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Effective chaos for the Kirchhoff equation on tori

Pietro Baldi, Filippo Giuliani, Marcel Guardia, Emanuele Haus

Abstract

We consider the Kirchhoff equation on tori of any dimension and we construct solutions
whose Sobolev norms oscillates in a chaotic way on certain long time scales. The chaoticity is
encoded in the time between oscillations of the norm, which can be chosen in any prescribed
way. This phenomenon, that we name as effective chaos (it occurs over a long, but finite,
time scale), is consequence of the existence of symbolic dynamics for an effective system.
Since the first order resonant dynamics has been proved to be essentially stable, we need
to perform a second order analysis to find an effective model displaying chaotic dynamics.
More precisely, after some reductions, this model behaves as two weakly coupled pendulums.
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1 Introduction and main result

We consider the Kirchhoff equation
Onu — Au(l +/ Vul? dx) =0 (1.1)
Td

on the torus T¢ T := R/27Z, in any dimension d > 1 (periodic boundary conditions), where
the unknown u = u(t,z), z € T¢, is a real-valued function.

Equation (L.I]) was first introduced by Kirchhoff [26] in 1876, to model nonlinear transverse
oscillations of strings and plates (d = 1, 2). It is a quasilinear wave equation, with cubic, nonlocal
nonlinearity and Hamiltonian structure. Given its physical relevance, equation (L.I]) has been
largely studied along the years; nonetheless, its study is still challenging, because several basic
questions remain open.

While it has long been known (Dickey [12], Arosio-Panizzi [I]) that the Cauchy problem
for (L)) is locally wellposed with initial data (u(0),0:u(0)) in the Sobolev space H%(Td,R) X
H> (T?, R), it is still an open problem whether the solutions with initial data of any given Sobolev
regularity are global in time or not. In particular, it is not even known if C* (or even Gevrey)
initial data of small amplitude produce solutions that are global in time. For initial data in
analytic class, instead, global wellposedness is known since the work of Bernstein [6] in 1940.

Moreover, below the regularity threshold H SxH %, neither local wellposedness nor illposed-
ness have been established. A partial, interesting result in this direction has been recently
obtained by Ghisi and Gobbino [13].

More general questions regard the lifespan of the solutions and their behavior as time evolves,
at least close to the equialibriulln u = 0. First of all, as a consequence of the linear theory, for
initial data of size € in H2 x H?2, the existence of the solution is guaranteed at least for a time of
the order e~2. Since (T)) is a quasilinear equation, it is not a priori obvious that one can obtain
better estimates. For instance, in the well-known example by Klainerman and Majda [27] all
nontrivial space-periodic solutions of size € blow up in a time of order e72. On the other hand,
in the papers [3], [4], [5], using techniques from the normal form theory, it is proved that for the
Kirchhoff equation the situation is more favorable. More precisely, in [3], performing one step
of quasilinear normal form, it is proved that the lifespan of all solutions of small amplitude is
at least of order e~*. This is a consequence of the fact that the only resonant cubic terms that
cannot be erased in the first step of normal form give no contribution to the energy estimates.
In [4] the second step of quasilinear normal form is computed, and it is proved that there are
resonant terms of degree five that cannot be erased and that give a nontrivial contribution to
the time evolution of Sobolev norms.

This is a starting point for describing interesting long-time dynamics for the Kirchhoff equa-
tion. The qualitative behavior of solutions of the Kirchhoff equation over long-time scales is
poorly understood, even for small, compactly Fourier supported initial data, which obey to
finite dimensional systems.

Broadly speaking, for the dynamics of small data we can look for two different types of
regimes:



e Stable regime: this is the case in which the long-time behavior of Fourier modes resembles
the dynamics of the linearized equation, namely the energy of the modes remains almost
constant over long time. We mention [5] where stable motions of equation (L.I]) are ob-
tained for a suitable set of nonresonant initial data, for which the effect of the resonant
terms of degree five remain small on a longer timescale of order e~ %. We also mention [2]
and [I1], where the existence of invariant tori is proved for a forced version of (L.I]).

e Unstable regime: in this case the nonlinear terms lead to a new type of dynamics, very
different from the linear one. Of particular interest is understanding how the nonlinear
effects create exchanges of energy among different modes.

Concerning the unstable regime, some remarkable results in literature regard the “energy
cascade” for nonlinear Schrédinger equations, where the energy travels from low to high modes
(or vice versa), in strong connection with the weak turbulence theory. Such phenomenon, which
can be measured in terms of an arbitrarily large growth of Sobolev norms, was considered by
Bourgain one of the most important problems in Hamiltonian PDEs, see [§], and also [10] [19]
20, 21, 22].

In the unstable regime, other interesting dynamical behaviors are also based on the mecha-
nism of energy exchange among Fourier modes. Such exchanges can be recurrent (i.e., periodic
or quasi-periodic in time) or chaotic. Recurrent energy exchanges are obtained, for instance,
in [15 16, 17, 23, 24]. To the best of our knowledge, the only paper in literature in which
chaotic exchanges of energy are constructed for PDEs is [14]. In [14] the authors consider cubic
wave and beam equations and prove the existence of solutions essentially Fourier supported on
a finite number of resonant modes that exchange energy among themselves in a chaotic way.
The chaoticity reflects in the fact that it is possible to provide energy exchanges among modes
at a sequence of prescribed times (randomness of exchanging time) or among modes belonging
to a prescribed resonant tuple (randomness of active and inactive modes).

Both in [I4] and in the present paper the existence of chaotic solutions is due to the presence
of chaotic dynamics for the normal form of the equation, up to a certain degree. More precisely,
the normalized system leaves invariant a finite dimensional subspace; then the chaotic behavior
arises from the existence of a Smale horseshoe, which gives rise to symbolic dynamics. The orbits
of the normalized system are globally defined in time, and the chaotic behavior is displayed for
an infinitely long time. However, this does not imply the existence of chaotic solutions of the
full PDE for an infinitely long time. The chaotic behavior for the full PDE is obtained by
proving the vicinity of certain solutions of it to the chaotic orbits of the normalized system,
and this approximation only holds over a long, but finite, time interval. We call this behavior
effective chaoticity, in the sense that the dynamics behaves as chaotic in rather long time scales
(in analogy to the stability over long time scales, often called effective stability in Hamiltonian
dynamics).

1.1 Main result

We denote by Ny the set {0,1,2,...} of nonnegative integers. The next theorem, which shows
the existence of solutions of the Kirchhoff equation displaying chaotic-like, small amplitude,
oscillations in the Sobolev norms, is the main result of the paper.

Theorem 1.1. There exist universal positive constants M, T,e,,C, 1o, b, K, Ko with the following
property. Let d > 1. For every sequence (mj)jen, = (mo,m1,ma,...) of integers such that



mj; > M for all j € Ny, there exists a sequence
0=590<5)<s1 <5 <89<85y< ..., sj+1:sj—|—7'(mj+9j), 0§9j<1,

such that for every e € (0,e4] there exists a solution u(t,z) of the Kirchhoff equation (LII) on
T9, global in time, with finite Fourier support, whose norm

=

N(t) = (H O 5, + o)l

H3 (T4 H?(Td)>

satisfies
N(t)<Ce VteR

and it oscillates amund the central value AE = ¢ + e%ry with oscillations described in terms of

the amplitude B, := €*ry and the error 0, := 10B as
—6: < ./\/(t) —A. < B.+6. Vte Ij = [tj,fj], ItnE}XN(t) — A, > B. — 4.,
€lj
_B€_5€ SN(t)_A€§5€ VteEj: [fjvtj—l-l]’ tnel}g,nN(t)_Asg_Bs‘i'ésa
3
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for all intervals I;, E; contained in the time interval [0,T;], where
T. = Ke3log(e ™).

One has I, E; C [0,T¢] for all j = 0,..., N, where the integer N satisfies

§K010g 1).

Mz

7=0

In other words, Theorem [[.T] says that, around the equilibrium u = 0, the Kirchhoff equation
possesses solutions whose norm N (t) exhibits oscillations that follow any prescribed sequence of
times on the time interval [0,7;], and the number N of oscillations within that interval, or more
generally the sum of the time lengths of the oscillations, is arbitrarily large for ¢ small enough.
These oscillations can also be seen as a chaotic-like modulation of a stable motion, meaning that
the oscillating solutions are of size ¢, they are e2-close to effectively stable solutions (over long
time scales), but they exhibit chaotic-like exchanges of size £2 between the amplitude of different
Fourier modes.

Remark 1.2. The solution u(t,z) in Theorem [[1 is Fourier supported on the set {k € Z¢ :
|k| € {a1, a2, a3,04}}, where

a1 =m, o2 =m+Dp, a3 =2m +p, ay = 3m + 2p,

and m, p are integers with 2 < m < p and ratio 0 = m/p < o, where o, is a universal constant.

In fact, the ratio o is the perturbation parameter we use in the entire construction. In
principle, the constant M in Theorem [[.T] depends on the ratio o = m/p and it is of the order
M ~log(c~1), see (@I5). Theorem [[Tlis stated after fixing m, p with m = 2 and p the minimum
integer such that p > 2 and 2/p < o,. O



Remark 1.3. In Theorem [I.T] the Sobolev norm N (¢) is used to describe the transfer of energy

between Fourier modes, because H %(']I'd) x H %(']I'd) is the space of the standard local well-
posedness for the Kirchhoff equation. Since the solution u(t,z) in Theorem [l has a fixed,
finite Fourier support for all times, all the Sobolev norms of (u, d;u) are equivalent, and all are
equally able to describe the chaotic transfer of energy among the Fourier modes — all except
the norm of the energy space H'(T¢) x L?(T%), which corresponds to a conserved quantity of
the approximating system that we use in the construction; see Remark [l

Remark 1.4. The factor 1/10 in the definition of . in Theorem [II] comes from an arbi-
trary choice. We could replace 1/10 by any other positive number; in that case, the constants
M,e,,C,rg,b, K, Ky must be chosen accordingly. O

Remark 1.5. For simplicity, Theorem [[.T] and its proof are stated entirely in terms of nonneg-
ative times. However, with only minor changes, one proves that the result holds over the time
interval [T, T]. O

Remark 1.6. Adapting the formulation of the symbolic dynamics for the approximating system
(see Proposition [4.7]), one can prove an alternative version of Theorem [[T], where the prescribed
random behavior of the norm N (¢) is not only given by the sequence of the time lengths of its
oscillations, but also by any sequence (ag, a1,as,...) with a; € {0,1} prescribing the ordered
sequence of “up” and “down” movements of N (¢). In that case, N (¢) still makes oscillations of
order €2 around a central value of order &, varying in a range, say, [(., h.]; the difference with
respect to Theorem [[1]is that, in the j-th time interval, N(t) get close to the low value /., and
it remains in the slightly enlarged lower half of the range, if a; = 0, while N (¢) get close to the
high value h., and it remains in the slightly enlarged upper half of the range, if a; = 1.

In other words, around the equilibrium u = 0, the Kirchhoff equation possesses solutions
whose norm N (¢) exhibits oscillations that follow any prescribed sequence of “up” and “down”
on the time interval [0, T¢]. O

Remark 1.7. The result in [3] shows that there are no transfers of energy of size £ between
Fourier spheres in a time interval of length e . This could make one think that, on such a time
scale, between Fourier spheres there are no energy transfers at all. Theorem [[LT] shows that this
is not true; in particular, it proves the existence of chaotic transfers of energy of smaller size on
a shorter time scale, i.e., transfers of size €2 on a time scale =3 log(e™1). g

1.2 Main ideas of the proof

The main steps of the proof of Theorem [[.T] can be summarized as follows:

1. Derive an effective resonant model for small solutions of (II). This reduced system is
obtained by using normal form arguments and introducing some “macroscopic”’ variables
describing the collective behavior of Fourier frequencies with the same modulus.

2. Show that, choosing carefully a finite set of Fourier frequencies, one can make the effective
system nearly integrable.

3. Prove the existence of chaotic dynamics (a Smale horseshoe) for the effective system.

4. Show that certain solutions of the Kirchhoff equation (L)) follow closely those in the Smale
horseshoe of the effective system for a sufficiently long time interval.



The effective system is obtained with a normal form analysis. To this end, in Section 2] we
perform two steps of quasilinear normal form (following [3, [4]), and introduce a set of special
variables, found in [4], which allow to reduce the dimension of the problem without losing
information on the time evolution of the Sobolev norm of the solution. Thus, the resulting
reduced model can be seen as a “macroscopic” effective system, where we do not distinguish the
evolution of the energy of each single Fourier mode.

The reduction to a finite dimensional effective system is done in Section Bl We restrict
the Fourier support to two coupled resonant triplets. The space of functions supported on these
modes is invariant for equation (I.1]), thanks to the particular form of its nonlinearity. Relying on
symmetries of the problem, we are able to further reduce the model to obtain a four dimensional
System.

The next step is to construct chaotic motions for such a system. Since we rely on perturbative
techniques, we want the system to be nearly integrable; this is obtained by choosing resonant
triplets with Fourier modes as explained in Remark In particular, the system behaves as a
pair of weakly coupled pendulums.

