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LAYER SEPARATION OF THE 3D INCOMPRESSIBLE
NAVIER-STOKES EQUATION IN A BOUNDED DOMAIN

ALEXIS F. VASSEUR AND JINCHENG YANG

ABSTRACT. We provide an unconditional L? upper bound for the bound-
ary layer separation of Leray—Hopf solutions in a smooth bounded do-
main. By layer separation, we mean the discrepancy between a (turbu-
lent) low-viscosity Leray—Hopf solution u” and a fixed (laminar) regular
Euler solution @ with similar initial conditions and body force. We
show an asymptotic upper bound C|i||3eT on the layer separation,
anomalous dissipation, and the work done by friction. This extends the
previous result when the Euler solution is a regular shear in a finite
channel. The key estimate is to control the boundary vorticity in a way
that does not degenerate in the vanishing viscosity limit.

1. INTRODUCTION

Let T > 0 and let Q C R3 be a smooth bounded domain. Given a smooth
solution % : (0,7) x  — R3 to the Euler equation with impermeability
boundary condition | s’ = 0 and a regular external force f: (0,7) xQ —
R3:

(EE) O+ u-Viu+VP=f divii = 0 in Q,

we estimate the L?(f2) difference at time T' between @ and any Leray—Hopf
weak solution u” : (0,T) x © — R? to the Navier-Stokes equation with
kinematic viscosity v > 0, body force f¥ € L(0,T;L*(Q)), and non-slip
boundary condition u” | an =0

(NSE,) ow” +u”-Vu'+ VP’ =vAu” + f¥ divd” =0 in Q.

By Leray-Hopf solutions, we mean distributional solutions u* in the space
Cyw(0,T; L3(2)) N L2(0,T; H'(2)) satisfying the following energy inequality
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for every T" € [0,T7:
1 V|2 / r V|2

(1) 5 Il 220 (T7) + v[Vu'|"dz dt
2 o Jo

1 T
< < lull2a (g (0) + / / W 7 dadt.
2 0 Q

One of the fundamental questions in fluid dynamics is whether ideal fluids,
governed by the Euler equation, can be used to model viscous fluids with
sufficiently small viscosity v. This can be formulated as the so-called in-
viscid limit problem, which questions whether the following limit of layer
separation is zero:

2) e vz . w(0) > a(0) in L2(Q)
LS(w) = limsup {Hu — il 2 (T) : f¥ = fin LY(0,T; LQ(Q))} '

To the best of our knowledge, this question remains open for Leray—Hopf
solutions, even for dimension 2.

This paper aims to provide the following unconditional upper bound for
layer separation.

Theorem 1. There exists a universal constant C > 0 such that the following
holds. LetT > 0 and let Q C R? be a domain with compact, smooth boundary
satisfying Assumptz'on. Let u € L*>(0,T;C*(Q)) be a solution of
with a forcing term f € LY(0,T;L*()). Let u” be a family of Leray—
Hopf weak solutions to the Navier—Stokes equation with force f¥ €
LY(0,T; L3(Y)). Then the layer separation is bounded by

T
LS(i) < CA3T|09| exp (2 / 1 Da(t)| o dt) ,
0

where A = HEHLOO((O?T)X(?Q) is the mazimum boundary velocity of the Euler
solution, and Du = %(Vﬂ + Va') is the symmetric velocity gradient, also
known as the rate-of-strain tensor. E|

Assumption [I] will be discussed in Section It guarantees that the
boundary 0f2, as a compact manifold, can be triangularized in a uniform way.
We conjecture this assumption should be satisfied by all smooth domains.

We remark that the norm || D[ () only measures the rate of strain in
the interior of 2. On the boundary 0f2, % can be nonzero, and as a distribu-
tion in R?, D can be a measure. Indeed, if @ vanishes on the boundary, then
A = 0and LS(u) = 0, which can also be verified by elementary computation.

This result is a generalization of the previous work by the authors [VY23]
which studied the setting when @ is a static shear flow in a finite channel
without force.

1The norm of Da should be interpreted as its largest absolute eigenvalue, which corre-
sponds to the maximum expansion/contraction rate.
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1.1. Literature review.

Boundary layer and the inviscid limit problem. The gap between the
Euler solution w and the low-viscosity Navier—Stokes solution «" is due to
the “boundary layer”, which refers to a thin layer of fluid near the boundary
0f) that exhibits instability and turbulent structure, in contrast with the
regular Euler solution u whose behavior near the boundary is predicted to
be laminar. This has been observed from physical experiments [LdASMH14]
and numerical simulations [Dec18|]. Using a singular asymptotic expansion,
Prandtl [Pra04] conducted an asymptotic analysis of the Navier—Stokes sys-
tem near the boundary and suggested that the turbulent structure is sup-
ported in a boundary layer of width O(y/v). Even though the width of the
boundary layer converges to zero in the inviscid limit, it is unclear whether
the energy inside the boundary layer always converges to zero. In fact, the
Prandtl layer with a non-monotonic shear background flow is unstable and
ill-posed in Sobolev spaces. See [Gre00, [E00, (GVDI10, IGVN12].

An important positive result for the inviscid limit to hold is the celebrated
work of Kato [Kat84], where he proved LS(u) = 0 if the energy dissipation
in a boundary layer of width 0 = cv vanishes.

Theorem A (Kato’s Criterion [Kat84]). Let Us(0Q2, Q) be the -tubular
neighborhood of 02 in Q with 6 = cv for some ¢ > 0. If the following limit
holds:

T
(2) lim / / v|Vu? 2 dadt = 0,
v=0 00 Jus09,9)

then LS(u) = 0.

Notice that this width is thinner than the Prandtl layer. This indicates that
the inviscid limit fails only when the velocity gradient near the boundary
has order Vu” ~ O(v~!). There have also been unconditional results for
the inviscid limit to hold when the solution and the domain enjoy additional
structure, for instance, analyticity or symmetry ([Mael4, MM18| [FTZ18]).

Nonuniqueness and anomalous dissipation. One important piece of
theoretical evidence that suggests the inviscid limit may fail for Leray—Hopf
solutions is the nonuniqueness. The recent work of Albritton, Brie and
Colombo [ABC22], [ABC23] exhibits the nonuniqueness of Leray—Hopf solu-
tions for the forced Navier—Stokes equation. Their construction is based on
self-similar solutions [JST5] and Euler instability [Vis18al [Vis18b, DLBA™24].
Moreover, at the Euler level, even near a constant plug flow @ = Ae;,
Széklyhidi [Sz¢é11) [VY23] constructed nonunique Euler solutions 4 using con-
vex integrations with a layer separation of

|1@(T) = @72y = CAT.
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Note that this rate is consistent with our upper bound of layer separation.
Using convex integration or self-similar solutions, there has been an exten-
sive amount of work in the study of the nonuniqueness of the Euler and
the Navier—Stokes equations in the past decades [BDLSV19, BV19, [DLS10,
Isel§].

Moreover, the layer separation is closely related to anomalous dissipation,
which we define under our context as

o r y ~w”(0) = @(0) in L2(Q)
AD(“) T 111;1_8)(1)1[) {/0 /QV’VU ’2dxdt : f’/ — fin Ll(O,T; LQ(Q)) ’

Kato’s criterion shows that if AD(u) = 0 then LS(u) = 0. It is also straight-
forward to see from the energy inequality that LS(u) = 0 would im-
ply AD(w) = 0 as well. From this perspective, the validity of the inviscid
limit is equivalent to whether the Kolmogorov’s zeroth law of turbulence
[Kol41b, Kol41ld, Kol41la] can hold in a neighborhood of regular solution
u. In the absence of boundary, Brué and De Lellis [BDL23| constructed
examples of classical solutions to the forced Navier—-Stokes equation with
positive anomalous dissipation. However, both the nonunique Leray—Hopf
solutions in [ABC22] and the anomalous dissipation of [BDL23| are away
from a smooth Euler solution, so they do not fall into the scope of this pa-
per. Nevertheless, we provide the same unconditional bound on the limiting
energy dissipation as well.

