arXiv:2303.00254v2 [math.GR] 17 Jun 2023

On the converse of Gaschiitz’
complement theorem

Benjamin Sambale*

November 30, 20231

Abstract

Let N be a normal subgroup of a finite group G. Let N < H < @ such that N has a complement in
H and (|N|,|G: H|) = 1. If N is abelian, a theorem of Gaschiitz asserts that N has a complement
in G as well. Brandis has asked whether the commutativity of N can be replaced by some weaker
property. We prove that N has a complement in G whenever all Sylow subgroups of N are abelian.
On the other hand, we construct counterexamples if Z(N) N N’ # 1. For metabelian groups N,
the condition Z(N) N N’ = 1 implies the existence of complements. Finally, if N is perfect and
centerless, then Gaschiitz’ theorem holds for N if and only if Inn(/V) has a complement in Aut(V).
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1 Introduction

It is a difficult problem to classify all finite groups G with a given normal subgroup N and a given
quotient G/N. The situation becomes much easier if N has a complement H in G,i.e. G = HN and HN
N = 1. Then G is determined by the conjugation action H — Aut(N) and G = N x H. A well-known
theorem by Schur asserts that N always has a complement if N is abelian and ged(|N|, |G : N|) = 1.
Zassenhaus [28, Theorem IV.7.25| observed that the statement holds even without the commutativity
of N (now called the Schur—Zassenhaus theorem). Although we are only interested in the existence
of complements, we mention that all complements in this situation are conjugate in G by virtue of
the Feit-Thompson theorem. In 1952, Gaschiitz [8, Satz 1 on p. 99| (see also [13 Hauptsatz I11.17.4])
found a way to relax the coprime condition in Schur’s theorem as follows.

Theorem 1 (GASCHUTZ). Let N be an abelian normal subgroup of a finite group G. Let N < H < G
such that N has a complement in H and gcd(|N|,|G : H|) = 1. Then N has a complement in G.

Unlike Schur’s theorem, [Theorem 1] does not generalize to non-abelian groups N. The counterexample
of smallest order is attributed to Baer, see [22) p. 225|. In modern notation it can be described as
a central product G = SL(2,3) x C4y (= SmallGroup(48,33) in the small groups library [7]) where
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N = Qs < G has a complement in a Sylow 2-subgroup H = Qg * C4y < G, but not in G (here, Qg
denotes the quaternion group of order 8 and Cj is a cyclic group of order 4). A similar counterexample,
given by Hofmann [I2 pp. 32-33| and reproduced in Huppert’s book [I3| Beispiel 1.18.7], has order
|G| = |G : H||H : N||N| = 2-3%.33 Finally, a more complicated counterexample of order 2732
is outlined in Zassenhaus’ book [28 Appendix F, Exercise 5]). We produce more general families of
counterexamples in

Although Gaschiitz did obtain some non-abelian variations of his theorem, he confesses:
“Ihre Verallgemeinerung auf nichtabelsche Erweiterungen ist mir bisher nicht gelungen. ’

Brandis [3] not only gave a very elementary proof of [Theorem 1] (avoiding cohomology), but also
replaced abelian groups by solvable groups under further technical assumptions. However, he concludes
like Gaschiitz with:

“Insbesondere wire es interessant zu wissen: gibt es eine grofiere Klasse R von Gruppen,
als die Klasse der abelschen Gruppen, so daf falls A € R folgt: der Satz von Gaschiitz ist
fiir A anwendbar. ’E

Following his words we say that Gaschiitz’ theorem holds for N if for every embedding N < H < G
such that N <G, ged(|N|, |G : H|) = 1 and N has a complement in H, then N has a complement in
G. By analogy to the notation of control of fusion/transfer one could say that H controls complements
of N in GG. Our main theorem generalizes Gaschiitz’ theorem as follows:

Theorem 2. Suppose that all Sylow subgroups of N are abelian. Then Gaschiitz’ theorem holds for N.

The proof of [Theorem 2| follows easily from a forgotten theorem of Semetkovﬁ, which is presented and
proved in the next section. We further collect and prove numerous other theorems on the existence of
complements in that section. In the last section we construct counterexamples to show the following
among other theorems:

Theorem 3. If N'NZ(N) # 1, then Gaschiitz’ theorem does not hold for N. In particular, it does not
hold for nonabelian nilpotent groups.

