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Abstract: Previous studies on high-energy gamma-ray burst neutrinos from IceCube sug-

gest a neutrino speed variation at the Lorentz violation (LV) scale of ∼ 6.4×1017 GeV, with

opposite velocity variances between neutrinos and antineutrinos. Within a space-time foam

model, inspired by string theory, we develop an approach to describe the suggested neutri-

no/antineutrino propagation properties with both Lorentz invariance and CPT symmetry

breaking. A threshold analysis on the bremsstrahlung of electron-positron pair (ν → νee+)

for the superluminal (anti)neutrino is performed. We find that, due to the energy viola-

tion caused by the quantum foam, such reaction may be restricted to occur at sufficient

high energies and could even be kinematically forbidden. Constraints on neutrino LV from

vacuum ee+ pair emission are naturally avoided. Future experiments are appealed to test

further the CPT violation of cosmic neutrinos and/or neutrino superluminality.
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1 Introduction

Astrophysical neutrinos are ideal portals to reveal the tiny Lorentz invariance violation (LV)

as postulated by some quantum gravity (QG) theories [1–3]. The IceCube collaboration

has reported the discovery of ultrahigh-energy neutrinos of extragalactic origin, including

a couple of PeV events [4–6]. Recent studies [7–11] of events in the (near-)TeV–PeV range

suggest a linearly energy dependent speed variation of neutrinos through their associations

with gamma-ray bursts (GRBs). Analyses lead to a Lorentz violation scale of ∼ 6 ×
1017 GeV, comparable with that determined from GRB photons [12–16]. More intriguingly,

it is proposed [9] that either neutrinos or antineutrinos travel faster than the constant light

speed c,1 whereas the other ones go slower than unity. This can be explained by the

CPT-odd feature of the linear Lorentz violation [9–11], and leads further to the Charge–

Parity–Time (CPT) reversal symmetry breaking between neutrinos and antineutrinos, or

a matter–antimatter asymmetry [17]. But it is also found that the attempt to interpret

such phenomenological picture with field-theoretic models of LV faces challenges due to

the constraints on the superluminal neutrino velocity and the corresponding LV from the

kinematically allowed anomalous channels, e.g., vacuum pair emission (ν → νee+) [17].

The main objective of the study we are here performing is to indicate that the exper-

imental finding of LV for GRB neutrinos [7–11] may coincide with the predictions from

1Henceforth natural units in which c = } = 1 are adopted.
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certain QG scheme that cannot be cast in an effective field theory (EFT) description, i.e.,

the quantum (Liouville inspired) space-time foam model from string/D-brane theories. In

fact, the main idea has been outlined in a letter [18], and in this paper we provide a

thorough account of the calculations and elaborate on more detailed results through in

depth discussions. This framework has also been used previously in explaining light speed

variation from analyzing flight times of GRB photons [12–16] in a consistent way [19].

The prototype idea of the quantum structure of space-time at a microscopic level—

“space-time foam” devised by Wheeler [20]—arises from the uncertainties of quanta. For

string/brane theory, such nontrivial foamy structures are provided by solitonic defects in

some Liouville-string inspired models [21, 22], according to which our Universe lives on

a (compactified) D(irichlet)3-brane, roaming in a higher-dimensional bulk space, punc-

tured by a population of D0-branes in type I/IIA strings [21–23], as we will consider

below (or in IIB superstrings, of wrapped-up D-branes which are effectively pointlike [24]).

The D-brane defects (“D-particles”) appear to a braneworld observer as flashing-on-and-off

vacuum structures when they cross the brane. Their interaction with open-string Standard-

Model (SM) excitations involving capture/splitting process and subsequent recoil reduces

local Lorentz invariance. Such models, dubbed string/D-defect (space-time) foam, go be-

yond the local EFT approach to QG with a variety of applications to study a number of

phenomena, such as the so-induced vacuum refraction for photons [25] and fermions [26],

origin of neutrino masses [27] and mixing [28–30], as well as string cosmologies associated

with the dark sector of the Universe [31].

Our aim is to show that the suggested neutrino speed variation can be explained

by means of the CPT-breaking aspects of such stringy QG models with linear Lorentz

violations. Constraints implied by vacuum pair emission by the superluminal neutrino are

addressed and found to be consistent with the findings of Refs. [8–11] in such a string

theoretic context. We also propose several viable ways on testing the CPT violation in the

neutrino sector with future (astrophysical) observations.

The paper is organized as follows. In Sec. 2, we introduce within the framework of

stringy space-time foam a scenario that admits CPT-violating neutrinos and compute the

dispersion relation, velocity and traveling times. In Sect. 3 we discuss the phenomenological

implications of the results obtained by associating IceCube observations with GRBs on

stringy QG. Section 4 is devoted to elaborating on the plausible mechanism permitting a

stable propagation in vacuo for the neutrino species against superluminal decays in the

model as reported in [18]. In particular, the ways to escape the threshold constraints are

given. To conclude, a summary and discussion of our results is depicted in Sec. 5.

2 Stringy D(efect)-foam

Consider the isotropic D-foam framework, as portrayed by the seminal works [21–23] in

this area, the capture/splitting of a neutral open string such as a neutrino by a D-particle

causes a recoil motion of the latter, described by a deformed stringy σ-model operator:

V 3
∫
∂W

dτ εU`x0Θε(x
0)∂nx

`, (2.1)
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where ∂n is the normal derivative on the boundary of the worldsheet ∂W, Θε→0+(t) =
1

2πi

∫∞
−∞

dq
q−iεe

iqt, and U is the spatial part of the recoil 4-velocity of the D-defect, U` = V`(1−
V2)−1/2 ≡ V`γV , which, for heavy (nonrelativistic) D-particles, reduces to the ordinary 3-

velocity that can be identified as

V = M−1
s gs∆k → V‖ 'M−1

s gsλ
(`)k`, (2.2)

following the (logarithmic) conformal field theory methods [32–34]. Above, ∆k is the

momentum transfer during a collision, gs � 1 is the string coupling, and Ms is the string

scale. Suffixes ‖ denote components along brane longitudinal dimensions, i.e., ` = 1, 2, 3,

and λ is the ratio of ∆k` with respect to the incoming neutrino momentum, that is,

λ(`) = ∆k`/k`, taken to be stochastic Gaussian [30] with the moments:

〈〈λ(`)〉〉 = 0, 〈〈λ(`)λ(m)〉〉 = d2δ`m. (2.3)

The variances d(`) =
√
〈〈(λ(`))2〉〉 6= 0 may in general differ from each direction `, and

〈〈···〉〉 denotes an average over both (i) statistical collections of D-particles and (ii) quantum

stringy fluctuations [34], treated by resummation over worldsheet genera.