Corollary 1. Under the same assumptions of Theorem |1, the anomalous
dissipation is also bounded by

T
AD(u) < CA3T |09 exp <2/ [ Du(t) | 100 () dt) .
0

Work of boundary friction and Kato’s criterion. Let us briefly dis-
cuss the main ideas of the proof. The crucial term when estimating layer
separation and anomalous dissipation is the work done by the friction on the
boundary. It is easy to see that the validity of the inviscid limit is equivalent
to the vanishing of the negative work of boundary friction in @ direction:
u” (0) — @(0) in L2(1) }

Weric(2) := limsup { —v Opu” -uda' dt : ,, =
! ( ) V%Op{ (0,T) x5 ff— fin Lt (O,T; LQ(Q))

where O u” - u = w” - (n X u) on the boundary 0.

Using energy inequality and Gronwall inequality, it is easy to see that

T
(3) LS(@) + AD(i1) < W (i) exp (2 /0 1Dl dt) .

Hence, measuring the layer separation and anomalous dissipation relies on
the estimation of boundary vorticity w”. We will provide a uniform bound

in L3 weak space in Theorem (3| using the energy dissipation in the Kato’s
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layer. As a consequence of this vorticity estimate, we can control the total
work of boundary friction force asymptotically by

Wiie (@) < C ||l 5.1 (0.1yx00) ADew ()5 < CA(T|0R)5 ADg, ()3,

where AD,,(u) is the limiting energy dissipation in the boundary layer of
width cv. Therefore, if Kato’s criterion holds, the work of; implies both
layer separation and anomalous dissipation are also zero. Otherwise, by
absorbing the anomalous dissipation into the left side of we show the
layer separation LS(u), anomalous dissipation AD (), and total friction work
Wiic() are all bounded by CA3T|0S2|, up to an exponential factor which
depends on the largest absolute eigenvalue of the strain-rate tensor Du:

T
LS(7) + AD(7) + We(@) < CA°T|0) exp (2 | 1030 e dt) -
0
See Remark [2] for a further discussion on physical relevance.

1.2. Main results. Both Theorem [1] and Corollary [I] are the consequence
of the following bound at the Navier—Stokes level.

Theorem 2. Let Q@ C R3? be a bounded domain with compact, smooth
boundary satisfying Assumption |1 with width 6. There exists a constant
C(2) > 0 depending only on Q and a universal constant C such that the
following is true. Given T > 0, let u be a regular solution to with
magzimum boundary velocity A = |[ul oo (0, ryx00), and let u” be a Leray-

Hopf weak solution to (NSE,|) with initial value u¥(0) € H* () and force
fv € LY0,T; L2(Q)) N L3 ((0,T) x Q). Define the characteristic frequency
and Reynolds number by

A

I~ At 10eull oo 0,1y x00) T VUl oo (0,1 x015002,00)»  Re=—-

Here § = min {S,A_lu}. Then

v — v v
[u” = 2 (T) + 5 IVu 122 (0.1yx)
< (Il = @l 2y (0) + CA*TIO9] + Ry(T))

T
X exp (/0 2|1 Dull poo (o (8) + ’

where the remainder term R, (T) is defined by

=1

oy @ dt> ,

v £ —112
R,(T) = ’f - f‘ or@) Y IVEllZ2 0,7y x0)
1 4 4 2
a V|l 3 = 14 3
+vs|f HL%((O,T)XQ) + 205 [|[u” (0) |71

4AL v C(Q)(1+v3)E,T
+2<4log< > >++52+ e Av|09)|.
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As mentioned earlier, the crucial step is to bound the boundary vorticity
in a way that does not degenerate as v — 0. We show that the averaged
boundary vorticity can be bounded in L3 weak norm, up to a remainder,
by the energy dissipation in the boundary layer .

Theorem 3. There exists a universal constant C such that the following
is true. Let Q C R3 be a smooth bounded domain satisfying Assumption
with §. Let v € L?(0,T; H'(Q)) be a weak solution to (NSE,) with force

fre L%((O,T) x Q). We denote w” = curlu” to be the vorticity field. For

any 0 < 6 < 0, there exists a o-algebra F of (0,T) x 092, depending on u”
and &, such that

(i) F is a sub o-algebra of the Borel o-algebra on (0,T) x 02. For every
integer | > 0 with 47'T < §2, the set (0,47'71T) x Q is F-measurable.

(ii) For o € C*((0,T) x 09), we have

0
o i = EletF e <5 (510l + 190l )

(iii) Denote @ = E[w”|F]. Then for every v <1,

()

1/03”1{ o )
v|ov >'ymax{ﬁ,”—2}} 3
e L2°°((0,7)x8)

T
SCW;/ / V|VUV|2+V%‘fV’%dxdt.
0 Jus(99,9)

Remark 1. If we set the boundary layer to have the width 6 = O(v) as in
Kato’s condition, then will be of order O(v). We will recover Kato’s
results if the right-hand side of vanishes in the inviscid limit.

The o-algebra is constructed by a partition of (0,7") x 92 in a dyadic way.
Morally speaking, we ensure in each piece with size r < v in space and length
v~1r? in time, the average energy dissipation near it is { v|Vu”|?dz dt ~
cov3r™*, from which we control the average boundary vorticity by @¥ =
fw”da'dt < vr~? via a linear Stokes estimate. After a Calderén—Zygmund

argument, we can control @” in a weak norm by .

This paper is organized as follows. Section [2| introduces the technical
tools that will help deal with the non-flatness of the boundary, especially
the dyadic decomposition. In Section [3] we prove the boundary vorticity
estimate in Theorem [3] The main results will be proven in Section [4]
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2. PRELIMINARY ON CURVED BOUNDARY

In this section, we discuss issues that arise due to the non-flatness of the
boundary. We first rigorously define the triangular decomposition of 9.
Then we recall some classical estimates with curved boundaries.

2.1. Notation. Let Dy denote the set of open triangles in R? with barycen-
ter at the origin and side lengths between % and % Define ¥ to be the set
of diffeomorphisms between any such triangle Ay € Dy and any piece of

two-dimensional surface To C R? under the following restriction:

Ay €Dy, Ty CR3,9(0) = 0}
TV(0) = g2, [ VY| e < 5
Here Diff(Ag; To) is the set of smooth diffeomorphisms between As and
T, and ip2 is the natural inclusion from R? to R? defined by (x1,3)
(z1,22,0). By translation, rotation, reflection and dilation/contraction, we

define W) to be the set of diffeomorphisms 1) : Ay — Ta, C R? using the
following:

U= {’l/) € Diff(AQ;TQ)

U = {rRoe:p € U,R e E(3)}, r > 0.
E(3) is the isometry group of R3.

We could also extend it with width. Denote Ag = Ay x (0,2), and for
¢ € ¥ denote the unit normal vector by n = DXV \We can define

- |01 x O29] "
the extended diffeomorphism 1 € C°°(Ag; R3) by

lﬁ(é Z) = ¢(f) - rzn(f), §€ Qg2 € (Oa 2)'

The first and second derivative constraint ensures that v is also a homeo-
morphism.

By rAy we mean the scaling of As by a factor of » > 0, and rAy refers
to the scaling of Ay by a factor of r. For > 0, we define the set of curved
triangles with size r by

1
T = {w(Al) e WA = 2Domw},
and we define the set of curved triangular cylinders with size r by
_ 1 _
¢ .= {w(Al) e A= 3 Domw} .

