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ABSTRACT

In this work, we propose the use of a causal collider structured model to describe
the underlying data generative process assumptions in disentangled representation
learning. This extends the conventional i.i.d. factorization assumption model
p(y) = [, p(yi), inadequate to handle learning from biased datasets (e.g., with
sampling selection bias). The collider structure, explains that conditional depen-
dencies between the underlying generating variables may be exist, even when these
are in reality unrelated, complicating disentanglement. Under the rubric of causal
inference, we show this issue can be reconciled under the condition of causal identi-
fication; attainable from data and a combination of constraints, aimed at controlling
the dependencies characteristic of the collider model. For this, we propose regular-
ization by identification (Rel), a modular regularization engine designed to align
the behavior of large scale generative models with the disentanglement constraints
imposed by causal identification. Empirical evidence on standard benchmarks
demonstrates the superiority of Rel in learning disentangled representations in
a variational framework. In a real-world dataset we additionally show that our
framework, results in interpretable representations robust to out-of-distribution
examples and that align with the true expected effect from domain knowledge.

1 INTRODUCTION

One of the principal objectives of learning representations has been that of detecting measurement
features that represent the qualitative and quantitative characteristics of the underlying physical
processes being sensed. Most of the times sensing as dictated for example by the Nyquist rate
Shannon| (1948)) acquires sufficient information for detection but leaves potentially unnecessary and
redundant information on its measurements. Ideas to reduce such redundancies by representing
information as concepts, patterns or features to achieve an economy of information have been the
focus of study since its early days [Pearson| (1901). Very recently, variational formulations for
representation learning such as the variational autoencoder (VAE) Kingma & Welling| (2013)) and
denoising diffusion probabilistic models (DDPM’s) |[Ho et al.| (2020) have been among the most
popular methods. Problem with these group of methods is their focus on learning approximations
of the true marginal data distributions without any guarantees on the imposed representation priors
to model the true underlying generative mechanisms Khemakhem et al.| (2020). This not only
disconnects the learned latent representations from real-meaning, obfuscating explainability of the
generative process [Lake et al.|(2017) and counterfactual reasoning Pearl| (2019)), but also invokes
problems of fairness and robustness to out-of-distribution (OOD) examples |D’ Amour et al.| (2020).

Recent trends |Bengio et al.|(2013); Higgins et al.| (2018)); [Locatello et al.| (2019); [Van Steenkiste
et al.[(2019); Khemakhem et al.| (2020) are in consensus that disentanglement of the generating
factors leads to increased robustness, explainability and fairness. The most widely used definition
of disentangled representations assumes the set of underlying generative factors that explains the
data has a one-to-one correspondence between each factor and a single (or a subset of) dimension(s)
of the learned latent representations |[Bengio et al.| (2013)); Higgins et al.| (2016); |Chen et al.| (2018));
Eastwood & Williams| (2018)); Trduble et al.[(2021); [Roth et al.| (2022)). Recent efforts along this line
of work, include unsupervised methods that rely on encoder heuristics to control the information
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bottleneck properties for disentanglement. Among the most popular VAE based methods includes
(5-VAE Higgins et al.|(2016), Annealed VAE Burgess et al.|(2018), Factor VAE |[Kim & Mnih|(2018)),
DIP-VAE Kumar et al.|(2018) all imposing specific structure in the latent prior through modifications
of the Kullback-Leibler divergence (KL) term. On the denoising diffusion front, the work of|Yang et al.
(2023) instead minimizes the mutual information between latent representations of an autoencoder
and uses it in a guided denoising diffusion framework. These unsupervised methods, rely on careful
tunning of the encoder hyper-parameters to preserve the desirable features in the data while destroying
features of nuisance factors or of no particular interest. Weakly-supervised methods on the other
hand, have been shown to facilitate some form of disentanglement. Mitrovic et al.|(2020) proposes a
method that consists in learning representations explaining the causal data generation mechanisms
by promoting invariance to augmented data transformations, this under the principle of independent
causal mechanism |Peters et al.| (20165 2017). The goal of invariant risk minimization (IRM) of
Arjovsky et al.|(2019)); Rojas-Carulla et al.|(2018]), on the other hand, is to find representations that
produce predictions invariant to environment contexts. The work of |Lu et al.| (202 1)) further extends
this to the non-linear learning setting. |Bouchacourt et al.| (2018) proposes learning representations
by grouped observations (i.e., a factor of variation shared between observations within a group) and
uses a multi-level VAE for learning group representations as a generalization to i.i.d. assumptions.
Locatello et al.|(2020) demonstrates that disentangled representations can be obtained under weak-
supervision when pairs of measurements share a factor of variation. Their approach modifies the
B-VAE objetive by enforcing similarities between the shared generative factors of variation and a
decoupling of those uncommon. Worth noting is Trauble et al.| (2021); [Roth et al.| (2022), whose
findings extend disentanglement to cases with correlated factors; a problem that affects robustness to
OOD examples|D’ Amour et al.| (2020).

In light of these works, the scope of this research is to learn representations that disentangle the
underlying generative factors of variation. Here, we follow the line of work of Suter et al.|(2019);
Locatello et al.[(2020); Lu et al.|(2021) where the framework for disentanglement is connected to the
underlying causal mechanisms explaining the data generation process. Our main contributions are:

* Provide a connection between the definition of disentanglement and causal identification constraints
which are informed by graphical causal models that encode the underlying data generation process.
* We propose the use of a causal collider structured model to describe the underlying data generative
process asumptions in disentangled representation learning. This collider model, can explain
entanglement in the learned representations by the appearance of conditional dependencies between
the generating factors, even when these are in reality unrelated.
“Regularization by Identification" (Rel), a modular regularization engine designed to align the
behavior of large scale DL models with causal identification constraints. This, enforces disentan-
glement by controlling dependencies between the underlying generating factors.
A variational inference reformulation of the VAE representation learning problem (i.e., the ELBO)
to achieve disentanglement by imposing Rel under the collider graphical model.
Provide empirical evidence from both disentanglement benchmarks and real-world datasets showing
the potential of Rel to produce representations that: (1) disentangle the effects of the generating
factors with results well aligned with true expected behavior from domain knowledge that support
interpretation and understanding and (2) are robust in the presence of out-of-distribution examples.

2 LEARNING DISENTANGLED REPRESENTATIONS

Generative Representation Learning: Consider observations x € X C RM drawn from distribution
~ p*(x). The goal of generative models for representation learning is to find encoders gg : X — Z
that produce latent representations z € Z C R distributed according to some prior distribution p(z),
that along with a generator py : Z — X marginally approximates the input data distribution.

2.1 CAUSAL INFERENCE BACKGROUND

Definition 1. Directed Acyclic Graphs: In causal inference, the data generation process is represented
by a directed acyclic graph (DAG) Pearl| (1995). A DAG is a graphical model with domain variables
represented as nodes, directed edges (i.e., arrows) expressing directional dependency relationships
between variables. DAG’s operate under the Markov compatibility property which states that the
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joint distribution p is compatible with a DAG G or that G represents p if it admits the decomposition

Variables pa; are the Markovian parents of node x; that belong to the minimal set of predeces-
sors that renders x; independent of all its other predecessors; in other words that, p(x;|pa;) =
p(x;|x1, ..., x;—1) [Pearl (2010). Parents pa and predecessors are defined along the arrows in the
graph. For example, in X — Z — Y, X is the only parent of Z, Z is the parent of ¥ and
{X, Z} is the list of predecessors of Y. We note that this Markov compatibility assumes a first order
Markov process as defined in Eq.(T). Causal paths between input X and outcome Y consist of a
sequence of arrows following the causal direction and represents causal dependencies. Non-causal
paths, on the other hand, consist of a sequence of connections between variables that lack a direct
cause-and-effect relationship and represent dependencies that may arise from non-causal influences.
The takeaway is that non-causal dependencies without control produce biased estimates. Examples
include confounding from shared causes or collider-bias arising by conditioning on a common effect.