2 On the existence of complements

Our notation is standard apart from the commutator convention [z,y] := acyacflyfl for elements x,y
of a group. The commutator subgroup, the center and the Frattini subgroup of G are denoted by
G' =[G, G), Z(G) and ®(G) respectively. For H < G and = € G we write *H = xHz~!. We will often
use the following elementary fact: If K is a complement of N in G and N < H < G, then H N K
is a complement of N in H. Indeed, by the Dedekind law we have N(HNK) = NK N H = H and
(HNK)NN = 1. The same argument shows that KM /M is a complement of N/M in G/M for every
normal subgroup M < G contained in N.

MTheorem 1] implies that an abelian normal subgroup N < G has a complement in G if and only if for
every Sylow subgroup P/N of G/N, N has a complement in P. This was improved by Semetkov [23]
Theorem 2| as follows (a very similar result for solvable groups appeared in Wright [26) Theorem 2.6]).

"Translation: I did not yet succeed with their |his theorems| generalization to non-abelian extensions.

2Translation: In particular, it would be of interest to know: is there a bigger class R of groups, than the class of all
abelian groups, such that if A € R, then Gaschiitz’ theorem applies to A.

3the transliteration Shemetkov is also used in the literature



Theorem 4 (SEMETKOV). Let N G such that for every prime divisor p of |G : N|, N has an abelian

Sylow p-subgroup P, and P has a complement in a Sylow p-subgroup of G. Then N has a complement
in G.

Since this result is not very well-known, we provide a proof for the convenience of the reader. Semetkov’s
original proof (reproduced in Kirtland’s book [I5] Theorem 4.9]) is rather involved an depends on a
lemma of Huppert. A shorter proof relying on Walter’s classification of the simple groups with abelian
Sylow 2-subgroups was given by Baki¢ [2] Theorem 5|. We combined ideas from both proofs to give a
short elementary argument. The first lemma generalizes the Schur—Zassenhaus theorem (noting that
|H,| divides |H|).

Lemma 5. Let N <G and H < G such that G = HN. Then there exists Hy < H such that G = HiN
and Hi NN < ®(Hy). In particular, |H1| and |G : N| have the same prime divisors.

Proof. Choose H; < H minimal with respect to inclusion such that G = H;N. Note that Hy N N is
normal in Hy. Let M < H; be a maximal subgroup of Hy. If H{N N g M, then Hy = M(H;NN) and
we obtain the contradiction G = H{N = M N. Hence, H; NN is contained in all maximal subgroups of
H, and it follows that H; N N < ®(H;). In particular, H; N N is nilpotent. Since G/N = H,/H1 NN,
the prime divisors of |G : N| divide |Hq|. Conversely, let p be a prime divisor of |Hy|. Suppose that
p does not divide |Hy/H; N N|. Then Hy N N contains a Sylow p-subgroup P of Hj. Since H; N N
is nilpotent, it follows that P is the unique Sylow p-subgroup of H; N N < H; and therefore P < H;.
By the Schur—Zassenhaus theorem, P has a complement K in Hy. Now K lies in a maximal subgroup
M < Hyp, but so does P < HHNN < ®(Hy). Hence, H; = PK < M, a contradiction. This shows that
p divides |[H1/H; N N| = |G : NJ|. O

The following theorem introduces a new parameter in order to perform induction.

Theorem 6. Let N < G. Let 7 be a set of primes p such that there exists a Sylow p-subgroup P of
G such that PN N s abelian and PN N has a complement in P. Then there exists H < G such that
G = HN and no prime divisor of |H N N| lies in 7.

Proof. We argue by induction on |G| + |N| + |r|.

Case 1: N' < N.

Choose a prime p such that M := OP(N) < N. If M = 1, then the claim follows with G = H (if p ¢ )
or from [Theorem 11 (if p € 7). Thus, let M # 1 and G := G/M. Let ¢ € 7. By hypothesis, there exists
a Sylow g-subgroup G, = N, x R of G, where N, € Syl (V) is abelian. Obviously, N, < G, are Sylow
subgroups N and G respectively and E is abelian. Since RN N < RNG;, NN = RN N, =1 we
have N,M N RM = (N,M N R)M = M and G, = N; x R. By induction there exists K/M < G with
G = KN such that (K N N)/M is a 7’-group.

