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ON GROUPS WITH THE SAME CHARACTER DEGREES AS
ALMOST SIMPLE GROUPS WITH SOCLE SMALL REE GROUPS

SEYED HASSAN ALAVI

ABSTRACT. Let G be a finite group and cd(G) denote the set of complex irre-
ducible character degrees of GG. In this paper, we prove that if G is a finite group
and H is an almost simple group with socle Hy = 2Ga(q), where ¢ = 37 with
f = 3 odd such that cd(G) = cd(H), then G is non-solvable and the chief factor
G'/M of G is isomorphic to Hy. If, in particular, f is coprime to 3, then G’ is
isomorphic to Hy and G/Z(G) is isomorphic to H.

1. INTRODUCTION

Let G be a finite group, and let Irr(G) be the set of complex irreducible characters
of G. Denote the set of character degrees of G by cd(G), and when the context
allows us the set of irreducible character degrees will be referred to as the set of
character degrees. There are various examples showing that the set of character
degrees of G cannot completely determine the structure of G' even for nilpotent
and solvable groups. For example, the non-isomorphic groups Dg and Qg not only
have the same set of character degrees, but also share the same character table
and cd(Qs) = cd(S3) = {1,2}. However, in the late 1990s, Huppert [15] posed
a conjecture which, if true, would sharpen the connection between the character
degree set of a non-abelian simple group and the structure of the group.

Conjecture 1.1 (Huppert). Let G be a finite group, and let H be a finite non-
abelian simple group such that the sets of character degrees of G and H are the
same. Then G = H x A, where A is an abelian group.

The conjecture asserts that the non-abelian simple groups are essentially charac-
terized by the set of their character degrees. This conjecture is verified for alternating
groups, sporadic simple groups, some finite simple groups of Lie type including the
Ree groups 2Gy(q), see for example [1, 7, 8, 15, 16, 24, 30, 31]. Since 2016, we have
started to study the structure of groups with the same character degrees as almost
simple groups including those with socle PSLy(q) [2, 12], Suzuki groups [6], Ree
groups [3] and sporadic simple groups [4, 5]. There are several examples provided
in [4, 5, 12] which show that Huppert’s conjecture cannot be extended to almost
simple groups. If H is an almost simple group with socle Hy = PSLy(2/) with f
prime, Daneshkhah [12] proved that there is an abelian group A such that G/A is
isomorphic to H. In particular, she proved that G' = Hy and A = Z(G) with only
one exception, namely, when H = Aut(PSLy(4)) in which G’ = Hy or 2- Hy, see [12,
Theorem 1.1]. Tt seems that if G is a group with the same character degrees as an
almost simple group H with socle Hy, then G’ = Hy and G/Z(G) is isomorphic to

Date: March 8, 2023.

2010 Mathematics Subject Classification. Primary 20C15; Secondary 20D05.
Key words and phrases. Huppert’s Conjecture, Almost simple groups, Character degrees.
1


http://arxiv.org/abs/2303.03607v1

2 S.H. ALAVI

H with a few exceptions for which G’ is an extension of an abelian normal subgroup
of G by Hy in which cases we still have G/A = H with A central in G. In this paper,
we continue our investigation to support this statement which is the almost simple
group version of Huppert’s conjecture, and study groups whose character degrees
are the same as those of almost simple groups with socle Ree groups:

Theorem 1.1. Suppose that H is an almost simple group with socle Hy = *Gs(q),
where ¢ = 37 with f > 3 odd. Let G be a finite group with cd(G) = cd(H). Then G
is nonsolvable and the chief factor G'/M of G is isomorphic to Hy. If f is coprime
to 3, then G' = Hy and G/Z(G) is isomorphic to H.

Note that Theorem 1.1 for H = 2Gy(q) is proved by Wakefield [31], and so we
need only to focus on the case where 2Gy(q) # H < Aut(*Gz(g)). In order to prove
Theorem 1.1, it is worth noting that we do not need to determine all the character
degrees of H. We use several useful facts proved in Lemma 3.2 on the character
degrees of G. For example, one of the key result is the fact that the 2-part of the
character degrees of G divides 23. It is unfortunate to state that our method does
not work when 3 | f, in which case, we think that G’ may not be isomorphic to H,
but we still believe that G /A is isomorphic to H, for some abelian subgroup A of G.

2. PRELIMINARIES

In this section, we present some useful results to prove Theorem 1.1. We first
establish some definitions and notation. Throughout this paper all groups are finite.
A finite group of order n is denoted by “n”. We use C,, to denote the cyclic group
of order n, and A, and S,, are the alternating group and the symmetric group on n
letters, respectively. We follow standard notation as in [11] for finite simple groups.
A group H is said to be an almost simple group with socle Hy if Hy < H < Aut(H),
where Hj is a non-abelian simple group. If N <G and 6 € Irr(N), then the inertia
group (or the stabilizer of 6 in G) 1(f) of € in G is defined by I¢(0) = {g € G | #9 =
0}. If the character y = Zle e;Xi, where each y; is an irreducible character of G
and e; is a non-negative integer, then those x; with e; > 0 are called the irreducible
constituents of x. All further notation and definitions are standard and can be found
in [14, 17]. For the computation parts, we use GAP [13].

