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We perform a Markov Chain Monte Carlo (MCMC) analysis of a simple yet generic multifield
inflation model characterized by two scalar fields coupled to each other and nonminimally coupled
to gravity, fit to Planck 2018 cosmic microwave background (CMB) data. In particular, model
parameters are constrained by data on the amplitude of the primordial power spectrum of scalar
curvature perturbations on CMB scales As, the spectral index ns, and the ratio of power in tensor
to scalar modes r, with a prior that the primordial power spectrum should also lead to primordial
black hole (PBH) production sufficient to account for the observed dark matter (DM) abundance.
We find that ns in particular controls the constraints on our model. Whereas previous studies of
PBH formation from an ultra-slow-roll phase of inflation have highlighted the need for at least one
model parameter to be highly fine-tuned, we identify a degeneracy direction in parameter space
such that shifts by ∼ 10% of one parameter can be compensated by comparable shifts in other
parameters while preserving a close fit between model predictions and observations. Furthermore,
we find this allowed parameter region produces observable gravitational wave (GW) signals in the
frequency ranges to which upcoming experiments are projected to be sensitive, including Advanced
LIGO and Virgo, the Einstein Telescope (ET), Cosmic Explorer (CE), DECIGO, and LISA.

I. INTRODUCTION

Perhaps the most prominent and enduring puzzle in
modern cosmology is the unknown nature of dark matter
(DM), the predominant form of matter in the universe
that is vital to structure formation and galactic stability.
Primordial black holes (PBHs) [1–7] have been posited
to make up anywhere from less than a percent to the
entirety of the DM abundance.

A leading candidate for a mechanism to seed PBH for-
mation in the early universe is an amplification of the
primordial spectrum of curvature perturbations. The
typical mass with which PBHs form scales with the Hub-
ble mass—the mass-energy contained within a Hubble
sphere at the time of PBH formation—and hence PBHs
could be a plausible explanation for a diverse range of
phenomena. For example, a population of PBHs with
Mpbh ∼ O(10)M� could be relevant for various bi-
nary black hole merger events reported by LIGO-Virgo,
whereas PBHs with Mpbh ∼ O(105)M� could have
served as seeds for the supermassive black holes at the
centers of galaxies. On the other hand, if PBHs are to
account for the entire observed DM abundance, then var-
ious theoretical and observational constraints limit the
mass range for PBHs to a much lighter regime, with
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10−16M� ≤ Mpbh ≤ 10−11M�. See Refs. [8–16] for
recent reviews of PBHs and their current observational
status.

Given the success of cosmic inflation as a model of
the early universe, it is natural to turn to inflation as
a mechanism to amplify the primordial power spectrum.
The vast majority of work on PBHs formed after a phase
of cosmic inflation has focused on single-field inflationary
models. (See, e.g., the recent review article in Ref. [16]
and references therein.) These constructions typically in-
clude ad hoc features in the inflationary potential V (φ),
which could be better motivated in the context of addi-
tional fields, such as in the case of a step-feature model
[17, 18] or renormalization-group flow generated by inter-
actions among several distinct fields [19]. Moreover, in
such multifield models, it is generally not the case that
a single scalar field can be isolated as the sole dynami-
cal degree of freedom, with a mass hierarchy both above
and below the scale of interest. Indeed, even the Stan-
dard Model of particle physics features four real scalars,
namely the real components of the Higgs doublet, each of
which remain in the spectrum at high energies in renor-
malizable gauges [20–22]. Finally, whereas single-field
inflation models for PBH formation often appear finely-
tuned and therefore ‘unnatural,’ there remains the possi-
bility that such models may become natural when viewed
from the perspective of a multifield model.

These considerations motivate the study of PBH for-
mation directly in the context of multifield inflation. In
a recent paper by the authors (Ref. [23]), we demon-
strated that PBHs relevant for DM will form from a re-
alistic class of multifield inflationary models built from
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well-motivated high-energy ingredients. In particular, we
considered inflationary models that incorporate multiple
interacting scalar fields, each with a nonminimal gravi-
tational coupling. Such models consist of generic mass-
dimension-4 operators in an effective field theory (EFT)
expansion of the action at inflationary energy scales, and
(as discussed in Ref. [23]) have a consistent ultraviolet
completion in the context of supergravity. For various
choices of model parameters, the inflationary dynamics
in such models can include a phase of ultra-slow-roll evo-
lution [17–19, 24–41], which can yield PBHs with Mpbh

within the appropriate range to account for the entire
DM abundance, while also matching high-precision mea-
surements of the primordial perturbation spectrum on
length-scales relevant for the cosmic microwave back-
ground radiation (CMB). In Ref. [23], we demonstrated
that eight distinct observational constraints—relating to
both PBH and CMB observables—could be matched by
adjusting only six free parameters in these models.

In this paper, we use a Markov Chain Monte Carlo
(MCMC) analysis to systematically identify the regions
of parameter space for the family of models constructed
in Ref. [23] that can produce relevant populations of
PBHs for DM while continuing to match multiple ob-
servables related to the CMB. Our two-dimensional
marginalized posterior distributions for pairs of parame-
ters demonstrate that this general class of models can
yield predictions for observables near the CMB pivot
scale k∗ = 0.05 Mpc−1 in close agreement with the latest
observations [42–45]—including the amplitude of the pri-
mordial power spectrum As(k∗), the spectral tilt ns(k∗),
and the ratio of power in tensor to scalar modes r(k∗)—
while also producing PBHs with masses Mpbh within
the range for which they could account for the entire
DM abundance. Such regions of parameter space also
yield predictions for related observables that are easily
compatible with the latest observational bounds, such as
the running of the spectral index αs(k∗), the primordial
isocurvature fraction βiso(k∗), and local primordial non-
Gaussianity fNL.

In Ref. [23], much as in previous studies of PBH for-
mation from ultra-slow-roll evolution [17–19, 24–36], we
found that one model parameter needed to be highly fine-
tuned in order to match predictions for all eight relevant
observables. As we will discuss here, with the aid of the
MCMC we identify a degeneracy direction in parame-
ter space such that shifts up to ∼ 10% of any particu-
lar model parameter can be compensated by compara-
ble shifts among the other parameters while preserving a
close fit with observations. The overall tuning of each pa-
rameter required to match all the observables of interest,
as measured by the posterior distributions for various ra-
tios of parameters, is at the percent level, driven largely
by the sub-percent-level accuracy to which the spectral
index ns has been measured.

In addition to studying predictions from these mod-
els for CMB observables and PBH formation, we also
analyze predictions for the amplification of primordial

gravitational waves (GWs). GWs provide a tantalizing
means to test the physics of the early universe. (For re-
cent reviews, see Refs. [46–48].) In the context of PBH
formation, the amplified spectrum of scalar curvature
perturbations—necessary to induce gravitational collapse
into PBHs—will source tensor modes beyond linear or-
der in perturbation theory. Therefore PBH formation
should be accompanied by a contribution to a stochas-
tic GW background (SGWB) with a particular spectral
shape [49–54].

Whereas the primordial GW spectrum is tightly con-
strained on scales near the CMB pivot scale k∗, it is
mostly unconstrained on the much shorter length-scales
relevant for PBH formation. We calculate the expected
contribution to the SGWB from PBH formation in our
models, and find that the signal overlaps significantly
with the (projected) integrated sensitivity curves for
several next-generation detectors, including Advanced
LIGO-Virgo (LIGO A+) [55], LISA [56], the Einstein
Telescope (ET) [57], Cosmic Explorer (CE) [58], and DE-
CIGO [59, 60]. These results suggest the exciting possi-
bility that the production of DM in the form of PBHs
from multifield models could soon be testable.

This paper is organized as follows. In § II, we introduce
the multifield inflationary model and discuss dynamics
during inflation. In § III, we discuss relevant physical
observables predicted by the model. In § IV, we discuss
how we constrain the allowed model parameter space.
In § IV B we present our results and finally we conclude
with further discussion in § VI. We discuss the effects of
a phase of ultra-slow-roll evolution on the power spec-
trum of scalar curvature perturbations in Appendix A,
and present additional details on the calculation of the
induced GW spectrum in Appendix B.

II. MULTIFIELD INFLATION MODEL

Many types of single-field inflationary models yield
predictions for CMB observables that are consistent
with current observations. (See, e.g., Refs. [42, 61–63].)
Single-field models can also produce populations of PBHs
relevant for DM [10–12, 15, 16, 64, 65]. On the other
hand, the Standard Model of particle physics includes
multiple scalar degrees of freedom (at high energies in
renormalizable gauges), and extensions beyond the Stan-
dard Model generically include many more [20, 21, 66–
68]. We therefore focus on multifield models.

Likewise, nonminimal couplings in the effective ac-
tion of the form ξφ2R, where R is the spacetime Ricci
scalar and ξ is a dimensionless constant, are required
for renormalization and are induced at one-loop even
if the couplings ξ vanish at tree level [69–75]. The
couplings ξ generically increase with energy scale un-
der renormalization-group flow with no UV fixed point
[76, 77], and hence they can be large (|ξ| � 1) at infla-
tionary energy scales. Hence in this work we focus on
models with multiple interacting scalar fields, each with



3

a nonminimal coupling to gravity.
Such models are natural generalizations of the multi-

field models studied in Refs. [75, 78–80], and are closely
related to well-known models such as Higgs inflation
[21, 22, 81, 82] and α-attractors [83–85]. In addition
to providing an excellent fit to CMB observables, such
models also feature efficient reheating [86–100].

We restrict attention to (3 + 1) spacetime dimensions
and use metric signature (−,+,+,+). We also adopt
natural units ~ = c = kB = 1, within which the reduced
Planck mass is Mpl ≡ 1/

√
8πG = 2.43× 1018 GeV.

A. Action and Equations of Motion

In the Jordan frame, the action forN interacting scalar
fields φI(xµ) with I = 1, 2, ...,N , each with a nonminimal
coupling to the spacetime Ricci scalar, is given by

S̃ =

∫
d4x
√
−g̃
[
f(φI)R̃− 1

2
δIJ g̃

µν∂µφ
I∂νφ

J − Ṽ (φI)

]
,

(1)
where f(φI) represents the nonminimal couplings, and
tildes denote quantities in the Jordan frame. Upon per-
forming the conformal transformation

g̃µν(x)→ gµν(x) =
2

M2
pl

f(φI(x)) g̃µν(x), (2)

we arrive at the Einstein-frame action [101]

S =

∫
d4x
√−g

[
M2

pl

2
R− 1

2
GIJgµν∂µφI∂νφJ − V (φI)

]
.

