2,...,int1} because |[A; U As| = n+ 1. Tt is clear that no other
maximal simplex contains this simplex. (I

We need one more result before the discussion of the homotopy types of the
complex VR(F,2). Assume n > 1. Fix a number a € [m], let S, = {A: A €
Fm and a € A}. There is a natural isometric mapping between the metric spaces
F ' and S,. Hence VR(F™',2) is homeomorphic to VR(S,,2). Next, we show
that the homotopy type of the star cluster of the latter in K remains the same.
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Lemma 9. Let n,m be in N such that n < m. Define S = {A C [m] : |4] =
n and 1 € A} and let L be the complex VR(S1,2). Then

SCYR(Fm 2) (L) = L.

Proof. Let K = VR(F",2). We'll show that the condition in Lemma [0l is satisfied.
Then the result follows.

Pick vertices A and B in L such that {A, B} is not an edge in L, i.e., |AAB| > 4.
Hence there exist natural numbers 41,142, j1, and j2 such that {iy,i2} € A\ B and
{j1,J2} € B\ A. Suppose, for contradiction, that (stx(A) Nstx(B))\ L # 0. We
pick a vertex C € (st (A)Nstx (B))\ L. Clearly 1 ¢ C. We claim that A\ {1} C C,
otherwise there exists ig # 1 such that ig € A\ C, whence |A\ C| > 2 which is a
contradiction. Similarly, B\ {1} € C. Therefore, {i1,i2,j1,72} C C. Notice that
(AN B) \ {1} has size < n — 3. Suppose that [(AN B)\ {1}| = n — 3. Then the
vertex C' has n+1 elements because (ANB)\ {1} C C and {i1,i2,71,72} C C. This
means that C' has at least n + 1 elements which is a contradiction. This finishes
the proof. O

Now we are ready to give a complete characterization of the homotopy types of
VR(F,2).

Theorem 10. Suppose that 1 <n <m — 1. The complex VR(F",2) is homotopy
equivalent to a wedge sum of spheres. Specifically,
VRF2) ~(\/ S VVRF2).
(n)-(3)
Proof. Notice that the complex VR(F|" !, 2) is contractible. Hence the result holds
when n = 2 by Barmak’s result mentioned above.

Assume that n > 2 and VR(.F,T_?, 2) is homotopic to a wedge sum of spheres
S2. We denote K = VR(F™,2). As in Lemma[Q let S = {A C [m] : |A| =
nand 1 € A} and L be the complex VR(S1,2). Then, the complex L is homotopy
equivalent to VR(F™',2) which is a wedge sum of S%’s by the assumption. Also
by Lemma [l the star cluster SCg (L) is homotopy equivalent to L.

Now we examine the collection of maximal simplices in K to decide which of them
is not in SCx (L). Notice that any maximal simplex in the form Niy, 2, ..., ,-1] or
L[1,4y,...,iy,] contains at least one vertex containing 1 for any 41, 4s,...,i, € [m];
hence any such simplex is in SCg(L). Therefore in the complement of SCx (L),
namely K \ SCg(L), there is only one kind of maximal simplicies in the form
Lli1,i2,...,in41] with 4, # 1 for any k = 1,2,...,n+ 1; and there are (?;f)-many
such simplices and list them as {01,039, .. .,0(::11)}. Here, K,, is the complex

i)

For each ¢ with 1 </ < (7:;;11), we denote Ly to be the complex whose maximal

simplices are {o; : j = 1,2,...,¢}. Hence the complex L(m—l) is the complex
n+41
VR(Sz,2) where S, is the collection of n-subsets of [m] not containing 1. Therefore,

K = SCK(L) U L(m;ll)
We claim that SCx (L) U Lg is homotopic to (\/l_(n) S2)VVYR(F™,2) for each

n—1">

generated by oy for each ¢ =1,2,..., (

(=1,2,..., (7:;;11) This claim finishes the proof. Next, we’ll prove this claim by
induction. For convenience, denote Lg = ().
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Suppose, for induction, that
SCk(L)ULia~( \/ S*)VVR(FS2).
(=1)(3)

This holds when ¢ = 1 since Ly = (). Then SCx(L)U Ly = SCx(L)U Ly—1 U{K,,}.
Denote oy to be Lli1,ia,...,int1] where i # 1 for each k =1,2,...,n+ 1. Next
we’ll find the homotopy type of (SCx (L) U Ly—1) N {Ky,}.

