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Primordial Gravitational Waves Assisted by Cosmological Scalar Perturbations
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Primordial gravitational waves are a crucial prediction of inflation theory, and their detec-
tion through their imprints on the cosmic microwave background is actively being pursued.
However, these attempts have not yet been successful. In this paper, we propose a novel
approach to detect primordial gravitational waves by searching for a signal of second-order
tensor perturbations. These perturbations were produced due to nonlinear couplings be-
tween the linear tensor and scalar perturbations in the early universe. We anticipate a
blue-tilted tensor spectral index, and suggest that the tensor-to-scalar ratio can potentially
be measured with high precision using a detector network composed of the ground-based

Einstein Telescope and the space-borne LISA project on a decade timescale.

Motivation. Primordial gravitational waves, originated from quantized tensor modes of per-
turbed metric in the very early universe, are one of the most important predictions of cosmic
inflation theory [1-6]. On large scales comparable to the whole scale of observable universe, im-
prints of primordial tensor perturbations on the cosmic microwave background (CMB) have been
proposed before two decades [7—10], but have not been observed yet. Recent studies have es-
tablished upper limits on the spectral amplitude of primordial tensor perturbations [11-15]. The
tensor-to-scalar ratio has been shown to be less than 0.032 at the 95% confidence level, based
on precise measurements of anisotropies and polarization in the CMB by the Planck satellite and
BICEP /Keck Array [15].

Efforts have been made to detect primordial tensor perturbations on small scales, which are
detectable by space-borne and ground-based gravitational-wave interferometers [16-22]. However,
models of canonical single-field slow-roll inflation predict a red-tilted tensor spectrum, with the
spectral index exhibiting a consistency relation of n; = —r/8 [23]. This makes it particularly
challenging for these detectors to measure such a spectrum. Further, a blue-tilted tensor spectrum
would imply a violation of the null-energy condition in the effective field theory of single-field
inflation models [24-26]. To generate a blue-tilted tensor spectrum, additional assumptions, such
as higher-derivative operators [27] and strong deviations from single-field slow-roll [28, 29], are
necessarily involved.

Considering the absence of measurements of primordial tensor perturbations on large scales
and the difficulties in generating a blue-tilted tensor spectrum on small scales, it is important to
give serious consideration to any new mechanisms that can enhance the tensor spectral amplitude

without requiring extraordinary assumptions.
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Our proposal suggests that during the early universe, the linear scalar perturbations could have
modulated the primordial tensor perturbations, resulting in the production of second-order tensor
perturbations with a significantly blue-tilted power spectrum. This anticipated signal can poten-
tially be detected by ongoing and planned ground-based detectors such as the Advanced LIGO,
Virgo and KAGRA (LVK) [30-32], Einstein Telescope (ET) [33] and Cosmic Explorer (CE) [34].
Furthermore, scalar perturbations are believed to contribute to the formation of primordial black
holes (PBHs), which are considered as a viable candidate for dark matter [35, 36]. Additionally,
they are expected to produce scalar-induced gravitational waves, which can be detected by planned
space-borne detectors such as the Laser Interferometer Space Antenna (LISA) [37, 38], big bang
observer (BBO) [39, 40], or Deci-hertz Interferometer Gravitational wave Observatory (DECIGO)
[41, 42]. If both the modulated primordial and scalar-induced gravitational waves are detected
simultaneously, it would provide valuable insights into the mechanism of cosmic inflation and the
nature of dark matter.

This paper investigates the theory of second-order tensor perturbations and the possible multi-
band measurements of modulated primordial and scalar-induced gravitational waves using a future
detector network consisting of the ground-based ET and the space-borne LISA. The main objective
of this study is to achieve a high-precision measurement of the tensor-to-scalar ratio r with an
accuracy of Ar ~ O(107%), based on a fiducial model with » = 1072 and a bumpy scalar power
spectrum with amplitude A = 1073,

Primordial tensor perturbations modulated by cosmological scalar perturbations. The perturbed
Friedman-Robertson-Walker metric in the Newtonian gauge is ds? = a?{—(1 + 2¢)dn? + [(1 —
20)6;5 + hij + lNzZ-j /2]dz'dx?}, where ﬁij denotes the second-order tensor perturbation sourced
by the linear scalar perturbation ¢, and the linear tensor perturbation h;;. The scalar pertur-
bation in Fourier space is given by ¢x(n) = (2/3)(Ts(kn), where (i is the initial comoving
curvature perturbation with power spectrum (( () = (272/k%)Ps(k)d(k + k'), and the scalar
transfer function during the radiation-dominated era is Ts(kn) = 3(sinz/x — cosz)/x? with x =
kn/+/3 [43]. The tensor perturbation in Fourier space is decomposed into two components, i.e.,
hx,ij = hﬁeiij + hy €y ;;» Where the polarization tensors are defined as Eltij = (ejej — €i&;)/V/2
and €l><<,ij = (eie; + €iej)/ V2 with e; and é&; being orthonormal vectors that are transverse to
k. It is given by h(n) = HQTi(kn) (A = +, x), where H}) is the initial tensor perturbation
with the power spectrum (HQH7Y) = (22 /k)P, (k)0 §(k + k') and the tensor transfer function
is Ty(kn) = sin(kn)/(kn) [43]. Similarly, we decompose the second-order tensor perturbation in
Fourier space into two polarization components, and further decompose each component into three
terms, i.e., hy = ﬁﬁss + ﬁﬁSt + Bf;tt, where the superscripts ® and ! stand for contributions from the
linear scalar and tensor perturbations, respectively.