For g # p, every Sylow ¢-subgroup of M is also a Sylow g¢-subgroup of N and has a complement
in K. Now let ¢ = p and K, € Syl,(K). By another theorem of Gaschiitz (see [I3| Satz IV.3.8|),
M = OP(K,M) has a complement R in K,M. We have

(B = |],M : M| = |K, : K, M| = |K : M],

By Sylow’s theorem, R must normalize a Sylow p-subgroup M, of M, because their number is 1 modulo
p. Now R is a complement of M, in the Sylow subgroup M, x R of K. Since M < N, the claim holds



for M < K by induction. Thus, there exists H < K with K = HM such that H N M is a 7’-group.
Now G = KN =HMN = HN. Since

(HNN)/(HNM) = (HNN)M/M = (KNN)/M,

also H N N is a 7’-group.

Case 2: N = N'.

For m = @ the claim holds with G = H. Hence, let p € m and 7 := 7 \ {p}. By induction there exists
K < G with G = KN such that K N N is a 7/-group. We may assume that K N N is not a 7’-group,
i.e. p divides |[K' N N|. Let P € Syl,(K N N). By Lemma 5 we may assume that K " N < ®(K). In
particular, K N N < K is nilpotent and P = O,(K N N) < K < Ng(P). Consider

L := KCy(P) < Ng(P).

By hypothesis, there exists an abelian Sylow p-subgroup N, of NV containing P. Then N, € Syl,(Cn(P))
and N, has a complement in L. Let ¢ € 7. A Sylow g-subgroup K, of K normalizes some Cn(P), €
Syl,(Cn(P)). Since K N N is a 7'-group, K, N Cn(P); = 1 and Cy(P), x K, € Syl (L). By [13,
Satz IV.2.2] (a generalized version of a theorem of Taunt [25, Theorem 4.1]), N,NZ(N) = N,NZ(N)N
N’ = 1. In particular, Cy(P) < N and we are allowed to apply induction to Cy(P) < L. This yields
H < L with L = HCy(P) such that H N Cy(P) is a 7’-group. Then G = KN = KNy(P)N = LN =
HN. Since |N : Cn(P)| # 0 (mod p),

(HNON)/(HNCn(P)) = (HNN)Cn(P)/Cn(P)
is a p/-group. On the other hand,
(HNN)Cn(P)/Cn(P) = (KN N)Cn(P)/Cn(P) = (KNN)/(KNCn(P))

is a 7/-group. Altogether, H N N is a 7’-group. O

Proof of [Theorem 4} Let  be the set of all prime divisors of |G : N|. By [[heorem 6l there exists H < G
with G = HN such that H N N is a 7’-group. On the other hand, we may assume that H N N is a
m-group by [Lemma 5l Hence, HN N = 1. O

We are now in a position to prove our main result.

Proof of [Theorem 2. Let N < H < G such that NG, ged(|N|,|G : H|) = 1, and N has a complement
K in H. Let p be a prime divisor of |G : N|. By Sylow’s theorem, a given Sylow p-subgroup @ of
K is contained in a Sylow p-subgroup P of H. Then PN N < P is a Sylow p-subgroup of N and
P = (PN N) x @ by comparing orders. By hypothesis, P N N is abelian. If p { |[N|, then PN N =1
obviously has a complement in a Sylow p-subgroup of G. On the other hand, if p divides |N|, then
p1|G: H| and P is a Sylow p-subgroup of G. Again PN N has a complement. By Semetkov’s theorem,
N has a complement in G. U

Another source of examples to Brandis’ question comes from a splitting criterion by Rose [I8, Corol-
lary 2.3| (obtained earlier by Loonstra [I6l Satz 4.3 and Satz 5.1] in a less concise form).

Theorem 7 (ROSE). For every finite group N the following assertions are equivalent:

(1) Z(N) =1 and the inner automorphism group Inn(N) has a complement in Aut(N).



(2) If N is a normal subgroup of some finite group G, then N has a complement in G.
Since Rose’s arguments are tailored for infinite groups, we provide a more direct proof.