Therefore, each curved triangle (triangular cylinder) has a neighborhood
that is diffeomorphic to a triangle (triangular cylinder) with a uniform
bound on the second derivative of the diffeomorphism. If Ty = ¢ (Aq)
and C; = TZJ(Al), we say Cp is the extension of T1 and T is the base of
Cy. For r € (0,2) we denote rT; = ¢(rA;) and rC; = ¢(rCy). Note that
these definitions do not depend on the choice of diffeomorphisms up to the

orientation.
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2.2. Dyadic decomposition of boundary. Below we describe the dyadic
decomposition of triangles, cylinders, and time. Recall ~ means that two
sets are equal up to zero measure sets, and Ll is the disjoint union operator.

(i) For a triangle Ag € Dy, it can be decomposed into four similar sub-
triangles with half the side lengths, by connecting mid-points. Denote

the four sub-triangles by Agi), i=1,...,4. Then

(ii) For a triangular cylinder Ay = Ag x (0,2), we decompose Ag x (0,1)
into four pieces Agl) = Agl) x (0,1), by decompose the base Ag. See
Figure|ll The top part A% = A; x (1,2) will be discarded.

FIGURE 1. Dyadic decomposition of Ay = (LI, A{Y) U A;

(ili) For Ty € 7@, it is diffeomorphic to Ay via ¢(3-) for some 1 € T
%AQ — Tao. We first decompose As. Then we map the four pieces to
Ty via 1: ng) = 1/1(%A§Z)). In this way, Ts is decomposed into

Each ng) belongs to 7M. This decomposition is not unique and de-
pends on the choice of the diffeomorphism.

(iv) For Co € C?), it is diffeomorphic to Ay via 1/;(%) for some ¢ € )
%Ag — To. We first decompose As. Then we map the four pieces
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into Co via : Cgi) = @(Agl)) The remaining part C} = @(A;) is

discarded. )
Cor <|_| c§i>> L Cs.
i=1

Each Cgi) belongs to C(Y). Moreover, the base of Cy is correspondingly
decomposed to the bases of ng).
(v) For Qa := (—4,0) x Tg, it can be decomposed into 16 pieces in both

time and space: Qgi’j) =(—j,—j+1) x Tgi), where 7,5 =1,...,4.

(vi) If Cy is the extension of some Ty € C? | we say Qg := (—4,0) x Cy
is the extension of Qu = (—4,0) x To. Qu can be decomposed into
16 pieces in both time and space: ng) =(—j,—j+1)x ng), where
i,j =1,...,4. The remaining part Q5 = (—4,0) x C% is discarded.

4 4

Q]| uas
i=1j=1

By scaling, every T € T can be decomposed into four curved triangles

in 7'(%), and every C € C9 can be decomposed into four curved triangular
[
cylinders in C (3) with a remainder part.

2.3. Structural assumption on the domain. Let Q C R? be a bounded
domain, whose boundary 0f is a compact smooth manifold. We assume the
following geometric property for the set €.

Assumption 1. Assume there exists a constant d, such that  has a -tubular
neighborhood

Us(09,0) = {z € Q: dist(z,00) < 5},
and (2/,e) — 2/ —en(2’) is a diffeomorphism from 9 x (0,0) to Us(9, ),

where n(z') is the outer normal vector of 9 at z’. Moreover, we assume
that for every ¢ € (0,4), 022 has a curved triangular decomposition:

oo~ TV, TV eTO,

Intuitively, the assumption should hold for any compact smooth manifold
with § < 755, where ygn is the greatest sectional curvature of 02. In
the computer vision community, the “marching triangle” algorithm [HIT97,
Har98] is used to generate a triangular mesh for two-dimensional manifolds
(or in general Lipschitz surfaces [MF02]) with triangular patches uniform in
shape and size, meaning that each patch is close to an equilateral triangle
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and has comparable edge lengths. However, the authors did not provide
explicit estimates for the size § and the angles of the triangulation (Figure

2).

FIGURE 2. Triangulation of a torus

2.4. Sobolev, trace, and Stokes on a curved cylinder. This subsection
includes basic analysis tools that will be used later in the proofs. The
constants in the following estimates must be uniform in the geometry of the
boundaries of our interest.

The first lemma contains the Sobolev embedding and the trace theorem.
We remind the reader that their constants are uniform for all C € CW.
These results are well-known so we omit the proof.

Lemma 1. Let C; € CU be a curved cylinder with base Ty € TO, Let
Vu € LP(C1) with either [o udz =0 or u’Tl =0. and p € [1,3). Then
there exists a constant C, depending only on p, such that

[ull o (chy) < Cp VUl Lo(cyy -

Here p* = ddfpp. Note that C), does not depend on Ci. Moreover, with
d—1
p* = (d_pp}

||“”Lp*(T1) <GCp ||VUHLP((:1) :
In this paper, d = dim C; = 3.

The next lemma is for the local boundary linear Stokes estimate, which
is an extension of [VY23, Corollary 2.3]. The only difference is that the
boundary part To is no longer flat, yet the bound is still uniform for all
Cyec®.

Lemma 2. Let C; € CY be a curved cylinder with base T1 € T, Let Cy
be the image of a diffeomorphism 1 associated with Cy, and denote its base
by To. Let 1 < py < p; <00, 1< qi,q2 < oo, feLP(—4,0,L97(Cy)). If
(u, P) solves the linear evolutionary Stokes system

Ou+ VP =Au+f in(—4,0) x Co

divu =0 in (—4,0) x Cy

u=0 on (—4,0) x Ty,
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then there exists a decomposition u = uy + us such that for any ¢ < oo,
there exists a constant C = C(p1,p2, q1,q2,q") such that

Hyatuly + \Vzul\‘ Matugy + vaugy\

+
)

LP1(—1,0;L91(Cy LP2(—1,0;L9 (Cy))

<C (||f||Lp1(—4,o;Lq1(c2)) + [[lul + [Vul + |P|HLP2(—4,O;LQ2(C2))) :
In particular, C' does not depend on the geometry of Cy.

The proof of this lemma relies on Lemma [I} and also the corresponding
uniform bound for boundary estimates and the Cauchy problem for the
Stokes with curved boundary. See [MS97].

Proof. Pick a set  with C? boundary such that C; C © C Cy. Note that
the C? norm of € can be uniformly bounded for all C; € ¢(V). By [Ser14,
Theorem 4.5], there exists a unique solution u; to the initial-boundary value
problem

Our + VP = Aug + f in (—4, 0) x Q

divu; =0 in (—4,0) x Q
up =0 on (—4,0) x 09
urf,_ , =0 in Q

with bound
I[|Bpur | + ‘VP1|||L1>1(_4,0;L<11 () + ||U1HLP1(—4,0;W27q1 ()
< CUSfllwr (—a0520 ) »

where C' = C(p1,q1,12). Dependence on  can be dropped if the C? norm
of 99 is uniformly bounded (see [MS95, MS97, Lemma 1.2]).

Let ug = v — uw;. Then us is a solution to
8tU2 + VPQ = AUQ in (—4, 0) x
divug =0 in (—4,0) x Q
ug =0 on (—4,0) x (02N T2)

The local boundary estimates of Stokes equation in [Serl4] imply the fol-
lowing bound:

H]@tugl + \V2u2|‘

LP2(—1,0;L9 (C1))
< C|lug| + [Vug| + ‘P2|HLPQ(—470;Lmi“{q1’q2}(Q)) ’
where C' = C(p2,q1,q2,9). Again, the dependence on ) can be dropped.

Combining with estimates of w1, we finish the proof of the lemma. (I

Finally, we quote the following global Stokes theorem in [Sol02, Theorem
1.1].
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Lemma 3. Let Q C R? be a bounded C?* domain with d > 2, and T > 0.
Let f € LP(0,T;L9(R2)) and ug € Bg;wp(ﬁ), where Béﬁp(Q) is the Besov
space, and 1 < p,q < oo satisfy 2 —2/p < 1/q. Then the following linear
evolutionary Stokes system

Ou+VP=Au+f in(0,T)xQ

divu =0 in (0,T) x Q
u=0 on (0,T) x 082
u|t:0:u0 in Q

has a unique solution u € LP(0,T; W?%(Q)) with VP,0yu € LP(0,T; L4(R)),
and

ull Lo o,rw20(0)) + 19l oo, 7m0y + IV Loo,7 00 (0))
<€ (Wfllsoisaoay + ol a-orngey )

where C' = C(Q,p,q).