Expanding the Einstein field equations up to second order using the xPand [14] package, we
derive the equation of motion for the second-order tensor perturbation. The evolution of Biaﬁ with

afl = ss, st, tt is governed by

haoB 4 oHhAoB 4 k2RAP = 4SpeB (1)



where an overdot denotes a derivative with respect to n, H = a/a is the comoving Hubble param-
eter, and S}*?, as formulated in Egs. (A1-A3), is the source term for Bﬁaﬁ .

We solve Eq. (C6) with the Green’s function method and obtain Ay oc [ dfj sin(kn—kij)[a(77)/a(n)]Sk(7)
[45, 46], where a(n) o« 7 in the radiation-dominated universe. The power spectrum of gravitational

waves is defined as the two-point correlation function, i.e.,
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where (...) denotes the ensemble average. The dimensionless energy-density spectrum of the second-
order tensor perturbations, i.e., the energy density per logarithmic frequency normalized with the
critical energy density of the early universe, is given by [17]
1 k 2 0000
k) =55 (5) Pk (3)
where the overbar denotes the oscillation average and the two polarization modes have been
summed over. After tedious but straightforward calculations, we obtain
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where {...},3 composed of u and v is formulated in Eqgs. (B1-B3), and the limit k7 — oo has been
used, implying that the tensor perturbations are deeply within the horizon. The total spectrum
is Qg = Q55 + Qb + Q. Since the energy density of gravitational waves decays as radia-
tion, the present-day physical energy-density spectrum for the second-order tensor perturbations

is approximated by [18]

W2Q00 (k) = B2 x Q2 (. k) (5)

where the corresponding one for photons and neutrinos is hzﬁr’() = 4.15 x 1075, with h being the
dimensionless Hubble constant [19].

Before delving into the precision of detection, we present a featured asymptotic behavior of
ng,v in the following. In particular, we remind that the scalar power spectrum on large scales
follows a power-law with amplitude A¢ 05 >~ 2.1 X 107 and index ng ~ 0.96 at the pivot scale
kp = 0.05 Mpc~! [19]. However, the formation of primordial black holes necessitates an enhanced
scalar spectral amplitude of ~ 1072 on small scales (see Ref. [50] for a review). We model the scalar
power spectrum on small scales as a normal distribution of In k& with mean k¢, standard deviation

o¢ and spectral amplitude A at the scale k¢, i.e., [51]

n2
Pk = e [ )

On the other hand, we assume that the tensor power spectrum follows a sudden-broken power-law

distribution of k throughout the entire scale, i.e.,

k

Pi(k) =1Ac 005 (k:) O (kreh — k) (7)
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FIG. 1. Present-day physical energy-density spectra h*Q55  (dashed lines) and h*Qg%  (solid lines) for

oc — 0 (blue), ¢ = 0.5 (red) and o = 1 (green). The vertical lines from left to right denote fren =
27/270/2700 Hz. Other parameters are given as A, = 1073, fc =27 mHz, r = 0.01 and n; = —r/8. The
shaded regions show the sensitivities of LISA (orange), LIGO (purple) and ET (blue). The horizontal short
line (black) denotes the upper limit of h?Qgy 0(25Hz) for LIGO O3, using the power-law model marginalizing

over the spectral index with a log-uniform prior [52].

where r and n; represent the tensor-to-scalar ratio and tensor spectral index, respectively, kiepn
is the high-frequency end of the spectrum due to reheating at the end of inflation, and ©(z)
is the Heaviside function with variable z. In models of canonical single-field slow-roll inflation,
the consistency relation n; = —r/8 holds [23]. The current upper bound on the tensor-to-
scalar ratio is r < 0.032 at the 95% confidence level [15], indicating a slightly red-tilted ten-
sor spectrum. The reheating frequency fienh = kren/(27) is related to the reheating tempera-
ture Tien and the effective number of relativistic degrees of freedom g, ron during reheating, with
freh = 0.027 Hz (Tyen/109GeV) (garen/106.75)1/6 [43]. Noticing that the contribution from g, ren
may be negligible due to the small value of the power-law index, thus the reheating frequency is

approximately determined by the reheating temperature.

