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Abstract

We will construct a non-separable Hilbert space for which the inhomo-
geneous SL(2,C) acts on it unitarily. Each vector in this Hilbert space is
described by a (rectangular) space-like surface in R*, for which a frame con-
sisting of a time-like vector and a space-like vector, and a vector field is defined
on it. The inner product on this Hilbert space is defined via a surface integral,
which is associated with the area of the surface.

MSC 2020: 22E43

Keywords: SL(2,C), Lorentz transformation, unitary representation

1 Preliminaries

Consider the 4-dimensional Euclidean space R x R?* = R*. Note that R will be
referred to as the time-axis and R3 is the spatial 3-dimensional Euclidean space. Fix
the standard coordinates on R* = R x R?, 7 = (2°, 2!, 2%, 23), with time coordinate
2% and spatial coordinates x = (x!, 22 2z%). On R?, we endow it with the standard

Riemannian metric.

Throughout this article, we adopt Einstein’s summation convention, i.e. we sum
over repeated superscripts and subscripts.

We set the speed of light ¢ = 1. On R*, we can define the Minkowski metric,
given by

3
T-y:= —x0y0+Zaziyi. (1.1)
i=1

Note that our Minkowski metric is negative of the one used by physicists.
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2 Inhomogeneous SL(2,C)

A Lorentz transformation A is a linear transformation mapping space-time R* onto
itself, which preserves the Minkowski metric given in Equation (II]). Indeed, the
Lorentz transformations form a group, referred to as Lorentz group L. It has 4
components, and we will call the component containing the identity, as the restricted
Lorentz group, denoted Ll.

Given any continuous group acting on R* we can consider its corresponding
inhomogeneous group, whose elements are pairs consisting of a translation and a
homogeneous transformation. For example, the Poincare group & containing the
Lorentz group L, will have elements {ad, A}, where A € L and a@ will represent
translation in the direction @. The multiplication law for the Poincare group is
given by

{ay, A1 }H{ds, Ao} = {a@1 + A1da, A1 Ao}

Associated with the restricted Lorentz group Ll is the group of 2 x 2 complex
matrices of determinant one, denoted by SL(2,C). There is an onto homomorphism
Y : SL(2,C) — LL. Thus, given A € SL(2,C), Y(A) € L} ¢ L. A formula for Y’
can be found in [IJ.

Instead of the Poincare group, we can consider the inhomogeneous SL(2,C) in
its place, which we will denote also by SL(2,C), and use it to construct unitary
representations of the Poincare group. Its elements will consist of {@, A} and its
multiplication law is given by

{ay, A H{da, Ao} = {dy + Y (A1)da, A1 Ao}
By abuse of notation, for any A € SL(2,C), we will write Ady = Y (A)ds.

Now, every irreducible finite dimensional representation of SL(2, C) is denoted by
DU/2k/2) 5k are non-negative integers. This representation is known as the spinor
representation of SL(2, C). Any irreducible representation of SU(2) is equivalent to
A € SU(2) C SL(2,C) — DU/20(A) for some integer j. See [I].

But what we are interested in is to construct unitary representations of SL(2, C).
(See [2].) And the only unitary finite dimensional representation of SL(2,C) is the
trivial representation. See Theorem 16.2 in [3].

Thus, we need to look at unitary infinite dimensional representations of SL(2, C).
A discussion of the classification of unitary representation of inhomogeneous SL(2, C)
can be found in [4]. An explicit construction can be found in [5]. This construction
used L? complex valued functions. Another construction is the space of tempered
distributions (acting on L?(R?)), which can be found in [6]. An unitary represen-
tation of inhomogeneous SL(2, C) using a spinor representation of positive mass m,
can be found in [IJ.



We would like to give another construction, using rectangular surfaces in R*.
Clearly, the area of a surface is invariant under spatial rotation. Suppose we have a
rectangular surface in the 2° — 2! plane. If we give it a boost in the x!-direction, be-
cause of time-dilation and length contraction, we see that the area of the rectangular
surface remains invariant.

However, if we boost in the 22 direction, then the area is no longer invariant.
But this motivates us to look at surfaces in R*, and we consider an inner product
that is associated with the area of a surface. We can generalize this idea as given in
the next section, by considering a field over a surface.