3. BOUNDARY VORTICITY ESTIMATE

In this section, we provide several estimates for the boundary vorticity
w” = curl u”. We first use linear parabolic theory to directly derive a coarse
estimate. This estimate will degenerate in the inviscid limit. We compensate
with a refined estimate Theorem [3] which is based on a new local boundary
vorticity estimate for the linear Stokes system.

3.1. Naive linear global estimate. By treating Navier—Stokes equation
as a Stokes system with a forcing term, we can derive the following naive
bound using parabolic regularization.

Proposition 1. Let u” € Cy(0,T; L?(2)) N L%(0,T; H}(2)) be a weak so-
lution to (NSE,)) with divergence-free initial value u¥(0) € HZ(Q)) and force

S
fre L%(O,T; L5(Q)). There exists a universal constant C(), independent
of u¥ and v, such that

4
3

4
Va3 da’ dt < C(Q) ||| f*
/<0,T)Xasz’y witdrdr= ot )[”f It orntion ™

2 v 3 v 3
W7l Eoe 0,752 () </ Vor P dwde + v (0)|%1(Q)>].
(0,T)x2

Proof. Let u’(t,z) = vo(vt,z) and f“(t,z) = v?g(vt,z). Then v solves
(NSE4) in (0, vT) x © with unit viscosity and force g. Treating the nonlinear


eqn:nse-nu
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4@)) '
’3

Here C(Q2) represent general constants depending only on €2, and vy = v[ 0"
For the forcing term,

term v - Vv as a force, Lemma [3| implies

[oll 4 + Ilvoll

L3(0 TLs(Q) B

L owrare o < C@ )(n—v Vot g s

IO bl

v VUHL%(O,VT;L%(Q)) < ”v||L4(O,uT,L3(Q)) HVUHL2((0,VT)><Q)
1 1
< ”UHzoo (0,0T;L2( HUHEQ 0,0T;LS(Q ”VUHL2 ((0,vT) %)

<C((Q) ||UHLo<>(o vT;L2(9Q)) IIVUHLQ( (0,vT)x8Q) >

where in the last step we used Sobolev embedding in 2 C R3. For the initial
value, we use Besov embedding and interpolation so

oy SC@oll g < O Ioll,

[[voll 3(q)

B B

(Sl [T
SV
(TS

—

Wl
—~

< O(9) ol gy 075y -
By the Sobolev embedding and the trace theorem in €2,
Vol 4 <C@) Vol 4
CO) Vol 4
< C( )Mol 4

L3((0, T)xaQ) L3 (00T;W 68 (00))
L3 (00w 8 ()
L3 (00T;W28 ()

Combining the above estimates, we have

3 1
9004 gy oy S 10 0uiaziany (1900 Eagoumyeen + ool

+ ”g”La(o VT L5 Q)"

Noting the scaling of the v and g, we have for any p € [1, 00| and any norm
X
v 1-1 v 2—1
It ”LP(O,T;X) =v. ||UHLP(O,1/T;X)7 I/ ”LP(O,T;X) =v. HgHLP(O,yT;X)'

By this scaling, we have the corresponding estimates on u" as

S +

VIV sorite)

L3(0T)xaQ
— = Vil vy vz -3 v 2
L S, ( IV oy + v 10Ol o)

This completes the proof of the proposition.
O
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In the inviscid limit v — 0, the main term || (0.7)x |Vu”|? dz dt cannot be
uniformly bounded, and the force || f*|| 4 ¢ does not vanish. There-
L3(0,T;L5 ()
fore, we need to look for another bound that does not degenerate in the
inviscid limit.

3.2. Local estimate for the linear Stokes system. To overcome the
degeneracy of the naive bound in the inviscid limit, we show an improved
bound in the next subsection, which is based on the following linear estimates
for the Stokes system at the unit scale and unit viscosity.

Proposition 2. Let Cy € C® with base Ta, and denote Q = (—4,0) x C,
Qa = (—4,0) x Ty. Suppose u € L*(—4,0; H'(Cy)) is a solution to the
following Stokes system with forcing term f € L'(—4,0; L%(Cg))f
Ou+ VP =Au+f inQq
(6) divu =0 in Qo
u=~0 on Qg .

Then the average vorticity on the boundary is bounded by

0
/ w(t,z',0)dz’ dt S/ / w(t,o',0)dt
T

Q -1
<C (HVUHLng(QQ) + /1l

da’

9 .
LiL2 (Q2)

Proof. The proof is the same as the one in [VY23], with only some mild mod-
ifications to resolve the curved boundary issue. Without loss of generality,

assume by linearity that ||Vull2;2(q,) HfHLtleg @) <1l

For t € (—3,0), x € Cy, we define
t
Ult,z) = / u(s,z)ds.
t—1

Denote p(t) = 1 3j(t). Then U = u *; p, where *; stands for convolution in
t variable only. If we denote Q = P x; p, and F = f %, p, then U satisfies the
Stokes system:

U+ VQ=AU+F in(-3,0) x Cy

divU =0 in (—=3,0) x Ca

U=0 on (—3,0) x Ty .
We have via Sobolev embedding Lemma |1 and u|T2 = 0 that

(M lull 2 s (@) < C-
Since OU (t,x) = u(t,z) —u(t — 1,x), we have

HatUHLng((—?,,O)sz) <C.
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On the other hand, the Laplacian of U is bounded by

1AV o 71 (-3.0)xco) < C AU 211 (@) < €IVl 20y < €
Note that the Sobolev constants depend on the geometry of Co. However,
they are uniformly bounded as long as Co € C?, since the Lipschitz norms

of the boundary are uniformly bounded. Again by convolution, we bound

F by

1N e b (3 0y ey < € HF”L;"’LI%((fs,o)xcz) =¢

Next, we estimate ). Using VQ = AU + F — 0;U we have
V@l 271 (5.0)xco) = C

Without loss of generality, we assume that the average of () is zero at every
t. Then by Necas theorem (see [Serl4], Section 1.4),

1@l 22, ((~3.0)xT2) = C-

Note that the constant of Necas theorern also depends on the Lipschitz norm
of Cy, which is uniform for all C; € ¢V,

By Lemma [2, we can split U = Uy + Uy, where for any p < oo, we have
H‘atUl, + ’szl‘ . H@Uz\ + ‘V2U2H < O(p).

6
LPLE(Q L2L2(Q1)

Denote Q(t,2) := [ [VU(t, 2 —zn( )| dz’. Then

0.9 < C ’VQU(L‘, x - zn(:v'))’ da’.
T

6
Since V2U is in LZ2L2 + LY L2 (Qy), 0,8 is bounded in

6
0.0 € L2LP + LPL: ((—1,0) x (0,1))
for any p < co. Note that
0,2 <C [ |Vu(t,2' — zn(a’))| da’ € Liz((—l,()) x (0,1)).
T1
Since by interpolation, L} L° N LLL C Lt ., by duality 02 is bounded in
L%,Z C L{ LY + L L. Similarly, 9,9 is bounded in

6
0.0 € LILY + LYLE((~1,0) x (0,1)) € LjL® + LFLL((~1,0) x (0,1))

for some p > 6 with r > 1 sufficiently small. Now we can use [VY23, Lemma
2.4] to show  is continuous up to the boundary with oscillation bounded
by

1M ose((—1,0)x (0,1)) < C-
Since the average of {2 is also bounded as

/dedtSC’/ |Vu|dxdt < C,
Q1
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we have () is bounded in L°°, in particular

0
/ / Vu(t,z',0)dt
Ty |/ -1

This concludes the proof of this proposition. O

dz’ = Q(0,0) < C.

