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Rigorous Bounds on Eigenstate Thermalization

Shoki Sugimoto,! Ryusuke Hamazaki,?> and Masahito Uedal'?
! Department of Physics, The University of Tokyo,
7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan®
2 Nonequilibrium Quantum Statistical Mechanics RIKEN Hakubi Research Team,

RIKEN Cluster for Pioneering Research (CPR), RIKEN iTHEMS, Wako, Saitama 851-0198, Japan

SRIKEN Center for Emergent Matter Science (CEMS), Wako 351-0198, Japan

The eigenstate thermalization hypothesis (ETH), which asserts that every eigenstate of a many-
body quantum system is indistinguishable from a thermal ensemble, plays a pivotal role in under-
standing thermalization of isolated quantum systems. Yet, no evidence has been obtained as to
whether the ETH holds for any few-body operators in a chaotic system; such few-body operators
include crucial quantities in statistical mechanics, e.g., the total magnetization, the momentum dis-
tribution, and their low-order thermal and quantum fluctuations. Here, we identify rigorous upper
and lower bounds on m, such that all m-body operators with m < m, satisfy the ETH in fully
chaotic systems. For arbitrary dimensional N-particle systems subject to the Haar measure, we prove

that there exist N-independent positive constants aiL) and aﬁU) such that aﬁ” < m./N < ozim

holds. The bounds a&L) and aim depend only on the spin quantum number for spin systems and
the particle-number density for Bose and Fermi systems. Thermalization of typical systems for any

few-body operators is thus rigorously proved.

Recent experiments in cold atoms and ions have
demonstrated that quantum systems thermalize unitar-
ily without heat reservoirs [1-6]. This finding brings
up a striking possibility of incorporating statistical me-
chanics into a single framework of quantum mechanics
— a scenario envisioned by von Neumann about a cen-
tury ago [7]. It has been argued that a single pure
quantum state becomes indistinguishable from a ther-
mal ensemble as far as few-body observables are con-
cerned [8-18] due to the interplay between quantum en-
tanglement and physical constraints on observable quan-
tities such as locality or few-bodiness [8, 9, 14-18]. De-
pending on the choice of operators used to distinguish
between a quantum state and a thermal ensemble, var-
ied notions of quantum-thermal equilibrium, such as
microscopic thermal equilibrium (MITE) and macro-
scopic thermal equilibrium (MATE), have been intro-
duced [8, 9, 13, 17, 19, 20].

The eigenstate thermalization hypothesis (ETH) [7, 21,
22] is considered to be the primary mechanism behind
thermalization in isolated quantum systems. The ETH
for an operator A means that (i) every energy eigenstate
of a system is in thermal equilibrium regarding the ex-
pectation value of A and that (ii) off-diagonal elements
of A in an energy eigenbasis is vanishingly small. The
ETH ensures thermalization of A for any initial state
with a macroscopically definite energy, given no massive
degeneracy in the energy spectrum [14-18]. The ETH
has been tested numerically for several local or few-body
quantities [23-31]. However, whether the ETH holds for
all few-body operators and whether it breaks down for
many-body operators have yet to be fully addressed.

Von Neumann [7] and Reimann [32] proved the ETH
for almost all Hermitian operators. However, their
results do not imply the ETH for physically realistic

operators because almost all operators considered in
Refs. 7, 32] involve highly nonlocal correlations that are
close to N-body [33] and therefore unphysical. Some
works [17, 34] tested the ETH against several classes
of few-body operators, such as local operators of a sub-
system; however, their method cannot deal with generic
few-body operators that act on an entire system., such
as the total magnetization, the momentum distribution,
and their thermal and quantum fluctuations.

In this Article, we derive upper and lower bounds for
m, such that all m-body operators with m < m, sat-
isfy the ETH. For fully chaotic N-particle systems in
arbitrary spatial dimensions whose eigenstates are dis-
tributed according to the Haar measure, we prove that

there exist N-independent constants a&L) and aiU) such

that oziL) < my/N < ou(kU) holds. Here, aiL) and oin)
depend only on the spin quantum number for spin sys-
tems or the particle-number density for Bose and Fermi
systems (Figure 1). Our result is directly applicable to
any few-body operators of interest in statistical mechan-
ics and their thermal and quantum fluctuations without
approximations, such as coarse-graining. In particular,
our result implies that the ETH holds true even if we
observe any low-order fluctuations of any few-body op-
erators.

Our method also provides a quantitative criterion for
deciding whether energy eigenstates of a system can be
considered fully chaotic, which is applicable to systems
with non-negligible finite-size effects, including ion and
cold-atom systems, for which the thermodynamic limit
cannot be taken [1-6, 35, 36].

Unified measure for quantum-thermal equilibrium.—
While several measures and criteria of quantum-thermal
equilibrium have been introduced in the literature [13,
17, 19, 20], they cannot be applied to generic few-body
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FIG. 1. Regions of m/N where the ETH typically holds and breaks down for fully chaotic systems whose
eigenstates are distributed according to the Haar measure. The blue region (marked with “/”) shows where the ETH
typically holds for all operators in the space Al of m-body operators. This region is delimited by ag“). The red region
(marked with “X”) shows where the ETH typically breaks down for some m-body operators. This region is delimited by aﬁU).
There is an ETH-breaking operator within O(1/+/N) around the thick red curve for each S and N/V. The integer m.. such that
the ETH holds for all m-body operators with m < m. lies somewhere in the white region (marked with “?”). The definitions
of the m-body operator space and its dimension are shown in Table 1. For spin systems (a), we have oW =1- (25 +1)72,
where S is the spin quantum number. For Bose systems (b) and Fermi systems (c), N and V denote the numbers of particles

and lattice sites, respectively. Inlq (b), we have oin) = 1, and the boundary of the blue region ag‘) is proportional to p*l/2

for large p. Inlq (c), we have otV = (1= p)/p, and the boundary of the blue region o' is proportional to (1—p) for p~1.

operators because they are defined for specific choices of the following (semi-)norm,
operators, such as those acting only on a subsystem.

11 (A) A
To quantitatively study how the ETH depends on X » = A:EEM tr (M”q X) ) (1)
physical constraints on observables, we introduce the fol-
lowing measure of the closeness to a thermal ensemble,  where p~* 4+ ¢~ ' =1 with p > 1, and ||A| o 18 the Schat-
which is applicable to an arbitrary set A of observable  ten g-norm of A [37, 38], i.e., the standard q-norm of the
quantities. singular values of A. Here, X is an arbitrary operator

which is not necessarily Hermitian. Then, the (pseudo-
)distance ||6 — ﬁthHgA) with pegn being a thermal ensemble
serves as a unified measure of quantum-thermal equilib-

Definition 1 (Unified measure of quantum-thermal ‘
rium.

equilibrium). To quantify the distance |6 — pwn|| between
a quantum state & and a thermal state pg,, we introduce We say that a quantum state & is in thermal equilib-



rium relative to A if ||6 — ﬁth”gA) < € holds for a suffi-
ciently small € (> 0). This definition follows Refs. [19, 20];
however, we here concern only the expectation value of
A € A and not the probability distribution over the
spectrum of A. Nonetheless, our framework can deal
with the probability distribution by including sufficiently
high powers of Ain A, offering finer control over the
precision in observing the distribution. By appropri-
ately choosing A, our notion of quantum-thermal equilib-
rium unifies previously introduced ones, such as subsys-
tem thermal equilibrium [8, 9, 34], microscopic thermal
equilibrium (MITE), and macroscopic thermal equilib-
rium (MATE) [17, 19, 20] (see Supplemental Informa-
tion I for details).