For any vertex B € K,,,, B € L[{1}UB] C SCk(L). Hence the 0-skeleton of K,
is contained in SCg (L). Let { By, B2} be a 1-simplex in K,,,. Then |B1NBy| = n—1.
Because N[B1NBs] isin SCx (L), the edge {B1, B2} is in SCk[L]. So the 1-skeleton
Kg) of K, is also contained in SCg(L). Moreover, any k-simplex with k£ > 2 in
K,, is not in SCk (L); otherwise such a k-simplex would be contained in a maximal
simplex which has a vertex containing 1 and hence is different from o,. This leads to

a contradiction by ii) in Lemmal8 For any ¢ = 1,2,...,£—1, the intersection of the
complexes K,, and K,, contains at most one vertex because of their definitions.

Therefore, (SCx(L)U Li—1) N K,, = K((Ti) Recall that o is an n-simplex, hence
K ((Ti) is homotopy equivalent to a wedge sum of (g)—many copies of S'’s by Lemmal[3l

Notice that K((Ti) is null-homotopic in K,, because K, is contractible. Also, K. ,S}_)
is null-homotopic in SCg (L)ULy_1 because the homotopy type of former is a wedge
sum of S'’s and the homotopy type of latter is a wedge sum of S2’s. Therefore by
Lemma [l SCk (L) U Ly is homotopy equivalent to Z(\/(g) SV (SCk (L) U Ly—1)

which is by inductive assumption (\/Z(n) S2) vV SCk(L). This finishes the proof

2

because SCk (L) ~ L ~ VR(F™1,2). O

n—1>
By an inductive calculation, we obtain the following corollary.

Corollary 11. Suppose that 1 <n < m—1. The complex VR(F}*,2) is homotopy
equivalent to a wedge sum of >, _, (mﬂ:;ll*") (g) -many copies of S%’s.

5. VIETORIS-RiPS COMPLEX VR(FZY,2)

In this section, we’ll determine the homotopy type of VR(F<a4,2) for A € P([m])
with |A] = n.

As in the discussion in Section [, VR(FZ.,r) is a cone with cone vertex being
the empty set, hence contractible; and similarly VR(FL,,_,..7) is also contractible.
Hence, for any A C [m] with |A| < 2, the complex VR(F™,2) is contractible. So
in this section, we will discuss the homotopy type of VR(FZ,,2) with |A] > 3.

The following lemma is easy to prove, but heavily used in the discussion of

VR(F74,2).

Lemma 12. For any A, B € P[m| with |A] < |B|, d(A,B) < 2 if and only if
ACBand |B\ Al <2.

Proof. If A C B and |B\ A| <2, then d(A, B) = |(A\ B)U(B\ A)| < 2.

Now we suppose A\ B # 0, i.e. |A\ B| > 1. Since |A| < |B|, |B\ 4] > 2,
therefore d(A, B) > 3. If AC B and |B\ A| > 2, then d(A, B) = |B\ A| > 2. This
finishes the proof. O

Next, we’ll discuss the homotopy type of VR(F]* U F* |,2) using a similar
approach as in the proof of Theorem [I0}



ON VIETORIS-RIPS COMPLEXES OF FINITE METRIC SPACES WITH SCALE 2 11

Theorem 13. Suppose that 1 <n < m—1. Then the complex VR(F;"UF" {,2) is

homotopy equivalent to a wedge sum of (35 _, (m+,]:;117n) . (g) + (nTZ) ("1))-many

copies of S2.

Proof. Let K = VR(F;* U FJ'1,2) and Ko = VR(F*,2). By Corollary [[1] the
complex K is homotopy equivalent to a wedge sum of Y, _, (er:;ll*”) . (g)-many
copies of $%’s.

We claim that SCg(Ky) ~ Ky. We proceed to show that the condition in
Lemma [5] is satisfied. Hence this claim holds. Take a B € F, such that B €
st (D) Nstg(D') for D,D" € F}*. Then d(B,D) = d(B,D’) = 2, hence by
Lemma [[2] D, D’ are both subsets of B which implies that d(D,D’) = 2. This
finishes the proof of the claim.

By Lemma[8] there are two types of maximal simplicies in VR(F {,2). If o is a

maximal simplex VR(F} 1, 2) which can be represented in the form Niy, ia,. .., iy],
clearly {iyig---in} U N[i1, i2,...,4,] is a simplex in K; hence Nliy,ia,...,i,] €
SCk (Ky).

