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The buckling instabilities of core-shell systems, comprising an interior elastic sphere, attached to
an exterior shell, have been proposed to underlie myriad biological morphologies. To fully discuss
such systems, however, it is important to properly understand the elasticity of the spherical core.
Here, by exploiting well-known properties of the solid harmonics, we present a simple, direct method
for solving the linear elastic problem of spheres and spherical voids with surface deformations, de-
scribed by a real spherical harmonic. We calculate the corresponding bulk elastic energies, providing
closed-form expressions for any values of the spherical harmonic degree (l), Poisson ratio, and shear
modulus. We find that the elastic energies are independent of the spherical harmonic index (m).
Using these results, we revisit the buckling instability experienced by a core-shell system comprising
an elastic sphere, attached within a membrane of fixed area, that occurs when the area of the mem-
brane sufficiently exceeds the area of the unstrained sphere [C. Fogle, A. C. Rowat, A. J. Levine and
J. Rudnick, Phys. Rev. E 88, 052404 (2013)]. We determine the phase diagram of the core-shell
sphere’s shape, specifying what value of l is realized as a function of the area mismatch and the
core-shell elasticity. We also determine the shape phase diagram for a spherical void bounded by a
fixed-area membrane.

I. INTRODUCTION

There has been longstanding interest in the mechanical
instabilities of core-shell systems, comprising an elastic
sphere on the inside, surrounded by and attached to an
elastic exterior shell. Although idealized, such a model
has been proposed to underlie myriad buckled or wrin-
kled biological morphologies, such as those of fruits and
vegetables [1–3], insect eggs [4], pollen grains [5, 6], neu-
trophils and B cells [7–9], mammalian brains [10, 11],
and growing tumors [12]. In addition to these biologi-
cal examples, swelling gels often show similar mechanical
instabilities [13–16], as do inorganic core-shell systems
[17, 18].

To fully discuss spherical core-shell systems, it is im-
portant to properly understand the elasticity of the
spherical core. For an isotropic material with Poisson
ratio, ν, in mechanical equilibrium, according to linear
elasticity theory, the elastic displacement field, u, must
satisfy

∇(∇ · u) + (1− 2ν)∇2u = 0, (1)

which is the statement that the force density is zero ev-
erywhere within the material of the spherical core. Eq. 1
plays an analogous role in elasticity theory to that played
in electrostatics by Laplace’s equation, whose solutions
are well-known to be the regular and irregular solid har-
monics, namely rlY ml (θ, φ) and r−l−1Y ml (θ, φ), respec-
tively. From this point of view, it is surprising that
analytic solutions of Eq. 1 in near spherical situations
have been little discussed. The corresponding elastic en-
ergies of these solutions also remain unknown, as far as
we are aware. Ref. 19 sought to remedy this situation,
by, first, solving Eq. 1 for an elastic sphere subject to the

boundary condition that the sphere’s surface is displaced
radially with an amplitude given by a real spherical har-
monic, and, then, by calculating the corresponding elas-
tic energies. However, as described below, we disagree
with Ref. 19’s result that the elastic energy depends on
the spherical harmonic index, m.

The goal of this paper is threefold: (1) to find the
displacement field both within a sphere, with a real-
spherical-harmonic surface displacement, and outside a
spherical void, with a real-spherical-harmonic surface dis-
placement; (2) to calculate corresponding bulk elastic
energies; and (3) to use the resultant elastic energy to
determine the shape phase diagram both of a core-shell
system, comprising an elastic sphere, attached within a
membrane of fixed area [19], and of a spherical void,
which is lined by a membrane of fixed area, that is at-
tached to the surrounding elastic medium. A number of
recent contributions have focused on post-buckling pat-
tern selection in core-shell systems, which depends on
non-linear effects [3, 6, 9, 10, 18, 20–23]. However, such
phenomena lie beyond our scope, which is confined to
linear elasticity only.

The outline of the paper is as follows. By exploit-
ing well-known properties of the solid harmonics, we
first present a straightforward, direct method for solv-
ing Eq. 1 in general, near-spherical situations, both for
spheres (Sec. II) and spherical voids (Sec. III). Then, we
fit the general solutions to boundary conditions corre-
sponding to a spherical core (Sec. IV) or a spherical void
(Sec. V), whose surface is displaced radially with an am-
plitude given by a real spherical harmonic. In Sec. VI, we
calculate the bulk elastic energies corresponding to these
boundary conditions. We provide analytic expressions
for the energies for any value of the spherical harmonic
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degree, l, Poisson ratio, ν, and shear modulus, µ. The
elastic energies are independent of the spherical harmonic
index, m. In Sec. VII, following Ref. 19, we revisit the
buckling instability experienced by a core-shell system
comprising an elastic sphere, attached within a mem-
brane of fixed area, that occurs when the area of the
membrane sufficiently exceeds the area of the unstrained
sphere. We determine the phase diagram of the core-shell
sphere’s shape, specifying what value of l is realized as
a function of area mismatch and sphere and membrane
elasticity. Similarly, we also determine the analogous
shape phase diagram for a spherical void bounded by
a fixed-area membrane. A Mathematica notebook con-
taining all of our calculations is available at Github [24].

II. REGULAR SOLUTION FOR SPHERES

To find solutions to Eq. 1, applicable to (slightly de-
formed) spheres, we first introduce two trial functions,
that when summed together with appropriate relative
weighting, indeed satisfy Eq. 1. To this solution, we then
add an additional trial function that satisfies Eq. 1 on
its own, yielding a final result, that can be conveniently
matched to the applicable boundary conditions.