The normalization constant || A| , in the inequality (1)

has been chosen so that the (semi-)norm ||| 1(;4) serves as
a generalization of the Schatten p-norm. For example,
|H|g’4) and ||-HgA) generalize the trace norm and Hilbert-
Schmidt norm, respectively. In general, the duality of

the Schatten norm [37, 38| gives ||X'|| = ||XH (£(H) (>

X ;A)), where L£(#H) is the space of all Hermitian oper-
ators acting on a Hilbert space H of a system.

Among ||-||Z()A) with p > 1, only ||-||§A) can be
used to define a measure of quantum-thermal equi-
librium because it is (i) invariant under a linear
transformation: A — a’A + ¥, (ii) dimensionless, and
(iii) thermodynamically intensive [30]. The others, ||-|| I()A)
with p > 1, are not suitable because they are not thermo-
dynamically intensive (see Supplemental Information II).

Many of the previous works that numerically tested the
ETH with respect to several operators Al, ,121 7 [23,
25, 26, 29] essentially set A = {A;,---, A;}. However,
if one really wants to distinguish an energy eigenstate
from py, without any exception, one should use not only
a single or a few quantities but all the quantities com-
patible with physical constraints under consideration.

For general A, it is difficult or even impossible to cal-
culate the maximum in ||||§A) with respect to A € A,
both numerically and analytically. To overcome this dif-
ficulty, we place upper and lower bounds on ||'||(1A)
terms of the quantity ||'H(2A), which is computable given
an orthonormal basis of A + RIJ.

Measure of the ETH.— The measure of the ETH,
which requires (i) all energy eigenstates to be in thermal
equilibrium and (ii) all off-diagonal elements of an ob-
servable in an energy eigenbasis is vanishingly small, is
obtained as
A (B) =

)

. ~(me (A)
pap — 5 (Ba)dag ‘1

max
|Ea),|Eg)EHE,AF

where pog = |E,)XEs| with |E,) being an energy eigen-
state belonging to the eigenenergy FE,, and p A(mc) (Ey)

is the microcanonical ensemble within the energy shell
Hg, se- The ETH holds for all operators in A if and

only if limy_ o0 A = 0. Indeed, if A" is suf-
ficiently small, all the operators in A give almost the
same expectation values for p,, and ﬁgrgc) (E«), and their
off-diagonal elements within the energy shell Hg_ sk be-

In that sense, A(lH’A) is the
AEA)
1

comes sufficiently small.

most sensitive ETH measure ever. If remains fi-

nite in the limit N — oo, there exists an operator Ae A
such that the expectation values of A for |E,) and p A(mc)
are different, or some off-diagonal elements of A Wlthm
‘HE, s remain nonnegligible. Therefore, the ETH with
respect to A breaks down in this case.
Distribution of AgH’A)(E) for fully chaotic systems.—
Having introduced the measure of the ETH and the
bounds for H~||§A) in terms of the computable quantity

||~HgA), we are in a position to discuss the validity of the
ETH relative to a set of observables A.

In fully chaotic systems, whose eigenvectors distribute
according to the unitary Haar measure, we can derive
the following theorem by using the concentration in-
equality for the Haar measure on SU(D) [39-42], which
is a stronger result than the commonly used Levy’s
lemma (see Methods for the outline of the proof).

Theorem 1. Let G,y be an invariant random matrix
ensemble, the eigenvectors of whose matrices are dis-
tributed according to the unitary Haar measure. We set
D = dimH and M := dim A. Then, for any € > 0, we

have
M D\ M
prsafreo(K)< g @

for almost all He Ginv. Here, “for almost all He Ginv”
means that the ratio of exceptional Hamiltonians H in
Ginv for which the inequality (2) does not hold is bounded
from above by exp (—O(D?*)).

With Theorem 1, we can test whether or not the ETH
with respect to A typically holds in Gy, by counting the
dimension of the operator space A. Theorem 1 also pro-
vides a quantitative criterion, applicable to finite-size sys-
tems, for deciding whether a realistic Hamiltonian H can
be considered to have fully chaotic energy eigenstates.
For example, the existence of an operator A that violates
the upper bound of the inequality (2) implies that the
eigenstate of H has a “structure” that can be detected by
A, suggesting that H is not fully chaotic. Furthermore,
by comparing the N-dependence of A1 A for a realistic
Hamiltonian H with that of the upper and lower bounds
in the inequality (2), we can infer the N-dependence of
A:(lH’A) for large IV that is difficult to access.

Rigorous upper and lower bounds for the ETH.— We
apply Theorem 1 to test the ETH for few- and many-
body observables. For N-site spin-S systems, we de-

fine the m-body operator space Agg,m] as the space



of operators that can be expressed as a linear combi-
nation of operators acting nontrivially on at most m
spins. The m-body operator space Agg’m] includes the
set Sf(xv) of “few-body” operators [17], which act non-
trivially on at most m spins. For example, we have
M, = Zjvzl &j(z), (M,)2, - (M,)™ e .AES’m], but none
of these operators are included in Sf(gfv) unless m = N.
For Bose and Fermi systems, we define A[I?,’m] to be the
space of operators that can be written as a linear com-
bination of products of m annihilation operators b and
m creation operators bT. We also define A[[:,n”m” to be

1

the orthogonal complement of A[Z(\),’m’_ with respect to
'AE\OIJ”JF]‘

By counting the dimension of Agz,n’ +] and that of the
total Hilbert space, we can apply Theorem 1 to obtain the

following theorem (see Methods for the proof outline).

Theorem 2 (Upper and lower bounds for the ETH). Let
my be the largest number such that the ETH with respect
to Al typically holds in Giny for all m < m.,. Then,
there exist N-independent constants o'™) € (0,1/2] and
ong) > 0 that satisfy a(*L) <my/N < aiU).

More specifically,

1. for A= AE(\),’m] with m/N < o"), we have
© N 2
VA -
(A0) < emo, 3)

for almost all H € Gy, and therefore the ETH with
respect to .AES’m] typically holds in Gy ;

2. for A = Ak]n”m*] with my = a&U)N + cxV N,
where c are arbitrary positive constants, there ex-
ists a constant C > 0 such that

. 2
lim (AgH’A)) >C (4)
N—o00

holds for almost all H € Giy. Therefore, the ETH
with respect to AW”m*] typically breaks down in

ginv .