Now we look at the second type of maximal simplices in VR(F]" ;,2). There
are (nﬁz)-many type of maximal simplicies in VR(F}, ,2) which are in the form
Lliy,ia,...,int2); and list such (n + 1)-simplicies as {01, 02, ..., a(m )} Denote

n+2

Ly = SCk(Kop) U Uﬁ:l Ky, for 0 =1,2,..., (nj_lz) Recall that the complex K, is
the complex generated by the simplex o; for j =1,2,..., (HTQ)
Assume for induction that Ly;_; is homotopic to

\ 52,
Roa (M) () He-D(M)
This is clearly true when ¢ = 1. We claim that L,y N K,, = K((Ti) which
is homotopic to \/ ni1 S! and hence is null-homotopic in both L,_; and K,,.

By Lemma [, this implies that L, is homotopy equivalent to a wedge sum of
Dy (m+,]:_:11_n) : (g) + ¢ (”;1))-many S2. This finishes the proof. Next, we’ll
prove our claim.

By part ii) of Lemma [8 any 2-simplex in K,, is not in Ly_;. Let {Bj, Ba}
be a l-simplex in K,,. Then B; N By is an n-subset, i.e., a vertex in Kp; so
{Bi, B2, B N By} is a 2-simplex in K which means {By, Ba} € stx(B1 N Bg). This

shows that Ly_y N K, = K&V. O

To identify the homotopy types of K = VR(FZ,,2) with |[A| > 3, we’ll use
Lemma 2 by taking the vertex A so that K = (K \ A) Ustg(A). So the key is to
understand the link of A in K, lkg(A). Next lemma shows that lkx(A) is a wedge
sum of S?’s.

Note that when n = 3, 22;22 (g) is set to be 0 as introduced in Section

Lemma 14. Suppose that m > n > 2 and A = iyig-- i, € P(Im]).
Denote ig = —1 and define dy = ip — (i¢g—1 + 1) for each £ =1,2,...,n. Then

hyr(Fm, 2)(A) ~ \V S2.
s (5)+ sl de (75 )
Proof. Let K = VR(F%,,2). Note that for any B with |B| <n — 3, d(4, B) > 3.
Next we divide the vertices in the link of the vertex A in K, lkg(A), into the
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following pairwise disjoint collections Gy, for £k = 0,1,...,4,—1. These collections
are defined as the following:
i) Go={B € P:|B] <nandd(B,A) =2}
ii) for k € {1,2,...,in—1} \ {#1,%2,...,in—1} , G contains all the B’s with
|B| = n such that B contains k, all 4;’s with i; < k, all but one of i,’s with
ij > k;
iii) G, , contains all the B’s with |B| = n such that {i1,42,...,4,—1} C B and
B contains any other number between 4,1 and i,,.
iv) Gi; =0 for j =1,2,...,n — 2 for the purpose of convenience.
By Lemma [I2] Gy contains all the B’s such that B C A and |B| =n—1 or n — 2.
Also, it is clear that [ ;"' G contains all the B’s such that B < A, d(A, B) = 2, and
|B| = n. Hence lkg(A4) = VR( Z‘:’Ol Gk,2). For each k =0,1,...,4,_1, we define
Ki = VR(Gy,2) if G # 0 and K<), = VR(UY_, Gi,2). Hence lkx(A) = K<, .

Since Gy is the collection of all (n — 2)-subsets and (n — 1)-subsets of the n-set A,
the complex K is homeomorphic to VR(F_,UF"_,,2); hence by Theorem[I3] the
complex Ky = K<¢ is homotopy equivalent to a wedge sum of ( 2;22 (g) + (";1))-
many copies of $?’s. Since Gi, =0 for j =1,2,...,n—2, the complex K<;, is same
as K<;;—1 for such j.

Now we investigate the complex K} with k£ > 1 and the collection Gy # (). Fix k
such that 1 < k < i,,—1 and Gy, # 0. Then there exists an £ in the set {1,2,...,n—1}
such that iy—1 < k < 4p. Then, the complex K} is the complex generated by
a proper face of L[i1,...,ip—1,k,i¢,...,9,] which consists of all B which contains
{#1,...,%0—1,k} and all but one of {is,...,i,}; hence it is an (n — £)-simplex. And
K;, _, is a proper face of N[iy,ia,...,in—1] which includes all B’s which contains
{1,42,...,ip—1} and another number between i,_; and i,; hence it is a complex
generated by a (d,, — 1)-simplex.

