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We report second-principles simulations on the structural and energetic properties of domains
in (PbTiO3)n/(SrTiO3)n superlattices. For the explored layer thickness (n ranging between 8 and
16 unit cells) and lateral sizes of the domains, the most stable configuration corresponds to polar
domains separated by a sequence of counter-rotating vortices (clockwise/counterclockwise) perpen-
dicular to the stacking direction and acting as domain walls. The balance between the domain wall
energy and the electrostatic energy yields to an optimal domain period ω that is proportional to the
square-root of the thickness of the PbTiO3 layer, following the Kittel law. For a given lateral size
of the simulation box, suboptimal domain structures (with a width larger than the one predicted
by the Kittel law) can be obtained in a metastable form. However, at finite temperature, molecular
dynamics simulations show the spontaneous change of periodicity, which implies the formation of
new domains whose generation is initiated by the nucleation of vortices and antivortices at the inter-
face between the SrTiO3 and the PbTiO3 layers. The vortices progressively elongate and eventually
annihilate with the antivortices yielding the formation of new domains to comply the Kittel law via
a topological phase transition.

I. INTRODUCTION

A common feature among the family of ferroelectric
materials is the formation of domain structures, regions
of space with different polarization separated by bound-
aries called domain walls [1, 2]. Domains of opposite
polarization lead to an overall charge neutrality at the
surfaces reducing the depolarization field and the associ-
ated electrostatic energy.

The structure and energetics of domains in ferroic ma-
terials were first addressed by Landau and Lifshitz [3],
and one decade later by Kittel [4, 5] in his studies on fer-
romagnetic domains. The delicate balance between the
energy of the boundary between domains, the magnetic
field energy of the configuration, and the anisotropy en-
ergy of the spin orientation determine the relationship
between the width of the domains, ω, and the thickness
of the material, d [4]. Adding up all the energy costs and
minimizing this with respect to the domain size leads to
a square-root dependence of ω as a function of d. This

is the so-called Landau-Kittel law, w2

δ = A · d, where A
is an adimensional proportionality constant and δ is the
thickness of the domain wall. This law was extended to
ferroelectric materials by Mitsui and Furuichi [6] study-
ing the domain structure of the Rochelle salt, where the
electrostatic, elastic, and gradient energies determine the
number and width of the domains for a given thickness
of the material. The square-root dependence was further
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generalised under specific periodicities and screening con-
ditions to the case of ultrathin ferroelectric layers [7] and
to the case of superlattices with paraelectric materials [8].
Moreover, Roitburd expanded it also for ferroelastic thin
films under epitaxial strain [9]. Therefore, it seems that
the Landau-Kittel law of stripe domain width on film
thickness is a general property of all ferroics [2].

Beyond the analytical derivations, the validity of the
law has been confirmed by first-principles-based studies
in ferroelectric [10] and multiferroic [11] thin films with
thicknesses down to three unit cells. Following the spirit
of these two works, we widen the applicability of the
Kittel law to the case of ferroelectric/dielectric super-
lattices characterized by a ground state consisting of po-
lar domains separated by a sequence of counter-rotating
vortices (clockwise/counterclockwise) acting as domain
walls [12–14]. Using second-principles simulations we val-
idate the law for this complex polarization texture. Very
interestingly we show how when the system is initialized
from a metastable state, where the density of domains
is smaller than the one predicted by the Kittel law, it
evolves upon heating to the ground state via a topolog-
ical phase transition. The driving mechanism for the
generation and closure of new domains is the recombi-
nation of vortex and antivortex defects generated at the
interface between PbTiO3 and SrTiO3.