Liouville dressing to the vertex operator (2.1) [22] then induces an off-diagonal distor-

tion in target-space geometry ĝ, with 0` components [21, 32]:

g0`(x
0,V‖) ∼ ε2V`tθ(t)e−2εt ∼ V`. (2.4)

This results in a local background of Finsler type: gαβ = ηαβ + hαβ, h0` = VA`‖σA, where

σA, A = 1, 2, 3 are appropriate flavor matrices. This metric deformation (2.4) then affects

the dispersion relation of neutrinos with mass mν via kαkβgαβ(k) = −m2
ν , yielding

E(k) = k · V‖ ± |k|
(

1 +
m2
ν

k2
+
(
V‖ ·

k

|k|

)2
)1/2

' EM +
gs
Ms

∑
`

(k`)2λ(`) +
EM
2

g2
s

M2
s

∑
`

(k`)2(λ(`))2, (2.5)

where EM = ±
√
k`k` +m2

ν denotes the Minkowski energy with indefinite signature. The

flavor structures have been omitted in the above expressions by taking account of Eq. (2.3),

i.e., 〈〈λ(`)
A λ

(m)
B 〉〉 = d2δ`mδAB, since one needs to average (2.5) over the D-particle popula-

tions, that is

〈〈E〉〉 =: E(k) '
〈〈
±
∣∣EM ∣∣(1 +

(V · k)2

2k2

)〉〉
' ±

(
1 +

g2
s

2M2
s

∑′

`

(
d(`)
)2
k2
`

)(
k

2
+m2

ν

)1/2
, (2.6)

for k � mν , where k := 〈〈|k|〉〉 is the averaged modulus of k, and
∑′(d2k`k`) represents

∼ 〈〈
∑

(λk`k`)〉〉.
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On the other hand, the kinematics of the defect/neutrino scattering further yields [35],

Ei = Ef +MD(γV − 1) + δv, (2.7)

ki = kf + ∆k = kf +MDγVV‖, (2.8)

where (E,k)i/f is the 4-momentum for initial/final state, δv denotes the fluctuation of brane

vacuum energy during the scattering, with D-particle mass being MD = Ms/gs. Then, the

explicit formula of Ef arises (on average) from Eqs. (2.7) and (2.6), by noting Ei = E, as

Ef(kf) = Ei(ki)−
〈〈(1

2
MDV2

‖ +O(V4)
)〉〉

' Ei(kf)−
gs

2Ms

∑′

`

(
d(`)
)2

(k`f )
2, (2.9)

where the momentum conservation [Eq. (2.8)] is used, i.e., kf = ki given that 〈〈V‖〉〉 = 0,

and 〈〈δv〉〉 = 0 is assumed. Note that Eq. (2.9) reflects total combined effects of the D-foam

on neutrino energy–momentum relations from both metric distortion and capture/splitting.

Noticeably, antiparticles of spin-1
2 fermions can be regarded as “holes” with negative

energies, one arrives at the effectively CPT-violating dispersion relations for neutrino (ν)

and antineutrino (ν̄) in vacuo (or, for Majorana neutrino with different chirality):

Eν(k) := |E(+)
f (k;MD,mν)|,

E ν̄(k) := |E(−)
f (k;MD,mν)|,

(2.10)

where (+)/(−) denotes positive/negative part of Eq. (2.9) so that a physical particle always

has energy E > 0.

It is essential to understand that the difference between ν’s and ν̄’s in Eq. (2.10) follows

from the Dirac’s proposal of “hole theory”. This applies only to fermions such as neutrinos,

but not to bosons, as it is based upon the exclusion principle. In fact, as was elucidated

in Refs. [19, 22–25] and will be mentioned in the next section, neutral bosons like photons

are subject to propagate subluminally, independent of their helicities, in this “medium”

of (stringy) vacuum defects. The reason for that may be traced back to the fact that the

propagator of a fermion is similar to the square root of that of a vector boson.

2.1 Propagation velocities

For the discussion of the GRB neutrinos here of interest, we consider an isotropic foam,

which further requires λ(`) = λ for all ` = 1, 2, 3. In such a case, the asymmetric dispersion

relation (2.10) for high-energy (anti)neutrinos in this D-foam geometry reads

Eν(k) = k − gs
2Ms

d2
νk

2
+O(1/M2

D), (2.11)

E ν̄(k) = k +
gs

2Ms
d2
νk

2
+O(1/M2

D), (2.12)

which reduces to our result in Ref. [18] once higher-order corrections are negligible. Here,

〈〈λ2〉〉 = (d(`))2|`=1,2,3 ≡ d2
ν > 0 can be naturally up to O(1). The relativistic limit is used

to omit the mass term, mν ' 0.
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To get group velocities, one can certainly employ the relation v = ∂E/∂|k|; it is

possible, though, that such velocity law fails in QG, and that [23] the free propagation

of particles may even disentangle from their dispersion relations.2 Nevertheless, from a

conservative point of view, we shall still assume Hamiltonian dynamics, and as such, the

dispersion relation (2.11) then yields a deformed subluminal neutrino velocity as

vν :=
∂E

∂k
= 1− gs

d2
νk

Ms
' 1−O

(
gs
nDE

Ms

)
, (2.13)

where we substituted the lowest order dispersion k ' E. The parameter d2
ν depends

on the density of D-particles, nD, which can be essentially arbitrary in the model, as is

the (stringy) quantum-gravity mass MsQG := Ms/(d
2gs). Though nD = nD(t) could in

general vary with the cosmological epochs [25], say, it might evolve when the time elapses,

we introduce a hypothetical uniform foam situation, i.e., nD(tlate) = n?D ' const., at

relatively late eras of the Universe (for, e.g., redshifts . 10).

Similarly, from Eq. (2.12), the velocity defect, i.e., δDv := v − 1, for an antineutrino

propagating in a quantum D0-brane foam becomes

0 < δDv =
k

MsQG
∝
n?D
Ms

E, (2.14)

which implies that antineutrinos are superluminal particles. That is an important feature of

our approach toward D-foam induced LV neutrino propagation, and is crucial for generating

desired phenomenologies which will be discussed shortly. For our purpose, symmetric

corrections of O(d2) in particle and antiparticle sectors are assumed in the discussion, such

that the amounts of CPT violation are the same for both ν’s and ν̄’s. (An asymmetry

between neutrino and antineutrino sectors can be involved once there will be a need to

reconcile with phenomenological constraints.)