Then, in Section [, we apply the classical Poincaré-Melnikov theory [29] to prove that the
system has a hyperbolic periodic orbit with transverse homoclinic orbits. By the classical Smale-
Birkhoff Theorem, this implies the existence of a Smale horseshoe, which is a hyperbolic invariant
set with symbolic dynamics. Note that the set is invariant and therefore one can describe the
dynamics of its orbits for all times.

Finally, it remains to translate the dynamics of the effective system to the original equation
(CI). We prove that there exist solutions of the full PDE that follow closely those of the
effective system. FEven if the approximation argument is done through a Gronwall estimate
(see Section []), this is a rather delicate procedure. Indeed, since we have performed several
reductions, rescalings, and two steps of normal form, we have to ensure that the solutions of the
Kirchhoff equation shadowing those of the effective system satisfy all the required constraints
over a sufficiently long time scale. This final part of the proof is done in Sections [ and

The general strategy of the proof is similar to the one developed in [14] for the cubic wave
and beam equations. The proof of Theorem [T, however, is based on a higher order normal
form analysis, which is needed to consider systems which are integrable at first order. This is the
typical situation for PDEs on one-dimensional spatial domains. Indeed, resonant Hamiltonian
monomials of low degree, which provide the dominant dynamics close to the origin, usually do
not change drastically the Fourier actions (and so, the Sobolev norms). Main examples are given
by the KdV, Klein-Gordon and Schrédinger equations and pure gravity water waves equation in
infinite depth, under Dirichlet or periodic boundary conditions. This is somewhat the case also
for equation (I.I)), even if the spatial domain is the torus T? of any dimension d > 1, and even
if the integrability property of the equation at the cubic order only holds for the macroscopic
variables. This makes the implementation of the above strategy rather delicate. One of the
issues in performing this kind of analysis is that interesting instability phenomena only occur
after a longer time.

Another relevant difference with respect to the equations considered in [14] is that equation
(L) is quasilinear, namely the nonlinearity contains derivatives of the same order as the linear
part. This fact is not trivial, because, even if one is able to construct normal form transformations
for the quasilinear equation (I.1]) (as done in [3,4]), here one has to be able to provide a result of
approximation between the effective model and the full PDE for a long-time scale. This requires
to consider an equation for the difference of a special orbit of the effective system and a solution



of (I.I). This equation is quasilinear itself and presents a time-dependent linear part. For such
equation one has to provide a result of long-time stability.

Another difference with respect to [14] regards a quantitative aspect in the energy exchange
between Fourier frequencies: in [I4] a large portion of the energy transfers between Fourier
frequencies having similar modulus; here, on the contrary, a very small portion of the energy
transfers between Fourier frequencies of modulus ay, ag, a3, ay (see Remark[[L2)), where ag, ag, ag
are much larger than a;.
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2 Effective dynamics for the Kirchhoff equation

In this section we recall how the “macroscopic” quantities Sy, By in (2.12) are derived from the
Kirchhoff equation (TIJ), starting with the normal form procedure.

2.1 A quasilinear partial normal form

Written as a first order evolution equation, (L)) becomes

Oy = v,
2.1
{atv = (1+ [pa [Vu2dz) Au. 21)

It is proved in [3] and [4] (see also the shorter, unified description in the Appendix A of [5])
that system (2.I)) can be transformed, after two steps of a quasilinear, partial normal form
procedure, into another system, where the cubic and the quintic terms are in normal form (up
to harmless terms that do not contribute to energy estimates). More precisely, it is proved that,
renaming (@, 0) the original, “physical” variables of system (2.1I), with the change of variable
(a,0) = ®(u,v), system (2.I) becomes

O (u,v) = W(u,v), (2.2)

where

W (u,v) = (1 + P(u,v))(D1(u,v) + Z3(u,v) + Z5(u,v)) + Wor(u, v). (2.3)

The unknown (u,v) for the transformed system (2.2]) is a pair of complex conjugate functions
with zero average over T¢. The term (1 + P(u,v)) is a scalar multiplicative factor, close to 1,
depending on (u,v), and it is a function of time, independent of the space variable x. Also, Dy
is the linear operator Dj (u,v) := (—i|Dg|u,i|D;|v), where |D,| is the Fourier multiplier e**®



|k|e**, k € Z?. Next, Z3 is the cubic resonant operator Zs(u,v) = ((23)1(u,v), (Z3)2(u,v))
with components

(Z3)1(u,v) = = > wuliPue®T (23)a(u,0) = 1 > v glifure™,
J.ke€Z\{0} g.keZM\{0}
FIStd |71=Ik|

where u;, v; are the Fourier coefficients of u,v. The entire term (14 P(u,v))(D1 (u,v)+ Z3(u, v))
gives no contribution to the energy estimates. The term Zj5 is the resonant quintic operator

Z5(u,v) = ((Z5)1(u,v), (Z5)2(u,v)), where

k
1 <1—5'z|>>
I+ 16l T =14

(Z5)1(u,v) = o Z uju_jvgv_gukelk x|j|2|€|2<
3,0,k€Z4\{0}

|71=1]
+3—2 Z wju_jupu_gvge™ 1|0 k|
74,k €ZN{0}
|kl=l5]+1¢]
. |1
i ) 2 el 1A= o)
+ — UjU_jupv_gvge'™ || W(G—i— , . >
2 IEFRRTE
lil=Ik]
3% ikx) -
16 2 Wtsvev—eoee™ 14K (24)
J:,k€ZN{0}
k|=l5]—1¢]

and (Z5)2(u,v) is obtained from (Z5); (u,v) by complex conjugation. For the coefficients in (2.4])

we adopt the convention that 8 = 0, where ¢ is the usual Kronecker delta. The term W7 (u, v)

in ([2.3)) contains only terms of homogeneity at least 7 in (u,v), and it is estimated in [4] and [5].
The map ® that transforms (2Z1]) into (2.2]) is obtained by composition, and it is

(1)2@10(1)20@30(1)40@5. (25)

The maps ®; and ®5 are simply the linear operators that symmetrize and diagonalize the linear
part of system (2.I)) (i.e., the linear wave equation), see (6.34]). The map ®3 is a nonlinear,
preparatory transformation, which is required because the problem is quasilinear. The map
®, is the transformation of the first step of the normal form procedure, and ®5 is the one of
the second step. The explicit expressions of ®3 and ®4 are given in [3] and the one of @5 in
[]. Unlike ®; and ®,, the transformations ®3, &4, @5 are all close to the identity map. In the
present paper we do not use the explicit formula of ®3, P4, 5, but only the following properties
of their composition.
For s € R, let H{ (T?,C) be the Sobolev space of zero average, complex-valued functions

HS (T4, C) = {u:T? = C:ug=0, ||ulls <oo}, |ul?:= Z g |* ||,
kezd4\{0}

where uy, k € Z%, are the Fourier coefficients of u, and let

H (T, c.c.) == {(u,v) : u,v € H{(T4,C), v =1} = {(u,7) : u € H(T? C)},



where the notation “c.c.” reminds that they are pairs of complex conjugate functions. Given
d €N, let
myp:=1 ifd=1; mp =2 ifd>2. (2.6)

Lemma 2.1 (From Lemma 2.9 of [5]). There exist universal constants §,C' > 0 such that for all
(u,v) € HJ" (T4, c.c.) in the ball |[u|lm, <6, for all k € Z%, the k-th Fourier coefficient fr = g%
of (f,9) = (@30 P40 @5)(u,v) satisfies

| fre = uk| < Cllull7,, (lug] + Ju—])- (2.7)

From (7)) it follows that || f—ulls < 2C|ul2,, [[ul|s for all s € R, and that the map ®30P40P5
is well defined in the ball [Ju|[,, <6, with [|f[ls < [lulls(1+2C|ul|,,), s € R.

Inequality (27)) also implies the invariance of the Fourier support: if uy = u_j = 0 for some
k € Z%, then also fr = f_; = 0, and vice versa (since C'6% < 1/2).

Lemma 2.2 (From Lemma 2.3 in [5]). There exist universal constants 61,Cy,Cy > 0 with the
following properties. Let (ug,vo) € Hy"" (T%, c.c.) and

[[to]lm, < 01 (2.8)
Then the Cauchy problem of system (2.2]) with initial condition
(w(0),v(0)) = (uo, vo) (2.9)

has a unique solution (u,v) € C([0,Txr], Hy" (T% c.c.)) on the time interval [0,Txr]. The
solution satisfies

[w(®)lmy < Cilluollm, <6Vt € [0,Tnr], Txr = Colluo|lms (2.10)

where & is the constant in Lemma [2l. As a consequence, for all t € [0,Tnr] the solution
(u(t),v(t)) remains in the ball ||[w(t)||m, < where &30 Pyo Py is well defined, the function

(a(t),o(t)) := ®(u(t),v(t)) (2.11)

(where ® is the map in (2.5])) solves the original system 2.1 on the time interval [0, Tnr], and
u(t) solves the Kirchhoff equation (L) on [0, TNr].

As the notation suggests, T is the existence time we obtain by the normal form procedure.
For more details on the map ® and on the transformed vector field W (u,v) see [3], [4], [5].
2.2 The effective system
We recall the derivation of the effective system (or effective equation) from [4], [5]. Let

D:={|kl:keZ% k#0} C{Vn:neN}cCl,o0).

For any pair (u,v) € L?(T%, c.c.) of complex conjugate functions, for any A € T' we define

S)\ = Z \uk\2 = Z UrV_[, B)\ = Z UpU_}, (2.12)

kezd kezd kezd
k]=A k=X k=X
and note that
Sy >0, B, €C, |B)\|§S)\.

The quantity Sy is called the “superaction” of u on the sphere |k| = \. Its evolution on the
time interval [0, Tnxp]| remains confined between two multiples of its initial value, as is observed
in the next lemma.



Lemma 2.3 (From Lemma 2.4 of [5]). Let (ug,v0) € Hy" (T4, c.c.), with ug in the ball Z3).
Let (u(t),v(t)) be the solution of the Cauchy problem (Z2)), (Z9) on the time interval [0, Tnr],
with Tny in (210)), given by Lemma[2.2. For every t € [0, Tnr], let Sx(t) be the sum defined in

@I2). Then
C15x(0) < Sa(t) < C254(0) (2.13)

for all t € [0,Tnr], for all X € T', where C1,Cy > 0 are universal constants.

By ([213)), for every A € T', either S)(t) > 0 for all ¢ € [0, TnF], or Sx(t) = 0 for all ¢ € [0, TnF].
Hence, we decompose I' as the disjoint union of

Ip:={rel:S5 =0}, I:={xel:S >0} (2.14)

It is observed in [4], [5] that, if (u(t),v(t)) solves (2.2]) on some time interval, then, for every
A € T, calculating the Fourier coefficients of W (u,v) in ([2.3) and taking the sum over all indices
k € Z% on the sphere |k| = A, the corresponding quantities Sy(t), By(t) in (Z12) satisfies the
equations

31 _ = 31 _
S = o > (BaBgBx — BaBsBy)aSA + T > (BaBsBx — BaBsBy)aSA + Rs,,

a,BeD a,B€e
a+pB=A a—LFB=\
1
8By = —2i(1 4+ P) <>\ n ZA%)BA + Rp, (2.15)

on the same time interval, where the terms Rg,, Rp, satisfies the following estimates.

Lemma 2.4 (Lemma 2.2 of [5]). Let (u,v) € H)" (T4 c.c.) with |[u|lm, < &, where § is the
constant given by Lemma (21 and appearing in (2.10). Then, for all X € T', the terms Rg, , Rp,

in (2.I5) satisfy
|Rs,| < Cllullpm,Sx 1RB,| < Cllullm, Si, (2.16)

where C' > 0 is a universal constant.

Define -
B,.BgB) — B,BgB)

Zapx = BaBgBy,  Uapy :=1m(Zapy) = 5 (2.17)
If Sy, B satisfy system (ZI0)), then S\, Z,g) satisfy
3 3
T D> VapraBr+ S > Upra @BA+ Rg,, (2.18)
O‘?BEF OC,BEF
a+pB=A B+A=a

1 ~
O Zapr = —2i(1 +P) <a + 68—+ Z(oﬁsa + 6755 — /\25A)) Zapr + Rz,

where

Ry, ,, = Rp,BgBx + BoRp,Bx + BoBsRg, -

afBA

For a + 8 = A, isolating the first nontrivial contribution from terms of higher homogeneity
orders, one has

)
OrZapr = —5(042&1 + B%S5 — X25)) Zapr + Rz, (2.19)
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where .
Rz, 4\ = —%'PQ(()(2SQ + ﬁ255 - A25A)ZQ5A + Rz, (2.20)

The remainder Rg, in ([ZI8) has been bounded in Lemma [Z4l The remainder Rz, ,, in (2.20)

is estimated in the next lemma.

Lemma 2.5 (Lemma 2.5 of [5]). Assume the hypotheses of Lemmal[2.3]. Then for all a, S, A € T
with a + B = X the remainder Rz, ,, defined in 2.20) satisfies

|RZop5] < Clltln, SaSpSi, (2.21)

where C' > 0 is a universal constant.