3.3. Refined global estimate. Now we are ready to prove the main bound-
ary vorticity estimate.

Proof of Theorem[3. The proof can be divided into four steps. In the first
step, we triangularize 9§ and obtain a course partition (0,7") x 9. Next, we
construct o-algebra F, which is generated by a finer partition of (0,7") x 9€2,
by introducing a suitability criterion. Then we verify that in each piece of the
partition, average boundary vorticity is controlled by the maximal function
of the energy dissipation and the external force. Finally, we estimate the

L3 weak norm of the averaged vorticity function.

Up to rescaling u” (t, ) = vu(vt,z) and f¥ = v2f(vt, ), we assume v = 1
first and drop the superscript for simplicity.

Step 1. First, we introduce an initial partition of (0,7) x Q as follows.

Select Ly = 45T, where K = ([logll (%)DJr is the smallest nonnegative
integer such that Lo = 45T < 62, Set ry = %\/LO =2-K-1/T <. Then

ro < %min{é, \/T} < 2rp.

Let {T%)}Z C T(0) be a partition of 9Q with size 7, as specified in Assump-
tion [[l Then

K
(0,7) x 92 ~ | || |Q%)  where Q) = ((j — 1)Lg, jLo) x T
=1 i

We denote QO = {Q(i’j)}, . By part of Section H, each Q(i’j) admits
i,j

a sequence of dyadic decomposition. For k > 1, denote Q) to be the set
of dyadic decompositions of spacetime curved triangles in Q;_;. Then any
Q € 9 is a Cartesian product of curved triangles of size 7, := 27 Frg in
space and length r,% = 4"%8 in time.

Step 2. The next goal is to find a partition of (0,7") x Q consisting of
“suitable” cubes, defined as follows. Let Q = (f — r,%, f} x Ty € Q;. for some
£ € (0,T] and T,, € TU¥). Denote & to be the barycenter of T,,. We say Q
is suitable if both 7 > 47“,% and

27y,

() ][ ][ ][ (IVul? +[£15) (t,2' = 2n(a')) dzda’ dt < cory ™.

i
f—4r2 9QNBay, (&) 0
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for some ¢y to be determined. Recall n(z’) is the outer normal vector at
x' € 0Q.

Now we construct a partition according to suitability. Denote Sy C Qg to
be the set of suitable cubes, Ny = Qy \ Sp be the set of non-suitable cubes.
For k > 1, we perform a dyadic decomposition on each cube Q € Nj_1, then
put the suitable ones in S, and non-suitable ones in Nj. This process may
continue indefinitely, and we define S = Ui Sk to be the set of suitable cubes
that we obtained from this process.

We claim that S is a partition of (0,7") x 9. It is easy to see from our
process that cubes in & are mutually disjoint. Moreover, for almost every
(t,2') € (0,T) x 09, the cube whose closure contains (¢, ) becomes suitable
if the cube is sufficiently small, by a partial regularity argument. Indeed,
denote the singular set Sing(u, f) to be the complement of the closure of
Uges Q in (0,T) x 99Q. For every (£,4') € Sing(u, f), for every k > 0, there
exists a cube Qi € N} such that Qj fails the suitability condition . Then
we find a neighborhood of (£,2) in (0,T) x Q which is

U= {(t, o' —zn(x’)) it € (F—4r},1),2' € 900N By, (2),2 € (0,2rk)},

such that [, [Vul® + |f\§ dz dt 2 r,. Moreover, this neighborhood is com-
parable with a parabolic cylinder of radius ;. These neighborhoods form
an open cover of Sing(u, f). By Vitali covering lemma, we find a disjoint
subcollection U; which covers Sing(u, f) if dilating by a factor of 5. The
radii are summable because Y, rp < >, fUi (Vul? + |f|% dz dt < oo, so the
parabolic Hausdorff dimension of Sing(u, f) is at most 1.

Define F = o(S) to be the o-algebra generated by these countably many
suitable cubes. Then the conditional expectation & := E[w|F] is simply a

piecewise function, taking the average value of w on each Q € S.

Next we prove claim (fi) and . First, we show the set A = (0,47!"1)x0Q
is F-measurable. If 47/ < 62 and [ > 0, then 47717 < imin {62,T} <
4rg. Hence 471717 = 471=1.4K+1p2 — 4=(H1-K) 442 — 472, for some k' > 0,
and A = (0,47%,) x 9. On the one hand, for k < k', Sy only contains cubes
of the form (f —r2,%) x T,, with £ —r2 > 3r2 > 4r2,, so A is disjoint from
every cube in Si. On the other hand, for k > k', S C Q) only contains
cubes of the form (jr7, (j 4+ 1)r7) x T,,. Since 417, = 4= +12 each cube
in Sy is either contained in A or disjoint from A. In conclusion, every set in
S is either a subset of A or a subset of (0,7") x 9\ A, hence A € ¢(S) = F.

To prove , note that each Q in S has size at most 79 < ¢ in space and
r3 < 62 in time, so for (t1,71), (t2,72) € Q,

[p(t, z1) — p(te, z2)| < |o(tr, 21) — @(t2, 21)| + |@(t2, 1) — p(t2, 22)|
< |0kl oo [t1 — t2] + V| foo |21 — 2]
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< 8% 10kpll oo + 8 IV oo -

Step 3. Take any cube Q € Sj;,. By using the canonical scaling of the Navier-
Stokes equation u,(t,z) := ru(r’t + {,rx) and f.(t,x) = r>f(r’t + i,rz)
with size r = rg, u, solves the Stokes equation (@ in (—4,0) x Cy with some
Cy € C@ and force term fr —up - Vu,, and implies

IVur]| 2 —a0)xcy) < €65
3
< o1
1l gontiean < ot aopeey S
Hur'vu’””p( —4,0;L8(C, HVUTHH —4,0)xC2) HUTHH —4,0;L5(C2)) S

In the last step we used the Sobolev embedding

||Ur||L2(_4,o;L6(c2)) N ||VUTHL2((—47O)><C2)7

when u, = 0 on the base Ty. Therefore, Proposition [2] implies that after
scaling, the average vorticity is bounded by

][ w(t,z') da’ dt
Q

where we choose ¢y = %'yz <1.

1 —2
S 17677“]@ ’

wlg =

_ Next, we separate two scenarios, k = 0 and k > 0. If k¥ = 0, then for any
Qe Sy, forany 0 <t < T,

1 2 -1
lwlq < 1677’0 <'ymax{5 }

If £ > 0, then Q € S has an antecedent cube P € ANj_;. Cube P =
(t—r?_,,%) x T,,_, is not suitable, so either of the following two cases must
be true.

Case 1. t < 4r?_|. In this case, for any (t,r) € Q C P,

12

- I 5 1 _ .
wlg < E’W‘iﬂ = 17%—21 <qytt <

Case 2. t > 47‘,%_1, but

t 2rgp—1

][ ][ ][ |Vu\2+\f| )(tw —zn(2)) dzda’ dt > cor .

t 4T’k 1 8QﬁBQrk 1( )

In the latter case, note that the integral region is comparable to Q, the
extension of Q, which is contained in (0,7") x Us (02, 2). We then know that
for any (t,z) € Q, the parabolic maximal function is bounded from below
by

M(t,z) == M((Vul* + | £15) L0170 00.0)) (£ @)
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t+r2
= Sup][ ][ |VU|2 +If[3 ) (5, 9) 1[0, 7xu45(00,0) (5, y) dy ds
r>0 J¢t By (x)

4 7 —4
>—cr = —7r, .
_C(Jk Ck

Note that the parabolic maximal function M is a bounded map from L!(R x
R3) to LL>°(R x R3).