Next we determine the homotopy type of K<;, ,. If there is no k such that k €
[in—2]\{1,%2,...,in—2}, thend; = Ll and da, ..., d,_2 are all zeroes and the complex
K<;, , = Ko which is clearly homotopy equivalent VEE; (54502 de- ("5 S2.
Now we suppose otherwise and fix k such that 1 < k < i, o and iy_1 < k < iy
for some ¢ = 1,2,...,n — 2, here we define i9p = 0. Suppose, for induction, that
K< (k1) is homotopy equivalent to a wedge sum of 52’s. This holds when k is
the minimal natural number different from ¢;,4%2,...%,—2 in which case K<j_; is
homotopy equivalent to Ko. By Lemma [, K<, = SCk_, (K<(x—1)) U Ki. We'll
prove the following two claims and these two claims imply that K< ~ K<x_1) V
(\/(n;e) S?) by Lemma [ and the inductive assumption.

Claim i) SCKSk(KS(k—l)) ~ Kg(k—l)-
Claim ii): SCKSk(KS(kfl)) N Ky ~ \/(7124) St

Proof of Claim i): We’ll verify that the condition in LemmalBlis satisfied. Then
the result follows. We’ll show that d(Cy,C2) < 2 for C1,Cy € K<;—1) whenever
str_, (C1) Nstr_, (C2) \ K<r—1) # 0. Pick a vertex D in K. Then D contains
k and an (n — 1)-subset of A, denoted by C. Then for any vertex B € K<(_1),
D € stg_, (B) if and only if B is one of the following: a) C' C B and B contains
one of 1,2,...,k — 1 not in A; b) C; ¢) any (n — 2) subset of C. Any pair of such
vertices have distance 2; hence they form a 1-simplex in K< ;_1). This finishes the
proof of Claim 1i).
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Proof of Claim ii): Since the complex K} is generated by an (n — £)-simplex,

K,(Cl) is homotopy equivalent to \/(nfe) S1 by Lemmal[3l We’ll show that SCx_, (K<@k—1))N
2 s =

K, = K,(Cl). Pick any pair of vertices, By, Ba, in K. Then, By N By contains the

number k and an (n — 2)-subset of A, denoted by D. Note that D is a vertex in

the complex Ko C K<j_1; therefore, the 1-simplex {B1, Ba} € stx_, (D). Hence

K,il) C SCk_, (K<(k—1)) N K. It is straightforward to verity that for any B € G;
with ¢ = 1,2,...,k — 1, stx.,(B) N Ky is a complex containing only one vertex
because any vertex in this complex must contains B N A and the number k. Simi-
larly, for any B € Gy with |B| = n — 1, there is at most 1 vertex in K} containing
B as a subset, i.e. having a distance < 2 from B; and if B € Gy with |B| =n — 2,
then there are at most two vertices in K} which have distance 2 from B. Hence,
str<k(B) N Ky C K,il) for any vertex B in the complex K<(;_1). This finishes the
proof of Claim ii).

By an inductive calculation, we have proved that the complex K<;, , is homo-
topy equivalent to a wedge sum of ( ( )"’Zz Cde (S ))—many S?’s. Next, we
show that the complex K<, _,_1) is homotopy equivalent to K<;, ,. If d,—1 =0,
then Ko;, , = K<;,_,; otherwise we fix k with 4,92 < k < i,—1 and suppose
that K1) ~ K<i,_,- The collection Gy contains two vertices 414 - - - iy_okin
and ilig s in_gkin_l; and the simplex {ilig tee in_gkin, ilig s in_gkin_l} is in
StKg(in,l—l)(D) where D = 41ig-+-4,_2 € Kg(k—l)- Hence SCng(KS(k—l)) e
K<j. By a similar discussion as in the proof of claim i), we can verify that the
complex K<y and its subcomplex K< (_1) satisfy the condition in Lemma[l There-
fore, SCx_, (K<(x-1)) =~ K<(x—1)- Hence the complex K<}, is homotopy equivalent
to K<, _,. Therefore by induction, the complex K< ;,_, 1) is homotopy equivalent
to Kgin72.