Lemma 2.1 ([I4, Theorems 19.5 and 21.3]). Suppose that N <G and x € Irr(G).
(i) If xn =01+ -+ 0k with 0; € Irr(N), then k divides |G/N|. In particular, if
X(1) is prime to |G/N|, then xn € Irr(N).
(ii) (Gallagher’s Theorem) If xn € Irr(N), then xy € Irr(G) for all i € Irr(G/N).

Lemma 2.2 ([14, Theorems 19.6 and 21.2]). Suppose that N <G and 6 € Irr(N).
Let I = |G(9)
(1) If 0" = Sk & with ¢; € Irr(I), then ¢§ € Irr(G). In particular, ¢;(1)|G :
I] € cd(G).
(ii) If 0 extends to p € Irr(I), then (p7)¢ € Irr(G) for all T € Irr(I/N). In
particular, O(1)7(1)|G : I| € cd(G).

A character x € Irr(G) is said to be isolated in G if x(1) is divisible by no proper
non-trivial character degree of G and no proper multiple of x(1) is a character degree
of G. In this situation, we also say that x(1) is an isolated degree of G. We define a
proper power degree of G to be a character degree of G of the form ¢* for integers ¢
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TABLE 1. Character degrees of finite simple groups of Lie type.

S Conditions Label Degree
PSL,(g) m>2g>5ifm=2 (mq) #(3,2),(42) St ¢
(¢m~'-1)

m = 4 (17 m) . q(qfill)

PSUn(q)  m =3, (m,q) # (3,2),(4,2) St q 2
g™ = (=)™ 1)

m =4 (1,m) QQJF—l
PSpy,(q)  m =2, (m,q) # (2,2) St qm

m>9 (O m) alg™=1)(¢™ "' +1)
PQom+1(q) m >3, g odd St qm2

m =3, ¢ odd ((1) m) SUSSU T
PQS, () m=>=4,e==+ St g™
2B2(q) q= 22a+1 > 8 St q2
°Da(q) St q"
E§(q) e==* St q*°
E7(q) St %

D7 46 g7 P19P 1y

Es(q) St q'*
Fy(q) St g*
2F4(q) q= 22a+1 2 8 St q12
Ga(q) q=>3 St q°
2G2(q) q= 32a+1 > 27 St q3

Note: ®; is the ith cyclotomic polynomial in terms of q.

with a > 1. A mized degree of G is a character degree which is divisible by at least
two distinct primes.

Lemma 2.3 ([30, Lemma 3]). Let G/N be a solvable factor group of G minimal
with respect to being non-abelian. Then two cases can occur.

(i) G/N is an r-group for some prime r. In this case, G has a proper prime
power degree. Hence there exists 1 € Irr(G/N) such that (1) =r* > 1. If
X € Irr(G) and r 1 x(1), then x7 € Irr(G) for all T € Irr(G/N);

(ii) G/N is a Frobenius group with an elementary abelian Frobenius kernel F'/N.
Then e := |G : F| € cd(G) and |F/N| = r* for some prime r and a is
the smallest integer such that r* = 1 mod e. If ¢ € Irr(F'), then either
fu(1) € cd(G) or r® divides 1(1)%. In the latter case, v divides 1(1).

(1) If x € Ir(G) such that no proper multiple of x(1) is in cd(G), then
either e divides x(1), or r® divides x(1)?;
(2) If x € Irr(G) is isolated, then e = x(1) or r* | x(1)%

Lemma 2.4 ([9, Lemma 5|). Let N be a minimal normal subgroup of G so that
N = S* where S is a non-abelian simple group. If 0 € Irr(S) extends to Aut(S),
then 6% € Irr(N) extends to G.

Lemma 2.5 ([15, Lemma 6]). Suppose that M IG" = G" and for every \ € Irr(M)
with A(1) = 1, X9 = X for all g € G'. Then M’ = [M,G’] and |M/M'| divides the
order of the Schur multiplier of G' /M.
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Lemma 2.6. If S is a non-abelian simple group, then there exists a non-trivial
irreducible character of S that extends to Aut(S). Moreover, the following holds:

(i) if S is an alternating group A,, of degree at least 8, then S has an irreducible
character degree divisible by 16;
(i) if S @s a simple group of Lie type as in Table 1 and x is an irreducible character
of S labeled as in the third column of Table 1, then x extends to Aut(S);
(iii) if S is the Tits group *F4(2)" or a sporadic simple group except for May, then
S has an irreducible character degree divisible by 16 unless S is J1 or Mas.
Furthermore, all the characters in (i) and (iii) are extendible to Aut(S).

Proof. The existence of an extendible character of S to Aut(S) follows from [9,
Lemma 5].

(i) For a partition (n —s —r,s+ 1,7 — 1) of n > 8, it follows from [23] that S,, has
an irreducible character labeled by x, s, where r > 1, s > 0 and r +2s+1 < n. The
character , s restricts irreducibly to A,, except when s =0andn=2r+1lors=1
and n = 2r + 2, and its degree is

n\/n—s—1\n—2s—r
rsl = - . -
X<) (s)( r—1 ) r+s

If n = 4t 4 1 for some ¢t > 2, then 16 divides 8t(t — 1), and so xi2(1) = 8t(t —
1)(4t + 1)/3 is divisible by 16. If n = 4t 4+ 3 for some ¢t > 2, then 16 divides
X32(1) = 8t(t — 1)(2t + 1)(4t + 3)(4t — 1)/5, and if n = 2t for some t > 4, then 16
divides x21(1) = 8t(t — 1)(t — 2)/3. Therefore, for a given n, at least one of the
degrees x12(1), x2.1(1) and x32(1) is divisible by 16.