Causal inference analysis provides the tools to establish causality by predicting the effects of inter-
ventions p(y|do(x)) from the assumed DAG G and ordinary distributions over observations. The
way by which this is accomplished is by removing the effects of any non-causal dependencies be-
tween the input and output. The DAG provides the mathematical language for expressing domain
knowledge through transparent and testable assumptions about the underlying relationships between
domain variables. Transparency enables analysts to discern whether the stated assumptions are
plausible [Pearl| (2019) (on scientific grounds). Testability provides graphical criteria to determine the
causal/non-causal dependencies between variables. If the non-causal influences can be controlled,
then it provides the rules to do so. At the core of these causal tools, is the d-separation criteria
Geiger et al.|(1990). It is graphical-based, in the sense that the structure of the DAG G (i.e., edge
connections and paths) encodes qualitatively the patterns of dependencies we should expect to find in
the data. In addition, it provides the means to control for any dependencies through conditioning by
an appropriate set of covariates Z.

Definition 2. Variable sets X and Y are d-Separated (or blocked) by a set Z denoted as (X I Y|Z)¢,
if and only if, Z blocks all paths from nodes in X to nodes in Y |Geiger et al.|(1990); Pearl (1995).
The two general graphical conditions for blocking dependencies are:

* In the paths X — m — Y or X <~ m — Y the node m is in Z, or
* there is a collider X — m < Y where neither node m nor its descendant is in Z.

When no feasible set Z exists then we say that X and Y are not d-separated. When it does then
we can control for dependencies by conditioning on Z. Definition [2| explicates that the d-separation
criteria provides the graphical test to determine the dependencies that exist in the system of variables
outside of input X and outcome Y, and the mechanisms to control for these dependencies.

Theorem 1. |Verma & Pearl (1990) Probabilistic implications of d-Separation. (X I Y|Z)g
implies conditional independence of X and Y given a set of variables Z (including Z = {(}) in
every distribution compatible with the encoded assumptions in DAG G, while absence of d-Separation
implies the converse; a dependence in almost all distributions compatible with the DAG.

The implications of Theorem [T]allow us to control the dependencies that exist between two variables
if they can be d-separated. Likewise, these dependencies are guaranteed to remain controlled under
all distributions compatible with the specified DAG. In[Pearl| (1995) it is established that this, allows
us to identify the causal effects between two variables under a specified DAG G and data.

Definition 3. Causal effect Identification |Pearl (1995). The causal effect of X on Y denoted as
p(Y|do(X)) is identifiable from DAG G and data, if a set of variables Z that d-separates them exists.

The implications of identification state that dependencies found in the DAG can be controlled through
a combination of d-separation constraints. If the causal effect is identifiable, then this control is
guaranteed to hold in every distribution compatible with the DAG, while also licensing computations
from the joint distribution p(X, Y, Z) over the observables. In other words, the causal effect in the
Lh.s. of p(Y|do(X = x)) = >, p(Y|x,Z)p(Z)) can be computed through the r.h.s. involving only
standard distributions over the observations. |/Ayem et al.| overviews methods for causal identification.
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2.2 CONNECTION BETWEEN DISENTANGLEMENT AND CAUSAL IDENTIFICATION

Learning Disentangled Representations by Causal Identification. Given a DAG G encoding our
assumptions about the underlying data generative process, the possibility to learn disentangled rep-
resentations from data, we propose, can be tested through d-separation of the generating factors.
Moreover, identification of the causal effect p(x|do(y.)) for all factors y., ¢ € {1, ...,n} provides
the necessary conditions to control for dependencies between the generating factors, through a combi-
nation of d-separation constraints. Given a dataset whose generative process is transparently encoded
as a DAG with nodes representing the generative variables and edges the assumed relationships
between them, the proposition involves to first qualitatively test whether the generative variables can
be d-separated relative to each other. From Theorem 1, the possibility to identify the causal effect of
each generative variable through d-separation implies that the dependencies between the generative
variables can be controlled in every distribution compatible with the specified DAG. This, we propose,
enables disentanglement of the generative factors from a DAG G and data with guarantees that hold in
every distribution that satisfies the DAG compatibility. The converse: absence of d-separation, implies
dependencies between the generating factors in almost all distributions compatible with the DAG. The
later, potentially leaves learning by DL models free to exploit any correlations available in the data,
which can be problematic for disentanglement, specially considering their susceptibility to exploit
shortcuts Beery et al| (2018); |Geirhos et al.| (2020); |[Pezeshki et al.| (2021). Our proposition here
instead, imposes control over the shortcuts explored by the DL. model by constraining dependencies
between the underlying generating factors.

2.3 DIRECTED ACYCLIC GRAPH: COLLIDER-BASED DATA GENERATION MODEL

At the core of causal identification, is the reliance on a graphical DAG model encoding the data
generation process to identify (if possible) causal effects, and consequently remove dependencies
between the generating factors producing entanglement. Here, we propose a simple DAG model that
yet, explains and reconciles the entanglement between the generative factor effects on data.

Collider Data Generative Model. We argue that the underlying data
generative model for disentanglement has collider structure. Generating
variables (i.e., causes) y.., Vc € {1, ..., n} have directed arrows collid-
ing at node x (i.e., common effect). The DAG representing this simple,
yet generic structural model is illustrated in Fig][T]

Figure 1: DAG G encoding

Variable realization x € R represents the sensor measurements (e.g., :
data generative process.

image), y € R" with elements y.,c € {1,...,n} are the underlying
generating factors (permutations are possible as long as structure relationships are preserved). Nui-
sance factors (e.g., sensor noise, style), which are not relevant to the tasks we care about, are denoted
by the unmeasured u, € RM. Arrows emanating from y., Ve to x (i.e., colliding at x) are aligned
with the causality of the generation mechanisms. In other words, there is causal precedence of the
y.’s and they are a direct cause (i.e., implied by the arrow direction) of the common effect x.

Inspection of Fig. [T|reveals potential dependencies arising from the structural connections y. —
X < y; with j = ¢, indicative of a collider; a source of potential bias Berkson| (1946)); [Kim & Pearl
(1983); |Pearl (2009). This bias occurs when two or more independent variables have a direct causal
influence on a variable as they will become associated when conditioning on (e.g., observing) the
common effect x. This spurious conditional association between the generating factors is a source of
entanglement if it remains without control. For example, consider the case of C' = A 4+ B with A and
B independent. When variable C'is observed (e.g., C' = 4) variables A and B become conditionally
correlated as knowledge of one informs the value of the second. Intuitively, this phenomenon occurs
as information on one of the causes makes the other causes involved more or less likely given that the
consequence has occurred (i.e., the explaining away effect [Pearl| (1988))); even when the causes are
independent Pearll (1995)). Such behavior has been observed in the context of data-based models also,
but has been rather explained as a susceptibility to exploit shortcuts Beery et al.| (2018)); (Geirhos et al.
(2020); |[Pezeshki et al.| (2021)). Here, we argue such behavior can be explained instead as collider-bias
from an underlying collider structured data generative process.

Controlling for conditional dependencies between a single y. and the remaining generating factors,
requires finding the set that d-separates them. Inspection of Fig|[l|reveals that (y. L x|Z)q with
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Z = {y; : j # ¢} U{ux}. Causal identification p(x|do(y.)), Ve, is thus given as:
p(Xldo(ye) = Y pxly, w)p(y-cu) = E  [p(x]y, u)] )

Yoo P(Y—erutz)

In other words, conditioning over y_. = {y; : j # c} which denotes the generative factors in the
system except y.. Full derivation of the expression in Eq.([2) can be found in Appendix [B] Note
that controlling for dependencies between the generating variables requires conditioning, which
in turn requires some form of measurements of both y and uy. Identification is possible thus,
given supervisory signals, or a weak-form of it [Shu et al.| (2019) for both y and ux. In cases
when no measurements or proxies are available, dependencies between the involved variables that
are compatible with the specified DAG will be present and representations will in turn present
entanglements between the effects of such dependencies. For example, if variable uy is unmeasured,
opens any of the paths y. — X < uy, Ve € {1, ...,n} leaving any plausible association between y.
and uy without control. Similarly, the paths y. — x < ux — x < y_. without control, introduce
entanglements between y ., ux and y_.. Such collider model thus explains that DL models are free
to exploit any of the unbounded number of models compatible with the specified DAG Jaber et al.
(2018) unless some form of control through supervision or a weak form of it is available.