Proof. Suppose that (1) holds. Let N 4G and M := Cg(N) < G. Then NN M = Z(N) = 1 and
Inn(N) 2 N =2 NM/M < G/M < Aut(N). Hence, there exists K/M < G/M such that G = NK
and NM N K = M. It follows that NN K < NNNMNK = NN M = 1. This shows that K is a
complement of N in G.

Now assume that (2) is satisfied. By way of contradiction, let Z(N) # 1 and choose a prime divisor p
of |Z(N)|. Let = € Z(N) be of order p and let p™ be the maximal order of a p-element in N. Choose
C = (y) = Cpnt1 and define
Z = ((z,y"")) < Z(G x O).

We construct the central product G := (N x C)/Z. Then the map f : N — G, g — (¢9,1)Z is a
monomorphism. By hypothesis, f(N) has a complement K < G. By construction, [f(N), K] =1 and
G = f(N)x K. Since |K| = |G|/|N| = p", G does not contain elements of order p"*!. But (1,y)Z € G
does have order p"*!. This contradiction shows that Z(N) = 1. Now Inn(N) = N has a complement
in Aut(G) by hypothesis. O

Many (non-abelian) simple groups N satisfy Rose’s criterion. For instance, all alternating groups apart
from the notable exception Ag. The exceptions among the groups of Lie type were classified in [I7]
(see also [2]). For centerless perfect groups (i.e. Z(N) = 1 and N’ = N) we will show in [Theorem 17
that Rose’s criterion is actually necessary to obtain Gaschiitz’ theorem.

A group N is called complete if it satisfies the stronger condition
(1") Z(N) =1 and Inn(N) = Aut(N).

In this case N has a unique normal complement in G (whenever N < G). In fact, G = N x Cg(N).
Conversely, a theorem of Baer [I, Theorem 1| asserts that N is complete if N always has a normal
complement in G whenever N < G (see [19, Theorems 7.15, 7.17]).

Starting with a centerless group G, Wielandt has shown that the automorphism tower
G < Aut(G) < Aut(Aut(G)) < ...

terminates in a complete group after finitely many steps (see [I4, Theorem 9.10]). If G is non-abelian
simple, then already Aut(G) is complete according to a result of Burnside (see [19, Theorem 7.14]). In
particular, the symmetric groups S,, = Aut(A,,) for n > 7 are complete (also for n = 3,4, 5 by different
reasons). A large class of complete groups, including some groups of odd order, was constructed in [10]
(a paper dedicated to Gaschiitz).

The following elementary observation extends the class of groups further (Out(N) = Aut(N)/Inn(N)
denotes the outer automorphism group of N).

Proposition 8.

(i) Let Ni,...,Ny be finite groups. Then Rose’s criterion holds for N1 x ... x Ny if and only if it
holds for N1,..., Ng.

(i) Let N = Ny X ...x Ny with characteristic subgroups Ny, ..., Ny < N. If Gaschiitz’ theorem holds
for Ni,..., Ny, then Gaschiitz’ theorem holds for N.



(11i) Let N be a finite group with a characteristic subgroup M such that M fulfills Rose’s criterion and

Gaschiitz’ theorem holds for N/M. Then Gaschiitz’ theorem holds for N.

(iv) Let N be a finite group with a characteristic subgroup M such that ged(|M|,|Z(N)||Out(N)]) =1

and all Sylow subgroups of M are abelian. Suppose that M has a complement in N and Gaschiitz’
theorem holds for N/M. Then Gaschiitz’ theorem holds for N.

Proof.

()

(iii)

Suppose first that Ny is a normal subgroup of a finite group G such that N; has no complement
in GG. By way of contradiction, suppose that L is a complement of Ny X ... X N in G =
G X Ny X ...X Np. Let K := Ny...N,LNG. Then

NK=N,..Ni\LNG=GNG =G

and NN K = Ny N Ny...NixL = 1, because every element of G can be written uniquely as
r1...xpy with z; € N; and y € L. But now K is a complement of Ny in G. Contradiction.
Hence, if Rose’s criterion holds for N7 X ... X N, then it holds for N7 and by symmetry also for
Ni,...,Np.