Fig. | demonstrates that Qg% (k) o k2t as ke < k < kyen. The enhancement results from
the leading term ¢?¢x_qhg' of the source S (see Eq. (A2)) in the limit |k — q| < ¢ ~ k. On
the one hand, for larger momentum ¢ of linear tensor perturbations, the source term qggbk,qhél

can be significantly enhanced by the factor ¢2. On the other hand, for smaller momentum |k — q|



of linear scalar perturbation, considering Ti(|k — q|n) ~ 1/(|k — q|n)? within the horizon in the
radiation-dominated era, the scalar perturbation decays slower and thus keeps the source term
q2¢>k_qh;\11 important for a longer time to induce Eft. To make some rough estimates, we have the
leading term {...}s oc 1/u* approximately in the limit v = |k — q|/k — 0 and v = |q|/k — 1. For
simplicity, we take the limit . — 0 and get the scalar spectrum Ps(k) = Acd(In(k/k¢)), therefore,
the energy-density spectrum can be approximated as Q% (k) oc [du [ dv u™* §[In(uk/k¢)] k™ o
k"tu_2|u:k</k o k¥ where [dv has been replaced with the integral width 2u. The spectral
index (2 4 n;) remains unchanged for different values of o¢, while the spectral amplitude varies.
Further, we can simply use Q3% (k) ~ few x rAc0.05Ac(k/ke)?(k/kp)™ O (kyen — k) in k > k¢ region
for a good order estimate. The null-energy condition is not violated by this blue-tilted spectrum
since second-order gravitational waves were produced during the radiation-dominated era, not the
inflationary stage.

We compare physical energy-density spectra of second-order tensor perturbations (as functions
of frequency) with sensitivity curves of LISA, LIGO, and ET in Fig. 1. The scalar-induced tensor

SS

perturbations with Q5% (k) have been semi-analytically studied in the literature [45, 46, 53, 54].

gw,0
Due to r < 0.032, the amplitude of thimo(k) is too small to fit the scope of Fig. 1. However,
the blue-tilted Qgﬁv’o(k) makes it promising to measure primordial tensor perturbations (r and

n¢) and reheating physics (Tien) with high-frequency gravitational-wave detectors. Therefore, we
expect that multi-band measurements of second-order tensor perturbations may lead to a better
understanding of the late-time stage of inflation.

Ezxpected sensitivity of gravitational-wave detectors to measure the anticipated signal. We per-
form Fisher-matrix forecasts by considering instrumental uncertainties for detector networks com-
posed of space-borne LISA and ground-based LIGO or ET. The Fisher matrix for second-order

tensor perturbations is given by

N
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where f = k/(27) is the frequency of gravitational waves, 0 = {In A¢, o¢,In fe, 7, n4,1n fren} is the

parameter space being determined, €2,(f) denotes the effective detector noise as a function of f,
as summarized in Ref. [55], N is the number of independent detectors, T is the observing time,
and € is the duty circle. For LISA, we consider a single detector with 75% duty circle during a
four-year observation. For LIGO (ET), we consider two (three) independent detectors with 100%
duty circle during a four-year (one-year) observation. The fiducial parameters are A; = 1073,
oc = 0.5, fe = 2.7 mHz, » = 0.01, n, = —r/8, and fren = 27/270/2700 Hz. The corresponding
spectra have been shown in Fig. 1.

Though multi-band measurements are performed with detector networks, the parameters of the
scalar spectrum in Eq. (6) are completely determined by LISA. The results are given as Aln A =
7.5x1073, Ao = 6.0x 1073, and Aln fe=3.9x 1073, indicating (sub)percent-level measurements.

On the other hand, the parameters of the tensor spectrum in Eq. (7) are completely determined
by LIGO and ET. For our fiducial model, LIGO could achieve Ar/r ~ O(1) and An; ~ O(1072),



Detector | fren/Hz Ar Any Aln fren
27 1.5 3.7 1.8 x 1073
LIGO 270 (2.9 x 1072|6.8 x 1072|2.2 x 104
2700 |2.0 x 1072|4.7 x 1072{2.3 x 1073

27 1.6 x1073(3.9x 1073({1.9 x 107°
ET 270 [3.4x107%6.8 x 1074[2.6 x 107
2700 [3.0 x 107*[5.4 x 10~*|5.5 x 105

TABLE 1. The lo confident uncertainties of r, n; and In fi., measured by LIGO and ET for fien =
27/270/2700 Hz.

while ET, with better sensitivity than LIGO, could achieve Ar/r ~ O(1072) and An; ~ O(107%),
allowing for more-than-100 confident measurements of the tensor-to-scalar ratio and a possibility
to test the consistency relation n, = —r/8 at the 20 confidence level. The precision for measuring
r and n; depends on the fiducial value of fien, as shown in Tab. I. For higher reheating frequency,
which implies wider frequency band being captured by LIGO and ET, we expect better precision
for measurements of r and n;. Fig. 2 shows the marginalized 1o and 20 cross-correlations between
r and ng, as well as their dependence on fo,. In addition, the best measurement of f.., can be
performed when fe coincides with the most sensitive frequency band of detectors, which is given as
~ O(10%) Hz for LIGO and ET. Therefore, we expect the best precision to be Aln fien, ~ O(107%)
for LIGO and Aln fren ~ O(1079) for ET. If such a measurement works in the best case, our results
may provide meaningful insights for particle physics, as the reheating temperature is ~ O(10'9)

GeV.