(3)
The potential in the Einstein frame, V (φI), is related to

the potential in the Jordan frame, Ṽ (φI), by

V (φI) =
M4

pl

4f2(φI)
Ṽ (φI). (4)

In addition, the nonminimal couplings induce a nontriv-
ial curvature of the field-space manifold in the Einstein
frame, with metric given by

GIJ(φK) =
M2

pl

2f(φK)

[
δIJ +

3

f(φK)
f,If,J

]
, (5)

where f,I ≡ ∂f/∂φI . If more than one field has a non-

minimal coupling to R̃, then one cannot canonically nor-
malize all of the fields φI while also retaining the simple
Einstein-Hilbert term in the action [101].

To study the dynamics of background-order quantities
and linearized fluctuations in such models, we adopt the
gauge-invariant multifield formalism of Refs. [78, 89, 102–
108], and consider perturbations around a spatially flat
Friedmann-Lemâıtre-Robertson-Walker (FLRW) line el-
ement. Each scalar field may be decomposed into its

vacuum expectation value and a spatially varying fluctu-
ation,

φI(xµ) = ϕI(t) + δφI(xµ). (6)

The magnitude of the velocity of the background fields
can be written as

|ϕ̇I | ≡ σ̇ =
√
GIJ ϕ̇I ϕ̇J , (7)

so the unit vector in the direction of the fields’ velocity
is given by

σ̂I ≡ ϕ̇I

σ̇
. (8)

The covariant turn-rate vector is defined as

ωI ≡ Dtσ̂I , (9)

where DtAI ≡ ϕ̇JDJAI for any field-space vector AI ,
and the covariant derivative DJ employs the usual Levi-
Civita connection associated with the field-space metric
GIJ .

In terms of these quantities, the equations of motion
for the background fields in the Einstein frame are

σ̈ + 3Hσ̇ + V,σ = 0,

H2 =
1

3M2
pl

[
1

2
σ̇2 + V

]
,

Ḣ = − 1

2M2
pl

σ̇2,

(10)

where H ≡ ȧ/a and

V,σ ≡ σ̂IV,I . (11)

Given the evolution of σ̇(t) and H(t), we can then calcu-
late the slow-roll parameters,

ε ≡ − Ḣ

H2
=

1

2M2
pl

σ̇2

H2
,

η ≡ 2ε− ε̇

2Hε
.

(12)

Lastly, we may calculate the dimensionless power spec-
trum for the gauge-invariant scalar curvature perturba-
tions R, defined as

PR(k) ≡ k3

2π2
|Rk(tend)|2, (13)

where tend indicates the end of inflation. As discussed
in Ref. [23], within the family of models we are consider-
ing, the fields generically evolve within a local minimum
or “valley” of the potential in the Einstein frame, and
therefore the isocurvature modes remain heavy through-
out the duration of inflation, µ2

s � H2. Likewise, the
covariant turn rate remains small, |ωI | � H. (See also
Refs. [75, 78–80, 89].) Under these conditions, when the
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background fields ϕI(t) undergo ordinary slow-roll evo-
lution with ε, |η| � 1, the power spectrum assumes the
form [23, 61, 78, 109, 110]

PSR
R (k) =

H2(tk)

8π2M2
plε(tk)

(
k

a(tk)H(tk)

)3−2νSR [
1 +O(ε)

]
,

(14)
with νSR = 3

2 + 3ε − η. As discussed in Appendix A,
during ordinary slow-roll the modes Rk(t) remain frozen

after crossing outside the Hubble radius, Ṙk ' 0 for k �
aH, so one may evaluate PSR

R (k) for Rk(tk) ' Rk(tend),
where tk is the time when a mode of comoving wavenum-
ber k first crossed outside the Hubble radius during in-
flation:

k = a(tk)H(tk). (15)

Inflationary dynamics that yield a brief phase of ultra-
slow-roll evolution, during which ε(tusr)� 1, will gener-
ate a spike in the power spectrum PR(k) on correspond-
ing wavenumbers kusr. Such large-amplitude perturba-
tions, in turn, can produce PBHs upon re-entering the
Hubble radius after the end of inflation [17–19, 24–36].
The main effect from ultra-slow-roll on the amplitude of
the power spectrum is captured by the usual slow-roll ex-
pression in Eq. (14), given the relationship PSR

R (k) ∝ 1/ε.
Additional growth in PR(k) for certain wavenumbers k,
beyond that represented by PSR

R (k), can also occur dur-
ing ultra-slow-roll. As discussed in Section IV A, we
have performed about 2 million simulations of the dy-
namics of this family of models across a broad region of
parameter space. In order for this to be computation-
ally tractable, we used the expression of Eq. (14) in our
Markov Chain Monte Carlo analysis, which depends only
on background-order quantities, and hence can be evalu-
ated for a given point in parameter space very efficiently.
In Appendix A, we bound the discrepancy in PR(k) that
can arise from the ultra-slow-roll phase in this family of
models within the relevant regions of parameter space.

For discussion of possible effects from loop corrections
on the power spectrum, compare Refs. [111–116] with
Refs. [117–127].

B. Two-Field Model

Our aim is to include a generic set of mass-dimension-
4 operators in the effective action for a two-field model.
Even with only two fields, such models include a large
number of free parameters. To help organize the cou-
plings for each possible term, we adopt a supersymmet-
ric framework, as in Ref. [23]. For the energy scales of
interest, with H . 10−5Mpl during inflation, we may
consider the global supersymmetry limit of supergravity.

We begin with a superpotential W̃ (Φ) that includes
only bilinear and trilinear couplings among two chiral
superfields ΦI , where a tilde denotes quantities in the

Jordan frame. Utilizing a shift-symmetric Kähler poten-
tial K̃(Φ, Φ̄), as in countless supergravity inflation sce-
narios (see, e.g., Refs. [128, 129]), one may easily con-
struct models wherein the imaginary components of the
scalar fields remain heavy during inflation, and hence ef-
fectively decouple. Upon relating the Jordan-frame po-
tential Ṽ (φ, χ) for the real-valued scalar fields φ and χ

to
∑
I |∂W̃/∂ΦI |2 in the usual way, this supersymmet-

ric framework yields an expression for Ṽ (φ, χ) of the
form [23]

Ṽ (φ, χ) =4b21µ
2φ2 + 12b1c1µφ

3 + 8b1c2µχφ
2

+4b1c3µχ
2φ+ 4b22µ

2χ2 + 4b2c2µχφ
2

+8b2c3µχ
2φ+ 12b2c4µχ

3 + 9c21φ
4 + 12c1c2χφ

3

+6c1c3χ
2φ2 + 4c22χ

2φ2 + c22φ
4 + 4c2c3χφ

3

+4c2c3χ
3φ+ 6c2c4χ

2φ2 + c23χ
4 + 4c23χ

2φ2

+12c3c4χ
3φ+ 9c24χ

4, (16)

where µ has dimensions of mass and the parameters
{bi, cj} are dimensionless couplings. See Appendix B of
Ref. [23] for further details.

It is convenient to study the dynamics of our two-field
model by adopting polar coordinates for the field space,

φ(t) = r(t) cosθ(t), χ(t) = r(t) sinθ(t), (17)

with r ≥ 0 and 0 ≤ θ ≤ 2π. Then the Jordan-frame
potential can be written as

Ṽ (r, θ) = B(θ)µ2r2 + C(θ)µr3 +D(θ)r4, (18)

where

B(θ) ≡ 4b21cos2θ + 4b22sin2θ,

C(θ) ≡ 12b1c1cos3θ + 4(2b1 + b2)c2cos2θsinθ

+ 4(b1 + 2b2)c3cosθsin2θ + 12b2c4sin3θ,

D(θ) ≡ (9c21 + c22)cos4θ + 4c2(3c1 + c3)cos3θsinθ

+ (4c22 + 6c1c3 + 6c2c4 + 4c23)cos2θsin2θ

+ 4c3(c2 + 3c4)cosθsin3θ + (9c24 + c23)sin4θ.

(19)

In addition to the couplings in the potential Ṽ , the fields
also have nonminimal couplings to gravity,

f(φ, χ) =
1

2

[
M2

pl + ξφφ
2 + ξχχ

2
]

=
1

2

[
M2

pl + r2
(
ξφcos2θ + ξχsin2θ

)]
,

(20)

which are generated by the scalar fields’ self-interactions
in a curved spacetime [69–77, 130]. Upon performing the
conformal transformation as in Eq. (2), the potential in
the Einstein frame takes the form

V (r, θ) =
M4

pl

[2f(r, θ)]2
[
B(θ)µ2r2 + C(θ)µr3 +D(θ)r4

]
,

(21)
in accord with Eq. (4).
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FIG. 1. (Left) The potential V (φ, χ) in the Einstein frame, with fields shown in units of Mpl. The parameters are µ = Mpl,
b = −1.8 × 10−4, c1 = 2.5 × 10−4, c2 = 3.5709 × 10−3, c4 = 3.9 × 10−3, and ξ = 100. (Right) The Einstein-frame potential
V (r, θ∗) evaluated along the direction of the fields’ evolution, θ∗(r).
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FIG. 2. The power spectrum PR(k) for three values of the
nonminimal coupling constant ξ, when we exploit the scaling
relationships of Eq. (23). For each curve we set µ = Mpl,
ĉ1 = 2.5 × 10−4, and ĉ4 = 3.9 × 10−3. For ξ = 100 we set
y = 1, b̂ = −1.8 × 10−4, and ĉ2 = 3.5709 × 10−3. For the
remaining curves, appropriate values of y and b̂ follow from
Eq. (23); we also adjust ĉ2 in each case by ∆ĉ2/ĉ2 = O(10−4),
because the dynamics only become exactly invariant under
the scaling of Eq. (23) in the limit ξ →∞.

C. Effective Single-Field Evolution

Whereas such models ostensibly include multiple in-
teracting scalar fields, they generically exhibit dynam-
ics that are effectively single-field. Following the confor-
mal transformation, the effective potential in the Ein-
stein frame V (r, θ) generically develops local maxima
(“ridges”) and local minima (“valleys”). Across a wide
range of initial conditions and parameter values, dynam-
ics in models with such potentials typically display an
initial transient followed by effectively single-field evolu-
tion, along what has been dubbed a “single-field attrac-
tor” [75, 78–80].