In the last part, we show that the complex K<;, , = lkx(A) is also homo-
topy equivalent to K<;, ,. Again it is straightforward to verify that K<;, , and
K<(i,_,—1) satisfy the condition in Lemma Hence, SCKSin,l(KS(in—l_l)) ~
K<(,_,—1)- Recall that K;, _, is a complex generated by a proper face of the sim-
plex Nliyiz---in_1]. Note that ijig---i,_1 is a vertex in K<(;,_,_1); and also,
{ilig cee in—l} U gin71 is a simplex in KS%HI. So, K%Hl C StKSinfl (ilig .- 'in—l);
and hence SCk_, (K<, ,-1)) = K<i,_,. And this finishes the proof. O

Motivated by the lemma above, we define a natural number 74 for each A C [m]
in the following way. For each A = iyig---i, C [m] with d; = i; and dp =
ig — (ig—1 + 1) for £ =2,3,...,n, we define

n—2 k n—2 n—/t
W E ) ()
k=2 (=1

Theorem 15. Suppose that m > n > 2 and A = iyis---i, € P([m]). Then the
complex VR(]—'?A, 2) is homotopy equivalent to a wedge sum of S*’s.
More specifically, if A is the vertex {1,2,3} C [m],

VR(FZ%y,2) = S°.



14 Z. FENG AND P. NUKALA

And for any other verter A with {1,2,3} < A,
VR(FZ'4,2) \/53 ) VVR(FZA,2).

A
Therefore if A € P([m]) with |A| > 3, VR(FZ4,2) is homotopy equivalent to the
wedge sum of > {rp : {1,2,3} X B < A}-many copies of S>.

Proof. Let K = VR(FZ,,2) and L = VR(F",2). Suppose A = {1,2,3}. Then
ra = 1, hence lkx (A) is homotopic to S? by Lemma[I4l Because the complex L is
contractible, the complex K is homotopy equivalent to S3 by Lemma 2

Fix A with {1, 2,3} < A and suppose for induction that L is homotopy equivalent
to a wedge sum of S%’s. Again by Lemma [[4] Ik (A) is homotopic to a wedge sum
of r4-many S%’s. Hence the inclusion map from lkx(A) to L is null-homotopic.
Therefore, the general result holds due to again Lemma O

The following result is a direct application of Lemma [Il Lemma [[4, and Theo-
rem

Theorem 16. Suppose that m > n > 2. For each n, we define

t, = Z TA.

AC[m] with |A|=n
Then,
VR(FZ,,2) = \/ $*VVR(FZ, 4,2).
tn
Therefore, VR(FZ,,,2) is homotopy equivalent to the wedge sum of st )-
many copies of S>.

Adamaszek and Adams in [2] proved that VR(Qm,2) = VR(FZ,,,2) ~\/, S°
for any m > 2, where ¢ = Y gc; e (G + DR =270, By Theorem | 14
Cm = Z;nzg t). where t,, is defined as in the statement of Theorem

6. VIETORIS-RIPS COMPLEX VR(F U 2)

n”

In this section, we’ll investigate the homotopy types of VR(F,* U F;},2) with
n,n’ € N. Clearly when |n — n/| > 3, then VR(F* U F7,2) is a disjoint union of
VR(]-',T, 2) and VR(F],2); then by the discussion in SectionIZL its homotopy type
is clear. The homotopy types of the complex VR(F" U F" 1,2) are discussed in
Section [l (see Theorem [I3)).

In the following, we’ll find the homotopy types of the Vietoris-Rips complexes
VR(F' U Fly,2) for n+2 < m. Clearly for m > 3, VR(F" U F3",2) and
VR(FIJFM_,,2) are contractible because both of them are cones. Next, we’ll
discuss the complexes VR(F' U F} 5, 2) in general.

The next result can be obtained by applying the proof of Lemma [[4] with small
modifications; next we’ll go through the difference of the proofs. For each A =

irig - in € F with ¢q = 41 — 1 and ¢p = ip — (ig—1 + 1) for £ = 2,3,...,n, we
define
n—2 n—2
k n—1/{
B0
k=2 =1

Note that for any A C [m] with |A| =n, ra = sa + (";1)
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Lemma 17. Suppose that 4 <n < m —1 and A = iyig i, C [m] with i1 > 2.
Let K = VR(F;" 5 UF",2) NVR(FZEY, 2).
Then,

ki (A) ~\/ 5°
SA

Proof. As in the proof of Lemma[I4l we divide the vertices in lkx (A) into pairwise
disjoint collections Gy for k =0,1,...,4i,—1. For kK > 1, Gy is exactly defined in the
same way as in the proof of Lemma[l4l Note that the vertices in K have either size
n — 2 or n. Then Gy contains all the subsets of A with size n — 2. The complexes
K}, and K<y, are defined in the same ways as in the proof of Lemma [I4] for k& =
0,1,...,i,—1. Hence Ky is homeomorphic to VR(F_,,2); hence by Corollary [IT]
it is homotopy equivalent to Zk:2 (2)-many copies of S%’s. Then the rest of the
proof is same as the proof of Lemma [I41 O