Here, “for almost all H € Ginw” means that the fraction
of exceptional Hamiltonians H in Gy for which the in-
equality (3) or (4) does not hold is double-exponentially
small with respect to N.

For spin systems, we have aiL)(S) > 0.1892--- and
Oa(kU)(S) =1— (25 +1)72. For Bose and Fermi systems
with particle density given by p, we have otV (p) =1 and
oin)(p) = (1 —p)/p, respectively (see Figure 1).

The first part (3) of Theorem 2 suggests that for fully
chaotic quantum many-body systems, whose eigenstates
can be considered sufficiently random with respect to

the Haar measure, the ETH can hold even if we ob-
serve O(N)-body operators. Because our result is not
restricted to the operators acting only on subsystems, we
conclude that the decomposition of the total system into
a subsystem and the rest is not essential for the ETH to
hold. For the same reason, our result directly applies to
any operators acting on the whole system, which cannot
exactly be dealt with in previous works [17, 34]. These
operators include extensive sums of local operators (e.g.,
total magnetization), few-body operators (e.g., momen-
tum distributions), and low-order powers of these quanti-
ties. Since the central moments of a few-body operator A
are polynomials of A, and their values scale polynomially
in N, the exponential decay of the upper bound (3) for
the ETH measure implies that the ETH typically holds in
Ginv ncluding any low-order fluctuations of any few-body
operators.

Given a probable argument based on the comparison of
the reduced density operators of energy eigenstates and
a thermal ensemble on a subsystem [34], we believe that
the ETH typically breaks down for A0N/2 ie. we ex-
pect m,/N < 1/2. For high-density Fermi systems with
p > 2/3, our upper bound gives a better upper bound
m./N < otV = (1—p)/p < 1/2. However, for spin and
Bose systems, our method does not provide aiU) < 0.5.
Nonetheless, the second part (4) of Theorem 2 is some-
what stronger than the expectation m,/N < 1/2 in that
it identifies a smaller region of m than [0, N/2] where
ETH-breaking operators exist, namely, [m_,my] with

my =V N+ O(VN).
Apart from quantum thermalization, the (semi-)norm

||H§A) introduced in the inequality (1) serves as the mea-
sure of the closeness between two quantum states ¢ and
p relative to A. Thus, it can be used in various situa-
tions other than the ETH, such as a comparison between
the state during time evolution and the steady state. In
particular, it can be used to construct the space of macro-
scopic states from that of quantum states by identifying
quantum states that are very close to each other in terms
of ||H§A) Rigorously formulating the correspondence be-
tween microscopic and macroscopic states in this direc-
tion and deriving the macroscopic dynamics from the mi-
croscopic one are important future problems.
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METHODS

Proof outline of Theorem 1. Theorem 1 follows from
(i) the inequality ||| < ||| < VD||SY resulting
from the inequality D~/2||A||, < || A|| . < | Al [37, 38]
and (ii) the concentration inequality for the Haar mea-
sure on SU(D) [39-42]; for any ¢ > 0 and any Lipschitz
continuous function f on SU(D) with Lipschitz constant
ng,

HfU [f]’>5} < 2exp

2
where [E;; denotes the average over the Haar measure for
0, and a, b are positive constants.

We can show that both (HéﬁagHgA))z, where 0pap =
Pap — [)grgc)(Ea)(Sag, and (A{""Y)2 are Lipschitz continu-
ous concerning U which diagonalizes the Hamiltonian H.
Their Lipschitz constants are bounded from above by an
N-independent constant 1 (see Supplemental Informa-
tion ITI.C and III.D). Therefore, we can apply the con-
centration inequality (5) to (||5ﬁag|\§“4))2. In addition,
the expectation value of (\|5ﬁag||gA))2 with respect to
the Haar measure is calculated to be E[(||6ﬁa5\\(2A))2] ~
M/D? (see Supplemental Information IIT1.A) which leads
to M/D? S E[(|8pasl{)?) < M/D.

By applying the inequality (5) to f ([7 )=
we obtain

P[(A{T)?

(16505152,
~ By [(195as*)?] 2 9]

< b eP (18005 17)? ~Eg [(105asllT0)?] > 9]
52D

) ®

where the first inequality follows from the definition of

1,A . A
AT)? = maxip, ) 5yyemp ap (10pasl| )2, From the
inequality (6), it follows that

~ logdg,
Eg | (1905 1{)?] +o<\/[§”>.

(7)

< QdQEAE exp [—

Eq [(A)?] <

(See Supplemental Information ITI.B.)

Then, we apply the inequality (5) to f(U ) (ASFLA))Q
and set § = D~1/2%¢ for an arbitrary € > 0 to conclude

(A2 — By (A7 4o (D7) ()

for almost all U, where the fraction of exceptional
U for which Eq. (8) does not hold is no larger than
exp (—=O(D¥)).

Finally, Egs. (7) and (8 )combined with a trivial bound
H,A .
Eg[(AT")? = Eg[(16asllT™)?] give

U
A2 By [(10pasl V12| < O(D7Y/2) - (9)

for almost all U. This inequality proves Theorem 1.
Proof outline of Theorem 2. For spin-S systems, it is
straightforward to show that

my
=D* ) P, (10)

Jj=m_

dim Al

where D = dimH, and P; = (?)%7}1)1 with dipc ==

25 4+ 1 is the probability mass for thgcbinomial distri-
bution B(N,p) with p = 1 — (djoc) 2. As a property of
the binomial distribution, we have P,,_1 < P, for m <
(N + 1)p. Therefore, we have dim.AE\O,’m] < (m+1)P,
for m/N < p.

To obtain the lower bound (3), we employ Stirling’s
formula, obtaining

dim AE@'"”
D

for m/N < p, where G(z) = H(z) + zlog(d?,, — 1) —
log doc, and H(z) = —zlogz—(1—z)log(1—x). The root
al™ of G(z) lies in (0,1/2), and G(z) satisfies G(x) < 0
for z < ol . Therefore, we obtain the inequality (3) from
the upper bound of the inequality (2) in Theorem 1.

The upper bound (4) follows immediately from the
fact that B(N,p) converges to a Gaussian distribution
N (Np, Np(1 — p)) for large N in distribution.

For N-particle Bose and Fermi systems on a V-site
lattice, by setting o :== m/N and p := N/V, we have

< exp [NG(%) +0(logN)| (1)

2
m
—exp |21+ a5 ) + Oloe V)
(12)
for Bose systems and
v 2
di [0,m] _
im Ay <min{m,V—N}>
_ Jexp2VH(ap)+O(logV)] (m <V —N);
| D2 (m >V —N),
(13)
for Fermi systems. The dimension of Ak,n”m” is given

by dim AEOV””” — dim Age,’m_ﬂ] (see Supplemental Infor-
mation IV for details). It follows from D? = dim .AE?,’N]
and some straightforward calculations that Theorem 2 is
proved.
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I. H«||(1A) AS A UNIFIED MEASURE FOR QUANTUM-THERMAL EQUILIBRIUM

As mentioned in the main text, the seminorm H-||§A) with an apt choice of A serves as a unified
measure for various notions of quantum-thermal equilibrium. In this section, we provide some

examples.

