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Quantifying entanglement is an important
task by which the resourcefulness of a quan-
tum state can be measured. Here, we develop
a quantum algorithm that tests for and quanti-
fies the separability of a general bipartite state
by using the quantum steering effect, the latter
initially discovered by Schrédinger. Our sepa-
rability test consists of a distributed quantum
computation involving two parties: a computa-
tionally limited client, who prepares a purifica-
tion of the state of interest, and a computation-
ally unbounded server, who tries to steer the
reduced systems to a probabilistic ensemble of
pure product states. To design a practical al-
gorithm, we replace the role of the server with
a combination of parameterized unitary circuits
and classical optimization techniques to perform
the necessary computation. The result is a vari-
ational quantum steering algorithm (VQSA), a
modified separability test that is implementable
on quantum computers that are available today.
We then simulate our VQSA on noisy quan-
tum simulators and find favorable convergence
properties on the examples tested. We also de-
velop semidefinite programs, executable on clas-
sical computers, that benchmark the results ob-
tained from our VQSA. Thus, our findings pro-
vide a meaningful connection between steering,
entanglement, quantum algorithms, and quan-
tum computational complexity theory. They
also demonstrate the value of a parameterized
mid-circuit measurement in a VQSA.
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1 Introduction

Entanglement is a unique feature of quantum mechan-
ics, initially brought to light by Einstein, Podolsky, and
Rosen [1]. Many years later, the modern definition of
entanglement was given [2], which we recall now. A bi-
partite quantum state cap of two spatially separated
systems A and B is separable (unentangled) if it can be
written as a probabilistic mixture of product states [2]:

can =3 pla)vh ® 6%, (1)

zeX

where {p(z)},cx is a probability distribution and %
and ¢F, are pure states. The idea here is that the cor-
relations between A and B can be fully attributed to a
classical, inaccessible random variable with probability
distribution {p(x)}secx.

The definition above is straightforward to write down,
but it is a different matter to formulate an algorithm
to decide if a general state is separable; in fact, it has
been proven to be computationally difficult in a vari-
ety of frameworks [3, 4, 5, 6, 7]. Intuitively, deciding
the answer requires performing a search over all possi-
ble probabilistic decompositions of the state, and there
are too many possibilities to consider. Regardless, de-
termining whether a general state pap is separable or
entangled, known as the separability problem, is a fun-
damental problem of interest relevant to various fields
of physics, including condensed matter [8, 9, 10], quan-
tum gravity [11, 12, 13, 14, 15], quantum optics [16], and
quantum key distribution [17, 18]. In quantum informa-
tion science, entanglement is the core resource in several
basic quantum information processing tasks [17, 19, 20|,
making the separability problem essential in this field
as well.

Part of the challenge in using entangled states for var-
ious tasks is that they are hard to produce and main-
tain faithfully on any physical platform. The utility
of entangled states drops off dramatically the further
they are from being perfectly or maximally entangled.
Therefore, assessing the quality of entangled states pro-
duced becomes an important task, thus motivating the
problem of quantifying entanglement [21, 22, 23, 24], in
addition to deciding whether entanglement is present.

To check whether a state is entangled and to quantify
its entanglement content experimentally, a rudimentary
approach employs state tomography to reconstruct the
density matrix and check whether the matrix represents
a state that is entangled [25, 26]. However, the compu-
tational complexity of this method scales exponentially
with the number of qubits, thus prohibiting its use on
larger states of interest. With the rapid development of
quantum computers of increasing size, it is already in-
feasible to perform tomography to estimate the density

matrices describing the states of these computers. It is
even more daunting to address the separability problem
using various well-known one-sided entanglement tests
[27, 28, 29, 30]. This leaves us to seek out alternative
methods for addressing the separability problem, and
one forward-thinking direction is to employ a quantum
computer to do so [5, 6, 7, 31].

An approach for addressing the separability problem,
which we employ here, involves the quantum steering ef-
fect, originally discovered by Schrédinger [32, 33]. The
idea of steering is that if two distant systems are en-
tangled, distinct probabilistic ensembles of states can
be prepared on one system by performing distinct mea-
surements on the other system. To describe this phe-
nomenon more precisely, we can employ some elemen-
tary notions from quantum mechanics. Let ¥op be a
pure state of two distant quantum systems C and D,
and let pc = Trp[ep| be the reduced state of the
system C'. Then by performing a measurement on the
system D, it is possible to realize a probabilistic ensem-
ble {(p(z),¥&)}. of pure states on the system C' that
satisfies pc = >, p(2)yE&. Moreover, for each possi-
ble probabilistic decomposition of pc, a measurement
acting on D can realize this decomposition. Steering
has been a topic of interest in recent years, with appli-
cations to quantum key distribution [34, 35|, quantum
optics [36, 37|, and the foundations of quantum mechan-
ics [38, 39].

As suggested above, we can make a non-trivial link
between the separability problem and steering, which
offers a quantum mechanical method for approaching
the former. To see it, recall that a purification of the
separable state o4p in (1) is a pure state prap that
satisfies Trr[praB] = 04B, and consider that one such
choice of the state vector |@)rap in this case is as fol-
lows:

[P ras = Y VP@)|2)r ® [ a @ |67)5,  (2)

zeX

where {|z)r}zex is an orthonormal basis. Purifications
are not unique, but all other purifications of 45 are
related to the one in (2) by the action of a unitary oper-
ation on the reference system R [40]. By inspecting (2),
we see that the systems A and B can be steered into the
probabilistic ensemble {(p(x),¥% ® ¢%)}per of prod-
uct states by performing the projective measurement
{|xXx|r}zex on the reference system R of ppap. This
leads to an idea for testing separability in the general
case. If purification of a general state psp is available
and the state pap is indeed separable, then one can
a) try to find the unitary that realizes the purification
in (2) and b) perform the measurement {|z}z|g}cx on
the reference system R. After receiving the outcome =z,
one can finally test whether the reduced state is a prod-




uct state.

As we will see in more detail later, the basic idea out-
lined above is at the heart of our method to test whether
a state is separable. Additionally, this approach leads
to a quantum algorithm and complexity-theoretic state-
ments for quantifying the amount of entanglement in
a state. We thus provide a meaningful connection be-
tween steering, entanglement, quantum algorithms, and
quantum computational complexity theory, which has
not been observed hitherto.

In this paper, we expand on the abovementioned idea
to develop various separability tests using the quantum
steering effect. Our separability test for mixed states
consists of a distributed quantum computation involv-
ing two parties: a computationally unbounded server,
called a prover, which can, in principle, perform any
quantum computation imaginable, and a computation-
ally limited client, called a verifier, which can perform
time-efficient quantum computations (see Figure 1). We
show in Theorems 1 and 2 that the acceptance proba-
bilities of our algorithms, in the ideal case, are directly
related to a bonafide entanglement measure, the fidelity
of separability. We also employ concepts from quantum
computational complexity theory [41, 42] to understand
how difficult this test is to perform. Our second con-
tribution results from a modification of our separability
test. In an attempt to design a practical algorithm, we
replace the prover with a combination of parameterized
unitary circuits and classical optimization techniques
to perform the necessary computation. This results in
a variational quantum steering algorithm (VQSA) that
approximates the aforementioned separability test (see
Figure 2). The concept of quantum steering is again
at the heart of our VQSA, just like the test for sepa-
rability that it approximates. Interestingly, we prove
that the acceptance probability of both tests is related
to an entanglement measure called fidelity of separa-
bility [22, 23]. We also generalize our separability test
and VQSA to the multipartite setting using appropriate
definitions of multipartite separability.

Next, we report the results of simulations of the
VQSA on a quantum simulator and find that they show
favorable convergence properties. In light of the lim-
ited scale and error tolerance of near-term quantum
computers, we develop semidefinite programs (SDPs) to
approximate the fidelity of separability using positive-
partial-transpose (PPT) conditions [27, 24] and k-
extendibility [29, 30] to benchmark the results obtained
from our VQSA. As variational quantum algorithms
(VQAs), in general, are prone to encountering barren
plateaus [43], we also explore how we can mitigate this
issue for our algorithms by making use of the ideas pre-
sented in [44].

Our approach is distinct from recent work on quan-
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Figure 1. Test for separability of mixed states. The verifier
uses a unitary circuit U” to produce the state {rap, which
is a purification of pap. The prover (indicated by the dotted
box) applies an entanglement-breaking channel Eg_, 4 on R
by measuring the rank-one POVM {u%}. and then, depending
on the outcome z, prepares a pure state from the set {¢%, }<.
The final state is sent to the verifier, who performs a swap test.
Theorem 1 states that the maximum acceptance probability of
this interactive proof is equal to 1 (1 + Fi(pap)), i.e., a simple
function of the fidelity of separability.

tum algorithms for estimating entanglement. For exam-
ple, VQAs have been used to address this problem by
estimating the Hilbert—Schmidt distance [45], by creat-
ing a zero-sum game using parameterized unitary cir-
cuits [46], by employing symmetric extendibility tests
[31], by estimating logarithmic negativity [47], and us-
ing the positive map criterion [47]. VQAs have also been
used to estimate the geometric measure of entanglement
of multiqubit pure states [48]. The work of [49] is the
closest related to ours, but the test used there requires
two copies of the state of interest and controlled swap
operations, while our VQSA does not require either. In
contrast, we introduce a paradigm for VQAs involving
parameterized mid-circuit measurements, which is the
core of our method for estimating entanglement, and
we suspect that this approach will be helpful in future
work for a wide variety of VQAs. Furthermore, as we
show in Theorems 1 and 2, the acceptance probabilities
of our algorithms, in the ideal case, are directly related
to a bonafide entanglement measure, the fidelity of sep-
arability.