2.2 Lag in travel times of neutrinos

Before closing this section, we remark on the relation of the induced phase-space dependent

metrics (2.4) with Finsler geometries, which, over past few years, are known to play a role in

new physics as well as quantum gravity. The Finsler structure depends on both coordinates

and momenta, as is precisely the situation encountered in (2.4). In some sense, the D-

particle recoil may be viewed as an example of Finsler geometry in string theory. One may

define appropriately the Finsler norm from the metric ĝ(V): F = [gαβ(y(V))yαyβ]1/2 (here

y’s denote “velocities” in Finslerian frameworks thereof [36]), and discuss geodesics in such

space-times as in [36].

However as we have seen above, the effects of D-foam go beyond those encoded in a

Finsler-like metric. Since one need to take account of the statistical effects of the quantum-

fluctuating D-defects, this leads to a more general structure: stochastic Finsler geome-

try [31]. In fact, for the isotropic foam, the stochasticity, 〈〈V`〉〉 = 0 of (2.3), implies the

2For that case, both neutrinos and antineutrinos would be subluminal due to causality-respectful delays

experienced by them as interacting with the foam of [23]; whereas there could be superluminal propagation

in a type IIB stringy D-foam [24].
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restoration of Lorentz symmetry on average but with nontrivial (higher-order) fluctuations

expressed as correlators by 〈〈V`Vm〉〉 ∝ d2δ`m, d2 6= 0. The effects of recoil distortions are

washed out statistically and the metric will be like a Riemannian metric. So one may

deal with particle propagation in an expanding space-time of the Friedmann–Robertson–

Walker (FRW) type as usual. The kinematical aspects of the recoil-brane scattering on

matter also enter in the dispersion relation and velocity. The latter cannot be cast by a

Finsler treatment.

Based upon the above considerations, we estimate the flight time differences of neu-

trinos of astrophysical origin in a FRW Universe, where the momentum of the neutrino is

redshifted by cosmological expansion. Given that the scale factor a is related to the cosmic

redshift z′ by a = 1
1+z′ , the velocity at the time of z′ becomes

v(k, z′) ' 1∓ gsd2
ν

(k/a
Ms

)
= 1∓ d2

ν(1 + z′)
( k

MD

)
. (2.15)

The comoving distance xc between the source of the neutrinos, for example a GRB, and

the Earth is

xc =

∫ th/l

t0

v(k)
dt

a
, (2.16)

where th/l is the time when the high-/low-energy neutrinos arrive. If they are emitted at

the same time t0 at the GRB, the time lag can be obtained,

δt := th − tl ' ± d2
ν

δk

MD

∫ z

0

(1 + z′)

H(z′)
dz′, (2.17)

where δk = kh − kl, and the Hubble parameter H(z′) depends on the cosmological model.

Since for late eras, at which we assume an approximately constant density of defects,

the Hubble expansion on the D3-brane world is not affected [31], the standard Cold-Dark

Matter model with a positive cosmological constant (Λ > 0) would be a good approximation

of reality, as current observation suggests, then we have H(z′) = H0

√
Ω0

M(1 + z′)3 + Ω0
Λ,

where H0 is the Hubble constant. Hence,

δt ' ± d2
νH
−1
0

δE

MD

∫ z

0
dz′

(1 + z′)√
Ω0

M(1 + z′)3 + Ω0
Λ

, (2.18)

here E ' k is identified as the neutrino (antineutrino) energy observed on the Earth and

δE ' Eh. For neutrinos, there is a “delay” in their arrival times (δtν > 0), i.e., high-energy

neutrinos arrive later compared to lower-energy ones; whereas for antineutrinos, δtν̄ < 0,

corresponding to the arrival time “advance”.

3 CPT-violating neutrino and phenomenological aspects

It has been realized, on the observational side, mainly over the last decade that high-

energetic neutrinos are one of the most promising portals to LV physics [1–3]. In this

respect, Amelino-Camelia et al. developed a strategy of analysis on IceCube data to detect
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LV-modified laws of propagation for neutrinos in a quantum space-time [7], and recently

a Lorentz-violating picture is suggested by a series of model-independent studies on time-

of-flight lags of IceCube neutrino events with respect to the purportedly associated light

signals arriving from GRBs [8–11], which we proceed to review briefly. In the residue of

this section we will show that this may serve as a support to the space-time foam model

just presented.

3.1 Speed variation in IceCube GRB neutrinos

In Refs. [7–11], adopting a LV-deformed dispersion relation with a generic form, the authors

get the modified propagation velocity for neutrinos as

v(E) = 1− sn
1 + n

2

( E

ELV,n

)n
(3.1)

where n = 1, 2 corresponds to linear or quadratic dependence of the energy, sn = ±1 is a

sign factor of LV correction, and ELV,n is the nth-order LV scale. Neutrino mass, which

has been constrained within 1 eV [37], can be safely neglected in the velocity formula

for neutrinos with energies around or beyond TeV scale. Supposing the linear term (i.e.,

n = 1) in (3.1) dominates, a regularity fitting well with TeV and PeV GRB neutrinos

from IceCube (including also near-TeV events [10]) is observed, indicating a neutrino speed

variation v(E) = 1− sE/EνLV with s = ±1, at a scale of

EνLV = (6.4± 1.5)× 1017 GeV, (3.2)

which is close to the Planck scale EPl ' 1.22×1019 GeV. Such an energy scale is consistent

with various time-of-flight constraints, available today, from MeV neutrinos of supernova

1987A [38] and that from higher-energy neutrinos registered at IceCube, e.g., [39]; it is also

compatible with the constraints [40–42] from recent multimessenger observations of blazar

TXS 0506+056 coincident with ∼ 290 TeV track-like neutrino event [43]. We mention in

passing that a light speed variation of v(E) = 1−E/EγLV with EγLV & 3.60× 1017 GeV has

also been suggested from time-of-flight studies on the energetic radiation from GRBs [8, 12–

16] and from flares of active galactic nuclei [44]. This latter LV scale is not the same as

the LV scale of neutrinos (3.2) but of the same order of magnitude.

Intriguingly, it is found that there exist both time “delay” (s = +1) and “advance” (s =

−1) events, which can be interpreted with different propagation properties between neutri-

nos and antineutrinos [9–11], implying that neutrinos are superluminal and antineutrinos

are subluminal, or vice versa, due to opposite signs of LV sign factor s. This proposal is

at present only a hypothesis, but a reasonable one, because the IceCube detector cannot

distinguish between neutrinos and antineutrinos (except using the Glashow resonance, to

be mentioned later). It is thus necessary to verify this hypothesis with further experimental

tests, and to check then whether the revealed regularity [8–11] can still persist or not with

more neutrino events by IceCube (or by other facilities) available in the future.