(ii) For a finite simple group S listed as in the first column of Table 1, the irreducible
character labeled by St in Table 1 is the Steinberg character of S, and by [27, 28],
St extends to Aut(S). The remaining characters with degrees in Table 1 are the
unipotent characters of S which are extendible to G by [22, Theorems 2.4-2.5].

(iii) This part follows from ATLAS [11] and GAP [13]. O

Lemma 2.7. Let G be a finite group with G’ being a non-abelian finite simple group.
Then G'Cq(G') = G' x Cq(G"), Ca(G') = Z(G) and G)Z(G) is an almost simple
group with socle G'.

Proof. Let A := Cg(G') and T := G'A. Since G’ is a non-abelian simple group,
G'NA=1,and hence GA=G' x A. As G'N A =1, it also follows that [G, A] = 1,
and hence A = Z(G). Moreover, G' = G'Z(G)/Z(G) A G/Z(G) < Aut(G’), that is
to say, G/Z(G) is an almost simple group with socle G'. OJ

3. PROOF OF THE MAIN RESULT

In this section, we prove Theorem 1.1. We will denote the small Ree group
by 2Go(q) with ¢ = 3*"*1 > 27. These groups have been introduced by Ree in
[25, 26]. We mainly follow the description of these groups and their subgroups given
in [18, 21, 32] with a few exceptions in our notation. In what follows, we provide
some information on small Ree groups and their character degrees.

Lemma 3.1 ([19, Table 5.1.A and Theorem 5.1.4]). Let Hy = 2Gy(q) with q = 3/ >
27 and f odd. Then the outer automorphism group Out(Hy) of Hy is isomorphic to

the cyclic group Cy generated by the field automorphism and the Schur multiplier
M(Hy) of Hy is trivial.
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TABLE 2. The character degrees of the finite simple group *Gs(q)
with ¢ = 3/ > 27 and f odd.

Line Degree Comment

1 1

2 (¢—VB¢+1(g+3q+1)

3 @(q —1)(g—+3q+1) The character extends to Aut(2Gz(q))
4 @(q - 1(g+V3q¢+1) The character extends to Aut(2Ga(q))
5 @(q —1)(¢g+1) The character extends to Aut(2Ga(q))
6 (¢—D@+1)g—+v3g+1)

T (a-Dle—v3e+Da++3¢+1)

8 qlg—VBa+1)(a+V3q+1)

9 q The character extends to Aut(2Ga(q))
10 (¢+1)(¢—V3Ba+1)(g++v3q+1)

11 (@=Dig+De++v3¢+1)

Lemma 3.2. Let Hy = 2Go(q) with ¢ = 3/ > 27 and f odd, and let Hy < H <
Aut(Hy) with |H : Hy| = d. Then

(i) the irreducible character degrees of Hy are recorded in Table 2, and the irre-
ducible characters with degrees as in one of the lines 2, 3, 4 and 9 extend to H
which are consequently character degrees of H ;

ii) if x is an irreducible character of H of prime power degree, then x(1) = q

( ) 3.
(iii) 4f x 4s an irreducible character of H, then the 2-part of x(1) divides 23;
iv)

(v)

)

(iv) the smallest even degree of H is \/3q(q — 1)(q¢+1)/3;
v) the group H has an irreducible character of degree (¢> + 1)d.

Proof. (i) The irreducible character degrees of Hy can be read off from [32]. The
irreducible characters whose degrees are as in one of the lines 2, 3, 4 and 9 are the

unipotent characters of Hy, see [10, pp. 488-489]. Therefore, these characters extend
to H by [22, Theorems 2.4-2.5].

(ii) We know by Lemma 2.1 that each degree of H is a multiple of some character
degree of Hy. We also observe that

(q+eal,g+ev3g+1) =1, (3.1)
(—V3q+1,q+V3¢+1) =1,

where €; = & and €5 = +. Therefore, the only prime power degree of Hy is ¢* which
is also extendible to H. This shows that the only prime power degree of H is ¢>.

(iii) It follows from [32, Theorem| that the Sylow 2-subgroups of Hy are elementary
abelian groups of order 8. Indeed, the 2-part of ¢ — 1 = 3/ — 1 is 2 and the 2-part
of ¢+1=3"+11is 4. Since f is odd and the irreducible character degree x(1) of H
is a multiple of a divisor of f and an irreducible character degree of Hy, it follows
the 2-part of x(1) divides 8.

(iv) Note that the 2-part of ¢ — 1 = 3/ — 1 is 2. Then the degrees in lines 3 and
4 of Table 2 are odd. Moreover, the irreducible character of H whose degree is a
multiple of (¢ — /3¢ + 1)(¢ + /3¢ + 1) and a divisor of f is also odd. Therefore,
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TABLE 3. Maximal subgroups of the finite simple group *Gs(q) with
q=3">27and f odd.

Maximal subgroup structure Order Index

[°] : Cg—1 ¢*(q —1) ¢ +1

2 x PSLy(q) q(q*> = 1) (¢ —q+1)

2% X Dgt)2 : Cs 6(g +1) LPa— 1) —g+1)
Cyrvag+1 : Co 6(¢+v3g+1)  gi*la+1)(a—1)(g—v3g+1)
Cyyag+1 : Co 6a—v3a+1)  ga*a+Dla—1(g+3a+1)
2Ga(qo), ¢ = af v prime qi(gf+ D)(go — 1) LBt

V3q(q—1)(¢+1)/3 is the smallest even irreducible character degree of Hy which is
also a degree of H by part (i).