In addition to explaining entanglement effects and the means to control them, the collider DAG model
is compatible with the independent factors model whose joint distribution admits factorizations of
the form p(y) = [[.p(y.) as in Bouchacourt et al.| (2018); Locatello et al.[ (2020); Khemakhem
et al.[|(2020) and also of its correlated factors relaxation, as in|Trauble et al. (2021)). In causal-based
disentanglement approaches, graphical DAG models have mostly focused on confounding structures
characterized by pairs of generating variables that have a common cause Suter et al.| (2019); [Lu
et al. (2021). The behaviour of such structures is fundamentally different from those of the collider
structure. The former, does not deal with dependencies between the underlying generating factors
from conditioning on the common effect. Thus, they are susceptible to this problem, notably in cases
when datasets are not generated by i.i.d. factors, as in real-world scenarios. As a remark, |Zhang et al.
(2021) has explored this collider problem in the context of adversarial robustness.

2.4 REGULARIZATION BY CAUSAL IDENTIFICATION (REI)

Representation learning models operate with the objective of fitting the joint distribution over the
observations while simultaneously imposing a prior with desired structural characteristics. The
Markov property of DAG’s further constrains the unbounded number of plausible models that can fit
the joint distribution to only those that are compatible with the specified DAG. Rel further restricts
such models to those that control for entanglement through a reformulation of the learning problem.
Such reformulation, controls for dependencies between the generating factors by imposing causal
effect identification of an assumed collider DAG model as that in Fig[T]

Regularization by Identification (Rel): is a modular regularization engine designed to align the
behavior of DL models by imposing generative factor disentanglement constraints through causal
identification. Rel aligns approximations that fit data distributions with disentanglement constraints
by causal identification, which reformulates the learning problem as defined by:

L0;xD yD) = £,0;xD,yD) + X Cp(g;x(i)’y(i)) 3)

Data Rel

with A > 0 being the regularization strength, § € © a point of the space of DL models and,
{x() € RM y() ¢ R"}N | are the observations. The first term £, is the likelihood function, while
the second £, corresponding to Rel, aligns the latent representation with disentanglement constraints
imposed by causal identification (i.e., data + Rel) of p(x|do(y)).

Rel is different from the weakly-supervised setting of [Mitrovic et al.| (2020); [Peters et al.| (2017);
Arjovsky et al. (2019) which aim at finding the generating mechanisms by imposing some form of
invariance to real or augmented data variability. Or to Bouchacourt et al.| (2018]); [Locatello et al.
(2020); [Trauble et al.| (2021)) imposing invariance to shared generative factors between at least pairs
of observations while keeping those detected as varying, free. One additional property of our work is
that the encoder is set to produce latent vectors the same size as the inputs x € R, in similarity
to|Ho et al.|(2020). This design choice is made to avoid dependence on the information bottleneck
principle while aiming at yielding representations suitable for interpretation.
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2.5 REFORMULATION OF THE VAE TO IMPOSE REI FOR DISENTANGLEMENT

The variational inference learning problem of the VAE in Kingma & Welling|(2013)) optimizes the evi-
dence lower bound (ELBO) to approximate the true posterior p* (z|x) given measurements {x(V} ¥ .
The ELBO can be formulated by two terms: a likelihood term £, (6; x(®)) = Eq(zx() [log p(x(V|z)]

and a regularizer given by the KL divergence as £,(0;x")) = Dxr,(q(zx")||p(z)). In the stan-
dard VAE, the prior p(z’) typically a standard Gaussian, is used on the approximate posterior. Rel
can reformulate the ELBO in the VAE to impose disentanglement constraints through causal identifi-
cation. The reformulated posterior with controlled dependencies between generating variables for
disentanglement given the assumed collider DAG G structure in Fig[I]is equivalent to:

p(z|x, do(y.)) = p(x|z) p& : [p(z]y)] /p(x,ye) “)

involving the observables {x(*), y()1 N |. The adjustments in Eq.(@) blocks dependencies between
variables y. — z < y_. when observing x. The full identification derivation of Eq.(d) is included
in the Appendix [B| The corresponding ELBO with Rel regularization imposing disentanglement
constraints by causal identification results in the reformulated regularizer given as:

£,(0,0:x7,¥) = Dica (atox Dyl B [plaly®)]) )

ply—c
Full-derivation is included in Appendix|C] Note that imposing the disentanglement constraints through
causal identification affects only the ELBO regularizer. The likelihood function in learning problems
remains, without modification in general. Given these characteristics, we term our method Rel; as the
disentanglement constraints required for causal identification can be directly imposed as a regularizer.

2.6 EXPERIMENTS ON BENCHMARK DATASETS

We include experiments that show and compare the performance of DL models with Rel against
state of the art methods on the task of disentanglement. In this task, the compared methods of
Kingma & Welling| (2013)); |[Higgins et al.| (2016; [2018); [Kim & Mnih| (2018); [Chen et al.| (2018);
Locatello et al.| (2020) are evaluated and in addition we also include experiments in the non-idealized
setting of correlated generating factors as in |[Trduble et al.| (2021)); Roth et al.| (2022). We use the
VAE+Rel described in Section [2.5| with causal identification derived from the collider DAG in Figl[T]
The datasets used are the standard ML benchmarks used for learning disentangled representations:
Shapes3D |[Kim & Mnih|(2018), dSprites |[Higgins et al.|(2016) and MPI3D Gondal et al.|(2019).

2.6.1 EXPLICIT REGULARIZATIONS THAT CONTROL COLLIDER BEHAVIOR THROUGH
CAUSAL IDENTIFICATION DO BETTER AT STANDARD DISENTANGLED METRICS

The metric of disentanglement performance used here is DCI (Disentanglement, Completeness,
Informativeness) scores |[Eastwood & Williams|(2018)). DCI has been established as the most widely
accepted metrics of disentanglement performance |Locatello et al.| (2019;2020); [Trauble et al.| (2021);
Roth et al.|(2022)). DCI evaluations are performed in synthetic datasets generated by either indepen-
dent or by correlated factors. For the later, we use the extensions in[Irduble et al.[(2021); [Roth et al.
(2022)) to correlate one, two and three generative factor pairs (where applicable) and one to all factors
(1-to-all). We report the average metric and standard deviation (in square brackets) computed over 10
seeds and present the results in Tables[I} [2]and 3] for all three datasets.

Here, we see that the DCI performance degrades throughout all datasets as the number of correlated
pairs increases for most of the methods compared. These do not seem to be well equipped to handle an
increasing number of correlated generating factors. The observed degradation can be explained by the
behavior of a collider where factors without control introduce dependencies between them producing
entanglements. The severity of such dependencies depends on the number of factors that remain
unadjusted for. The fact that the compared methods do not address this collider behavior explicitly,
explains the lower performance as the number of correlated pairs increases. By explicitly addressing
this type of bias by leveraging the power of causal models, the performance of Rel remains more or
less invariant to the number of correlation pairs and their strength, as long as causal identification is
possible. This is one of the main benefits of Rel, which of course comes at the cost of requiring a
supervisory signal (labels in these cases) to identify the effects of the generating factors.
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Table 1: DCI-Disentanglement Performance Comparison on dSprites Higgins et al.|(2016)

Method Uncorr. Pairs: 1 Pairs: 2 1-to-All
B-VAE Higgins et al.| (2016) 32.3[8.7] 9.4 [2.8] 7.8[2.5] 11.3[3.9]
Factor-VAE |[Kim & Mnih! (2018) 252[79] 13.1[6.7] 14.1 [4.2] 14.4(3.4]
[B-TCVAE Chen et al.[(2018) 31.3[5.8] 23.9[0.9] 11.3[5.2] 20.3[6.1]
Annealed-VAE [Burgess et al.| (2018)) 39.2(3.1] 14.8(2.2] 8.7(2.4] 14.2(0.7]
B-VAE + HFS Roth et al.|(2022) 492 [15.1] 19.2[29] 17.5[12.3] 159](2.9]
B-TCVAE + HFS Roth et al.|(2022) 53.3[9.2] 26.2[3.0] 27.5[109] 24.5][4.2]
VAE + Rel 87.5(7.1] 88.2(7.4] 88.1(7.2] 89.4[6.1]

Table 2: DCI-Disentanglement Performance Comparison on Shapes3D [Kim & Mnih (2018)

