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We present ab initio calculations of hidden magnetoelectric multipolar order in Cr2O3 and its iron-
based analogue, α-Fe2O3. First, we discuss the connection between the order of such hidden mul-
tipoles and the linear magnetoelectric effect. Next, we show the presence of hidden antiferroically-
ordered magnetoelectric multipoles in both the prototypical magnetoelectric material Cr2O3, and
centrosymmetric α-Fe2O3, which has the same crystal structure as Cr2O3, but a different magnetic
dipolar ordering. In turn, we predict anti-magnetoelectric effects, in which local magnetic dipole
moments are induced in opposite directions under the application of an external electric field, to
create an additional antiferromagnetic ordering. We confirm the predicted induced moments using
first-principles calculations. Our results demonstrate the existence of hidden magnetoelectric mul-
tipoles leading to local linear magnetoelectric responses even in centrosymmetric materials, where
a net bulk linear magnetoelectric effect is forbidden by symmetry.

Magnetoelectric (ME) materials, show a net
change in magnetization M when an external elec-
tric field E is applied or, vice-versa, change their
electric polarization P in the presence of a mag-
netic field H [1]. These materials have been a sub-
ject of active research [2–4], as the coupling of mag-
netic and electric degrees of freedom is potentially
useful, with proposed applications including low-
energy-consumption memory devices, sensors, and
transistors [5, 6]. The lowest-order, linear, contri-
bution to the ME response [7], which requires the
simultaneous breaking of space- and time-inversion
symmetries, was established to be linked to a micro-
scopic order of ME multipoles [8–12], which are odd-
parity, second-order multipoles of the magnetization
density µ(r). In their irreducible spherical form,
the ME multipoles are the scalar ME monopole (a),
the ME toroidal moment vector (t) and the ME
quadrupole tensor (q),

a =
1

3

∫
r · µ(r)d3r, (1)

ti =
1

2

∫
[r × µ(r)]i d

3r, (2)

qij =
1

2

∫ [
riµj(r) + rjµi(r)− 2

3
δijr · µ(r)

]
d3r,

(3)

which correspond respectively to the trace, the anti-
symmetric part and the symmetric traceless part of
the ME multipole tensor [12], defined as

Mij =

∫
riµj(r)d3r. (4)
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ME multipoles provide a handle for understanding
and predicting the linear ME effect starting from
the microscopic environment, since they have a one-
to-one link to the linear ME tensor αij , defined as
αij = µ0∂Mj/∂Ei|H, with µ0 the vacuum perme-
ability. Specifically, monopoles a and qx2−y2 , qz2

quadrupoles account for the diagonal isotropic and
anisotropic linear ME effect, whereas the toroidal
moments ti and the qxy, qxz, and qyz quadrupoles
are linked to the off-diagonal anti-symmetric and
symmetric linear ME effect, respectively. Analo-
gously, the second-order ME effect can be captured
by the next-higher order magnetic multipoles, the
magnetic octupoles [13]. Mij can be split into a
local atomic-site contribution, which we will focus
on in the following, and an origin-dependent, mul-
tivalued contribution, written in terms of products
of the atomic positions and magnetic moments [12].
In linear ME materials, the simultaneous breaking
of time- and space-inversion symmetries allows for a
ferroic order of local ME multipoles, consistent with
a net bulk ME effect. The set of allowed ferroically-
ordered ME multipoles is determined by the mag-
netic point group symmetry. Antiferroically-ordered
local ME multipoles can also be symmetry allowed
[12, 14], although they do not give any net contribu-
tion to the ME tensor. In centrosymmetric magnetic
materials, however, they should in principle provide
the lowest order, local ME response, even though a
net ME effect is forbidden by symmetry.

In this work, we analyze the link between the
multipolar order and the local, atomic ME re-
sponse in the isostructural materials Cr2O3 and α-
Fe2O3 (from now on Fe2O3). Both materials adopt
the corundum structure, with the centrosymmetric
point group 3̄m (space group R3̄c), and are easy-
axis antiferromagnets, below 307 K [15, 16] and
263 K [17–19], respectively. Importantly, however,
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FIG. 1. Crystal structure and magnetic order of a)
Cr2O3, b) Fe2O3. Cr, Fe and O ions are colored blue,
gold and red, respectively. Magnetic moments are in-
dicated by arrows. The atoms are numbered following
the conventional order of the Wyckoff positions. The
magnetic easy axis is parallel to the z-axis.