(v) Let ¢ be an involution in Hy. Then the centralizer of ¢ is (isomorphic to) (¢) x
PSLy(¢q). We now consider an element = of PSLy(gq) of order (¢ — 1)/2 which is
conjugate to its inverse but to no other power. By replacing R with x and r with
e in [32, Theorem], Hy has the irreducible character 7. of degree ¢® + 1, where ¢ is
(¢ — 1)/2th root of unity. We also observe by [32, Ch. I] that n.(z%) = &% + ¢~
which is obtained by the irreducible character of PSLy(q) denoted 6. in [32, Ch. I].
Moreover, distinct characters 7. differ only on the classes of 2 # 1 and wx® # ¢,
see [32, Ch. V]. Recall from Lemma 3.1 that the field automorphism ¢ of Hy
induced by the Frobenius automorphism of F, is of order f and generates Out(H,),
where ¢ = 3/ > 27 with f odd. We now prove that 7. is not invariant under any
outer automorphism of Hy. Assume to the contrary that ¢’ stabilizes 7. for some
1 <i< f. Then n¢'(g) = n.(g), for all g € Hy. In particular, n¢'(z) = n.(x). Then
e¥ +e ¥ = e+ 71 By [33, Lemma 4.7], this is equivalent to 3" = £1 (mod 41).
So (¢q—1)/2 = (3/ —1)/2 divides 3°F 1, which is impossible. Therefore, the elements
of Hy are the only elements of H which stabilize 7., in other words, Iz (n.) = Hp.
Therefore, n € Irr(H), and hence (¢ + 1)d = nf’(1) € cd(H), as desired. O

Lemma 3.3. Let Hy = 2Gy(q) with ¢ = 3*"*1 > 27, and let Hy < H < Aut(H,)
with |H : Ho| = d. If K is a mazimal subgroup of Hy whose index in Hy divides
some degree x(1) of H, then K = [¢°] : Cy—1 and x(1) = (¢* + 1)a for some divisor
a of d.

Proof. The list of maximal subgroups of 2Gy(q) is obtained by Kleidman [20]. We
summarized the list of these subgroups in Table 3. Assume first that K is neither a
parabolic subgroup [¢?] : C,_1, nor a subfield subgroup *Gz(gp). Then the index of
the subgroup K in Hy must divide some mixed degrees of H. It is easy to observe
that the p-part of the indices of these subgroups have exponents on p too large
to divide a mixed degree of H. If K = 2Gy(qo) with ¢ = ¢ and r prime, then
|Hy = K|3 = ¢* 3 divides qd3 = qjds. Since d3 < q = qj, we have that 3r — 3 < r
implying that » = 1, which is impossible. Therefore, K is the parabolic subgroup
[¢°] : C4—1 whose index divides the degree (¢* + 1)a for some divisor a of d. 0

Proposition 3.4. Let G be a finite group, and let H be an almost simple group
whose socle is Hy = 2Go(q) with ¢ = 3/ > 27 and f odd, and |H : Ho| =d # 1. If
cd(G) =cd(H), then G' = G".
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Proof. Assume to the contrary that G’ # G”. Then there is a normal subgroup N
of G, where N is maximal such that G/N is a non-abelian solvable group. We now
apply Lemma 2.3 and have one of the following two possibilities which leads to a
contradiction.

(i) G/N is a r-group with r prime. In this case, G/N has an irreducible character
1 of degree r* > 1, so does G. Lemma 3.2(ii) implies that ¢ (1) = ¢>. We consider
X(1)=(qg—1)(g+1)(g+ +/3q+ 1)a € cd(G) for some positive integer a > 1. Then
by Lemma 2.1(i), we have that yn € Irr(N), and so Lemma 2.1(ii) implies that G
has an irreducible character of degree ¢*(¢ — 1)(q¢ + 1)(¢ + /3¢ + 1)a, which is a
contradiction.

(ii) G/N is a Frobenius group with kernel F'//N. Then |G : F| € cd(G) divides r*—1,
where |F//N| = r®. Note that ¢* is an isolated degree of G. Then Lemma 2.3(ii.2)
implies that |G : F| = ¢* or r = 3. Let x; be an irreducible character of G of

— V34

degree x1(1) = 5%(q — 1)(¢ +1). Let also ¢; and ¢, be the largest prime divisors

of d = |H : Hp| such that xa(1) = ¢(¢ — v/3q¢ + 1)(¢ + /3¢ + 1)c; and x3(1) =
(¢ — 1)(g+ 1)(qg + /3q + 1)cy being irreducible character degrees of G. Then no
proper multiple of each x;(1) is in cd(G).

Suppose that |G : F| = ¢. Then by Lemma 2.3(ii.1), we conclude that r* divides
the greatest common divisor of x;(1)?, for i = 1,2,3, and so r* divides (c;, c2)* by
(3.1). Thus, r* divides d?. On the other hand, |G : F| = ¢* divides r*—1. Therefore,
¢ <r*—1<d?—1, and hence, 33/ < f2 — 1, which is a contradiction.