A. Subsystem thermal equilibrium

For any subsystem S and any As ®idse € £L(Hs) ®@idse, we have || As @ ids<| o, = || As| o- By
setting A = L(Hs) ® idse, we have

~ 11(A) -’4 >
) =  max tr | ———X
1 AeL(Hs)Ridse HA” 19
= max tr AAiStrSC(X)
As€L(Hs) [ Asll oo

Thus, the seminorm H||(1A) reduces to the trace norm on a subsystem S for A = L(Hs) ®idse, and
the smallness of |6 — ﬁth||§“4) for a thermal ensemble gy, defines those quantum states ¢ that are

in thermal equilibrium in a subsystem S.
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B. Microscopic thermal equilibrium (MITE) [1-3]

The notion of microscopic thermal equilibrium (MITE) is introduced in Refs. [1, 2] as follows.

Definition I.1: Microscopic thermal equilibrium (MITE) [2]

A state ¢ is said to be in microscopic thermal equilibrium (MITE) on a length scale [y if it

satisfies
lorse(&) — trse(pa)ll, < e (s2)

for every subsystem S with Diam(S) < [y, where ¢ < 1 and the diameter of S is defined by

Diam(S) := sup, ,es d(7,y) for some distance d.

As mentioned in Ref. [2], MITE can be regarded as the thermal equilibrium relative to

AmiTE = U L(Hs) @ idge. (S3)
S: Diam(S)<lp

Then, we have the following proposition.

Proposition 1.1

Let 6 be an arbitrary quantum state and py, be a thermal ensemble. Then,

& is in MITE <= |6 — e[ < ¢, (S4)

where € < 1.

Proof. The proof follows immediately from the following equation:

i
tr (HAH . (U Pth)) '

s <Hfé5 (trgc(&) ~ trge (ﬁth))> ‘

oo

A A A
|6 = pan i) =

AeAviTr

= max . max
S: Diam(S)<lo AgeL(Hs)

- troe(6) — trge(p ) S5
S: Dgﬁé)gm Itrse (@) = trse (o)l %)

Mori et al. [3] extended the notion of MITE by lifting the spatial constraints Diam(S) < [ to
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a “few-body” constraint as |S| = k with an integer k of O(1), i.e., they consider
f .
A= U LHs) ®idse (S6)
S: |S|=k
in addition to ApmiTE.

The same proof for Proposition .1 applies to the MITE with respect to Al(\f[elv%g, and we have

the following proposition;

s N

Proposition 1.2

Let 6 be an arbitrary quantum state and py, be a thermal ensemble. Then,

(few)
¢ is in MITE with respect to Al(\fﬁ‘:pE <~ ||6 — ﬁthHgAMITE) <k, (S7)

where € < 1.

C. Macroscopic thermal equilibrium (MATE) [1-3]

The notion of macroscopic thermal equilibrium (MATE) is introduced in Refs. [1, 2] as follows.

Definition I.2: Macroscopic thermal equilibrium (MATE) [2]

Consider a collection of macro observables My, - - - , Mx. By suitably coarse graining the op-
erators Ml, e ,M K, it is expected that we obtain a set of mutually commuting operators
M, , Mg with Mj ~ Mj forall j =1,---, K. We take M, as the coarse-grained Hamilto-
nian, whose eigenspaces are energy shells Hg aAp.

Since Mj, - - - , Mg commute with each other, we can simultaneously diagonalize them, and
the energy shell Hpap can be decomposed accordingly as Hpap = @, H,. Here, H, is
called macro-spaces, and we denote the projector onto H, by p,.

In each HE AE, it is expected that one macro-space called thermal equilibrium macro-space
Heq covers the most of the dimensions of Hg Ag, i.e.,

dim Heq

_— = 1 — €
dimHg AR ‘ &)

with € < 1. Without loss of generality, we set Heq = Hy=1.

Under these setups, a state ¢ € dimHpg sk is said to be in macroscopic thermal equilib-
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rium (MATE) if and only if

~

tr(6Pg) > 16 (S9)

for a suitably small tolerance § > 0.

AN J/

As mentioned in Ref. [2], MATE can be regarded as the thermal equilibrium relative to the
(coarse-grained) macroscopic observables M, -+, Mg. Because we focus on the joint distribution

of the observed values of My, -- , Mg in MATE, A for MATE is given by
AMATE = {Peq}. (S10)

Then, we have the following proposition.

e N

Proposition 1.3

Let 6 be an arbitrary quantum state. Then,

& is in MATE with tolerance & (> 26) <= ||6 — pim) EAMATE) <5-&  (S1)
Proof. For AyiaTe = {Peq} , we have
& — pime) (Asare) tr(& Pog) — m . (S12)
Therefore, Hf} - ﬁf;rgc) EAMATE) < € is equivalent to
1—(€+€) <tr(6Poq) <1+ (e —8). (S13)
By setting € :== § — € (> €), we obtain
b= pm | T 5 e 15 < tr(oPu), (S14)

which is the desired result. |
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II. SCALING BEHAVIOR OF THE NORMALIZATION CONSTANT |/A|| q

Here, we demonstrate that the quantity A/|A| o 10 the definition of [|- H(IA) in Eq. (1) in the main
text is themodynamically intensive only for ¢ = co. For that purpose, we derive the N-dependence
of the normalization constant ||A| 4 for an extensive operator M, = Zj\f: 1 &](.Z), where () is the
Pauli z-operator. The eigenstates of M, are given by tensor products of those of 6(*), and the
eigenvalues are given by —N 425 (j = 0,---, N), where j is the number of spins where the local

state is the eigenstate of 6(*) with eigenvalue +1. Therefore, we have

N N
uMzuq:Z(.)r—Nqu

=0 N7
N g ,
J J 1 N -1
= N1 —1+2= NH| = zlog ———— N 1
]z:(:) t25 exp[ <N>+20g277j(N—j)+O( )1 (S15)

where H(z) = —zlogz — (1 — z)log(1l — ) is the binary entropy.
Since we are interested in the N-dependence of || M., || o for large N, we approximate the sum

with the integral, obtaining

N 1 1 1
|| M| Z o~ NqH/O dz|—1+ 2z|%exp |:NH(SU) — §log (z(1—1x)) — 510g(27r]\7) + O(Nl)}

Nt2 1
~ dx|—1+2$|qexp [NH(Q:) — 5 log (x(l—:c))—FO(N_l)}
]yi N o 227 exp [NH( ) - %log <i - xz) + O(N_l)} (516)

2

We then employ the saddle point method, which leads to

AN 2 2
(| M \ﬁ /ldx2x|qexp [NlogZ— 23: +log2+1;+(9(a:4,]\71)]
5

N3 x2
=N dx zl%e -——4+0 N_l]
= [ et | < ro(v Y
N3 +oo 22
oN q
dx |x|?e -
7 | |z Xp[ 2}
q
1
fQNN’\/E (q; > (S17)