An unitary representation of inhomogeneous SL(2, C) appears in the Wightman’s
axioms. See [I]. A construction of a 4-dimensional quantum field theory that satis-

fies Wightman’s axioms, is required to prove the Yang-Mills mass gap problem, as
described in [8].

3 Quantum Hilbert Space

Notation 3.1 We will let I = [0,1] be the unit interval, and I*> = I x I. The
variables s,5,t,t will take values in I and 5 = (s,5), t = (t,1) € I>. And dé = dsds,
dt = dtdt. Typically, s,5,t,t will be reserved as the variable for some parametriza-
tion, i.e. p:s I R

To construct a Hilbert space .7 for which SL(2,C) acts on unitarily, we need a
finite dimensional real vector space V, of which { E“}X_, is its orthonormal basis. We
endow a real inner product (-, -) on V. Extend this inner product to be a sesquilinear
complex inner product, over the complexification of V, denoted as V¢ = V @z C.

Hence, it is linear in the first variable, conjugate linear in the second.

Definition 3.2 (Time-like and space-like surfaces)

Let S be a rectangular surface in R*, contained in some plane. By rotating the spatial
azxes if necessary, we may assume without any loss of generality, that a parametriza-
tion of S is given by {(a®+sb°, at, a®+ sb?, a® +tb*)T € R*: s,t € I}, for constants
a®, b € R. Now, the surface S is spanned by two directional vectors (b°,0,b%, 0)T
and (0,0,0,6%)T. Note that (b°,0,6% 0)T lie in the 2° — 22 plane and is orthogonal
to (0,0,0,6%)T.

We say a rectangular surface S is space-like, if |b°| < |b?|, i.e. the acute angle
which the vector (1°,0,b% 0)T makes with the x*-azis in the 2° — 2*-plane is less than

/4.



We say a rectangular surface S is time-like, if |b°| > |b?|, i.e. the acute angle
which the vector (1°,0,b% 0)T makes with the x°-azis in the 2° — 2*-plane is less than
/4.

Remark 3.3 Let S be a rectangular surface in R* contained in some plane, and T'S
denote the set of directional vectors that lie inside S.

Write 7 = (v°,v) = (v°, v, 0%, 03) € T'S, and define [v|*> = (v1)? + (v*)? + (v3)2.
An equivalent way to say that S is time-like is

0]

inf <1. (3.1)

dvers (v9)2

And we say that S is space-like if

[0]*

67&151625 (00)2 > 1. (3.2)
By definition, a time-like surface must contain a time-like directional vector in
it. Since under Lorentz transformation, a time-like vector remains time-like, we see
that a time-like surface remains time-like under Lorentz transformation. Similarly,
a surface is space-like means all its directional vectors in the surface are space-like.
Under Lorentz transformation, all its directional vectors spanning S remain space-
like, hence a space-like surface remains space-like under Lorentz transformation.

In the rest of this article, we will only consider surfaces which contain rectangular
surfaces contained in some plane, which are space-like.

Suppose we consider a time-like surface contained in some plane, i.e. let ¢ € R
such that coth¢ = |0°|/|b*| > 1. Then we can write b° = acosh ¢, b* = asinh ¢,
¢ > 0. When the surface is space-like, then we will write b° = « sinh ¢, b*> = a cosh ¢,
« is a non-zero constant. Hence, we can parametrize a time-like rectangular surface
with

a’ + sa cosh ¢ a’ coshg 0 sinh¢ 0 as
1 1
(5,) € I> ) a _ a2 n ‘O 1 0 0 0 :
a” + sasinh ¢ a sinh¢p 0 cosh¢ 0 0
a® + tpv? a’ o 0 0 1 Btb3
a space-like rectangular surface with
a® + sasinh ¢ a’ cosh¢ 0 sinh¢ 0 0
1 1
(S, t) € _[2 — 2 ¢ == ag + . 0 L 0 0 0 )
a” + sa cosh ¢ a sinh¢ 0 cosh¢ 0 as
a® + b3 a’ 0 0 0 1 [y’
(3.3)



whereby « and [ are some fixed non-zero constants.

In this article, when we say surface S, we mean it is a finite, disjoint union of
space-like rectangular compact surfaces in R*, containing none, some or all of its
boundary points.