3.2 D-foam as an explanation for neutrino in-vacuo dispersion feature

Notice that the phenomenological LV picture revisited in the previous subsection is sup-

ported by a number of IceCube events among the gap over 4 orders of magnitude in neutrino
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energy scale, ranging from a few hundred GeV up to about 2 PeV, with all these GRB

neutrino events falling on a pair of inclined lines surprisingly, see Refs. [8–11] and also [7].

Such result yields a strong indication of a linear energy dependence in the propagation

speed of cosmic neutrinos, |v − 1| ∼ O(E/EνLV), with EνLV, characterizing such a linear

suppression of (leading) LV effect, at about 1017 GeV, i.e., Eq. (3.2). On the other hand,

the presence of the opposite sign factors between neutrinos with their antiparticle counter-

parts [9] clearly indicates a CPT-violating propagation of neutrinos in cosmic space. Hence,

it is clear that the above two distinct LV properties, as exposed from current time-of-flight

data [9–11], are consistent with the expected behavior for (anti)neutrinos propagating in a

gravitational “medium” of D-brane defects.

Although it is not known from the analyses on IceCube data whether neutrinos, or

antineutrinos, are superluminal, the D-particle foam scenario predicts that the latter would

propagate slightly faster than the constant speed of light, so considering also the constraint

that neutrinos and antineutrinos have the same amounts of speed variation, we can relate

the D-foam induced velocity defect δDv to the corresponding variation implied by the generic

dispersion (3.1). This yields,

δDv ' −
E

EνLV

, for subluminal ν’s;

δDv '
E

EνLV

, for superluminal ν̄’s.

(3.3)

With the established correspondence (3.3) for the neutrino velocities, we can then

identify a combination of the foam parameters, MD/d
2 ' MsQG, i.e., stringy QG mass

scale, as the linear-order Lorentz violation scale ELV determined by IceCube neutrinos:

d2
νgs
Ms

' 1

EνLV

' 1.6× 10−18 GeV−1, (3.4)

or, explicitly one has,

M
(ν)
sQG ' E

ν
LV ' 6.4× 1017 GeV. (3.5)

Such result gives an estimation of the neutrino QG scale ∼ 1017 GeV for the string/D-

particle foam scenario. This is very much in line with one’s intuitive expectation that the

scale MsQG would be comparable to the Planck mass: MsQG ∼MPl (' 1019 GeV).

Moreover, we note that the string model from the last section exhibits likewise non-

trivial optical (γ) properties of the vacuum in terms of a velocity deformation for photon

with different energy ω:

δDv = − ω

M
(γ)
sQG

< 0. (3.6)

This arises from the capture/splitting process of photon open strings by D-defects, in much

the same way described in the previous section for the neutrino-D-particle interactions. The

main difference is that photons are necessarily subluminal, thus, following our proposal [19]

of interpreting the light speed variation from GRB photons with (anisotropic) D-foam

models, one can do the same thing in the context of isotropic foam scenario considered
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here. The arguments are similar to that of Ref. [19] (see also [45]), and will not be repeated

here. It is essential to notice that, in that case, an estimate about the photon’s QG scale

can be got as M
(γ)
sQG ' E

γ
LV & 3.6× 1017 GeV. Hence, we immediately observe

M
(ν)
sQG &M

(γ)
sQG, (3.7)

i.e., MsQG for neutrinos may slightly be higher than that of photons but of the same order of

magnitude. It should be noticed that this is exactly what the D-foam model expects since,

from a theoretical viewpoint, the value of MsQG could depend upon quantities such as the

string coupling gs, the density of defects nD and, importantly, on the strength of particle

interactions with foam defects, which may not be universal among particle species [46].

Indeed, the neutrino interaction with the space-time D-defects could be very slightly

suppressed compared with those of photons, because, in such a framework [47], only species

that transform as trivial representations of the SM gauge group, i.e., neutral particles, are

susceptible to the D-particle foam, in which case the fact that neutrinos are fermions with

nontrivial SU(2)L properties renders such foam effects somewhat weakened. Nevertheless,

neutrinos are at least electrically neutral excitations, so that the space-time foam appears

not completely transparent to them, by invoking a possible background induced breaking

of SU(2) gauge symmetry of the Standard Model. Hence the velocities of neutrinos would

deviate from the low-energy velocity of light naturally less than photons, so that, |δDv(ν)| .
δDv(γ), which just corresponds to the observation (3.7) inferred from the findings of speed

variation of high-energy cosmic neutrinos [8–11] and cosmic photons [12–16, 44].

We should emphasize, in passing, that this avoids also the conflict, as indicated else-

where [49] for models where SU(2)L gauge invariance is still kept, with existing tight bounds

on LV for the charged leptons (see, e.g., Ref. [47, 48] and those quoted in [49]). It is essen-

tial to notice that, in the D-foam case, Lorentz violation in neutrinos does not imply LV in

the charged lepton (which is actually Lorentz invariant for specifically stringy reasons to be

mentioned later), or vice versa. Therefore the result (3.4) would not lead to unacceptably

large Lorentz-violating effects in the charged-lepton (e.g., electron/positron) sectors, and

the difficulty encountered by [49] for the field-theoretic LV-scenario explanation does not

arise when exploring a D-foam interpretation.

From Eq. (3.4), we can further deduce,

d2
ν ∼ 10−18 Ms

gs
GeV−1. (3.8)

This means that the dimensionless variance d2, expressing stochastic fluctuations of the

D-particle recoil velocity, relates to the value of the mass of the foam defect Ms/gs, which

in the modern version of string theory is essentially a free parameter. So for d2 ∼ O(1)

for instance, a sub-Planckian D-particle mass Ms/gs ∼ 1018 GeV is required so that the

D-foam generates the phenomenologically suggested neutrino speed variation, by means of

a Lorentz-/CPT-violating term (gs/Ms)d
2k2 between ν and ν̄ sectors.

We should note that this type of CPT symmetry breaking may also lead to the ob-

served baryon asymmetry in a natural way through gravitational leptogenesis of the early
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Universe [35], which requires Ms/gs ∼ 1025d2 GeV so as to provide the physically observed

lepton and, thus, baryon asymmetry. This seems to go beyond our result in Eq. (3.8).