2 Results

2.1 Quantum Interactive Proof for Fidelity of
Separability

We first introduce our test for the separability of mixed
states. Recall that a bipartite state is separable or un-
entangled if it can be written in the form given in (1),
where |X| < rank(cap)? |2, 50].

Our separability test for mixed states consists of a
distributed quantum computation involving a prover




and a verifier. The computation (depicted in Figure 1)
begins with the verifier preparing a purification ¥ rap
of pap. The verifier sends the system R to a quantum
prover, whom, in our model, we restrict to perform-
ing entanglement-breaking channels. The prover thus
performs an entanglement-breaking channel on the ref-
erence system R and sends a system A’ to the verifier.
An entanglement-breaking channel £z, 4- can always
be written as a measure-and-prepare channel [51], as
follows:
Enoa() = 3 Telui()] 6%, (3)
reX

where {u},}zcx is a rank-one positive operator-valued
measure (POVM) and {¢%, }zex is a set of pure states.
(Due to the above measure-and-prepare decomposition
of an entanglement-breaking channel, we can alterna-
tively think of the prover as being split into two provers,
a first who is allowed to perform a general quantum op-
eration, followed by the communication of classical data
to a second prover, who then is allowed to perform a
general operation before communicating quantum data
to the verifier. However, we proceed with the single-
prover terminology in what follows.) By performing
the measurement portion of the entanglement-breaking
channel, the prover has, in essence, steered the verifier’s
systems A and B to a certain probabilistic ensemble
of pure states. After steering the verifier’s system, the
prover sends system A’ to the verifier using the prepara-
tion portion of the entanglement-breaking channel. The
verifier finally performs a swap test on system A and A’
and accepts if and only if the measurement outcome of
the swap test is zero. The standard model in quan-
tum computational complexity theory [41, 42] is that
the prover is always trying to get the verifier to accept
the computation: in this scenario, the prover steers the
verifier’s systems A and B to an ensemble that has max-
imum overlap with a product-state ensemble and then
sends an appropriate state to pass the swap test with
the highest probability possible.

The maximum acceptance probability of the dis-
tributed quantum computation detailed above is equal
to

rI\r Hsy/nl I , 4
colx [(IT{7A ® IrB) Er—ar (YRAB)],  (4)

where IT%}") is the projector onto the symmetric sub-
space of the A’ and A systems, and EBg_, 4» denotes
the set of all entanglement-breaking channels with input
system R and output system A’. We find in Theorem 1
below that the maximum acceptance probability in (4)
can be expressed as a simple function of the fidelity of
separability of pap, the latter defined as [22, 23]

Fs(paB) = max F(paB,oaB), (5)

ocABESEP(A:B)

where SEP(A:B) denotes the set of separable states

shared between Alice and Bob and F(p,0) = || \/ﬁ\/EHi
is the fidelity of the states p and o [52]. The fidelity of
separability is also known as the maximum separable
fidelity [5, 6, 7]. With this definition, we state the first
key theoretical result of our paper:

Theorem 1 For a pure state Yrag, the following holds

rI\r Hsy/rn I ,
colx (T34 ® IrB) Er—ar (VRAB)]

. 1+Fs(pA )
= L pan) g

where Fs(pap) is the fidelity of separability of the state
pap = Trr[traB].

See the first part of Section 4 for a brief overview of
the proof and Appendix A for a detailed proof. Appen-
dices B and C recall some auxiliary results that support
the proof in Appendix A. With this theorem, we have
established a separability test for mixed states.

2.2 Variational Quantum Steering Algorithm for
Fidelity of Separability

We want to point out two important aspects of our sep-
arability test from Section 2.1. First, note that the swap
test at the end of the computation essentially leads to
a measure of overlap between the state of the verifier’s
system and the state provided by the prover. The other
important point is that, in the real world, no computa-
tionally unbounded quantum prover is available to pro-
vide the ideal states required for the tests.

Taking both these points into consideration, we mod-
ify the computational scenario in Figure 1 to a) mea-
sure the necessary overlaps directly and b) make use
of quantum variational techniques [53] (parameterized
unitary circuits and classical optimization of parame-
ters) to approximate the actions of a computationally
unbounded prover. The resulting procedure also tests
and quantifies the separability of a given state by esti-
mating its fidelity of separability. This procedure is a
different quantum variational technique called a varia-
tional quantum steering algorithm (VQSA). As can be
seen in Figure 2, quantum steering is at the core of the
VQSA via the use of a parameterized mid-circuit mea-
surement.

Our VQSA is structured as follows. Let pap denote
the state for which we want to estimate the fidelity of
separability, and let 1z 4 be a purification of it, which
results from the action of the unitary operator U” on
the all-zeros pure state |0)0]. Once we have Yrap, we
can attempt to access all possible pure-state decompo-
sitions {(p(z), Y% 5) }zex of pap by acting on system R
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Figure 2: Quantum part of the VQSA to estimate the fidelity
of separability Fs(pap). The unitary circuit U prepares the
state ¥ rap, which is a purification of pap. The parameterized
circuit Wr(©) acts on R to evolve ¢rap to another purifica-
tion of pap. The following measurement, labeled “steering
measurement,” steers the systems AB to be in a pure state
Y% p if the measurement outcome x occurs. Conditioned on
the outcome z, the final parameterized circuit UZ (©7) and the
subsequent measurement accepts with a maximum probability
of Fs(paB).

with unitary operations. We use the first parameterized
unitary Wg(©) to do so. To ensure that we have a suf-
ficient number of measurement outcomes (to cover the
possible case when |X| = rank(pap)?), we can prepare
some ancilla qubits in the all-zeros state, for a system
R’, and act with W on R and R’. However, without
loss of generality, these extra qubits can be grouped as
part of an overall reference system, relabeled as R.

After the action of Wx(©), the reference system is
measured in the standard basis, and based on the out-
come x, the post-measurement state of the system AB
is a pure state 1% 5. We then estimate the maximum
eigenvalue of the reduced state 1% : this can be accom-
plished by performing a parameterized unitary U%(©7),
based on the outcome x, on the reduced state 1%, mea-
suring all qubits of A in the computational basis, and
accepting if the all-zeros outcome occurs.

Using a hybrid quantum-classical optimization loop,
we can maximize the acceptance probability to estimate
the value of the fidelity of separability. The quantum
part of this VQSA is summarized in Figure 2.

Theorem 2 If the parameterized unitary circuits in-
volved in the quantum part of the VQSA, summarized
in Figure 2, can express all possible unitary operators of
their respective systems, then the mazrimum acceptance
probability of the quantum circuit is equal to Fs(pap).

See Appendix D for a detailed proof.

2.3 Benchmarking Semidefinite Programs and
Examples

Since our algorithms will be running on near-term quan-
tum computers with limited scale and error tolerance,
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Figure 3: Fidelity of separability calculated for a (3/4,1/4)
classical mixture of |[®1) and |®~) using our VQSA (blue line).
The algorithm converges to 0.93, which agrees with the value
obtained using the benchmarks F! and F2.

we develop semidefinite programs (SDPs) to bench-
mark the results from our VQSA because the ideal out-
comes can be estimated classically for small numbers
of qubits. Our benchmarks Fl(pag, k) and F2(pap, k)
are based on the positive partial transpose (PPT) and
k-extendibility hierarchy. See details in Appendices E
and F.

We now present an example simulation of our VQSA
to demonstrate that it can estimate the fidelity of sep-
arability. For our first example, we take the state of in-
terest pap to be a (3/4,1/4) probabilistic mixture of two
maximally entangled states, |®1) = 1/1/2(|00) + [11))

and |®7) = /1/2(]00) — |11)), so that
pan = BT £ KR (7)

Systems R, A, and B of the purification of p4p contain
one qubit each. See Figure 3 for the results. We use
the benchmarks and VQSA to estimate the fidelity of
separability as ~ 0.93. We evaluate these benchmarks
for different levels of the k-extendibility hierarchy. See
Appendix G for more examples and Appendix H for
details about the code we developed.

As a second example, we consider a state consisting
of four qubits. Let us consider the four qubit state |))
defined as follows:

% (10) 4,10 4, 10) 5, 1005, + 1) s [1) 4 1) 5,1 1)5,) |
(8

where A consists of two qubits A; and As and B con-
sists of two qubits By and Bs. We then pass A; and
A, through a qubit depolarizing channel defined as
Dp(p) = (1 —p)p + pl/2 where p = 0.7. So, the fi-
nal state under consideration can be written as

PAB = (D;D,Al ® D Ay @ ]IBI ® I[BQ) (W}qu') : (9)
We can then use our VQSA to estimate the fidelity of
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Figure 4: Fidelity of separability calculated for the state pap
as specified in (9) using our VQSA (blue line) and F; (orange
line).

separability for p4p and compare the result against the
previous SDP benchmarks. See Figure 4 for the results.

2.4  Generalization to Multipartite Fidelity of
Separability

We also generalize our VQSA to measure the fidelity
of separability of multipartite states in the following
fashion. A multipartite state pa,..a,, € D(Ha, .4y ) =
D(Ha, ®---®Ha,,) is separable if it can be written as

paveas = 3 p@WE @ @Rl (10)

zeX

where 1/1 «, 1s a pure state for every z € X and i €
{1,. M} Let M-SEP denote the set of all pa,...4,, €
D(’HAI...AM) such that p4,...a,, is separable.