In summary, for any Q € Sy, we have lwlq < 1—1677“,;2 < 77‘,;2, and
1 -
either |@]q < ymax{ 52} or M|, > el

Step 4. Denote § = {Q(i)} and let Q(i) has size 7. For any r, = 2lrg
with [ € Z, we have

{(t,x’) € (0,T) x 09 : |@| > ymax {r;Q,t_l,(S_Q}}

CU{ r <, M| g0 %( ("))4}
72 k,. \—4
CUU{ —2 T*’M|Q(Z)>E(2 T'*) }

7 k=1

Therefore the measure of the upper level set is controlled by the total mea-
sure of these suitable cubes, that is

H|{I}| > ymax {7“*_2,25_1 5_2}}‘

S {ele
:5_'53?{’“

<§:h
<Z

72
= 27Fr, M| 20(2%)4}

2
=27 r*,M|Q(Z) > 70(2 kr*)4}

{m (0,T) x Q: M(t,z) > %(2 7"*)_4}|

|M||L1»°°((0,T)><Q) (27"r,)*

k=1 C T
< 2 3
ST H |Vl L((0,T) xUs (89,0)) "x
3
_ 2 -2\ 2
=772 ||Vl L((0.7) x5 (89,2) (’YT* ) '
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This is true for any r, = 2'r. By the definition of Lorentz space, for every
v <1 we have

2

1.
Hw {lot>ymax{ 3,55 } }| 3.2 (0.1 a0
O,T)Xua(aQ,Q))> '

This completes the proof of the theorem with v = 1, and for general v > 0
the conclusion follows by scaling. O

1 4
S (’\VU\\%2((0,T)xu5(aQ,Q)) + Hf”ig((

4. PROOF OF THE MAIN RESULT

In this section, we first derive an estimate for the pairing between bound-
ary vorticity with any C! vector field, which is the work done by the friction
force, then apply this to estimate the layer separation.

Corollary 2. Let Q2 C R? be a smooth bounded domain satisfying Assump-
tion with 6. There exists a constant C(Q) > 0 depending only on Q and
a universal constant C such that the following holds. Given T > 0, A > 0,
L > 0, suppose o is a C' velocity field defined on (0,T) x 08, satisfying

L
) el Lo (o,m)x00) » 1 10e2|[ oo ((0,1)x062) + L IV @l oo 0,1y x00) < A-

Given any weak solution u¥ € Cy(0,T; L*()) N L*(0,T; HL(Q)) to (NSE,)
with initial value v (0) € HY(Q) and force f* € L%((O,T) x ), denote

Ey = |[u” | T 0.mir2()) - Dy = v [V llz 0,y x0) -
4

Hy — v 0 2 Fy = % V3 .

" (O)[771(02) » vallf HL%((O,T)xQ)

Then the vorticity w” satisfies

T
l// / W’ - pda’ dt
0 o0

4AL v C(Q)(1+1v2)E,T

1 1 L
< CA’TIOQ| + ( Dy + (F, + Vs Hj

Proof. For some ¢ < 6 to be determined later, let F be the o-algebra intro-
duced in Theorem 3| For some T, = 47*T with k to be determined later,
we compute the integral by

T Ty
1// / w”-cpdaz/dtzu/ / W’ - pda’ dt
0 JoQ 0 o

T
+y/ / (" — E[o”|F]) - o dd’ dt
v J O
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T
—|—1// / E[w”|F] - pdz’ dt
v JOQ

=1+ 1T+ IIL

We start with the second term. Note that since T, = 4~ *T, (T}, T) x 08 is
a F-measurable set, so

// W — E[w”|F]) - pda’ dt = // (¢ — E[p|F]) da’ dt.
v /00 v JOQ

Therefore,

T
I+ 10| = / /89 vw" - (wl{thu} + (p — E[90|]:])1{QTU}) da’ dt

< [lvw”]| 4 <ty + (0 = Elp|F)1s1

L3 ((0,T)x09) HSD
By assumption on ¢ and (4)) of Theorem

||(10||i4((0,T,,)><BQ) < A'T,|09,

542 A\l
5<VL+L>] 199

Hence, by choosing 6 = min {5 ) %} and choosing T, to satisfy

1 4 v 4
— < <
4Tmm{AL 1} <T, _Tmm{AL 1} ,

we can bound

LA((0,T)x8Q)

lle — Elol Fll Z4¢oryxo0) <

2 (T)o0))i.

[eriesny + (e~ Bl o ryom < T

As for the L5 norm of vw” , we use the global linear estimate Proposition

\IW”H3 <C()
L3 ((0,T)x09)

1 1
F,+ E? <I/1DV + yéﬂgﬂ .

Here we used || fY(¢)|| s, .. < | f@)| 1 ]Q\l% Combined we can bound
L5(Q) L3(Q)
the first two terms by
3
4

1
I+11) < C(Q)= [VsF +E? <V1DV+V§H3)] (T]0Q))1

h

1
3 1 3 1 T|082])%
< C(©) [V%Ff + B (Ds 4 VHJ*)] T2,
For the third term, denote w” = E[w”|F]. Then

1| <

/(TV,T)XaQ mul{y@ummax{%%}} cpda’ dt
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2
+7/ V\g0|d:v’dt—l—’y/ % lelda’ dt
(T, T)xo0 T (T, T)x59 0

vo’'1 )
{u\dw|>7max{%,g—2}}

+ Ay (V|8Q\ log (g) + V262T]8§2]> .

< 1l 8.1 0,1y x00)

L3°°((0,T)x09)

Recalling the choice of T, and §, we have
T
v|0Q| log (T) + 12672709
< 4v|09| log (ZLAVL) + V26 2T|09) + AT |09).
+

Moreover, by Theorem [3| we control the L3 weak norm by
1 2
< CW_E(DV + Fzz)g-

vl 2
{V|w”|>’ymax{%,’g—2}} 3
L2°°°((0,T)x0%)

And H(p”L&l((O,T)XaQ) < A(T’({?QD% Hence

(9)

(10) || < CA(T|9Q)37"3(D, + F,)3

+ <4log (ZM;L) + VS2> yAV|0Q + v A3T|09Q).
+

In conclusion, we have shown that
1

I+ 11+ 11| < CA(T|0Q) 3773 (D, + F,)3 +vAT|0Q| + R,

with a remainder

' ' 1
R, = C(®) [V%F,,i v (D Z,H,;)] (wTlo)

Next, we use Young’s inequality on each product, so

¢

Y
L 2 (uToQ)T 1 V3T|09)|
13 (yT|0Q 1 7|02

c@pipi VIO 15 L )Y L'f |

L  ~38
L (uT|09)3 vT|09)|
LA

1
WEfvH,]
CQ)E v T

(1) CATIRN 5Dy + RS < LDy + B+ © ATI09),

N

Ey,

1
<V3SH} +C(Q)

L,



LAYER SEPARATION IN A BOUNDED DOMAIN 23

Hence for every v < 1, we have

1 1 1
[T+ 1II+1I0] < (i + ’y) A3T\6Q\ + ZD” + ZF” + V%Hg

4AL v C(Q)(1+1v?)E,T
+ <4log <u>++52+ e Av|09)|.

This finishes the proof of the corollary by selecting v = 1. (]

To prove the main theorem, we will use the following elementary lemma,
which computes the evolution of L? distance between a Navier-Stokes weak
solution and a smooth vector field.