Method Uncorr. Pairs: 1 Pairs: 2 Pairs: 3 1-to-All
[-VAE Higgins et al.|(2016) 70.3[9.2] 71.2[89] 51.6[9.0] 36.5[49] 36.3[2.7]
Factor-VAE |Kim & Mnih|(2018) 62.3[13.6] 70.8[1.6] 58.7[5.5] 46.1 [6.1] 31.9[6.2]
B-TCVAE Chen et al.|(2018) 774 [3.1] 702[56] 634[4.7] 388[11.4] 51.9][7.5]
Annealed-VAE Burgess et al.|(2018) 62.1[2.6] 55.7[7.3] 30.8[6.1] 36.2 [5.2] 23.1[4.3]
[-VAE + HFS Roth et al.[(2022) 91.8[17.9] 179.8[3.7] 67.3[5.1] 48.7[5.0] 63.4[3.2]
B-TCVAE + HFS [Roth et al.|(2022) 86.3(3.6] 75.6[2.6] 66.3][7.7] 51.7[3.8] 61.4[7.9]
VAE + Rel 959 [5.4] 96.6[3.4] 96.3[1.9] 96.1[2.8] 95.8[6.3]

Table 3: DCI-Disentanglement Performance Comparison on MPI3D Gondal et al.|(2019)

Method Uncorr. Pairs: 1 Pairs: 2 Pairs: 3 1-to-All
[-VAE [Higgins et al.|(2016) 25979 18.3(2.4] 23.7[1.3] 11.3[0.5] 11.2[2.0]
Factor-VAE |[Kim & Mnih|(2018) 26.6[2.0] 228[2.8] 282[1.5] 11.0[0.9] 13.8[0.8]
B-TCVAE [Chen et al.|(2018) 27.3(1.0] 20.9(0.7] 22.8[1.4] 11.1[1.7] 14.5]1.5]
Annealed-VAE [Burgess et al.{(2018) 11.4[1.3] 123[1.9] 11.9[04] 10.7[1.2] 13.1[0.8]
B-VAE + HFS [Roth et al.|(2022) 329(3.2] 29.2(22] 27.3[0.6] 13.8[1.3] 15.7[1.2]
B-TCVAE + HFS|Roth et al.[(2022)  32.6 [3.4] 28.6[4.1] 29.1[0.7] 11.4[39] 15.2][1.3]
VAE + Rel 73.5(55] 72.6(7.2] 743(63] 71.9(3.2] 73.5(4.5]

In contrast, the MPI3D dataset comes from real images captured from a moving robotic arm. The
relatively lower performance of all methods on this dataset can be attributed to the fact that it comes
from a real-world scenario with several unmeasured factors of variation. The images in MPI3D are
obtained from three different cameras each affected by sensor noise, blur, illumination changes from
view. The unconstrained setting, results in representations entangled from conditional dependencies
with such variables uy in Figm In this sense, the collider DAG structure offers an explanation and the
conditions for control. Control can be performed through additional experiments, gathering additional
observations about uy,or assuming a parametric form to provide supervision. This, is an advantage
over the methods compared, where explanations and ways to remediate, remain a black-box.

3 EXPERIMENTS ON REAL-WORLD DATASET

Experiments were conducted in spectroscopic applications, specifically using data from a laser
induced breakdown spectroscopy (LIBS) instrument. LIBS is a remote sensing technology used to
predict the chemical composition of geomaterials (e.g., rocks, soil) based on its signatures. On Mars,
the ChemCam LIBS based instrument is equipped with a 1064nm laser and ultraviolet, visible and near
infrared band spectrometers; which altogether is capable of collecting the sample’s spectral signatures
between 240-905nm. Focus here, is applying the Rel framework directed towards: (1) representation
disentanglement, (2) prediction and (3) transfer. (1) learns representations characteristic of specific
chemical elements. (2) uses the learned representations to predict chemical content, while (3), tests
for robustness to dataset shifts by training data from Earth in a controlled setting while deployment is
in the wild on Mars. Additional details are included in Appendix [E.]
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Figure 2: Comparison of the learned representations for chemical oxide K5O.

3.1 REPRESENTATION DISENTANGLEMENT

The abilities of Rel for learning disentangled representations were evaluated here. Training uti-
lizes example pairs {x(?) y(M}N = of LIBS signal x € R>¥5> measurements and corresponding
true chemical composition y. Percentages y. represent % oxide composition for ¢ € {1,...,11}
indexing {SiOs, TiO, Al2O3, FeOr, MgO, MnO, Ca0, Na;0, K,0, CO5, H,O} and sensor noise is
uy € R°#85, Qualitative evaluations of the representations from Rel derived from the collider DAG
in Fig[T| were performed in light of the known characteristic spectral response of each chemical oxide.
We used an MLP architecture and compared the representations in three cases: (1) the standard VAE,
(2) VAE+Rel with all factors identified except for sensor noise and (3) Rel with all generating factors
identified. Training used 585 reference targets under leave one out while testing was done on the
target left out until all are covered. Additional implementation details are included in Appendix [E-2]

A representative example on the learned representations corresponding to chemical oxide K5O is
shown in Fig These were generated by sampling from ¢(z|x(?), ygl)) with y. as composition of
K50 and averaging over L = 100 samples. Figs[2a] [2c| and 2¢] shows the learned representations
for K5O in: (1) VAE, (2) VAE+Rel with sensor noise uy uncontrolled and (3) VAE+Rel with
control for all generating factors. The vertical axis of each plot shows the normalized magnitude
and the horizontal axis represents spectral wavelength importance. Figs[2b] [2d|and 2f]illustrate the
corresponding prediction performance y,. of the three cases using the representations z along with a
trained linear prediction head. Prediction performance by looking into point distribution along the
1:1 line and as measured by the root mean squared error (RMSE) shows similar performances in all
three cases; with a marginal advantage of the standard VAE (i.e., (1) 0.8, (2) 1.21, (3) 1.30). However,
these all come from distinct learned representations with key observations supporting evidence of
collider behavior. First, note that KoO (Potassium oxide) is known and expected to respond to
wavelengths around ~ 770nm as labeled in Fig[2a] illustrating the ground truth expected spectral
responses of a variety of chemical elements. The standard VAE in Fig[2a]resulted in a representation
with spectral peaks deemed important spread throughout the entire spectrum. This is indicative of
conditional dependencies between the generative factors y_. = {y; : j # ¢} and KO through the
path y_. — x < y.. Fig[2c|in contrast shows the resulting representation obtained by VAE+Rel
with control for dependencies between the generative factors except for those from sensor noise
Uyx. Although most of the wavelengths previously deemed important were flattened, some small
spectral peak patterns from Fig[2a] persisted. This, due to conditional associations between the paths
Y—c — X < uy and uy — x < y.. Finally, Fig[2¢|illustrates the representation by VAE+Rel with
control for all generative factors. Most wavelengths were brought down to zero except for the two
strong peaks at ~ 770nm in alignment with the expected spectral response for K,O. Identification
thus produced representations well aligned with the expected effects of the generating factors.
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Figure 3: Performance comparison of the learned representations in out-of-distribution transfer.

The empirical evidence provided supports our claim that standard generative representation learn-
ing models ill-suffer from collider bias. Note that downstream tasks, such as the prediction of
in-distribution examples and without visualizations of the learned representations as exemplified
by Figs[2b] [2d| and 2f] can obscure the aforementioned illness. However, illustrations of the repre-
sentations of the effects of generating factors clearly shows evidence of this problem, with effects
supporting collider behavior. These findings, thus provide a plausible alternative explanation to the
spurious association problems between factors found in |Geirhos et al.| (2020); Pezeshki et al.| (2021)),
to fairness Zhao et al.| (2017), and provide a venue for analysis and remediation through causality
as viewed by |Pearl| (2010) and tackled here by Rel. We would like to note also that the learned
representations from the VAE+Rel are amenable for interpretation while also explain the effects of
generating factors as they relate to the effects of the measuring apparatus, supporting understanding.