As in Ref. [23], we impose additional symmetries
among the couplings,

ξφ = ξχ = ξ, b1 = b2 = b, c2 = c3. (22)

Imposing the symmetries of Eq. (22) yields at least two
benefits: it reduces the dimensionality of the (still large)
parameter space to explore, and it enables us to find an-
alytic solutions for the direction in field space θ∗(r) along
which the fields evolve during inflation [23]. Moreover,
upon imposing the symmetries of Eq. (22), the mass pa-
rameter µ only enters the dynamics in the combination
bµ, so we may set µ = Mpl without loss of generality.
Then the attractor dynamics during inflation—and hence
predictions for observables—depend only on six free pa-
rameters: the five dimensionless couplings {ξ, b, c1, c2, c4}
and one initial condition for the fields, r(t0). The only
constraint on r(t0) is that it be large enough to yield
sufficient inflation, r(t0) ≥ 10Mpl/

√
ξ [23, 78–80]. (Sim-

ilar attractor behavior has been identified for other well-
studied multifield models, such as hybrid inflation [131].)

Under the symmetry of Eq. (22), we also find that
the Einstein-frame potential is invariant if we scale the
parameters and fields as follows:

b =
√
y b̂, ci = yĉi, ξ = yξ̂, r = r̂/

√
y, (23)

where y > 0 is a real-valued constant. As field-space
scalars, the potential V (r, θ) and the angle θ∗(r) are both
invariant under the rescalings of Eq. (23). The metric
GIJ(r, θ), on the other hand, is a field-space tensor rather
than a scalar, whose components do transform under
these rescalings. The field-space curvature in these mod-
els falls as 1/ξ [78, 132], and therefore the full inflationary
dynamics—which depend on both V (r, θ) and GIJ(r, θ)—
become invariant under the rescalings of Eq. (23) in the
limit ξ →∞.

An example of a potential that yields appropriate in-
flationary dynamics and can also produce PBHs is given
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in Fig. 1; the parameters for this example are µ = Mpl,
b = −1.8 × 10−4, c1 = 2.5 × 10−4, c2 = 3.5709 × 10−3,
c4 = 3.9 × 10−3, and ξ = 100. The left panel shows
the Einstein-frame potential V (φ, χ), and the right panel
shows the potential V (r, θ∗) projected along the direction
θ∗(r), corresponding to the single-field attractor evolu-
tion. The effective potential along the attractor direc-
tion has a local minimum and nearby local maximum
at small field values, set by the condition |C(θ∗)|µr ∼
Bµ2 + D(θ∗)r

2 [23]. Much as in single-field models
[19, 24–26], such a feature in the potential can induce
a brief phase of ultra-slow-roll evolution, generating a
sharp spike in the power spectrum PR(k) at specific
wavenumbers k [23].

The power spectrum for the set of parameters used in
Fig. 1 is shown in Fig. 2 as the dark orange line. To
demonstrate the scaling relation of Eq. (23), we multi-
ply the fiducial parameter set by appropriate factors of
y such that we obtain the scaled parameter sets corre-
sponding to ξ = 50 and 300. We further adjust ĉ2 by
∆ĉ2/ĉ2 ∼ 1/ξ2 ∼ O(10−4) in each case, to accommodate
the non-invariance of GIJ(r, θ) under the scaling relations
of Eq. (23) for finite ξ. The power spectra for these scaled
parameters are also shown on Fig. 2; the curves are all
nearly identical. Hence, given a set of parameters with
some value of ξ, we can use the scaling relation to find a
corresponding set of parameters at a different value of ξ
that will yield the same predictions for observables. We
will take advantage of this property to reduce the di-
mensionality of parameter space explored by the MCMC
described in § IV B.

III. OBSERVABLES

Upon imposing the symmetries between couplings
given by Eq. (22), the two-field models under considera-
tion are specified by five free dimensionless parameters,
{ξ, b, c1, c2, c4}, and the fields’ initial value r(t0). Our aim
is to determine how generically such models will satisfy
CMB constraints, produce PBHs that could account for
the DM abundance, and produce detectable GW signals.

We do so by determining the regions of parameter
space that yield predictions that are consistent with both
the empirical constraints and meet the criteria for pro-
ducing PBHs. The latter—which yield a population of
PBHs within the mass range of interest—are more re-
strictive, since by slightly relaxing these PBH constraints,
the model generally remains in compliance with CMB ob-
servational constraints. In this section, we identify spe-
cific observables of interest and consider how model pre-
dictions for these observables vary with parameters.

A. Cosmic Microwave Background

The dimensionless power spectrum for the gauge-
invariant curvature perturbations, PR(k), defined in

Eq. (13), is central to the consideration of CMB con-
straints. In particular, predictions from this model must
be consistent with the latest high-precision measure-
ments of several quantities related to PR(k) in the vicin-
ity of the CMB pivot scale k∗ = 0.05 Mpc−1 [42–45],
including the amplitude (or COBE normalization)

As ≡ PR(k∗) (24)

and the spectral index

ns(k∗) ≡ 1 +

(
d lnPR(k)

d lnk

) ∣∣∣
k∗

' 1− 6ε(t∗) + 2η(t∗), (25)

where the second line holds to first order in slow-roll pa-
rameters, ε and η are defined in Eq. (12), and t∗ is the
time when k∗ crosses outside of the Hubble radius. We
also consider the running of the spectral index,

α(k∗) ≡
(
dns(k)

d lnk

) ∣∣∣
k∗
'
(
ṅs(k)

H

) ∣∣∣
k∗
. (26)

Observables related to the CMB may be calculated using
the expression in Eq. (14) in our model, across all the
regions of parameter space under study here.

As noted in the previous section, within these models
the fields evolve along single-field attractors during infla-
tion, with exponentially suppressed turning within field
space. In the limit |ωI | � H, the tensor-to-scalar ratio
for our multifield models reverts to its usual single-field
form [23, 61, 78, 108]

r(k∗) = 16ε(t∗). (27)

Given that the isocurvature perturbations remain heavy
and the turn rate remains suppressed in these models,
we also find that typical multifield features, such as pri-
mordial isocurvature perturbations βiso(k∗) and primor-
dial non-Gaussianity (parameterized by various dimen-
sionless coefficients fNL, corresponding to different shape
functions for the bispectrum) remain exponentially sup-
pressed [23, 75, 79], easily consistent with the latest ob-
servations [42, 44].

We compare predictions from our model with the
Planck 2018 results (when the spectral index is allowed to
run with wavenumber) [42] and the Planck-BICEP/Keck
2021 constraint on the tensor-to-scalar ratio [45]:

log(1010As) = 3.044± 0.014,

ns(k∗) = 0.9625± 0.0048,

αs(k∗) = 0.002± 0.010,

r(k∗) < 0.036,

(28)

where the reported error bars correspond to 68% confi-
dence intervals.
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B. Primordial Black Holes

The primordial power spectrum PR(k) must exceed
some threshold on appropriate scales kpbh in order for the
curvature perturbations to seed primordial overdensities
that will ultimately undergo gravitational collapse when
these perturbations re-enter the Hubble radius after the
end of inflation. For the models under consideration, this
threshold is achieved for modes with k = kpbh that cross
outside the Hubble radius during the transient period of
ultra-slow roll. Typical estimates suggest a threshold for
PBH formation of PR(kpbh) ≥ 10−3, about six orders of
magnitude greater than the amplitude around the CMB
pivot scale k∗, PR(k∗) = As = 2.1× 10−9 [13, 133–138].

Various effects beyond linear order in perturbation
theory, such as stochastic dynamics and quantum dif-
fusion, typically yield a non-Gaussian probability dis-
tribution function for curvature perturbations of various
amplitudes, increasing the likelihood of large-amplitude
perturbations compared to the Gaussian approximation.
Such effects, in turn, can reduce the required threshold
on PR(kpbh) by one to two orders of magnitude [35, 139–
144]. Nevertheless, in this work we use the threshold
PR(kpbh) ≥ 10−3; this is conservative in that relax-
ing this threshold would only lead to a larger region of
parameter space that would be consistent with obser-
vations. For computational tractability, we impose this
conservative threshold via PSR

R (kpbh) ≥ 10−3, given that
PR(k) ≥ PSR

R (k) when ultra-slow-roll effects are taken
into account, as discussed further in Appendix A.

In addition to the peak height of the power spectrum,
the PBHs that form after inflation are also sensitive to
the time, during inflation, when the large-amplitude per-
turbations were first amplified and crossed outside the
Hubble radius. We denote this time as

∆N ≡ Npbh −Nend, (29)

where ∆N is the number of e-folds before the end of
inflation when kpbh crossed outside the Hubble radius.

To determine an appropriate range for ∆N , we note
that after the end of inflation, when perturbations of
comoving wavenumber kpbh cross back inside the Hub-
ble radius and induce gravitational collapse at time tc,
the peak of the mass distribution Mpbh(tc) scales with
the Hubble mass MH(tc) as Mpbh(tc) = γMH(tc), with
γ ' 0.2. (Here MH(tc) ≡ 4πρ(tc)/(3H

3(tc)), where ρ(tc)
is the energy density contained with a Hubble sphere of
radius H−1(tc).) One may then relate kpbh to Mpbh [16]

kpbh

3.2× 105 Mpc−1 =

(
30M�
Mpbh

)1/2 ( γ

0.2

)1/2
(
g∗(Tc)

106.75

)−1/12

,

(30)
where g∗(Tc) is the number of effectively massless degrees
of freedom at the time of PBH formation. PBHs with
Mpbh in the range of interest for DM, 1017 g ≤ Mpbh ≤
1022 g [10–16], will therefore form from the collapse of
perturbations with comoving wavenumber 1011 Mpc−1 ≤
kpbh ≤ 1014 Mpc−1.

Next we evaluate the time between when the CMB
pivot scale k∗ = 0.05 Mpc−1 and modes of wavenumber
kpbh each first crossed outside the Hubble radius:

kpbh

k∗
=
a(tpbh)

a(t∗)

H(tpbh)

H(t∗)
=

(
H(tpbh)

H(t∗)

)
eN∗−∆N , (31)

where N∗ corresponds to the number of e-folds before the
end of inflation at which the pivot scale crossed the Hub-
ble radius. In our models, the Hubble rate falls between
t∗ and tpbh, with H(tpbh)/H(t∗) ≤ 1/2 within the re-
gion of parameter space of interest. Taking into account
the residual uncertainty on the duration of the reheating
period [145] we set N∗ = 55± 5, which yields

∆N ≥ 14 (32)

e-folds before the end of inflation.
As discussed in Appendix A, setting ∆N ≥ 14 is a

conservative threshold, in that additional effects can only
increase ∆N . For example, growth during the ultra-slow-
roll phase modifies the peak wavenumber kpbh, yielding
kUSR

pbh ≤ kSR
pbh (and hence ∆NUSR ≥ ∆NSR), where the

“SR” quantities are evaluated in terms of the slow-roll
expression in Eq. (14). Given these effects, in addition
to the uncertainties from non-Gaussian effects and the
reheating phase noted above, it is premature to plot a
distribution of the resulting PBH masses or kpbh, since
an uncertainty that increases ∆N by a few e-folds reduces
kpbh as per Eq. (31), which in turn increases Mpbh as per
Eq. (30). Instead, by imposing Eq. (32), we ensure that
the region of our resulting parameter space that passes
the threshold will produce PBHs large enough to avoid
evaporation bounds.