However, as mentioned above, in space-time foam situations, the density of D-particles

nD, which essentially the CPT-violating parameter, d2, as a (Gaussian) variance of the

fraction variable λ, depends upon, may vary with the cosmological time scale t, in the

sense that their bulk distribution may not be constant all the time. We may expect, in

general, a time dependent variance, 〈〈λ2〉〉(t) ≡ d2(t) ∝ nD(t). Thus, it could be possible

that at very early eras of the Universe there is a relatively dilute, but still statistically sig-

nificant, population of D-particles, by which a neutrino field can be encountered, thereby

resulting in a somewhat small variance d, upon averaging (2.2) over the D-particle popula-

tions. As the time elapses, the brane Universe, which roams in the bulk space, may however

move into a region densely populated with D-particles, so that for late epochs, say, redshifts

z . O(10), neutrinos coming from cosmologically remote sources, either GRBs or active

galaxies, interact with D-particles more frequently as they propagate over a distance in the

foamy space-time, yielding stronger stochastic effects O(d2). For a Grand-Unified-Theory

scale ∼ O(1015) GeV D-particle mass for instance, one acquires

dν(tearly) ' 10−5, dν(tlate) ' 0.03, (3.9)

with corresponding distribution for the stochastic fluctuating D-particle recoil velocities:3

D(λ; d2) ∼ exp

[
−1

2

(
λ

d(t)

)2]
, (3.10)

which then differs with time scale t, particularly between early cosmological epochs, Dearly,

and late eras, Dlate, for reasons explained above. Hence, in such sense, there is no conflict

between our result (3.8) (or (3.5)) for explaining neutrino speed variation from GRBs

with the constraint from CPT-violating effects in the early Universe [35], and further, our

estimate (3.9) indicates a much denser, but uniform to a large extent, bulk D-particle foam

from late- to current-era Universe (z ≤ 10).

In view of the above discussion, we conclude here that the finding of the neutrino

speed variation of the form of v(E) = 1 ∓ E/EνLV from IceCube observations is compati-

ble with the string/D-foam motivated deformation of velocity of neutrinos (2.13) (and of

antineutrinos (2.14)) with MsQG ' 6 × 1017 GeV, approaching the Planck mass, through

relating the stringy QG scale to the linear-order LV scale EνLV from GRBs. It is crucial

that the propagation properties suggested as differing between neutrinos and antineutrinos

are explained by means of CPT-violating aspects of such D-brane foam model of Lorentz

violation. This fact can thus in turn serve as a support to this type of models inspired by

string theory.

3We stress here that the modeling of recoil operator V` (or variable λ) by a Gaussian process is not based

on analysis of the underlying string theory, but a reasonable assumption for characterizing stochasticity in

recoiling space-time (D-)defects [30].
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4 Inhibited superluminal neutrino in-vacuo decay

It was claimed however that assuming the usual conservation laws of energy and mo-

mentum, as widely postulated in field-theoretic LV models, superluminal neutrinos would

dissipate much of their energies through kinematically allowed anomalous processes in a

vacuum [50], such as, Cherenkov radiation (ν → νγ), neutrino splitting (ν → ννν̄), and

bremsstrahlung of electron-positron pairs (ν → νee+), among which the last one, also

known as vacuum ee+ pair emission (VPE), a neutral-current process, dominates the neu-

trino energy losing. Such processes would result in significant depletion of cosmic neutrino

fluxes at high energies beyond which no neutrino should arrive at Earth. This has been

used to bound superluminal velocities of high-energy neutrinos from IceCube [4–6, 43]; in

particular, powerful constraints on LV energy scale of & (103−105)×EPl are reported [51–

54]. The same constraint applies to antineutrinos, if they are slightly superluminal, for the

CP-conjugated processes as one can understand.

However, these constraints become inapplicable, as we shall illustrate in the following,

in the sense that the dominant energy-losing channels may be inhibited/forbidden in D-

particle backgrounds, owing to so-induced deformation of energy–momentum conservation.

To see this clearly, we perform here a threshold analysis on pair bremsstrahlung as an

illustration. In the case of space-time D-foam, high-energy antineutrinos that are superlu-

minal particles are expected to undergo such processes and to lose energy until they are at

or below the threshold. Caution, however, is needed here. Due to the presence of recoiling

D-defects near the braneworld, the energy conservation law in the common sense may be

violated [55], though, during reactions like ν̄ → ν̄ee+, the total energy remains conserved

once the kinetic energy of a heavy D-particle, ED-kin = MD(γV − 1) ' 1
2MD|V |2, is taken

into account. Indeed, this fact has already been used in Eq. (2.7) as deriving the modified

relativistic dispersion; in general, one has [55],

(N)∑
i

(±)Ei '
1

2

Ms

gs
V2

(N), (4.1)

(N)∑
i

(±)pi 'MDV(N), (4.2)

for a multi-(N -)particle reaction. Here, V(N) is a proper generalization of (2.2), i.e., V =∑
i(±)(pi/MD), and the notation

∑
(±) represents, for example in the case of ν̄ → ν̄ee+

as we discuss now: ∑
i

(±)Ei = Ein −
∑

Eout

= E − (E′ + Ee− + Ee+), (4.3)

where E, E′ denote the energies for the incoming ν̄ and outgoing ν̄, respectively. Hence,

the sum of the energies of all observable particles is not conserved due to a recoil-induced
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loss upon averaging over the foam:

(N)∑
i

(±)Ei =: δE
(N)
D =

MD

2
〈〈V2

(N)〉〉, (4.4)

which gives nonzero value due to the nontrivial stochastic fluctuations 〈〈V`V`〉〉 6= 0, despite

vanishing 〈〈V`〉〉.
We should mention however that the energy lost δED due to stochastic interactions

with the D-defects is relevant mainly for reactions with neutral elementary particles in the

initial state, for which there is no obstacle to interact with the D-particles. In particular,

the D-foam is predominantly transparent to (electrically) charged matter on account of

charge conservation [46], as justified by the strength of Cherenkov constraints for the

electron/positron sectors [47, 48].4 Hence, mainly the anomalous decay processes of the

neutrino species, as discussed below, are affected dominantly by the foam effect.

Consider now the superluminal ν̄ decay via ν̄ → ν̄ee+, the averaged energy–momentum

(non)conservation that follows from Eqs. (4.3) and (4.4) reads

E = E′ + Ee− + Ee+ + δE
(4)
D , (4.5)

k = k′ + pe− + pe+ , (4.6)

where we denote the 4-momenta of the emitted ν̄ and ee+ pairs as, k′α = (E′,k′), pαe/e+ =

(E,p)e/e+ , respectively. The spatial 3-momentum is conserved on the average (4.6) due to

the zero mean (2.3) of V arising from isotropy. The Lorentz-violating energy defect, δE,

is

E − k =: δE(k) ≥ (Ee− − pe−)

+ (Ee+ − pe+) + δE
(4)
D . (4.7)

In D-particle foam models, Lorentz violation is absent for charged-lepton sectors, as ex-

plained:

Ee∓ =
√
m2
e + p2

e∓ ' pe∓
(

1 +
m2
e

2p2
e∓

)
. (4.8)