Lemma 4. Let u = u” € Cy(0,T;L*(Q)) N L*(0,T; H}(Q)) be a weak
solution to with force f = f¥ € LY(0,T; LY(R)), and let v be any C!
divergence-free flow with v-n =0 on 9S2. Then the L? inner product (u,v)
has the following time derivative:

jt(u,v):/Qu-(atv—l—v-Vv)—k[(u—v)@J(u—v)] : Dvdx + (vAu+ f,v)

where
(Au,v) = Opu - vda’ — / Vu: Voda.
[2}9] Q
If v = @ solves the Euler equation (EE]) with force f € L'(0,T; L*(Q)), then
d

dt(u,u):/Q[(u—u)@)(u—u)—VVu] :Va+u-f+u-fde

+v Opu - uda’.
80

In addition, if u is a Leray-Hopf solution with f € L'(0,T; L*(2)), then

1 _12 1 12 v 2 — 2
ey (1) = 5 o=y O+ 5 [ V0l (Vi dea
T
g/ lu = @20 1D oo 0 dt—u/ Opu - wda’ dt
0 (0,T)x 002

+/ (u—a)-(f — f)dxdt.
(0,7)xQ

Proof. For u € L>(0,T;L*(Q)) N L*(0,T; Hy()), v € L>(0,T; L*(Q)) N
L2(0,T; HY(Q)) N LY(0, T; WH*(Q)) with v - n = 0 on 952, we have
(v,u-Vu) + (u,v- Vo) = (v,u-V(u—v)) + (u—wv,v- V)
= (v,u-V(u—0))— (v-V(u—u),v)
= (v, (u—v)-V(u—0))
— (v, div](u— v) & (u - v)])
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:—/[(u—v)®(u—v)] : Vode
Q
= —/[(u—v)@(u—v)] : Dvdex.
Q

In the last step, we can replace Vv by its symmetric part Dv because (u —
v) @ (u — v) is symmetric.

If v = @ solves the Euler equation, then dyv + v - Vv = —Vp + f, so

jt(u,a):/Qu-fﬂ(u—a)@(u—a)]:Dadx

—1—1// &m-vdx’—zj/Vu:Vvd:U—l—/u-fdx.
o0 Q Q
Integrate between 0 and T

T
(u,u)(T)—(u,u)(O):/O /Q[(u—u)®(u—u)—uVu]:Vud:vdt

T T B
—i—u/ / &m-ﬂdx’—i—/ /ﬂ-f—i—u‘fdwdt.
0o Joa 0o Ja

Recall the energy inequality of the Leray—-Hopf solutions to the Navier—
Stokes equation and energy conservation for the Euler equation:

1
Sl @+ [ [ AV < Sl @+ [ [ pavar,

— |2y 2 _ . r
) (T) = 3 )220 >+/0 /Qu Fdedt.

—_

Combined we have

1 _ 1 _
2 llu— ul[72(0) (T) — 2 llu— ul[72(0) (0) + ¥ Vel 201y <)

—/j/ﬁ[(u—u)@(u—u)—uVu]:Vudx—u/oT/m8nu-udx’

+/OT/Quf+af—uf—afdxdt

T
L e . P s
/ /u—u (f - fdxdt—y/ / Opu - uda’.
o0
This completes the proof of the lemma. O

Proof of Theorem[2. For any 0 < t < T, by Lemma [4],

r ., v v Voo
5 Il — ]| 720y (1) + 5 IVu 172 (0.0 x02) — ) IVall72 (0.0 x0
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—_

t
< < lu” = alf2q (0) + / [ = @l 72y | Dl oo ) ds

—u/ /fm ) da’ ds+/(07t)XQ(u”—ﬂ)'(f”—f)dxds.

Here J[u] = n x u. Using Corollary [2| we can control the total work of the
friction force by

/ / da: dt
89

[\)

< CA3O0 + — IIVUVHL2 ((0,)xQ)

+f SI0E, + 08 (03
L3 ((0,6)x9) HY()
4AL v C(QOA+vH)E,T
<4log< ” ) +57+ A4 Av|09Q).

Using Cauchy—Schwartz inequality, the forcing term can be controlled by

/ (w—1i) - (f — J)dadt
(0,t)x2

= ey ()1,
< v _
< /O . |77 = 7]l .
By absorbing the dissipation term, we have
v = v v v =
(12) Ju” — UH%Q(Q) (t) + 5 [Vu H%Q((O,t)xﬂ) — [Ju” — UHQLQ(Q) (0)

t
< [ W =gy (21D ey + |1

+ CA30Q| + R, (1),

i)

where the remainder is

+v [Vl Z2 (0. <0

Lt 0tL2 Q)
v 4 14 2
+uE | f ”23(((“) o T [EHO][
4AL v C(Q)(1+1v2)E,T
2<4log< > )++32+ ALd Av|09)|.

By Gronwall inequality, we conclude that
v —112 14 V|2
lu” = allz2(q) (T) + 5 V@ ll72(0,1)x0)

< (I = all 320 (0) + CA*TIOQ| + R, (T))

T —
X exp (/0 —f‘p(mdt
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Note that
2
R, (0) = 8(log 4Re) { Av[9Q| + 205 [u”(0)|}r ), Ru(T) = 0as v —0

Theorem [I] and Corollary [T] are the consequence of Theorem

_)
L1(0,T;L2(9))

provided 2 ||u” (0 )||H1(Q +vi II.fv H (0.T)%9) ’

Proof of Theorem[1] and Corollary[1. We first prove these results with an
additional assumption that

(13) fre L3((0 T) x Q) and Vi Hf””m( T 0asv—0.

For each v we pick some T}, > 0 to be determined. By the energy inequal-
ity, it holds that

T,
v 1
v 2 v 2
v [T Ol dt < 5 0 O) -
0
Therefore, there exists some time £” € (0,7,) such that

14 14 1 14
VT, |V (€) 2y < 5 10 (O)]32qey -

Moreover, we know Hu”(f”)H%z(Q) < ||u”(0)H%2(Q) due to energy inequality.
Therefore
3

(14) e ()i o) < <2T +v > [u’ ()| F2) » 0  asv—0
provided 13T ! — 0. Picking T}, = v? will work, for instance.

We claim that the work of the friction force between 0 and £ is negligible:

gl/
/ / dx dt| =
o0

This is because by Lemma [4] we integrate from 0 to &”:
(u”, @)(€") = (u”,@)(0)
é‘l/
= / /[(u” — @) ® (v’ — 1) — vVu’] : Vidz dt
0o Jo

& 3 _
+V/ / w”'J[u}daz/dt—i-/ /u-f”—l—u”-fdxdt,
0 o0 0 Q

in which as v — 0, we establish the following convergences.

o (u’,u)(&") — (u,u)(0): @w(¢”) — u(0) strongly in L?*(92), while
u’(£¥) — w(0) weakly in L?(£2) up to a subsequence. This is because
u” — 4 up to a subsequence in C(0,T; H~1(2)) using Aubin-Lions

lim inf
v—0
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lemma, and v” are uniformly bounded in L*(0,T;L?(Q2)), hence
u’ — 4 in Cy(0,T; L*()). Thus as v — 0,

(u”,u)(€") = (u”(&"), u(€") —u(0)) + (u"(£") — u(&"),u(0))

+ (@(€”) — u(0),@(0)) + [|a(0)[|72(qy — [l(0)]*.
o (u”,u)(0) — (,u)(0): this is simply because u”(0) — u(0) in L?(Q).
o [[l(w —w)®? — vVu” ] Vu — 0: v — u is uniformly bounded in

L>(0,T; L*(Q)), and vaVau is uniformly bounded in L2((0,T) x £2).
e [[u-f”— 0: this is because

é—u

- f¥dxdt
Q

-1

< lall poe 0,720 LY(0,T;L2(9))

gl/

w- fdzdt| — 0.

e [[u”-f— 0:u” is uniformly bounded in L>(0,T; L%(12)).