Definition 3.4 (Surface)
Any surface S = {S, :u=1,...,n} CRY, satisfies the following conditions:

e cach connected component S, is a rectangular surface in R* contained in some
plane, which is space-like;

e cach connected component S, may contain none, some or all of its boundary;
e S, NS, =0if uz#uv;

e S is contained in some bounded set in R*.

Given 2 surfaces, S and S, we need to take the intersection and union of these
surfaces. Now, the union of these 2 surfaces can always be written as a disjoint
union of connected sets, each such set is a surface, containing none, some or all of
its boundary points. However, the intersection may not be a surface. For example,
the two surfaces may intersect to give a curve. In such a case, we will take the
intersection to be the empty set ().

Definition 3.5 Let Sy be a compact rectangular space-like surface inside the x* — 23

plane. From Equation (3.3), we see that any rectangular space-like surface S can be
transformed to Sy by Lorentz transformations and translation. Let eg = (1,0,0,0)7
and e; = (0,1,0,0)7 be time-like and space-like vectors respectively.

We say that {fo, fl} s a frame for a compact space-like surface S contained in
some plane, if there exists a sequence of Lorentz transformations Ay,--- A, and a
translation by @ € R*, such that

e S=A,---ANSy+a;
o fo=A, - Aeg € R*; and
o fi=A, - Ae €R:

Remark 3.6 Observe that fo 15 time-like and f1 is space-like, both in R*, satisfying
the following properties:



o fo-Z=fi-Z=0 for any directional vector & in S;
e fo-fi=0and
o forfo=—1and fi-fi=1.

Given a space-like surface S = |, , Sy, each S, is a compact rectangular space-
like surface contained inside some plane, we will write {f{', fI'}u>1 to denote a col-
lection of frames for S, such that each {f¥, fi} is a frame for S,,.

Consider the trivial bundle R* x V¢ — R*. The Hilbert space # will consist
of vectors of the form ) > (S,, f* ® E*,{ fé‘, fu}), whereby S, is some space-like
surface in R* as described above, f* will be some (measurable) complex-valued
function, which is defined on the surface S, and { fé‘, f}‘} is a frame for each surface
S, contained in a plane as described in Definition 3.5l We sum over repeated index
a, from o = 1 to N. Let o :[0,1] x [0,1] — R* be a parametrization of S. The
complex-valued function f, is said to be measurable on S, if f, o0 : [0,1]> — C is
measurable.

Remark 3.7 One should think of f* ® E* as a section of the vector bundle R* x
Ve — R4, defined over the surface S,. Henceforth, it will be referred to as a field
over S,. If ¥ € S,, then the field vector at & will be given by fX(Z¥) ® E.

Let S and S be rectangular space-like surfaces contained in a plane. Given
scalars A and p, we define the addition and scalar multiplication as

A(S fa® B {fo, fi}) + 1 (8,90 @ B o, /1})
= (SUS, (Mot o) © B (o 1)) . (34)

Here, we extend f, to be fa:SUS = Rby fulp) = falp) if p € S; otherwise
f(p) = 0. Similarly, g, is an extension of g,, defined as g,(p) = ga(p), if p € S, 0
otherwise.

Remark 3.8 For the above addition to hold, we require that the frame {fo, fl} on
S and S to be the same.

Definition 3.9 Given a bounded surface S = \J._, Su, each S, equipped with a
frame {f¥, f*}, and a set of bounded and continuous complez-valued functions { f*}N_, |
uw > 1, defined on S, form a vector ) " _ (S, f*® E®, {fé‘, flu}) Note that for each
u, f@® E is a vector field over S,, with S, contained in some space-like plane,
equipped with a frame { fg, ff} Let V' be a (complex) vector space containing such

vectors, with addition and scalar multiplication defined by Equation (3.4).
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Remark 3.10 The zero vector can be written as (S, 0, {fo, fl}) for any space-like
rectangular surface S contained in a plane, equipped with any frame { fo, f1}.

We want to make V' to be a normed space. We can define the following inner
product.