Theorem 18. Suppose that 1 < n < m — 3. Then the complex VR(F" U F)l5,2)
is homotopy equivalent to a wedge sum of S3’s.
More specifically,

VR(FI'UF3,2) ~ \/ S%
(%)

and for n > 2, we define oy n =Y {54 : A € F' 5 with min A > 2} and then

VR(F U F0.2) ~ VR(FIS U FN L 2) v [ 82

Om,n

Therefore, VR(F'UF" 4, 2) is homotopy equivalent to (3, _, 0m+k,n1k+(m+i_"))—
many copies of S>.

Proof. We firstly prove that K = VR(F"UFL*,2) ~ V(T) S3. Let Lo = VR(F™,2)
which is a complex generated by a simplex because each pair of singlton sub-
sets of [m] has distance 2. Hence by Lemma [B] SCx(Lg) is contractible. By
Lemmal§] there are two types of maximal simplices in VR(F¥*,2), namely Niq, io]
and Lli1,i2,13,44] for some i1,...,44 € [m]; clearly {i1} U N[i1,i2]} is a simplex
in K. Hence Nli1,i2] € SCk(Lo) for each i1,i2 € [m]. Within VR(F3",2),
there are (’Z)—many simplices in the form L[i,i9,143,44] and the intersection of
each pair of such simplices contains at most one vertex. We list such simplices
as {og : £ =1,2,...,(7)} and define Ly = SCx(Lo) U Ule o¢. We see that
o¢ ¢ SCk (Lo) for each £ = 1,2,..., ("}) because otherwise there is a number in Noy
which is a contradiction; and because each of o4’s proper faces has an nonempty
intersection, we get that 02 ) ¢ SCk(Lg). Hence Ly_1Noy = U ~ §2. Therefore,
by Lemma [l L; ~ S* and inductively L, ~\/,S®. This ﬁmshes the proof of first
part.

Now we assume that n > 2 and VR(F" ' U F, m+11, 2) is homotopy equivalent
to a wedge sum of S*’s. Let Gy = {B € F* UF", : 1 € B} and Ko = VR(Go,2);
by a straightforward isometric mapping, we see that Ko = VR(F, 11 U fﬂ_ll, 2)
which is homotopy equivalent to a wedge sum of S%’s by the assumption. Let
gl—{BEJ—"mU n+2 |B|_nor1€B}andK1 VR(gl,Q)
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Next, we show that Ky = SCg, (Ky) ~ Ko. Let o be a simplex in K; con-
sisting of vertices not containing 1. Then o is a face of either N[iy,ia,...,4,-1] or
Lliy,i2,...,in41] with all the numbers > 1. Since 1i141 - ip—1 € Ni1,d2,...,0n—1],
N[il, 19, ... ,in_l] S SCK1 (Ko) Also notice that {1i1i2 s in+1}UL[i1, 19,. .. ,in+1]
is asimplex in K7; hence L[iy, 42, ..,in4+1] € SCk, (Ko). Therefore, K1 = SCg, (Kp).
Next we show that the condition in Lemma [0 is satisfied which implies that
SCk, (Ko) ~ Ky. Pick a vertex B = iyiz-- iy, in F,/* not containing 1 such that
B € stg, (D1) Nstg, (D2) with Dy, Dy € Gy. There are three cases to discuss.
Case 1: Suppose |Dy| = |D2| = n+ 2. Then by Lemma[I2] B C D; and B C
D5. Since both Dy and Dy contain 1, |[D; N Dy| = n + 1 and therefore
{Dl, DQ} € K.

Case 2: Suppose |Di| = n and |D2| = n + 2. Then D; contains an (n — 1)-subset
of B and 1; hence Dy C Ds. By Lemma [[2] d(D;, D3) = 2 and therefore
{Dl, DQ} € K.

Case 3: Suppose |D;| = |Dz| = n. Then both D; and D5 contains an (n—1)-subset
of B and 1 and hence |D; N D3| = n — 1, ie., d(D1, D2) = 2. Therefore
{Dl, DQ} € K.