2.3 The truncated effective system

If we remove the remainders from equations (2.18) and (2.19), we obtain a system that we call
truncated effective system, which is

3 3
Sy =—1¢ D7 DapraBA+ S D" IsraBra, (2.22)

O‘?BEF Q7BEF

atB=A B+r=a

i
OrZapx = —5wWaprZapr, (2.23)
where

Wapx = @?Sy + B2S5 — A2S). (2.24)

For all a, B, A € T" such that a + 8 = A, let
Tagx = Re (Zapy)-

Since wqgy is real, the real and imaginary part of equation (2.23]) is given by the system

1 1
Ograpr = §waﬁ,\19a5>\, 0¥apr = —SWapATaBA- (2.25)
The solutions (rqga(t), Japa(t)) of (Z25]) remain on a circle, because they satisfy
(1 Zapal?) = 0 (r2ps + 92py) = 0. (2.26)

Thus |Z,py| is a prime integral of the truncated effective system ([2:22])-(2.23). Therefore, if
Sxs Zapx solve ([2.22)-(223), then the real and imaginary part of Z,g) satisfy

TapA(t) = papxr cos(papa(t)), Vapr(t) = papxr sin(@asa(t)), (2.27)
where
Papr = |Zapr| >0

is a constant, and @up(t) is an angle. Moreover, plugging (2.27)) into (Z25]) gives the equation
for the evolution of the angle. Hence the truncated effective system (2.22])-(2.23]) becomes

1 . .
Sy = -3 Z CaBr Sin(Papr) + E Cara SIN(PBA); (2.28)
CV,BEF CV,BEF
a+pB=A B+A=«
1 5 2 2
Orpapr = —5(04 Sa + B8 — A°S)), (2.29)
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where

3 3 3
Cag)\ = gpag)\aﬂ)\ = ngaﬁA\aﬂ)\ = g‘BaHBﬁHBA’aﬁ)‘ (230)

is a constant. We note that (2.28]) and (2.29]) form a closed system for the variables S, paga-

3 The truncated effective system with two triplets

We consider the case in which the Fourier support I'y in (2.I4) has only 4 distinct elements,
forming two resonant triplets with two elements in common, in the following way:

Iy = {011,012,013,0[4}, o] < g < ag < oy,

o1 + g = O3, a9 + o3 = Oy, 201 75 9. (3.1)

We can assume, without loss of generality, that the four elements of I'; are natural numbers.
Examples of such sets are any four consecutive elements of the Fibonacci sequence greater than
1, like {2, 3,5, 8}, or, more generally, any set of the form

ar:i=m, o«qy:=m+p, «az:=2m-+p, «ay:=3m+2p, (3.2)
where m, p are distinct positive integers with
2<m<p.

Lemma 3.1. Assume BJ), B2). If o, 8, A € 'y satisfy a + B = X, then the ordered triplet
(v, B, A) must be

(a1, 9,a3) or (ag,a1,a3) or (ag,as,aq) or (as,az,a4),
and there are no other options.
Proof. For example, one has
a3 =01 +ag < g+ g < g+ 3 = 0y,

therefore 2ay ¢ T'q, and the triplet (ag, ag, 2c9) is not admissible; the other cases can be checked
similarly. O

To slightly shorten the notation, we denote
S1: =S80, 123 = Pajasas, €123 = Cajazass
and so on. Hence, system (2.28)-(2:29) becomes

0pS1 = c1a3sin(p123),

0pSo = c123in(p123) + Ca34 sin(0234),

0pS3 = —c123sin(p123) + ca34 5in(0234),

OpSy = —co348in(pa34), (3.3)

1

Dppr23 = —5(04%51 + a3y — a3S3),
1

Orp234 = —5(04552 + 04:92,53 — 03154),

which is a system of 6 equations in 6 unknowns.
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3.1 Meaningfulness condition for the solutions

Our strategy is this: We want to find solutions of the truncated effective system (B3] with a
prescribed, interesting dynamical behavior, and to show that the solution of the effective system
([2I8)-([2.19)) is so close to the solution of the truncated effective system (B.3]) that the dynamical
behaviors of the two solutions are very similar, on a sufficiently long interval of time. Later, in
Section [6] we show that there exists a solution of the original PDE (2.1]) which is very close (up
to the change of coordinates ®) to the solution of the effective system.

Hence, we look for solutions of the truncated effective system (B3] that satisfy the natural
meaningfulness condition required by system (2.I8)-(219]), which is simply this: If a solution is
defined on a time interval [0, 7], then it must satisfy

Sa(t) >0 Vn=1,234, Vtelo,T). (3.4)

So, we reject any solution of ([B.3]) such that some of the .S,, becomes non-positive at some time

t (recall definitions (2.12]) and (2.14))).

In the following analysis, we first ignore the constrain ([3.4)); later, we will select only solutions
satisfying it. Analogously, we first consider the coefficients cio3, c234 as any two given constants;
later, we will go back to the identities (2.30).

3.2 First integrals and a linear change of coordinates

Given any linear combination E := p1.51 + p2S2 + 3S3 + 4 S4 of Sp, ..., 54 with constant real
coefficients 1, ..., 14, we have

O = (p1 + po — p3)ciaz sin(piaz) + (p2 + pg — f1a)ca34 sin(pazq)
along the solutions of system ([B.3]). Hence any F with coefficients p, ..., u4 satisfying
p1 + p2 — ps =0, po + pz — pa =0
is a first integral. We choose the two functionally independent first integrals
Ey =51+ 55+ 8y, FEs:=8,+853+285,. (3.5)

Remark 3.2. One has

4
a1 F1 4+ asEy = o (51 + S3 + 54) + 012(52 + S3 + 254) = Z S (3.6)
n=1

because oy + ag = ag and a1 + 200 = ag + (1 + a2) = @ + as = a4. Hence, when S, are
given by (ZI2)), identity (B8) implies that the Sobolev norm |ul3 = 32 _, @, S, is also a first
2

integral of (B.3)). O
At each time ¢, the values S;(t), S2(t) can be obtained from Ey, Es, S3(t), S4(t) by 3.3), i.e.,

Si(t) = En — S3(t) — Sa(t),  Sa2(t) = B — S3(t) — 254(1). (3.7)
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Hence system (3.3]) can be reduced to a system of 4 equations in the 4 unknowns Ss, S, p123, Y234,
obtained by replacing Si,S2 by (1) in the last two equations of ([B3]). We get

0¢S3 = —ci23 sin(p123) + €234 sin(p234),
0¢S4 = —co34 8In(p234),
1 1 1
8t(,0123 = —§(Q%E1 + OZ%EQ) + 5(0[% + Oé% + Oé%)S:; + 5(0[% + 20&%)54,
1 1 1
Opp23s = —§a§E2 — 5(043 —a3)Ss + 5(2a§ + a2)S,. (3.8)

We summarize the observations above in the following lemma.
Lemma 3.3. Let c¢193, ca34 be any two constants. The following properties hold.

(i) Let (S1(t),S2(t), S3(t), Sa(t), p123(t), p234(t)) be a solution of system (B3] on some time
interval I. Then Ey,Es defined by [B3) are constant in time and (S3(t), S4(t), v123(t),
wa34(t)) solves system ([B.8]) on I.

(i1) Let E1, Ey be constants, and let (S5(t), Sa(t), p123(t), p234(t)) be a solution of system (B.8))
on some time interval I. Define the functions Si(t),Sa2(t) by the identities [37). Then
(S1(t), Sa(t), Ss(t), Sa(t), p123(t), p2s3a(t)) solves system B3] on I.

We note that the sum of the first two equations in (B.8]) does not contain the angle @934.
Hence, we consider a linear change of variable that treats the sum S35 + S4 as a new variable.

Lemma 3.4. Let c193, co34 be any two constants. The following properties hold.

(i) Let Eq, E5 be constants, and let (S5(t), S4(t), p123(t), v234(t)) be a solution of system (B.8])
on some time interval I. Define the functions x1(t),x2(t),y1(t),y2(t) by the change of
coordinates

123 =21, Pasa =2, Sz=Y1—Y2, Sa=1ya. (3.9)
Then (x1(t), z2(t),y1(t), y2(t)) solves

1 1 1
01 = —=b1 + —(Oé% + 04% + 04:23)@/1 - 5(043, - 04%)1/2,

2 2
O — —lb Clos 1.5 2 2
iy = —5ba 2(03 aa)y1 + 2(02 + o3+ aj)ys (3.10)
Oyy1 = —cia3sin(z1),
Oryo = —co3qsin(z2),
on I, where by, by are the constants
by :=olE + 3By, by = a3Fs. (3.11)

(i1) Let by, by be constants, and let (x1(t),x2(t),y1(t),y2(t)) be a solution of system [BI0) on
some time interval I. Define the constants E1, Fs as

by —b b
_h ! 2. By — _22 ,
o7 @3
and define the functions Ss(t), S4(t), p123(t), p234(t) by BA). Then (S5(t), Sa(t), p123(t),
wa34(t)) solves system ([B.8]) on I.

Eq

(3.12)
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3.3 The Hamiltonian structure
System (B.I0) is the 2-dimensional Hamiltonian system
&n =0y, H(x,y), Un=—0,H(x,y), n=12,
with Hamiltonian
H(z,y) = —cya3 cos(x1) — o34 cos(za) — %b Sy + iAy -y (3.13)

where b = (b, b2) € R? and A is the matrix

— (a% + a% + a%) —(a% N a%) ) (314)
—(0§ —03) (a3 +af+ad)
The matrix A is symmetric, positive definite and invertible with
det A (a2 — a?) (@2 + a2 + a3)
and
det A = a2a2 + (o3 4 a?) (a2 + a3) + 4a2a3 > 0. (3.16)

The invertibility of A is the so-called twist condition for the Hamiltonian H; thanks to it, we
can eliminate the linear term b - y from the Hamiltonian by a translation of the y variables

T =231, X2=2T2, Y1=q+Y1, Y2=q2+ Y2, (3.17)

with ¢ = A~'b, namely

_a%%—a%—l—aib_i_ag—a%b _a%—a% oz%%—a%—l—agb (318)
B=""qetA ' Tdeta P BT Tgeta ! det A % ‘

This change of coordinates is symplectic and the new Hamiltonian is just H (Z,9) = H(Z,q+7),
whose equations are given by

01 = 3(of + of + a3)i1 — 3(0F — a3) i,

Oy = —ci238in(T1),

t? 1.2 ( 2)~ 1.2 2, 2\~ (3.19)
0o = —5(043 —a3)71 + 5(042 + a3 + aq) g,
O¢Ja = —Ca345in(T2).

The equivalence of systems (B.I0) and (3.19)) is described in the following lemma.
Lemma 3.5. Let c¢193, ca34 be any two constants. The following properties hold.

(i) Let by,by be constants, and let (x1(t),z2(t),y1(t),y2(t)) be a solution of system (B.I0)
on some time interval I. Define the constants q1,q2 by (BI8), and define the functions

B1(t), 22(t), 91(8), 92(t) by BIT). Then (21(t), T2(t), 41 (t), 92(t)) solves B.IJ).

(11) Let (1(t),Z2(t), 91(t), g2(t)) be a solution of system [BI9) on some interval I. Let qi,q2
be any two real numbers. Define constants by, by by the identity b = Agq, i.e., define

bi=(af +a3+ad)q — (03 —ad)g,  ba=—(a} —ad)q + (af + a3+ al)g, (3.20)

and define the functions x1(t),xa(t),y1(t),y2(t) by BIT). Then (z1(t),z2(t),y1(t), y2(t))
solves ([B.I0Q) on I.
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3.4 Normalization of coefficients by rescaling

Now we want to normalize the leading coefficients of system (B.19]), using a rescaling of the time
variable and dilations of the ¢ variables. We consider the change of variables

T1(t) = &u(Bt),  T2(t) = &(Bt),  §1(t) = Aim(Bt),  @a(t) = Aama(Bl), (3.21)

where A1, Ay, B are defined as follows. We assume that

clo3 > 0 (3'22)
and we fix L 9 9 oy 1
. 2c193 2 B.— 6123(041 + o5 + 043) 2 3.93
= (e e ) 2
1 2 3
2B
A2 = (324)

o3 +ai+af
Note that Ay and A, are related by

a2 +al+al

Ay = Ay, ith L ras Tl 3.25
! 27 W 7 a2+ a2+ a2 (3.25)
Thus, system (BI9) becomes
51 =T — 2,
m = —sin(&1),
; €0 (3.26)
§o =12 — p2m,
o = —Asin(&2),
where
1 = a?& B a% _ (Oég B a%)AQ (3 27)
a3+ ai+ald 2B ’ '
2 2 2 2
a3 — ap (a3 —a3)h
_ = gy = 9 )b 3.28
H2 oz% + oz% + ozg Y 2B ( )
o caga(03 + o3 + af) _ C234  Ca3q
= PRk I /A _ (3.29)
ciog(af + a5 +03)  ci23 A>B

We observe that the system with p1 = 0 is given by the sum of two uncoupled Hamiltonians,
while for pq # 0 the Hamiltonian structure is lost. The equivalence of systems (3.19]) and (3.26])
is described in the following lemma.

Lemma 3.6. The following statements are satisfied.