For the multipartite case of the distributed quan-
tum computation, the verifier prepares a purification
Ypa,...a, Of Pa,..a, - The prover applies a multipar-
tite entanglement-breaking channel on R, which can be
written as:

Eroayar, ()

®¢x M 11) . (1

where {u%,}, is a rank-one POVM and {ngA/ Yz is a set
of pure states. The prover sends systems (AM~1)" =
Ay --- Al to the verifier. Finally, the verifier per-
forms a collective swap test on these systems and the
systems Aj - -+ Ay, as depicted in Figure 5. The accep-
tance probability of this distributed quantum computa-

tion is given by

56%1]3&3 lTr[H?AIJIC, 1) AM - 15R~>(AM*1)’(1/JRAA[*1)]7
(12)
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Figure 5: Test for separability of multipartite mixed states.
The verifier uses the unitary circuit U” to prepare the state
WRA, As A3 A,, Which is a purification of pa, 4,454,. The prover
(indicated by the dotted box) applies an entanglement-breaking
channel ER_,A/IA/zAé on R by measuring the rank-one POVM
{u% }eex and then, dependlng on the outcome z, prepares a
state from the set {qﬁA, ® qﬁA, ® qﬁA, tzex. The final state
is sent to the verifier, who performs a collective swap test.
Theorem 3 states that the maximum acceptance probability of
this interactive proof is equal to = (1 + Fs(pa,ara54,)), i€, a
simple function of the fidelity of separab|I|ty

where H?ﬁf@,l), -1 is the projection onto the symmet-

ric subspace of systems (A" ~1)" and AM~! and EBys_,
denotes the set of multipartite entanglement-breaking
channels defined in (11). This leads to the following
theorem:

Theorem 3 For a pure state pam
following equality holds:

= YRA, Ay, the

Ee%l}_%\); lTr[HsAr]r\nl 1)/(AM - I)ERHA, Al l(wRAM)}

(1+ Fo(pay-ay)), (13)

M\»—t

where the multipartite fidelity of separability is defined
as

Fs(payay) =

. 14
oAl,.,AIE%)If/I—SEPF(pAl Apns O A AM) ( )

See Appendix I for a proof. We can then use the gen-
eralized test of separability of mixed states to develop
a VQSA for the multipartite case. See Figure 6. This
involves replacing the collective swap test in Figure 5
with an overlap measurement, similar to how we got
Figure 2 from Figure 1.
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Figure 6: VQSA to estimate the multipartite fidelity of separa-
bility Fis(pa, As 434, ). The unitary circuit U” prepares the state
YRA, A2 A3A4, Which is a purification of pa,4,454,. The pa-
rameterized circuit Wg(©) acts on R to evolve the state to an-
other purification of pa, 4,454,. The following measurement,
labeled “steering measurement,” steers the remaining systems
to be in a state 9%, 4,4,4, if the measurement outcome x
occurs. Conditioned on the outcome x, the final parameterized
circuits Uﬁ’ll(@‘f), Uﬁf(@g), and Uﬁf(@%) are applied and the
subsequent measurement accepts with a maximum probability
of Fu(payarasas)-

2.5 Quantum Computational Complexity Con-
siderations

Our final result is regarding the computational complex-
ity of estimating the fidelity of separability Fs(pap)-
The complexity-theoretic approach allows us to clas-
sify the separability problem based on its computational
difficulty. Analyses of this form can be effectively con-
ducted within the framework of quantum computational
complexity theory [41, 42].

In the paradigm of complexity theory [54], a complex-
ity class is a set of computational problems that require
similar resources to solve. If a complexity class A is con-
tained within another class B, then some problems in B
could require more computational resources than prob-
lems in A. To effectively characterize the difficulty of a
class of problems, we pick a problem that is representa-
tive of the class or complete for the class. A problem h
is considered complete for a complexity class A if h is
contained in the class and the ability to solve problem h
can be extended efficiently to solve every other problem
in A.

To tackle the question posed about the computational
complexity of estimating the fidelity of separability, we
define QIPEg(2) to be the complexity class containing
problems that can be solved using a prover restricted to
using only entanglement-breaking channels, which pro-
cesses a quantum message received from the verifier and
sends back a quantum message to the verifier. Thus, es-
timating the fidelity of separability of a given state then
falls within QIPgp(2), as seen from Figure 1. To fully
characterize this novel complexity class, we provide a
complete problem for it. We establish that, given quan-

QIP (2) QIPgg(2)
QSZK QAM
QMA
BQP

Figure 7: Placement of QIPgg(2) relative to other known com-
plexity classes. The complexity classes are organized such that
if a class is connected to a class above it, the complexity
class placed lower is a subset of the class above. For exam-
ple, QIPes(2) is a superset of both QSZK and QAM.

tum circuits to generate a channel N4_,p and a state
pB, estimating the following quantity is complete for

QIPEB(Q)

max ) F m,N zYY) 15
{(p@),w)}z,{@z}m;P() (B, Nasp(9a)). (15)
p=Y p(@)V}

See Appendix J for details and an interpretation of this
quantity.

By placing the problem of estimating the fidelity of
separability in the class QIPgp(2), we establish results
that link quantum steering and the separability prob-
lem to quantum computational complexity theory. Fur-
thermore, we show that the complexity class QIPgg(2)
contains QAM [55] and QSZK [56]. It also follows, as a
direct generalization of the hardness results from [5, 6],
that the problem of estimating the fidelity of separa-
bility is hard for QSZK and NP. All of the aforemen-
tioned complexity classes are considered to be, in the
worst case, out of reach of the capabilities of efficient
quantum computers. See Appendix K for proofs and
Figure 7 for a detailed diagram. However, following the
approach of [57], we can try to solve some instances of
problems in these classes using parameterized circuits
and VQAs.

3 Conclusion and Discussion

In this paper, we detailed a distributed quantum com-
putation to test the separability of a quantum state




that, at its core, uses quantum steering. This test
demonstrated a link between quantum steering and the
separability problem. The acceptance probability of
this distributed quantum computation is directly re-
lated to an entanglement measure known as the fi-
delity of separability. Using the test’s structure, we
also showed computational complexity-theoretic results
and established a link between quantum steering, quan-
tum algorithms, and quantum computational complex-
ity. By replacing the prover with a parameterized cir-
cuit, we modified this distributed quantum computa-
tion to develop our VQSA, a novel kind of variational
quantum algorithm that uses quantum steering to ad-
dress the problem of estimating the fidelity of separa-
bility. This algorithm allows for the direct estimation
of the fidelity of separability without the need for state
tomography and subsequent approximate tests on sep-
arability. Our algorithm is not unitary due to the mid-
circuit measurement on system R and the consequent
conditional operation applied on system A. This is an
important distinction from most VQAs, which do not
use a parameterized mid-circuit measurement. We also
discuss multipartite generalizations of both our separa-
bility test and VQSA. Finally, we simulated our VQSA
using the noisy Qiskit Aer simulator, which showed fa-
vorable convergence trends and was compared against
two classical SDP benchmarks.

Our VQSA has applications beyond entanglement
quantification on a single quantum computer. We can
also think of our VQSA as a distributed variational
quantum algorithm for measuring the entanglement of
a bipartite state. See [58, 59, 60| for previous instances
of distributed VQAs. Indeed, our algorithm can be ex-
ecuted over a quantum network in which each node has
quantum and classical computers capable of performing
VQAs. The initial part of the algorithm distributes R
to Rob, A to Alice, and B to Bob, who are all in dis-
tant locations. Then, Rob performs the parameterized
measurement and sends the outcome over a classical
channel to Alice, who performs another parameterized
measurement. Then, they can repeat this process to as-
sess the quality of the entanglement between Alice and
Bob. This interpretation is even more interesting re-
garding quantum networks for the multipartite case, in
which the classical data gets broadcast from Rob to all
the other nodes except the last one.

VQSAs can tackle other problems involving quantum
steering, like maximizing the pure-state decompositions
of quantum states. This technique may also be helpful
for estimating other entanglement measures that involve
optimizing the set of separable states. By applying the
insights of [61, Appendix A] and our approach here, it
is clear that VQSAs will also be helpful for estimating
maximal fidelities associated with other resource theo-

ries, such as the resource theory of coherence [62]. More
broadly, we suspect that the paradigm of parameterized
mid-circuit measurements and distributed variational
quantum algorithms will be helpful in addressing other
computational problems of interest in quantum infor-
mation science and physics, given recent advances in
experimental implementations [63, 64, 65, G6].

Going forward from here, we consider it an important
open question in quantum computational complexity
theory to place a non-trivial upper bound on the class
QIPgp(2). As indicated in Remark 7, an approach us-
ing the known quantum de Finetti theorem from [67,
Theorem II.7’] does not appear to be helpful for this
task.

4  Methods

This section briefly overviews the techniques used to
prove Theorem 1, our main result, a brief description of
SDP benchmarks, and essential details about our sim-
ulations.

To gain intuition about the separability test for mixed
states, let us formulate a simple test for the separability
of pure states. From (1), we can see that a pure bipartite
state pap is separable if it can be written in product
form, as

paB =1a ® ¢, (16)

where 14 and ¢ are pure states. The test we developed
below is important because it will reappear as part of
the test for separability in the general case, along with
quantum steering. Additionally, our approach slightly
differs from the standard approach for testing entangle-
ment of pure states, which employs two copies of the
state in a swap test [68, 69, 7]. Instead, our approach
requires only a single copy of the state.