To enhance the detectability of primordial tensor perturbations, our results can be further
improved if using fiducial models that anticipate larger amplitudes for ng,w(k). This could be
achieved, for example, by enhancing the amplitude of the scalar or tensor spectrum, or both, as

ngv,o x rA¢. In particular, LIGO could potentially measure primordial tensor perturbations by

setting the fiducial value to be A; ~ 1072, which is related to an interesting topic of the formation of
PBHs [50]. Other alternatives include increasing the bump width of the scalar spectrum, indicating
a larger value for o¢, or decreasing the peak frequency of the scalar spectrum, indicating a smaller

value for f¢, etc.

Conclusion. In the early universe, the linear tensor perturbations were modulated with bump-
spectral scalar perturbations to produce second-order tensor perturbations. The resulting tensor
spectral index was found to be (24 n;), which may have a significant blue tilt. Currently, plans are
underway to develop next-generation ground-based gravitational-wave detectors that could pro-
vide accurate measurements of the tensor-to-scalar ratio within the next decade. However, such
measurements require the existence of both inflationary tensor perturbations and linear scalar per-
turbations with a bumpy power spectrum, making it difficult to discuss their specifics until the
measurements are completed. If future multi-band measurements are able to detect the anticipated

signal of second-order tensor perturbations, it could provide valuable insights into the physics of
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FIG. 2. Cross-correlations between r and n; measured by ET for fio, = 27(blue)/270(red)/2700(green) Hz.
Dark and light shaded contours stand for the 1o and 20 confident regions, respectively. The fiducial model

with 7 = 0.01 and n; = —r/8 (other parameters are marginalized) is marked as a star.

cosmic inflation and help constrain inflation models. While scientists are actively pursuing mea-
surements of CMB B-mode polarization (see review in Ref. [56]), our proposal offers an alternative

approach to accurately measure primordial tensor perturbations.
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Appendix A: Expression of Sﬁ‘ﬁ in Eq. (C6)

ss m [ d’q L L
set = e | (amp 1n|20-a%a + (K9 + duq) (H19a +0a) | (A1)
spt = i [ T g N 0md o h — L5k 4 52 — 4k hy! (A2)

k = Ek W Eq’lm|:_ ¢k—q q ¢k—q q g( q QC)¢k—q q :| )

o d’q ALb A Ab A Arbe A
St = k2 /(%)3/2 {Ekl’qzeq bk Pl g Pig? + [Ekhqlqubm(k’c% —0*) = 264 € hm et
1
A o Mo Nbe s olom]
— Gl qmecan (K = 00" = 6l g pecqim 1'6° 3k"q €qbe 4 hk1 qhiA}g)

Appendix B: Expression of {...},5 in Eq. (C19)

{...}SS = m {41)2 - (1 +v% — u2>2}2 (u2 +v? — 3)2
3— (utv)?| ]’

3 (u—0)? + w2 (u? 4+ v? = 3)? O(u+v — \/3)} , (B1)

x{ [—4uv+(u2—|—02—3)ln|

1

4
{...}st = m |:16'U4 + 24’112 (]. +U2 — U2)2 + (1 +'U2 — U2) :|

3 — (u+3v)? 2
x{ [47,“) [uQ —9(1}2 - 1)] +\/§[u2 —3(v— 1)2] [u2—3(v+1)2] ln‘B_ Eui\/gv;Q ]
4372 {u2 —3(v— 1)2}2 {uQ —3(v+ 1)2}2 ) <u2 —3(v— 1)2>} , (B2)
{ )= m [(u — )% - 1}2 [(u+v)2 — 1]2
X {64u2112 [uA‘ +ot + 60 +6 (u2 + v2) + 1} — 16uv {5 (u6 + 116) + 11u%0? (u2 + 1)2)
+11 (u 4 ot) = 1260207 4+ 11 (w? + 02) + 5| In m
+ [25 (ug + vg> — 4u?0? (u4 + 114) + 86utv* — 4 (u6 + UG) + 68u2v? <u2 + v2)
+86 (u4 + v4) + 68u%v? — 4 (u2 + 02) + 25} 72 + In? igz—fzgz 1 } : (B3)

Appendix C: Supplemental Material

In this Supplemental Material, we present additional calculations and analysis that complement
the main text. The semi-analytical calculation of scalar-induced tensor perturbations are developed

in Refs. [45, 46, 53, 54]. The previous studies on “scalar-tensor” and “tensor-tensor” mode induced
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tensor perturbations can be found in Refs. [57, 58]. In our work, for the first time, we provide the
semi-analytical expressions for Q3. and QY as given in Eq. (C28). Utilizing these calculations, we
propose a novel approach for detecting high-frequency primordial gravitational waves, as discussed
in the main text.