II. METHODOLOGY

The second-principles simulations were performed
using the same methodology presented in previous
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works [15, 16], as implemented in the scale-up pack-
age [15, 17]. The second-principles parameters of both
materials were fitted from density functional theory im-
posing a hydrostatic pressure of −11.2 GPa to counter
the underestimation obtained by the local density ap-
proximation of the cubic lattice constant that was taken
as the reference structure. We imposed an epitaxial con-
straint assuming in-plane lattice constants of a = b =
3.901 Å, forming an angle γ = 90◦ mimicking the condi-
tions of a SrTiO3 substrate. The interatomic potentials,
and the approach to simulate the interface, are the ones
first introduced in Ref. [16]. For a given value of super-
cell periodicity n, (PbTiO3)n/(SrTiO3)n several values
of lateral size L were relaxed making them commensu-
rate with the number of simulated domains. We solved
the models by running Monte Carlo-simulated anneal-
ing from 60 K down to very low temperatures, typically
comprising 20,000 relaxation sweeps. Regular Langevin
molecular dynamics methods at constant temperature of
T = 90 K were also used to solve the models in order to
follow the dynamics of the emergent domains. For com-
putational feasibility, we have focused on a simulation su-
percell made of a periodic repetition of L×1×2n elemen-
tal perovskite unit cells for the Monte Carlo-simulated
annealings and of L× 10× 2n for following the dynamics
of the domains. As proven in [18], at low temperatures
(T < 73 K), the vortices do not vary along the axial
y-direction. Therefore, the simplification of taking one
unit cell along this direction does not affect the validity
of the model while it speeds up the calculations. How-
ever, when T = 90 K a sufficiently high number of unit
cells along the y-direction must be considered in order to
account for the variation along the axial direction.

We obtained the force-constant band calculations us-
ing the direct supercell approach as implemented in the
phonopy package [19]. To this end, we considered the
high-symmetry unit cell of the superlattices (in which the
atoms in the PbTiO3 and SrTiO3 layers occupy the cubic-
like perovskite positions), and repeated it 4×4 times in
the xy-plane to build the supercell for the calculations,
which we found to be large enough to yield well-converged
results. We included the non-analytical contribution to
the bands which accounts for the splitting between the
longitudinal and transverse polar bands as implemented
in [20].

Local polarizations are computed within a linear ap-
proximation of the product of the Born effective charge
tensor times the atomic displacements from the reference
structure positions divided by the volume of the unit cell.

III. RESULTS

A. Validation of Kittel law

We have checked the validity of the Kittel law in our
superlattices following a similar recipe as in Refs. [10, 11],
For different layer thicknesses n with constant and equal

dielectric/ferroelectric ratio, ranging between 8 and 16
unit cells, the lateral size of the supercell to host two do-
mains was optimized [see Fig. 1(a)]. In order to achieve
this goal for every value of n different lengths of the su-
percell along the x-direction, L, were simulated. Once
n and L were fixed, the initial atomic positions were
chosen to mimic a couple of pure Ising domains, where
the polarization changes abruptly from pointing upwards
(up-domain) to downwards (down-domain) along the z-
direction in just one unit cell, as shown in Fig. 1(b).
This configuration was taken as the starting point of
the Monte Carlo annealing. The resulting typical dipole
configuration, a local minimum at low temperature, is
shown in Fig. 1(c). The spontaneous formation of alter-
nating pairs of clockwise/counterclockwise vortices along
the x-direction is clearly visible, together with the devel-
opment of an axial component of the polarization along
the y-direction. These vortices were already theoreti-
cally predicted from phenomenological theories [21, 22],
first-principles-based effective Hamiltonian [23], second-
principles simulations [14, 16, 18] or full first-principles
calculations [12], and experimentally demonstrated [13]
in PbTiO3/SrTiO3 superlattices.

For a given layer thickness, the energy per five-atom unit
cell as a function of the lateral size of the supercell, al-
ways assuming the presence of two domains in the sim-
ulation box, is shown in Fig. 2(a). The first observation
that can be drawn is that the larger the layer thickness,
n, the smaller the energy per unit cell. This fact stems
from two different causes. On the one hand, the polar-
ization in the PbTiO3 layers increases with n, tending to
the bulk polarization value and approaching the ground
state of the domain. On the other hand, the larger the
layer thickness the smaller the polarization within the
SrTiO3 layer; the system undergoes a transition from an
electrostatically “coupled” regime for small n to a “de-
coupled” regime for large n [24–26]. Since the SrTiO3

layers will be closer to the ground-state unpolarized con-
figuration, the energy is also reduced. The second ob-
servation that can be drawn is that the energy curve of
the two-domain structure as a function of the lateral size
L presents a minimum corresponding to the most stable
geometry. The larger the layer thickness the shallower
the minimum, that is localized for longer values of L.
From these minima, we can infer the optimal width of
the domain, ω. Assuming that the domain wall is one-
unit-cell thick [in good agreement with our simulations;
see Fig. 1(c) for a typical case], ω = L/2 − 1 unit cells.
Plotting the square of these optimal widths against the
thickness of the PbTiO3 layer, red dots in Fig. 2(b), we
recover a linear behavior as predicted by the Kittel law,
a tendency also shown in BiFeO3 [11] and Pb(Zr,Ti)O3

ultrathin films [10].