Inserting the modified dispersion for (anti)neutrinos (2.12) in Eq. (4.7), and using (4.8)

yields,

δE
(4)
D −

gs
2Ms

d2
νk

2 ≤ − m2
e

2pe−
− m2

e

2pe+
, (4.9)

from which the threshold condition can then be read off, by plugging in Ethr . E ' k =

2pe/e+ : (
δE

(4)
D −

gs
2Ms

d2
νE

2
)
E(k) ' −2m2

e, (4.10)

where we used the fact that the ee+ pair takes most of the total momentum, so that E′ ' 0

at threshold. Above, the energy violation, δED, in a 4-particle interaction follows from

4The Crab Nebula severely limits electron LV effect with the tightest constraint: Ee
LV & 1026 GeV� EPl

for ve − 1 ' E/Ee
LV [47, 48], by using PeV γ-ray observed recently by LHAASO.
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Eq. (4.4) for N = 4. The amount of such losses, during ν̄ Cherenkov-like decays in the

D-foam backgrounds, can be estimated, to leading order, as

δE
(4)
D '

gs
Ms

2ςνIE
2

+ . . . , (4.11)

where the dimensionless factor ςI that controls the intensity of energy violation during

reactions in which neutrinos (antineutrinos) get involved is a priori distinct from the QG

parameter d2 that appears in the modified dispersions (for details on (4.11), see Appendix A

or [55]) but in principle of the same order of magnitude. The fact that δED ≥ 0 (or ςI > 0),

i.e., energy is lost during particle interactions in the D-foam, follows from the underlying

stringy treatment [34] of the recoil D-brane deformation. The condition that observed

neutrinos are near or below the threshold energy then yields,

− gs
2Ms

(4ςνI − d2
ν)k

3 ≤ 2m2
e. (4.12)

This inequality means that the stability of high-energy IceCube events can merely

provide bounds on a combined quantity of the fundamental parameters of the foam. For

example, given the most energetic event, #35 with energy of 2 PeV [4],5 of the time

“advance” type [9], and hence probably a superluminal antineutrino event, we then infer a

limit from (4.12):

|d2
ν − 4ςνI |gs

√
α′ . 1.3× 10−25 GeV−1. (4.13)

Here α′ is the string’s Regge slope, related to the string mass scale via Ms = (α′)−1/2.

It is obvious that the constraint (4.13) set by the threshold effect of ν̄ → ν̄ee+ for

superluminal antineutrino with measured energy at ∼ 2 PeV has nothing to do with the

value we get for the stringy QG scale in Eq. (3.4) (or (3.5)). To understand this situation

from another viewpoint, we invoke the explicit form of VPE threshold in D-foam cases

from the equation (4.12):

EVPE
thr .

[
MDm

2
e

(dν/2)2 − ςνI

]1/3

, for ν̄’s. (4.14)

It now becomes clear that the above kinematical threshold is finite only if 4ςI < d2; oth-

erwise, it would be either infinite (for d2 = 4ςI) or imaginary (d2 < 4ςI), implying that

the pair emission is not permitted to happen in a vacuum. Even in the case of d2 > 4ςI ,

the process could be effectively inhibited if one has ςI ≈ (d/2)2, in which case the energy

threshold would be bumped up to a very high energy scale, for instance of order PeV, so

that PeV-scale (anti)neutrinos will not be depleted by ν̄ → ν̄ee+. We are then able to ob-

serve superluminal events of such energy as detected by IceCube in spite of implying a very

small difference between ςI and 1
4d

2, namely, one may expect that (in late-era Universe),

ςνI ∼ 3× 10−19 Ms

gs
GeV−1, (4.15)

5A higher-energy 2.6 PeV track event ATel #7856 [5] is deduced to be a “delay” event [9] which corre-

sponds to a subluminal neutrino in our case, hence cannot be used to cast bounds from (4.12).
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and that,

(d2
ν − 4ςνI ) . 8.4× 10−8, for d2

ν > 4ςνI , (4.16)

which follows from (4.13) and the fact that, for d2 . O(1), we have Ms/gs < 6.4 ×
1017 GeV from Eq. (3.4). The constraint (4.16), corresponding to a threshold energy around

2 PeV, which is at the desired order for observing PeV IceCube events, as explained, is not

unnaturally small in the context of D-particle foam models, where, as we have mentioned,

both the parameters of the foam, d2 and ςI , are in general free to be adjusted.

We emphasize the fact that there is energy loss in particle reactions, as a result of the

nontrivial recoil of defects in the string/D-particle foam, distinguishes our approach from

those field-theoretic models, where energy remains conserved in the usual sense though

Lorentz invariance is broken. It is the energy losses caused by the quantum D-brane foam

in this approach that raise the thresholds for superluminal neutrino decay, so as to permit

a stable propagation. Hence, in such sense, very tight constraints so far cast by means of

pair production threshold analyses [51–54], which aim at limiting superluminal velocities

within LV frameworks that entail a usual conservation of energy and momentum, are not

applicable to our case. This can be understood more clearly if inspecting again the foam-

modified VPE threshold (4.14) but adopting the part of MD/d
2 from Eq. (3.4):

EVPE
thr ≤ (4m2

eEν∗ )1/3, (4.17)

or approximately, we may write Ethr ' (4m2
eEν∗ )1/3, corresponding to the emission of a zero

energy antineutrino. Here a new energy scale E∗ is defined as

Eν∗ :=
EνLV

1− 4ςνIE
ν
LV/MD

. (4.18)

This indicates in a clear manner that the threshold limits as established in, e.g., Refs. [51–

54], are actually imposed on the scale E∗, though can be evaded if E∗ ≤ 0 or easily satisfied

in case of E∗ > 0 by proper assignment for the value of ςI , but not imposed upon the actual

neutrino Lorentz violation scale EνLV, which corresponds to MD/d
2, as in Eq. (3.4). The

latter, as stressed, may only be limited by in-vacuo velocity dispersion effect via time-of-

flight analyses, such as those performed in Refs. [7–11], wherein a neutrino speed variation

at about 1017 GeV is suggested from IceCube neutrinos when associated with GRB candi-

dates, or studies thereof [39–42], where comparable flight-time bounds are obtained. Here,

we end up with a consistent description for the findings of Refs. [9–11] with the ν decay

threshold constraint in the (stringy) QG framework adopted here.