In Sec. C1, we list the basic equations of second-order tensor perturbations. In Sec. C 2, we
provide the details of the calculation of Qaﬁ In Sec. C 3, we analyze the disparities of {235 and QSt
under large-momentum and small-momentum coupling limits, which may be helpful to understand

the enhancement of primordial gravitational waves in the main text.

1. Basic Equations of Second-order Tensor Perturbations

We start with a perturbed spatially-flat Friedman-Robertson-Walker metric in the conformal

Newtonian gauge
1~ S
ds? = a®(n) {—(1 +2¢) dn? + {(1 —2¢) 8ij + hij + thj] dx’dxj} , (C1)

where a(7) is the scale factor at the conformal time 7, ¢ and h;; denote the linear scalar and tensor
perturbations, and ﬁij denotes second-order tensor perturbations induced by ¢ and h;;. We expand

¢ and h; (ﬁij in the same way) in Fourier space

3
8. %) = / G Gl (C2)

A k-
o) = 3 [ g e (c20)
where polarization tensors are eiij = (eje; — &;&;) /v/2 and elfﬂ.j = (e;e; + &ie;) /2, with or-
thonormal vectors e; and é; being transverse to the wavevector k. For adiabatic perturbations, the

evolution of the Fourier components ¢, and hﬁ are governed by

d(n) +3(1 + w)yHow(n) + wk’di(n) =0, (C3a)
hig(n) + 2Mhie(n) + k>hig(n) = 0 , (C3b)

where an overdot denotes a derivative with respect to n, H = a/a is the comoving Hubble pa-
rameter, and w = p/p is the state parameter with p and p being pressure and energy density of
the Universe, respectively. Further, the solutions of Eq. (C3) can be written as the primordial

curvature (tensor) perturbations (i (Hy), times the scalar (tensor) transfer function T (T3), i.e

3+ 3w

5T 3wTs(k777)Ck . hig(n) = Ty(kn)Hy . (C4)

Px(n) =

The dimensionless primordial power spectrum Ps(k) and Py (k) are defined as the two-point corre-

lation function, i.e.,

2 ’ 2772

(o) = Ok + k) 2 13 Ps(k) (HigHig) = 6(k + k) 5 Pe(k) . (C5)
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where (...) denotes the ensemble average, the Kronecker symbol ** and the Dirac function §(k+k’)
reflect the independence between two polarizations of the tensor perturbations and the conservation
of momentum, respectively.

Based on the cosmological perturbation theory, each polarization component of the second-order
tensor perturbation is composed of three terms, i.e., hy = ﬁﬁss + iLf;St +htt where the superscripts
s

and ! stand for contributions from the linear scalar and tensor perturbations, respectively, and

the equation of motion of the second-order gravitational waves izﬁaﬁ (af = ss, st, tt) is given by
B £ 2 hAP + R2RpoP =4SP (C6)

The explicit expression of the source term S} in Eq. (C6) is obtained to be

5= [ Gy & et t gy (4 o) (0 00) ] O

d*q . .
AS )\,lm )\ A )\
St — / B And — 3biahd! — 24+ Bw)Hr_ghy

— (14 2w) (K + ¢7) — 4wk ) _qhd'} (CTb)
Al
SMt — d’q g b e p2iA oy [Ex\hb 2 (k°qe — 2) _ 9eibe A
k — (27‘(‘)3/2 92 k—q,l"q,bm k—q'‘q k—q,l"q,bm 9e — 4 k—q ~q,bm et
1
A A A A Abe A A
~ Gl qumeCan (K —q")q" ~ €kq,bcCaim ¢'q° - §6k17qcﬁq?bc qlqm} hquh?} - (CTe)

To establish a contact with primordial perturbations during the inflationary stage, we rewrite the

source term 81;\0‘5 above in the form of

ss d*q
Sli\ = / (27'(')3/2 Qi\s(k’ q) szSS(‘k - q|7q7n) Ck*qu 9 (C8a‘)
sot— [P o ) k2 (k- HM Csb
k — (27‘(’)3/2 Qst ( 7q) fst(| Q‘;Qa"?) Cqu q > ( 8 )
a3 >
Sﬁ‘tt — / ﬁ (Z Qi;&),\il)\Q(k’q) k2ftt,i(|k — q|,q,17)> I-Il/(\l_q[-fé‘2 . (C8c)
=1

The projection factor Qqs(k, q) in Eq. (C8) describes the geometric relations between the momenta

and polarization tensors of the linear perturbations, being defined as

Ak a) = 6™ qgm /K (C9a)
QX (kq) = "™ el s (C9b)
ik a) = 6" 6l eqim
2\15/,\21/\2 (k,q) = —eﬁvlmeﬁﬁzc eé\fbm (k — q)i1q./k* + ((k —q)<q term) ,