C. Parameter Dependence & Degeneracies

Once the nonminimal coupling ξ is fixed, the parame-
ter space is described by the four remaining free param-
eters, b, c1, c2, c4. Varying these parameters changes the
behavior of the potential and thus also changes predic-
tions for ns, PR, and other observables in characteristic
ways.

Measurements of CMB observables are sensitive to
physics at the pivot scale, thus they will be affected
by changes to the potential at large field values, that
is, around r(t∗). Meanwhile, the PBH constraints are
largely sensitive to changes in the potential at small field
values, around r(tpbh), corresponding to the period of
ultra-slow roll during which the modes with k ∼ kpbh first
exit the Hubble radius. The tension is thus between tun-
ing the small-field features to get a sufficiently large spike
in PR to seed PBH formation without compromising the
large-field dynamics. (See also Refs. [23, 33, 34, 121].)

In general, the longer the period of ultra-slow roll, that
is, the larger the relative depth of the local minimum at
small field values as compared to the local maximum and
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FIG. 3. The potential (left panel) and power spectrum (right panel) are plotted for parameter set F = {b, c1, c2, c4} in yellow.
We then vary one parameter at a time, cumulatively, to obtain each of the other curves: first we increase c1 (orange dotted
curve), then increase c4 (red dot-dashed curve), then decrease b (magenta curve), and finally increase c2 to obtain a degenerate
parameter set (dashed purple curve), F ′ = {b−δ|b|, c1 +δ|c1|, c2 +δ|c2|, c4 +δ|c4|}. The power spectrum is much more sensitive
to the step size along the degeneracy direction than the potential; hence, the parameter variations in the left panel are of order
δ ' 10−2, whereas in the right panel they are of order δ ' 10−6.

the large-field plateau, the larger the spike in the primor-
dial power spectrum PR will be. There is a limit to this
trend, however. If the relative depth of the local min-
imum is too large, the characteristic time for the fields
to quantum tunnel out of the local minimum becomes
comparable to the time for classical transit through the
ultra-slow-roll region. In this instance, we cannot ignore
the effects of quantum diffusion on the dynamics, hence,
there is a range of parameters for which the fields un-
dergo ultra-slow roll evolution long enough for PBHs to
form post-inflation, but not so long that quantum effects
become dominant. We can determine whether a poten-
tial will have a small-field feature that falls within this
range by considering the magnitude of kinetic energy for
the fields as they enter the ultra-slow-roll region. If the
kinetic energy is too high, the fields will roll past the
region of the potential for which V,σ ' 0 too quickly for
ultra-slow roll to yield a sufficient spike in PR, whereas if
the kinetic energy is too low, the fields will become clas-
sically “stuck” in the local minimum. This is discussed
in more detail in our previous work [23].

Varying each of the parameters individually affects
both the shape of the minimum/maximum feature at
small field values as well as the slope of the potential
between the large-field plateau and the local minimum,
which will change the kinetic energy of the fields as they
approach the region of the potential for which V,σ ' 0,
as follows:

• Increasing |b| while keeping b < 0 will both increase
the relative depth of the local minimum while de-
creasing the slope of the potential as the fields ap-
proach the region with V,σ ' 0. The overall effect
is to decrease the kinetic energy of the fields as they

enter the ultra-slow roll regime.

• Increasing c2 = |c2| also increases the relative depth
of the local minimum, but increases the slope of the
potential as the fields approach V,σ ' 0. The latter
effect dominates, so the net result is to increase the
kinetic energy of the fields.

• Increasing both c1 = |c1| and c4 = |c4| will increase
the kinetic energy of the fields as they approach the
ultra-slow roll region.

Thus the effect of parameter variations is such that
increasing the magnitude of b has the opposite effect to
increasing the magnitudes of the ci. We find that the
interplay of parameters is such that a certain sequence
of small parameter variations will lead to a degenerate
potential and power spectrum. An example of this is
shown in Fig. 3. We begin at the fiducial parameter set
~F and take a small step δ in the degeneracy direction
given by the unit vector n̂ to a degenerate parameter

set ~F ′ = ~F + n̂δ, where n̂δ = (−|b|, |c1|, |c2|, |c4|)δ. The
power spectrum is much more sensitive to the step size
along the degeneracy direction than is the potential, so
the right panel, for PR(k), uses δ ' 10−6, whereas the
left panel, for V (r, θ∗), uses a step size of δ ' 10−2 so
that the effects of varying parameters can be more readily
seen.

D. Gravitational Waves

In this work we also consider a complementary observ-
able in inflationary PBH models, namely GWs sourced
by the amplified curvature perturbation.
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At second order in cosmological perturbation theory,
scalar modes can source a SGWB. The induced GWs are
usually described by the energy density ρGW per logarith-
mic frequency interval, normalized by the critical density
(see, e.g., Ref. [48])

ΩGW,0h
2 =

h2

3M2
PlH

2
0

dρGW

dlnk
. (33)

Assuming that the GWs were induced by modes that
crossed back inside the Hubble radius at a temperature
Tc during the radiation-dominated epoch, the fractional
energy density today can be written as

ΩGW,0h
2 = Ωr0h

2

(
g∗(Tc)

g∗,0

)(
g∗s(Tc)

g∗s,0

)−4/3

ΩGW,c,

(34)
where H0 is the present value of the Hubble constant,
h = H0/(100 km s−1 Mpc−1), and ΩGW,c is the GW spec-
tral density at the time the waves were induced. The
quantities g∗(T ) and g∗s(T ) are the effective number of
degrees of freedom for the radiation energy density and
entropy; today, their values are equal to g∗,0 = 3.36
and g∗,0 = 3.91. Using Ωr0h

2 = 4.18 × 10−5 [43] and
g∗(Tc) ≈ g∗s(Tc) ≈ 106.75, this becomes

ΩGW,0h
2 ≈ 1.62× 10−5 ΩGW,c. (35)

The dimensionless spectral density when the modes are
contained within the Hubble radius during the radiation-
dominated epoch is given by

ΩGW,c(k, τ) =
1

24

(
k

aH

)2

Ph(k, τ), (36)

where the conformal time is defined as τ = (aH)−1 at
horizon reentry in the radiation-dominated era, and the
two respective polarization modes of GWs have been
summed over. Ph is the power spectrum of the induced
tensor-mode perturbation sourced by linear scalar-mode
perturbations at second order given by Eq. (B8), which
can be solved via the Green’s function method [146, 147]
as

hλ(~k, τ) = 4

∫ τ

dτ1G~k(τ ; τ1)
a(τ1)

a(τ)
Sλ(~k, τ1), (37)

where λ = +,× are the two polarizations, G~k(τ ; τ1) =
1
k sin(k(τ − τ1)) is the Green’s function in radiation dom-
ination, and Sλ is the source term; detailed information is
provided in Appendix B. The overline in Eq. (36) denotes
an average over a few wavelengths for time oscillations led
by the Green’s function. The GW spectrum induced by
curvature perturbations is given by [48, 148]

Ph(τ, k) =2

∫ ∞
0

dt

∫ 1

−1

ds

[
t(2 + t)(s2 − 1)

(1− s+ t)(1 + s+ t)

]2

× I2(v, u, x)PR(kv)PR(ku), (38)

where u = (t + s + 1)/2, v = (t − s + 1)/2, x = kη, and
the appropriate kernel I(v, u, x) is given in Appendix B.

IV. PLANCK CONSTRAINTS ON
PBH-SEEDING MULTIFIELD INFLATION

A. Data and Likelihood

To constrain the model presented above, we use data
from the Planck 2018 CMB temperature and polarization
anisotropies and lensing spectra, and enforce a minimal
requirement that the model can produce PBHs that could
comprise all DM. We incorporate the CMB data using
Gaussian priors corresponding to the Planck 2018 con-
straints on the ΛCDM cosmological model. Specifically,
we use measurements of the spectral index ns(k∗), the
amplitude log

[
1010As(k∗)

]
, and the running of the spec-

tral index α(k∗), corresponding to the marginalized pa-
rameter constraints in the context of the ΛCDM model.
We also enforce a one-sided Gaussian constraint on the
tensor-to-scalar ratio r(k∗) corresponding to the com-
bined Planck-BICEP/Keck observations. The best fit
values for these quantities and their error bars are given
in Eq. (28).

In order to translate these constraints to an inflation
model, one must assume a reheating scenario; the CMB
measurements are reported at the pivot scale k∗, and cal-
culating the time during inflation when this mode crossed
the Hubble radius requires knowing the time spent dur-
ing the reheating phase [145, 149–151]. If we assume
that reheating is efficient and lasts for much less than
one e-fold, then the CMB pivot scale for this model with
typical parameters corresponds to N∗ ' 58 [23]; however,
the longer the reheating phase lasts, the smaller N∗ is. In
inflationary models similar to the one that we consider,
post-inflation reheating is typically efficient and lasts for
Nreh ∼ O(1) e-folds [86–95, 97–100, 152, 153].

In our analysis, we allow N∗ to take on values within
the range typically considered [42], N∗ = 55± 5, and fix
N∗ to optimize our reheat history. In other words, we
choose N∗ to be the value between 50 and 60 such that
the CMB observables at that scale most closely match the
measurements listed in Eq. (28). An alternative approach
would be to marginalize over the possible reheat histories;
however, since this would make our MCMC computa-
tionally expensive, we choose to fix N∗ using this simpler
procedure, wherein N∗ is treated as a derived parame-
ter parameterizing the optimal reheating scenario. We
leave a dedicated study of reheating dependence, e.g., in
analogy to Ref. [154], to future work.

To summarize, we take the model likelihood to be the
following:

1. A Gaussian over the Planck and BICEP/Keck ob-
servables, {log(1010As), ns(k∗), α(k∗), r(k∗)}, cor-
responding to the Planck constraints on each of
these quantities.