3.2 PREDICTION AND TRANSFER

Quantitative comparisons on the robustness to dataset shifts is performed here. Dataset shifts originate
here by training from data collections of LIBS from targets on Earth in a laboratory setting while
deployment occurs in the wild on Mars. |Clegg et al.|(2017) found that the Martian environment has
effects that shift the distribution of measurements relative to Earth. This task, then seeks to investigate
the transferability of the learned representations in the presence of OOD shifts.

Example representative results are included in Fig[3|which shows true versus prediction plots for two
element oxides Al;O3 and MgO. Four leftmost Figs/3al3el3b|f3f| corresponds to performance results
from the standard VAE+FC linear head whereas the rightmost four Fig{3cl3g|3dl3h{shows those from
VAE+Rel+FC. Figs. [3al3el3c|3g/ show that both VAE and VAE+Rel present similar performance
for in-distribution example testing (under leave one out), with the VAE being marginally better in
terms of RMSE. In contrast, Figs3b|3{][3c|3g| shows significant differences in performance in the
OOD cases. VAE+Rel presents better behaved performance and outperforms by larger margins
compared to the VAE. Note that even though the VAE presents an advantage over VAE+Rel for in-
distribution performance, that this is not the case for OOD examples. The disentanglement provided
by VAE+Rel shows better robustness against OOD examples. This behavior, is consistent with
findings by |Tsipras et al|(2018)), where highly predictive non-robust features in the data tend to
reduce learner performance when presented with OOD examples.

4 CONCLUSIONS

In this work, we proposed Rel: a regularization method that aligns DL models to domain knowledge by
leveraging the DAG. We argued that standard disentangled learning models are ill-biased by collider
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behaviour and showed supporting empirical evidence of this. In a variational framework, we showed
how analysis of the DAG under the lens of causality can be used to control for collider bias via Rel in
representation learning problems. Empirical evidence shows Rel is capable of learning the effects
between the generating factors and the sensor, removing collider bias, producing representations in
disentangled form, generalizable to OOD example cases and supporting interpretation of both factor
effects and manipulations of these for sampling posterior generation.

REFERENCES

Martin Arjovsky, Léon Bottou, Ishaan Gulrajani, and David Lopez-Paz. Invariant risk minimization.
arXiv preprint arXiv:1907.02893, 2019.

Gabriel Terna Ayem, Salu George Thandekkattu, and Augustine Shey Nsang. A review of causal
identifiability techniques across different observational datasets.

Sara Beery, Grant Van Horn, and Pietro Perona. Recognition in terra incognita. In Proceedings of the
European conference on computer vision (ECCV), pp. 456-473, 2018.

Yoshua Bengio, Aaron Courville, and Pascal Vincent. Representation learning: A review and new
perspectives. IEEE transactions on pattern analysis and machine intelligence, 35(8):1798-1828,
2013.

Joseph Berkson. Limitations of the application of fourfold table analysis to hospital data. Biometrics
Bulletin, 2(3):47-53, 1946.

Diane Bouchacourt, Ryota Tomioka, and Sebastian Nowozin. Multi-level variational autoencoder:
Learning disentangled representations from grouped observations. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 32, 2018.

Christopher P Burgess, Irina Higgins, Arka Pal, Loic Matthey, Nick Watters, Guillaume Des-
jardins, and Alexander Lerchner. Understanding disentangling in beta-vae. arXiv preprint
arXiv:1804.03599, 2018.

Juan Castorena, Diane Oyen, Ann Ollila, Carey Legget, and Nina Lanza. Deep spectral cnn for laser
induced breakdown spectroscopy. Spectrochimica Acta Part B: Atomic Spectroscopy, 178:106125,
2021.

Ricky TQ Chen, Xuechen Li, Roger B Grosse, and David K Duvenaud. Isolating sources of
disentanglement in variational autoencoders. Advances in neural information processing systems,

31, 2018.

Samuel M Clegg, Roger C Wiens, Ryan Anderson, Olivier Forni, Jens Frydenvang, Jeremie Lasue,
Agnes Cousin, Valerie Payre, Tommy Boucher, M Darby Dyar, et al. Recalibration of the mars
science laboratory chemcam instrument with an expanded geochemical database. Spectrochimica
Acta Part B: Atomic Spectroscopy, 129:64-85, 2017.

Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai, Thomas
Unterthiner, Mostafa Dehghani, Matthias Minderer, Georg Heigold, Sylvain Gelly, et al. An image
is worth 16x16 words: Transformers for image recognition at scale. In International Conference
on Learning Representations, 2020.

Alexander D’ Amour, Katherine Heller, Dan Moldovan, Ben Adlam, Babak Alipanahi, Alex Beutel,
Christina Chen, Jonathan Deaton, Jacob Eisenstein, Matthew D Hoffman, et al. Underspecification

presents challenges for credibility in modern machine learning. Journal of Machine Learning
Research, 2020.

Cian Eastwood and Christopher KI Williams. A framework for the quantitative evaluation of
disentangled representations. In International Conference on Learning Representations, 2018.

Dan Geiger, Thomas Verma, and Judea Pearl. d-separation: From theorems to algorithms. In Machine
Intelligence and Pattern Recognition, volume 10, pp. 139—-148. Elsevier, 1990.

10



To be published as a conference paper

Robert Geirhos, Jorn-Henrik Jacobsen, Claudio Michaelis, Richard Zemel, Wieland Brendel, Matthias
Bethge, and Felix A Wichmann. Shortcut learning in deep neural networks. Nature Machine
Intelligence, 2(11):665-673, 2020.

Clark Glymour, Kun Zhang, and Peter Spirtes. Review of causal discovery methods based on
graphical models. Frontiers in genetics, 10:524, 2019.

Muhammad Waleed Gondal, Manuel Wuthrich, Djordje Miladinovic, Francesco Locatello, Martin
Breidt, Valentin Volchkov, Joel Akpo, Olivier Bachem, Bernhard Scholkopf, and Stefan Bauer. On
the transfer of inductive bias from simulation to the real world: a new disentanglement dataset.
Advances in Neural Information Processing Systems, 32, 2019.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. In 2016 IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp.
770-778, 2016. doi: 10.1109/CVPR.2016.90.

Irina Higgins, Loic Matthey, Arka Pal, Christopher Burgess, Xavier Glorot, Matthew Botvinick,
Shakir Mohamed, and Alexander Lerchner. beta-vae: Learning basic visual concepts with a
constrained variational framework. 2016.

Irina Higgins, David Amos, David Pfau, Sebastien Racaniere, Loic Matthey, Danilo Rezende,
and Alexander Lerchner. Towards a definition of disentangled representations. arXiv preprint
arXiv:1812.02230, 2018.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. Advances in
Neural Information Processing Systems, 33:6840—6851, 2020.

Amin Jaber, Jiji Zhang, and Elias Bareinboim. Causal identification under markov equivalence. In
Proceedings of the 34th Conference on Uncertainty in Artificial Intelligence, 2018., 2018.

Ilyes Khemakhem, Diederik Kingma, Ricardo Monti, and Aapo Hyvarinen. Variational autoencoders
and nonlinear ica: A unifying framework. In International Conference on Artificial Intelligence
and Statistics, pp. 2207-2217. PMLR, 2020.

Hyunjik Kim and Andriy Mnih. Disentangling by factorising. In International Conference on
Machine Learning, pp. 2649-2658. PMLR, 2018.

JinHyung Kim and Judea Pearl. A computational model for causal and diagnostic reasoning in
inference systems. In International Joint Conference on Artificial Intelligence, pp. 0-0, 1983.

Diederik P Kingma and Max Welling. Auto-encoding variational bayes. arXiv preprint
arXiv:1312.6114, 2013.

Abhishek Kumar, Prasanna Sattigeri, and Avinash Balakrishnan. Variational inference of disen-
tangled latent concepts from unlabeled observations. In International Conference on Learning
Representations, 2018.

Manabu Kuroki and Judea Pearl. Measurement bias and effect restoration in causal inference.
Biometrika, 101(2):423-437, 2014.

Brenden M Lake, Tomer D Ullman, Joshua B Tenenbaum, and Samuel J Gershman. Building
machines that learn and think like people. Behavioral and brain sciences, 40, 2017.

Francesco Locatello, Stefan Bauer, Mario Lucic, Gunnar Raetsch, Sylvain Gelly, Bernhard Scholkopf,
and Olivier Bachem. Challenging common assumptions in the unsupervised learning of disentan-
gled representations. In international conference on machine learning, pp. 4114-4124. PMLR,
2019.