(i) Let c123,ca34 be any two constants, with cio3 > 0, and let (Z1(t),Z2(t),91(t), 2(t)) be
a solution of system (BI9) on some time interval [0,T]. Let A1,A9,B be the constants

defined in (323), 324). Define the functions &1,&2,m1,m2 as

61(?5)::?1(3), 62(15)::%2(3), nl(t):Ail?h(%), 7]2(t)=Aizg2(%). (3.30)

B B

Define the constants 11, o, by @20, GZF), 2. Then (€1(t), E2(t), m (1), ma(0))
solves ([B.20) on the time interval [0,BT].
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(ii) Let X\ be any constant. Let uy, uo be the constants defined in (3.27)), (B28)). Let (&1(t),&2(t), n1(t), n2(t))
be a solution of system ([B.26) on some time interval [0,T]. Let Ay be any positive constant.
Define the constant ci23 as
2 2, 2
ai + a5+«
C123 = %A% (331)
and define the constant cogq by means of ([B.29), i.e., cogq4 = c123\/7y, where «y is defined
in (B28). Define the constant B by the second identity in [3.23), and the constant Ay by
B24). Define the functions T1,%2,71,92 by B2I). Then (Z1(t),Z2(t),y1(t),y2(t)) solve
@BI9) on the time interval [0,B~1T).

3.5 Large Fourier frequency as a perturbation parameter
Recall the definition (8.2)) of aq,..., a4 as functions of the two integer parameters m,p. Then
a3 — a3 = (2m+p)? — (m +p)* = 3m? + 2myp,
of +a3 + a3 =m?+ (m+p)* + (2m + p)? = 6m? + 6mp + 2p?,
a3+ a3 +af = (m+p)+ (2m+p)? + (3m + 2p)? = 14m? + 18mp + 6p>.
We note that the monomial p? cancels out in the difference a3 — a3, while it is present in the
other two sums. For this reason, taking p large with respect to m gives a small parameter, which

we will use in our perturbation analysis (the other small parameter of the problem is the size of
the solution, i.e., the size of the initial data of the Kirchhoff equation). Denoting

o= —, 3.32
) (3.32)
one has
20 + 302 1 6 + 180 + 1402
= = — N = :3 O s
M S 180 + 1402 ‘%3+“ﬂ®) 7T T2 60 + 602 +00)
20 + 30° (1 + fiz(0)) i1(0), fiz(0) = O(o) — 0 (3.33)
= = — =0 (o2 (o2 g) = (o2 as o .
M2 = p17y 2+ 60 + 602 2 ) K10 ), 2 )

where [i1(0), fi2(0) are defined by the identities ([3.33)). We also note that 1 < v < 3 for all
o> 0.

Thus, for 0 = m/p small, the “coupling” terms piny and pgn; in system (B.26]) can be
considered as perturbations of the “unperturbed” system of two uncoupled pendulums

& =m, &=,
3.34
{771 - —sin({l), {?’]2 = -\ Sin(fg). ( )

We want to normalize also the coefficient A appearing in the last equation of system (3.20]).
Later, we will see that this normalization corresponds to a constraint on the initial data for
equation (2:23)); at this stage, however, we simply observe that the parameter \ in part (i) of
Lemma is not subject to any constraint. Thus, in the following analysis we fix A = 1 and
simply do not consider other values of that parameter. For A = 1, system (3.26]) becomes

§1=m1 — pn2,
7?1 - - Sln(£1)7 (335)
§2 =12 — pam,
o = —sin(&2).
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System (B.35]) has a conserved quantity (obtained expressing the old Hamiltonian in terms of
the new variables), which is

1 1
iz (577% +1 - cos 51) + 11 (577% +1 — cos 62) — pafi2me- (3.36)

The only parameters in system (B.35]) are the constants p1, uo defined in (B.27), (3:28]), which
depend only on the ratio o = m/p, and tend to zero as o — 0 (see ([3.33])). The “unperturbed”
part of system (B.35]) is (8:34]) with A = 1, that is,

5;.1 = 771,. 5:2 = 7727. (3.37)
m = —sin(&1), 12 = —sin(§2).

System (B.37) is fully normalized and it is the 2-dimensional Hamiltonian system of two uncou-
pled normalized pendulums

€n =0 H, =0 H, n=12,

with Hamiltonian

1
H= Hl(glﬂh) +H2(£27772)7 Hn(&nynn) = 5771%—1_ (1 —COS(é'n)), n = 172 (338)
The constant term 1 in the formula of H, has been added just to give zero energy to the elliptic
equilibrium.
It is convenient to consider the system (3.35)) as a perturbed double-pendulum system where
the perturbative parameter is given by o, instead of u, uy. Namely, using (3:33)),

. 1 )
&1 2771—0<§+/11(0’))772, §o =m2 — o (1+ fiz(o))m, (3.39)
= —sin(&1), = = sin(&).
The conserved quantity in ([3.36)), divided by o, is
1
E(&1,m1,82,m2) 1=<§ + ﬂ1(0)>H1(§17771) + (1 + fiz(0)) Ha(&2,m2)
(3.40)

= 0(% + ﬂ1(0)> (1+ (o)) mme.

4 Chaos for two weakly coupled pendulums

In this section we prove the following result about chaotic solutions of system (3:39]). We denote

Np := {0,1,2,...} the set of nonnegative integers. Given an energy parameter a € (0,2), we
denote by (&3 (t),n;(t)) the periodic solution of the pendulum satisfying
Hi(&(8),m () =a, &(0)=0 n7(0)>0. (4.1)

To emphasize its dependence on a we will also denote &} (t) = &7 (t;a) and 7] (t) = nj(¢; a).

Proposition 4.1. There exists a universal constant ag € (0,2) (see Lemma [{.6]) such that
the following holds. Let a € [ag,2) and let T, be the period of (&f(t;a),nf(t;a)). There exist
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universal constants oy € (0,1), Cy,Co > 0 such that for every o € (0,0¢) there exists My(o) in
the interval
Clog(c™h) < My(o) < Colog(a™)

such that the following properties hold. Let (mg,mi,ma,...) = (m;j)jen, be any sequence of
integers with mj > Mo(o) for all j € N. Then, there exists a solution (&1,m1,&2,m2)(t) of system
B39) such that the following holds.

(i) The function (§1,m1) satisfies

sup [§1(t) — & (1) < Co,  sup|m(t) —ni(t)| < Co,
teR teR

for some universal constant C > 0.
(#7) There exists a sequence of times (to,t1,t2,...) = (t;)jen, with
to =0, tiv1=1;+ Ta(m]' + Gj), 0< 9j <1, Vi € Ng (4.2)

such that
ng(tj) =1 Vj S N().

Moreover, there exists another sequence of times (t;)jen, satisfying t; < t; < tj11 such

that
1< ng(t) <2+4Coc Vte (tj,Zj), —Co < ng(t) <1 Vte (Zj,tj+1) (43)
and
max 12(t) > 2 — Co, min 7s(t) < Co (4.4)
€[ty ;] €[ty tj41]

for some universal constant C' > 0.

We remark that 1y = 1 is the value around which 79(t) is oscillating up and down with the
randomly chosen sequence of times.

In order to prove Proposition [4.1] we shall find a partially hyperbolic periodic orbit of the full
system (B.39) and show that, for o > 0 small enough, its stable and unstable invariant manifolds
intersect transversally. This will imply the existence of a Smale horseshoe and the existence of
symbolic chaotic dynamics.

Remark 4.2. The pendulum energy a in (4] is used as a free parameter only in this section.
Proposition 1] will be applied in Sections Bl and [6 only for ¢ = ag. Since ag is a universal
constant, for a = ag any quantity depending only on a becomes a universal constant. O

4.1 Partially hyperbolic periodic orbit

We start by searching for the partially hyperbolic periodic solution. The unperturbed system
(0 = 0) has plenty of partially hyperbolic periodic orbits, which are given for instance by the
product of librations in the first pendulum (in the plane (£;,7;)) and the saddle of the second
pendulum (in the plane (£2,72)). We select one of these orbits and we apply an implicit function
theorem argument to prove the existence of a nearby periodic orbit with the same period.

We consider the periodic orbit

P =P(ta) = (&t a),n (ta), 7,0) (4.5)
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of the unperturbed system (3.37) (which is system (3.39) with ¢ = 0), where (&7, n7) is defined in
#T) and a € (0,2) will be fixed at the end of subsection Note that the elliptic equilibrium
(&1,m) = (0,0) of the first pendulum has energy H1(0,0) = 0, and its saddle (£1,m1) = (m,0),
as well as its homoclinic orbits, has energy Hj(m,0) = 2. The solution P is supported on the
curve

To := {(&1,m1,82,m2) : Hi(§1,m) = a, & =, n2 = 0}. (4.6)

We denote by T the period T, of the orbit P and by w := 27 /T its frequency. Of course Ty, T, w
depend on the energy parameter a; in fact, all the quantities in the present subsection and in the
next one (included, in particular, the smallness radius oy given by Proposition [£.3]) depend on
a. Nonetheless, in general, we do not indicate explicitly the dependence on a; we just underline
that, after fixing a, every quantity appearing in subsections [l and will be determined, with
no dependence on any other hidden parameter.

The unperturbed (o = 0) homoclinic manifold of P is

WO(,P) = {(6177717€27772) : Hl(flﬂh) = a, H2(§27772) = 2} (47)

We consider its time-parametrization

FB_L = {(fik(ﬁ),UT(Tl),Qh(Tz),pf(D)) T, T2 € R}, (4.8)

where

) 2
(qh(s),pf(s)) = (2 arcsin(tanh(s)), iicosh(s))'

Now we prove that the periodic orbit P persists when 0 < o < 1. More precisely, we prove the
following result.

Proposition 4.3. Let P be the T-periodic orbit of B.31) defined in ([AA). Then, there exist
constants o1 > 0, C' > 0 such that, for all 0 < o < o1, there exists a T-periodic solution Py (t)
of B39) which is o-close to P in the C*-topology, namely

[Py = Pller(r) < Co.
Moreover P, possesses one stable and one unstable hyperbolic direction.

Recall that system (3.39) has the energy (3.40]) as first integral. Then, the existence of a
hyperbolic periodic orbit at each energy level is a consequence of classical perturbation theory.
However, Proposition [4.3] gives the existence of a periodic orbit for a fixed period. This could be
shown by proving that the period is monotone with £. Below, to make this paper selfcontained,
we give an alternative proof of Proposition [4.3] based on a symmetry argument.

Proof of Proposition [{.3 To prove the persistence of the periodic orbit P we use the fact that
the system (B3.39) is reversible with respect to the involution

p: (T x R)* = (T x R)? p(&1,m,&2,m2) = (—&1,m1, —82,M2)-

This means that, if we denote by X the vector field of (3.39]), then X o p = —p, X, where p, is
the differential of p, which acts on the tangent space R*. To apply an implicit function theorem
argument it is convenient to pass to action-angle coordinates on the first pendulum (plane
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(&1,m1)). This will simplify the analysis of the linearized problem in the tangential directions at
the periodic orbit P. In the domain

S={(z1,51) € TxR: Hi(x1,y1) € (0,2)},
we consider the action-angle variables transformation
@ZTXI%S, (61,7]1):(I)(H,I):(f(e,l),g(e,f))

for some open interval Z C R. If we fix (£1,71) and call 2k = Hy(&1,7m1), we can express f and
g using elliptic functions in the following way:

£(6,1) = 2 arcsin <\/Esn <2KT("‘)9 ‘ H>>

9(0,1) = 2/% en <2K7(Tf€) 0 ‘ K> | (4.9)

where K(k) is the complete elliptic integral of first kind and sn and cn are the elliptic sine and
the elliptic cosine respectively (see e.g. [18]).
We now drop the sub-index from &2, 72. Let us denote by

U=(0,1d): TxIxTxR—SxTxR, U0, I¢&n) =(®0,1)&n).

The involution p expressed in these new coordinates is just given by v = ¥~! o po . Since
the elliptic sine is odd and the elliptic cosine is even (with respect to its first variable), it is
straightforward to see that system (B.39) in the new coordinates is reversible with respect to the
involution

V(07[7£777) = (_07[7 _5777)
We denote by I — Q(I) the action-to-frequency map of the unperturbed pendulum.
Remark 4.4. Note that Q/(I) # 0 for all I € Z. O
The unperturbed periodic orbit P now reads as
0(t) =Q(lo)t, I(t)=1, &()=m n(t)=0
for some Iy € Z. We remark that Q(ly) = w, where w = 27/T was defined below ([46). We

consider the scaled time t ~ wt, and the system ([3.39) becomes

wd =QI)+oRi(6,1,7),
wl =o0Ry(0,1,n),

wé =n+0oRs(6,1),

wn = —sin(§)

(4.10)

where the functions R;, i = 1,2, 3, are determined by the relation

(X +fu(o)n R1§9,Ln;

_ 0 | Ra2(0,1,n

DYOLEM™ | _y 4 fyongen) | = | Ro, 1)
0 0
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We look for 27m-periodic, smooth, reversible solutions of (4.10]), namely u(t) = (6(¢), I(t),&(t),n(t))
such that vu(—t) = u(t). In other words, we look for solutions in the invariant set

Codd, even (T) = {(0(2), 1(1),£(1),n(t)) € CHT; T x I x T x R) = 6(t), £(t) odd, I(t),7(t) even}.
Similarly, we define the space

Cenoaa(T) = {(g1(), g2(t), g3(t), ga(t)) € COUT;R*) : g1 (), g3(t) even, ga(t),ga(t) odd}.