Alternatively, one can try to predict the optimal width
of the multidomain structure by studying force-constant
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FIG. 1. Structural relaxation of a two-domain structure in (PbTiO3)n/(SrTiO3)n superlattices. (a) Schematic view of the
simulation cell periodically repeated in the three directions of the space. Red (blue) regions indicate the positive (negative)
polarization domains along the z direction. (b) Local dipoles of the initial Ising-like configuration presenting a clear two-
domain structure for a layer thickness of n = 12, and a lateral size L = 12 u.c. (c) Corresponding pattern of local dipoles
after relaxation, showing an alternating clockwise/counterclockwise polar vortex configuration [14] along x. The domain wall
thickness δ extends over one unit cell. Colors represent the axial component of the polarization, perpendicular to the plane
defined by the vortices.

bands like the ones presented in Fig. 3(a). Following
the unstable modes along Γ −X we can identify qmin as
the wave-vector associated with the strongest instabil-
ity describing vortex structures as the ones presented in
Fig. 3(b). From this value we can infer the optimal width
as ω = 1

2q−1 [see blue squares in Fig. 2(b)]. Interestingly,

while the square-root dependence of the domain width as
a function of the layer periodicity is nicely reproduced,
there exists a discrepancy with the results obtained via
the first method. The (harmonic) force-constant analysis
predicts narrower domains than the ones obtained from
a full energy minimization. This difference must be due

FIG. 2. Optimization of the lateral size of a two-domain struc-
ture in (PbTiO3)n/(SrTiO3)n superlattices. (a) Energy per
five atoms unit cell as a function of the lateral size of the
supercell for different periodicities: red dots (n = 8), blue
squares (n = 10), green up-triangles (n = 12), black dia-
monds (n = 14), and magenta down-triangles (n = 14). (b)
Linear fit of the squared optimized width of the domain as a
function of the layer thickness by two procedures. Red dots
correspond to minimizing the total energy of the supercell
while blue squares correspond to the minimum of the force-
constant bands along Γ −X.

to anharmonic effects and/or the fact that the fully re-
laxed structures feature a combination of phonon mode
distortions to optimize the energy. Thus, for example,
the development of a slight offset coupled with an in-
plane component of the polarization as the one shown in
Fig. 1 (c) and experimentally attained [13], although not
captured in the force-constant analysis [see how vortices
are centered in Fig. 3(b)], reduces the normal component
of the polarization to the surface. The tilt of the polar-
ization reduces the depolarization charges at the surface
and allows the widening of the domains, resulting in the
underestimate of the domain width predicted by the har-
monic analysis.

B. Domain formation

Up to now, the existence of two domains in the sim-
ulation box has been imposed in the calculations. In
the following we shall study the phase competition be-
tween different configurations under suboptimal domain
widths. This is shown in Fig. 4 where we compare the
energy per unit cell considering two or four-domains for a
given layer thickness, n, and lateral size of the supercell,
L. Again, for each pair of (n,L) a Monte-Carlo anneal-
ing was carried out starting from purely 180◦ Ising-like
structures containing two- or four-domain walls in the
simulation box. In every case, the final relaxed structures
display the typical polar vortex configuration, similar to
the one shown in Fig. 1(c). In Fig. 4 we plot the evolution
of the energy profile per five-atoms unit cell as a function
of the lateral size of the supercell. As already discussed
in Fig. 2(a), for a given amount of domain walls in the
supercell, the larger the layer thickness n the smaller the
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FIG. 3. (a) Force-constant bands along Γ − X obtained after diagonalization of the force-constant matrix in a
(PbTiO3)9/(SrTiO3)9 supercell. Dashed line indicates the energy of the centrosymetric configuration which is taken as the
reference. Red dot indicates the position of the strongest instability located at qmin = 0.123 in fractional units.(b) Relaxed
structure following the strongest instability of the force-constant bands.

total energy. But the most important conclusion that can
be drawn from Fig. 4 is that, for a given n, a crossover be-
tween the two- and four- domain configurations is found
for a critical length Lc, whose value increases with n, as
marked by the filled squares in Fig. 4.