Definition 3.11 For a surface S, define [gdp as in Corollary (B4 Assume that
S and S be space-like surfaces, contained in a plane. Let o : I*> — SN S be a
parametrization. Define an inner product (-,-) for (S, fa ® E®, {fo, f1}> ev,

(57 gs ® EB? {§07§1}> S V, given by

(S fa @ B Lo £1}) (S99 @ B” g0, n}) )
N

= Z . foz% dp <Ea>Eﬁ>
a,B=1 SnS

=Y X [ hleOme e I (55

a,f=10<a<b<3

provided {fo, fl} = {Go, 1 }. Otherwise, it is defined as zero.

For a surface S, [ ¢ dp gives us the area of a surface S. See Corollary [B.2] and
its following remark. Unfortunately, area of a surface is not invariant under boost.
Therefore, the above inner product will not be invariant if we boost S. Hence we
will not consider this inner product.

Given a surface S, let o be any parametrization of S. We can define |, ¢ dp using
this parametrization o as given in Definition [B.Il Now, replace o = (09, 01, 02, 03)
with ¢ = (i0g, 01, 02,03) and hence define |, ¢ dp as given in Definition B.3l Essen-
tially, we change the time component in the formula for |, ¢ dp to be purely imaginary.
Now we will define and use the following inner product in the rest of this article.

Definition 3.12 Refer to Definition [BA for the definition of [¢d|p|, for a surface
S. Assume that S and S be space-like surfaces, contained in a plane. Let o : 12 —
SNS be a parametrization. Define an inner product (-,-) for (S, fa ® B, {fo, f1}> €



V, (5’, gs @ EP, {go,gl}) eV, given by
(5 fu® B Afo. 11}) (8,95 @ B g0, 1}) ) = S [t sl (5. 5)

opo1 78NS
= [ sl

O67/3:]‘

> A (8)[det J7)(3)| ds (B, B,

0<a<b<3

provided {fo, fl} ={G0, 1 }. Otherwise, it is zero.

Denote its norm by |-|. Let € denote the Hilbert space containing V', using the
said inner product.

Remark 3.13 The integrals in Definitions [3.11 and [3.12 are independent of the
choice of parametrization o.

Proposition 3.14 The Hilbert space F is non-separable.

Proof. Consider a compact rectangular surface Sy contained in the x? — a3

plane, with {eg, e1} as its frame. Then, we see that
{(So + a, E“ {eg,e1}) : @ €R}

is an uncountable set of vectors in 7, since
<(50 + d, B, {eo, 61}>, (So +0, E°, {eo, 61})> =0,

if @ # b. Thus this uncountable set consists of an orthogonal vectors, hence the
Hilbert space is non-separable. ]

4 Unitary representation of inhomogeneous SL(2, C)

Given a vector & € R* {a@, A} acts on ¥ by Z — AZ + a. By abuse of notation, for
a surface S, {@, A} acts on S by S — AS + @, which means first apply a Lorentz
transformation Y'(A) to the surface S, followed by translating the surface Y (A)S by

—

a.

Let (Z,7) := 22:0 1%® be the usual scalar product in R*. (Compare with the
Minkowski metric given in Equation (LI]).) We will now define a unitary represen-
tation of the inhomogeneous SL(2, C), acting on 7.
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Definition 4.1 (Unitary Representation of the inhomogeneous SL(2,C))
Choose 2 numbers H and P, which are fized. There is a continuous unitary repre-
sentation of the inhomogeneous SL(2,C), {a, A} — U(d,A). Now, U(d,\) acts on
the Hilbert space F€, by

(S 1 ® B Lo, f1}) 1 UG A) (S, fa @ B o f1})

U@ ) (S fa @ B {fo. /1})
- (AS + @, e~ lE AN PA £ IAT1(. — @) @ B*, {Afy, A fl}) L 4)

Here, S is a space-like surface contained in some plane.

Remark 4.2 1. The unitary representation depends on ﬁ,fj € R, which are
fized.

2. Let us explain the formula on the RHS of Equation({{.1). Suppose o : I* — S
is a parametrization for S. Then Ao+d =Y (A)o+ad will be a parametrization
for Y(A)S + d. And, the field at the point ¥ := Y (A)o(5) + @ € AS + d, is
given by

o~ ila(HY (M) fo+ PY (M) f1)] LY (A& - a)] ® B
= ¢ EHEHY WS tPYMA £ 15(5)] @ E°.

We will now prove that U(d@, A) is unitary and that U is a unitary representation
of the inhomogeneous group SL(2, C).