Assume conversely that Ni,..., Ny fulfill Rose’s criterion. Then Z(Ny X ... x Ni) = Z(Ny) X
... X Z(Ny) = 1. By the first part of the proof, we may assume that each Nj; is indecomposable.
Since Z(Ny) = ... = Z(Ny) = 1, every automorphism of Ny X ... x Ni permutes the N; (see [13|
Satz 1.12.6]). We may arrange the N; such that

Ny ggNkl %Nkhtl g...gNlier 2.
Then Aut(Ny x ... x Ni) = Aut(NF') x ... x Aut(N¥). In order to verify Rose’s criterion

for N1 x ... X N, we may assume that k1 = k, i.e. Ny = ... = Ni. In this case we obtain
Aut(NF) = Aut(Ny) 1 Sp. We identify Sy with a subgroup of Aut(Nf). By hypothesis, there
exists a complement Kj of Inn(Nyp) in Aut(Ny). It is easy to see that (Ky,Sk) = K; 1S is a

complement of Inn(NF) in Aut(N}).

Since every automorphism of Ny x ... x Ni_1 extends to an automorphism of N, it follows that
Ny is characteristic in Ny X ... X Ni_1. Hence, by induction on k, it suffices to consider the case
k=2 Let N < H < G such that N <G, ged(|N|,|G : H|) = 1 and N has a complement K
in H. Then N; and Ny are normal in G, since they are characteristic in V. Moreover, K N is a
complement of Ny in H, because

NlﬂKNQ:NlﬂNﬂKNQZNlﬂ(NﬂK)NQ:NlﬂNQZL

Since |Ny| is coprime to |G : H|, Gaschiitz’ theorem applied to Ny yields a complement L of
N; in G. Now the canonical map ¢ : L — G/Nj,  — xN; is an isomorphism and we define
Ly = o Y(N/Ny) and Ly := ¢ '(H/N7). Since KN;/Ny is a complement of N/N; in H/Nj,
also Ly has a complement in Lg. Moreover, |L : Ly| = |G : H| is coprime to |Ly| = |N/Ny|.
Now Gaschiitz’ theorem applied to Ly = N/N; = Ny provides a complement Ly of Ly in L.
Then Lx "N < LgNLy =1and |Lxg|=|L: Ly|=|G: N|. Therefore, Lk is a complement of
N in G.

Let N < H =N x K <@ as usual. Since M is characteristic in N, we have M <G and KM /M
is a complement of N/M < H/M. By Gaschiitz’ theorem, N/M has a complement L/M in G/M.
By Rose’s theorem, M has a complement K in L. Now G = LN = KMN = KN and

KNN=KNLNN=KnM=1.

Therefore, K is a complement of N in G.



(iv) Let N < H < G as usual. As in () we find L < G such that G = NL and NNL = M. It suffices
to show that M has a complement in L. We do this using Semetkov’s theorem. Let P be a non-
trivial Sylow p-subgroup of M. Let @ be a Sylow p-subgroup of a complement of M in N (which
exists by hypothesis). By Sylow’s theorem, we may assume that ¢ normalizes P, so that P x Q
is a Sylow p-subgroup of N. Let R be a Sylow p-subgroup of Cg(N). Then QR is a p-subgroup
of NCg(N). Let = st € PN QR with s € Q and t € R. Then t = s 'z € NN Cg(N) = Z(N).
Since Z(N) is a p/-group by hypothesis, we obtain t = 1 and x = s € PN Q = 1. This shows
that PN QR = 1. Since G/NCg(N) < Out(N) and Out(N) is a p’-group, P x QR is a Sylow
p-subgroup of G. Hence, P also has a complement in a Sylow p-subgroup of L. Since P is abelian,
Semetkov’s theorem applies to M. O

For instance, if all non-abelian minimal normal subgroups My, ..., M, of N fulfill Rose’s criterion and
if all Sylow subgroups of N/Mj ... M, are abelian, then Gaschiitz’ theorem holds for N by [Theorem 2|

and [Proposition 8

Using [13], Satz 1.12.6], it is easy to see that N, ..., Ny are characteristic in N = Ny X ... x N if and
only if the following holds for all i # j:

(i) N; and N; have no common direct factor,
(i) ged(|Ni/N{|,|Z(N;)|) = 1.

Concrete examples for are groups of the foorm N = P x @ where P and Q are
abelian of order 9 and 12 respectively and |Z(N)| = 2 (there are four isomorphism types for N). Now

applies to N x C7 (while the other parts do not apply here).