We comment briefly here, for completeness, on a previous argument [56] of a possible

∼ 2 PeV cutoff in the ν(ν̄) spectrum inferred from initial IceCube data set [4], which could

be due to novel LV processes, particularly the neutrino splitting (NS), which, as argued

in [56], might play a more important role than pair emission by the neutrinos. Though

the claim of this drop off and its interpretation with neutrino splittings are outdated, and

actually disfavored by more recent data (see below for details),6 it may still be useful to

6We are grateful to an anonymous referee who reminded us that the cutoff at about 2 PeV has proven an

outdated proposal, and who encouraged us to comment on the role played by the newly observed Glashow

resonance at IceCube [57].
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provide an additional refutation with our approach, by invoking the kinematical threshold

for that LV splitting channel:7

ENS
thr '

[
9m2

ν

Ms

gs(d2
ν − 2ςνI )

]1/3

. (4.19)

By adopting again the case in which d2 > 4ςI(> 2ςI), and tuning their values, as was

implemented in the VPE case, the anomalous decay through splitting into 3 neutrinos

would then lead to a drop in ν̄ (not ν) fluxes above 2 PeV. However, we find that this

requires (d2− 2ςI) < O(10−18−10−19), which is inconsistent with (4.16). This implies that

there exists some (unnatural?) cancellation in d2−2ςI , indicating again, but from the point

of view of the string model that the cutoff claimed elsewhere [56] seems very suspicious.

5 Discussion and conclusion

It is worthwhile to stress again that the finding of neutrino speed variation, and the conse-

quent Lorentz/CPT violation for cosmic neutrinos as in Refs. [8–11] and [7], which we have

devoted ourself to understand in Ref. [18], and in this paper, with a string theory model,

still needs further comprehensive examination with data. As these results are of funda-

mental importance, it is necessary to check whether additional IceCube neutrino events

can still support the revealed regularity [8–11] or not, as well as checking the suggested

subluminal and superluminal events, which, if indeed correspond, respectively, to neutrinos

and antineutrinos, would be a strong sign for the type of CPT breaking as indicated by

the theory.

At present, as we mentioned previously, IceCube cannot distinguish between neutrinos

from antineutrinos, so the intriguing correspondence uncovered by [9–11] is only a con-

jecture from phenomenological point of view, while coincides with the prediction from a

D-foam scenario, as explained thoroughly. There is an exception for electron antineutrinos

at 6.3 PeV, at which the induced event rate is enhanced via the W− Glashow resonance

channel [58], as this phenomenon only occurs with ν̄e’s. A candidate Glashow resonance

event has lately been reported by IceCube [57], indicating the existence of & 6 PeV cosmic

antineutrinos. This may provide rare opportunities to test the result of [9–11] and the

D-foam models. Indeed, if one can infer through analysis according to the strategy of [7–9]

that such events correspond to “advance” (i.e., superluminal) events, it would largely favor

the interpretation explored here, and would also allow one to tighten (4.16) by a factor of

at least (6/2)3 ≈ 27.

Together with the track-like event #7856 [5] with deposited energy of ∼ 2.6 PeV (which

implies that the true neutrino energy can be of O(10) PeV), there appears to be no cutoff

in the neutrino spectrum up to ∼ 10 PeV—the highest energy for which current data are

available. Still, this event (ATel #7856) is inferred to be of the “delay” type according to

prior analysis [9] and hence probably a subluminal neutrino, which is stable in the quantum

D-brane foam. It is then natural to observe such neutrino events from cosmologically

7We postpone the discussion of superluminal ν̄-splitting, which is similar to that of vacuum pair emission,

to Appendix B.
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remote sources, providing no extra constraint for the string model, as opposed to the case

of antineutrinos.

Thus, no clearly observable cutoff is produced once the effect of VPE and similar

process is strongly inhibited for superluminal neutrino species with some pertinent choice

of relevant QG parameters, as what current observation actually indicates. That fact might

suggest stringy space-time foam as providing a possible realistic interpretation for all of

these LV phenomenologies.

We propose to search for higher-energy (anti)neutrino events, which, if observed by

IceCube or other neutrino telescopes in the future, would imply a much smaller difference

between d2 and 4ςI (or, 2ςI) for the superluminal picture. Of course, one is also encour-

aged to further examine the ν- and ν̄-spectra, which, if both extend continuously (or fall

smoothly), without any cutoff, may indicate a more natural possibility that no splitting

process or pair emission should ever happen for the antineutrino even if traveling in vacuo

slightly superluminally—a case can be naturally realized by ςI ≥ (1/2)d2 (⇔ Ẽ∗ ≤ 0) in the

model. For details on our this argument, we refer the reader to Appendix B.

Before closing we mention that the stringent constraint provided by Lorentz viola-

tion deformed patterns in neutrino oscillations [59] can also be accounted for in D-foam

situations, by recalling that the recoil and its resulting effects discussed above is essen-

tially geometrical and kinematical, depending only upon neutrino energy (and the status

of CPT). As such, the D-brane foam is flavor blind, with MsQG being the same for all neu-

trino species, hence with no effects on oscillations.8 Thus the exotic contribution (additive

to that Lm from the mass difference) to the flavor oscillation length, L = 2π/|∆E|, like

those arising in some generic quantum gravity models vanishes (using d2
A− d2

B = ∆d2 ∼ 0)

in that case:

E∆d2
νLsQG ∼ 2π

MD

E
⇒ LsQG � Lm, (5.1)

and L − Lm = O(Lm/LsQG), from which it follows that 1/L ≈ 1/Lm, Lm = 4πE/∆m2
ν .

So, the present data [59] on neutrino oscillations do not prescribe the theory contemplated

in Ref. [18] and in this work with a universal scale MsQG ∼ 1017 GeV.

To summarize, a CPT-violating propagation of neutrinos (antineutrinos), whose ve-

locities scale linearly with their energies, can emerge from a string/D-brane theory model

for space-time foam, being the type of isotropic, Lorentz-invariant on average, but Gaus-

sian stochastically fluctuating. Given that high-energy astrophysical neutrinos have gained

a prominent role in probing such novel quantum-gravitational effect, we argue that the

finding of the neutrino speed variation v = 1 ∓ E/EνLV at about 1017 GeV from IceCube

GRB neutrino events [9–11] can serve as a support for such theory. The existences of

both time “delay” and “advance” events with equal amounts of speed variances are well

accounted for by means of CPT-breaking aspects of such scenario, indicating that neutri-

nos are subluminal while antineutrinos travel at speeds in excess of the light speed c. For

superluminal antineutrino, we show that the novel energy (non)conservation implied by the

recoiling D-particle foam may offer a viable mechanism in coping with the challenge due

8Note also that existing neutrino experiments [60] are still far from achieving the required sensitivity [28]

to detect QG decoherence effects on neutrino oscillations in D-foam backgrounds.
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to the anomalous decay channels like electron-positron pair production. In this respect,

those threshold constraints upon the superluminal velocities can be naturally avoided, and

accordingly, being consistent with the findings of [8–11] in this string-theory-inspired con-

text. We appeal to further test both theoretically and experimentally the superluminality,

Lorentz invariance violation and CPT violation for cosmic neutrinos. One may anticipate

that more evidence will be observed as more neutrino data is accrued, enabling the stringy

foam interpretation endorsed here to be either verified or falsified. Such efforts would con-

tribute to fundamental physics as well as resolving important issues concerning the nature

of space-time.
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A Energy violation in reactions

We briefly review the issues of energy nonconservation during interactions in a recoiling D-

foam. The treatment essentially follows [55], of which the result is then applied to ν̄-decays

by emitting ee+ pairs for our purposes.