2. A uniform likelihood for the peak of the power
spectrum in the restricted range PR(kpbh) ≥ 10−3,
namely the threshold to form PBHs, and zero like-
lihood for the peak falling below this.
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FIG. 4. The spectral density of gravitational waves from
our model with parameters ξ = 100, b = −1.8 × 10−4, c1 =
2.5 × 10−4, c2 = 3.570913 × 10−3, and c4 = 3.9 × 10−3. For
comparison, we also plot the power-law integrated sensitivity
curves for LIGO A+ [156], LISA [155], ET [57], CE [58], and
DECIGO [60, 157].

3. A uniform likelihood for the position of the peak of
the power spectrum, in the restricted range 14 ≤
∆N ≤ 25, corresponding to the mass window where
PBHs can comprise an O(1) fraction of DM, and
zero likelihood outside of this range.

Next, in order to determine the observability of the
induced GWs from curvature perturbations, we com-
pare our predicted signals to the sensitivity curves from
LISA [155], LIGO A+ [156], the ET [57], CE [58], and
DECIGO [60, 157]. In Fig. 4, we show an example of
a GW signal from our model with a particular set of
parameters against these sensitivity curves.1 Given the
total observation time tobs and noise spectrum of an ex-
periment Ωnoise(f), we can calculate the signal-to-noise
ratio (SNR) of a background of GWs with power spectral
density ΩGW,0(f):

ρ =

√
2tobs

∫ fmax

fmin

df

(
ΩGW,0(f)

Ωnoise(f)

)2

(39)

The SNR for this signal is maximal for CE at ρ = 1811
and also quite large for ET at ρ = 667, whereas ρ ' 0 in

1 Note that for plotting experimental sensitivities, we use power-
law integrated sensitivity curves [158]. The power-law integrated
curves will overlap with a SGWB when the signal-to-noise ratio
(SNR) is greater than 1. Hence they are a better tool for visu-
alizing the observability of a signal than the typically reported
noise spectra.

LIGO A+ and LISA, and finally in DECIGO the SNR is
sizeable at ρ = 243.

The frequency limits for integration in the above ex-
pression, denoted [fmin, fmax], define the bandwidth of
the detector. Eq. (39) therefore represents the total
broadband SNR, integrated over both time and fre-
quency. It can be computed as the expected SNR of
a filtered cross-correlation. Here, in general one assumes
that the SGWB is sufficiently described by a power-law
of the from ΩGW = Ωβ(f/fref)

β where β is the spectral
index and fref is the reference frequency, which we set
for example to 100 Hz for ground-based detectors over
the sensitivity region of interest. We set the observation
times to the duration of data taking by the experiment.
We can then use Eq. (39) to compute the value of GW
amplitude required to reach a target SNR. In order to
determine the detectability of the SGWB signal, we con-
sider the spectrum from a particular inflationary model
to be observable if it gives an SNR of ρ ≥ 1.

B. Results

We perform an MCMC analysis [159] of our multifield
inflation model fit to cosmological data as described in
Sec. IV A. The posterior sampling is performed using an
ensemble sampler [160] implemented in the Python pack-
age emcee [159], with 200 walkers. We use the Python
package Corner [161] for plotting results.

Given the scaling relationship in Eq. (23), we choose
to fix ξ = 100 and allow the remaining parameters b,
c1, c2, and c4 to vary.2 We take broad uniform priors
on the model parameters given by b = [−10−3,−10−4],
c1 = [10−4, 10−3], c2 = [10−3, 10−2], c4 = [10−3, 10−2].

We assess convergence of our MCMC chains by a com-
bination of the autocorrelation time [159, 160] and sta-
bility of marginalized parameter constraints. The emcee
documentation recommends running an analysis for 50
autocorrelation times to ensure convergence; however,
this would be prohibitively computationally expensive for
our case. On the other hand, as also noted in Ref. [159],
an accurate approximation to marginalized parameter
constraints can be realized with significantly fewer sam-
ples. In total, we include approximately 1,300,000 sam-
ples for the final analysis, corresponding to an estimated
11 autocorrelation times. We find that as we vary the
number of samples included in the analysis by 10%, the
marginalized parameter constraints (central value and er-
ror bars) vary at the sub-percent level.

The main results of this analysis are shown in Ta-
ble I and Figs. 5 and 6. Table I shows the marginalized

2 Whereas the dynamics of these models become independent of
ξ in the limit ξ → ∞, we expect that data would not be able
to constrain ξ due to the scaling relations of Eq. (23), and the
relative constraints on the other parameters would be comparable
for any fixed value of ξ. Hence we choose to fix ξ to 100.
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FIG. 5. Posterior distributions in the fit of the two-field inflation model given by Eqs. (18) and (22) to CMB data from
Planck 2018, with a prior that the model produce PBHs which could comprise all of DM. The last row also shows the posteriors
between b and derived observables, which are optimized over possible reheating histories. The black and grey filled contours
correspond to the 68% and 95% deviations from the distribution means. The red shaded regions show the 68% and 95% CL
for ns(k∗) from Planck 2018.

posterior means, best-fit values, and corresponding er-
ror bars on model parameters, as well as the constraints
on their ratios. The maximum likelihood model has
b = −1.73×10−4, c1 = 2.34×10−4, c2 = 3.42×10−3, and

c4 = 3.75×10−3, and yields predictions for CMB observ-
ables ns(k∗) = 0.9560, α(k∗) = −0.001, r(k∗) = 0.016,
and log(1010As) = 3.048, in excellent compliance with
Planck constraints. This demonstrates that there is a re-
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gion of parameter space in our model that is both com-
patible with Planck constraints and can produce PBH
DM.

The posterior distributions on the model parameters
are shown in Fig. 5, and posterior distributions for de-
rived (cosmological) parameters are shown in Fig. 6.

Derived parameters are analyzed in post-processing of
the MCMC chains, for a subset of ≈ 4 × 104 sam-
ples. Consistent with emcee documentation [159], we find
the marginalized constraints on the model parameters
{b, c1, c2, c4} from this subset of steps are near-identical
to those from the full MCMC chains, thus validating our
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Constraints from requiring PBH DM
and satisfying Planck 2018 data

Parameter Constraint

b −1.87 (−1.73)+0.09
−0.11 × 10−4

c1 2.61 (2.34)+0.24
−0.17 × 10−4

c2 3.69 (3.42)+0.22
−0.16 × 10−3

c4 4.03 (3.75)+0.24
−0.17 × 10−3

ns(k∗) 0.952 (0.956)+0.002
−0.003

log(1010As) 3.049 (3.048)+0.001
−0.001

N∗ 58.8 (60.0)+1.2
−2.2

α(k∗) −0.0012 (−0.0010)+0.0001
−0.0002

r(k∗) 0.019 (0.016)+0.002
−0.001

b/c2 −5.04(−5.05)+0.03
−0.05 × 10−2

c1/c2 7.07(6.84)+0.32
−0.26 × 10−2

c4/c2 1.091(1.096)+0.009
−0.008

TABLE I. The mean (best-fit) ±1σ constraints on parame-
ters and derived observables of our multifield inflation model.
Sampled parameters are in boldface. To generate these con-
straints, we fix ξ = 100, require that the peak of the cur-
vature power spectrum satisfies the requirements to produce
PBH DM, and also include Planck 2018 measurements on As,
ns, α and r. The last three rows of the table show the con-
straints on ratios of model parameters, which are subject to
fewer degeneracies.

use of a subset of points for constraints on derived pa-
rameters, such as ns and As.

From Fig. 5, we can clearly see the degeneracies dis-
cussed in § III C. As expected, b is anticorrelated with
the other ci’s, while all the ci parameters are positively
correlated with one another. Moreover, at the larger end
of the posterior distribution for b, we see a sharp cutoff,
whereas toward smaller values there is a more gradual
tail. Due to the anticorrelation, this behavior is reversed
for the ci; the posteriors exhibit cutoffs at small values
and a tail at larger values.

We can understand this behavior if we look at the
marginalized posteriors for b and the cosmological ob-
servables, a subset of which is shown in the last row of
Fig. 5. The parameter b shows a clear positive correlation
with ns(k∗); as we move along the contour to more nega-
tive values for b, ns(k∗) decreases past the 2σ Planck 2018
error bars. Hence, towards smaller values of b (larger val-
ues of ci), the posteriors show a tail corresponding to the
Gaussian prior on the value of ns(k∗). There is also a
correlation between b and N∗: larger values of b produce
models that prefer a larger N∗. Hence at a large enough
value for b, we are eventually constrained by the require-
ment that N∗ be less than 60. This explains the sharp
cut-offs observed in the posteriors.

We reiterate that the distributions of the ns, As, N∗,
and the other observables shown in Figs. 5 and 6 are the

optimal values for a given set of model parameters. That
is, for a given set of model parameters, we consider the
optimal reheat history, rather than marginalizing over
possible reheat histories. From Fig. 6, one may appre-
ciate that in comparison with the Planck measurement
of As, the (optimal) As is essentially fixed in our model.
Underlying this, however, is a delicate As-ns compensa-
tion in the choice of N∗, which in turn generates a spread
of N∗ values (see, e.g., the ns−N∗ posterior), in contrast
to what one might expect if ns were solely driving the
constraints on the models (which would lead to N∗ = 60).
The optimization of reheat history is discussed further in
Sec. IV C.

In addition, although the resulting PBH masses tend
to populate the lower end of the allowed DM window,
10−16 .MPBH/M� . 10−11, we find regions of parame-
ter space that yield PBHs within that mass range. The
tendency to produce lower mass black holes is driven by
the Planck 2018 data; compliance with measurements
at the pivot scale drives the parameters towards mod-
els with ∆N . 14, which is consistent with the results
of Ref. [23]. (See also Refs. [33, 34, 121].) However, we
emphasize that the estimation of the required ∆N range
to obtain black holes in this window neglected the effects
of non-Gaussianity in large-amplitude curvature pertur-
bations, which would enhance power in large fluctuations
and hence yield a higher probability of producing larger
black holes [30, 32, 121, 135, 139–141, 144, 162, 163]. We
leave incorporating these effects to future studies.

Finally, while the model parameters are constrained at
the ∼ 10% level, this is deceptive because of the strong
degeneracies in parameter space. If we instead examine
the ratios of the parameters, as shown in the bottom
rows of Table I, we see that these are constrained at the
percent level. Hence, the parameters must be tuned to
less than a percent in order for the model to produce an
appropriate population of PBHs while also remaining in
compliance with existing measurements.

C. Degeneracy directions and compensations

As mentioned in Sec. III C, we identify degeneracy di-
rections in parameter space: directions along which pa-
rameter variations will leave the potential and power
spectrum, and thus predictions for CMB observables, un-
changed. In this section we study this quantitatively.