Francesco Locatello, Ben Poole, Gunnar Rétsch, Bernhard Scholkopf, Olivier Bachem, and Michael
Tschannen. Weakly-supervised disentanglement without compromises. In International Conference
on Machine Learning, pp. 6348-6359. PMLR, 2020.

Ilya Loshchilov and Frank Hutter. SGDR: Stochastic gradient descent with warm restarts. In
International Conference on Learning Representations, 2017. URL https://openreview,
net/forum?i1d=Skg89Scxxlk

11


https://openreview.net/forum?id=Skq89Scxx
https://openreview.net/forum?id=Skq89Scxx

To be published as a conference paper

Chaochao Lu, Yuhuai Wu, José Miguel Herndndez-Lobato, and Bernhard Scholkopf. Invariant causal
representation learning for out-of-distribution generalization. In International Conference on
Learning Representations, 2021.

Chengzhi Mao, Kevin Xia, James Wang, Hao Wang, Junfeng Yang, Elias Bareinboim, and Carl Von-
drick. Causal transportability for visual recognition. In Proceedings of the IEEE/CVF Conference
on Computer Vision and Pattern Recognition, pp. 7521-7531, 2022.

Jovana Mitrovic, Brian McWilliams, Jacob Walker, Lars Buesing, and Charles Blundell. Representa-
tion learning via invariant causal mechanisms. arXiv preprint arXiv:2010.07922, 2020.

Judea Pearl. Embracing causality in default reasoning. Artificial Intelligence, 35(2):259-271, 1988.
Judea Pearl. Causal diagrams for empirical research. Biometrika, 82(4):669—688, 1995.
Judea Pearl. Causality. Cambridge university press, 2009.

Judea Pearl. On measurement bias in causal inference. In Proceedings of the Twenty-Sixth Conference
on Uncertainty in Artificial Intelligence, UAT’ 10, pp. 425-432, Arlington, Virginia, United States,
2010. AUAI Press. ISBN 978-0-9749039-6-5. URL http://dl.acm.org/citation.
cfm?21d=3023549.3023599.

Judea Pearl. The seven tools of causal inference, with reflections on machine learning. Communica-
tions of the ACM, 62(3):54-60, 2019.

Karl Pearson. Liii. on lines and planes of closest fit to systems of points in space. The London,
Edinburgh, and Dublin philosophical magazine and journal of science, 2(11):559-572, 1901.

Jonas Peters, Peter Bithlmann, and Nicolai Meinshausen. Causal inference by using invariant
prediction: identification and confidence intervals. Journal of the Royal Statistical Society: Series
B (Statistical Methodology), 78(5):947-1012, 2016.

Jonas Peters, Dominik Janzing, and Bernhard Scholkopf. Elements of causal inference: foundations
and learning algorithms. The MIT Press, 2017.

Mohammad Pezeshki, Oumar Kaba, Yoshua Bengio, Aaron C Courville, Doina Precup, and Guil-
laume Lajoie. Gradient starvation: A learning proclivity in neural networks. Advances in Neural
Information Processing Systems, 34:1256-1272, 2021.

Mateo Rojas-Carulla, Bernhard Scholkopf, Richard Turner, and Jonas Peters. Invariant models for
causal transfer learning. The Journal of Machine Learning Research, 19(1):1309-1342, 2018.

Olaf Ronneberger, Philipp Fischer, and Thomas Brox. U-net: Convolutional networks for biomedical
image segmentation. In International Conference on Medical image computing and computer-
assisted intervention, pp. 234-241. Springer, 2015.

Karsten Roth, Mark Ibrahim, Zeynep Akata, Pascal Vincent, and Diane Bouchacourt. Disentan-
glement of correlated factors via hausdorff factorized support. arXiv preprint arXiv:2210.07347,
2022.

Claude Elwood Shannon. A mathematical theory of communication. The Bell system technical
Jjournal, 27(3):379-423, 1948.

Rui Shu, Yining Chen, Abhishek Kumar, Stefano Ermon, and Ben Poole. Weakly supervised
disentanglement with guarantees. In International Conference on Learning Representations, 2019.

Raphael Suter, Djordje Miladinovic, Bernhard Scholkopf, and Stefan Bauer. Robustly disentangled
causal mechanisms: Validating deep representations for interventional robustness. In International
Conference on Machine Learning, pp. 6056-6065. PMLR, 2019.

Ilya O Tolstikhin, Neil Houlsby, Alexander Kolesnikov, Lucas Beyer, Xiaohua Zhai, Thomas Un-
terthiner, Jessica Yung, Andreas Steiner, Daniel Keysers, Jakob Uszkoreit, et al. Mlp-mixer:
An all-mlp architecture for vision. Advances in Neural Information Processing Systems, 34:
2426124272, 2021.

12


http://dl.acm.org/citation.cfm?id=3023549.3023599
http://dl.acm.org/citation.cfm?id=3023549.3023599

To be published as a conference paper

Frederik Triuble, Elliot Creager, Niki Kilbertus, Francesco Locatello, Andrea Dittadi, Anirudh Goyal,
Bernhard Scholkopf, and Stefan Bauer. On disentangled representations learned from correlated
data. In International Conference on Machine Learning, pp. 10401-10412. PMLR, 2021.

Dimitris Tsipras, Shibani Santurkar, Logan Engstrom, Alexander Turner, and Aleksander Madry. Ro-
bustness may be at odds with accuracy. In International Conference on Learning Representations,
2018.

Sjoerd Van Steenkiste, Francesco Locatello, Jiirgen Schmidhuber, and Olivier Bachem. Are disen-
tangled representations helpful for abstract visual reasoning? Advances in Neural Information
Processing Systems, 32, 2019.

Thomas Verma and Judea Pearl. Causal networks: Semantics and expressiveness. In Machine
intelligence and pattern recognition, volume 9, pp. 69-76. Elsevier, 1990.

R.C. Wiens, S. Maurice, J. Lasue, O. Forni, R.B. Anderson, S. Clegg, S. Bender, D. Blaney, B.L. Barra-
clough, A. Cousin, L. Deflores, D. Delapp, M.D. Dyar, C. Fabre, O. Gasnault, N. Lanza, J. Mazoyer,
N. Melikechi, P.-Y. Meslin, H. Newsom, A. Ollila, R. Perez, R.L. Tokar, and D. Vaniman. Pre-flight
calibration and initial data processing for the chemcam laser-induced breakdown spectroscopy
instrument on the mars science laboratory rover. Spectrochimica Acta Part B: Atomic Spectroscopy,
82:1 —27,2013. ISSN 0584-8547. doi: https://doi.org/10.1016/j.sab.2013.02.003. URL http:
//www.sciencedirect.com/science/article/pii/S0584854713000505.

Roger C Wiens, Sylvestre Maurice, Bruce Barraclough, Muriel Saccoccio, Walter C Barkley, James F
Bell, Steve Bender, John Bernardin, Diana Blaney, Jennifer Blank, et al. The chemcam instrument
suite on the mars science laboratory (msl) rover: Body unit and combined system tests. Space
science reviews, 170(1):167-227, 2012.

Tao Yang, Yuwang Wang, Yan Lv, and Nanning Zh. Disdiff: Unsupervised disentanglement of
diffusion probabilistic models. arXiv preprint arXiv:2301.13721, 2023.

Yonggang Zhang, Mingming Gong, Tongliang Liu, Gang Niu, Xinmei Tian, Bo Han, Bernhard
Scholkopf, and Kun Zhang. Adversarial robustness through the lens of causality. In International
Conference on Learning Representations, 2021.

Jieyu Zhao, Tianlu Wang, Mark Yatskar, Vicente Ordonez, and Kai-Wei Chang. Men also like
shopping: Reducing gender bias amplification using corpus-level constraints. In Proceedings of the
2017 Conference on Empirical Methods in Natural Language Processing, pp. 2979-2989, 2017.

A BACKGROUND

A.1 THE RULES OF do-CALCULUS

The axioms branded under the do-calculus are presented here.

In terms of notation, in a DAG G, G+ and G x denote, respectively, the graphs obtained by deleting
the incoming and outgoing arrows at node X .