Remark 4.5. We note that 27-solutions of (AI0]) correspond to T-periodic solutions of (3.39)).
O

Let us define

wl — Q) — oR1(0,1,7)
wl —oRo(0,1,7)
wE =1 — oR3(6,1)
w) + sin(&)

‘F(U; ) C’c}dd, even(T) — Cgven,odd(T)7 ‘F(U; 97 Ia 57 77) =

Since the maps ©, ¥ and the vector field X are analytic, we have that F(c;-) is at least C*.
Then
F(0;wt, Iy, m,0) = 0.

We now study the linearized system at the unperturbed solution. We fix (g1,¢2,93,94) €

C’Ooven’ oad(T) and we look for solutions of the linear system

w@tG — Q,(Io)l =01

WOl = g2 (4.11)
woE —n=g3
won — & = ga.

We observe that the above system is decoupled, hence we can study separately the equations for
(0,I) and the ones for (£,n). Concerning the former, we first solve the equation for the actions.
Since go is odd we have (go) = 0 and

I— <I> = (wat)_lg27

where we denote by (-) the time average over T and we denote by (wd;) 'go the primitive of go
with zero average. Hence I is determined up to its average. Substituting in the equation for the
angle we obtain

w0 = ' (Ip)(wdy) g2 + Q' (I)(I) + g1. (4.12)
Equation (4I2]) can be solved only if the r.h.s. has zero average. Therefore we fix

() =~V 9= w0~ [ Io) i)™ 92 + o)D) + ]

(note that Q'(Ip) # 0, see Remark [£4). Concerning the equations for the (¢,7) variables we
have the following: by setting v :=&+n, w: =& —n, h:= g3+ g4 and h := g3 — g4 we have that

wow —v = h, woyw +w = h. (4.13)
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By Fourier series, one has that

e ke Mo ime

t == g

v(t) Ziwk‘—le ’ w(t) Ziwk‘+1e
keZ keZ

are the unique solutions of ([£I3]). Since £ = (v + w)/2 and n = (v — w)/2, we recover the &, 7
components of the solution of (£I1]). From the explicit expression of the solutions we have that
for g; = 0,1 =1,...,4, the only solution of (AII]) is zero. Moreover the solutions are of class
C!. This implies that dF(0;wt, Iy, ,0) is invertible and by the implicit function theorem there
exists o1 > 0 and a C! function g: (—oy,01) — C’gdd’even('ﬂ‘) such that

F(o;g(0)) =0 Vo € (—o1,01), g(0;t) = (wt, Iy, m,0).

We call P, the periodic orbit g(o) written in the original coordinates (&1,m1,&2,m2). We
also notice that by (4.I3)) this orbit is hyperbolic in the (£2,72) directions. This concludes the
proof. O

By classical theory of persistence of invariant manifolds, P, has stable and unstable invariant
manifolds W5 (P,) that depend differentiably on 0. Moreover these manifolds can be locally
parametrized as C'' graphs over the unperturbed invariant manifold (7).

4.2 Transverse intersection of invariant manifolds

In this section we prove that the stable and unstable invariant manifolds W,"(P,) intersect
transversally at some point. Since the invariant manifolds have dimension 2 and we look for
intersections within a 3-dimensional energy level (see (3.40)), it is sufficient to construct a 1-
dimensional section A and measure the distance between the manifolds on the projection of
A.

We recall the time parameterization of the unperturbed separatrix Foi given in ([LF). By
symmetry we can consider just a single branch of the unperturbed homoclinic manifold, say
Iy = I'd. Let us consider a point z9 = 29(71,72) € 'y C {Hy = a, Hy = 2} and define the
section

A= {2+ AVH(z) : A € R},

where we use the notation Hi(&1,m1,82,12) := H1(&1,7m1). The line A passes through zp and it
is normal to I'y.

By the continuous dependence of the invariant manifolds on the parameters, for ¢ small
enough, A intersects transversally also W5'“(P,) at two points 25" = 25" (71, 72). We use the
unperturbed energy of the first pendulum H; to measure the distance between z5 and z%. Note
that the gradient of H; never vanishes on ['g, hence it is a good measure of a displacement in
the normal directions of I'y. We define the distance

Hy(22) — Hi(z%) = 0 M + O(c?), (4.14)

where the first order of this distance is given by

M= M(rm) = o (i) = i),
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By classical arguments (see for instance [31]) we have that the first order is given by the Melnikov

integral
+0o0o

M(r,m) = DH,y (@ (To(r1,72)[Y (@5 (Co(m1,72)))] dt,

—00

where Y is the first order in o of the perturbation of the system (3.39), namely

Y (&1m,&2,m2) i= (=n2/3,0,—m1,0),
and ®%; is the Hamiltonian flow of H in (3.38). We observe that (recall (LF]))

O (To(r1,72)) = (& (11 + 1), 11 (11 + 1), qn (12 + 1), 0} (12 + 1))

By the autonomous nature of system (B8.39]), the Melnikov integral depends just on one param-
eter. We define 7 := 7o — 71 and we consider the reduced Melnikov integral
1 [te°
M(1):=—= / pi (7 + 5) sin(&f(s)) ds.
3/
Note that, for all 7 € R, one has M(7) = M (7,71 +7) = M(0,7). We now prove the following.

Lemma 4.6. There exists a universal constant ag € (0,2) such that, for all a € [ag,2), the
reduced Melnikov integral M(T) has a non-degenerate zero at T = 0.

Proof. We observe that M(0) = 0 because &f(t) is an odd function, while p; (¢) is even. The
derivative of the reduced Melnikov integral at 7 =0 is

+00 too
MO =5 [ i) s ds = 5 [ sinan (o) s o) .

We recall that (£f,77) in (A5) depends on the parameter a, and we explicitly indicate the
dependence on a of the integral we want to study, denoting

+oo
J(a) = /O sin(ga(s)) sin({(s;a)) ds.

We have to prove that J(a) is non zero for some value of a € (0,2). By the classical theorem of
continuous dependence on initial data for ODEs, one has the following pointwise convergence:

for every s € [0, 00), 111112 & (s;a) = qu(s)
a—

(even more, the convergence is uniform on compact intervals). Hence, for every s € [0,00), fa($)
converges to fa(s) as a — 2, where

fa(s) := sin(gn(s)) sin({ (s:a)),  fa(s) := sin®(g(s))-
Moreover, since g(s) € [0,7) for all s € [0,00), one has

(5) < Isinan(s)] = sinfan(e) = 25z 1) Vs € [0.00)

and g € L'(0,00). Hence, by the dominated convergence theorem,
o o
Jye = lim J(a) = / fa(s)ds = / g (s) ds.
a—2 0 0
The limit J, is finite by the exponential decay of g2, and it is positive because ¢® is positive.

Hence there exists ag € (0,2) such that |J(a) — Ji| < J./2 for all a € [ag,2), and the lemma is
proved. O
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By the above lemma and the Implicit Function Theorem, for ¢ > 0 small enough, there
exists at least one zero of the distance ([@I4]), with transverse intersection.

4.3 Symbolic dynamics

We introduce the section

IT := {(5177717627772) : 52 = 07 m > 07 5(5177717527772) = 8(7)0)}7

where E(P,) is the value of the prime integral £ in (3.40]) at the solution P,. This section is
transverse to the unperturbed flow (o = 0) at a point of Wy(P) and so, for o > 0 small enough,
also to the perturbed one. Moreover, by Lemma (6] it contains points of W2(P,) h WX(P,)
(where M means transverse intersection).

Denote by ®! the flow of system ([3.39)). Fixed a point z € II, we define 7 (z) > 0 as the first
(forward) return time to II. For those points z that do not hit back the section II (for instance,
the points of W2(P,)), we set T (z) = +o0o. We define the open set U C II as

U:={zeTl:T(z) < oo}
and the associated Poincaré map P: U C IT — II by P(z) = ®(2)|=7(2)-

Proposition 4.7. (Smale Horseshoe) There exist universal constants oy, Cy,Co > 0 such that
for all o € (0,00) there exists a positive integer Mo(c) in the interval

Cilog(o™h) < My(o) < Colog(o™) (4.15)

such that the Poincaré map P possesses an invariant set Y C U whose dynamics is conjugated
to the infinite symbols shift. Namely, there exists a homeomorphism h: A —'Y, where

A= {w={wptkez : wr €N, wy > My(o) Vk € Z},
such that P, = hodo h=' where 0: A — A is the shift
(Dw)k = Wk+1, k S Z.

Moreover h™' can be defined as follows. Associated to z € Y one can define the sequence of
hitting times

to=0, tp=ti1+TE"2) for k>1, tp=tp—TP"2) for k< -1,
and h=1(2) := w = (Wi )rez, with

o — U — th—1
k T )
where T =T, is the period of the periodic orbit P,, and |-| denotes the integer part.

Proof. The proof follows the same lines as the construction of symbolic dynamics done by Moser
in Chapter 3 of [30]. O

Proposition 7 concludes the proof of Proposition [£1l Note that the return times to the
section are large since orbits get close to the hyperbolic periodic orbit.
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5 Back to the truncated effective system

In Section [ we have proved the existence of chaotic solutions for system (3.39). These solutions
are global in time. In the next lemma we obtain the corresponding solutions of the truncated
effective system (3.3)).

Lemma 5.1. Let a = ag in Proposition [{.1], and let oo be the corresponding universal constant
given by Proposition[{.1. Let m,p be two integers, 2 < m < p, with ratio o := m/p in the interval
(0,00). Define aq,...aq by B2), f1(0), ie(o) by B33), and v by the second identity in (3.25]).
Assume the hypotheses of Proposition [{.1], and consider the solution (&1(t),m(t),&2(t),n2(t)) of
system ([B39) obtained in Proposition [.1].

Consider any three real numbers A1, q1,qo, with Ay > 0, and define the following constants:
define c123 by B31), define cazq = c123/7, define B by the second identity in (B.23)), define Ag
by (B:24), define by,be by B.20), define Ey1, Ey by BI2). Define the functions

Si(t) :== E1 — q1 — A1 (BY),

So(t) := Ea — q1 — q2 — A1m1(Bt) — Ao (Bt),
S3(t) := q1 — g2 + A1m1(Bt) — Aampa(Bt), (5.1)
Su(t) := q2 + Aana(BL),
©123(t) := &1(Bt),
p234(t) == &2(BE).

Then (S1(t), Sa(t), S3(t), Sa(t), p123(t), 234 (t), c123, casa) satisfies B3)) for all t € R.

Proof. We apply Lemma [3.61(ii) with A = 1 to go back from system ([3.39) to system (B.19),
then Lemma [B35H(i¢) to go back from system (BI9) to system (BI0), then Lemma B4k(it) to
go back from system (B.10) to system (3.8]), and finally Lemma B.3}(i7) to go back from system

B3) to system (B.3). O
5.1 Positivity of the superactions

Now we come to the question whether the solutions of system (B3] obtained in Lemma [T
satisfy the inequalities (3.4]). As a first step, we study the constant terms

Ey — qi, E> — q1 — g9, q1 — g2, q2 (5.2)

appearing in the definition of Si,...,S4 in Lemma 51l We compute the formula of E1, Fy as
functions of g1, g2: from BI2]) and [B20) we get
2 2

2 2 2 2 2 2 2
ot + 2« 207 + « of — « a5 +az +a
By =-"1—>"3q - =g, By=-—23_2¢+-2-—3 g, (5.3)
aj a7 25 25

Next, we observe in the following lemma that ¢;, g2 can be chosen such that the constant terms
(52) are all positive.

Lemma 5.2. Let q1,q2 be positive real numbers with ratio q1/qo in the interval (1 + 5,1+ ),
r = a2/a3, and let E1, Ey be defined by (5.3). Then the constants (5.2) are all posztwe. In
particular, if

Q= (1 + %T) q2, (5.4)
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then

1a2 1a2 202
Ei—q =—-—2 Bo—qy—qg=~— — o= =—2qy. 5.5
1—q 3a%Q2, 2—q1— @ 3@5612, Q1 — Q2 30%% (5.5)
Proof. By ([£.3)),
202 1 202 + of a2 q a2+ al
El—(h:(—;’——%ﬁz, E2—Q1—Q2=(——§— 3 3 4) ,
ar g2 ay a5 G2 85
q1
Q1—Q2=<——1>Q2-
q2

We write the ratio q;/ga as 1+ 9r, where ¥ € R is a free parameter and r = a3/a3. Then

2 2 2
Q42 aq2 a4q2

Ei—q = 25729 - 1), Ey—q1— g2 = —5-(1— ), @ — g2 = —0.
251 a3 F]

The minimum
min{29 — 1,1 —9,9,1} = min{29 — 1,1 — 9}

is positive for ¥ € (,1), and it reaches its maximum value at ¥ = 2/3. O

Note that, by [B.2)), the ratio r = a3/a3 tends to 4 as ¢ = m/p — 0. By @.25), (3.33)), the
constant As in Lemma [5.1] satisfies

Ay 1+ 30+ 302
v 3490 +702 1

Ay = AL (5.6)

The solutions 77,72, constructed in Proposition 4.1l and appearing in Lemma [B.1] satisfy

sup [m(t)] <3, sup|na(t)] <3 (5.7)
teR teR

(more accurate estimates about 7,7, have been obtained in Proposition [1]). Thus, we prove
the following bound for S,, from below.