Trial function 1 takes the form

u1 = ar2∇(rlY ml ), (2)

where a is a constant. Eq. 2 converges at r = 0, and
eventually will be part of the so-called regular solution.
It follows from Eq. 2 that,

∇ · u1 = a(∇r2) · ∇(rlY ml ) + ar2∇2(rlY ml )

= 2larlY ml ,
(3)

and, in turn, that

∇(∇ · u1) = 2la∇(rlY ml ). (4)

We also have that

∇2u1 = 2(2l + 1)a∇(rlY ml ). (5)

Combining Eq. 4 and Eq. 5 yields

∇(∇·u1)+(1−2ν)∇2u1 = (2l+2(1−2ν)(2l+1))a∇(rlY ml )
(6)

Thus, Eq. 1 produces a non-zero result for u1, and an-
other trial function is needed to cancel u1 in order to
satisfy Eq. 1.

To this end, we introduce trial function 2:

u2 = brl+1Y ml+1, (7)

where b = (bx, by, bz) is a constant vector. Then,

∇ · u2 = b · ∇(rl+1Y ml+1)

= αrlY m+1
l + βrlY ml + γrlY m−1

l

(8)

where α, β and γ are all known quantities, given ex-
plicitly in the Appendix (Eq. A4, Eq. A5, and Eq. A6,
respectively). Since ∇2u2 = 0, we have that

∇(∇ · u2) + (1− 2ν)∇2u2 = ∇(∇ · u2) = α∇(rlY m+1
l ) + β∇(rlY ml ) + γ∇(rlY m−1

l ). (9)

The terms on the right-hand side of Eq. 9 are of the
same form as the right-hand side of Eq. 6, except for the
appearance of additional terms with spherical harmonic
indeces equal to m± 1. However, we can use a modified
version of u1, augmented to cancel all three terms arising
from u2. Because ∇(rlY ml ) satisfies Eq. 1 on its own, we
can also add additional terms of this form to u1, with a
view to the solution for a surface displacement given by
a single spherical harmonic. Specifically, we can pick

u′1 =a1(r2 −R2)∇(rlY m+1
l )

+ a0(r2 −R2)∇(rlY ml )

+ a−1(r2 −R2)∇(rlY m−1
l ),

(10)

where R is the radius of the undeformed sphere,

a1 =
−α

2l + 2(1− 2ν)(2l + 1)
, (11)

a0 =
−β

2l + 2(1− 2ν)(2l + 1)
, (12)

and

a−1 =
−γ

2l + 2(1− 2ν)(2l + 1)
. (13)
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By construction, Eq. 1 is now satisfied by

ulm =u′1 + u2

=a1(r2 −R2)∇(rlY m+1
l )

+ a0(r2 −R2)∇(rlY ml )

+ a−1(r2 −R2)∇(rlY m−1
l )

+ (bx, by, bz)r
l+1Y ml+1.

(14)

Using the expressions for α, β, and γ, given in the Ap-
pendix, we have

a1 =
(bx − iby)

√
(2l+3)(l−m+1)!

(l+m+1)!

2(l(8ν − 6) + 4ν − 2)
√

(2l+1)(l−m−1)!
(l+m+1)!

, (15)

a0 =
bz(l +m+ 1)

√
(2l+3)(l−m+1)!

(l+m+1)!

(l(8ν − 6) + 4ν − 2)
√

(2l+1)(l−m)!
(l+m)!

, (16)

and

a−1 = −
(bx + iby)(l +m)(l +m+ 1)

√
(2l+3)(l−m+1)!

(l+m+1)!

2(l(8ν − 6) + 4ν − 2)
√

(2l+1)(l−m+1)!
(l+m−1)!

.

(17)
While u′1 involves spherical harmonics of degree l − 1,

by contrast, u2 involves spherical harmonics of degree
l + 1. Thus, solutions to Eq. 1 necessarily involve at
least one pair of values of l that differ by 2. We also see
that solutions to Eq. 1 naturally involve three consecutive
values of m.

For r = R, we see that only u2 survives. Because
u2 involves a single spherical harmonic, this approach
facilitates matching surface displacements, that are given
by a spherical harmonic or a sum of spherical harmonics.

III. IRREGULAR SOLUTION FOR SPHERICAL
VOIDS

Using an analogous procedure to that followed in
Sec. II, we can also find a solution that remains finite
as r → ∞, namely the irregular solution, which is ap-
plicable within elastic material surrounding a spherical
void. To this end, we again introduce two trial functions,

v1 =a1(r2 −R2)∇(r−l−1Y m+1
l )

+ a0(r2 −R2)∇(r−l−1Y ml )

+ a−1(r2 −R2)∇(r−l−1Y m−1
l )

,

(18)

and

v2 = br−lY ml−1

= (bx, by, bz)r
−lY ml−1.

(19)

To ensure that v1 + v2 is a solution to Eq. 1, we must
pick

a0 =
bz

√
−1+2l
3+2l

√
l2−m2

2
√

1+2l
3+2l (−2−3l+2ν+4lν)

, (20)

a1 = −
(bx−iby)

√
−1+2l
3+2l

√
(l+m)(1+l+m)

4
√

1+2l
3+2l (−2−3l+2ν+4lν)

, (21)

a−1 =
(bx+iby)

√
−1+2l
3+2l

√
l+l2−2lm+(−1+m)m

4
√

1+2l
3+2l (−2−3l+2ν+4lν)

, (22)

so that the contributions of the two trial functions to
Eq. 1 cancel.

The irregular solution is

vlm =v1 + v2

=a1(r2 −R2)∇(r−l−1Y m+1
l )

+ a0(r2 −R2)∇(r−l−1Y ml )

+ a−1(r2 −R2)∇(r−l−1Y m−1
l )

+ (bx, by, bz)r
−lY ml−1.

(23)

Two values of l are involved in the irregular solution too,
and only the coefficients in v2 need be considered to fit
boundary conditions at r = R.