We consider two parameter sets to be degenerate if
the difference of their total χ2 values is less than 0.01.
We define five super-sets of degenerate points (param-
eter sets) within the parameter space, as illustrated in
the scatter plots in Fig. 7 superposed upon four of the
two-dimensional posteriors, in which each super-set is as-
signed a color: red, green, blue, magenta, and cyan. Pa-
rameter sets within a given color yield nearly identical
values of χ2; parameter sets belonging to different colors
yield different values of χ2. The fiducial parameter set
F , used in the plots in Fig. 3, belongs to the set of red
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points in Fig. 7.

By computing the total ∆χ2 relative to the red points,
we can locally identify two directions within the parame-
ter space. Along the degenerate direction n̂, ∆χ2 remains
effectively constant (to within 0.01). Along the orthog-
onal direction q̂, ∆χ2 changes appreciably, as shown in
the legend of Fig. 7. The power spectra for five choices of
parameters are plotted in Fig. 8, where each curve repre-
sents a single point from the super-set of corresponding
color shown in Fig. 7.

n̂
q̂

FIG. 7. Four of the panels from the corner plot in Fig. 5, over-
laid with a scatter plot of five sets of parameter sets. Points
within a single color region yield nearly degenerate overall fits
to the data, with differences of their total χ2 within 0.01. The
fiducial parameter set F , for which the potential and power
spectrum are plotted in Fig. 3, is one point within the red set
of points. One example of a degeneracy direction is indicated
in the top right panel by the unit vector n̂, with orthogo-
nal direction indicated by q̂. Moving along n̂ means moving
along one color (with fixed χ2), whereas moving along q̂ means
moving from one color to another (changing χ2). The legend
shows the approximate difference in total χ2 between each
(degenerate) set of points relative to the fiducial parameter
set F .

Our analysis allows N∗ to vary within a range of
(50, 60) e-folds, and for a given parameter set, the ul-
timate fit to data is performed for the value of N∗ which
minimizes χ2; we call this the optimal N∗ value. From
the N∗ − ns posterior in Fig. 6, we see that a larger
value of ns, approaching the central Planck value, favors

�� �� �� ��
�

-��

-��

-��

-�

-�

-�

-�

�
�����ℛ

Δχ�~��� Δχ�~��� Δχ�~���

Δχ�~��� Δχ�~���

FIG. 8. The power spectra for representative points in pa-
rameter space drawn from each of the five super-sets shown
as distinct color bands in Fig. 7. As in Fig. 7, ∆χ2 for each
parameter set is calculated relative to the χ2 of the fiducial
parameter set F (red).
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FIG. 9. The spectral index ns for the same five sets of pa-
rameters used in Fig. 8, each drawn from the corresponding
color bands in Fig. 7. The legend shows differences in χ2

ns

for each parameter set relative to the fiducial parameter set
F (red). Moving along the direction q̂ orthogonal to the de-
generacy direction corresponds to moving from red to green,
blue, magenta, and cyan, with increasing ∆χ2

ns.

a smaller range of values for N∗, whereas a smaller value
of ns, moving away from the central Planck value, al-
lows for a larger range of N∗. Whereas we might expect
the opposite behavior due to the scaling of the running
α with the size of ns, this behavior is in fact explained
by looking at the trends in ∆χ2

ns
and ∆χ2

As
as we move

from the fiducial (red) set along the orthogonal direction
q̂. Here we use the notation χ2

yi to mean the normal-

ized χ2 given by the square of the difference between the
Planck and model value divided by the σ2

yi for observable
yi.

The value of ∆χ2
ns

, where the difference is calculated
relative to the fiducial parameter set F , changes as:
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∆χ2
ns

= 0 (red), 0.4 (green), 0.7 (blue), 1.1 (magenta),
and 1.1 (cyan). These values almost exactly track the
overall differences ∆χ2, for all but the cyan parameter
set, showing that the change in ∆χ2 is driven primarily
by the fit to ns data. However, the optimal choice of N∗
is also somewhat driven by As. At larger values of ns,
i.e. closer to the Planck central value, the compensatory
behavior of As pushes it further from its Planck value,
which results in an optimal choice of N∗ slightly below
the value of 60 e-folds that would minimize χ2

ns
alone.

This compensation between ns and As results in a wider
spread of optimal N∗ values for larger ns (closer to the
Planck value) and a narrower spread for smaller ns (fur-
ther from the Planck value). At smaller ns, As is closer
to the Planck value, and ∆χ2

As
remains small for a wider

range of N∗ values.
This interplay between values of As and ns and the

optimal value of N∗ can be seen by comparing the cyan
and magenta curves in Fig. 9, which were chosen to have
the same value of ns and thus equivalent ∆χ2

ns
, but which

have different values of As: ∆χ2
As
∼ 0.4 for cyan and

∆χ2
As
∼ 0.008 for magenta. As a result, the favored value

N∗ is lower for the magenta parameter set (59.5) than for
the cyan parameter set (60.0), indicating that the length
of time for which the field experiences ultra slow-roll is
longer for the cyan parameter set by about 0.5 e-folds.
This is consistent with the fact that the cyan parameter
set shown in Figs. 8-9 has a value of the coupling b with
larger magnitude |b| than does the magenta parameter
set. As we saw in Sec. III C, increasing the magnitude
of |b| increases the depth of the local minimum in the
small-field feature of the potential, and thus lengthens
the duration of ultra-slow roll. This results in a modest
but noticeable increase in the height of the peak in PR for
cyan relative to magenta, as can be seen in Fig. 8. The
interplay between As, ns and the optimal choice of N∗
thus connects the small-field physics to the CMB-scale
physics.

V. GRAVITATIONAL WAVE FORECASTS

In the previous sections, we have discussed the 68%
and 95% CL parameter regions for our multifield infla-
tion model in terms of the parameters b, c1, c2, c4 and ξ, to
obtain PBHs as all DM. This culminated in the marginal-
ized constraints shown in § IV B. Since inflationary mod-
els with large amplifications of scalar perturbations can
also produce secondary tensor perturbations, we compute
the GW spectra that result from these tensor perturba-
tions in the present universe, using the allowed parameter
space in § IV B. We use the formulation described in III D
to compute the dimensionless present-day spectral den-
sity of GW modes contained within the Hubble radius,
ΩGW,0h

2, from Eq. (35) and the corresponding SNR, ρ,
as per Eq. (39) for various experiments. We describe
in further detail the experiments and their sensitivities
below.

At high frequencies, CE and ET are sensitive to the
range 10-103 Hz. At slightly lower frequencies, between
e.g. 10−5-10 Hz, we also expect LISA and DECIGO
to have some sensitivity to the models we consider. It
should be noted that at lower frequencies, data from the
International Pulsar Timing Array (IPTA), which comes
from a combination of three pulsar timing array experi-
ments, can search for GWs in the frequency band 10−9-
10−7 Hz. However, the multifield inflation models which
produce PBHs that can comprise all of DM do not pro-
duce strong signals in this frequency range, hence we do
not consider IPTA.

In Fig. 10, we show the SNR for the GWs from the
sampled models in ET, CE, DECIGO, LISA, and LIGO
A+. The dashed lines demarcate the threshold for ob-
servability where ρ ≥ 1. We also list the mean ρ for
each experiment, along with 68% and 95% CL regions,
in Table II. ET, CE, and DECIGO are all very sensitive
to the induced GWs from the sampled parameter region
in Fig. 5, with most points yielding SNRs that are much
larger than unity. For all three experiments, the centers
of the posteriors lie at around ρ ' 102. However, LISA
and LIGO A+ have much less sensitivity for the favoured
parameter region of Fig. 5. In the case of LISA, we see
that only a very small part of the 95% confidence region
lies above ρ = 1 and for LIGO A+, we see that there is
only a slightly larger, albeit small region lying above the
threshold.

The peak sensitivity for each experiment can be un-
derstood in terms of the comoving wavenumbers that
exit the Hubble radius during inflation, as well as the
GW frequencies. For ET and CE, the peak sensitiv-
ity is around kp/keq ' 1018, where kp is the position
of the hypothetical peak of the primordial power spec-
trum and keq = 0.01 Mpc−1 is the comoving wavenum-
ber that corresponds matter-radiation equality [43]. For
DECIGO the peak lies at around kp/keq ' 1016 and for
LISA it is smaller still, at around kp/keq ' 1014. In
our case, since producing PBHs as DM is an important
physical requirement, we demand kp = kpbh, which we
recall from § III B. For the resulting marginalized poste-
rior distribution favoured for this model, we see that the
1016 . kp/keq . 1018 is preferred, culminating in GWs
favoured with frequencies lying in the mHz to kHz range;
this is optimally situated for observation by ET, CE, and
DECIGO. It should be noted that a very small region of
the GW spectrum predicted by the posterior distribution
is in the LIGO band. It has been shown that Gaussian
density perturbations producing secondary GWs in the
LIGO band produce PBHs that would have evaporated
[164]. However, since there is an underestimation of ∆N
as described at the end of § III B due to simplified as-
sumptions, we confirm that the PBH mass would surpass
the evaporation bound when propagating these effects.
We intend to perform a detailed study of the PBH mass
spectrum of which we leave to future work.

In summary, we find tantalizing GW phenomenology
predicted for the posterior distribution of model pa-
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FIG. 10. Signal-to-noise ratio (ρ) of gravitational waves from this multifield inflation model in LIGO A+, LISA, DECIGO,
ET, and CE, shown from top to bottom respectively. Here, we use a subset of 13400 of the data points sampled by the MCMC.
For all experiments, we find models in some parameter region with ρ > 1. The sensitivity to these induced gravitational waves
is greatest in ET and CE.
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Experiment log10 ρ 68% CL 95% CL

LIGO A+ −2.25 +1.18
−0.74

+3.02
−1.34

LISA −6.52 +3.28
−3.33

+6.99
−3.47

ET 2.04 +1.35
−0.95

+3.23
−1.58

DECIGO 1.91 +1.91
−1.49

+4.49
−2.22

CE 2.32 +1.17
−0.99

+3.15
−1.55

TABLE II. The signal-to-noise ratio (ρ) for relevant exper-
iments with upper and lower 68% and 95%CL bounds. The
central values and bounds are shown in log scale.

rameters in our multifield inflation model. The corre-
spondence between PBHs as DM and primordial GWs
remains a compelling prospect for future ground- and
space-based experiments.