These convergences prove the claim. Since this claim holds for any sequence
of u”, it must hold that

(1)—1// / dxdt—>0 as v — 0.
o0

Next, by Corollary [2| we can control the work of the friction force from
&Y to t whenever & <t <T:

// u)da’ dt
v J o

< C’A3t|0(2\ + = ||VUV||L2 (0,6)x )

4 L
_ Vi3 7HV3 v
Ly TP E)
4AL v C(Q)(1+vA)E,T
<4log< ” ) +57+ A4 Av|09Q)|.

1
Here H, (&) = Hu”(ﬁ”)”il(m, and v3 H;} (&) = 0 as v — 0 by (14). To-
gether with the energy inequalities, we have for every 0 <t < T"

v — v 174 v -
[u” — UH%Z(Q) (t) + 5 Vu H%Z((O,t)xQ) —lu” = UHQL?(Q) (0)

t
v 2 7 f
S/O [u” = ull 720 <2||Du||L°°(Q) _f‘LQ(Q)) ds
+ CA30Q| + R, (1),

1 1
T4k 205 H (£
+ v f HL%«O@XN vIHS ()

where
R, (t) = R +|| 1

12
L1(0,4;L2(Q)) T HquW((OJ)XQ)
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4AL vT  C()(1+vAE,T
2<4log (y)++52+ ( >(AL4 ) )AV|OQ|.

From our assumptions, we know R, (t) — 0 as v — 0. By Gronwall inequal-
ity, we conclude

14 — v 14
Ju” — u”%?(g) (T) + 5 |Vu H%?((O,T)XQ)

< (Ilw” = @720y (0) + CAST|O9| + Ry(T))

T -
X exp (/0 f‘p(ﬂ)d

Theorem (1| and Corollary (1| are proven by sending v — 0.

).

Finally, let us drop the assumption . Similar as before, we may assume
u’ — 4 in Cy(0,T; L*(2)). When f is not L3 in time and space, we can
take an average in time as follows. Let p,(t) = él{ogtgsl,}a for some €, > 0
depending on v to be determined, with ¢, — 0 as v — 0. Define @ = u”*p",

Fr=f"xp" by
t . t
Pt = wlso)ds s =] flads
t—ey t—ey
for t € [e,,T]. We extend our definition by @"(t) = @”(e,) and fr ) =
fY(ey) for 0 < t < e,,. Then @” solves the Navier—Stokes equation in (e, T):
Q"+ - V¥ + VP = A + f' + f7,

where

t
ff:ﬂ”-va”—u”-VuV::ﬂ”-Vﬂ”—][ u” - Vu” ds.
t—ey

Then @ —u” — 0in Cy(0,T; L*(R)), f*—f* = 0in L'(0,T; L*(Q)), f{ — 0
in L1(0 TL%(Q)) and thus

1 -1
< Cvie * |l o2 »

((0,T)x )
< C(Q)Viﬁ;% "Wl 20,7528 () IVU |l 20,0202 -
F+fy
By Lemma [4] we can estimate the inner product of @” and u:

(@”,u)(T) — (@, u)(ev)
// @ — i) ® (@ — §) — vV : Vadzdt

T
+v/ Ont” udx—l—//uf f dz dt.
g, JOQ

vi || f [

((0,T)x€)

—0asv — 0.

. 1 1
If we set, for instance, €, = v2, then v 4
L3((0,T)xQ)
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Due to convergence @* — u” — 0 in Cy(0,T; L?*(Q)), Va¥ — Vu” — 0 in
L2((0,T) x Q), and f¥ + f/ — f¥ in L'(0, TL%(Q)) we conclude

(u”, a)(T) = (u”,u)(0)
/ / u’ —u) ® (v —u) —vVu’] : Vude dt

—i—u/ opa” uda:—i—/ /u Y +u” - fdzdt+ R,
e, JON
(2)

for some Ry
term by

T
1// / Ot - uda’ dt
ey JON

— 0asv — 0. Using Corollary a we can bound the boundary

1 T
< CA3T|0Q| + ,,/ / |V’ > da dt
4 0 Q

1
+ZFI/+RV7

where R, —>0asy—>()andF,,—1/3 —0asv —0

P
((0,T)x)

as well. Combining with the energy inequality and Grénwall inequality, we

finish the proof of Theorem [l| and Corollary [1| for general force without

assumption ([13)). O

Finally, we recover the result of Kato from our analysis.

Proof of Theorem@ The term C A3T|09| of Theorem [ I is due to the inte-
gral IIT in in the proof of Corollary I, 2, which comes from two sources:
CA3T\8Q\ in can be traced back to the boundary vorticity estimate

@D and the other was yA3T|0€)|. For the former, if the Kato’s condition
(2) holds for § = /A, then by Theorem 3| we have for any v < 1,

3

2

lim
v—0

wal{ulw”bvma)({ t’é; }} L%’m((O,T)xBQ) =0

thus lim sup,,_,o [IT1I| < vA3T|0Q|. Consequently, LS(u) < yA3T|0S2|. This
is true for any v € (0, 1], therefore LS(u) = 0. The general case 6 = cv for
¢ > 0 is a simple consequence of the rescaling of time. O

Remark 2. The main part of the proof of Theorem [2|is to use Corollary [2| to
bound the work of boundary friction toward the Euler flow. One could also
study the work of fluid toward the boundary. This is related to the well-
known d’Alembert’s paradox: for an object traveling at a constant speed in
a steady potential flow, there is no drag force, so the ambient fluid does zero
work toward the object. However, in reality, an object moving in a fluid
experiences a drag force, no matter how small the viscosity is or how fast
the speed is.
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To be more precise, imagine that an object K is moving at a constant ve-
locity Uey in a low-viscosity incompressible fluid in a large periodic domain.
Sending the period to infinity is another nontrivial task, but we ignore it
here. Then in the reference frame of K, the fluid around it solves the Navier—
Stokes equation in Q = T3\ K, with a background flow & ~ —Ue; away
from the object. Denote ¥ = —P”Id + 2vDu” to be the stress tensor of the
fluid. Then the total force exerted on the object by the fluid at a given time
is

(15) / —Ynda’ :/ P'n — vo,u” da’.
onN o0

Here n is the outer normal of 92, i.e. the inward normal of 0K . This force
contains two parts: the first is due to pressure, and the second is due to
friction. In e; direction, the former is called “form drag”, whereas the latter
is called “skin drag”. The work done on the object in the static frame of
reference is

/ —Yn-Ue do' dt = / Yn - (=Uep)da’ dt.
(0,7)x 002 (0,T)x 002

Recall that the work done on the Kuler solution in the object’s frame of
reference is

V/ 6nu”-ﬂdm'dt:/ Yn - udy’ dt.
(0,7)x 00 (0,7)x 00

If 4w & —Ue; on the boundary, then they are approximately the same. In
particular, they are the same when K is a flat plate moving at a constant
velocity tangential to its surface.

The drag force experienced by the object has the following empirical for-
mula, which is derived from dimensional analysis by Lord Rayleigh:

1
Farag = b4 cd(Re)U2 S.

Here p is the density of the fluid, c¢q(Re) is a dimensionless parameter called
drag coefficient, depending on the shape of the object, and the Reynolds
number Re = %, where L is the characteristic length, and S is the refer-
ence area. One may choose L to be the diameter of the object K. It is
customary to choose S as the cross-sectional area, but for wings it should be
chosen as the lifting area. It has been observed experimentally that the drag
coefficient cq(Re) has a finite limit as Re — oo, i.e. v — 0. For instance, a
rigorous analysis shows the drag coefficient of a flat plate can be bounded
by approximately 295.49 [KG20] as Re — oo. Upon fixing a unit system
such that p = 1, the work done by the drag force from time 0 to T is exactly
ca(Re)UPT'S. In the case of a flat plate, u = —Uey, A =U, and S = 1[09).
Our work then shows that even for weak solutions, the inviscid limit of drag
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coefficient has an upper bound:

3
limsupcq(Re) < C (A) o9 <C.
Re—00 U S

For a general object K, we can set ¢ = —Ue; in Corollary [2] to provide a

constant upper bound for the limiting skin drag coefficient

CU3T|09) 09
li skin Re S S C ’
gg_s};lop cd,skin(Re) %U2 S.UT S

where cq skin is defined similarly as ¢4 but considering only the skin friction
drag, neglecting the form drag component.
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