Lemma 5.3. Let g2, A1 be any two positive real numbers, and define q1 by (5.4). If

<2 (5.8)
9
then the functions Sy (t) defined in Lemma [51] satisfy

Sp(t) > ‘12—2 >0 WteR and Yn=1,2,34. (5.9)

Proof. By (5.5 and (5.6]), the functions S, (t) defined in Lemma [5.1] satisfy for all t € R

1a3
S1(t) > Er — q1 — 3A1 = 5 —5q2 — 3Aq,
3 af
2

1l
So(t) > Eo —q1 — g2 — 3A1 — 33 > §a_§q2 — 64y,
5

2(12
S3(t) > q1 — q2 — 3A1 — 3Ay > ~—5q2 — 6Aq,
3az

Sa(t) > g2 — 33 > g2 — 3A;.
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By ([B2), one has

2 2 2
a & &
— >4, — >4, =>4,
@] a3 a3
which, together with (5.8]), implies (5.9]). O

By Lemma [5.3] the condition (5.8)) implies the meaningfulness condition (3.4 for the solu-
tions of system (B.3]). By Lemma [5.3] now we have two free parameters, which are g and A,
related by the inequality 0 < A; < ¢2/9, while ¢; is now constrained by formula (G5.4]).

5.2 Initial data in the normal form ball

The special solutions of system (3.3]) defined in Lemma [5.1] will be compared, by a Gronwall
argument, with those of the full (i.e., non-truncated) effective system (2.18)), (2.19) starting at
the same initial data at time ¢ = 0. The initial data we are interested in correspond to functions
ug(z) in the ball (2.8]), because every ug in that ball produces a solution of the Cauchy problem
[22), (Z9) that remains, for a sufficiently long interval of time, in the domain where the normal
form transformation is well-defined, as is explained quantitatively in Lemma Recall that
91 > 0 in (2.])) is a universal constant, and m; is defined in (Z6]). The following lemma deals
with the ball (28] written in terms of S,.

Lemma 5.4. Consider the solutions of system (B.3)) given by Lemma [51], and assume (5.4),

E8). Then
4
Za%sSn(t) <8a¥g, VteR, secll,00). (5.10)
n=1

Proof. For all t € R, if the smallness condition (5.8)) is satisfied, then the solutions of system
(B3] obtained in Lemma [5.1] satisfy

4
Za?fsn < 25(By — q1 +381) + a3°(FBy — q1 — g2 + 6A1) + a2°(q1 — o + 6A1) + a2%(qo + 3A1)

n=1

2a2q2 2a2q2 2a2q2
< O‘%S 42 + O‘%s 42 + a%s 42 + 0442182(]2 < 80‘4218‘]27

where we have used the bounds in (5.7) for 71,72, the identities (5.5]) for the constants terms
(52)), the bound (5.8)) for Ay, the bound (5.6]) for As, and the fact that s > 1, aq < -+ < ay. O

A consequence of this lemma is the following. If one chooses ¢o such that
8ai™ gy < 6%, (5.11)

where mq,d; are the universal constants of the ball (2.8]), then

4
D almS,(t) <6 VteR, (5.12)

n=1
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5.3 Construction of a compatible initial datum

Given a trigonometric polynomial u € C(T¢,C), Fourier supported on the set {k € Z% : |k| €
{a1, g, a3, a4} }, with Fourier coefficients uy, we use the superscript u to denote

SMi= 3" wl’, B = ) wuoy, n=1,2,34, (5.13)
|k|=an |k|=an
u u U u U U U 3 u
Zfz:)a = B% )Bé )B?E )v sz?z = |Z£2%|, ng?’) = §p§2éa1a2a3, (5.14)

analogous definitions for Zégi, P%Zp C%Zp and, if pgé, pgézl are positive, we define the angles gpgé,

CP%ZL € T = R/2nZ by the identities

78 = plw exp(iply),  Zsw = phah exp(ipls). (5.15)

We consider the following question:

Given a solution (S1(t), S2(t), S3(t), Sa(t), v123(t), pa34(t)) of system B3] obtained in Lemma
(21, and taken, in particular, its value at time t = 0, does there exist a function ug(z) in the
ball (2.8]), Fourier supported on the spheres of radius aq, g, a3, g, such that

St = 5.(0), n=1,23,4,
CP%%) = 123(0), CP%Z) = ©234(0), (5.16)

(uo) (uo)
C193° = C123, Co34 = C234 ?

The equations for the angles must be interpreted as identities of elements of T = R/27Z. The
affirmative answer to this question is given in Lemma [5.8 below, whose proof uses the next three
simple preparatory lemmas.

Lemma 5.5. Let (S1(t), S2(t), S3(t), S4(t), v123(t), p234(t)) be a solution of system [B.3) obtained
in Lemmal5dl Assume that q1,q2, A1 satisfy (54), (B.8). If, in addition, Ay, qe satisfy
3 as 3 3
we (o e 517
b= 32@%—1—0(%4-@% « ( )

then there exist real numbers ry,¥,, n =1,2,3,4, with

0 < 1y < Sn(0), (5.18)

such that
Y1+ P2 — Y3 = p123(0), 2(7‘1041)(7“2042)(7”3043) = 123, (5.19)
Yot s —Ya=@a(0), o (ra)(rsas)(raos) = e (5.20)

Proof. Regarding (11,19,13,14), there are infinitely many solutions, because they are 4 un-
knowns that have to satisfy just 2 linear constraints. For example, we can fix (11,12, ¥3,1%4) =
(p123(0),0,0, —p234(0)). Regarding r,, we first recall that, from Lemma [5.1] the constants cia3,
C934 are

Oé% + Oé% + Oé% 2 C123

C193 = 15 C234 = —,
2 Y
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where v is defined in (3:25]) and satisfies 1 < v < 3. Therefore c123, co34 are positive, because Aq
is positive. We have to choose 7, such that

8 4
(0417‘1)(()427’2)(&37’3) = 50123 = g(a% + Oé% + a%)AQ,
agro)(agrs)(ayry) = =——— = — (a7 + a5 + a5)AT—.
(cara)(asrs)(ary) 37, 3(1 2 3)17
Hence we fix
1
TO TO TO TO <4 2 2 2 2)§
r=-—, Tog=—, T3=-—, T4=—" ro = | -(a] + o5 4+ a3)A .
1 o 2 P 3 o 4 N 0 3( 1 2 3) 1

Thus, 7, are all positive and satisfy the required identities. It only remains to check that
rn < Sp(0). By (B.9), we know that ¢g2/2 < S,(0) for all n = 1,2,3,4. Since a1 < ag < ag < ay
and v > 1, we have r4 < r3 < ro < ri. Hence it is sufficient to check that r1 < ¢2/2, and, by
the definition of r; = ro/a, this holds if Ay, o satisfy (5.17]). O

Lemma 5.6. Let s,7,1 be real numbers such that 0 < r < s. Then there exists z1,22 € C\ {0}
such that |21> + |22|? = s and 22129 = re'?.

Lemma 5.7. Let s, 7y, 0n, n=1,2,3,4, be real numbers such that 0 < r, < s,. Then, in any
dimenston d > 1, there exists a trigonometric polynomial ug € C(Td,(C), Fourier supported on
the set {k € Z% : |k| € {a1, az,a3,a4}}, such that, recalling the notation (5.13),

Sy(LUO) = Sn, Bguo) — rnei1/1n7 n = 17 27 3’4 (521)

Proof. For each n = 1,2,3,4, fix an integer vector k, € Z¢ with |kn| = ap, and apply Lemma
to determine two nonzero complex numbers 21 ,, 22 , such that

lzinl® + |22l = 80y, 2210200 = Tne™m.

We define v as the trigonometric polynomial having 21 ,,22, as Fourier coefficients for the
frequencies k,, —ky, and having no other frequencies in its support, i.e.

1
uo(x) = (5™ + 2 e ),
n=1
Then '
S0 = |21 0 + 22nl® = sn, B =221 295 = re™n, O

Lemma [5.7] deals with trigonometric polynomials supported on just one pair (k,, —k,) of
points on the sphere {k : |k| = a;,}; this is the minimal situation, valid in any dimension d > 1.
Of course, in dimension d > 2 the Fourier support can contain more than one pair of opposite
frequencies on the same sphere, and therefore the construction of ug with prescribed Sﬁluo), B&“O)
has even more free parameters at disposal.

The following lemma gives the answer to question (G.16]).

Lemma 5.8. Let (S1(t), S2(t), S3(t), S4(t), v123(t), p234(t)) be a solution of system [B.3) obtained
in Lemmalddl Also assume that q1,q2, A1 satisfy (5.4), (5.8), (5IT7). Then there exists a trigono-
metric polynomial ug € C(T¢,C), Fourier supported on the set {k € Z¢ : |k| € {1, a0, a3, 4} },
satisfying all the identities in (BI06). If, in addition, qo satisfies (511I), then ug belongs to the
ball (2.8)).
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Proof. By Lemma [5.5] there exist constants 7, ¢, satisfying (518]), (5.19), (5.20). Define s,, :=
Sn(0), so that (BI8) becomes 0 < r, < s,. By Lemma [57] there exists a trigonometric

polynomial ug, with the desired Fourier support, satisfying (5.21]). By the first identity in (5.21])
we directly have
Swo) — g =5,(0), n=1,234.

By the second identity in (5.21]), the first definition in (5.14]), and the first identity in (5.19]), we
obtain

Zgg) = ryrorg exp(i(Y1 + 2 — ¥3)) = rirars exp(ipi23(0)). (5.22)

By (5:22)), by the second and third definition in (5.I4]), and by the second identity in (5.19]), we
get

(uo) (ug) _ 3
P123 = T1T2T2, Cio3 = §T1T2T3041042043 = C1923.

Moreover, since rirarg > 0, (5.22]) is a polar representation of Z}gg), and hence cpgg) = ¢123(0)

as elements of T = R/27Z. Similar proof applies for ca34, ©234(0).
Finally, if ¢o satisfies (B.11]), then, by Lemma [5.4] bound (5.12]) holds; in particular, this
bound at time ¢ = 0 implies that ug belongs to the ball (2.8]). 0

5.4 Joining the two amplitude parameters

In Lemma [5.] the solutions of system (3.3)) obtained from Proposition ] are described by the
three independent parameters q1,¢o2,A;. Then, to get the positivity of the functions S,, it is
enough to use that the ratio ¢;/qo is bounded from below and from above by (5.4]). After that,
only two independent parameters remain, which are g and A;. Then, to obtain the lower bound
(B9), we need (5.8), which is a bound of the form A; < Cgo for some universal constant C.
Also, ¢ itself must satisfy the smallness condition (G.11]), which is an inequality of the form
g2 < K, for some constant K depending on m,p. Next, Aj, go must also satisfy the condition
(BI7), which is an inequality of the form A < K qg’/ 2, for some constant K depending on m, p.

We would like to obtain values of A1 as large as possible, because A; and its multiple As are
the amplitudes of the chaotic movements we want to construct. We fix A; as the largest value

compatible with (5.8) and (5.I7). Thus, we define

:oa (3 G S )é 3 (5.23)
€:= = (= € .
A ! 3202 + a2 + a2 ’

so that (5.17) is satisfied. Note that (5.8]) becomes

(30‘—?>%E3 <l (5.24)
32af +ad+ o -9 '
We define ) ) ) 1 5
1,32 3
ey i— min{17 _(3_051 +Oé§+a3>2 7 1m }7 (525)
9\ 3 ay \/§a41

where 07 is the universal constant in (5.11]) and in (2.8)), so that both (5.24) and (5.I1]) are
satisfied for all 0 < ¢ < gg. The constant £y depends only on m, p. For 0 = m/p small enough,
the minimum in (5.25)) is the third element of the set, as we note in the following lemma.

Lemma 5.9. There exists a universal constant o1 € (0,1) such that, if o = m/p < o1, then &

defined in (5.25) is eg = 01/(v/3a™).

31



Proof. Tt is enough to recall that af + a3 + a3 > 303, o] > a4, and ay > o > \/ay. O

Lemma 5.10. Let a,m,p,0,0aq,...aq, fi1(0), i2(0),y, (&1(t),n(t),&(t), n2(t)) be like in Lemma
[2.1 Consider any € € (0,ep), where g is the constant, depending only on m,p, defined in (5.25]),
and define qy 1= €2, Ay given by the second identity in (5.23), q1 by (5.4), F1, By by (5.3), and
C123, C234, B, Ag, Sl(t), Sg(t), Sg(t), S4(t), (,0123(t), (,0234(t) like in Lemma EE] Also deﬁne
p123 = Sc193/(c1aoas), pass = Scasa/(avasay).

Then (S1(t), S2(t), S3(t), Sa(t), p123(t), p234(t)) is a solution of system (B.3) for all t € R.
Moreover, the identity (5.4) is satisfied, and therefore ([5.0) holds; the inequality (B.8) is satisfied,
and therefore the lower bound (5.9) holds; the inequality (5.11)) is satisfied, and therefore the
bound (BI2)) holds; the inequality (BIT) is satisfied, and therefore the thesis of Lemma [B.8
holds.

Proof. The proof follows from (5.23]), (5.25]) and the results of the previous subsections. O

Recalling that the function 79 given by Proposition 1] satisfies (£4]), we also have the
following lemma, where €2, &3 are isolated from the other parts of the coefficients. The reason
to consider the quantity N in (5:29) is that it corresponds to the square of the Sobolev norm
H'(T9) of the solution of the Kirchhoff equation.