Suppose that » = 3. Since |G : F| € cd(G) and the greatest common divisor of
x1(1)?, x2(1)% and y3(1)? divides d?, it follows from Lemma 2.3(ii.1) that r* divides
d?>. Note that d is a divisor of |Out(Hy)| = f. We again apply Lemma 2.3(ii) and
conclude that |G : F| < r* —1 < f? — 1, but then |G : F| is too small to be a
character degree of G, which is a contradiction. OJ

Proposition 3.5. Let G be a finite group, and let H be an almost simple group
whose socle is Hy = 2Ga(q) with ¢ = 3" > 27 and f odd, and |H : Hy| = d # 1.
Then the chief factor G' /M of G is isomorphic to Hy.

Proof. Let G'/M be a chief factor of G. As G’ is perfect, G'/M is non-abelian, and
so G' /M is isomorphic to S* for some non-abelian simple group S and some integer
k > 1. Note that each finite simple group has an even irreducible character degree.
Then 2F divides some degrees of G. By Lemma 3.2(iii), we conclude that k < 3.

Suppose that S is an alternating group of degree n > 8, the Tits group 2F4(2)’ or
a sporadic simple group except for the Mathieu group Mss and the Janko group J;.
Then by Lemma 2.6(i) and (iii), S has an irreducible character degree divisible by
16, and so GG has a character degree divisible by 16 but this violates Lemma 3.2(iii).
We now discuss the case where S is A, for n =5,6,7, Mas or J;.

If S = As, then S has an irreducible character of degree 5 which extends to Ss.
It follows from Lemma 2.4 that G has an irreducible character of degree 5%, but
this violates Lemma 3.2(ii). If S = Ag, the fact that S has an irreducible character
of degree 9 which extends to Ag - C3 implies that G has an irreducible character
of degree 3% and so by Lemma 3.2(ii), we have that 3% = ¢® = 3%/ with f odd,
which is a contradiction. If S = A, then the irreducible character of S of degree 6
extends to Aut(S), and so by Lemma 2.4, G has an even degree 6* for k = 1,2, 3.
By Lemma 3.2(iv), we conclude that 63 > 6% > 1/3¢(¢*> — 1)/3, which is impossible
as ¢ = 3/ > 27 with f odd.
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If S = Jy, then 56,120 € cd(S). This implies that £ = 1 as if not G has an
irreducible character degree divided by 56 - 120 = 2°-3 -5 - 7, which contradicts
Lemma 3.2(iii). Thus k& = 1, and hence G has an even irreducible degree 56. Now
we apply Lemma 3.2(iv), and so 56 > /3¢(¢*> — 1)/3, but this inequality has no
solution for ¢ = 3/ > 27. Similarly, if S = M, then since S has irreducible
characters of even degrees 210 and 280, we conclude that k£ = 1. The irreducible
character of degree 210 extends to Aut(S) = My, : 2, and so Lemma 2.4 implies
that 210 € c¢d(G) and this violates Lemma 3.2(iv) as 210 < /3¢(¢*> — 1)/3 for all
q=23">27.

Suppose now that S = S(qy) is a finite simple group of Lie type except the
Tits group 2F4(2), where gy = p° for some positive integer e. In what follows, we
frequently use Lemma 2.6(ii) and the character degrees of S recorded in Table 1. By
Lemma 2.6(ii), the Steinberg character of degree St(1) = |S|, extends to Aut(S), and
so Lemma 2.4 implies that G possesses a non-trivial prime power character degree
|S|F. Then Lemma 3.2(v) forces

S5 = 3% (3.2)

This in particular implies that p = 3. Since f is odd and k is 1, 2 or 3, it also follows
that k is 1 or 3. We now discuss each possibilities of S separately.

Let S be PSL,,(q) with m > 2 or PSU,,(¢) with m > 3. Then by (3.2),
we have that [S|¥ = St(1)" = 3%, and so 3emim=bk/2 — gtk = 33 Thus
em(m — 1)k = 6f with & = 1,3, and hence both e and m(m — 1)/2 are odd.
Therefore, m > 5, or S is PSLa(qp), PSL3(qo) or PSUs(qo). If m > 5, then by
Lemma 2.6(ii), S has a unipotent character x of degree qo(qy"* — 1)/(qo — 1) or
gl — (=1)™ 1) /(go + 1) when S is PSL,,(qo) or PSU,,(qo), respectively. The
character y extends to Aut(S), and so it follows from Lemma 2.4 that y(1)* € cd(G).
Therefore, the 3-part ¢f of x(1) is equal to the 3-part of some non-prime power
irreducible degree of G. Then ¢} > +/3¢/3, and so 3°**1 > 3/ and this implies
that 2ek + 1 > f. Since em(m — 1)k = 6f, it follows that m(m — 1) < 18 which
has no solution for m > 5, which is a contradiction. Therefore, m = 2 or 3, that is
to say, S is PSLa(qo), PSL3(qo) or S = PSUs(qo). Let S = PSLa(qg). Then ¢f = ¢
by (3.2). If k = 3, then ¢y = ¢, and so S has irreducible character degrees ¢ and
q — 1. Therefore, ¢*(q¢ — 1) divides some degree of G, which is impossible. If k = 1,
then ¢y = ¢, and so some degree of G is divisible by ¢y — 1 = ¢® — 1, which is a
contradiction. Let S = PSL3(qp) with g9 = 3° > 3 and e odd. It follows from [29]
that S has an irreducible character degree (qy — 1)*(go + 1) which is divisible by 16.
Therefore, 16 divides some degree of G, and this contradicts Lemma 3.2(iii). Let
S = PSUj3(qo) with go = 3° > 3 and e odd. By [29], S has an irreducible character
degree (qo —1)(qo+1)% which is divisible by 16 which is a contradiction as the 2-part
of any degree of G divides 23.