Our pure-state separability test consists of a dis-
tributed quantum computation involving a prover and a
verifier (see Figure 8). The computation starts with the
verifier preparing the pure state ¥4 5. The prover sends
the verifier the pure state ¢4/ in register A’. (We note
that the prover can send a mixed state; however, the
maximum acceptance probability of the test is achieved
by a pure state. Hence, without loss of generality, the
prover must send a pure state.) The verifier then per-
forms the standard swap test [70, 71] on A and A’ and
accepts if the measurement outcome is zero. In the
standard model of quantum computational complexity
[41, 42], the prover attempts to get the verifier to ac-
cept the swap test with as high a probability as pos-
sible. Thus, in this scenario, the prover selects ¢ -
to maximize the overlap between the reduced stated
s = Trg[thap] and ¢4,. The maximum acceptance




Figure 8: Pure-state separability test: The verifier has the pure
state Yap of interest. The prover (indicated by the dotted
box) sends the verifier a pure state ¢4/, who then performs
the standard swap test on systems A’ and A. As mentioned in
(18), the acceptance probability is equal to 3 (1 + [[¥all ).

probability is then equal to

max Tr[(IT}") ® Ip)(par @ Yap)]

% (1 o+ max Tr[Fara (6 @ wA)]) (17)

% (1 + mngr[qu/}A]) = %

(1+l[Yalle),  (18)
where F4/ 4 is the unitary swap operator acting on sys-
tems A’ and A, the projector Iy == 2 (Iara + Fara)
projects onto the symmetric subspace of A’ and A, and
ll¥all,, is the spectral norm of the reduced state 14
(equal to its largest eigenvalue). Since |14l = 1 if
and only if ¢4 is a pure state and this occurs if and
only if ¥ 4p is a product state, it follows that the max-
imal acceptance probability is equal to one if and only
if ¥ 4p is a product state.

Now we outline the proof of Theorem 1, which relies
on two important facts. The first is that the fidelity of
separability can be written in terms of a convex roof as
follows [61, Theorem 1]:

F = max
(pap) = Jax

> p(@)F(hp),  (19)
pap=y  p(@)¥hip v

where {p(z)}, is a probability distribution and each

Y% is a pure state. See also [72, Lemma 1]. The

second fact is that, for a pure bipartite state, Fs(¢ap)

can be rewritten as [61, Section 6.2]

Fy(YaB) = [¥all« - (20)

Along with these facts, we also note that the optimiza-
tion over all entanglement-breaking channels in (4) is
the same as optimizing over all pure-state decomposi-
tions of p4p and the rest of the proof follows. For com-
pleteness, we provide proofs of (19) and (20) in Appen-
dices B and C, respectively. It follows from (1) and (20)
that > p(z) |[¢4]|,, = 1 for a separable state, which
is the maximum possible value of Fs(pap). Hence, the

distributed quantum computation in Figure 1 tests and
quantifies the separability of a state by estimating its
fidelity of separability. Finally, note that the computa-
tion in Figure 1 can be reduced to that in Figure 8 if the
purifying system R is trivial, implying that the verifier
only prepares a pure state on systems A and B in this
case.

Benchmarking via semidefinite programs—Here we
briefly explain the derivation of the SDP benchmarks
Fsl(pABv k) and FE(pAB’ k)

First, let us recall that the fidelity between two quan-
tum states has an SDP formulation [73]. Since there is
no semidefinite constraint that directly corresponds to
optimizing over the set of separable states [74], we can
approximate the fidelity of separability of a state by
maximizing its fidelity with positive partial transpose
(PPT) states [27, 28] and k-extendible states [29, 30].
Further noting that the PPT and k-extendibility con-
straints are positive semidefinite constraints, we ob-
tain our first benchmark Fl(pap,k), defined in Ap-
pendix E, and which is proven there to satisfy the fol-
lowing bounds:

Fs(pAB) S ﬁsl(PAB7 k)
2

1B/ |BI°
Ll S (R bl B
k k ’

(21)

<1l- 1_Fs(pAB)_2

where |B| is the dimension of system B. By inspection
of the above inequalities, observe that

Jim Fl(pap, k) = Fo(pag). (22)

The second benchmark can be obtained using (4).
Just like PPT and k-extendible states were used to ap-
proximate separable states for the first benchmark, we
use PPT channels [75, 76] and k-extendible channels
[77, 78, 79, 80] to approximate entanglement-breaking
channels, leading to our second benchmark F2(pag, k).
We show that F2(pap, k) is an SDP and approximates
the fidelity of separability in the following fashion:

3
141" 1B

Fs(pap) < ﬁf(ﬂA&k‘) < Fy(paB) + 2

(23)

where |A| and |B| is the dimension of systems A and
B, respectively. See Appendix F for a proof. Again,
observe that

lim F(pap. k) = Fu(pa). (24)

Simulations and Reward Functions—For our simu-
lations, we use the Qiskit Aer simulator and Qiskit’s




Simultaneous Perturbation Stochastic Approximation
(SPSA) optimizer to perform the classical optimization.
The jitters in the fidelity values between iterations of the
VQSA can be attributed to the shot noise in estimating
the acceptance probability using the Qiskit Aer simu-
lator, as well as the fact that the SPSA optimizer we
have used to perform the classical optimization is itself
a stochastic algorithm. We provide more examples in
Appendix G.

An essential issue with variational quantum tech-
niques, such as VQAs, is the emergence of barren
plateaus or vanishing gradients as the number of qubits
increases [43|. However, recent results have shown that
this problem can be mitigated by switching from a
global reward function to a local reward function [44].
In our case, a global reward function is one in which
we measure all the qubits that constitute system A, as
done in the approach discussed in Theorem 2. An exam-
ple of a local reward function involves selecting a qubit
in the system A at random to measure in the compu-
tational basis and recording the outcome, accepting if
the result is equal to zero. Our proposed local reward
function can be used to obtain upper and lower bounds
on our initial global reward function, following the ap-
proach of [81, Appendix C] and discussed for complete-
ness in Appendix L. Local functions have also been used
to avoid barren plateaus in VQAs to determine the ge-
ometric measure of entanglement for pure states [82].
We provide simulations of the local reward function in
Appendix G, indicating that the local reward function
can also be used to estimate the fidelity of separability
of a given state.
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plicativity of accessible fidelity and quantumness

A Proof of Theorem 1

In this appendix, we prove Theorem 1, showing that the acceptance probability of the first test of
separability for mixed states is equal to 3 (14 Fy(pag)).

Proof of Theorem 1. Recall that an entanglement-breaking channel can be rewritten as

Ersa () = D Tr[up()]o%, (25)

where {u%}, is a rank-one POVM and {¢%, }. is a set of pure states. Then we find, for fixed Ex_, 47,
that
Te[IT3 AER»a (YraB)] = 5 Tr[(Lara + Fara)Ep—sa/(VYraB)] (26)

(14 Tr[Fara€roa (YraB)) - (27)

N — DN —

So let us work with the expression Tr[F a4 a€r 4/ (¢¥rap)]. Consider that

Tr[Faalpoa(Vrap)) = Tr|Faa Y Trp[pfrap] @ Qﬁx/] (28)
=Tr|Faa) p(x)dhp ® ¢f04/] (29)
DV ETEr (30)
=>_p(@){(d"[av4]é") , (31)
where
p(z) = Tr[upYras), (32)
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1
Vap = (@) TrrpupYras). (33)

Thus, the acceptance probability for a fixed entanglement-breaking channel is given by

T s a(Yran)] (1+zp mwwn). (34)

After optimizing over every element of EBg_, 4, which denotes the set of all entanglement-breaking
channels with input system R and output system A’, and realizing that optimizing over measure-
ments in £g_, 4 induces a pure-state decomposition of pp and optimizing over preparation channels
in &g, 4 gives the spectral norm of ¥%, we find the claimed formula for the acceptance probability,
when combined with the development in Appendices B and C:

A 1+ F,
EeEB 4 Tr[(IT3% © Ire)Er-a(VRAB)] = Q(Mwﬁ'

(35)

This concludes the proof. m

B Alternative Proof of Equation (19)

This appendix provides an alternative proof for Theorem 1 in [61]. This proof relies on Uhlmann’s
theorem [52], the triangle inequality, and the Cauchy—Schwarz inequality. See also [72, Lemma 1].