To simplify the exposition of the lemma, we rewrite (B.I]) as

Sl(t) =£°51 — €3CL1’I’}1 (b€3t),
So(t) = e%s9 — 3aym (be3t) — 2 asma(bet), (5.26)
S3(t) = e2sq + E?’aml(bagt) — 53a2n2(b5 t), '
Sy(t) = e2s4 +¢ agng(bs3t),
where ) ) )
« « 2c¢
§1 1= ;“2, S 1= %, S3 1= —;1, S4:=1,
3af a5 3as
3 L 5 5 5 (5.27)
ap = <i 5 )§ a _la b:= —a1+a2—|—a3a
1= 32 Oé% +Oﬁ% +Oé§ ) 2 = 1 = 2 1
so that
A = CL1€3, Ay = CL2€3, B= b€3. (5.28)

Note that the constants s, s9, s3, S4, a1, a2, b depend only on m, p. We also define the associated
function

2
Togg

3 + 63(2a1a2)a1771(b63t) + 63(2a20z3)a2172(b63t). (5.29)

4
Ni(t) :=> b Su(t) = €2
n=1

Lemma 5.11. There exists a universal constant oo € (0,1) with the following property. Let
tj,t; be given by Proposition [{.1], and define

j t; * * Ik * Tk %
=L I3 = [t5, T3], E} = [t5,t],1]. (5.30)

t*f R t] t] s
63’ 7777 J

t_]
=L = L 7=
I B be® i B

S

32



Assume the hypotheses of Lemmal510. If, in addition, the ratio 0 = m/p satisfies o < o9, then
Ni(t) defined in (5:29) satisfies

99 201
eler + zooe’r SNi() < ey + Tooetn Vi e I,

100 100
e%c — L637‘1 <MNi(t) < e2ep + ngn YVt e B
100 - - 100 Ve
199 1
I;Iéf}?/\/l(t) >ele) + m&??’rl, gg;l Ni(t) < &%¢y + m&??’rl, (5.31)

for all j > 0, where ¢; := %ai, r1:= (2apa3)as depend only on m, p.

Proof. To prove the first inequality in the last line of (B.31]), consider the interval I ;, and let t;-
be a point in that interval where the function ny(be®t) achieves its maximum value. Since by

#4) and B.7)
ng(bs?’t;) >2—Co and |m(t)] <3 VteR,

from (5.29) and the identity a; = vas (see (B.27)) we get

7 2
n[aaz( ]Nl(t) > Ni(t)) > 62% + 3 (2ap03)a2(2 — Co) — €3 (201a2)3ay
tefts i

7o el
o loy 3 — T T o
==t + €%(2az0a3)az(2 — Co) <1 asz(2 — CU)>.

The difference in the last parenthesis tends to 1 as ¢ — 0, because v — 3 and the ratio
ay/az = m/(2m + p) tends to 0 as ¢ = m/p — 0. The other inequalities in (5.31]) are proved
similarly, using (4.3]), (44]), and the fact that

7 2
Ni(t) = 52% +&3(2aza3)as <172(b53t) n O;—lzm(be?’t)) = 2¢ + &%y ((be%) + O(0)). (5.32)
O

Remark 5.12. By (5.32)), the oscillations of A at the main order in o are fully described by
the ones of 1, i.e., of Sy. O

Notation. From now on, we will sometimes be much less accurate than before in keeping
track of the explicit dependence of the various constants on a, as, ag, ay; we will denote gener-
ically by K (or sometimes K’, or K”) any constant, possibly different from line to line, that
depends only on the integers m, p.

With the new notation, the constants defined in Lemma [5.10] become
_ 7.6 _ .6 _ 36 _ 56
ci23 = Ke’,  cou=Ke’, prag=Ke’, pay=Ke’, (5.33)

where the four constants K denote four (possibly different) values.
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6 Approximation argument

Consider a solution (S1(t), S2(t), S5(t), Sa(t), p123(t), p234(t)) of system (B.3]) obtained in Lemma
(.10 and let ug be the corresponding trigonometric polynomial in the H™* ball (2.8]) constructed
in Lemma 5.8 Let vy := T be the complex conjugate of ug, and let (u(t),v(t)) be the solution
of the Cauchy problem for the transformed Kirchhoff equation (2Z:2]) with initial condition (2.9)).
Since wg is a trigonometric polynomial, the solution (u,v) is global in time. Moreover, since
ug belongs to the ball (28], the solution (u,v) satisfies (ZI0) on the time interval [0, Txr], see
Lemma [2.2]
The estimate in Lemma [5.4] computed at time ¢t = 0 gives the inequality

luoll? < 8af*qa Vs >1, (6.1)

and therefore, recalling (5.23)) and the notation at the end of the previous section, Ty in (2.10)
can be also estimated in terms of ¢ as

Co

2m1 2

_ o4
a2 g) = Ke " (6.2)

INF 2>

For each time t € [0, Tnr], to slightly simplify the notations (5.13), (5.14)), (5.15]), we denote
S (t) = Slu®) (6.3)

the superactions of the function wu(¢,-), and we also introduce the analogous notation for all the

other quantities in (513)), (.14), (GI5).
By Lemma 23] one has

C18%(0) < SU(t) < C28U(0) Vte [0,Txr], n=1,234. (6.4)

By construction, one has S%(0) = S,,(0). Hence, by (6.4), (5.10), (5.23),
4
lu(@)3 =D an*Si(t)
n=1

4 4
< Oy Z affS;j(O) = (9 Z affSn(O) = CQHUO”E < 8C2aisq2 = 80204421862 (6.5)
n=1

n=1

for all ¢ € [0, Tnr], all s > 1. For s € {1,7m}, one has a3® < a3™, and therefore we can simply

write
lu(t)]|s < Ke Vt € [0,TnF], s € {1,m1}. (6.6)

Since (u(t),v(t)) solves (2:2]) on [0, Txr], the functions S} (t), BY(t) solve the effective equa-
tions (2.15]) on the same time interval, and Zi,3(t), Z35, () solve (219]) on the same time interval.
Since piy3(t), phsy(t) are continuous and they are positive at time ¢ = 0, there exists Tpolar > 0
such that pi'ys(t), phss(t) are positive for all t € [0, Tpolar)-

Remark 6.1. Note that, in general, Tj,o1ar could be smaller than Tnr. O

On the time interval [0, Tolar], the angles piy5(t), @hs,(t) are well-defined by the identities

Zias(t) = plaz(t) expliviaz(t)),  Ziza(t) = pasa(t) exp(idsa(t)), Yt € [0, Tporar]- (6.7)
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Since Zi43(t), Z3s,(t) solve (2.19)), the functions pfeq(t), p4s,(t) solve the equations
Iepiag = Rpy,y Opyzs = Rpy,, (6.8)

on [0, Tholar), and the functions ¢{y3(t), p4s,(t) solve the equations

1
Orplag = —5(04%5'% +a38% — a3S55) + R

®i3°
1
Orpsy = —5(04555 +a35% — a3 SY) + Ryy,, (6.9)
on [0, Tyolar), where
. 1 .
Ry, = Re (exp(—chqu?,)Rzng), Ryu,. = F%Im <GXP(—1907f23)RZ;‘23), (6.10)

and analogous definition for Ry , Reu  (just replace 123 with 234 everywhere in (G.I0)).
The remainders of the type Rz are defined in (2:20) and estimated in (221I). Moreover, S¥,
n=1,2,3,4, solve

3 .
9 Sy = 50?23041042043 sin(giag) + Ray,

3 . 3 .
0S5y = Zplagonaaas sin(pias) + £ paggoazaysin(pisy) + Rsy,

8 8
3 . 3 .
0S5 = —§P?23a1042043 sin(pfa3) + §p§34a2a3a4 sin(pyss) + Ry,
3 .
05§ = — g Pisaceazaasin(pisy) + Rsy (6.11)

on [0, Tyolar], where the remainders of the type Rg appear in ([2.I5]) and are estimated in (2.16]).
In the following lemma we prove a formula for Tj,ar-

Lemma 6.2. Assume the hypotheses of Lemma 510, There exists a universal constant og €
(0,1) such that, if o = m/p, in addition to the hypotheses of Lemma[5.10, also satisfies o < o3,
then Zi4s(t) # 0, Z354(t) # 0 for all t € [0, Tpolar), with
Tpolar = T2 5 Ke < TNF: (612)
oy a3
where C' > 0 is a universal constant and K > 0 is a constant depending only on m,p. As a
consequence, on [0, Tpolar|, Plaz, Phsa are positive and @iys, p4s, are well-defined . Moreover,

1 1
|pias(t) — p123] < 5123, 1534 (t) — p23al < SP234- (6.13)

Proof. In this proof C' (and C’, C”) denote universal constants, possibly different from line to
line. Suppose that ptys is positive on some time interval [0,7] C [0, Txr]. Then, by (6.8]) and

m?

|0:pta3] = |Re (exp(—iplys) Rz, )| < |exp(—iplas)Rzn, | = [Rzy,,|.
By (221)), for all s € R,

Cllullm,

Cllulim, ]l
(a1 ana)?

4 —
|Rzy,| < Cllully, S1'S555 = (nagag)?

(af°S})(a3°83) (a5°S5) <
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and, by (6.5), for s > 1 and t € [0,T],
()3, lu(@)]IS < Caif™ g5,
Hence, since a4 < 2a3 and a4 < 3as, for s = 1, we obtain

COé4m1 +6qg C/a4m1 +2q§>
Oupls] < | Rz | < T S —— 7 VEE 0T (6.14)

At time t = 0 we have, by construction, and by the definition (3.31]) of ¢123,

8cia3 4(0(% + oz% + oz%) 9
plsa(0) = proz = = A%, 6.15
123( ) 123 30&10&20&3 30&10&20&3 1 ( )

which is positive because A; > 0. Hence

Ay +2
u < [ o) ds < S4B e o7
|p123(t) — p1a3| < ; |0pY93(s)| ds < o2 t Vtel0,T],
1

and the last quantity is strictly less than pjog for all ¢ € [0, T if

Cal A%

dmi1+2 5

This implies that pfy; > 0 on [0,T7,3). Moreover, by (5.17) and (6.2]),

T <

= Tf23. (616)

2 4
Ty, = Cay A} e 1
- dma+2 5 — 4 2mi 92
ay Ty oy oy g,

< "o\,

where o = m/p. Then, for C"o* < 1, one has T}y; < TnF.
Proceeding similarly for p%s;,, we obtain the estimate

4m1+6 5
Ouplia] < Ry, | < S04 B

< C'ay™q5 6.17
2107 (pazag)? T Ga o (6.17)

and we deduce that pks, > 0 on [0,735,), with
Ca?

4mi1+1 5
Qy ds

Also, T3 < T53,Co < T3y, for Co < 1.
Finally, the estimates already proved also give that |piys(t) — p123] < %,0123 for all ¢ €
[O, Tf23/2] Thus, we ﬁX Tpolar — Tf23/2 |:|

We recall that the superscript w indicates quantities related to the solution (u,v) of the
Cauchy problem (2.2)), (2.9), while the absence of that superscript corresponds to the solution
of the truncated effective system (3.3). By construction, we have

§4(0) =5(0),  p“(0)=p(0),  #"(0) = (0).

Moreover, p is constant in time, and there are no remainders Rg, R,, R, without the superscript
u because (B3.3]) is the truncated effective system.

The next lemma gives estimates for the difference between S*(¢) and S(¢) in a certain time
interval.
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Lemma 6.3. Assume the hypotheses of Lemmal5.10, and consider the associated solution (S1(t),
Sa(t), Ss(t), Sa(t), p123(t), p234(t)) of system B3 given by Lemma [I0. Let ug be the corre-
sponding trigonometric polynomial in the ball (2.8)) constructed in Lemma[5.8. Let vy := ug be
the complex conjugate of ug, and let (u(t),v(t)) be the solution of the Cauchy problem for the
transformed Kirchhoff equation (2.2)) with initial condition (2.9]). Assume that the ratio o = m/p
satisfies o < o3, where o3 is defined in Lemma [6.2.

There exists €1 € (0,e0), depending only on m,p, where gy is the constant in (5.20), such
that, for 0 < e < &1, one has

Nt

e3SY(t) — Sp(t)| <e1  Vte[0,T.], n=1,234, (6.18)

where
T. = Ke3log(e™) (6.19)

for some positive constant K depending only on m, p.