Let S be PSps,,,(q0) with m > 2 or PQy,,11(q0) with m > 3. It follow from (3.2)
that q6”2k = |S|’; = St(1)* = ¢, and so 3em*k — 33/ implying that em2k = 3f with
k = 1,3. Thus e and m are odd. By Lemma 2.6(ii), S has a unipotent character
x of degree qo(qd* — 1)(q0" " — 1)/(go — 1) which extends to Aut(S), and so by
applying Lemma 2.4, we conclude that x(1)¥ € cd(G). This in particular implies
that the 3-part & of x(1)* is equal to the 3-part of some non-prime power irreducible
degree of G. Then ¢} > /3¢/3, and so 2ek + 1 > f. Recall that em?k = 3f. Then
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6ek+1 > em?k, and so m? < 7. This is true only for m = 2, which is a contradiction
as m is odd.

Let S = PQ3., (qo) with m > 4. Then (3.2) implies that 3¢m(m—1) = gt = 331
Thus em(m — 1) = 3f, which is a contradiction as f is odd but m(m — 1) is even.
By the same argument, the case where S is an exceptional simple group except for
E7(q0) and 2Gy(qo) can be ruled out, see Table 1 for the character degrees. Let
S = E7(go). Then by (3.2), ¢&* = St(1)* = ¢*, and so gy = ¢&%. The unipotent
character ®7 45 of S extends to Aut(S) by Lemma 2.6(ii), and so Lemma 2.4 yields
®7.46(1)% € cd(G). Note that the 3-part of @7 46(1)F is gi%* = ¢>46/3 which is greater
than ¢%. Hence ¢* divides the 3-part of some non-prime power irreducible degree of
G, which is impossible.

Therefore, S = 2Ga(qo) with go = 3¢ > 27 and e odd. Then ¢3* = |S|5 = ¢3, and
s0 qo = q/*. If k = 3, then ¢¢ - ¢2(q2 — qo + 1)? divides some degree of G, and so the
3-part of this number which is ¢ = ¢°/3 has to divide the 3-part of some non-prime
power degree of G. Thus ¢°/® < ¢f, and hence ¢> < f3, or equivalently, 3%/ < f3,
but this inequality has no solution for odd positive integers f > 3. Therefore, k = 1,
and hence qq = ¢, that is to say, G'/M is isomorphic to 2Gy(q), as claimed. OJ

Corollary 3.6. Let G be a finite group with cd(G) = cd(H ), where H is an almost
simple group whose socle is Hy = 2Go(q) with ¢ = 3/ > 27 and f odd. Then there

exists a normal subgroup N of G such that G/N is an almost simple group with socle
Hy.

Proof. By Proposition 3.5, the chief factor G'/M is isomorphic to Hy. Let N be a
normal subgroup of G such that Z(G/M) = N/M. Applying Lemma 2.7 to G/M,
we conclude that G/N is an almost simple group with socle Hy. O

Proposition 3.7. Let G be a finite group with cd(G) = cd(H), where H is an
almost simple group whose socle is Hy = 2Go(q) with ¢ = 37 > 27 and f odd, and
|H : Hy| = d # 1. Let also the chief factor G'/M be isomorphic to Hy. If f is
coprime to 3, then M =1, and hence G' = H,

Proof. We first show that every linear character 6 of M is G'-invariant, that is to
say, lg:(0) = G'. Assume to the contrary that I := lg/(0) < G’ for some 0 € lrr(M)
with 6(1) = 1. Let 87 = - | ¢;, where ¢; € Irr(I) for i = 1,2, ..., k. Suppose that
U := U/M is a maximal subgroup of G’ := G'/M = H, contammg I:=1/M,and
set t := |U : I|. It follows from Lemma 2.2(i) that ¢;(1)|G" : I| € cd(G’), and so
téi(1)|G" = U| divides some character degree of G. Then |G’ : U| must divide some
character degree of G, and so by Lemma 3.3, |G' : U| divides (¢* + 1)a € cd(G) for
some divisor a of d = |H : Hy| and the group U is @ : C,_1, where @ := [¢®]. Thus,
tg;(1) divides d which is a divisor of f. Therefore, t = |U : I| = |U : I| divides
f which is coprime to 3, and hence @ is contained in I. Let s := [I : Q|. Then
q—1=1U:Q|=ts. Since fis odd and t is a divisor of f, we observe that s is
even, and hence I = @ : C,, where s = (¢ — 1)/t is even.