Q) = ™ G e €02y KRC/R?
25/,\41/\2 (k,q) = % Eﬁ’lm Eﬁl_qﬁbc Ez\flm KRS /K2 + ((k —q)<q term) ,
i}:\g/\Q (k,q) = —eﬁ’lm eﬁﬁzc Eé?bc (k — q)lqm/k2 ) (C9c)
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where Q”‘l’\2 is defined in a symmetric form with respect to k — q and q, which facilitates the
subsequent manipulation in Eq. (C18) while keeping the integral in Eq. (C19) unchanged. The
source function fo3(|k—q|,¢,n) in Eq. (C8) describes the time evolution of the linear perturbations,

being defined as

oo = ) T = ) Tl + | 5T = al) T
+ o Tullle = aln) o) + 25k — ala) Tulan)] (C100)
for = 21?; [— % Ti(1k — aln) Ti(an) — 2(42?[})}[ T:(1k — aln) Ti(an)
(v e 2B i ) )| (©10)

Ty(|k — qln) Ty(qn) |

1 k—ql> ¢ 1
frtq = 1 (1 — | | Ty(|k —aln) Ti(qn) + 575 252

k2 k2

1
Jie2 = fie3 = fita = 2fus = 3 Ti(lk —aln) Ti(qn) - (C10c)

We can solve Eq. (C6) by Green’s function method with the Green’s function Gy (n,7) being

defined as the solution of the equation

? 9 1 82a(77)
—_— n _— n = n 11
8772Gk("7, n) + (k ) o Gx(n,n) = d(n, ) , (C11)
and obtain
A2eB(n) = 4 / di Z kGic(n, 1) S2P (1) . (C12)

Substituting Eq. (C8) into Eq. (C'12), we can recast hy*? as

T Ass dSq

Pt =4 [ i Q0 (e~ al,.0) Geoaa (C13a)

Fast d*q A

hk - 4/( )3/2 Qst (k7 q>Ist(|k_q|7Q>T/) Ck,qu ) (Cl3b)
d3

't =4 / pEE (Z Qi (k, ) Tui(|k — al, g, 77)) HL (HY? (C13c)

where the kernel function I,3(|k — ql,¢,7) is defined as

Toslll =l g = [ an 40 KGO sk~ ala) (C14)

The kernel function I,5(|k —q, ¢,n) encodes the time evolution of the second-order tensor pertur-
bation ﬁmﬁ , where a(7)/a(n) describes the red-shift effect due to the expansion of the Universe,
kGx(n,7n) describes the propagation of second-order tensor perturbation, and fug(lk — ql,q,n)

describes the evolution of the source terms.
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The dimensionless energy-density spectrum of the second-order tensor perturbations, i.e., the
energy density per logarithmic frequency normalized with the critical energy density of the early

universe, is given by [47]

24 \H h

where the overbar denotes the oscillation average and the power spectrum of the second-order

2
Qg (0, k) = e <k) P (n, k) (C15)

tensor perturbations 73; # is defined as the two-point correlation function with the two polarization

modes being summed over, i.e.,

(T = 5k + K) o PR (k) . (C16)

The total spectrum is Qg = Q53 + Qgﬁv + ng Since the energy density of tensor perturbations
decays as radiation, the present-day physical energy-density spectrum for the second-order tensor

perturbations is approximated by [48]

h2 QOAB

gwo(k) = 1o x Qgl(n, k) (C17)

where the corresponding one for photons and neutrinos is hzﬂno = 4.15 x 1075, with h being the
dimensionless Hubble constant [49].
By neglecting the non-Gaussianity of the primordial curvature perturbations, we can use Wick’s

theorem and get

2m2Ps([k — q|) 27%Ps(q)

Q5 o (Ge-alalie—arar) = [0(a+a)) +d(a+ K — a)|d(k + k)

k —qf? @
(C18a)
; , 2m2P,(|k — q|) 27%P,
g, o (gk_qulgk,_q,ng =MN§(q+q)o(k + k) K ﬂ E q) q;(Q) ) (C18b)
)\/
QU oc (HRL (HY Hp'  Hop)
_ |:6/\1)\’15)\2)\'25(q + ql) + 5)\1>\’26>\2>\’15(q + K — q/)} (5(1{ + k/) 2772Pt(|k _3(1’) 27['2722?((]) ]
k —q q
(C18c)

We can finally obtain the general expression of ngﬁv after straightforward calculations, i.e.,

el
U / / 6H2u2vz Q25 (u,v)I2 4(u, v, & — 00) Pal(uk)Ps(vk) ,  (C19)

where u = |k — q|/k, v = q/k, © = kn , and the limit z — oo has been used, implying that the
tensor perturbations are deeply within the horizon. In Eq. (C19), Q% and Q% are defined as the
sum of the polarizations over two projection factors Q2 (k,q) and Q/\)‘l (k,q) in Eq. (C9), i.e