Theorem 4 ([61]) The following formula holds

Rlouw) = max {zp Fis)  pan = Sl %} (36)

where {(p(x), V%) e satisfies >, p(x) % s = pap, all V%5 are pure, and

Flan) = max |(]asldha @ [o)ul* (37)

Proof. Since the definition in (5) requires an optimization over all separable states, we take
|X| = (JA||B|)®. The separable state in (1) is purified by

17 rap = D \/p(x)|x)R|[YT) A|6%) 5. (38)

Now consider a generic purification |[¢*) g ap of pap. Recall that the dimension of the purifying
system R’ satisfies rank(pap) < |R’| and so we can simply set |R'| = |A||B|. Taking R” to be a
system of dimension |A||B], we then have that

V°) rraB|0) rr (39)

purifies pap. Applying Uhlmann’s theorem [52|, the maximum separable root fidelity can be
written as

F —
UABG%]-}?‘P})%AB) \/_(pAB’ UAB)
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U7

{(p@wra0z)} "

where the maximization is over every unitary Up s g. Expanding Ug gr—g|Y?) rrap|0) g in terms
of the standard basis |z) as

Urrr—el0”)mapl0)rr = D\ a(z)|z)rl¢") a, (41)

reX

max ‘ <Z \/M<I,|R<¢w/|z4<¢x/|3> (UR’R”—>R ® IAB) |77Z)p>R/AB|0>R// s (40)

we note that U followed by a measurement in the standard basis induces a convex decomposition
of pap in terms of the ensemble {(q(x), ¢% )} . We can write the root fidelity as

max  VF(pap,oap) = max > Va(@)p(@) zla ) r (@ |alv™) al6™) 5

ocAp€SEP(A:B) {(P(I)vWAv‘f’IB)}w’ !
{(a(2), 0% 5)} e

= max > \Va(@)p(@) (¢ aslt") ald") (42)
{(r@w=a03)} 17
{(a(@).¥%5)}e

= max > Va(@)p(@) (" aB[¥") al¢") 5| . (43)
{(p(x)7¢lA7¢aé)}m7 x
{(a(). % B)}e

Next, for fixed {(p(z),¥"a,¢%)}, and {(¢(z), ¢%p)}z, we bound the objective function in the

optimization above as follows:
> Va@)p(@) (e asl¥") ale”) 5| < Z\/ ) (©*|aB|¥*) al0") Bl (44)
¢Zp<x>\/zq<x> (e laslor)alor)al  (45)

) V 3 a(2) K7 Lanlv7) al6) (46)

The first inequality follows from the triangle inequality, and the second from an application of
Cauchy—Schwarz. We see that equality is achieved in the second inequality by choosing

p(z) = a(2) [(¢*|al¢") al6") B[

e alz) {p®laslvm) alo?) 5|

We can achieve equality in the first inequality by tuning a global phase for the state [¢)*) 4, which
amounts to a relative phase in (38). Putting everything together, we conclude that

max F , T max max T @ T 27 48
o e, Flpas 0ap) = {(a(@)#% p) }z%:q (woi e )17|<<P |aB[¢") 4l0") 5 (48)

IN

(47)

which is equivalent to the desired equahty in (19). =

C Proof of Equation (20)

In this appendix, we show that the fidelity of separability of a bipartite state can be written in
terms of the spectral norm, which was also observed in |61, Section 6.2].
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Proposition 5 For a bipartite state, the following equality holds

Pl = AB}{ZP W31 oan = St uzAB} (49)

Proof. Consider that the following holds for a pure bipartite state 1 45:

F(¥ap) = max |(0laslé)a © o)l

:Iﬁ?x (|4 © (0] 5l¢)as|?

= max || (¢4 ® I|) a5l
|9} a

(50)
(51)
(52)
(53)
(54)
(55)

= max Tr[(|o)o]a ® Ip)Yan) 53
= max Tr[|pX | a0 4] 54
= |lvallo 55

The first two equalities follow from the definition and a rewriting. The third equality follows from
the variational characterization of the Euclidean norm of a vector. The fourth equality follows
because

(814 ® Isl¥)agll; = ((V]asld)a @ Is) ((¢la @ Ip|v)an) (56)
= (Y]anloX9la © Il) an (57)
= Tr[(l¢Xola ® Ip)Pas]- (58)

The next step follows by taking a partial trace and the final equality from the variational charac-
terization of the spectral norm. So this implies the desired equality after applying (19). =

D Proof of Theorem 2

In this appendix, we show that the acceptance probability of our VQSA is indeed equal to Fy(pap)
if the parameterized unitary circuits can express all possible unitary operators of their respective
systems. For this, let us track the state of the VQSA at the points indicated in Figure 9.

e At Step (1), the unitary U” prepares the pure state ©)p4p. This is a specific initial purification
of pap.

e At Step (2), we apply the parameterized unitary circuit Wx(0) to ©¥grap. Expanding
Wgr(©)|[1*)grap in terms of the standard basis {|z)}, leads to

O)Y)rar = D_ \Ja(@)|2)rl¢") . (59)

reX

e At Step (3), the measurement outcome x occurs with probability ¢(z), and the state vector of
registers A and B becomes %) 4p.

e At Step (4), depending on the measurement outcome x, we apply the parameterized unitary
circuit U%(07) to register A. The state vector is now U%(0%)|p") ap.
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0) qUPE= U*(07) | ()

(1) (2) 3) (4) ()

Figure 9: VQSA to estimate the fidelity of separability Fs(pap). The unitary circuit U” produces the state ¥ rap, which is a
purification of pap. The parameterized circuit Wgr(©) acts on R to evolve ¥ rap to another pure-state decomposition of pas.
The following measurement steers the system AB to be in a pure state ©% g if the measurement outcome x occurs. Conditioned
on the outcome z, the final parameterized circuit U%(©7) and the subsequent measurement estimates [|1)%]|

e At Step (5), we trace over B and measure A in the standard basis. We accept when we get
the all-zeros outcome. The acceptance probability is then equal to

Z q(z) (0] UZ(0")¢% ( UA Z q(x) (¢"| a2l @") 4, (60)

TEX TeEX
where we have defined |¢7) 4 == (U%)"|0).
e Maximizing the acceptance probability corresponds to maximization over the parameters of
Wgr(©) and U%(07).

e Maximization over the parameters of W is a maximization over all possible pure-state decom-
positions of pap.

e Maximization over the parameters of U%(©%) is a maximization of (¢%|p%|¢”), which yields
the value of ||¢% ]|,

e The maximum acceptance probability is equal to

o {;p@) 15l : pas = ;puwzg}, (61)

which is in turn equal to Fy(pag), by Proposition 5.

This proves that if the parameterized unitary circuits can express all possible unitary operators
of their respective systems, the maximum acceptance probability equals Fy(pap). However, we
note that any ansatz employed for the parameterized unitary circuits has limited expressibility.
As such, the maximum acceptance probability obtained via the VQSA will also be closer to the
actual value of Fy(pap) if we use a more expressive ansatz.

E  First Benchmarking SDP F! and Proof of Equation (21)

This appendix details the derivation of our first benchmarking SDP Fsl, based on the SDP for
fidelity [73]. Let pap and oap be bipartite states. The SDP for the root fidelity v F(pas,oan),
which makes use of Uhlmann’s theorem [52], is as follows:

v pa  Xap
= Tr| X :
Floap, oa6) XAB%&%({AB) { Re[Tr[Xaz] [XLB OAB

>0 } (62)
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where L(H 4p) is the set of all linear operators acting on the Hilbert space H ap.

We would ideally like to include a maximization over the set of all separable states, but it is
well known to be computationally challenging to optimize over this set [3, 4]. Note that it is not
generally possible to characterize the set of separable states using semi-definite constraints [74].
Instead, we can only approximate the set by constraining o 45 to have a positive partial transpose
(PPT) [27, 28] and be k-extendible [29, 30|, since all separable states satisfy these constraints. Let
ﬁsl(p ap) denote the resulting quantity, the square root of which is defined as follows:

Re[Tr[Xap]] :
[péB XAB} >0
\/E(pABa k) : XABIEIlﬁg%iAB% TI"[O'ABk] = 17 7 (6?))
T apk=0

oapt = Ppr(oapr),
Tp,. ,(0aB,.;) >0 Vj<k

where B¥ = B; - - - By, the notation T denotes the partial transpose map acting on system R, and
Ppr denotes the channel that performs a uniformly random permutation of systems B; through By.
We prove the inequalities in (21). Due to the containment discussed above, we note that

Fy(pas) < EX(pan. ). (64)

An opposite bound on F!(pap, k) in terms of Fi(pap) is as follows:

L= Fulonm) < /1~ Fipan )+ 2J (-1, (65)

which can be rewritten as

2

ﬁsl(pAB,k) <1-— 1—F5(pAB)—2\l’B;€|< —|i‘> ) (66)

It is a consequence of [67, Theorem II.7|, the triangle inequality for sine distance [83], and the
Fuchs-van-de-Graaf inequalities [84]|. Indeed, consider that

Fl(pap. k) = apeax (paB,0an) (67)
<
<  ax F(pap,oaB), (68)

where EXT-PPT), denotes the set being optimized over in (63) and EXT}, is the set of k-extendible
states. Now recall that for all w¥; € EXTy [67, Theorem I1.7’]
2|B|°

-, (69)

1
. k
min — Hw — O'ABH <
oapeSEP(A:B) 2 I AB 1

the sine distance obeys the triangle inequality [83]:

V1= F(w,7) <1 - F(w,6) +/1- F(E7), (70)
and the Fuchs-van-de-Graaf inequality [84]:

1~ VF(w,7) < 3 ool (1)
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where w, 7, and ¢ are states. If § |lw — 7|, < ¢, the latter implies that

1 - VF(w,m)<e & J1-Flw7) < Je(2—e). (72)

Letting o%5; be an optimal choice in (68) and o’z an optimal choice for

iy, ,cSEP(A:B) 3 Hw’jB — oA this implies that

: - - - ,
UABEglEl%’l(A:B) \/1 F(pAB’ UAB) — \/1 F(IOABv UAB) (73)
< 1= F(pap, okiy) + /1 = F(0hp,0h5) (74)

BJ? BI?
S\/l—F(PABm’le)JrQ\l’k'(l—'lJ)_ (75)

Rearranging and applying (67)—(68), we arrive at the claimed inequality in (65).