If goi(l) = 1 for some i, then 6 would extend to ¢;, and so Lemma 2.2(ii) implies
that (¢;7)¢" is an irreducible character of G’ for all T € Irr(I ). We know that
|G’ : I| = (¢* + 1)t and T has a Frobenius subgroup J := @ : C,/» which has
an irreducible character of degree s/2, see [32, Theorem(3)]. Thus (¢* + 1)ts or
(¢*> + 1)ts/2 is an irreducible character degree of G’, and hence some degree of G
is divisible by (¢* + 1)(¢ — 1)/2, which is a contradiction. Therefore, ¢;(1) > 1
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is an odd divisor of a, for all i. Since f is coprime to 3, each ;(1) is coprime
to 3. We claim that @/ ker(f) is abelian. To show this, it suffices to prove that
Q' < ker(yp;), for all 4, as if this true, then Q" < NF_, ker(y;) = ker(67) = ker(0)
which implies that @)/ ker(f) is abelian. Suppose that @' does not contain ker(y;)
for some j. Then (¢;)o = > ;0; with o; nonlinear in Irr(Q). Since M/ker() is
central in I/ker(6), by Tto’s theorem [14, Theorem 19.9], we conclude that the non-
trivial degrees of )/ ker(¢) are powers of 3, and hence ¢;(1) is divisible by 3, which
is a contradiction. Therefore, @)/ ker(6) is abelian as claimed. This implies that
Q' < ker(f), and so Q' < M. Thus Q = Q/M is abelian, and this contradicts the
fact that Q' is a group of order ¢?, see [32, Theorem|. Therefore, I (0) = G'.

We now show that M = M’. Since every linear character 6 of M is G’-invariant,
we apply Lemma 2.5 and conclude that | M/M’| divides the order of Schur Multiplier
M(H,) of Hy which is trivial by Lemma 3.1, and so M = M’. Suppose that M is
non-abelian, and let N < M be a normal subgroup of G’ such that M/N is a
chief factor of G’. Then M/N = Sk for some non-abelian simple group S. It
follows from Lemma 2.6 that S possesses a non-trivial irreducible character 6 such
that x = 0% € Irr(M/N) extends to G'/N. By Lemma 2.1(ii), we must have
x(D)y(1) € ed(G'/N) C cd(G"), for all ¢ € lrr(G'/M). Now we can choose ¢ € G' /M
such that (1) = ¢3, and since 6 is non-trivial, x(1)1(1) = 6(1)* - ¢* divides some
degree of GG, which is a contradiction. Therefore, M is abelian, and since M = M’,
we conclude that M = 1. Consequently, G’ is isomorphic to Hy. O

We are now ready to prove Theorem 1.1. In what follows, suppose that G is a
finite group with cd(G) = cd(H), where H is an almost simple group whose socle is
Hy = 2Gy(q) with ¢ = 3/ > 27 and f odd. Suppose also that |H : Hy| = d.

Proof of Theorem 1.1 The case where H = Hj has been treated in [31]. Here,
we assume that H # H,. By Proposition 3.4, we conclude that G’ = G”, and so
G is nonsolvable. Moreover, Proposition 3.7 implies that the chief factor G’ /M is
isomorphic to Hy. Suppose now that f is coprime to 3. Then Proposition 3.7 implies
that G’ = Hy = 2Gy(q). Tt follows from Lemma 2.7 that T := G'Z(G) = G' x Z(G)
and G/Z(G) is isomorphic to Hy : Cy < Aut(Hy) with s a divisor of d = |H : Hy|. By
Lemma 3.2(v), the group H has an irreducible character x of degree (¢*+1)d. Then
by Lemma 2.1(i), there exists 6 € lrr(T") such that x(1) = k6(1) for some divisor k
of |G : T| = s. Note that cd(T) = cd(G’) = cd(*Ga(q)). Then by inspecting the
degrees of ?Gy(q), we conclude that 6(1) = ¢* + 1, and so k = d. This in particular
implies that d < s. If s > d, then G/Z(G) = H, : C; has an irreducible character of
degree (¢ + 1)s, so does G, which is a contradiction. Therefore, s = d, and hence
G/Z(G) is isomorphic to H = Hy : Cy. O

STATEMENTS AND DECLARATIONS

The author confirms that this manuscript has not been published elsewhere. It
is not also under consideration by another journal. The author also confirms that
there are no known conflicts of interest associated with this publication and there
has been no significant financial support for this work that could have influenced its
outcome. The author has no competing interests to declare that are relevant to the
content of this article and he confirms that availability of data and material is not
applicable.



GROUPS WITH CHARACTER DEGREES OF ALMOST SIMPLE REE GROUPS 11

ACKNOWLEDGMENTS

The author are grateful to the editor and the anonymous referees and for careful
reading of the manuscript and for corrections and suggestions.