/ 4v? — 1—|—1}2—u22 2
2 ) = QA @)@ ) = (SR (202
, N, 1 30140 —u?)? (1402 —u?)!
o, 0) = PVONQEN (k@) Qg™ (kya) = | + ( 207 L v iy (C20b)
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while a bit differently, Q% (u,v) are defined together with I2(u, v, z) for convenience, given by the

expression below composed of Qi}f‘;)@ in Eq. (C9) and Iy ; in Eq. (C13), i.e

5 ! /
Qtt % It2t = 5>\)\’ (5)\1)\ 6)\2)\2 + 5)\1)\25)\2)\ ) <Z Qt Alz\zltt Z> <Z Q;\t;‘ 217&1‘,]) ) (021)
j=1

where the contractions of polarization indices in Eq. (C21) correspond to those in Eq. (C18).
Remind that Qu; in Eq. (C9) and fi; in Eq. (C10) are already symmetric about k —q and q, so
the two types of momentum contractions in Q) in Eq. (C18) yield the same result.

It is also important to mention that we have substituted the variables |k — q|, ¢, and n with
corresponding dimensionless variables rescaled by k (i.e., u = |k — q|/k, v = ¢/k, and = = kn) in
Eq. (C19) and subsequent calculations. However, for simplicity, we still use the original names of

the functions (e.g., Ing(/k — ql, ¢,n) is substituted by I,g(u,v,x)).

2. The calculation of energy density spectrum in RD era

We consider a radiation-dominated (RD) era after inflation and easily get w = 1/3, a(n) x 7
and H = 1/n. Solving Eq. (C3) , the linear perturbations in Eq. (C4) are given by ¢k (n) =
(2/3)Ts(kn)¢ and h = Ty (kn)Hy with the transfer functions being

Ts(x) = 9 <\/§ sin —— — cos %) , (C22a)

Ti(x) = . (C22b)

Substituting Eq. (C22) into Eq. (C10), the source functions in RD era are given by

12 9 9 4 ur ., vr

= ——— 118 54 — 6 in — sin —
fss(u,v, ) u2v2x6{ uvz? cosf \f + (u? + vH)z? + u*’x ]sm\/gsm\/§

+2V3 ua(va® ~ 9)COS%sm\/§+2\/§vx( z? 9)Sin1\t/9%cosf/%},

(C23a)

- 1 3/ 9 9 uxr .
fst(u,v,w)——w{[ux (u -3 —3)—18 u:c}cosﬁ sin vz

+ [ 3v322 (—u? + 0% +1) +18V3 | sin % sin vm} , (C23b)

(u? +v? — 3) sinuz sinvz

ftt,l(ua v, JU) = -

duvx? ’

sin ux sinovx

fr2(u,v,2) = fus(u,v,2) = fualu,v,2) =2fus(u,v,0) = ————5— . (C23c¢)

Quua?

On the other hand, the solution of Eq. (C11) with a(n) «x 7 is

Gx(z,z) =sin(x — 7)/k (C24)
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Substuting Eq. (C23) and Eq. (C24) into Eq. (C14), we obtain the explicit expression of the
kernel function Ing(u,v, ), in which we have used a(7n)/a(n) ~ 77/n in RD era by neglecting the

tiny correction from the change of the relativistic degrees of freedom, i.e.,

L) = 355 {2 s (1= 5t o)
(1)) -5 ) en (- 25)
3sinx{4uv(u2+v2_3) (u2 + v? [ ((1 v—3u>x) Cl(‘ f

b o) o)

)

(C25a)
Iy (u,v,2) = m{\/g {uQ —3(v— 1)2} [u2 —3(v+ 1)2} { Si ((1 — % + U) a:)
—Si<(1—5§—v>x> —Si(<1+\q/%—|—v>x> +Si(<1+\q/%—v>x>]}
218121;3:;3:{4“1} {u2 -9 (v2 — 1)} +3 {uz -3 (v— 1)2} [u2 -3+ 1)2}
X {Ci((l—\}%—&—v)x) —Ci<’1—f/%—vx) —Ci((l—i—\}%—i—v)m)
2
+Ci(‘1+;§vx>+ln Z:EZT@Z; ”+O<;2> :
(C25b)
I (u,v,x) = —Siif + 0 (;) )
Iipo(u,v,2) = Ins(u,v,2) = Ina(u,v,x) =204 5(u, v, x)
- ;Zi‘z{Si((l —u+o)z) = Si((1-u-v)z) +Si((1+u-v)z) - Si((1 +u+v):1:)}
- ;1;}3; {Ci((l —u—l—v)x) —i—Ci((l —i—u—v)x) = Ci(\l —u—v\x) = Ci((l +u+v)a:>
+1In % } +(’)<$12> . (C25¢)

where Si(z) and Ci(z) are defined as Si(z) = [ dy (siny/y) and Ci(z) = — [.°dy (cosy/y). Thus

the square of kernel function I,g(u, v, x) in the limit of kn — oo and oscillation average are given
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2
% (3(u2 + 0 - 3)> {wz(lﬂ +02 =32 O(u+v—V3)