they have different magnetic orderings, as shown in
Fig. 1. Specifically, the magnetic order in Cr2O3

breaks both inversion and time-reversal symmetries,
whereas in Fe2O3 it breaks time-reversal symme-
try only. As a result, Cr2O3 is a well known ME
material [20–24], in which the linear ME effect was
proposed [1] and measured [25] for the first time,
whereas Fe2O3 does not show a net linear ME effect,
and instead its symmetry allows a non-relativistic,
altermagnetic spin splitting [26, 27]. Despite the dif-
ference in global symmetry, the local site symme-
tries are similar in Cr2O3 and Fe2O3. Local atomic
ME multipoles and, in turn, a local ME response,
are allowed in both compounds, as they only require
breaking of the local inversion symmetry, which hap-
pens at the specific Wyckoff sites occupied by the
Cr, Fe, and O atoms in both materials. Thus, we
expect that locally some of the special physics seen
in Cr2O3 may be preserved in Fe2O3. In this work
we explore this possibility. Our main finding is that
Fe2O3 indeed has a hidden antiferromultipolar or-
der that leads to a local anti-ME response, with a
strength that is comparable with that in ME Cr2O3.

Our density-functional calculations were per-
formed within the non-collinear local spin density
approximation (LSDA+U) [28], with spin-orbit in-
teraction included, as implemented in the plane-
wave code VASP [29, 30] and in the full-potential
linearized augmented-plane wave (FP-LAPW) code
ELK [31]. Correlation effects were dealt with by ap-
plying the rotationally invariant Hubbard U correc-

tion [32] on Fe (Cr) d states, with U = 5.5 (4.0)
eV and J = 0.5 (0.5) eV. Structural relaxations and
force-constant calculations were performed in VASP,
using projector-augmented wave (PAW) pseudopo-
tentials [33] (valence electrons: Cr 3p63d54s1, Fe
3d74s1, O 2s22p4, PAW datasets Cr sv, Fe sv, O)
with a kinetic energy cut-off of 800 eV for the wave-
functions. Brillouin Zone (BZ) integrations were
performed using a uniform Γ-centered 7 × 7 × 7
Monkhorst-Pack k-point mesh [34]. With these pa-
rameters we have accurately captured known exper-
imental band gaps and magnitudes of the magnetic
moments. We found equilibrium lattice constants
a = 5.31 Å, α = 54.87◦ for Cr2O3, 0.78% and
0.26% smaller than experiment, respectively [35].
For Fe2O3, we found a = 5.35 Å, α = 55.25◦, 1.44%
smaller and 0.03% larger than experiment, respec-
tively [36, 37]. The spin contributions to the local
diagonal and off-diagonal lattice-mediated ME re-
sponse in the xy-plane were obtained by calculating
the magnetic moments induced by an applied elec-
tric field. This response is derived from an appro-
priate superposition of the magnetic moments in-
duced by freezing in the eigendisplacements of the
four twofold degenerate Eu infrared-active phonon
modes [38]. Note that in contrast to Ref. [38], we
focus on the local atomic magnetic response. The
local magnetic multipoles and ME responses were
calculated using the ELK code. The Cr, Fe, and
O ion cores were described using muffin-tin spheres
with radii 1.0716 Å, 1.0400 Å and 0.80435 Å, respec-
tively; the APW functions and the potential were
expanded in a spherical harmonics basis, with cut-
offs lmax(apw) = lmax(o) = 12. The BZ was sampled
using a 6× 6× 6 Γ-centered k-point mesh.

When freezing in the phonons, the resulting
changes in the local magnetic moments are small at
relevant phonon amplitudes, thus extensive conver-
gence tests with respect to a wide range of variables
were performed (see the discussion in the Supple-
mentary Material). The angular parts of the mul-
tipoles were calculated by decomposing the density
matrix into its irreducible spherical tensors and ex-
tracting the relevant components [39].

As described above, the linear ME effect requires
time-reversal and inversion symmetries to be broken.
This is the case in Cr2O3, but in Fe2O3 the global in-
version symmetry is preserved. We determine which
multipoles are allowed and their subsequent arrange-
ment by studying both how each multipole trans-
forms and how the atoms permute under the 12
symmetry operations of the R3̄c space group (for
more details on the symmetry analysis see the Sup-
plementary Material). We find that on the transition
metal (TM) ions in Cr2O3 and Fe2O3, whose Wyck-
off site symmetry (3) is the same, ME monopoles
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Cr2O3 Fe2O3

Cr1 Cr2 Cr3 Cr4 Fe1 Fe2 Fe3 Fe4

mz −mCr mCr −mCr mCr −mFe mFe mFe −mFe

a −aCr −aCr −aCr −aCr aFe aFe −aFe −aFe

tz tCr −tCr −tCr tCr tFe −tFe tFe −tFe

qz2 −qCr −qCr −qCr −qCr qFe qFe −qFe −qFe

TABLE I. Symmetry-allowed magnetic moments and
ME multipoles, and their ordering on the transition
metal ions in Cr2O3 and Fe2O3. Atoms are labelled as
in Fig. 1.