Therefore, for any fixed ¢ and sufficiently large N, the normalization constant ||, || 4 Scales as

~ VN D%, where D = 2V is the dimension of the total Hilbert space.
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Theorem 1 in the main text is the consequence of the concentration inequality for the Haar mea-

sure on SU(D) [4-7] applied to the quantities (||5,5a5||§“4))2, where dpag = pap — ﬁgrgc)(Ea)%B,

and (AgH’A))2 as functions of the unitary matrix U that diagonalizes the Hamiltonian, i.e.,

. D
U ]EC(YO)> = |E,) for an arbitrarily fixed orthonormal basis {\E&O))} oz Of H. The concentra-

tion inequality for the Haar measure on SU(D) [4-7] implies that, for any 6 > 0 and an arbitrary

Lipschitz function f(U7) of U € SU(D) with Lipschitz constant urs

. 2
P[f(0) ~Elf] > 8] < exp (‘fmf) (s1

’D
exp (—i2>, (S1
"y

where P denotes the probability with respect to the Haar measure.

and P f(0) ~E[f] < 3|

IN

To apply the inequalities (518) and (S19), we need (i) to evaluate the averages of (|0 ﬁaﬂHgA)

and (AgH’A))2 and (ii) to show the Lipschitz continuity of (H(S,éaﬁHgA))Q and (AgH’A))Q.

A. Estimation of IE{(”(;pAaB”gA))ﬂ

8)

9)

)2

As mentioned in the main text, it is in general difficult to calculate the maximum with respect

to A e A+RI in ||||§A) Therefore, we employ the inequality HHéA) < H||§A) < \@HH&A) Here,

we can calculate ||- ||§A) given an orthonormal basis of A+ RI as in the following proposition.

Proposition III.1

Let A be a space of Hermitian operators and {A(s)} s]\il be an orthonormal basis of A + R,
where M := dim(A + RI). For an arbitrary linear operator X (not necessarily Hermitian), we
introduce a column vector X with elements X, = tr(A®)X) (s = 1,--- , M) and denote its
Euclidean norm by || X],.

Then, we have

s

R max R
2 Ac A+RI

~ S92 = =
5 X XT. X
tr( A X)‘_\/u I3+1%7-%| 520
4, 2




In particular, we have

1

121, < ||%]° < 121, (s21)
V2 2
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Proof. For an arbitrary operator A € A+ RI, we expand it as

M
A=Y cd®, o=u(A04)cr (822)
s=1

A
tr < — X)
Al 5

‘Zé\il cs tr (A(S)X> ‘
= max
Ac A+RI [l 2

= max ‘E’- (Re)z—l—ilm)z)
¢ |lelly=1

Then, we have

.| (A
X()

R max R
2 Ac A+RI

—

= IIJI[}:‘IEILX=1 \/ET . [(Re X)Re X)T + (Im X )(Im X)T| -

—
QL
—
w2
[\l
w
~—

where we introduced the column vectors & = (cp,cp,---)T and X =
(tr(AWX), tr(A@ X)), .- T,

If Im X « Re X, the maximum in Eq. (523) is attained when ¢ < Re X, and we obtain

M
5 11 (A =2 =2
€] = Vimre 15 + x5 = | S

“ “ 2
> e (A0 %) ‘ . (S24)

When Im X ¢ Re X, we define cos := (Re X7 - Im X)/||Re X | 2||III1X|| 5, and introduce

the following orthonormal vectors:

Re X 1 Im X
€] = ei_,, €y 1= — m_, —¢€1cosb |. (S25)
[Re X{| sinf \ [[im X,

We then obtain an orthonormal basis of RM by extending the orthonormal set {€1, €} . The

matrix [(Re X)(Re X)” + (Im X)(Im X)7] in this basis is given by

(Re X)(Re X)” + (Im X)(Im X)7

S 2 22 S 2
[Re X|| 5 + [IIm X || 5 cos? @ | Im X|| ;, cos @ sin 6

02 p—2

= I m X | 5 cos 0'sin 0 | Tm X | 5 sin? 6 (526)

0M72,2 0M—2,M—2
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where 0,,,, denotes the m x n zero matrix. The nontrivial eigenvalues of the matrix (526)

are

- 2 - =
X, +|XT. X

M
o N " A\ 72 N i N _,
XT-X:Z[tr<A(5)X>] = |[Re X5 — |[Im X 5 + 2i|Re X [ Im X ycosh.  (S28)

s=1
The maximum in Eq. (523) is attained when ¢ is an eigenvector belonging to the eigenvalue

A4. Therefore, we obtain

2 - -
o1 (A) X XT. X
R :\/H I3+ X7 K| s20)
2 2
The equation (S29) reduces to Eq. (S24) when Im X o Re X. [ |
In our application, we set
X = 6pas (;: P — DY) (Ea)éa[;). (S30)

Recall that U is the unitary operator that diagonalizes the Hamiltonian, i.e., U |E§O)> = |E,).

Therefore, Xo = UtXU is independent of U. Then, our task is to estimate the Haar average of
o2 a2

the quantity || X, = Ei\il tr (A(S)UXOUT)‘ :

By explicitly calculating the fourth moments of the unitary Haar measure, we obtain

=12 M-1, . 2
E[IX15) = pr—71%ol> (831)
It is also straightforward to show
1Kol f=1——— s (532)
0ff2 = dimHE, sE k

fo2
which implies 3 < || Xo||; < 1 except for the trivial case of dimHp, 55 = 1. We do not consider

this trivial case. Then, Proposition III.1 gives

R A 1 M
1 <E[00017) + 0 53 ) < 3 (533)

as claimed in the Methods section of the main text. Combining Proposition II1.1 and the bound

A A A .
HH; ) < HH% ) < @HH& ), we obtain

SIS

D2

NG

< B[l +0(52) < - (534)
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B. Estimation of E[(A§H7A))2]

The remaining part of the proof of Theorem 1 in the main text applies to (HéﬁagH](DA))” for
arbitrary p > 0 and n > 0 without any change, so we consider the general case (H(S[BQBHZ()A))",

including (]|5ﬁa5||g“4))2. Accordingly, we introduce A;,H’A) = max ‘|5ﬁa,8||1()A)

|Ea),|Eg)EHE AE

To estimate E[(AgH’A))Q], we need the Lipchitz continuity of (\\6pa5]]p ))n_ which we prove in

the next subsection. In this subsection, we assume that (|6 ﬁa/g”](f))" as a function of U is Lipschitz
continuous and that its Lipschitz constant is bounded from above by a constant 7, independent of

D. Then, the concentration inequality (S18) for (\\5ﬁag]]1()A))" gives

P{(AS)" — E[(165015)"] = 6] < a3 5516605 lSY)" — E[(187asl V)] > 4]