IV. SPHERE WITH A SPHERICAL
HARMONIC SHAPE DEFORMATION

Next, we consider a (slightly deformed) sphere, whose
shape deviates from a perfect sphere by a single, real
spherical harmonic, Ylm, defined as

Ylm =
1√
2

[Y ml + (−1)mY −ml ] (24)

for m > 0 and as Yl0 = Y 0
l for m = 0. The amplitude of

the displacement of the elastic medium immediately be-
hind the surface is proportional to the surface displace-
ment. We furthermore suppose that this displacement is
directed along the radial direction. Thus, the relevant
boundary condition is that the displacement at the sur-
face is

u(R) = gRYlmr̂, (25)

where g is a dimensionless measure of the amplitude of
the surface displacement. The radial unit vector, r̂ =
(sin θ cosφ, sin θ sinφ, cos θ), may be expressed in terms
of Y 1

1 , Y 0
1 and Y −1

1 :
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FIG. 1: Plot of the shape and displacement field within the xy-plane (left) and the xz-plane (right) of a sphere with a surface
deformation given by a spherical harmonic with degree l = 11 and index m = 11 and ν = 0.3. The direction of the arrows
represents the direction of the elastic displacements within the sphere. The color of the arrows represents the magnitude
of these displacements. The buckled shape, represented by the red curve, has a spherical harmonic amplitude of g = 0.20,
corresponding to the excess area at the transition from the isotropically-expanded phase to the buckled phase (Sec. VII). The
smaller blue circle represents the undeformed sphere. The larger green circle represents the isotropically-expanded sphere with
the same surface area as the buckled shape.
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FIG. 2: Plot of the shape and displacement field within the xy-plane (left) and the xz-plane (right) of a spherical void with
a surface deformation given by a spherical harmonic with degree l = 12 and index m = 12 and ν = 0.3. The direction of the
arrows represents the direction of the elastic displacements within the sphere. The color of the arrows represents the magnitude
of these displacements. The buckled shape, represented by the red curve, has a spherical harmonic amplitude of g = 0.25,
corresponding to the excess area at the transition from the isotropically-expanded phase to the buckled phase (Sec. VII). The
smaller blue circle represents the undeformed sphere. The larger green circle represents the isotropically-expanded sphere with
the same surface area as the buckled shape.
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r̂ = (−
√

2π

3

(
Y 1

1 (θ, φ)− Y −1
1 (θ, φ)

)
, i

√
2π

3

(
Y −1

1 (θ, φ) + Y 1
1 (θ, φ)

)
, 2

√
π

3
Y 0

1 (θ, φ)), (26)

implying that Eq. 25 consists of pairwise products of spherical harmonics. It is well-known, however, that pairwise
products of spherical harmonics may be expressed as a linear combination of spherical harmonics with degrees and
indeces and weights, specified by the Wigner 3-j symbols. Thus, we find that Eq. 25 contains spherical harmonics
with degree l±1, and indeces m±1 for the x- and y-components, and index m for the z-component, and the complex
conjugates of these terms, which is a total of twelve spherical harmonics each with a different combination of l and
m than the others (Table I). This form of Eq. 25 is given in the accompanying Mathematica notebook. To satisfy
these boundary conditions, we must select a solution that is a superposition of twelve ulm’s containing the values of l
and m needed, and we must set the components of b for each ulm in the superposition equal to the coefficient of the
corresponding spherical harmonic in Eq. 25. Thus, we find the following solution for spheres:

ux = R
∑

m′=m±1

(Am′(r
2 −R2)rl−1Y m

′

l−1 +Bm′r
l+1Y m

′

l+1 + Cm′r
l−1Y m

′

l−1) + c.c. (27)

uy = R
∑

m′=m±1

(Dm′(r
2 −R2)rl−1Y m

′

l−1 + Em′r
l+1Y m

′

l+1 + Fm′r
l−1Y m

′

l−1) + c.c. (28)

uz = R
(
G(r2 −R2)rl−1Y ml−1 +Hrl+1Y ml+1 + Irl−1Y ml−1

)
+ c.c. (29)

where the coefficients (Am′ , Bm′ , etc.) are all known
functions of l, m, R, g and ν, and are given in Appendix
C. It turns out that the coefficients vanish for all terms
of the form (r2 − R2)Y m

′

l−3, that would otherwise appear
in Eqs. 27, 28, and 29.

The displacement field (u) for a sphere with a spherical
harmonic surface deformation with l = 11 and m = 11 is
illustrated in Fig. 1 for g = 0.22 and ν = 0.3. This rep-
resentation shows how the interior of the original sphere
(blue, smaller circle) is deformed to the buckled shape

(red curve). The larger green circle has the same surface
area as the buckled shape, and is included for reference.

V. SPHERICAL VOIDS WITH A SPHERICAL
HARMONIC SHAPE DEFORMATION

Similarly to Sec. IV, our solution for spherical voids is:

vx = R
∑

m′=m±1

(Jm′(r
2 −R2)r−2−lY m

′

l+1 +Km′r
−lY m

′

l−1 + Lm′r
−2−lY m

′

l+1) + c.c. (30)

vy = R
∑

m′=m±1

(Mm′(r
2 −R2)r−2−lY m

′

l+1 +Nm′r
−lY m

′

l−1 +Om′r
−2−lY m

′

l+1) + c.c. (31)

vz = R
(
P (r2 −R2)r−2−lY ml+1 +Qr−lY ml−1 + Sr−2−lY ml+1

)
+ c.c. (32)

where the coefficients here are given in Appendix D. The
displacement field for a spherical void (v) with a spherical
harmonic surface deformation with l = 12 and m = 12 is
similarly plotted in Fig. 2 for ν = 0.3 and g = 0.25.

VI. BULK ELASTIC ENERGIES

Elasticity theory informs us that the elastic energy
density, w, can be directly calculated from the deriva-
tives of the displacement u, namely the strains, εij =
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1
2 (∂iuj + ∂jui):

w =µ[
1− ν
1− 2ν

(ε2xx + ε2yy + ε2zz)

+
2ν

1− 2ν
(εxxεyy + εyyεzz + εzzεxx)

+ 2(ε2xy + ε2yz + ε2zx)].