Following the theorem highlighted in Ref. [55], which states that during particle reac-

tions the energy is in general violated, but being conserved for the complete system (i.e.,

matter plus recoiling D-particle inaccessible by a low-energy braneworld observer), i.e.,

Eq. (4.1), the energy violation in a simplest case, namely a 1 → 2-body decay (or a 3-

particle vertex), is

E1 − E2 − E3 =
1

2

Ms

gs
〈〈V2

(3)〉〉, (A.1)

where V(3) = [p1 − (p2 + p3)]/MD is the recoil velocity of a D-particle. We expect the

average 〈〈···〉〉 over effects of the foam medium to be proportional to:

〈〈V2〉〉 ∼ O(p2)(ςI/M
2
D). (A.2)

Here ςI , as is made clear below, parametrizes energy loss during reactions, and may in

general differ from the variance d2 appeared in particle dispersion relations.

To estimate the above quantity, one may use the conservation for the (average) 3-

momenta, 〈〈MDV〉〉 = 0, incorporating also the recoil of the background D-particle. This

has been performed in [55], where we refer the reader for details. Eq. (A.1) then becomes

δE
(3)
D =

ςI
MD

p2
2 +

ςI
2MD

∑
i

δp2
i + . . . , (A.3)

where p2 is the momentum of a particle emitted during decay, say, particle 2, while particle

1 is converted into particle 3; δp2 ≡ 〈〈p2〉〉 − p2 is minute variance of p2, and the . . . denote

stochastic quantum uncertainties. The latter two are purportedly negligible compared to

p2
2/MD, hence can never cancel the leading term.
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We stress that, to leading order in 1/MD ∼M−1
Pl , the matrix element for any particle

reaction should in principle agree with that in low-energy relativistic field theory, while the

“recoil” gravitational background that induces a violation of energy conservation would

modify the usual kinematics of quantum field-theoretic result for (threshold) reactions.

Multi-particle processes with N ≥ 4 may be factorized as products of 3-point vertices

and, δED is thus determined via summing up the corresponding violations in every 3-body

interaction (A.3), irrelevant to the particle species considered. In this case, p2 may denote

a typical momentum of a mediator that may be exchanged in, e.g., a 4-particle interaction.

For the pair emission, i.e., ν̄ → ν̄Z∗ → ν̄ee+, a 4-point amplitude which can be viewed

as a product of two fundamental leptonic vertices mediated by the exchange of an off-

shell Z0 boson with momentum p2, as in standard electroweak theory, the outgoing ν̄ with

energy ' 0 at threshold, k ' p2 = 2pe, then yields,

δE
(4)
D '

2ςνI
MD

k
2

+ . . . &
gsς

ν
I

Ms
2E2

thr, (A.4)

where Ethr is the threshold for the vacuum pair emission, as given by (4.17), and the

foam parameter ςI characterizes energy violation during processes involving the neutrino

sector (indicated by the superfix ν).

B Neutrino splitting in D-foam

To understand how a superluminal antineutrino splits into three (ν̄ → ν̄νν̄) in D-foam

situations, it suffices to calculate its threshold energy. Let E, k be the (average) energy

and momentum of the incoming antineutrino, and (E′,k′), (E,k)ν/ν̄ be the 4-momenta

carried respectively by the outgoing ν̄, and by emitted νν̄ pairs. The D-foam modified

conservation law reads

E = E′ + Eν + E ν̄ + δE
(4)
D ,

k = k′ + kν + kν̄ , (B.1)

where the fact that all momenta are collinear at threshold is taken into account. For

deformed dispersion relations with QG term (∓1/2)(dk)2/MD, i.e., Eqs. (2.11) and (2.12)

but with mass-related term 〈〈m2
ν/(2|k|)〉〉 ' m2

ν/(2k), the threshold equation can be derived

as

m2
ν

k
− m2

ν

k′
− m2

ν

kν
− m2

ν

kν̄

= 2× δE(4)
D +

gsd
2
ν

Ms

(
(k′)2 − k2 − k2

ν + k
2
ν̄

)
. (B.2)

Note that the minute neutrino mass is not negligible here, as this reaction exclusively

involves the neutrino sector. By putting k ' Ethr ' 3k′ = 3kν/ν̄ therefore

4m2
ν = −k

(
δE

(4)
D −

gs
9Ms

4d2
νk

2
)
. (B.3)
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The amount of energy violation, δE
(4)
D , in this process, is again given by the sum of the

violations in each of the two 3-point interactions (A.3), assuming factorization of relevant

scattering amplitudes, via virtual Z exchange, as ν̄-splitting can be viewed as a “rotation”

of the neutrino-neutrino scattering process. Hence,

δE
(4)
D '

2ςνI
MD

(2k

3

)2
=

8ςνI
9MD

k
2
, (B.4)

where we assume that the three outgoing ν (or ν̄) each carry off approximately 1/3 of the

energy of the incoming ν̄, i.e., k = p2 + k′(= k/3), as used above.

We end up with some remarks below based on the following kinematical threshold:

ENS
thr '

3√
9MDm2

ν

(d2
ν − 2ςνI )

= (9m2
ν Ẽν∗ )1/3, (B.5)

with

Ẽν∗ :=
EνLV

1− 2ςνIE
ν
LV/MD

. (B.6)

The splitting process opens only if d2 > 2ςI , otherwise is forbidden, with the very case

of (d, ςI) = (0, 0), yielding an infinite Ethr, as in the SM. If
√

2ςI < d ≤ 2
√
ςI , the decay

channel through emitting ee+ pairs is not allowed, though ν̄-splitting can still happen.

This latter reaction can be suppressed at the kinematical level in case of ςI ≈ 1
2d

2, thereby

making the antineutrino practically stable in vacuo, against any splitting effect at high

energies. The threshold (B.5) is proportional to the mass of order mν . 1 eV [37]. To

push Ethr to a sufficiently high scale, e.g., greater than 2 PeV, such that we are always

below threshold when comparing with the IceCube data, an exceedingly small value of

(d2−2ςI) would be required. A more natural solution to that could be ςI ≥ (1/2)d2, so that

antineutrinos would never decay in D-foam geometries, despite traveling faster than light,

and there is thus no need to fine-tune the model parameter.
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