I2.(u,v,2 — c0) = A
2
3 — 2
+ [—4uv + (u? +v* = 3)In ﬂ ] } , (C26a)

I% (u, v, — o0) = % (@)2 {3772 [uQ -3 (v— 1)2}2 [u2 -3 v+ 1)2}2
X © (u2 —3(v — 1)2) + {4uv {uQ -9 (v2 - 1)}
+\/§{u2 —3(v— 1)2} [u2 —3(v+1)2} ln’ii EZ—EQZ;Z

r} . (C26D)

and the expression of Q% (u,v) I (u, v,z — oo) in Eq. (C21) is given by

Q% (u,v) I2(u, v,z — o0)
_ m (=0 1] [+ v 1]
x {64u2v2 [ut + ot 4 6uto? + 6 (u? + 02) + 1] = 16uv [5 (u + o°)
1— (u+v)?
1— (u—uv)2

+ 11u?0? <u2 + v2) +11 (u4 + v4) —126u%0? + 11 (u2 + v2) + 5} In

+ [25 (us + v8> — 4u?v? (u4 + v4> + 86utvt — 4 (u6 + v6) + 68u%v? (u2 + v2)

1— (u+v)? ]}

o (C27)

+86 (u4 + v4) + 68uv? — 4 (u2 + 1)2) + 25} [71'2 + In?

where we have used the limit lim, .o Si(Az) = sgn(A)7/2 and lim, . Ci(Az) = 0, and the
Heaviside function © in Eq. (C26) comes from the discussion of the sign of the variable of Si

function. We finally get the expressions of the fractional energy density spectrum of the second-
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order tensor perturbations Qgg(kz) in Eq. (C19), namely

[14-u|
Qg / du/ dv Ps(uk)Ps(vk)
2 N (2, 2 2
x{ —4uv+(u2+v2—3)1nw 2—1—7r(u + v 3)2@(u+v—\/§)}
3— (u—v)? ’
(C28a)
[14u|
QSt / du/ dv Ps(uk)P(vk)

744236811,81)8 [161} + 2402 ( U2—u2>2+ (1+U2—u2)4}

{0 )+ a0 s f L

r

4372 {u2 -3 (v— 1)2}2 [u2 -3+ 1)2}2 ) (u2 —3(v— 1)2)} ,

(C28b)
Q! (k) = /0 " du 1”_“;' dv P, (uk)Py(vk)
1
v (G } [(u0)? - }2
X {64u2v2 [u4 + vt +6u0? + 6 (u2 + UQ) } — 16uv [5 (u6 + UG)
+ 11u%0? (u2 + v2) +11 (u4 +0t) — 126u0? + 11 <u2 + v2) + 5} In ‘%
+ [25 (uS + U8) — 4u%0? (u4 + v4) + 86utvt — (u6 + v6) + 68u%v? <u2 + v2)
+86(u4+v4>+68u202—4 u2+vz)+25} T —Hzl:EZi—Z;z ]}
(C28c)

3. The Disparities of ”Scalar-Scalar” and ”Scalar-Tensor” Modes under Large-Momentum

and Small-Momentum Coupling Limits

We do some limit analysis in v = |k — q|/k — 0 and v = |q|/k — 1 to demonstrate the

differences between st and QS

aw» which can provide an explanation for why the large-momentum

modes can be enhanced in ngN, but not in €253

(a) One of the differences is “projection factors” Q,g, which describes the geometric relations
between the momenta and polarization tensors of the linear perturbations. As shown in Eq. (C20),
we have Q2 (u,v) — 0 in v — 0,v — 1 limit, implying a suppression on the couplings between

small-momentum scalar and large momentum tensor. However, as for “scalar-tensor” mode in
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Eq. (C20), we have Q% (u,v) — 2 keeping a constant in u — 0,v — 1 limit, which means there is
always a non-vanishing “effective quadrupole moment” in “scalar-tensor” mode.

(b) Another difference is “kernel function” I, coming from the different transfer functions
between scalar and tensor perturbations. As shown in Eq. (C26), for “scalar-scalar” mode, I% —

const in u — 0,v — 1 limit. However, for “scalar-tensor” mode in Eq. (C26), 1% o u=?2

inu —
0,v — 1 limit, providing an enhancement factor related to small-momentum scalar perturbations.

In summary, the differences between 257, and Qg@v at high frequencies result from distinct
behaviors of the “projection factors” Qqs (related to geometry) and “kernel function” I,z (related

to time evolution) in the limit v — 0, v — 1.
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