Studying lateral sizes far from the coexistence regions
(below or above Lc) different characteristic features can
be observed for the evolution of the unstable phases. In
Fig. 5 we show the behaviour for a layer thickness of
n = 12. Below Lc (short lateral sizes) the four-domain
structure is only metastable since the large penalty com-
ing from the gradient energy term is not compensated
by the saving in electrostatic energy. Indeed, in this
metastable regime the system tends to reduce the energy
gradient contribution by forming polarization waves [27]
[Fig. 5(a)] along the [100]pc direction, with the concomi-
tant onset of a net in-plane polarization, and the dis-
placement of the center of the vortices in the PbTiO3

layer towards the interface with SrTiO3. The smaller
the lateral size of the supercell L, the larger the offset
between neighboring vortex cores that do not fit in the
center of the PbTiO3 layer as in the case of larger lat-
eral sizes [see Fig. 5(d)]. This phenomenon has also been
observed in BiFeO3 ultrathin films [11].

The energetically most favourable configuration
presents only two domains [Fig. 5(c)], with larger do-
main sizes and a smaller number of domain walls. How-
ever, the energy of this configuration increases with L.
Above Lc (long lateral sizes), the two-domain structure
[Fig. 5(d)] becomes metastable since the electrostatic
energy penalty starts to grow and become dominant.

FIG. 4. Energy profile per five atom unit cell as a function of
the lateral size of the supercell for the two- (filled dots) and
four- (open dots) domain structures. Different layer thick-
nesses are indicated by colors: red (n = 8), blue (n = 10),
green (n = 12), black (n = 14) and magenta (n = 16).
Filled black squares indicate the crossing point where the
four-domain structure becomes more stable. Numbers 1-4
label the different dipole patterns plotted in Fig. 5.

Therefore, we observe new patterns containing two vor-
tices and two antivortices at the interface with SrTiO3,
as will be further discussed in Fig. 6. Indeed, increasing
the temperature we observe how the system is able to
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escape from this metastable configuration and transit to
a state with four domains, as shown in Fig. 5(b).

FIG. 5. Polarization map of the relaxed structures labeled
from 1 to 4 in Fig. 4 for different lateral sizes L and a layer
thickness of n = 12. Black arrows indicate the local dipoles,
projected onto the (x, y) plane. The axial component of the
polarization along the [010]pc direction is represented by the
green and magenta color map. Units of the dipoles in e×
Bohr, where e is the electron charge.

The new vortices formed at the interface between PbTiO3

and SrTiO3 layers, shown in Fig. 5(d), serve as nucleation
points of a new down (respectively, up) domains dividing
the already existing up (respectively, down) polarization
regions. The formation of these new domains reduces the
polarization charges generated at the interface.

Assuming in our simulations the in-plane lattice con-
stant of SrTiO3 [14], and at low-enough temperatures
(T < 50 K), this state is a long-lived metastable phase.
The new topological defects formed at the interface are
not able to propagate and close the new domain. In-
creasing the temperature (beyond 90 K), or inducing
compressive strain (beyond -0.5 %) on the sample, the
energy barrier can be overcome and we observe the for-
mation of new domains. Interestingly, the transition to
the optimal domain configuration is not observed at high
domain-densities. Below Lc the system is trapped in a
polarization wave and cannot transit to a lower-density
domain configuration by means of increasing tempera-
ture. This asymmetry comes as a consequence of the
different nature between the electrostatic and gradient
energy penalties.

Molecular dynamics simulations at constant temper-
ature show how the recombination of vortex-antivortex
pairs is the driving mechanism for the domain propaga-
tion through the sample until the new domain is com-
pletely formed.