a, tz toroidal moments and qz2 quadrupoles are al-
lowed, but with different ordering. We support the
results of our symmetry analysis by first-principles
calculations of the multipole components in Cr2O3

and Fe2O3 at their respective equilibrium structures.
These calculations confirm the multipolar ordering
obtained from the symmetry analysis and give us the
absolute (as opposed to relative) sign of the multi-
poles, reported in Table I, for the antiferromagnetic
domains shown in Fig. 1. Furthermore, we calculate
the size of the magnetic dipoles (2.6µB and 4.1µB

for Cr and Fe, respectively) and the angular parts
of a, tz, and qz2 ( 3× 10−3, 2× 10−5, and 2× 10−3

µB in Cr2O3 and 4 × 10−3, 7 × 10−5, and 4 × 10−3

µB in Fe2O3, respectively). We note that the multi-
pole magnitudes are of similar size in both materials,
approximately scaling with the size of the dipole mo-
ments. The ferroic ordering of a and qz2 (− − −−
in both cases) in Cr2O3 is consistent with its estab-
lished anisotropic linear diagonal ME effect. On the
other hand, in Fe2O3 the antiferroic ordering of a
and qz2 (+ +−− in both cases) suggests an antifer-
roic linear diagonal ME response, in which an exter-
nal electric field induces magnetic moments parallel
to the electric field, but in opposite directions on Fe1
and Fe2 relative to Fe3 and Fe4, such that an anti-
ferromagnetic order with no net magnetic moment
is established along the field direction. We refer to
this response as an anti -ME effect. Furthermore,
the antiferroically-ordered tz in both materials, two
orders of magnitude smaller than a and qz2 , are in-
dicative of an additional off-diagonal anti-ME effect,
with the induced magnetic moments ordered differ-
ently in Cr2O3 (Cr1 and Cr4 having opposite sign
relative to Cr2 and Cr3) and Fe2O3 (Fe1 and Fe3
having opposite sign relative to Fe2 and Fe4).

We note that, in both materials, local ME mul-
tipoles are allowed on the oxygen sites as well, as
reported in Tab. II, where the absolute signs are
obtained from the first-principles calculations. The
Wyckoff site symmetry (2) of the O atoms does not
include the three-fold axis, thus allows multipoles

O1 O2 O3 O4 O5 O6

mx m − 1
2
m − 1

2
m ∓m ± 1

2
m ± 1

2
m

my 0
√

3
2
m −

√
3

2
m 0 ∓

√
3
2
m ±

√
3

2
m

a ∓a ∓a ∓a −a −a −a

tx +t − 1
2
t − 1

2
t ±t ∓ 1

2
t ∓ 1

2
t

ty 0 +
√
3

2
t −

√
3

2
t 0 ±

√
3

2
t ∓

√
3

2
t

qxy 0 ∓
√
3

2
q2 ±

√
3

2
q2 0 −

√
3

2
q2 +

√
3

2
q2

qxz 0 +
√
3

2
q1 −

√
3

2
q1 0 ±

√
3

2
q1 ∓

√
3

2
q1

qyz −q1 + 1
2
q1 + 1

2
q1 ∓q1 ± 1

2
q1 ± 1

2
q1

qx2−y2 ±q2 ∓ 1
2
q2 ∓ 1

2
q2 +q2 − 1

2
q2 − 1

2
q2

qz2 ∓q3 ∓q3 ∓q3 −q3 −q3 −q3

TABLE II. Symmetry-allowed magnetic moments and
ME multipoles, and their ordering on the O atoms in
Cr2O3 and Fe2O3. When the sign is different in the
two materials, two signs are given, with the top sign
corresponding to Cr2O3 and the bottom one to Fe2O3,
respectively. The magnitudes (in µB) of m and the an-
gular parts of a, t, q1, q2, q3 are 7 × 10−5, 1 × 10−2,
1 × 10−2, 2 × 10−2, 4 × 10−5, 1 × 10−2 in Cr2O3 and
2×10−3, 3×10−2, 2×10−2, 2×10−2, 3×10−4, 4×10−2

in Fe2O3 respectively. Atoms are labelled as in Fig. 1.

with non-zero in-plane components (tx, ty, qxz, qyz,
qxy, and qx2−y2), in addition to the a and qz2 also
found on the TM ions, while it prohibits tz. Out of
all the multipole components on the O atoms, the
only ones ordered ferroically are a and qz2 in Cr2O3,
indicating that the O atoms also contribute to the
net ME effect in this material. All the other com-
ponents sum up to zero, as dictated by the global
symmetry, hence they do not contribute to a net ME
effect, but rather to additional anti-ME responses.