The rules of interventional do-calculus according to Pearl are given as Pearl| (1995;2010):
"Rule 1 (Insertion/deletion of observations):

p(ylE, z,w) = plyld, w) if (YILZ)|X, W)ay

Rule 2 (Action/observation exchange):

p(ylE, 2,w) = p(yld, z,w) it (Y ILZ)X, W)ay,
Rule 3 (Insertion/deletion of actions):

p(yl#, 2, w) = p(yl#,w) if (Y ILZ)X, W)a.,"

These graphical rules encompass the foundational principles of the do-calculus [Pearl| (1995)). By
analyzing the DAG and employing these rules, it becomes possible to characterize the effects of
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interventions do(x) in terms of ordinary probability distributions of observations. This process,
known as identification in the context of causal inference, serves as the primary analytical tool for
elevating relationships between variables from mere correlation to causation.

B CAUSAL EFFECT IDENTIFICATION IN COLLIDER STRUCTURE

Yc YC .\ Yc.
Uy X Uyo—>eX UX7X
L]

Y. Y. Y
(a) DAG G, G- and Gy— (b) DAG Gy_. (¢) DAG Gy,.

Figure 4: Collider DAG

Identification of the causal effects p(x|¥.) in Eq.(1) involves application of the rules of the do-calculus
by leveraging the causal assumptions encoded in the DAG. This is used to convert probabilities of
interventions to expressions involving only ordinary probabilities of observations. The DAG in Fig[4a]
is a representation of the data generative model of independent factors p(y) = [/_; p(y.) assumed
in|Kingma & Welling|(2013); |[Higgins et al.| (2016} 2018)); Kim & Mnih! (2018)) and a simplification
of Fig.1. In this case however, with only three factor variables y.,y_., u,. The DAG structure in
Fig[4a] contains a collider at x. A collider is represented in a DAG by a node where two or more
arrows or paths converge. A collider, produces conditional associations between the generating
factors y., y_., Uy, even if they are not causally related. This phenomenon is known as collider bias
or selection bias |Berkson| (1946); Kim & Pearl| (1983)); [Pearl| (2009). This needs to be accounted
for, when training a DL model to learn from the joint distribution p(x, y, u, ) over the observations,
otherwise it is prone to produce biased models. Again, we do this through derivations involving the
effects of interventions p(x|y.) in the system encoded by Fig@ Application of the law of total
probability in Eq.(6) and the chain rule in Eq.(7) both valid under probabilities of interventions Pearl
(2009) yields:

p(X|yc) = Z p(X, }A’Cay—wux)/p(yc) (6)
Y2,uz
= Z PX|Ye, Y- Wa)P(Ye|Y ¢, Uz )P(Y —c, 0z) /D(Te) @)
Y—c,Uz
= Z P(X|$’c,yfauz)l?(yfc,ux) ®)
Y—c Uz
= 3 oy py-cus) = B [plxly,us)] ©)
Yoo Us o

Note that we have used for easy of notation y. = do(y.). Eq.(€) follows by definition of the do
operator implying no effect on an intervention conditioned on any variables (i.e., p(y.|y—.) =
p(y.) = 1). The later, follows from the definition of an intervention, where there is no uncertainty
on the variable being intervened upon. Eq.(9) follows as Rule 2 for action/observation exchange is
satisfied. In other words, given that (X 1LY .)|Y ., U,)g,, is d-separated in Gy, in Fig allows
the exchange from p(x|¥.,y—c, u;) to p(X|ye, ¥y —c, ) and since y = [y., ¥—.] by our definition,
completes the proof. Extensions to cases where n > 2 as in the generative model in Sec.2.1 follows
trivially through the same derivation.

Abusing causal notation, we derive the identifiability conditions of the query p(z|x,y.) in Eq.(5)
noting that all terms involved respect the causal direction.

p(zlx,¥c)
= p(x|z, y.)p(z|y)p(¥e)/p(X, ¥e) (10
=px|z) E [p(zly,u.)]/p(x,yc) (11)

—c, Uz
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Eq.(T0) follows by application of the chain rule of probability. Deletion of actions from p(x|z, ¥ .)
follows by applying Rule 3, satisfied when d-separation (X Il 'Y.)|Z) ¢, is satisfied. By inspection
of Fig we see this is indeed the case. Also, the action p(y.) is by definition one and substituting
the result of the conditional latent distribution p(z|y.) in Eq.(9) completes writing an equivalent
expression involving only ordinary probabilities of observations for the numerator. An expression for
the denominator p(x, y.) follows by adding z through the law of total probability and using the chain
rule as ), p(x,y.|z)p(z). The action/observation exchange ) . p(x,y.|z)p(z) then follows by
checking if (X_LY.)|Z)g,, is satisfied; which is indeed the case by inspection of Flgn completmg

the proof.

When at least one of the generating factors, such as u, (e.g., sensor noise), remains unmeasured,
it will leave several paths (e.g., Y. <> Uy, y. <> U, < y_.) in the collider unblocked. This
means, the causal effect of y. on z cannot be identified uniquely, but only a relaxed relationship
where p(z|y.) may carry information correlations with both u, and y_.. The strength of such
correlations depends in this case on the energies of u, relative to z. But, overall the strength of
these correlations has a direct impact on the severity of bias in DL models. This problem can be
aggravated exponentially when the number of unmeasured generating factors increases. One of
the main arguments in this research is that collider bias is prevalent in the majority of DL models
designed to disentangle generative factors. These models often fall short in recognizing and effectively
addressing this issue. We propose leveraging the power of causal models, specifically DAGs, to
effectively incorporate a transparent and explicit model of the generative process. This integration
aims to identify and mitigate the influence of colliders on disentanglement tasks. By leveraging
DAGs, we can enhance the understanding and management of collider effects, improving the overall
performance of disentanglement DL models.

C VAE+REI REFORMULATION: ALIGNMENT WITH CAUSAL COLLIDER
STRUCTURE

Through Rel, we align the VAE framework, with the causal DAG of FigHa|through a reformulation
of the ELBO that accounts for the presence of a collider. The reformulation describes the learning
problem in terms not of the ordinary posterior g(z|x,y) but rather in terms of an interventional
posterior g(z|x,y). Derivation of this reformulated ELBO in Eq.(6) follows the same steps as in
Kingma & Welling|(2013)) starting with the Kullback-Leibler (KL) divergence.

In the case of the VAE, the likelihood term is given by Eq.(12) as:

Lo@,6x0) = B [logpx?]z)] (12)

q(z|x(®)

and the regularizer £,(8, ¢; x(“) given in case of the standard VAE by the Kullback-Leibler (KL)
divergence

L0, 6;x") = Dicr.(q(z[x"")[|p(2)) (13)

imposing a prior p(z), typically a standard Gaussian, on the approximate posterior. The 6, ¢ are the
parameters of the encoder and decoder models, respectively, and optimized over the training dataset.
A scalar ) is typically introduced as a multiplier in front of the r.h.s. of Eq.(T3) as the regularizer
strength balancing tradeoffs between the likelihood and priors. This is a parameter utilized by the
B-VAE to promote the prior structure. The regularizer in Eq.(T3) is reformulated by Rel to impose
disentanglement constraints using the collider model structure shown in Fig[T} The steps of the full
derivation are:

Drcr(q(zx,90)Ip(2x,9c) = = > q(zlx, ye) log p(z[x, 3c) /q(zlx, yc)  (14)
=— E A{logpx|z)} — > q(zlx,yc)log (lE [p(zly)] /a(z[x,yc) +logp(x,yc).  (15)

q(z|x,yc)

Eq.(T4) follows by definition of the KL divergence, while Eq.(I5) substitutes the result from the
identification adjustments for the causal query p(z|x, ¥.) in Eq.(IT). Based on Eq(T3), the ELBO
can be written as in Eq.(T6), completing its derivation. Note that in Eq.(T6) we have ommited the
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presence of a factor u,, and focused only on the observed factors y..

log p(x,y) > £(0, ;x, y)

= B {10gpx 1)} = Dcr (aalx D,y )| E [p(aly)]). (16)
q(az|x® y{) Yo

D BENCHMARK EXPERIMENTS

D.1 GENERATING CORRELATIONS IN BENCHMARK DATASET

Correlations in the generated data where produced by the method described in [Iréduble et al.| (2021);
Roth et al.[(2022) with o quantifying the amount of correlation between factors. The smaller the
o, the stronger the correlation is, and vice versa. All pair-wise correlations where generated with
o = 0.1, while a ¢ = 0.2 was used to generate the factor correlated with all others (i.e., 1-to-all), in
consistency with Trauble et al.|(2021); Roth et al.[(2022).