We now recall a theorem of Carter [4, Theorem 4], which generalizes work of Higman [II], Theorem 3|,
Schenkman [21, Theorem 1] and Yonaha [27] (there is an even more general version by Shult [24] in
terms of formations, which is presented in Huppert’s book [13]). Let G* be the nilpotent residue of
G, i.e. G* is the smallest normal subgroup of G with nilpotent quotient G/G*°. Set L(G) := G and
Ly41(G) == Ly (G)* forn > 0. Then G = Lo(G) > L1(G) > ... is sometimes called the lower nilpotent
series of G. Note that G is solvable if and only if L, (G) = 1 for some n.

Theorem 9 (CARTER). Suppose that L, (G) is abelian for somen > 0. Then L, (G) has a complement
in G and all complements are conjugate.

For our purpose we also require that G/L,,(G) is abelian (hence n < 1). Recall that a group G is called
metabelian if G is abelian, i.e. G” = 1.

Corollary 10 (YONAHA). Let G be a metabelian group such that Z(G) N G' = 1. Then G’ has a
complement in G and all such complements are conjugate.

Proof. By [Theorem 9| it suffices to show that G’ = L1(G) = G*. Clearly, G* < G'. Let H < G
minimal such that G = G*°H. Then HNG*> < ®(H) by [Lemma 5l Since G/(HNG®) =2 HG>® /G* =
G /G is nilpotent, it follows that H is nilpotent (see [14, Lemma 9.19]). Suppose that N := HNG' # 1.
Since N < H, also M := NNZ(H) # 1. Now M is centralized by H and by G’ since G’ is abelian.
Hence, M is centralized by HG' = G. This yields the contradiction M < G' N Z(G) = 1. Therefore,
HNG =1=HNG™ and |G'| =|G'H : H| = |G : H| = |G*H : H| = |G*|. This shows not only
that G = G, but also that G’ has a complement. For the uniqueness we refer to [Theorem 9 O

We remark that, conversely, if G* is abelian, then G* N Z(G) = 1 by [4, Theorem 1].



Theorem 11. If N is metabelian and N' N Z(N) = 1, then Gaschiitz’ theorem holds for N.

Proof. Suppose that N < H < G such that N <G, ged(|N|,|G : H|) =1 and N has a complement in
H. By M := N’ has a complement K in N and all such complements are conjugate in
N. The Frattini argument implies that G = NNg(K) = MNg(K). For x € M NNg(K) and y € K
we have [z,y] € M N K = 1. Hence,

z € MNCy(K) =N NZN) =1,

because M is abelian. Therefore, Ng(K) is a complement of M in G. Since N/M is abelian, Gaschiitz’
theorem applied to N/M < H/M < G/M yields G = NL with NN L = M as usual. As in the proof
of it suffices to show that M has a complement in L. But this is clear, since M has a
complement in G. O

Surely the proof of [Theorem 11l can be adapted to similar situations (using the Schur—Zassenhaus
theorem instead of for instance).

For the sake of completeness we also address the dual of Rose’s theorem which is probably known to
experts in cohomology.

Theorem 12. For every finite group K # 1 there exist finite groups N <G such that G/N = K and
N has no complement in G.

Proof. Again it was Gaschiitz [9] who proved a stronger statement where N is required to lie in the
Frattini subgroup of G (then G is called a Frattini extension of K). The following arguments are
inspired by [5, Theorem B.11.8]. (A cohomological proof can be given with Shapiro’s lemma, see [20]
Proposition 9.76|.) Let K = F'/R where F' is a free group of finite rank and R<JF'. Let P/R < F/R be
a subgroup of prime order p (exists since K # 1). By the Nielsen-Schreier theorem, P is free and P/P’
is free abelian of finite rank. Therefore we find P; I P with P < R and P/P; = Cp2. Let Q S F be the
kernel of the permutation action of F' on the cosets F'/P;. Then Q@ < Py and |F : Q| < |F : Pi|! < cc.

Define G := F/Q and N := R/Q. Clearly, G/N = F/R = K. Suppose that N has a complement H/Q
in G. Then (H N P)/Q is a complement of N in P/Q. Moreover, (H N P)P;/P; is a complement of
R/Py in P/P;. But this is impossible since P/P; = Ce. O

The situation of [Theorem 12 is different for infinite groups: Every group K is a quotient of a free
group F'. If F splits, then K is a subgroup of F' and therefore free by the Nielsen—Schreier theorem.
Conversely, by the universal property of free groups, every group extension with a free quotient K
splits (including the case K = 1).