In addition to the ME multipoles associated with
the linear ME effect, magnetic octupoles are also
symmetry allowed. The relevant non-zero compo-
nents on the TM ions are O−3 and O3, following
the naming convention of Ref. [13] and, for an
applied electric field along y, are associated with
a local quadratic response in my and mx, respec-
tively [13, 40]. O3 and O−3 are ordered antifer-
roically (−−++ and−+−+, respectively) in Cr2O3,
and correspond to a second-order diagonal and off-
diagonal anti-ME effect [13]. In Fe2O3, O−3 orders
antiferroically (−+ +−) as well, but O3 orders fer-
roically (++++), which suggests that the lowest or-
der net ME response is the second-order off-diagonal
ME effect.

Now we use ab initio density functional theory
to calculate the anti-ME effects predicted by the
symmetry arguments discussed above, in Cr2O3 and
Fe2O3. Fig. 2, which summarizes our results, shows



4

FIG. 2. Local change in the in-plane magnetic moments
(∆mi) on the TM ions as a function of the applied elec-
tric field strength, with ∆mi parallel (a,b) and perpen-
dicular (c,d) to the applied electric field direction, in
Cr2O3 (a,c) and Fe2O3 (b,d). Blue squares, green di-
amonds, red triangles, and purple crosses represent the
local ∆mi on TM ions 1-4, respectively (see inset). The
sum of the induced magnetic moments on the four TM
ions (cyan circles), and the total induced magnetic mo-
ment in the unit cell (black diagonal crosses in a,d) are
shown as well. Insets in a and b sketch the (exaggerated)
linear response parallel to the applied E , by showing the
induced magnetic moments on top of the equilibrium
magnetic order.

the calculated lattice-mediated changes in the mag-
netic moments induced by an electric field pointing
along the positive y direction, for both Cr2O3 (pan-
els a and c) and Fe2O3(panels b and d), for the an-
tiferromagnetic domains shown in Fig. 1. We sepa-
rately consider the induced moments along y (panels
a and b), associated with a diagonal ME response,
and along x (panels c and d), associated with an in-
plane off-diagonal response [41]. In Fig. 2a, we see
that the moments on all the four Cr atoms in Cr2O3

show an identical linear dependence on the strength
of the applied electric field. This indicates an identi-
cal local diagonal linear ME response, adding up to a
net diagonal linear ME effect over the unit cell. This
is consistent with the ferroic ordering of a and qz2

on the Cr ions. Furthermore, the sum of the induced
local magnetic moments on the Cr atoms (cyan cir-
cles) is almost identical to the total induced mag-
netic moment per unit cell (black diagonal crosses),

showing that the response is dominated by the Cr
atoms. We remark that the sign of the response
matches that found in previous first-principles cal-
culations [38, 42]. Although not visible in the plot,
there is an additional small quadratic component to
the induced magnetic moments as a function of elec-
tric field strength, but summed over the atoms this
cancels out. This diagonal second-order anti-ME ef-
fect is consistent with the antiferroic ordering of the
O−3 octupoles mentioned above.

The local induced magnetic moments parallel to
the applied electric field on the four Fe atoms in
Fe2O3 (Fig. 2) show linear dependence on the field
strength of identical magnitude, but opposite sign;
the induced moments order pairwise, with opposite
sign for the two pairs of Fe ions, resulting in no net
induced magnetic moment in the unit cell. This lin-
ear anti-ME effect, consistent with the antiferroic
ordering of a and qz2 discussed before, is the lowest
order ME response in Fe2O3 and, to the best of our
knowledge, has not been previously discussed. In
addition to the linear contribution, we note the pres-
ence of a small local quadratic response, consistent
with the antiferroic ordering of the O−3 octupoles.

Next, we consider the induced in-plane magnetic
moments perpendicular to the applied electric field,
corresponding to the off-diagonal in-plane ME re-
sponse. In Cr2O3 (Fig. 2c), these moments show
a linear as well as a quadratic dependence on the
strength of the applied electric field, but both con-
tributions cancel out to make the net response
zero. This indicates both a linear and quadratic off-
diagonal anti-ME effect, which is expected from the
antiferroic order of tz (+−−+) and the O3 octupoles
(−−++).