VI. CONCLUSIONS

We have performed an MCMC analysis of a simple
yet generic multifield inflation model characterized by
two fields coupled to each other and nonminimally cou-
pled to gravity. This model was fit to Planck 2018 data,
parametrized by measurements of the spectral parame-
ters As, ns, α, and r, and with a prior that the primordial
power spectrum should lead to PBH production in the ul-
tralight asteroid-mass range, where constraints still allow
for PBHs to account for all of DM. We find a nontriv-
ial region of parameter space in our model that is both
compatible with Planck data and can produce PBH DM.
The constraints on allowable regions of parameter space
are driven in particular by ns and N∗.

There are a number of reasons why we choose to fo-
cus on this multifield model. The Standard Model in-
cludes multiple scalar fields, and extensions to the Stan-
dard Model typically feature many more. Therefore, em-
beddings of inflationary dynamics within realistic mod-
els of high-energy physics are likely to involve multi-
ple interacting scalar fields. Given that several types
of single-field inflation models have successfully yielded
predictions for PBHs as DM while remaining in com-
pliance with CMB data [10–12, 15, 16], it seems natu-
ral to study whether multifield models can accomplish
the same, while also reducing the necessary amount of
fine-tuning to produce black holes. The family of mod-
els we consider is a natural generalization of multifield
models that have been studied extensively in the liter-
ature [75, 78–80], and is closely related to well-known
examples such as Higgs inflation [21, 22, 81, 82] and α-
attractors [83–85].

The results of our MCMC show that there is a robust
region of parameter space for which this family of mod-
els can produce PBHs in the appropriate mass range to
comprise all of DM, while also remaining in compliance
with Planck data. In particular, the posteriors on all

parameters show a Gaussian-like tail at one end that is
controlled by the measurement of ns(k∗), and a sharp
cutoff at the other end from our requirement that N∗
remain in the range 55± 5. Due to our procedure for op-
timizing over possible reheat scenarios, we find that the
optimal N∗ typically fixes As to the central value of the
Planck measurement.

Through this analysis, we found that whereas the pa-
rameters of the model are constrained at around a 10%
level, there is a degeneracy direction in the parameter
space that leads to fine-tuned ratios at the percent level.
It is possible that the actual required level of fine-tuning
is greater than this, given that studies of single-field infla-
tion models have found that model parameters typically
need to be fine-tuned to as much as one part in 107 in
order to give rise to enhancements to the power spec-
trum that are sufficiently large to produce PBH DM [17–
19, 24–34, 36]. On the other hand, our results suggest
that our multifield model may require less fine-tuning
than some well-studied single-field models.

Upon fixing ξ, predictions from our multifield model
depend on only four free parameters. Moreover, we can
shift any one of these parameters at the 10% level, and
the constraints on the parameter ratios require the re-
maining three to be tuned at the 1% level, yielding a
total degree of fine-tuning of approximately 10−7. How-
ever, since the most constraining quantity is ns, which
has error bars at the 1% level, the relative amount of
fine-tuning needed to produce PBHs is 10−5. While there
exist more rigorous measures of fine-tuning [165, 166], we
leave such a quantitative analysis to future work.

Furthermore, the allowed parameter region in this
model produces observable GW signals in frequency
ranges that future experiments such as LIGO A+ and
Virgo, ET, CE, DECIGO and LISA are projected to
be sensitive to. The observational prospects for DE-
CIGO, ET, and CE are particularly good for this model;
the latter two experiments have a central region of the
MCMC posterior distribution with signal-to-noise ratio
of ρ > 100. This result suggests that this inflation model
is a viable and well-motivated candidate to explain both
the observed DM and to generate observationally rele-
vant primordial GWs.

Given these results, there are a number of interest-
ing directions for future work. First, since we find that
the spectral index ns is especially constraining for these
models, it may be instructive to look at forecasts for
constraints by CMB-S4 [167, 168]. Moreover, improving
measurements on the running of the spectral index α(k∗)
could also play an important role in helping to distin-
guish among such models. In addition, predictions for the
tensor-to-scalar ratio, r(k∗) ' 0.016, are approximately
a factor of two below current observational bounds [45],
whereas similar models (with multiple interacting scalar
fields and nonminimal couplings, but with no small-field
features that could yield PBHs) tend to predict consid-
erably smaller values, r(k∗) ' 0.004 [79]. Thus we ex-
pect measurements of r(k∗) to play a key role in future
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tests of this model. Along these same lines, it would be
interesting to consider multifield models that combine
the suppression of r(k∗) found in Ref. [132] with the en-
hancement on small scales studied here. We leave this
for future work.

Second, in this work, we examined the SGWB resulting
from inflation models that can produce PBHs as DM. It
would also be interesting to perform a dedicated MCMC
analysis to find the regions of parameter space for such
models that produce detectable GWs, regardless of the
implications for DM.

Third, given the discussion above of the amount of fine-
tuning in our model, another direction one could pursue
would be a Bayesian comparison of our model versus sim-
ilar single-field models, or to further consider more rigor-
ous quantitative measures of fine-tuning in these classes
of models. (See, e.g., Ref. [169].)

Finally, a more systematic analysis of uncertainties
associated with the post-inflation reheating phase [151]
would be valuable for considering how the domain of vi-
able parameter space for the multifield models studied
here compares with those of other types of inflationary
models. It is likely that if we were to sample N∗ within
the range 55±5 and then marginalize over it, that would
increase the error bars in the estimates of our parame-

ter constraints, which in turn would reduce the implied
degree of fine-tuning for such models. Such questions
remain a topic for further research.
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Appendix A: The power spectrum of scalar curvature perturbations during ultra-slow-roll

We may expand the spacetime line element to linear order in scalar metric perturbations around a spatially flat
FLRW metric as in Ref. [61]

ds2 = −(1 + 2A)dt2 + 2a (∂iB) dt dxi + a2 [(1− 2ψ) δij + 2∂i∂jE] dxidxj . (A1)

The metric functions A,B,ψ, and E are each gauge dependent, as are the field fluctuations δφI identified in Eq. (6).
We may construct the gauge-invariant curvature perturbation R as the linear combination [61]

R ≡ ψ − H

ρ+ p
δq, (A2)

where ρ = 1
2 σ̇

2 + V , p = 1
2 σ̇

2 − V , and

δq = −GIJ ϕ̇IδφJ = −σ̇σ̂JδφJ , (A3)

with σ̇ and σ̂I defined in Eqs. (7)–(8). In a multifield model we may project onto the hypersurface of the field-space
manifold that is orthogonal to the direction of the background fields’ motion via [78]

ŝIJ ≡ GIJ − σ̂I σ̂J , (A4)

in terms of which we may define the N − 1 remaining gauge-invariant scalar perturbations

δsI ≡ ŝIJδφJ . (A5)

Although the field-space vector δsI includes N components, only N − 1 are linearly independent. Moreover, where
the field fluctuations δφI are gauge dependent, the perturbations δsI are gauge independent, up to linear order in
fluctuations [78].

In terms of these quantities, the derivative with respect to cosmic time t of a mode Rk(t) is given by [78]

Ṙk =
2H

σ̇

(
ωJδs

J
k

)
+
H

Ḣ

k2

a2
Ψk. (A6)
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Here ωI is the covariant turn-rate vector defined in Eq. (9) and Ψ is the gauge-invariant Bardeen potential [61]

Ψ ≡ ψ + a2H

(
Ė − B

a

)
. (A7)

Upon using Eq. (10) for Ḣ and Eq. (12) for ε, Eq. (A6) is equivalent to

Ṙk
H

=
1

MplH

√
2

ε

(
ωJδs

J
k

)
− 1

ε

(
k

aH

)2

Ψk. (A8)

During ordinary slow-roll evolution of the background fields ϕI(t), with ε ∼ 10−3−10−2, we find the usual result that

modes Rk(t) will remain conserved outside the Hubble radius, Ṙk ' 0, in effectively single-field models, for which
|ωJδsJk |/(MplH) ∼ 0. Yet even in such (effectively) single-field scenarios, modes Rk(t) may undergo significant growth
outside the Hubble radius during a phase of ultra-slow-roll evolution, as ε falls exponentially, ε(tusr) � 1. (See, e.g.,
Refs. [170, 171].)

In the limit |ωJδsJ |/(MplH) ∼ 0, the equation of motion for modes Rk assumes the simple form [61]

1

a3ε

d

dt

(
a3εṘk

)
+
k2

a2
Rk = 0. (A9)

Using the definitions of the slow-roll parameters ε and η in Eq. (12), this is equivalent to

R̈k + 3H

(
1 +

4

3
ε− 2

3
η

)
Ṙk +

k2

a2
Rk = 0. (A10)

During ultra-slow-roll, the slow-roll parameter ε falls rapidly, ε→ 0+. In that limit, the amplitude of modes Rk that
have crossed outside the Hubble radius (with k � aH) will grow whenever η > 3/2 [33, 170–173]. Near an inflection
point of the potential, for which V,σ ' 0, the background equations of motion yield ε ∼ a−6 and hence η → 3. For
small-field features in the potential of the sort we analyze here, however, V,σ need not vanish identically during the
entire duration of ultra-slow-roll, and η can exceed 3. More generally, η(t) need not remain constant during the
ultra-slow-roll phase.

Given that the amplitude of modes can grow outside the Hubble radius while η > 3/2, departures from the typical
slow-roll evolution are characterized by the quantity

U ≡
∫ te

ts

dt

(
η(t)− 3

2

)
H(t) =

(
η̄ − 3

2

)
Nusr, (A11)

where ts and te indicate the start and end of the ultra-slow-roll phase, each determined by the times when η crosses
3/2, and η̄ denotes the average of η(t) between ts and te. Given that ε → 0+ during ultra-slow-roll, Ḣ ∼ 0 and the
duration of ultra-slow-roll (in e-folds) may be approximated as Nusr ' H(te − ts).

The rapid fall of ε after the start of ultra-slow-roll means that some modes with wavenumber k < ks will become
amplified after crossing outside the Hubble radius, beginning with wavenumber kmin given by [172]

kmin = ks exp [−U ] ' kse−(η̄−3/2)Nusr , (A12)

where ks = a(ts)H(ts) is the wavenumber of the mode that first exits the Hubble radius at the start of ultra-slow-roll.
The value of kmin comes from balancing the fall in amplitude of the “decaying” contribution to Rk between the time
that mode crosses outside the Hubble radius (tk) and the onset of ultra-slow-roll (ts), with the growth of that same
term during the ultra-slow-roll phase (ts ≤ t ≤ te) [172].