Now fix A € F)', with min A > 2 and assume for induction that VR({B €
FMUF, « B < A},2) is homotopy equivalent to

VR(FIPUFmh2) v \V S8

ZBGF;’:‘+2 with min B>2 and B<A 5B

which is a wedge sum of S%s. If A = min_{C : C € F, and minC = 2}, then
the set {B : B € F, with minB > 2 and B < A} is empty; so the inductive
assumption holds since VR({B € F" UFM, : B < A},2) ~ VR(F,'5 ' UFS2)
by the discussion above.

Let L = VR({B € F,o UF* : B = A},2). Then by Lemma [I7 lkz(A) is
homotopy equivalent to \/, S 2 which is clearly contractible in L \ {A}. Hence by
Lemma 2, L is homotopy equivalent to

VR(Fra UFIR2) v \ s*vE(\/ 52,
ZBGF;"+2 with min B>2 and B<A 5B SA

i.e.
VR(FIGPUFr2) v \/ 53,

ZBEF;”+

This finishes the proof. O

5 with min B>2 and B<A 5B

We conclude this section by showing that the vertices F)’ ; in the complex
VR(FPUF L UF,,2) don’t contribute to its homotopy type which means that
it is homotopy equivalent to VR(F* U F) 5, 2).

Theorem 19. Suppose that 1 < n < m — 3 with m > 4. Then,

VR(FLUF L UF5,2) ~VR(FUF,,2).
Proof. Let K = VR(FUF  UF,,2) and Ko = VR(F;PUF5,2). Then we
claim that K = SCg (Kj) and SCg(Ky) ~ K.

It is clear that SCx(Ky) C K. Take a simplex o in K such that none of its
vertices is in Ko; hence all its vertices are in F) ;. By Lemma 8] o is a face of
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either N[il, iQ, NN ,’Ln] or L[il, iQ, ceey in+2]. Note that {ilig s ’Ln}UN[’Ll, iQ, NN ,’Ln]
is a simplex in K with iqig - - -4, € Ko; therefore N[iq,ia,...,i,] € SCx(Kp). Also
{i182+ tny2} U Lfi1,d9,. .., inq2] is a simplex in K with 41és - - i,,42 € Kp; hence,

L[il,ig, . ,in+2] S SCK(K()) Therefore, SCK(K()) =K.

Take D € F}, with D € stg(B1) Nstg(Bz) where By, By are vertices in K.
Using a similar discussion as in the proof of Theorem [I8, {Bi, B2} € Ky. Hence
the condition of Lemma [l is satisfied which implies that SCg (Ky) ~ K.

Therefore, we conclude that K ~ Kj. ([

7. OPEN QUESTIONS

There is little known about the Vietoris-Rips complexes of these finite metric
spaces with large scales. A good number of interesting open questions about the
Vietoris-Rips complex on hypercube groups with large scales have been raised in
[2, 16]. We'll end our paper with a couple questions related to the independence
complex of Kneser graphs.

Suppose 2 < n < m—2. For any pair of subsets By, By of [m] with |By| = |Ba| =
n, d(By, B2) < 2k + 1 is equivalent to d(Bjy, B2) < 2k for any nonnegative integer
k. Hence the Vietoris-Rips complex VR(F}", 3) is identical with VR(F*, 2). Little
is known for larger scale r > 4. The complex VR(FY,4) is the boundary of a cross-
polytope on 20 vertices, hence it is homotopy equivalent to S°. Using polymake [],
we find the reduced homology groups of VR(FZ,4) is trivial when n # 6 or 9; also,
Hs(VR(FI,4)) = 7% and Ho(VR(FJ,4)) = Z7. This is related to independence
complex of the Kneser graphs. Notice that the complex VR(F3",4) is identical
with VR(FJ,5); therefore both of them are equal to the independence complex of
the Kneser graph KGs ,,—¢ with m > 6. Then the complex VR(F}",4) for general
2n < m is very likely to be homotopy equivalent to a wedge sum of spheres with
different dimensions.

Then, we have the following question.

Question 1. Assume that 2n < m. Are the complezes VR(F',4) with 2n < m
homotopy equivalent to a wedge sum of spheres S¢’s and S°’s?

In general, it is worth to investigate the following question.
Question 2. What are the homotopy types of the complex VR(F™,r) forr > 4%

Acknowledgements The authors are grateful to Professor Henry Adams and
the anonymous referees for their valuable comments and suggestions which lead to
the improvements of the paper.