Finally, in Fe2O3 (Fig. 2d), the induced in-
plane magnetic moments perpendicular to the ap-
plied electric field have a dominant anti-aligned lin-
ear dependence, with opposite sign on different pairs
of Fe atoms. The linear part of the induced moments
sums to zero, leading to no net induced moment in
the unit cell. This corresponds to an off-diagonal
anti-ME effect, following from the antiferroic order-
ing of tz, similarly to Cr2O3. We remark that in
both Cr2O3 and Fe2O3 the linear diagonal and off-
diagonal responses are of the same order of magni-
tude. Interestingly, there is also a smaller quadratic
dependence. As the summed (cyan circles) and to-
tal (black diagonal crosses) induced moments reveal,
this contribution is ferroic and does not sum to zero,
instead indicating a net bulk second-order ME re-
sponse. This is thus the lowest order ferroic ME
response in Fe2O3, and follows from the ferroic or-
dering (+ + ++) of the O3 octupoles.

In Tab. III we summarize the ME responses dis-
cussed above. We note that the proposed anti-ME
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Diagonal Off-diagonal

Cr2O3 L : ferro ME L : anti-ME

Q : anti-ME Q : anti-ME

Fe2O3 L : anti-ME L : anti-ME

Q : anti-ME Q : ferro ME

TABLE III. Summary of the in-plane ME effects found in
Cr2O3 and Fe2O3. L and Q indicate linear and quadratic
ME effects, respectively.

effect is more ubiquitous than the ferroic ME effect,
since it follows from less restrictive symmetry re-
quirements. As a consequence, a substantial fraction
of magnetic materials is expected to show a local
anti-ferroically ordered ME response.

In this work, we studied the connection between
the local ME multipolar order and the local atomic
ME response. We discussed as case studies the pro-
totypical ME material Cr2O3 and the centrosym-
metric material Fe2O3. Beyond the well established
linear diagonal ME in Cr2O3, we predicted via sym-
metry and multipole analysis an off-diagonal anti-
ME in Cr2O3 as well as both diagonal and off-
diagonal anti-ME effects in Fe2O3, and confirmed
our predictions using ab initio calculations. Addi-
tionally, we found in both materials a non-negligible
local second-order ME response, which sums to a net
response in Fe2O3, and which we rationalized with
the presence of magnetic octupoles.

Our findings allow us thus to broaden the con-
cept of ME response in ordered materials: to have
a local ME response, no global symmetry breaking
is required, hence even materials that preserve both
inversion and time-reversal (the latter with a frac-
tional translation), e.g. NiO, allow for a non-zero lo-
cal ME tensor. The only strict requirement to have
any local ME effect is the breaking of time-reversal
at the Wyckoff site. This means that materials be-

longing to magnetic space groups (MSGs) of type I
(colorless), III or IV (black-white) allow local ME re-
sponse; ordered materials of MSG II (grey), instead,
do not show any local ME response. If, besides local
time-reversal breaking, at least one atomic species
sits in a Wyckoff site that is not an inversion cen-
ter, e.g. Mn3O4 [27], a local linear ME response
is allowed, otherwise the lowest order response is
quadratic.

Our calculations show that the local linear anti-
ME response is of the same order of magnitude
as the local ferro-ME response in similar non-
centrosymmetric materials. Thus, the main chal-
lenge in measuring an anti-ME response is not the
size of the response, but rather the anti-alignment
of the induced magnetic moments, producing a van-
ishing net ME response.

In order to measure and possibly exploit such an
anti-ME response, an external electric field varying
at the length scale of the unit cell would be desir-
able as it would induce a net magnetization; this
could alternatively be achieved by exciting a coher-
ent phonon with the appropriate pattern of polar
atomic displacements. We hope that our findings
motivate further experimental investigations to mea-
sure such anti-ME effects, as well as theoretical stud-
ies to identify promising candidates with effects of
larger size.
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[26] L. Šmejkal, J. Sinova, and T. Jungwirth, Phys. Rev.

X 12, 040501 (2022).
[27] L.-D. Yuan, Z. Wang, J.-W. Luo, and A. Zunger,

Phys. Rev. Mater. 5, 014409 (2021).
[28] J. P. Perdew and A. Zunger, Phys. Rev. B 23, 5048

(1981).

[29] G. Kresse and J. Furthmüller, Phys. Rev. B 54,
11169 (1996).

[30] G. Kresse and J. Furthmüller, Comp. Mater. Sci. 6,
15 (1996).

[31] J. K. Dewhurst et al., The Elk code : An all-
electron full-potential linearised augmented-plane
wave (LAPW) code, https://elk.sourceforge.

io/ (2020).
[32] S. Dudarev and G. Botton, Phys. Rev. B 57, 1505

(1998).
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