%D
< exp a2

n

+ 2log dE,AE)a (S35)

where dg Ap = dim Hg Ap. We introduce

0o = 1/8n2

log dE,AE <:> (SQD
) 4772

n

+210ngAE—O> (S36)

and obtain

B[(]|8pas | )" 1+50 o0 2D
< ! dw—i—/ exp( w 5 —I—210ngAE>d
0 0 4 Mn
(2

( )n:+50+/50 exp< 477%D>d1:
( )n +50+/Oooexp <_a;7123> dx
<E[(187asI V) "] + b0 + \/W?
(197615°) ] +0<\/ lgdgw) (837)

This result together with a trivial inequality E[(||d5qs]| }(;4))”] < E[(Agﬁ’A))”] leads to

E[AS)) = E[(1050515°) "] + 0(«““?“). (538)

=K
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C. Lipschitz continuity of (‘|5ﬁaﬁ||;’4))"

To apply the concentration inequality to (HéﬁagH](DA))”, we need to show its Lipschitz continuity
as a function of a unitary operator U € SU(D). We also derive a D-independent upper bound for
its Lipschitz constant 7,

We introduce the function

. A s
S0 = tr( _ UXOUT>, (S39)

where X, := U T(SﬁagU does not depend on U. We omit the indices o and [ in the definition of X
because they play no role in the following argument. The Holder inequality and the well-known

inequality || Al o < | A] o for any ¢ > 1 give

1A
141l

L0 < IUXoUT|, < | Xoll ;- (S40)

The quantity H5ﬁa5||z(;4) can be rewritten in terms of f;A)(U ) as

10pas]lY = max max(—1)7f{V(U) = FA(D). (S41)
AeA4R] o=%
The Lipschitz continuity of (||5[)a5H](DA))" will be established if we can show that the Lipschitz

constant of [ ZSA)(U)]” are bounded from above by a constant independent of A. To see this, we

consider the following inequality:

max max(—1)°[f\Y(0)]" — max max(—1)°[fY (Us)]"

(A O] = [FA (C2)]"

A€A4R] o=* P A€A+R] o=F P
< max max|[[{(00)]" ~ [ ()"
A€ A+R] o=
= max / n[ £ () 1(v FAD) - dU)‘ (S42)
A€EA+RI |JU 9
where Uj_,9 is a straight path connecting Ul and UQ defined by
Urso(t) =tU + (1 —t)Us, te0,1], (S43)

and

Pyl oA
Vo fi(0) - dU = Z( afz]}- dU;; + 57;]* auy; (S44)
v
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with U;; being a matrix element of U with respect to an orthonormal basis { | P Here, we

have [|U152(t)| o, < ULl o + (1 —1)||T2]| ., = 1. We then obtain

Jj=1-

[EA O] — [F (O2)]"

< max max( ’fp U1_>2( ’"‘1HVUfIEA)((Ah—n(t))HQ)/U ||dlA]||2

Ac A+RI t€[0,1] 1o

— max o (] 40 @a0)] [Fo Ca@)], )10 - Gl 55)

The derivative of fp (U) with respect to the matrix elements of U is given by

8.][‘?514 8f(A) 1 . ‘
= X UTA P _ Arx A
oU; 4], (1 XU Al U5 1Al (il AU Xoj) , (S46)
and therefore
2
3f(A) 8f]§A)
Vi@ = sw ‘ Lo
U: HU” <1 H H U: HUHOOSI\ ; 8Uzg 8U1]

PPN 2 A 2
— s > <] GIXoU Al +]<z‘!AUXo!j>\)
0 0]l gl\ 1,

= 5 (IZU A5 + 140 X0 5). (S47)
U: HUH <1 H

By applying the Holder inequality || XoUTA|l, < HXOH JUTA| (= 1 Xoll oIl ) and the well-

known inequality ||A| ., < HAH for any ¢ > 1, we obtain

feso

|, = V2IIXoll (848)

U: ||U|| <1
Finally, by combining Eqs. (S45), (S48) and || Xo|| , < [|Xo||, < 2, we obtain

[EA(O)]" — [EA @) < n2v* 2|10y — Oy o, (S49)

which gives a D-independent upper bound n2"*z for the Lipschitz constant 7, of (H‘Sﬁaﬂ”;()A))n-

. . A a,A)\"
D. Lipschitz continuity of (Ag ))

The Lipschitz continuity of (AgH’A)) follows from that of (||5,6a/3||;“4))” in the same way as in
the inequality in Eq. (S42):

() = ()| -

< max
|Ea),|Ep)EHE, AE

max FA @)™ - max FA ()"
|E04>7|E5>€HE,AE[ P (th)] \Ea>7|Eﬁ>EHE,AE[ (U2)]

(A O] = [F (O2)]"

< m|U1 — U2l , (550)
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where in the last inequality, we used the Lipschitz continuity of [FZEA)(Ul)]” which is proved in

F5 n
the previous subsection. Therefore, (Ang’A)> is Lipschitz continuous with Lipschitz constant no

larger than n,.

E. Derivation of the bounds for (A,(,PI’A))" in terms of IE[(H(SﬁaBHgA))”}

By applying the concentration inequalities (S18) and (S19) to (Ag,H’A))", we obtain

P[|(AST)" — E[(AST)

> 6| < exp (~0(5D)). (S51)

By substituting Eq. (S38) into Eq. (S51) and suitably setting § = % + (9< log dg’AE> , we obtain

€

P[0y B[ (1650l 0) ]| = 5

Finally, Eq. (S52) for n = 2 and p = 1 combined with Eq. (S34) yields

} < exp (-0(D¥)). (S52)

> M De
(H,A)\n _ " s 2 | < _ ¢
IP’[(Ap -5z \/5] < exp (~0(D¥))
2 M D¢
H,A)\n 2¢
and P[(Ag Y- s < \/5} < exp (—O(D )), (S53)
which is the precise meaning of the statement “% < (Az(gﬁ’A))" + O(%) < % for almost all

Hec Giny” of Theorem 1 in the main text, where we introduced Gi,, as an invariant random matrix
ensemble '. However, our proof shows that Theorem 1 applies to any random matrix ensemble
whose probability measure is invariant under any unitary transformation H — VHVY with V

being a unitary operator.

! The random matrix ensemble Giny is called an invariant random matrix ensemble if the probability measure of Giyy

is proportional to exp (— tr V(FI)) (H € Giny) for a real function V.
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IV. PROOF OF THEOREM 2 IN THE MAIN TEXT

A. Definition of the m-body operator space

and proof of Theorem 2 in the main text for spin systems

1. Definition of the m-body operator space

For N-site spin-S systems, the total Hilbert space is given by Hy = (7—[100)®N with Hjoc being the
local Hilbert space of each spin. We denote djo. = dim Hjoe = 25 —1 and Dy = dim Hy = (djoc)

We define the exactly m-body operator space AS\T) to be the space of operators that can be
expressed as a linear combination of operators acting nontrivially on exactly m spins, i.e,
. 1<21 < <am<N
AS\TI’Z) — SpanR{U(pl .. Pm) ‘ 7111S<pj<<§10c7 }’ (854)
where {(}(p)}pic with djoc := 25 + 1 is an orthonormal basis of £(#y) with 60 « I, and 5P i

the operator () acting on the site x.