We use the opportunity to mention a result in the opposite direction by Gaschiitz and Eick [6]:

Theorem 13 (GASCHUTZ, EICK). For a finite group N the following assertions are equivalent:
(i) There exists a finite group G with N < G such that NH < G for all H < G.

(ii) There exists a finite group G with N = ®(G).

(#5i) Inn(N) < ®(Aut(N)).

Many more complement theorems can be found in Kirtland’s recent book [15].



3 Some non-existence theorems

In the proof of [Theorem @ we have already mentioned [I3, Theorem IV.2.2], which implies that
ZG)NG NP <P

for every finite group G with Sylow subgroup P. Hence, in the situation of [Theorem 2l we have Z(G) N
G’ = 1. Our main theorem shows that this is in fact a necessary condition for Gaschiitz’ theorem.
Recall from the introduction that Gaschiitz’ theorem holds for NN if for every embedding N < H < G
such that N <G, ged(|N|, |G : H|) =1 and N has a complement in H, then N has a complement in
G.

Theorem 14. Let N be a finite group such that Z(N)N N’ # 1. Then for every integer ¢ > 1 coprime
to |N| there exist groups N < H < G with the following properties:

(i) N<G and H<G.
(1i)) N has a complement in H, but not in G.
(i1i) H and N have the same composition factors (up to multiplicities) and G/H is cyclic of order q.

In particular, Gaschiitz’ theorem does not hold for N.

Proof. Let 1 # Z = (z) < Z(N) N N'. Let a be the automorphism of D := N7 = N x ... x N such
that o(z1,...,29) = (xg,21,...,24-1) for all (z1,...,24) € D. Then W := D x (o) = N1 C, and
Z:=(z,...,2) € Z(W). Hence, we can construct the central product

G:=(NxW)/{((z,7%))=NxW.

We identify N, D and W with their images in G. In this sense, NNW = NN D = (z) = (z71). Now
H := ND < G has the same composition factors as N and G/H = C,. Consider

K :={z(x1,...,2q) : (z1,...,24) € D} < H.
Clearly, H = NK. For g = z1(x1,...,24) € K NN we must have (x1,...,2,) € (%) and therefore
g = 1. Hence, K is a complement of N in H.

Suppose by way of contradiction that N has a complement L in G. Note that («) is a nilpotent Hall
subgroup of G. A theorem of Wielandt asserts that every Hall subgroup of order ¢ is conjugate to ()
(see [I3], Satz II1.5.8]; if ¢ is a prime, Sylow’s theorem suffices). Since every conjugate of L in G is also a
complement of N, we may assume that o € L. It follows that LN H is an a-invariant complement of N
in H. For every d € D there exists z € N such that 2d € L. Consequently, a(d)d~! = a(zd)(xd)~! € L.
In particular, (z,27',1,1...,1) € L for all z € N. For ,5 € N we compute

(I:x’y:l7]‘""’1) = (x7x71’17""1)(y7y717]‘""’1)((yx)717yx7 1""71) EL' (3.1)
Since z € N/, we conclude that (z,1,...,1) € L. But now also
z=(z1,...,)a(z,1,...,1)...a% (z,1,...,1) € LN N.

This contradicts LN N = 1. O

Corollary 15. Gaschiitz’ theorem fails for all non-abelian nilpotent groups.



Proof. See [13], Satz I11.2.6] for instance. O
Corollary 16. If N is metabelian, then Gaschiitz’ theorem holds for N if and only if N'NZ(N) = 1.

Proof. This follows from [Theorem 111 O

We illustrate that the condition Z(N) N N’ = 1 (even Z(N) = 1) is not sufficient for Gaschiitz’
theorem in general. A given counterexample N < H < G to Gaschiitz’ theorem can be “blown up”
as follows. Let L be a finite group such that ged(|L|,|G : H|) = 1 (this is a harmless restriction in
the situation of [Theorem T4). To an arbitrary homomorphism G' — Aut(L), we form the semidirect
products G := L x G, H := L x H and N := L x N. Ilesacomplement of N in H, then K
is also a Complement of N in H. Now suppose that K is a complement of N in G. Then K L/L a
complement of N/L = N in G/L = G. Contradiction. Hence, N < H < (' is a counterexample to
Gaschiitz’ theorem.