D.2 DL MODEL SETTINGS

The VAE architectures used throughout the benchmarking experiments follows the implementations
of [Locatello et al.|(2020); Roth et al.|(2022). The encoder consists of 2x [Conv(32,4,4) + ReLU], 2x
[Conv(64,4.4) + ReLU], MLP(256), MLP(2x10). The Decoder uses: MLP(256), 2 x [upConv(64,4,4)
+ ReLU], 2 x [upConv(32,4,4) + ReLU], [upConv(3,4,4) + ReLU]. Inputs are images with 3 channels
grouped into batches of 64 images. Training is performed using the Adam optimizer with a learning
rate of 10e-4 for 300,000 training steps. In the case of Factor-VAE, the architecture includes six
layers of [MLP(1000), leakyReLLU] followed by an MLP(2).

In terms of the functional encoder/decoder approximators, deep model capacity is assumed to satisfy
the data processing inequality with equality constraints. In other words, the mutual information
between Y. and Z is preserved relative to Y. and X (i.e. I(Y,,Z) = I(Y, X)). This assumption
has been used in other works [Locatello et al.| (2020); |[Mao et al.|(2022) and justified in the VAE’s
objective to faithfully approximate the marginal data distribution.

D.3 DCI

The DCI disentanglement metric [Eastwood & Williams|(2018]) is a measure of how each variable (or
dimension) captures at most one generative factor. It can be computed for each variable or dimension

ias D; = (1— Hg(P;)). Here, Hg (P;) is entropy given as Hy (P;)) = — fo:j} P log Pix, and
P,; = R;;/ 25:701 R}, is the probability of a learned latent variable being important for predicting
a known generating factor. This later (i.e.,/?;; ) can be computed from the classification prediction
error.

E EXPERIMENTS WITH CHEMCAM REAL-WORLD DATASET

E.1 DATASET DETAILS

The ChemCam LIBS instrument Wiens et al.| (2012)) datasets contain raw and denoised spectra
obtained from a variety of targets (e.g., rocks, soil) and from reference calibration standards of known
and certified chemical composition. The specific datasets we employ consists of spectrally resolved
LIBS signal measurements collected on Earth in a laboratory setting from a set of ~ 585 reference
calibration standards |Clegg et al.|(2017)) and on Mars from a set of 10 reference standards of known
true composition. Each target is repeatedly shot (e.g., 50 times) following each time measurements of
the full 240-905 nm LIBS signal. After collection, wavelengths within the bands [240.811,246.635],
[338.457,340.797], [382.13,387.859], [473.184,492.427], [849,905.574] were ignored out consistent
with practices of the ChemCam team |Clegg et al.| (2017)).
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E.2 TRAINING AND IMPLEMENTATION DETAILS

Hyperparameters of the DL model were set to an initial Ir of 1.0, decayed after 75 epochs with
cosine annealing [Loshchilov & Hutter| (2017)) and with #epochs 300. Batches were constructed at
each epoch from a set of 64 shot-averaged examples randomized over the whole training set without
replacement. The shot-averages where computed by averaging the LIBS signal representations over
an individual target and laser shot location. This averaging is consistent with common practices of the
ChemCam team |Wiens et al.[(2013);|Clegg et al.|(2017)). From a practical standpoint, regularization
by Rel in Eq.(5) requires computing expectation over distributions of the generative factors. This is
computationally intractable and we resorted to approximations by sampling with a limited number
of samples (throughout the experiments with spectral data we used a 1000 samples) per causal
relationship. This approximation resulted in some information leaks from other generating variables.
This phenomenon can be observed qualitatively for example in the small peaks present in Fig[2c|
(from 200-500nm wavelengths).

E.3 ADDITIONAL COMPARISONS AGAINST DL ARCHITECTURES AND DEPTHS

Here, we include the results of a few additional experiments in the ChemCam dataset that compare
performance on out-of-distribution examples. Table 4] provides additional results comparing perfor-
mance on Earth-to-Mars transfer on a variety of DL architectures and averaged over all elements
y € R" withn = 11.

Table 4: Transfer Performance Comparison

©

Architecture RMSE (% oxide)

FC(10) 5.19 =S =

MLP(10) 5.06 2,

MLPMixer(8) 5.23 ;

ResNet(18) + FC(10) 623 22 — .
U-Net +FC(5) 5.12 . . . ‘ | | = I.’i:fﬁ:%t&%
Transformer + FC(10) 6.12 2 22 2 » > 2 7 2
VAE + FC(lO) 451 DL architecture depth

[B-VAE +FC(10) 4.13 .

F-VAE +FC(10) 4.01  Figure 5: Transfer performance versus DL model
DIP-VAE +FC(10) 467  depth.

Rel-VAE+FC(1) 2.45

Comparisons include fully connected (FC), multilayer perceptron (MLP), MLP Mixer Tolstikhin
et al|(2021), ResNet/He et al.| (2016), U-Net|Ronneberger et al.|(2015)), Transformers [Dosovitskiy
et al.| (2020), VAE [Kingma & Welling|(2013), 3-VAE |Higgins et al.|(2016)), Factor-VAE |Kim & Mnih
(2018)), DIP-VAE [Kumar et al.| (2018)). Note that some of the architectures do not produce a latent
representation explicitly, these are however rather trained end-to-end for prediction. The number
in parenthesis next to each architecture name (e.g., FC(10)) expresses the corresponding depth of
layers. The results of Table 4] show that VAE+Rel outperforms standard architectures in cases of
OOD examples regardless of the inductive biases implied by the compared architectural designs. The
unsupervised representation learning methods Beta-VAE, factorized VAE and DIP-VAE trained with
a supervised prediction loss performed better at transfer than the standard deep learning architectures
compared. However, VAE+Rel imposing disentanglement constraints via causal identification from
the explicit DAG collider model, was able to outperform them all. Fig[5]also shows the transfer
performance as a function of DL model depth. In this case, the FC, MLP, MLPMixer and ResNet+FC
networks were compared. This plot shows that VAE+Rel is capable of outperforming standard DL
models which did not exhibit generalization capabilities to OOD cases regardless of depth in this case.
As a remark we would like to highlight that gains in task performance may not necessarily translate
into more generalizable DL models. As evidenced by experiments, these may sometimes trick one’s
belief of a better model. In our case, these issues were settled through experiments evaluating the
alignment of the resulting learned representations with domain knowledge. Finally, with regards to
limitations, Rel requires a full reformulation of the learning problem when the data generation process
is different from that of Fig[T} This human exercise of modeling the generation process through
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DAGs and deriving the conditions for identification of the causal effects can be time consuming.
Discovering models of the generation process automatically |Glymour et al.|(2019) is an active area
of research but this is outside the scope of this work. In some cases, causal identification for a given
DAG can be more challenging to obtain or does not exist due to the presence of unobserved variables.
Measurable proxies can be exploited as in |Kuroki & Pearl| (2014) in some of these cases, but in
some others where this is not possible one has to resort to parametrization approximations which
may result in entanglements of residuals between the true and sampled parameterized distributions;
this, of course without identification guarantees. In the example application of chemical composition
from LIBS we discussed this issue in the case of the sensor noise factor, with |Wiens et al.| (2013));
Castorena et al.[(2021) and without control as shown in Figs2f]and 2d] respectively..

We conclude this subsection by highlighting an additional significant drawback of the state of
the art methods for disentanglement in comparison to ours: they do not produce representations
that align with domain knowledge. This limitation carries significant drawbacks specially in high-
risk applications. It also extends to other fields where the need for highly interpretable models is
paramount, such as scientific research. In these contexts, the ability to understand and interpret the
underlying factors driving model predictions is crucial for making informed decisions and ensuring
the reliability and safety of the outcomes. Addressing this limitation becomes particularly vital in
such applications.
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