Then, we define the m-body operator space A" and Ak,n_’m” by
AR = @ A Al = @ Al (S55)

With these definitions, it is clear that AEGL’W’] is the orthogonal complement of Agg’m_fl] with

respect to .A[O ™+ The dimension of AS\T) is given by
m N
dim A = (m) (2, — 1) = D% Py, (S56)
where

- ()6-4) ()

is the probability mass function for the binomial distribution B(N,p) with p =1 — (djoc) >
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2. Proof of the first part (3) of Theorem 2 in the main text for spin systems

As a property of the binomial distribution, we have P,,_1 < P, for m < (N + 1)p. Therefore,

for 0 < a < p, we have

dim AN azN: dim A
Dy = Dn

< (OéN—l— 1)DNPQN
= aNDy exp {N (H(a) + alog(di, — 1) — 2log dloc) + O(log N)}
= exp [N (H(a) + alog(di,. — 1) — log dloc) + O(log N)}

= exp [NGg{fC(a) + O(log N)} , (S58)

where we employed Stirling’s formula in deriving the first equality, G((ji)c(a) = H(a)+ alog(d?

loc

1) —log dioc, and H(a) = —aloga — (1 — a)log(1 — «) is the binary entropy. Here, we have

(1 1 1 1
Gélo)c <2> =log2 + 3 lOg(deoc —1) = log dioc = ) 10g4< )a (S59)

d2

loc

which is non-negative for dj,. > 2. We also have G&i)c (0) = —logdioc < 0. Therefore, the root

ol of Gz(ii)c lies in the range (0,1/2). Moreover, we have Gg;)c (o) <0 for a < alV. Thus, the

upper bound in Eq. (S58) vanishes in the limit N — oo when o < oszL). Then the upper bound

of Thereom 1 in the main text implies that the ETH typically holds for all operators in .AE(\],’D‘N]

when a < a{™. Therefore, we obtain the lower bound ol < m, /N for m,, and the first part (3)

(L)

of Theorem 2 in the main text for spin systems is thus proved. Here, ay ’ is a monotonically

increasing function of dj,., and we have oa(kL) =0.1892- - - for dj,. and a&L) — 1/2 as djpe — 0.

3. Proof of the second part (4) of Theorem 2 in the main text for spin systems

The binomial distribution B(N,p) with p = 1 — (djoc) "2 converges to the Gaussian distribution
N(Np, Np(1 — p)) for a sufficiently large N. Therefore, if we set my = Np + c+V/N with positive

constants ct, we have

d m_,m4]
1m.A o> L

D?V \/%/c/m T Ve

for sufficiently large N. Here, we have used p(1 — p) < 1. Then, the lower bound of Theorem 1
(U)

in the main text gives the upper bound m,/N < ay ' for m, and proves the second part (4) of

Theorem 2 in the main text with aSkU) =p=1— (dipe) 2

A -5 /_ N (S60)
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B. Definition of the m-body operator space

and proof of Theorem 2 in the main text for Bose systems

For N-particle Bose systems on a lattice with V sites, the total Hilbert space is given by

Hny = spanc{i)zl . IA)LN 0) 1<z <---<ay< V}. (S61)
Its dimension is given by
N+V -1
DN,V = dim HN}V = < +N > (862)

We define AE(\),’?}] to be the space of operators that can be expressed as a linear combination of

products of m annihilation operators b and m creation operators Z;T, ie.,

~

Al — {A + Al i(A- Aty | A e ARy } (S63)
where _,21587‘?} = span(c{]s]\/(bJr - b Byl by, )Pn |1 <2 <V, 1<y; < V}. (S64)

Here, Py is the projection operator onto H v, which is introduced to explicitly indicate that we are
working within the sector H v 1y with a definite particle number. The space AE&@ contains the space
Ag&?}’fl], ie., AE(\),”T";*” C AE?,’,T‘;L]. This is because the particle number operator N := Z;/:l bLb, is
essentially equal to the identity operator due to the particleenumber conservation. Indeed, for an
arbitrary basis operator Py (b}, - - - I;lmfll;yl e Bym,l)pN of AE?,’;_I], we have

PN ~ “ - - 1
PN(b.‘Ll"'bi}mflbyl"'bym 1)P]\[ m

14
N m—|— z_: mflblmbxmbyl .”bym—l)PN7

N(bil . "bjcm,l

Nby, -+ by, )Py

(S65)
where we used m < N in deriving the first equality. The last equation in Eq. (S65) shows that
P (b, "~I;Lm_1l§y1 by, )Py € ANV , which proves AES:?}_” - AE&@]. This fact also justifies
the definition in Eq. (S64) as the m-body operator space .AE?{;] rather than the exactly m-body

operator space Ag(,n‘),

Since [I;x,i)y] =0, we can assume 1 < 29 < -+ < 2y, and y1 < Yo < -+ <y, in Eq. (S64).
]

Therefore, the dimension of the m-body operator space AE(\),:?} is given by
,m -1 2
dim AR = (m v ) . (S66)
m
We introduce the particle density p .= N/V, and o :=m/N. Then, Stirling’s formula gives
. 0,m 1 1
dim AR} = exp [2&/(1 + ap)H<1 - ap) —5logV+0(1)]. (S67)

Here, the function zH (1/z) is a monotonically increasing function of x.
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1. Proof of the first part (3) of Theorem 2 in the main text for Bose systems

From Eq. (S67), the upper bound of Theorem 1 in the main text is calculated to be

dim .A[O l
TNV L)
Dy = [VGP (@) + O(log V)}, (S68)
where
1 1
(L) — _ -
Gy () 2(1+ap)H<1+ap> (1+p)H(1+p>. (S69)

Here, GE)L) is a monotonically increasing function of a and G,()L) (0) <0< G (1 /2) for p > 0.

O oar(2)] = oo e (1)
—p-oe(1-3) -5
1))

>0, (S70)

Indeed, we have

and

1 P P P
G (=) =21 (1 7)— log [ =) —10g(1 1
» |3 og(1+75 )~ plog 51, og( +p)+p0g1+p
2tp
1+p
> 0. (S71)

Hence, there is a root ol of GE,L) in the range (0,1/2), and we have G( )( ) < 0 for a < al.
(L)

Therefore, we obtain the lower bound a,” < m,/N for m, and conclude the first part (3) of

Theorem 2 in the main text for Bose systems.

2. Proof of the second part (4) of Theorem 2 in the main text for Bose systems

[

N M+] 6 be the orthogonal complement of .AE(\),’m*_I]

As mentioned in the main text, we define A

O.m+] o6 that we have Agg,er] = .Ak,n_’m} a5 Agg,m_q] 2. The dimension of

with respect to A}

AK,”"mJ“ is given by

dim ARy ™ = dim AR — dim AR, (S72)

—,my]

2 This definition of AE:;L’mH depends on the choice of the inner product. However, dim AE\T is independent

mt]

of its choice. Therefore, for our purpose, the existence of the space AE\T,"’ is sufficient, and we do not need to

worry about it.