REFERENCES

[1] Michal Adamaszek and Henry Adams, The Vietoris-Rips complex of a circle, Pacific Journal
of Mathematics, 290:1-40, 2017.

[2] M. Adamaszek and H. Adams, On Vietoris-Rips complexes of hypercubegraphs, Journal of
Applied and Computational Topology, 6:177-192, 2022.

[3] Henry Adams, Samir Shukla, Anurag Singh, Cech complexes of hypercube graphs,
https://arxiv.org/pdf/2212.05871.

[4] Jonathan Ariel Barmak, Star clusters in independence complexes of graphs, Advances in Math-
ematics, 241(2013), 33-57.

[5] Ulrich Bauer, Ripser: efficient computation of Vietoris-Rips persistence barcodes, Journal of
Applied and Computational Topology, 2021, 1-21.



18 Z. FENG AND P. NUKALA

[6] Gunnar Carlsson, Topology and data, Bulletin of the American Mathematical Society. 46 (2),
2009, 255-308.

[7] Ellen Gasparovic, Maria Gommel, Emilie Purvine, Radmila Sazdanovic, Bei Wang, Yusu

Wang, and Lori Ziegelmeier,A complete characterization of the one-dimensional intrinsic

Cech persistence diagrams for metric graphs, In Research in Computational Topology, 33—

56, Springer, 2018.

Ewgenij Gawrilow and Michael Joswig, Polymake: A framework for analyzing covex polytopes,

In Polytopes-combinatorics and computation (Oberwolfach, 1997), volume 29 of DMV Sem.,

pages 43-73. Birkhauser, Basel, 2000.

[9] S. Goyal, S. Shukla, and A. Singh, Topology of clique complezes of line graphs, Art Discrete
Appl. Math., 5(2):Paper No. 2.06, 12, 2022.

[10] Robert Ghrist, Barcodes: The persistent topology of data, Bulletin of the American Mathe-
matical Society, 45 (1), 2008, 61-75.

[11] Robert Ghrist and A. Muhammad, Coverage and hole detection in sensor networks via ho-
mology, Proc. Information Processing in Sensor Networks, 2005.

[12] M. Gromov, Hyperbolic groups, Essays in group theory, Springer, New York, NY, 75-263,
1987.

[13] V. De Silva, R. Ghrist, Coordinate-free coverage in sensor networks with controlled bound-
aries via homology, The International Journal of Robotics Research, 25(12):1205-1222, 2006.

[14] V. De Silva, R. Ghrist, Coverage in sensor networks via persistent homology, Algebraic &
Geomtric Topology, 7.1:339-358, 2007.

[15] Gurjeet Singh, Facundo Mémoli, Gunnar Carlsson, Topological Methods for the Analysis of
High Dimensional Data Sets and 3D Object Recognition, in: M. Botsch, R. Pajarola (eds.),
Eurographics Symposium on Point-Based Graphics (2007).

[16] Samir Shukla, On Vietoris-Rips complezes (with scales 3) of hypercube graphs,
https://doi.org/10.48550/arXiv.2202.02756.

[17] L. Vietoris, Uber den héheren Zusammenhang kompakter Réiume und eine Klassse von
zusammenhangstreuen Abbildungen, Mathematische Annalen, 97(1), 454-472, 1927.

[18] Ziga Virk, Approzimating 1-dimensinal intrimic persistence of geodesic spaces and their
stability, Revista Matematica Complutense, 32: 195-213, 2019.

[19] Ziga Virk, 1-dimensinal intrimic persistence of geodesic spaces, Jounal of Topology and
Analysis, 12: 169-207, 2020.

[20] Simon Zhang, Mengbai Xiao, and Hao Wang, GPU-accelated computation of Vietoris-Rips
persistence barcodes, https://doi.org/10.48550/arXiv.2003.07989.

8

DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN UNIVERSITY, AUBURN, AL 36849
Email address: zzf0006Qauburn.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN UNIVERSITY, AUBURN, AL 36849
Email address: nzn0025@auburn.edu



	1. Introduction
	2. Notations and Preliminary Results
	3. Star Cluster of a subcomplex
	4. Vietoris-Rips Complex VR(Fnm,2)
	5. Vietoris-Rips Complex VR(FAm,2)
	6. Vietoris-Rips Complex VR(FnmFn'm, 2)
	7. Open Questions
	References