Theorem 4.3 The map U(d,\) defined on S is unitary, using the inner product
(-,-) as defined in Definition [3.12

Proof. We will first show that it is a representation. Given {b,T},{@ A} from
SL(Q, (C), we have (go = Afo,@l = Afl)

—

UE.D)UEA) (. Ju® B {fo. [1})
U(g, F) (AS + C_I:, efi[d-(ﬁQOerm)}fa[Afl(. B L_i)] Q Eoz7 {QO;@I})

-

PAS + T+ 5, Bf AT (- = ) = A™'@)] @ B, {Tg0,T91})

I
/N -7 N

TAS + T+ b, Ef,[(TA)~'(- — b — T'@)] @ E*, {TAf,, FAfl}) :



whereby Eis equal to

o~ ilb-(HTgo+PTg1)] ,—ila-(Hgo+Pn)] — ,—il(5+T@) TAH fo+Pf1)]

because I't - 'y = & - 3.

Hence, we see that
UED)U(,A) (S, fa® B {fo. fi}) = UG+ TaTA) (S, fa © B {fo f1})

Write

Z 42 det J‘7

0<a<b<3

Note that multiplication by €% is unitary, ¢ € R. By definition, g, is invariant under
translation. From Equation (4.J), it is clear that the inner product in Definition
will be invariant under translation U(d, 1). We will now check that it is unitary
under a Lorentz transformation A.

Let o : I? — R* be a parametrization of a compact rectangular surface S. Under
a Lorentz transformation A, the surface AS can be parametrized by Ac. From
Equation (B.H), we have that gr, = f,, pointwise under Lorentz transformation.

From Definition 3.12]

S | Fulo ()Tl ()ds (B2, )
a,B=1 I2
S / Ful (8T (5 Baol(3)ds (B, )
a,f=1
-y | Sl @gaa@)Ig |55 (B, B, (4:2)
a,f=1

A Lorentz transformation

For the reader who is not familiar with Lorentz transformation, we have included
this section for his convenience. Let ¢ > 0 be the speed of light. Given two frames
F and F', let F’ move with velocity v in the z! direction. Let 3 = v/c and because
v < ¢, we have —1 < g < 1.
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Suppose (z°, x) are the coordinates of an event recorded by an observer in F and
(2°, %) are the coordinates of the same event recorded by an observer in F”. Then,
we have the following coordinate transformation {z®}3_, — {7°}3_,,

5.0 B 0
<;1>:7(_1ﬁc 1c)<§1>7 572:3727 573:3737 <A1>

1

Such a transformation is linear and we say it is a Lorentz boost in the 2! direction.
One can write down similar transformations for boosts in the z? and z*® directions.

whereby

Its inverse transformation will be given by

0 B 7.0
R L A

We are going to write the transformation in terms of hyperbolic functions. Define
¢ via # = tanh ¢ or ¢ = tanh™' 8 which is well-defined, because —1 < 3 < 1. Then,
1 — 3% = sech®¢, so we have v = cosh . Hence, v = sinh (.

We can now rewrite Equation (A]) in terms of hyperbolic functions,

70 cosh ¢ __sinh¢ 20 ~2 . .
(fl)_<—CSinhC cosh ¢ g e, =T

Compare this with rotation about the z3-axis,
x! ., [ cos f —sinf x! RN
x? sinf  cos@ 2 ) '

B Surface Integrals

Let S be a surface embedded in R* and o = (0,01, 02,03) : [0,1]* = I? — R? be its
parametrization. Here, ¢’ = do/0s and ¢ = do /0t.

Definition B.1 Let o : [0,1]> = I? — R?* be a parametrization of a surface S C R%.
Fora,b=0,1,2,3, define Jacobian matrices,

) = (T )t

a;(s,t) ap



and write |J%| = \/[det J9]2 and W< = J2,J%7", a,b,¢,d all distinct. Note that
Wer = (Wg)™
For a,b, c,d all distinct, define p?® : I* — R by

a 1 Ja
pgb — = | b| . (Bl)

\/ det |1+ W Wi \/ det | J5" T, + I Jg)

Corollary B.2 Define

oo

which gives us the area of the surface S.