(33)

Then, to find the total bulk energy, W , we must integrate
the energy density over the volume of the sphere (or over
the volume outside the spherical void).

Using Eqs. 27, 28, and 29, in conjunction with Eqs.
A4, A5, and A6 from Appendix A, we can calculate each
strain component with the result that each strain com-
ponent comprises a sum of up to twenty spherical har-
monics:

εij =
∑

l′=l−2,l
m′=±m,±m±1,±m±2

dl′,m′Y
m′

l′ (34)

where dl′,m′ are the coefficients of Y m
′

l′ in εij and depend

on cartesian coordinates i and j (Table I).

The spherical harmonics are orthogonal and normal-
ized, that is,

∫
Y ml (Y m

′

l′ )∗dΩ = δll′δmm′ (35)

where (Y ml )∗ is the complex conjugate of Y ml . Since
(Y ml )∗ = (−1)mY −ml , it follows that

∫
Y ml Y −m

′

l′ dΩ = (−1)mδll′δmm′ . (36)

We can use this result to facilitate integration of the en-
ergy density over angles by first representing εij as two
vectors, each of 10 components, one corresponding to
spherical harmonics of degree l and the other correspond-
ing to spherical harmonics of degree l− 2 (l and l+ 2 for
irregular solution):

dεij = (dl′,m+2, dl′,m+1, dl′,m, dl′,m−1, dl′,m−2, dl′,−m+2, dl′,−m+1, dl′,−m, dl′,−m−1, dl′,−m−2) (37)

where l′ = l − 2, l. Next, for each of l and l − 2, we construct a 10 × 10 matrix, whose entries derive from the left
hand side of Eq. 36:

M =



δ−2,m 0 −δ−1,m 0 δ0,m 0 0 0 0 (−1)m

0 δ−1,m 0 −δ0,m 0 0 0 0 (−1)m+1 0
−δ−1,m 0 δ0,m 0 −δ1,m 0 0 (−1)m 0 0

0 −δ0,m 0 δ1,m 0 0 (−1)m+1 0 0 0
δ0,m 0 −δ1,m 0 δ2,m (−1)m 0 0 0 0

0 0 0 0 (−1)m δ2,m 0 −δ1,m 0 δ0,m
0 0 0 (−1)m+1 0 0 δ1,m 0 −δ0,m 0
0 0 (−1)m 0 0 −δ1,m 0 δ0,m 0 −δ−1,m

0 (−1)m+1 0 0 0 0 −δ0,m 0 δ−1,m 0
(−1)m 0 0 0 0 δ0,m 0 −δ−1,m 0 δ−2,m


. (38)

It then follows that the required integrals over angles now
correspond to matrix multiplication:∫

εijεpqdΩ = dεijMdεpq
T , (39)

where dεpq
T is the transpose of dεpq . The integrals over

r must be done explicitly:∫ R

0

dεijMdεpq
T r2dr (40)

for spheres and ∫ ∞
R

dεijMdεpq
T r2dr (41)

for spherical voids. Even though several of the matrix ele-
ments of matrix, M (Eq. 38), explicitly depend on partic-
ular values of the spherical harmonic index, m, both the
total elastic energy and the elastic energy within a shell
at radius r are independent of m, that is, all shapes with
the same l have the same energy. Because the expression
for the elastic energy is invariant under rotations, we can
understand the m-independence of the elastic energy by
realizing that with the given boundary conditions – a
radial surface displacement with an amplitude propor-
tional to a spherical harmonic – the elastic energy is a
functional of the spherical-harmonic surface shape. Since
each spherical harmonic is an irreducible representation
of the rotation group, the elastic energy must therefore
be independent of m.
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TABLE I: Spherical harmonics components of shape, displacement and strain

l (sphere) m (sphere) l (void) m (void)

Shape l ±m l ±m
ux,y(R), vx,y(R) l ± 1 ±m± 1 l ± 1 ±m± 1

uz(R), vz(R) l ± 1 ±m l ± 1 ±m
ux,y, vx,y l ± 1 ±m± 1 l ± 1 ±m± 1

uz, vz l ± 1 ±m l ± 1 ±m
εxx,xy,yx,yy l, l − 2 ±m± 2,±m l, l + 2 ±m± 2,±m
εxz,zx,yz,zy l, l − 2 ±m± 1 l, l + 2 ±m± 1

εzz l, l − 2 ±m l, l + 2 ±m

For general values of l, the expression for the bulk elas-
tic energy appears unwieldly (as can be seen from the
Mathematica notebook). However, for any specific value
of l, the elastic energy reduces to a remarkably simple
form. Examination of this energy for values of l from 1
to 25, using Mathematica’s FindSequenceFunction, in-
dicates that the bulk elastic energies are given for general
l by

W = g2µR3

((
2l2 − 3l − 1

)
ν −

(
2l2 − l + 1

)
2(2l + 1)ν − (3l + 1)

)
(42)

for spheres, and

W = g2µR3

((
4 + 7l + 2l2

)
ν −

(
4 + 5l + 2l2

)
2(1 + 2l)ν − (2 + 3l)

)
(43)

for spherical voids. Eq. 42 and Eq. 43 are key results of
this paper.

Fig. 3 and Fig. 4 present the energy density, aver-
aged over angles, within a shell at radius r for spheres
and spherical voids, respectively. Inspection of Fig. 3
and Fig. 4 makes it clear that for increasing l, most of
the energy density, displacement and strain is confined
to an increasingly narrow near-surface layer. In Fig. 3
for spheres, each curve displays a peak at a radius less
than R, which appears progressively closer to the surface
for progressively larger l values. By contrast, in Fig. 4,
the curves for spherical voids appear to decrease mono-
tonically as r increases.