For modes with kmin ≤ k ≤ ks, which cross outside the Hubble radius prior to the onset of ultra-slow-roll, the power
spectrum will be modified compared to the slow-roll expression PSR

R (k) of Eq. (14) as [172] (see also Refs. [33, 171, 173])

PR(k) '
(
k

ks

)4

exp [4U ] PSR
R (k) '

(
k

ks

)4

PSR
R (k) e(4η̄−6)Nusr for kmin ≤ k ≤ ks. (A13)

The steep growth ∼ k4 begins at kmin and reaches a peak at ks. For modes that exit the Hubble radius during ultra-
slow-roll, with ke ≤ k ≤ ks, the power spectrum falls from its peak at PR(ks), since those modes merely oscillate prior
to exiting the Hubble radius and then experience a shorter duration (N < Nusr) of growth outside the Hubble radius
during the remainder of the ultra-slow-roll phase. For modes that cross outside the Hubble radius later than te, the
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background system again undergoes ordinary slow-roll evolution, so the standard expression for PSR
R (k) of Eq. (14)

applies for k > ke [33, 171–173].
Incorporating the added growth of various modes during ultra-slow-roll, the dimensionless power spectrum reaches

its maximum value at ks [33, 171–173]:

PR,max(k) = PR(ks) ' exp [4U ]PSR
R (ks). (A14)

The usual slow-roll expression for PSR
R (k) in Eq. (14) already incorporates parametric growth comparable to the term

exp[4U ], given that PSR
R (k) ∝ 1/ε and ε ∼ a−6 ∼ exp[6Nusr] during ultra-slow-roll. This amplification matches the

ultra-slow-roll amplification factor exp[4U ] if η̄ = 3 during ultra-slow-roll. The main impacts of the ultra-slow-roll
phase, compared to the usual slow-roll expression, are then twofold: the peak value PR,max can exceed the value
represented by PSR

R,max if 4U > 6Nusr; and the wavenumber corresponding to the peak in PR(k) shifts to shorter

values compared to PSR
R (k), due to the added growth of some modes after they cross outside the Hubble radius. In

particular, whereas PSR
R (k) typically reaches its minimum value at ks and its maximum value at ke, the full expression

for PR reaches its maximum value at ks ' ke exp[−Nusr] [172].
We may consider the impact of the ultra-slow-roll phase on PR(k) for our family of models in typical regions of

parameter space. We select a point among the red regions of Fig. 7, near our fiducial parameter set. For this set of
parameters, the system enters ultra-slow-roll evolution (with η > 3/2) at Ns = 18.12 e-folds before the end of inflation
and exits ultra-slow-roll at Ne = 14.59, for a total duration Nusr = 3.53 e-folds of ultra-slow-roll.

If we neglect the effects of ultra-slow-roll on the power spectrum, then the slow-roll approximation to the power
spectrum reaches a peak value PSR

R,max = PSR
R (ke) = 1.18×10−3 at Ne, consistent with the behavior of most regions of

parameter space under study here (see the posterior distribution of PR,max in Fig. 6). Given PSR
R (ks) = 7.14× 10−13,

this means that the slow-roll approximation to the power spectrum grows by a factor 1.66×109 during the ultra-slow-
roll phase, consistent with the parametric growth noted above: PSR

R (k) ∝ 1/ε ∼ exp[6Nusr]. For these parameters,
meanwhile, the ultra-slow-roll amplification factor U defined in Eq. (A11) is U = 5.70. We thus find 4U = 22.80 >
6Nusr = 21.18, which indicates that PR,max > PSR

R,max. In particular, the additional growth during the ultra-slow-roll

phase yields PR,max = exp [4U ]PSR
R (ks) = 5.70× 10−3, a factor ∼ 5 greater than the peak predicted by the slow-roll

approximate form PSR
R (k).

Although details of the impact of ultra-slow-roll on PR(k) depend on the model and parameter set under consider-
ation, the growth of PR,max compared to PSR

R,max that we find here is consistent with previous studies, which typically

find PR,max ∼ O(10)×PSR
R,max [33, 170–173]. Given that the majority of points in parameter space that we sampled in

our MCMC analysis yield PSR
R,max ∼ 10−3, we therefore conclude that additional growth from the ultra-slow-roll phase

in this family of models is consistent with PR,max . 10−2 across most regions of parameter space, and hence should
evade constraints (not incorporated here) based on overproducing PBHs, producing excessive spectral µ-distortions,
and similar small-scale effects. (Evaluating such constraints typically requires moving beyond the approximation of
a Gaussian probability distribution function for the scalar perturbations, and hence remains beyond the scope of our
present analysis. See, e.g., Refs. [143, 174].)

Appendix B: The power spectrum of induced tensor perturbations

We provide the complete equations for the computation of the tensor power spectrum Ph used in Eq. (36). Let us
begin with the definition of linear perturbations in the conformal Newtonian gauge for the metric of the form

ds2 = −a2(τ)(1 + 2Φ)dτ2 + a2(τ)

[
(1− 2Ψ)δij +

1

2
hij

]
dxidxj , (B1)

where Φ = A − ∂t[a
2(Ė − B/a)] is the Newtonian potential and Ψ is the Bardeen curvature potential defined in

Eq. (A7), while A,B, and E are defined in Eq. (A1). We define

hij(~x, τ) =

∫
d3k

(2π)3/2
[e+
ij(
~k)h+(~k, τ) + e×ij(

~k)h×(~k, τ)]ei
~k·~x, (B2)

which is the linear tensor perturbation including the two polarization modes. The transverse-traceless polarization
tensors are

e+
ij(
~k) =

[e1
i (
~k)e1

j (
~k)− e2

i (
~k)e2

j (
~k)]√

2
, e×ij(

~k) =
[e1
i (
~k)e2

j (
~k) + e2

i (
~k)e1

j (
~k)]√

2
, (B3)
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which are expressed in terms of orthonormal basis vectors e1 and e2 orthogonal to ~k.
Keeping the tensor perturbation at linear order and the linear scalar perturbations up to second order, one can

obtain the equation of motion for each polarization hλ from the Einstein equation as

h′′λ(~k, τ) + 2Hh′λ(~k, τ) + k2hλ(~k, τ) = 4Sλ(~k, τ), (B4)

where second-order perturbations are projected away in the transverse-traceless decomposition [147] and we have
neglected the anisotropic stress in the energy momentum tensor, so that Ψ = Φ, and thus

Sλ(~k, τ) =

∫
d3q

(2π)3/2
eλij(

~k)qiqjψ~pψ~pf(p, q, τ), (B5)

f(p, q, τ) =2T (pτ)T (qτ) +
4

3(1 + w)

[
T ′(pτ)

H + T (pτ)

] [
T ′(qτ)

H + T (qτ)

]
, (B6)

where H = aH = 2/[(1 + 3w)τ ] and w determines the equation of state of the fluid that fills the universe, P = wρ.

The two internal momenta are given by p ≡ |~p| and q ≡ |~q|, and ~k = ~p+ ~q. The time evolution of the scalar potential
is described by Ψ~k(τ) = T (kτ)ψ~k with respect to the primordial value ψ~k, where the transfer function T (kτ) in the
radiation-dominated universe is given in Ref. [48].

The primordial Newtonian potential ψ~k well outside the Hubble radius is related to the (gauge-invariant) curvature
perturbation R as ψ~k = [(3 + 3w)/(5 + 3w)]R, which yields

〈
ψ~kψ ~K

〉
= δ(3)

(
~k + ~K

) 2π2

k3

(
3 + 3w

5 + 3w

)2

PR(k). (B7)

This is where parameters of the inflationary scenario given in § II enter the power spectrum of the tensor perturbation.
Solving the equation of motion of Eq. (B4) by virtue of the Green’s function method of Eq. (37), we can compute

the total power spectrum of the tensor perturbation as

δ(3)(~k + ~K)Ph(k, τ) =
k3

2π2

+,×∑
λ

〈
hλ(~k, τ)hλ( ~K, τ)

〉
,

=
k3

2π2

∫ τ

dτ1G~k(τ ; τ1)
a(τ1)

a(τ)

∫ τ

dτ2G ~K(τ ; τ2)
a(τ2)

a(τ)

×
+,×∑
λ

〈
Sλ(~k, τ1)Sλ( ~K, τ2)

〉
. (B8)

It is convenient to use the dimensionless variables u ≡ p/k, v ≡ q/k and z ≡ kτ to rewrite the tensor spectrum as

Ph(k, z) = 4

∫ ∞
0

dv

∫ 1+v

|1−v|
du

[
v

u
− (1− u2 + v2)

4uv

]2

I2(u, v, z)PR(ku)PR(kv), (B9)

I(u, v, z) =
9(1 + w)2

(5 + 3w)2

∫ z

0

dz1
a(z1)

a(z)
kG~k(z, z1)f(u, v, z), (B10)

where our definition of I(u, v, z) coincides with that defined in Ref. [148]. Note that the projection of momentum
under polarization tensors can be found in the Appendix B of Ref. [175], where

(e+
ijqiqj)

2 + (e×ijqiqj)
2 = k4v4

[
1− (1− u2 + v2)2

(2v)2

]2

. (B11)

For numerical evaluation, we adopt new variables t = u+v−1, s = u−v introduced in Ref. [148], where u = (t+s+1)/2,
v = (t− s+ 1)/2 and the tensor spectrum now reads

Ph(k, z) =2

∫ ∞
0

dt

∫ 1

−1

ds

[
t(2 + t)(s2 − 1)

(1− s+ t)(1 + s+ t)

]2

(B12)

× PR
(
k(t+ s+ 1)

2

)
PR

(
k(t− s+ 1)

2

)
I2
RD(s, t, z).
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In the late-time limit of the radiation-dominated universe, that is, for τ → ∞ and z � 1, we have the oscillation-
averaged result from Ref. [148]:

I2
RD(s, t, kτ →∞) =

288(−5 + s2 + t(2 + t))2

z2(1− s+ t)6(1 + s+ t)6
× (B13){

π2

4

(
−5 + s2 + t(2 + t)

)2
Θ
(
t− (
√

3− 1)
)

+

[
−(t− s+ 1)(t+ s+ 1) +

1

2
(−5 + s2 + t(2 + t))log

∣∣∣∣ (−2 + t(2 + t))

3− s2

∣∣∣∣]2
}
,

where Θ is the usual Heaviside theta function. Hence the averaged analytical transfer function during radiation
domination in Eq. (B13) can be substituted into Eq. (B12). The resulting integral will yield the oscillation-averaged

power spectrum Ph(k, η) which can be substituted into Eq. (36), and the dimensionless GW background to be
compared with experimental limits or signals can be determined. We have the calculation by direct comparison with
the scale-invariant power spectrum normalized to unity (AR = 1), which yields a dimensionless gravitational wave
spectrum of ΩGW/A

2
R = 0.822 as expected in Ref. [148].
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