FIG. 6. Polarization map for a n = 14, L = 28 supercell
at finite temperature (T = 90 K) and compressive epitaxial
strain of −0.5%. (a) Initial two-domain structure configura-
tion. Dashed square delimits the upwards domain studied for
the dynamics in (b), dashed arrows within the SrTiO3 are a
guide to the eye to locate one of the different antivortex struc-
tures. (b) Temporal evolution obtained by molecular dynam-
ics simulations at finite temperature. Red dots indicate the
location of vortex while light- and dark-blue dots indicate the
location of antivortices of vorticity −1 and −2, respectively.
Meaning of the arrows and colors as in Fig. 5.

In Fig. 6(a) we show in detail the case of a n = 14, L = 28
at constant temperature T = 90 K and slight compressive
strain of −0.5%. There we can notice the balance of vor-
tex and antivortex defects resulting in a zero net vorticity
on the supercell as stated by the Poincaré-Hopf theorem
for our specific periodic boundary conditions. The an-
tivortex textures are mostly formed at the SrTiO3 layers
where the magnitude of the polarization and the con-
comitant electrostatic energy of head-to-head and tail-
to-tail domains is smaller. This is in accordance with
first-principles calculations [12].

In Fig. 6(b) we analyze the time evolution of a portion
within the up domain of the same superlattice [see dashed
square in Fig. 6(a)], in a region where new polarization
vortices have been formed at the interfaces between the
PbTiO3 and the SrTiO3 layers. The presence of two vor-
tices (red circles) and an antivortex (light-blue circle) is
clearly observed both at the top and the bottom interface.
Starting from this configuration these vortices and an-
tivortices change their shapes in order to reduce the total
energy of the system. First, the vortices elongate, while
keeping their centers essentially at the same positions.
This comes with two main consequences. First, locally,
the number of unit cells with down polarization increases
with time [from three at the initial configuration to four
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at 300 or 400 fs, or even five at 550 fs, see dashed ovals at
Fig. 6(b)]. Second, the region where the local polariza-
tion points in-plane to close the vortices moves towards
the center of the PbTiO3 layer, and so does the center
of the antivortices. At 550 fs, the two antivortices merge
to form an antivortex with topological charge -2 at the
center of the PbTiO3 layer [dark-blue point in Fig. 6(b)].
The field disturbance doubles its charge with a high ener-
getic cost [in accordance with Kosterlitz-Thouless anal-
ysis in the sample XY model [28, 29] where the energy
of the vortices increases (quadratically) with the vortic-
ity]. This is the reason why this state is very short-lived
in the molecular dynamic simulations. Only 50 fs later,
it annihilates with two vortices. In this process a new
domain with down polarization is formed, together with
two new elongated clockwise/counterclockwise pair. Fi-
nally, the new domain widens till recovering the optimal
lateral size determined by the Kittel law.

IV. CONCLUSIONS

In summary, we theoretically extend the applica-
tion of the Kittel law to the polar vortex phase in
(PbTiO3)n/(SrTiO3)n superlattices. For the explored
layer thicknesses, the square-root dependence of the do-
main period with the thickness of PbTiO3 is restored by
two different procedures: (i) full minimization of the en-
ergy where all possible interactions are considered, and
(ii) analyzing the harmonic force-constant bands. We
find that the harmonic approach predicts narrower do-
mains, which is consistent with the fact that anharmonic
effects, like the development of an offset, tend to reduce
the depolarizing fields on the structure.

Moreover, studying the phase competition under sub-
optimal domain widths we showed how at low-domain
density new domains can be formed to relax electrostatic
constraint. These domains nucleate as vortex/antivortex
pair defects at the interfaces with SrTiO3 and propagate
through the lattice by means of recombination until the
new domains are completely formed. This recombination
of vortex/antivortex is driven by the high energy costs of
polarization patterns containing vortex/antivortex pairs.
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[7] G. Catalan, H. Béa, S. Fusil, M. Bibes, P. Paruch,
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and J. Íñiguez, First-principles model potentials for
lattice-dynamical studies: general methodology and ex-
ample of application to ferroic perovskite oxides, J.
Phys.:Condens. Matter 25, 305401 (2013).

[16] P. Zubko, J. C. Wojde l, M. Hadjimichael, S. Fernandez-
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