For boundary conditions, described by the sum of two
spherical harmonics, Ylm and Yl′m′ , the solution for the
displacement u is the sum of the two solutions, satis-
fying boundary conditions described by Ylm and Yl′m′
separately. This result is inevitable given that Eq. 1 is
linear in u. We furthermore find that the corresponding
bulk elastic energy is also additive, i.e. the energy for the

two-spherical-harmonic boundary condition, Ylm+Yl′m′ ,
is the sum of the energy for boundary condition, Ylm, and
the energy for boundary condition, Yl′m′ . The reason is
clear for cases in which l and l′ are far apart, because from
Eq. 34, ulm and ul′m′ then have no spherical harmonics
in common. However, even in cases where l − l′ = 2, so
that the same spherical harmonics may appear in both
ulm and ul′m′ , we find that the energy is additive.

Finally, as the alternatives to a buckled sphere and
a buckled spherical void, we consider the elastic energy
of a isotropically expanded sphere and an isotropically
expanded spherical void. In the case of an isotropically
expanded sphere, the displacement is u = gr (which also
satisfies Eq. 1), so that ux = gx, uy = gy, uz = gz, and
εxx = εyy = εzz = g while εij = 0 for i 6= j. Substituting
these results for the strains into Eq. 33, we find, for the
energy density,

w = 3µg2 1 + ν

1− 2ν
(44)

and, for the total elastic energy of an isotropically ex-
panded sphere,

Eisotropic = 4πR3µg2 1 + ν

1− 2ν
. (45)

In the case of an isotropically expanded spherical void,

the displacement is u = gR
3

r2 r. The corresponding energy
density is

w =
6µg2R6

r6
(46)

and the corresponding total energy is

Eisotropic = 8πµg2R3. (47)

VII. CORE-SHELL SYSTEM

In this section, we revisit the buckling instability that
occurs in a spherical core-shell system, when the area

mismatch between a stiff shell and a soft core exceeds
a critical value, corresponding to the elastic energy of
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a isotropically expanded state exceeding the elastic en-
ergy of a buckled state. To generally treat a core-shell
system, composed of two materials with different elastic
properties, in addition to the regular solution applicable
within the core, we would also need the solution to Eq. 1
within a spherical shell. The solution within a shell is the
superposition of the regular and the irregular solutions,
which must then together be matched to the appropriate
boundary conditions at the inner radius, where the core
and the shell meet, and at the outer radius of the shell.
With these solutions in hand, we would then calculate
the strains and elastic energies.

Instead of this route, we follow Ref. 19 and consider
the limiting case that the shell can be described as a thin
membrane of fixed area, A, and bending stiffness, κ. The
surface energy is calculated by integrating the square of
the mean curvature, H, over the surface:

Esurface =
κ

2

∮
r=R

H2dS. (48)

Then, when the shape of the membrane is described by
a real spherical harmonic, Ylm, the l-dependent part of
the membrane elastic energy is

Esurface =
κ

8
g2[l(l + 2)(l2 − 1)], (49)

independent of m [19, 25].
In the context of a fixed-area membrane, the buckling

instability is controlled by relative excess area, namely
the difference between the area of the membrane and the
area of the spherical core, normalized by the area of the
core:

∆ =
A

4πR2
− 1. (50)

Therefore, we must relate the buckling amplitude, g, to
the relative excess area, ∆. For buckled shapes, described
by real spherical harmonics, Ylm, Ref. 19 showed that

g =
√

∆(
8π

l(l + 1) + 2
)1/2. (51)

In this case, the energies of both the core and the shell
are proportional to g2. Therefore, the total energy of the
core-shell system with shape Ylm is proportional to ∆.

Combining Eq. 42, Eq. 49, and Eq. 51 and introducing
α, given by

α =
µR3

κ
(52)

we find that the total core-shell energy for spheres is

Etotal =
8κ∆

l2 + l + 2
π

(
α

(
2l2 − 3l − 1

)
ν −

(
2l2 − l + 1

)
2(2l + 1)ν − (3l + 1)

+
1

8
(l − 1)l(l + 1)(l + 2)

)
. (53)

Similarly, the total energy for spherical voids, with a membrane surrounding the void, is

Etotal =
8κ∆

l2 + l + 2
π

(
α

(
4 + 7l + 2l2

)
ν −

(
4 + 5l + 2l2

)
2(1 + 2l)ν − (2 + 3l)

+
1

8
(l − 1)l(l + 1)(l + 2)

)
. (54)

Fig. 5 and Fig. 6 plot these energies for ν = 0.2. In
these plots, each line represents the energy associated
with a particular value of l. It is clear from these figures
that which value of l corresponds to the lowest energy
steps from one value to the next as α increases. The l
value of the lowest total energy state is plotted versus α
in Fig. 7 for spheres and in Fig. 8 for spherical voids.
As α increases, the minimum energy l increases. We pick
four values of Poisson’s ratio ν to illustrate the trend.
Poisson’s ratio is the material property describing the
deformation of a material in directions perpendicular to
the direction of loading, which lies between −1 and 1

2
for stable, isotropic, linear elastic material. A Poisson’s
ratio of 1

2 means that the material is incompressible.

To further make sense of Fig. 7, we consider the limit
of large l and treat l as a continuous variable. Then, for

spheres

Etotal ' 8κ∆

(
2α(1− ν)

(3− 4ν)l
+
l2

8

)
, (55)

and we can find the value of l that minimizes the total
energy (l∗). The result is

l∗ = 2

(
α(1− ν)

3− 4ν

) 1
3

(56)

The value of l∗ varies as α
1
3 , consistent with the behavior

apparent in Fig. 7. The elastic energy corresponding to
l∗ is

E∗total = 12κ∆

(
α(1− ν)

3− 4ν

) 2
3

, (57)

reminiscent of the minimum energy envelope in Fig. 5.
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For the isotropically expanded state, g = ∆/2 to lin-
ear order. Therefore, in contrast to the linear-in-∆ buck-
led state energy, the energy of an isotropically expanded
sphere is,

Eisotropic = πR3µ∆2 1 + ν

1− 2ν
, (58)

proportional to ∆2. Thus, for small ∆, the isotropic state
inevitably has a lower energy than the buckled state,
while for large ∆, the opposite is true.