Z/ b(s,1)|J%|(s, 1) dsdt,
e

0<a<b<3

Remark B.3 Note that fs dp is clearly independent of the choice of parametrization
used. When S is a rectangular surface in x* — a7 plane, a direct calculation will show
that it gives us the area of a surface S. To show that it is indeed the area, we will
show in the next lemma, that it is independent of the choice of orthonormal basis,
hence showing that it is the area.

Lemma B.4 We have fs dp is independent of the orthonormal basis used in R*,

Proof. We let (-, -) denote the standard inner product on R*, and {ey, ey, €9, €3}
be an orthonormal basis for R*. Note that (-,-) will induce an inner product (-,-),
on the second exterior power A?R*, and

{60 N €1, € A\ €9, € A €3, €1 A €9, €3 A €1,€1 A 62}

is an orthonormal basis. See [7].

Let & = Ao, A is an orthogonal matrix. We will first show that J%"J%, +J%" J2,
is independent of any orthonormal basis used. We will only show for a =0, b = 1,

c=2,d=3.

Now, we see that )
(JO; ) — Alo',5) = (Ad’, AG),
J33
therefore

o & & 0-7T OJ’T ;. CT/,CT/ U/,d'
Jo; J1+J23TJ23—(0 )ATA<(7 o) = (dT)<U,U):<<. ,>> < >)
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Indeed, we see that
6,1 16 6T 76 o',a') {o',o
Jab ab+ch cd:<<0'_ > < >)7 <B3>
for any distinct a, b, ¢, d, and hence

det [le;T o+ J fd] = (o' NG, 0" NG)o.

, .
det Jg, = det < <Z,’ €a) <(.7’ €a) ) = (0" N, eq N ep)a.
Therefore,
det Jo, = det J43° = (Ad’ A Ad,eq Ney)y = (0! N, ATe, A ATey)s.

Note that the linear transformation e, A e, — ATe, A ATe; is an orthogonal trans-
formation, if A is an orthogonal 4 x 4 matrix.

Hence,
JO' 2
YIAVAREDS il
0<a<b<3 0<a<b<3 , [ det [JgéTng + J;}TJ;J
|J£a 2
— D
0<a<b<3 , [det |:JA07TJAU + JAavTJAU]
- - ab ab cd cd
-y il
oeter fio [+
S (0" N6, ATey A ATey)s
= . \1/4
0<a<b<3 L <U//\‘770'//\0'>2/
- 2
o' No,eq Ne
-y |[TAra bf/i] = Y g B
!/ S !/ S
0<a<b<3 _<0' NG 0" No), 0<a<b<3
This completes the proof. [ ]

Area of a surface is invariant under spatial rotation, but it is not invariant under
boost. To construct an unitary representation of the Lorentz group, we need to
consider imaginary time-axis. Instead of using p% as defined in Equation (B for
some parametrization o for S, we will replace the time component oy with imaginary
time i0g.
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Definition B.5 Let o : [0,1)> = I? — R* be a parametrization of a surface S C R%.

Fora,b=0,1,2,3 and a < b, define Jacobian matrices,

, ng(sv t)7 a 7& O;
7(s,t) = (w(’l(s,t) ida(s,t)) 40

oy (s,t) ap(s,t)
For a,b, c,d all distinct, define p2° : S — C by
det jgb

/)gb T )
\/ det [J;’I;T Jo, + JoT Jgd]

and

[ar= 3 [ e iz as
12

0<a<b<3

Jad=[| ¥ weke e

0<a<b<3

ds.

Lemma B.6 Let S be a compact time-like or space-like surface, contained in a
plane. Then fs dp and fs d|p| remain invariant under any Lorentz transformation

A: S+ S=AS, A isadx4 Lorentz matriz.

Proof. Let o : I? — S be a parametrization of S. Then 6 = Ao is a parametriza-
tion of S = AS. Since ¥ -y is invariant under Lorentz transformation, we have from

Equation (B.4)),

Z A ldet J3)) = \/[5” ' - 6] — [o" - 6]

0<a<b<3

= V7o 6]~ o7 5P
= Z py [det ng]

0<a<b<3

This shows that [sdp = [gdp and [ d|p| = [ d|p].

(B.5)

Remark B.7 1. When S is a surface in spatial R®, we see that [ d|p| = [ dp,

which is the area of the surface S.

2. Note that fs dp can be complex valued.
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