F Second Benchmarking SDP F? and Proof of Equation (23)

In this appendix, we detail the derivation of our second benchmark SDP ﬁf, which is an SDP that
approximates (4) in the main text. Consider a version of the distributed quantum computation
that led to (4) where, instead of restricting the prover to only entanglement-breaking channels, we
insist that the prover sends back k systems labeled as A; - - - A,. Then, the verifier randomly selects
one of the k systems and performs a swap test on the A system of the state 1¥gag. This random
selection is conducted so that the prover output is effectively reduced to that of an approximate
entanglement-breaking channel. Note that the resulting interactive proof is in QIP(2). More
specifically, the acceptance probability of this interactive proof system is given by

max TY[H%T‘PR_)A/ (QﬂRAB)], (76)

PﬁHA’1 - ~A;€
where

_ 1 &
PR—>A’ = E Z TrA’f/\Ai OPR%A’l---A;Ca (77>
i=1

and P is a preparation channel. Observing that Pg_, 4 is a k-extendible channel [77, 78, 79, 80],
it follows that

max Tr[ITAProa (Yrap)| = | max Tr[IIAER . 0 (VraB)] (78)
R—A" ... A / k
Prosal..al &y | EEXT
1 ~
= 7(1+Fs2(IOAB>k))7 (79)
2

where EXT}, denotes the set of k-extendible channels. These are defined by €% . 4/ (psr) € EXTx(S:
A') for every input state psp, where EXTy(S: A’) denotes the set of k-extendible states. Hence,
we estimate (4) using F?(pagp, k) and it is given by the following SDP:

TY[IE3 Trr [ Tr(Vran) T ]]
1 - Tran[TE" 0] = In
—(1+4F? . k)) = max A ’
2( (pAB )) ng >0 F%A/k k: PA/k (F%ITA/]C),
Ty, (T5ra%) >0 Vj <k
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where Fg;y is the Choi operator of £¥, the map T}, is the partial transpose map acting on system R,
and Py is the channel that randomly permutes the systems A%
The following theorem indicates how F? approximates F,(pap).

Proposition 6 The following bound holds for a bipartite state pap:

N 4|AP |B
Fu(pan) € F2(pan, ) < Fu(pas) + 1412 (51)
Proof. Since every entanglement-breaking channel is k-extendible, we trivially find that
1 + FS (pAB) Sym
I S Tr[(IT34 ® IrB)ER—ar(VraB)] (82)
S Te[(IE}% @ 1rB)Eqy a(VrAB)] (83)
1+ F? k
Consider the following bound for a k-extendible state w; [67, Theorem I1.77):
, 1y, 2|B)?
z _ < 2=
o ApESEP(A:B) 2 HWAB UABH1 -k (85)
We can use it and the result of [85, Lemma 7| to conclude that
e 2|R| A
masle-el === (89

Then consider, for every fixed choice of £X ., ,,, there exists an entanglement-breaking channel &
satisfying

L 2|R|| A"
Then we find that
Tr[(I5% ® IRB)EI]%%A’ (YraB)]
wom 2|R| A"
< Te[(ITY% ® Irp)Ersn (Vran)] + HkH (88)
eym 2|R|| A"
< Dax Tr[(IT{% ® Irp)ER—ar(VraB)] + e (89)
1+ F(pap) | 2|R||A
= 5 + ? : (90)
Since the inequality holds for every £k . ,, € EXTy, it follows that
o 1+ F, 2|R| A"
max TI‘[(HX/A & IRB)EEHA«"bRAB)] < (pAB) + | | | | . (91)

gk /EBXTy 2 k

This concludes the proof after recalling that |R| < |A||B|, observing that |A| = |A’|, and performing
some simple algebra. m

Remark 7 Although the correction term in the upper bound in Proposition 6 decreases with increas-
ing k, it is clear that, for it to become arbitrarily small, k needs to be larger than |A|*|B|, which
1s exponential in the number of qubits for the state pap. Thus, this approach does not lead to an
efficient method for placing the fidelity of separability estimation problem in QIP(2) or even QIP.
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Figure 10: Fidelity of separability estimated using the local reward function of the VQSA and benchmarked by 1351.

G Further Simulations and Details

For all the simulations in our work, the input states and the parameterized unitaries are generated
using the hardware efficient ansatz (HEA) [86]. The HEA consists of several layers, where each
layer consists of two parameters per qubit per layer, specifying rotations about the x- and y-axes.
After each layer of rotations is a series of neighboring qubit CNOT gates. When using the HEA
to generate the input states, we keep the rotation angles fixed, thus leading to a fixed input state.
For the parameterized unitaries, the rotation angles are parameters and are optimized over.

In Figure 10(a), we report simulation results after generating a random bipartite product state,
with each partition containing two qubits. To guarantee a product state, we remove all the CNOT
gates from the HEA that generates the input state p. We calculated the fidelity of separability
using both the local reward function of the VQSA and the benchmark F!, the latter discussed in
Appendix E.

In Figure 10(b), we do the same for a random bipartite state with the partitions A and B
containing two qubits and one qubit, respectively, and three qubits in the reference system.

We generated all parameterized unitary circuits in the following fashion. We used the Qiskit Aer
simulator and Qiskit’s Simultaneous Perturbation Stochastic Approximation (SPSA) optimizer to
perform the classical optimization. All other details can be found in Table 1. The local reward
function of the VQSA requires more classical processing (like picking a qubit at random to measure)
and seems to require more iterations to reach the right value. However, these downsides are
outweighed by the fact that it is less susceptible to the emergence of barren plateaus. More details
about the local cost function can be found in Appendix L.

H Software

All of our Python source files are available with the arXiv posting of this paper. We performed
all simulations using the noisy Qiskit Aer simulator. The Picos Python package [87] was used to
invoke the CVXOPT solver [88] for solving the SDPs, and the togito Python package [89] was used
for carrying out specific operations on the matrices representing quantum systems.
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‘ Figure ‘ No. of Qubits ‘ State pap ‘ Layer Count

W, .ofl =92

3 |R=24=1B=1 (3/4)| @YD + (1/4)| @)D | r mo. of layers

U4 no. of layers = 2
(DP’AI ® Dp,a, ® Ip) (WXQ/’D Wr no. of layers = 4

[v) = % (10) 4,10)4,100) B + 1) 4,|1) 4,|11) ) | U% no. of layers = 4

Wg no. of layers = 4

4 R=4,A=2 B=2

10(a) | R=3,A=2,B=2 Random product state using HEA [86]
U% no. of layers = 4

W .ofl =4
10(b) | R=3,A=2,B=2 Random entangled state using HEA [86] fe 10- 07 TAYELS

U no. of layers = 4

Table 1: Details of all VQSA simulations.

| Multipartite Scenarios

In this appendix, we discuss a multipartite generalization of mixed states’ separability tests.

Definition 8 A state pa,..a,, € D(Ha,ay) = D(Ha, ®---@Ha,,) is separable if it can be written
as

PA Ay = Zp(x)wa Q- wf\,z]»\;[’ <92>

TEX

where wff"j is a pure state for every x € X andi € {1,..., M}.

Let M-SEP denote the set of all pa,..a,, € D(Ha,..a,,) such that pa,..a,, is separable. The
following theorem is important for the rest of this analysis.

Theorem 9 ([61]) The following formula holds

max F(pAl“‘AM’ O—Al“‘AI\J) = max Z Q(x)FS(SOQ/CquAM)a (93>

oAy €EM—SEP {@@):9%,..a,, )} T

where the optimization is over every pure-state decomposition {(q(x), ¥4, ..a,,) e Of pa,.-a, (sim-
ilar to those in Theorem 4) and

2
(LA an|6™) 4, @ - @ [6"M)a | (94)

FS(SOiZl“'A]\/j) = max
{|¢z’i>Ai}Z1

For the multipartite case of the distributed quantum computation, the verifier prepares a purifi-
cation 54, . 4,, Of pa,..a,,. The prover applies a multipartite entanglement-breaking channel on
system R, which can be written as

Enony () = S Tl0)] (65 @ @052, (%)

where {44}, is a rank-one POVM and {¢%/},, is a set of pure states. The prover sends systems
(AM=1Y = A7 ... AY, | to the verifier. Now, the verifier performs a collective swap test of these
systems with A --- Ay, as depicted in Figure 11. The acceptance probability of this distributed
quantum computation is given by

cdoax eIy a1 Ermsarr-vy (Prav-1)], (96)
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Figure 11: Test for separability of multipartite mixed states. The verifier uses a unitary circuit U” to produce the state Y)ra; A, 4544,
which is a purification of pa,a,454,. The prover (indicated by the dotted box) applies an entanglement-breaking channel
SR_>A/1A/2A3 on R by measuring the rank-one POVM {u%}, and then, depending on the outcome x, prepares a state from
the set {(bitll ® qﬁf{,j ® (]ﬁfh The final state is sent to the verifier, who performs a collective swap test. Theorem 10 states
that the maximum acceptance probability of this interactive proof is equal to %(1 + Fs(pa,A2434,)), i.e., a simple function of the
multipartite fidelity of separability.

where £ € EBj;_; denotes the set of entanglement-breaking channels defined in (95). This leads
to the following theorem:

Theorem 10 For a pure state Yram = YRa,..a,,, the following equality holds:

1
Sym
56%11_%31{_1 Tr[H(ZM_I)/(AM_I)E:RHAQ"'A/M—l (¢RAM)] - 5 (1 + UAlA,AAIztfl%}]\%—SEP F(pAlmAA/” UAlmAM)) '
(97)

Proof. The circuit diagram is given in Figure 11. The verifier prepares a purification ¢4, 4,,
of pa,..a,- The prover applies a multipartite entanglement-breaking channel on R, which can be
written as