The counterexample SL(2,3) % C4 mentioned in the introduction lives inside GL(2,5). Therefore,
Gaschiitz’ theorem does not hold for the Frobenius group N = C’52 X Qs. Indeed, Z(N) = 1. In
contrast, Gaschiitz’ theorem does hold the very similar groups C2 x Dg and C3 x Qg, because those
fulfill Rose’s criterion. So we see that the question for an individual group can be very delicate to
answer.

Other examples arise from our next theorem, which is related to Rose’s result as well.

Theorem 17. Let N be a perfect group with trivial center. Then Gaschiitz’ theorem holds for N if and
only if Inn(N) has a complement in Aut(N).

Proof. If Inn(N) has a complement in Aut(N), then the claim follows from [Theorem 71 Now assume
conversely that Inn(N) has no complement in Aut(N). We construct a counterexample similar as
in [Theorem 141 Since Z(N) = 1, we will identify N with Inn(N). Let ¢ > 1 be an integer coprime
to [Aut(NV)|. Let a be the automorphism of D := N9 = N x ... x N such that a(zy,...,24) =
(xg,x1,...,2q-1) forall (z1,...,24) € D. Then W := D x (a) = N1Cy is a subgroup of Aut(N x D) =
Aut(N)1S,11. Since the diagonal subgroup A := ((v,...,7) : v € Aut(N)) < Aut(N)?+! is centralized
by «, we can define G := NWA and H := NDA < G. As usual, we identify N, D, W and A with
subgroups of G. We show that Gaschiitz’ theorem fails with respect to N < H < G.

Note first that G/H = (o) = C,. As in the proof of [Theorem 14l it is easy to see that
(x1(21,22,...,2q) t T1,..., 24 € NJA< H

is a complement of N in H. Suppose by way of contradiction that L. < G is a complement of N in G. By
Wielandt’s theorem on nilpotent Hall subgroups, we may assume that o € L. The same computation
as in ([B.I) shows that D" < L. Since N’ = N by hypothesis, it follows that C':= C(N) = D{(«a) < L.
But now L/C' is a complement of NC/C = N in G/C = Aut(N). Contradiction. O

As promised earlier, [ITheorem 17| implies that Gaschiitz’ theorem does not hold for the alternating
group Ag.

Corollary 18. Let N be a perfect group with trivial center such that Inn(N) has no complement in
Aut(N). Then for every finite group M, Gaschiitz’ theorem does not hold for N x M.
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Proof. Let N < H < G be the counterexample for N constructed in the proof of [Theorem 17] with
q coprime to |M|. Then N x M < H x M < G x M is a counterexample to Gaschiitz’ theorem for
N x M. O

An easy variant of [Theorem 17| yields the following more technical criterion.

Proposition 19. Let N be a finite group with Z(N) = 1. Suppose that there exist k € N and an
automorphism y € Aut(N) such that ¥¥ € ITnn(N)" and (67)* # 1 for all 6 € Inn(N). Then Gaschiitz’
theorem does not hold for N.

Proof. Let G = NW A be the group constructed in the proof of [Theorem 17] (this does not require
N’ = N). Suppose that L is a complement of N in G. Then D’ < L as shown by a computation as in
@B1). Since (v,...,7) € A < G = NL, there exists 6 € N such that d(v,...,v) € L. It follows that
(67)* (7%, ..., ~%) € L. Since v¥ € N, we obtain (67)¥ € NN L = 1. Contradiction. O

applies for instance to the non-perfect group N = S50 Cy (here Aut(N) = C2 x SD1g
where SDjg is the semidihedral group of order 16).

Since there is a gap between the existence theorems in and the non-existence theorem above,
it is of interest to look at small examples. Using GAP [7], we were able to decide for every group of
order less than 144 whether Gaschiitz’ theorem holds. We put the first open case as a problem for
future research.

Problem 20. Let N := (C3 x Qg) x Cy = SmallGroup(144,187) with |Z(N)| = 2. Decide whether or
not Gaschiitz’ theorem holds for N.
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