To find the critical value of ∆ at which the core-shell
system transitions from isotropically expanded to buck-
led, we set the energies for both cases to be equal, and
then solve for the corresponding value of ∆, namely ∆c:

∆c =
Etotal

πR3µ 1+ν
1−2ν∆c

=
Etotal/(κ∆c)

πα 1+ν
1−2ν

. (59)

Since Etotal/(κ∆c) is independent of ∆c, the right-hand
side of Eq. 59 is the desired solution for ∆c. The analo-
gous result for spherical voids with an interior shell is

∆c =
Etotal/(κ∆c)

2πα
. (60)

The deformations shown in Fig. 1 and Fig. 2 for spheres
and spherical voids, respectively, both correspond to ∆c

for α = 600. We plot ∆c as a function of α as the curved
lines in Fig. 9 for spheres and in Fig. 10 for spheri-
cal voids. The region below the ∆c-versus-α curve cor-
responds to an isotropically expanded phase, while the
region above is the buckled phase. The vertical lines in
these figures separate buckled phases with different l val-
ues. Thus, Fig. 9 and Fig. 10 represent shape phase
diagrams.

In general, a larger value of α requires a lower relative
excess area in order for there to be a transition into the
buckled phase above the ∆c curve. A larger value of α
also gives rise to a larger l value in the buckled phase.
Clearly, the vertical lines separating buckled states with
different values of l do not align at the same values of
α for different Poisson ratios. In the large-l limit, for a
core-shell system, we have that

∆c =
12

π
α−

1
3

(
1− 2ν

1 + ν

)(
1− ν
3− 4ν

) 2
3

. (61)

VIII. CONCLUSION

By applying linear elasticity theory and exploiting
well-known properties of the solid harmonics, we have de-
scribed how to find the displacements either inside solid
spheres or outside spherical voids, assuming in both cases
that the surface of the sphere or the void shows a ra-
dial surface deformations, whose amplitude is given by
a real spherical harmonic. Using the displacements so-
obtained, we then calculated the corresponding bulk elas-
tic energies, providing closed-form expressions for these
energies, for any values of the spherical harmonic degree

(l), Poisson ratio, and shear modulus. We found that
the elastic energies are independent of the spherical har-
monic index (m), consistent with expectations based on
symmetry considerations. These collected results repre-
sent an important addition to our knowledge of the lin-
ear elasticity of systems with (near) spherical symmetry.
In addition to their relevance to the buckling/wrinkling
transitions of core-shell systems, because any shape can
be described as a superposition of spherical harmonics,
our results will be valuable for researchers broadly inter-
ested in the elasticity of spheres or spherical voids, that
experience surface shape deformations. We also revis-
ited the buckling instability experienced by a core-shell
system comprising an elastic sphere, attached within a
membrane of fixed area, that occurs when the area of
the membrane sufficiently exceeds the area of the un-
strained sphere. By finding the state which possesses
the smallest total energy the sum of the bulk and surface
elastic energies within linear elasticity, we determined the
phase diagram of the core-shell sphere’s shape, specify-
ing what value of l is realized as a function of the area
mismatch and the core-shell elasticity. Similarly, we also
determined the shape phase diagram for a spherical void
bounded by a fixed-area membrane.

Supplementary Material

A Mathematica notebook that performs the calcula-
tions described is available as supplementary material
[24].
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Appendix A: Properties of regular solid harmonics

We summarize some useful results:

∇2(rlY ml ) = 0, (A1)

∇ · (r2∇(rlY ml )) = (∇r2) · ∇(rlY ml )

= 2r · ∇(rlY ml )

= 2r ∂∂r (rlY ml )

= 2l(rlY ml ), (A2)

∇2(r2∇(rlY ml )) = 2(2l + 1)∇(rlY ml ), (A3)
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∂

∂x
(rlY ml ) =

1

2
rl−1

√
(2l + 1)(l −m)!

(l +m)!

 Y m+1
l−1√

(2l−1)(l−m−2)!
(l+m)!

−
(l +m− 1)(l +m)Y m−1

l−1√
(2l−1)(l−m)!

(l+m−2)!

 , (A4)

∂

∂y
(rlY ml ) = −1

2
irl−1

√
(2l + 1)(l −m)!

(l +m)!

 (l +m− 1)(l +m)Y m−1
l−1√

(2l−1)(l−m)!
(l+m−2)!

+
Y m+1
l−1√

(2l−1)(l−m−2)!
(l+m)!

 , (A5)

and

∂

∂z
(rlY ml ) =

(l +m)rl−1
√

(2l+1)(l−m)!
(l+m)! Y ml−1√

(2l−1)(l−m−1)!
(l+m−1)!

. (A6)

It follows that

α =
(bx − iby)

√
(2l+3)(l−m+1)!

(l+m+1)!

2
√

(2l+1)(l−m−1)!
(l+m+1)!

, (A7)

β =
bz(l +m+ 1)

√
(2l+3)(l−m+1)!

(l+m+1)!√
(2l+1)(l−m)!

(l+m)!

, (A8)

and

γ = −
(bx + iby)(l +m)(l +m+ 1)

√
(2l+3)(l−m+1)!

(l+m+1)!

2
√

(2l+1)(l−m+1)!
(l+m−1)!

.