Enonngy () = S TR0 (65 @ 06, (98)

where {y%}, is a rank-one POVM and {¢% '}, is a set of pure states. The prover sends the

systems (AM~1) = A} ... A}, | to the verifier. Now, the verifier performs a collective swap test
on Aj--- Ay, as depicted at the final part of the circuit diagram in Figure 11. The acceptance
probability of this interactive proof system is thus given by

?é%}lg Tr[H?}AIII"'A]Mfl)/Al“'A]M—lgR_)(Al'“AMfl)/(wRAl'”A]VI)L <99>
where
e -1 : +F, ) (100)
(ArAp—1)'Ar-Ay-1 9 (ArApp—1) A1 Ap—1 (Ar-Ap—1) ArAn

24



is the projector onto the symmetric subspace of A" and A and Fa,..a,, ,y4,..4,_, 1S a tensor
product of individual swaps F 4, for i € {1,..., M}. That is,
F(Al Ap—1) A Ap—1 ®FA’A (101)
Then we find, for fixed g, 4;..4,, , that
TI[H?ZIII"'A]Mfl)/(Al"'AZW D gR%A AL 1(wRA1”‘AM)]
1
= 5 Tr[([(Al"'A]M—l)/(Al“'AM—l) + F(Al"'AAl—l)/(Al"'AJ\/I—1))€R—)A/ Al 1(¢RA1 AM)] (102>
1 1
= 5 + 5 Tr[F(Al“‘A]\/I—l)I(Al Ani—1) gR%A' AL 1(¢RAM)] (103>
_Liing Tr[s ot oMl 104
- 5 + 5 r (A1~~~A]VI,1),(A1"’AJM,1) Z r[/LR<wRAM)]¢A’I ® e ® (bA’]w_l ) ( )
1 ]_ x X X,V —
= 5 + 5 Tr [F(Al"~AkI1)/(141"'14]»11) Zp(x> (wAy--AM)(bA’/ll 8- (bAIJJ\\/I/Ill] ’ (105>
1 1 :L‘,M—l T
5 5 Z [( T ® quhIfl ) wAl"'AJWfl} ) (106>
where
p(z) = Tr{upvran], (107)
xr 1 X
'l/]AlmAM = m TrR[ﬂRq/JRAM]' (108>
For a given z, let us simplify Fy(¢a,..a,,) as defined in (94),
2
FS(()OAI“‘AIM) = maX <90|A1“'AM|¢1>A1 Q- ® |¢M>A]\/[ (109)
{lea;},
2
= max (¢4, @ @ (" [ay @) aray (110)
{le0a.},",
2
= maX <¢ |A1 < M_1|A]\471 ®]AM|(ID>AA/I 9 (111>
{leva ).,
= s T, -0 10 s o] (112
%)
= max  Tr[(|¢'No |4, ® - @ [6M TN T Ay )P an - (113)

{|¢>l }IM—

The first two equalities are from the definition and a rewriting. The third equality follows from
the variational characterization of the Euclidean norm of a vector. Noting the form in (113) and
applying the maximization over entanglement-breaking channels of the form described in (95) to
(106), we arrive at the desired claim in (97). =

We can then use the generalized test of separability of mixed states to develop a VQSA for the
multipartite case. See Figure 12. This involves replacing the collective swap test in Figure 11 with
an overlap measurement, similar to how we got Figure 2 in the main text from Figure 1 in the
main text.
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Figure 12: VQSA to estimate the multipartite fidelity of separability Fs(pa, a,4544). The unitary circuit U prepares the state
YRA, Ay AsA,, Which is a purification of pa, 4,454,. The parameterized circuit Wgr(©) acts on R to evolve the state to another
purification of pa; a,454,. The following measurement, labeled “steering measurement,” steers the remaining systems to be in a
state ¥, 4,444, if the measurement outcome x occurs. Conditioned on the outcome z, the final parameterized circuits Ufl’ll(@“f),

Uj’f(@%), and Uj’;’(@g) are applied and the subsequent measurement estimates the quantity Tr [((Z)jll ® qu’f ® qu’j) wfllAzAa]-

J Complexity Class QIPgp(2)

In this appendix, we establish a complete problem for QIPgg(2), and then we interpret this problem
in Remark 13. See [41, 42| for further background on quantum computational complexity theory.
Let us first define the complexity class QIPgp(2). Let A = (Ayes, Ano) be a promise problem, and
let a,b: N — [0, 1] and p be polynomial functions. The verifier V' is described by a polynomial-time
generated family of quantum circuits. The prover P is a family of arbitrary entanglement-breaking
channels that interface with a given verifier naturally. Then A € QIPgg(2)(a,b) if there exists a
two-message verifier with the following properties:

1. Completeness: For all x € Ay, there exists a prover P that causes the verifier V' to accept x
with probability at least a(|z|).

2. Soundness: For all x € A,,, every prover P causes the verifier V' to accept x with probability
at most b(|x|).

In the above, acceptance is defined as obtaining the outcome one upon measuring the decision-qubit
register.

Problem 11 Given are circuits to generate a channel Ng_,s and a state ps. Fiz o and 3 such that
0 < a < p <1. Decide which of the following holds:

Yes: f(NGHSUpS) > ﬁa (114>
No: f(NG—>S7pS) < a, (115>

where
FNasps) = e AT HOP@ENasle) plo)is = ps) (1)

with the optimization being over every pure-state decomposition of ps as >, p(z)VE = ps. Also,
{p"}, is a set of pure states.

Theorem 12 Problem 11 is a complete problem for QIPgg(2).
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Proof. The main idea behind the proof is to show that the acceptance probability of a gen-
eral QIPgp(2) problem can precisely be written as f(Ng_s, ps). This implies that an arbitrary
QIPgg(2) problem can be reduced to an instance of Problem 11, and we argue at the end how this
also implies that Problem 11 can be reduced to an instance of a problem in QIPgg(2).

Consider a general interactive proof system in QIPgg(2) that begins with the verifier preparing
a bipartite pure state ¥grg, followed by the system R being sent to the prover, which subsequently
performs an entanglement-breaking channel. The verifier then performs a unitary Vzs_,pg and
projects onto the |1)(1] state of the decision qubit. Indeed, the acceptance probability is given by

max Tr[([1X1]p © I6)Vrrs—pa(Er-r (Vrs))]; (117)

where Vgis_spg is the unitary channel corresponding to the unitary operator Vg s ,pg. By the
reasoning similar to that in (25), (32), and (33), we find that

Er-r'(VRrs) = ZP 7 @ Yg, (118)

so that the acceptance probability is equal to

{(p(2), ™) }as
{¢I}z7
>, pl@)i=vs

max Tr[(|1><1|D®IG (Zp ¢RI®¢S>]

= max )T[([1X1|p @ I6)V (6% @ 4%)], (119
{(2) ")} Zp [(11X1]p ® 1)V (¢} ® ¥5)], (119)
{(75:6}17
> p(x)yE=vs

where we have used the shorthand V = Vgs_.pg. Consider that

T(11X1p ® Le)V (¢h © ¥5)] = (1 ® L)V 6" m @ [47)s]l; (120)
Rk (11D @ (¢"[e)VI¢") r @ [7)s]? (121)
= max Tr[VI([1)1p @ [¢"Ne" o)V iy @ [0 )u7ls]  (122)
= max TrWa sl X la) 0 @ [97)(¢7s], (123)

where the isometric channel Wg_, r/s is defined as

Weors() = (Vrs—pe) (11{1p ® (1)a)Vrrs—pe- (124)
Then, the acceptance probability is given by
2o () TeWeons ms (I X" |a) 0 @ [N 0] - }
ma " . 125
{{g(?z{f{)}} 2o P(X)Ys = s (125)
x? 14 x

Since the optimization over ¢% is arbitrary, we can also write

meX TrWeosrs(|9"Xe" |c) PR @ [N s]

o (6" | ® (" |sWamsrrs|9®)al (126)
R/
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= | r ® (" |sWanrslo®)alls (127)
= ((¢"le Wonrs) I @ [07)s) (In @ (0°|sWansrs|9™)a) (128)
= (¢"la Wanrs)" (In © [97)Y7|s) Wanrs|e™) (129)
= Tt [(Ip ® [¥"XY"|s) W rs|o™ " la Womes)'| (130)
= Te[[" X" | sNass (|9 Xe" @), (131)

where we define the channel Ng_ g as

Ne=s() = Trr[(Ves—pa) (11{1p @ (-)a)Vrrs—pal. (132)

Then, we find that the acceptance probability is given by

., T DIH NN = g B 1, TPIF 5 N

Yo ;é)kﬁ:ws 2. PeWs=ps
(133)
This concludes the proof of the first part.

To see how this implies that Problem 11 can be realized in QIPgg(2), note that the circuit
preparing the state pg prepares a purification and traces over the reference system, and the circuit
to generate Ng_,s is realize by adjoining an environment system in the state |0)0], performing a
unitary, and tracing over the environment. So we let the verifier prepare the purification of pg and
this plays the role of ¥pg above, and the channel Ng_.5 can be realized precisely as in (132) with
appropriate substitutions. m

Remark 13 The quantity in (116) can be interpreted as follows: Given a channel N and a source
state p, calculate the largest average ensemble fidelity attainable in reproducing the source at the
output of the channel. This means it is necessary to find the ensemble decomposition {(p(z),?")}.
of p as well as a set {¢”}, of encoding states that lead to the largest ensemble fidelity (and this
is what is left to the prover). This criterion is similar to one used in Schumacher data compres-
sion [90], but this seems more similar to the setting of the source-channel separation theorem [91],
in which the goal is to transmit an information source over a quantum channel. The channel N here
could consist of a fived encoding &, noisy channel M, and fized decoding D, (i.e., N =DoMo€&)
and then the goal is to test how well a given fized scheme (€, D) can communicate a source p over
a channel M, according to the ensemble fidelity criterion.