Proof. From the difference of equations (G.11]) for S¥ and equations (3.3]) for S,,, we obtain that
for all t € [0, Tpolar), 7 = 1,2, 3,4,

908 — )| < arcz0i(prasliela — wizs] + ptas — p1zs))
+ avazay <p234|90334 — p234| + |P3a — p234|> + | Rgyl.
By (2.I6]) one has [Rgu| < C’||u||§n15}{. By (6.6,
[ullm, < Ke, S| < anlSh] < |lullf < Ke?,

and therefore |Rgu| < KeB on [0, Tpolar]- Hence, for t € [0, Tyolar]) and n = 1,2, 3,4,

9055 = Su)| < K (prasliptas — ras] + lolas — prasl)
+ K<P234’<P534 — wasa + |pza — P234!> + Ke®. (6.20)
Since pi23, p23a are constants, by the equations (6.8]) for piys, pYs, one has

O (Plas — p123) = Oiplaz = Rpu, ., Or(pzs — p23a) = Orpiyzy = Ry, -

The time derivatives 0;plys, Ophss have been already estimated in (6.14]) and (G.I7); hence,
integrating in time, we get

Plas(t) — pras| < Ke't,  |pYsu(t) — pasa] < Ke'%t Wt € [0, Tpolar)-

Also, by (6.15) and (5.28)), p1o3 < Keb, pazs < Ke8. We plug these estimates into (6.20) and we
get

10:(Sy = Sn)| < Ke®(|ptag — wraa| + lisg — waaal) + Ke'%t + Ke® (6.21)

for all t € [0, Tpotar], n = 1,2,3,4.
Subtracting the equations (6.9]) for piy3, ¢9s, and those for @123, @234 in ([B.3]), we have

|0 (Y3 — ©123)] < AF|SY — S1| + 3|S5 — Sof + 3|S5 — S| + Ry, |,
|0:(ph34 — pa3a)| < 03]S5 — So| + 03] S§ — Ss| + af|S§ — Sal + [Ryy,, |-
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By (m’ qu23 2 %10123 on [Oanolar]- Hence, by (m’ |R§01{23| < (2//0123)|RZ¥23|7 and RZiLzB has
been estimated in (6.I4]). Also, pi23 is given in (6.I5). Therefore

2 qu 4
Ryu | < —|Rzu | < —= = Ke
| @123| 0123| 123| A%
and, similarly, R,y | < K e*. Thus
4
100 (9Y3 — P128)| + |04 (Phzs — P23a)| S K Y |SH — S| + Ke™. (6.22)
n=1

We apply Gronwall’s inequality to (6.21) and (6.22]). It is convenient to introduce a factor
e, with 3 to be determined, because the factors in (6.2I) and (6.22) contain different powers
of €. We define the vector

)= (e7(S} — 1), 7(SY — S2),€7(SY — S3), €7 (S§ — Su), (Plag — P123), (P34 — P234))
= (¢17¢27¢37¢47¢57¢6)7 (623)

which is a function of t € [0, Tpolar] taking values in R®. From (62I)) we obtain
01l = £2100(S, — Su)l < LK (s + e]) + K% + K
< KWt + Kel®TPt 4 KeBHP . n=1,2,3,4,
and from (6.22)) we get
05| + 10| < Ke™P([r] + [a] + [s] + [Yal) + Ke < Ke™?|p| + Ke',
where | | is the usual Euclidean norm of R°. Therefore
0| < K (€578 4+ e7P) || + Kel®Pt + Ke¥HP 4 Ket, (6.24)
We fix the value of # that minimizes the sum €578 478, that is, f = —3. Hence (6.24)) becomes
00 < Ke3|i| + Ke't + Ke*. (6.25)
Moreover, by the choice of the initial conditions ¢ (0) = 0. Then, by Gronwall’s inequality,
[h(t)] < exp(Koedt) Ky (72 + ') Yt € [0, Tpolar), (6.26)

for some positive constants Ky, K1 depending only on m, p.

Now we consider the time T} j, := K 1g=3 log(e™"), where h is any positive real constant and
Ky > 0 is the constant appearing in (6.26]); we note that 7. ; depends on h,e,m,p. By (6.12),
one has T; j, < Tjo1ar for 0 < e < C, for some positive constant C' depending only on h, m,p. By
([6240), for all t € [0,T 5] one has

()| < exp(Koedt) Ky (e7t? + e't) < e K, (E7K0_26_6 log(e™") + 'Ky e 3 log(s_h)>
<elhK (KO_Q log?(e™™) + K;! log(s_h)).
We also note that

el (KO_2 log?(e™™) + K'! log(s_h)) <™ for0<e <, (6.27)

for some positive constant C’ depending on h, m,p. We can fix, for example, h = 1/8. O
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6.1 Motion of the Sobolev norms

We use the H'(T%) Sobolev norm ||u(t)||; to describe the transfer of energy, namely the exchanges
in amplitude of the superactions S¥(¢), n = 1,2,3,4, as time evolves. Except the H > norm,
which is constant in time for the solutions of the approximating system (3.39) given by Lemma
6.1 (see Remark [B.6]), any other H® norms could be used to capture the transfer of energy
among tgle superactions. We decide to use the H' norm because H' here corresponds to the
space H2 x H2 for the “physical variables”, which is the space of the standard local wellposedness
for the Kirchhoff equation.

Lemma 6.4. Assume all the hypotheses of Lemmal6.3, and also let o < o9, where o9 is given
by Lemma [B1D. Let t7,5, 15, EF be defined in (B.30). There exists a constant e2 € (0,¢1),
depending only on m,p, where €1 is defined in Lemma [6.3, such that if, in addition to the

hypotheses of LemmalG.3, 0 < & < &9, then the H'(T9) Sobolev norm of u(t) satisfies

98 202
efer+ 1598 < [ullf < e+ 5t Ve T,

100
2 102 .
ey — ma?’rl < lu@)|? < &%e1 + msgrl vt e E7,
198 2
Igéf}}( u(t)||? > 2e; + m&??’rl, gg; u(t)|]? < ey + magrl, (6.28)

for all the indices j > 0 for which the intervals I, £ are contained in [0,T.], where T is defined
in (6I9) and c1,7m1 are defined in Lemma [5.11l

Moreover, there exists a constant K > 0, depending only on m,p, such that, if the integers
m;j introduced in Proposition [{.1] satisfy

N

> m; < Klog(e™) (6.29)
j=0

for some N, then the intervals I, Ej, ..., I, EX are all contained in [0,T].

Proof. Consider an interval I} C [0,T;], and a point t;- in that interval where the function N7,
defined in (5.29), achieves its maximum value over I*. By (531]) and (6.18),

max
tely

4 4
u()|F = lu(E)(F =D aiSi(t;) = Mt)) + Y an (Si(t)) — Salt))
n=1 n=1

199 198
2€C1+m€ ’r'l—E:lO[nE %26261—1_@637‘1'

The other inequalities in (6:28]) are proved similarly.
From (£2) one has tj;1 = 7(mo + 0y + ... +m; + 0;). Hence, by (530,

J
* T -
t3+1:@2(mk+0k) Vj:0,1,2,
k=0
Since (my, + 0)) < 2my,, recalling (6.19), one has t},, | < T¢ if (6.29) holds. O
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Lemma 6.5. Assume the hypotheses of Lemma [6] There exists a constant €3 € (0,¢e2),
depending only on m,p, where €2 is defined in Lemmal[6.4], such that, if 0 < ¢ < e3, then

48 101
et + 55 7 < llu(b)ll < et + oeth VEE T,

100
ety — 2 < fu)s < et + P Ve B
100 - - 100 J
98 1
Itréz}x lu(t)||1 > eér + mezﬁ, {ggj u(t)||r <eép + ms T, (6.30)

where ¢ = \/c1 and 71 =11/ \/c1. The inequalities in ([6.30) hold for the indices j described in
Lemma[64), that is, for j =0,...,N, where N satisfies ([6.29).

Proof. The inequalities in (6.30) are obtained from (G.28) by the Taylor expansion (1 + x)/? =
1+ 32+ O(2?%) as x — 0 and the inequality (1+2)/? <1+ 1z, which holds for all z > —1. O

6.2 Back to the solutions of the Kirchhoff equation

As is observed in Lemma [2.2] if (ug,vg) is in the ball (2.8]), then, for all ¢ € [0, Txr], the solution
(u,v) of the Cauchy problem (2:2)), (2.9) remains in the ball ||u||,,, < § where the transformation
® is well-defined, and (@, 9) = ®(u,v) in (ZI1]) solves the original system (Z.I]) on the same time
interval.

We want to prove that the solution (@,?) has a dynamical behavior similar to the one of
(u,v) in Lemma[6.5l We underline that v = u, hence ||v||; = ||u/|1, and, in fact, the inequalities
in Lemma [6.5] regard the solution (u,v). On the contrary, the “physical” solution (%, ?) is a pair
of real-valued functions solving (2.I]), and therefore © = dyt. Thus, |ju|l; appearing in Lemma
corresponds to A in Lemma

The transformation ® is defined in ([2.5]). We consider the map ®3 o ®4 o ®5 first, and then
®q, ®y. From Lemma 2.1l we deduce the following property.

Lemma 6.6. Let 6,C be the universal constants in LemmalZ2dl. Let (u,v) € H" (T4, c.c.), with
[tllm, <9, and let (f,g) := ®3 0 Pyo P5(u,v). Then, for every s € R,
1F = ulls < 2C]lullf, [lulls- (6.31)
Proof. By ([2.1),
1F = ulld =7 (kP fe = uil® < Zlk‘l2$02||UH (] + Ju—g])?
kezd
< 202\|U|lm1 D IRP (ukl® + |ui?) = 4C?|[ully, lu]3. O
k
We apply estimate (6.31)) to the solution (u,v) of (2.2]) constructed in the previous sections.
Lemma 6.7. Assume the hypotheses of Lemma 6.0 Let v be the complex conjugate of u, and
let (f,g) := ®3 0 Py 0 P5(u,v). There exists a constant 4 € (0,e3), depending only on m,p,
where g3 is given by Lemma[6.F, such that, if 0 < € < &4, then

47 102
et + ——e*f < ||[f()|h Sedr + ——*F VeI,

100 100
€6y — — %y < If®)|l < eé1 + D2 25 e B
"T1000 Tt T 7
97 2
ﬂ%f’}}{ FO)|h > ea + me 1, tngg; f®)| <eéy + ﬁezfl, (6.32)
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where ¢1, T are defined in Lemma [6.5. The inequalities ([6.32]) hold for the indices j described
in Lemma[64), that is, for j =0,..., N, where N satisfies ([6.29).

Proof. By (6.31)) and (6.6]), one has
If = ully < 20ul7,, lull < Ke® (6.33)

on the time interval [0, 7nr|, where the constant K depends only on m,p. All the inequalities
in the lemma are proved by (6.30) and (6.33]). O

The transformations ®1, ®, are simply these:

f+g f —9)7 (@,7) = ®1(q, p) = (|Da|"2q, | Ds|3p), (6.34)

V22
where |D,|* is the Fourier multiplier |D,[*¢’** = |k|*¢** s € R, k € Z?\ {0} (the frequency
k = 0 can be ignored here, because only zero-average functions are involved).

(qvp) = q)Q(f)g) = <

Lemma 6.8. Let s € R, let f be a zero-average, complex-valued function in H*(T%,C), and let
g be its complex conjugate, i.e., (f,g) € H5(T? c.c.). Then (q,p) defined in (634) is a pair of
zero-average, real-valued functions in H§ (Td,R), with

lgll? + lIpllZ = N2+ gllZ = 21 £12,

1
and (@,0) defined in (6.34) is a pair of zero-average, real-valued functions in Hg+2(Td,R) X
1
2(T, R), with
[allgpr = llalls,  lolle—z = llplls.

Proof. Elementary calculations with Fourier coefficients. O

The next lemma regards the solutions (u,v) of system (2.1), that is, the solutions @ of the
original Kirchhoff equation (1))

Lemma 6.9. Assume the hypotheses of Lemma [6.7, and let (4,0) := ®1 0 Da(f,g). If e < ey,
then the function

N

N (@) = (la®)13 + 15017 (6.35)

satisfies

47 102
eco + —e2rg S N(t) < eco+ —erg Vit € Iz,

100 100
ec 5 e2rg < N(t) < eco + o2 e?rg Vte E}
7 100" - =" 100" 7
97 2
Itré&}}(./\/'(t) > eco+ ﬁezro, {élgjl N(t) <eco+ ﬁ52r0, (6.36)

where ¢y := /261, ro := /271, and &1, 71 are defined in Lemmal63. The inequalities (6.36) hold
for the indices j described in Lemmal[6.4), that is, for j =0,..., N, where N satisfies (6.29).

Proof. By Lemmal[6.8, one has NV (t) = v/2||f(t)||1. Hence (6.38]) follows directly from (6.32). O
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Proof of Theorem[11. All the previous smallness conditions on ¢ are satisfied for o < o4 :=
min{og, 01,029,053}, where oy = op(ag) is given by Proposition 1] o7 by Lemma (9, o9 by
Lemma[B.17] o3 by LemmalG.2l Note that og, 01,09, 03 are all universal constants, and therefore
o4 is universal too. All the previous smallness conditions on ¢ are satisfied for 0 < & < g4, where
€4 is defined in Lemma Also note that ¢4 depends only on m, p.

Let m = 2, and let p be the minimum integer such that p > m =2 and o = m/p =2/p < 0.
Since o, is a universal constant, the integers m,p are universal constants too. Then all the
constants depending only on m,p now become universal constants. In particular, My(o) given
by Proposition 4.1]is now a universal constant.

By Lemma [6.9] renaming s;, 5; the times t;,¢; in (£2)), renaming 7 the period T = T,, at
a = ag, in Proposition @1} renaming ¢;,; the times tr, f; in (5.30), renaming I;, E; the intervals
I7,EY in (530), renaming e the product ecy where ¢ is defined in Lemma [6.9] renaming rg the
constant ro/(2c3) where cg, o are defined in Lemma [6.9] renaming b the ratio b/cj where ¢y is
defined in Lemma and b in (5.27), and also renaming u the solution @ in Lemma [6.9] the
proof of Theorem [[1]is complete. O
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