(A9)

Appendix B: Properties of irregular solid harmonics

∂

∂x
(r−l−1Y ml ) =

1

2

√
2l + 1

2l + 3

(√
(l +m+ 1)(l +m+ 2)r−l−2Y m+1

l+1 −
√

(l −m+ 1)(l −m+ 2)r−l−2Y m−1
l+1

)
(B1)

∂

∂y
(r−l−1Y ml ) = −1

2
i

√
2l + 1

2l + 3

(√
(l −m+ 1)(l −m+ 2)r−l−2Y m−1

l+1 +
√

(l +m+ 1)(l +m+ 2)r−l−2Y m+1
l+1

)
(B2)

∂

∂z
(r−l−1Y ml ) = −

√
2l + 1

2l + 3

√
(l −m+ 1)(l +m+ 1)r−l−2Y ml+1 (B3)

Appendix C: Regular solution coefficients

Am+1 =

 0 l < m+ 2
g(l+1)(2l+3)e2iπ(l+m)R−l−1Γ(l−m+1)

4
√

2(l(4ν−3)+2ν−1)
√

(4l2−1)(l−m)!Γ(l−m−1)
otherwise

(C1)

Am−1 =

 g(−1)−2l
√

(l+m−1)(l+m)

8l2−2
R−l−1(−(l+1)(2l+3)e2iπ(2l+m))

4(l(4ν−3)+2ν−1) l +m ≥ 2

0 otherwise
(C2)
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Bm+1 = −1

2
g(−1)2(l+m)

√
(l +m+ 1)(l +m+ 2)

8l(l + 2) + 6
R−l−1 (C3)

Bm−1 =
1

2
g(−1)2(l+m)

√
(l −m+ 1)(l −m+ 2)

8l(l + 2) + 6
R−l−1 (C4)

Cm+1 =

{
1
2g(−1)−2l

√
(l−m−1)(l−m)

8l2−2 Rl+1
(
R2
)−l

l ≥ m+ 2

0 otherwise
(C5)

Cm−1 =

{
− 1

2g(−1)−2l
√

(l+m−1)(l+m)
8l2−2 Rl+1

(
R2
)−l

l +m ≥ 2

0 otherwise
(C6)

Dm+1 =



1

8(2l + 1)2(l(4ν − 3) + 2ν − 1)
√
l(8l(l + 1)− 6)Γ(l −m− 1)

(ig(−1)meiπ(3l+m)(−R)−l−1

(l2
√
l(2l + 1)3(2l + 3)Γ(l −m+ 1) + l(2m

√
l(2l + 1)3(2l + 3)Γ(l −m+ 1)

+ 3
√
l(2l + 1)3(2l + 3)Γ(l −m+ 1) + 2

√
l(2l + 1)3(2l + 3)(l −m+ 1)Γ(l −m+ 2)

+ 2
√
l(2l + 1)(2l + 3)(l −m+ 1)(l −m+ 2)Γ(l −m+ 3)) + 2

√
l(2l + 1)3(2l + 3)Γ(l −m+ 1)

+ 2
√
l(2l + 1)3(2l + 3)(l −m+ 1)Γ(l −m+ 2) +m(m

√
l(2l + 1)3(2l + 3)Γ(l −m+ 1)

+ 3
√
l(2l + 1)3(2l + 3)Γ(l −m+ 1) + 2

√
l(2l + 1)3(2l + 3)(l −m+ 1)Γ(l −m+ 2))

+
√
l(2l + 1)(2l + 3)(l −m+ 1)(l −m+ 2)Γ(l −m+ 3)))

l ≥ m+ 2

0 otherwise

(C7)

Dm−1 =


ig(l + 1)(2l + 3)eiπ(3l+2m)

√
(l+m−1)(l+m)

8l2−2 (−R)−l−1

4(l(4ν − 3) + 2ν − 1)
l +m ≥ 2

0 otherwise

(C8)

Em+1 =
1

2
ig(−1)2(l+m)

√
(l +m+ 1)(l +m+ 2)

8l(l + 2) + 6
R−l−1 (C9)

Em−1 =
1

2
ig(−1)2(l+m)

√
(l −m+ 1)(l −m+ 2)

8l(l + 2) + 6
R−l−1 (C10)

Fm+1 =

{
− 1

2 ig(−1)−2l
√

(l−m−1)(l−m)
8l2−2 Rl+1

(
R2
)−l

l ≥ m+ 2

0 otherwise
(C11)

Fm−1 =

{
− 1

2 ig(−1)−2l
√

(l+m−1)(l+m)
8l2−2 Rl+1

(
R2
)−l

l +m ≥ 2

0 otherwise
(C12)
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I =

{
g(−1)−2l

√
(l−m)(l+m)

8l2−2 Rl+1
(
R2
)−l

l ≥ m+ 1

0 otherwise
(C13)

H = g(−1)2(l+m)

√
(l −m+ 1)(l +m+ 1)

8l(l + 2) + 6
R−l−1 (C14)

G =



1

4
√

2(l(4ν − 3) + 2ν − 1)
√

(2l − 1)Γ(l −m)Γ(l +m)
(g(−1)2(l+m)R−l−1

(((l +m+ 1)(l +m+ 2))3/2Γ(l +m+ 1)

√
Γ(l −m+ 1)

(2l + 1)Γ(l +m+ 3)

+

√
(l −m+ 1)(l −m+ 2)Γ(l −m+ 3)Γ(l +m+ 1)

2l + 1

+ 2

√
(l −m+ 1)(l +m+ 1)Γ(l −m+ 2)Γ(l +m+ 2)

2l + 1
))

l ≥ m+ 1

0 otherwise

(C15)

Appendix D: Irregular solution coefficients

Jm+1 =
1

8(4lν − 3l + 2ν − 2)
g(−1)m−l

√
(l +m+ 1)(l +m+ 2)

4l(l + 2) + 3
Rl(
√
l (4l2 − 1) (l −m− 1)(l −m)({

(−1)−l−m
√

(l−m−1)(l−m)
8l3−2l l ≥ m+ 2

0 otherwise

)