Remark 14 We can write the expression in (116) alternatively as

Bq. (116)=  max (@) |Noms) (@) . (134)
>, p@)YE=ps

where (Ng_s)' is the Hilbert-Schmidt adjoint of the channel (Ng_s)". Employing the abbreviations
= [V")XY*|s and ¢ = |¢"X¢"|q, this follows because

max | Zp(af) Tr[sNe—s(96)]

Z px)ws vs
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= max TI- N T T 135
{(Pg{fr)gf“”)}z Z p(x G—>S) (V5)ed] (135)
2 X

>, p@)pE=s

- ma. ma Tr N, Ty T 136
(G )}, Zp x Tr[(Nass) | (06)eE] (136)

{cpz}IV
Do P(ﬂ«“)iﬁE:ws

= el 2 (2)||(Wo5) (03)]| (137)
L P@)VE=ps

If we define the function
gn(p) = H(NG—>S)T(PS)HOO7 (138)

then the function in (134) is known as the concave closure of ga(p) and has been studied in other
contexts in quantum information theory [92, Section 2/. It has an interesting dual formulation, as
demonstrated in [92, Eq. (15)]. Given the observation in (134), we can thus conclude that, given
circuits to realize the channel N and state p, estimating the concave closure of the function gy (p)
within additive error is a complete problem for QIPgg(2).

Remark 15 Employing the reasoning from Remark 14, we find that the acceptance probability
in (35) is equal to the concave closure of the following function:

f(pa) = T30 (pap @ La)ITH 0 o (139)
where we used the fact that the state pg from Remark 1/ is pap and the map Ng_,s from Remark 1/
18
N(oaap) = Tra Il NoansIly], (140)
with adjoint
N (wap) = TN (wap @ L)Y, (141)
Observe that the map pap — I3 5 (pap @ La) I 41 is proportional to that used in a 1 — 2 universal

cloning machine [93, Eq. (17)]. If pap is pure, so that we write it as Yap, then the following
mequality holds:

M (Vap @ L) I | o < I Nl 1B @ Lar [l TR ] < 1, (142)

where we applied the multiplicativity of the spectral norm. Thus, the concave closure of f(pap)
satisfies f(pap) € [0,1]. Furthermore, from Lemma 16 below, we know that

= 5 (14 aly), (143)

showing the consistency of the claim just above (139) with Theorem 1 and Eqs. (19) and (20) in
the main text. If pap is a pure product state, so that we can write it as pap = ¢4 Q pg, then we
have that

T % (Vag @ La)IT 0| o

ITE% (64 ® 0 @ La) 10|, = [T (94 @ La)I0 | (144)
and the spectral norm on the right-hand side of (144) is achieved by choosing the vector |p) s®|®) ar,
so that

(04 ® (S| a) T4 (4 ® La)ITE0 (|04 @ [d) a)
= (¢4 @ (04)(Pa @ Ta)(|$) 4 ® [#) ar) (145)
=1. (146)
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Lemma 16 For a pure state 1 4p, the following equality holds:

sym sym 1
L (Vap @ La)l [l = 5 (L4 [19all) (147)

where Y = Trp[tap].
Proof. Consider that
I(IT0 @ Ip) ([WXe]ap @ La) (T34 @ I5) ||
= [(1¥X¥ap @ La) (7% ® 1) ([¥)XY[ap @ Lo, - (148)

Now consider that

([¥X¥]ap ® La) (T35 ® Ip) ([¥X¢|ap © L)

= ()las © L) (P45 0 1) (uolas © L) (149
= 5 (a5 @ La) + 5 (16K Las @ L) (Fane @ 1) (0)lan @ L) (150)

Then writing the Schmidt decomposition of |[¢)) 4p as |¥)ap = 3; vV Aili) ali) 5, we find that
([oX]ag @ Tar) (Faa @ Ig) ([0)X¢|ap @ L)
= > VAN ([9Nilalils @ )| a) (Faa @ Ig) (|1 ali") 5(¢]aB @ 5"} a) (151)

AR
Z7Z 7.77]

= 3 A (9ilalila  Xia) (1) al0a(Vlas @ 1945 10 (152)
= 3 A i) 5{¢as @ NN (153)
= iﬂii|¢><wlAB ® [iXi]ar (154)
— 9wlan © S ML (155)
= [V)¢|ap ® @Z)A (156)
Then

(10)lan © L) (I35 © L) (¥)01a © La)

= 5 (9Xela5 © L) + [9Xan © S (157)

— [0eélam © 5 (L + ). (158)

and we conclude that

(Y% @ Ip) ([¥X¢lap ® La) (T30 @ 1)

= lwKetan © 3 (1 + )| (159
— Ll (160)
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1
=5 1+ [[alle) - (161)
This concludes the proof. m

K Placement of QIPgp(2)

In this appendix, we establish the following containments:
QAM, QSZK C QIPgg(2). (162)
See Figure 7 for a detailed diagram.

K1 QAM C QIPgs(2)

First, recall that QAM consists of the verifier selecting a classical letter x uniformly at random,
sending the choice to the prover, who then sends back a pure state ¢, to the verifier, who finally
performs an efficient measurement to decide whether to accept the computation [55]. Note that
QAM contains QMA [55].

To see the containment QAM C QIPgg(2), consider that the verifier’s first circuit in QIPgg(2)
can consist of preparing a random classical bitstring in a system R. The verifier sends system R
to the prover. Then, the prover’s action amounts to preparing some state that gets returned to
the verifier. The rest of the protocol then simulates a QQAM protocol.

K2 QSZK C QIPgg5(2)

Quantum statistical zero-knowledge (QSZK) consists of all problems that can be solved by the
interaction between a quantum verifier and a quantum prover, such that the verifier accumulates
statistical evidence about the answer to a decision, but does not learn anything other than the
answer by interacting with the prover [94, 56]. A complete problem for this class is quantum
state distinguishability, in which the goal is to decide whether two states pg and p;, generated by
quantum circuits, are far or close in trace distance [94]|. This is a nice problem for understanding
the basics of the QSZK complexity class: the interaction begins with the verifier picking one of
the states uniformly at random, recording the choice as a bit z, and then sending the chosen
state p, to the prover over a quantum channel. The prover can then perform the optimal Helstrom
measurement [95, 96| to distinguish the states which has success probability equal to

1 1
Psuce = 2 (1 + 2 llpo — P1H1) . (163)

The Helstrom measurement leads to a decision bit y, which the prover sends back to the verifier
over a quantum channel (here, a single classical bit channel would suffice). The verifier then
accepts if x = y, and the probability that this happens is equal to ps.... By repeating this protocol
a polynomial number of times and invoking the error-reduction protocol from [94], it follows that
the verifier can make the completeness and soundness probabilities exponentially close to one and
zero, respectively, to have essentially zero error probability in the final decision about whether
the states are near or far in trace distance. Finally, the interaction has a “zero knowledge” aspect
because the verifier only learns the bit of the prover and nothing about how to distinguish the
states.

Since quantum state distinguishability is a complete problem for QSZK and the interaction
described above can be performed in QIPgg(2), QSZK C QIPgp(2)follows.
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L Local Reward Function

In this appendix, we develop a local reward function as an alternative to the global reward func-
tion considered in the main text, i.e., the acceptance probability in Theorem 2. The acceptance
probability in Theorem 2 can be considered a global reward function because it corresponds to
the probability of measuring zero in every register. As indicated in [44], it is helpful to employ
a local reward function to mitigate the barren plateau problem [43], which plagues all variational
quantum algorithms.

Let us define the local and global reward functions. Let Z; be the event of measuring zero in
the 1th register. We then set the local reward function to be the probability of measuring zero in
a register chosen uniformly at random; that is, it is given by the following:

L= i > P(Z). (164)

The event of measuring all zeros is given by (0, Z;, and the probability that this event occurs is
G = Pr(N; Z;), which is what we used in the main text as the global reward function.

We are interested in determining inequalities related to the global and local reward functions,
and the following analysis employs the same ideas used in [81, Appendix C|. Using DeMorgan’s

laws, we find that )
() r{(ve))onps) o

We can then use the union bound to conclude that

Pr (ﬂ Zi> —1—Pr (U(Zl-)c> >1-— ;Pr«Zi)C) . (166)

)

Finally, consider that

G =Pr (ﬂ ZZ-) (167)

>1- Y Pr(Z) (168)
= _Pr(Z)—(n—-1) (169)
=nL—(n—1) (170)
—n(L—1)+1. (171)

We can also derive an upper bound on the global reward function in terms of the local reward
function. Recall the following inequality, which holds for every set {A;, Ay, ..., A,} of events:

1
Pr(U Ai> > Ly pigay. (172)
i n
Setting A; = Z¢, we get

Pr (U Zf) > 711 Z Pr(Z5). (173)
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Using DeMorgan’s laws, we obtain the desired upper bound as follows:

Pr (ﬂ ZZ») <1- :LZ (1—"Pr(Z;)) (174)

1
=—>» Pr(%;). 175
L S Pr(z) (175)
In summary, we have established the following bounds:
n(L-—1)+1<G<L, (176)

so that G = 1 if and only if L = 1. Since we always have G € [0, 1], the lower bound is only
nontrivial if L is sufficiently large, i.e., if L > 1 — %
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