REFERENCES

[1] S. H. Alavi, A. Daneshkah, H. P. Tong-Viet, and T. P. Wakefield. Huppert’s
conjecture for Fiss. Rend. Semin. Mat. Univ. Padova, 126:201-211, 2011. 1
[2] S. H. Alavi and A. Daneshkhah. On groups with the same character degrees as
almost simple groups with socle PSLy(q). In preparation. 1
[3] S. H. Alavi and A. Daneshkhah. Groups with the same character degrees as
almost simple groups with socle 2Fy(q). In preparation, 2021. 1
[4] S. H. Alavi, A. Daneshkhah, and A. Jafari. Groups with the same character
degrees as sporadic almost simple groups. Bull. Aust. Math. Soc., 94(2):254—
265, 2016. 1
[5] S. H. Alavi, A. Daneshkhah, and A. Jafari. On groups with the same character
degrees as almost simple groups with socle Mathieu groups. Rend. Semin. Mat.
Univ. Padova, 138:115-127, 2017. 1
[6] S. H. Alavi, A. Daneshkhah, and Y. Moment Zafarabad. Groups with the same
character degrees as almost simple Suzuki groups. Journal of Algebra and Its
Applications, Accepted, 2022. 1
[7] S. H. Alavi, A. Daneshkhah, H. P. Tong-Viet, and T. P. Wakefield. On Huppert’s
conjecture for the Conway and Fischer families of sporadic simple groups. J.
Aust. Math. Soc., 94(3):289-303, 2013. 1
[8] C. Bessenrodt, H. P. Tong-Viet, and J. Zhang. Huppert’s conjecture for alter-
nating groups. J. Algebra, 470:353-378, 2017. 1
[9] M. Bianchi, D. Chillag, M. L. Lewis, and E. Pacifici. Character degree graphs
that are complete graphs. Proc. Amer. Math. Soc., 135(3):671-676 (electronic),
2007. 3, 4
[10] R. W. Carter. Finite groups of Lie type. Pure and Applied Mathematics (New
York). John Wiley & Sons, Inc., New York, 1985. Conjugacy classes and com-
plex characters, A Wiley-Interscience Publication. 5
[11] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson. Atlas
of finite groups. Oxford University Press, Eynsham, 1985. Maximal subgroups
and ordinary characters for simple groups, With computational assistance from
J. G. Thackray. 2, 4
[12] A. Daneshkhah. Huppert’s conjecture and almost simple groups. Rend. Semin.
Mat. Univ. Padova, Accepted, 2020. 1
[13] The GAP Group. GAP — Groups, Algorithms, and Programming, Version
4.11.0, 2020. 2, 4
[14] B. Huppert. Character theory of finite groups, volume 25 of de Gruyter Ezpo-
sitions in Mathematics. Walter de Gruyter & Co., Berlin, 1998. 2, 10
[15] B. Huppert. Some simple groups which are determined by the set of their
character degrees. 1. Illinois J. Math., 44(4):828-842, 2000. 1, 3
[16] B. Huppert. Some simple groups which are determined by their chracter degrees.
Institut fir Experimentelle Mathematik, Universitat Essen, 2000. 1



12 S.H. ALAVI

[17] 1. M. Isaacs. Character theory of finite groups. AMS Chelsea Publishing, Prov-
idence, RI, 2006. Corrected reprint of the 1976 original [Academic Press, New
York; MR0460423]. 2

[18] G. Kemper, F. Libeck, and K. Magaard. Matrix generators for the Ree groups
2Gy(q). Comm. Algebra, 29(1):407-413, 2001. 4

[19] P. Kleidman and M. Liebeck. The subgroup structure of the finite classical
groups, volume 129 of London Mathematical Society Lecture Note Series. Cam-
bridge University Press, Cambridge, 1990. 4

[20] P. B. Kleidman. The maximal subgroups of the Chevalley groups Gs(q) with
q odd, the Ree groups *Gs(q), and their automorphism groups. J. Algebra,
117(1):30-71, 1988. 6

[21] V. M. Levchuk and Y. N. Nuzhin. The structure of Ree groups. Algebra i
Logika, 24(1):26-41, 122, 1985. 4

[22] G. Malle. Extensions of unipotent characters and the inductive McKay condi-
tion. Journal of Algebra, 320(7):2963-2980, oct 2008. 4, 5

[23] O. Manz, R. Staszewski, and W. Willems. On the number of components of
a graph related to character degrees. Proc. Amer. Math. Soc., 103(1):31-37,
1988. 4

[24] H. N. Nguyen, H. P. Tong-Viet, and T. P. Wakefield. Projective special linear
groups PSLy(q) are determined by the set of their character degrees. J. Algebra
Appl., 11(6):1250108, 26, 2012. 1

[25] R. Ree. A family of simple groups associated with the simple Lie algebra of
type (Ga). Bull. Amer. Math. Soc., 66:508-510, 1960. 4

[26] R. Ree. A family of simple groups associated with the simple Lie algebra of
type (Ga). Amer. J. Math., 83:432-462, 1961. 4

[27] P. Schmid. Rational matrix groups of a special type. Linear Algebra Appl.,
71:289-293, 1985. 4

[28] P. Schmid. Extending the Steinberg representation. J. Algebra, 150(1):254-256,
1992. 4

[29] W. A. Simpson and J. S. Frame. The character tables for SL(3, ¢), SU(3, ¢?),
PSL(3, q), PSU(3, ¢?). Canadian J. Math., 25:486-494, 1973. 8

[30] H. P. Tong-Viet and T. P. Wakefield. On Huppert’s conjecture for the Monster
and Baby Monster. Monatsh. Math., 167(3-4):589-600, 2012. 1, 3

[31] T. P. Wakefield. Verifying Huppert’s conjecture for >Gy(q?). Algebr. Represent.
Theory, 14(4):609-623, 2011. 1, 2, 10

[32] H. N. Ward. On Ree’s series of simple groups. Trans. Amer. Math. Soc.,
121:62-89, 1966. 4, 5, 6, 9, 10

[33] D. L. White. Character degrees of extensions of PSLy(q) and SLy(q). J. Group
Theory, 16(1):1-33, 2013. 6

SEYED HASSAN ALAVI, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, BU-ALI SINA
UNIVERSITY, HAMEDAN, IRAN

Email address: alavi.s.hassan@basu.ac.ir

Email address: alavi.s.hassan@gmail.com



	1. Introduction
	2. Preliminaries
	3. Proof of the main result
	Statements and Declarations
	Acknowledgments
	References