+
√

2
√
l (4l2 − 1) (l −m)(l +m)

({
(−1)−l−m

√
− (l−m)(l+m)

l−4l3 l ≥ m+ 1

0 otherwise

)

+
√
l (4l2 − 1) (l +m− 1)(l +m)

({
(−1)−l−m

√
(l+m−1)(l+m)

8l3−2l l +m ≥ 2

0 otherwise

)
)

(D1)

Jm−1 =



g(−1)−2l(1−2l)l
√

(l−m+1)(l−m+2)
8l(l+2)+6

Rl

4(4lν−3l+2ν−2) l ≥ m+ 2

−
g(−1)−2l

√
(l−m+1)(l−m+2)

8l(l+2)+6
(3l−m−1)(l+m)Rl

8(4lν−3l+2ν−2) l ≥ m+ 1 ∧ l +m ≥ 2

−
g(−1)−2l(l−m)

√
(l−m+1)(l−m+2)

8l(l+2)+6
(l+m)Rl

4(4lν−3l+2ν−2) l ≥ m+ 1

−
g(−1)−2l

√
(l−m+1)(l−m+2)

8l(l+2)+6
(l+m−1)(l+m)Rl

8(4lν−3l+2ν−2) l +m ≥ 2

(D2)

Km+1 =

{
1
2g(−1)−2l

√
(l−m−1)(l−m)

8l2−2 Rl l ≥ m+ 2

0 otherwise
(D3)

Km−1 =

{
− 1

2g(−1)−2l
√

(l+m−1)(l+m)
8l2−2 Rl l +m ≥ 2

0 otherwise
(D4)



13

Lm+1 = −1

2
g(−1)2(l+m)

√
(l +m+ 1)(l +m+ 2)

8l(l + 2) + 6
Rl+2 (D5)

Lm−1 =
g(−1)2(l+m)Rl+2

2
√

8l(l+2)+6
(l−m+1)(l−m+2)

(D6)

Mm+1 =− 1

8(4lν − 3l + 2ν − 2)
ig(−1)m−l

√
(l +m+ 1)(l +m+ 2)

4l(l + 2) + 3
Rl(
√
l (4l2 − 1) (l −m− 1)(l −m)({

(−1)−l−m
√

(l−m−1)(l−m)
8l3−2l l ≥ m+ 2

0 otherwise

)

+
√

2
√
l (4l2 − 1) (l −m)(l +m)

({
(−1)−l−m

√
− (l−m)(l+m)

l−4l3 l ≥ m+ 1

0 otherwise

)

+
√
l (4l2 − 1) (l +m− 1)(l +m)

({
(−1)−l−m

√
(l+m−1)(l+m)

8l3−2l l +m ≥ 2

0 otherwise

)
)

(D7)

Mm−1 =− 1

8(4lν − 3l + 2ν − 2)
ig(−1)m−lRl(

√
l(2l − 1)(l −m− 1)(l −m)(l −m+ 1)(l −m+ 2)

2l + 3({
(−1)−l−m

√
(l−m−1)(l−m)

8l3−2l l ≥ m+ 2

0 otherwise

)

+
√

2

√
l(2l − 1)(l −m)(l −m+ 1)(l −m+ 2)(l +m)

2l + 3

({
(−1)−l−m

√
− (l−m)(l+m)

l−4l3 l ≥ m+ 1

0 otherwise

)

+

√
l(2l − 1)(l −m+ 1)(l −m+ 2)(l +m− 1)(l +m)

2l + 3

({
(−1)−l−m

√
(l+m−1)(l+m)

8l3−2l l +m ≥ 2

0 otherwise

)
)

(D8)

Nm+1 =

{
− 1

2 ig(−1)−2l
√

(l−m−1)(l−m)
8l2−2 Rl l ≥ m+ 2

0 otherwise
(D9)

Nm−1 =

{
− 1

2 ig(−1)−2l
√

(l+m−1)(l+m)
8l2−2 Rl l +m ≥ 2

0 otherwise
(D10)

Om+1 =
1

2
ig(−1)2(l+m)

√
(l +m+ 1)(l +m+ 2)

8l(l + 2) + 6
Rl+2 (D11)

Om−1 =
ig(−1)2(l+m)Rl+2

2
√

8l(l+2)+6
(l−m+1)(l−m+2)

(D12)

S = g(−1)2(l+m)

√
(l −m+ 1)(l +m+ 1)

8l(l + 2) + 6
Rl+2 (D13)
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Q =

{
g(−1)−2l

√
(l−m)(l+m)

8l2−2 Rl l ≥ m+ 1

0 otherwise
(D14)

P =



−
g(−1)−2ll(2l−1)

√
(l−m+1)(l+m+1)

8l(l+2)+6
Rl

2(4lν−3l+2ν−2) l ≥ m+ 2

−
g(−1)−2l(3l−m−1)(l+m)

√
(l−m+1)(l+m+1)

8l(l+2)+6
Rl

4(4lν−3l+2ν−2) l ≥ m+ 1 ∧ l +m ≥ 2

−
g(−1)−2l(l−m)(l+m)

√
(l−m+1)(l+m+1)

8l(l+2)+6
Rl

2(4lν−3l+2ν−2) l ≥ m+ 1

−
g(−1)−2l(l+m−1)(l+m)

√
(l−m+1)(l+m+1)

8l(l+2)+6
Rl

4(4lν−3l+2ν−2) l +m ≥ 2

(D15)
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FIG. 3: Plot of the energy density as a function of r for
l = 4, 8, 16, 32 for spheres. Red solid line corresponds to l = 4,
blue dashed line corresponds to l = 8, magenta dotted line
corresponds to l = 16, and cyan dot-dashed line corresponds
to l = 32.
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ν = −0.1, 0, 0.2, 0.45. The red solid line corresponds to ν =
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