25

where oy :=my /N.

—,my]

The lower bound of Theorem 1 in the main text applied to AEG%V is calculated to be

dim A%Q’mH _ dim AE&?}H B dim AE&Y{/L_A] (573)
(Dnv)? dim Ay dim ARy )
where we used dim AE?,]‘\/{ = (Dn,v)? Since the function zH(1/z) is a monotinically increasing

function of z, the first factor (dim AE?,:?/”] / dim AE(\),’,]‘\/”) in Eq. (S73) vanishes in the limit N — oo
unless a; = 1 — 0o(1/V). The second factor 1 — dim .,45(\),’73’_1]/ dim Agg’?*] remains finite when
m4 — m_ > c for a suitably chosen constant c¢. In particular, choosing my = N and m_ =

m4 — c_v/ N for an positive constant c_ is sufficient to ensure that the left-hand side of Eq. (S73)

remains finite. This fact proves the second part (4) of Theorem 2 in the main text with aiU) =1

for Bose systems.

C. Definition of the m-body operator space

and proof of Theorem 2 in the main text for Fermi systems

For N-particle Fermi systems on a lattice with V sites, the total Hilbert space is given by
Hyy = spanc{f; L 1< < <ay < v}, (S74)
where f is the annihilation operator. The dimension of Hy y is given by

DN,V = dim /HNJ/' = (x> . (875)

We define A[O M t6 be the space of operators that can be expressed as a linear combination of

products of m annihilation operators f and m creation operators f T, ie.,
Al — {A vAT A— ANy | Ae AE&’;@} (S76)
1 07 . » R £ R R D o m 9
where AW = spanc{ Py (Fl, -+ L fuu o Fu) Py 1 NE0S0S s (sTY)
Here, PN is the projection operator onto Hy . For the same reason as for Bose systems, the space
A V J includes the space .A H, ie., AE?,:?/L*H C AE?,’ST,L}. In addition, we have .AE?/’T‘?] CL(HNV),
and the dimension of £(Hy V) is DJQV v
By considering the particle-hole transformation C' defined by C f Ot = f i (equivalently C f et =
f) and C'|0) = f1 '--fv |0), we have
~ 7[0,m] A 2D AtArF A7 5\ AYAD A <z <V,
Ayt = spanC{CPNCTO( Frooo ft fee fp ) CHEPNCT ggg;g,;;mgg}

= spanc{ Py (fay o Fan fly o )P | S0 S5 S0 ) (878
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Here, for any z1, - , 2, and y1,- -+ , Ym, wWe have
~ N A, A m2 A, A ~ ~
For e Fo Bl B = GOl fE For o o+ (m = 1)-body terms). (S79)

Therefore, Eq. (S65) implies C’A[O’m]éT A[O’m] for m <V — N, and we obtain dim AE(\),”T"}] <
dim A‘B mjlf v (m <V —N). By exchanging the roles of A ]3 ?}] and .A[O m] v in the above discussion,
we obtain another inequality dim A@Z{,’V < dim AE?]’T"}] (m < N). Combming these results, we

obtain
dim AP = dim AP . (m < min {N,V — N}). (S80)
. . . . . [0,m—1] [0,m] . .
The equation (S80) together with the inclusion relation Ay, C Ay}, implies

dim AYY = D3y, (m>min{N,V - N}), (S81)

0,V—-N] 2 2
where we used dlmANV = DNV and dlmAV NV = DV—N,V = DN7V.

For m < min {N,V — N}, it suffices to compute dim AE&’;] for N < V/2 because of Eq. (S80).
There are (X) choices for both {x1, - ,x,} and {y1, - ,ym}, and different choices give inde-
pendent basis operators Py ( flofh fyl e fym)PN when N < V/2 3. Therefore, we obtain
dlmA 0 m] = (V)2 for m < min {N,V — N}. Combining this result with Eq. (S81) and m < N, we
finally obtain

2
. 0,m] 14
dim A’y = (min (m,V — N}) . (S82)

We introduce the particle density p := N/V, and « := m/N and obtain

. AE?{,,?}] ) exp [2VH(ozp) — LlogV + (9(1)] (a < min {1, 1%}); s

2 ] 1-p
DN’V (azmln{l, 5 })
1. Proof of the first part (3) of Theorem 2 in the main text for Fermi systems

From Eq. (S83), the upper bound of Theorem 1 in the main text is calculated to be

dlmA 0, 7‘7;]

D = o VE® (a )+O(1ogV)}, (S84)

3 This can be confirmed by considering the kernel and image of Py ( f;fl e f;fm fyl e fym)PN
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where

(e 2H(ap) — H(p) (a < min {1, 1_7‘7}); s55)

H(p) (azmin{l,kTp}).

It is straightforward to confirm that GgL) (0) <0< GE,L)(1/2) for p > 0. Indeed, for p < 1/2, we

have

1
Gy <2> = —plogg —(2—p)log (1 - g) + plog p+ (1 — p)log(1 — p)

P 1-
:plog2—log(1—2)+(1—p)log1_g

> 0. (S86)

For p > 1/2, we have G;L)(l /2) = H(p) > 0. Because G,()L) is a monotonically increasing function

of a, there is a root ol of G,(DL) in the range (0,1/2), and we have GE)L)(oz) < 0fora < o™,
Therefore, we obtain the lower bound agﬁL) < my/N for m,, and the first part (3) of Theorem 2 in

the main text for Fermi systems is thus proved.

2. Proof of the second part (4) of Theorem 2 in the main text for Fermi systems

As in the case of Bose systems discussed in Sect. [V B 2, we define A%L’m*] to be the orthogonal
complement of A%’mi_l] with respect to AE(\),’W] so that we have AE?,’WH = AEGL’mH @ AE%’”*‘”.

The dimension of A%(/’mﬂ (m_— < my) is given by
dim ARy ™ = dim AR — dim AR, (S87)

where ay :=m4 /N.

The lower bound of Theorem 1 in the main text applied to AK?{/’W’] is calculated to be

dim AEG?{/’W’] dim AE?,:?}J’] dim AES’;;L_ -1

Dvy)*  dim AR\ dim AD

, (S88)

where we used dim AE?,’]‘\,[] = (Dn,v)?%. Since the function H(x) is a monotinically increasing function
of z, the first factor (dim AES’@“’]/ dim AE?/]‘\/[]) in Eq. (S88) vanishes in the limit N — oo unless

at = min {1, 177'0} —0(1/V). The second factor (1 — dim AE&’;*_I]/dim AE(\),’;*]) remains finite

when m, — m_ > ¢ for a suitably chosen constant ¢. In particular, choosing m = agU)N with

aSﬂU) ‘= min {1, l;pp} and m_ = m4 —c_v/ N for a positive constant c_ is sufficient to ensure that
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the left-hand side of Eq. (S88) remains finite. This fact proves the second part (4) of Theorem 2
(U)

in the main text with o ’ := min {1, 177’)} for Fermi systems.
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