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We consider a free-fermion chain with a conformal defect that features an extended zero

mode, and study the entanglement properties in its mixed ground state. The zero-mode

induced degeneracy modifies the density of states in the single-particle entanglement spec-

trum, which can be calculated via the full counting statistics. For a homogeneous chain, the

resulting change in the Rényi entropy is derived analytically for arbitrary subsystem ratios

in the thermodynamic limit. For a conformal defect located in the center, analogous results

can be obtained for the half-chain entanglement. In particular, we observe parity effects for

half-chains with even/odd sites, which do not decay with size.

I. INTRODUCTION

Entanglement in quantum many-body systems has developed into a major research field, re-

ceiving attention from many communities ranging from high-energy to condensed-matter physics

[1–4]. Among the various aspects, numerous studies have been devoted to the characterization

of entanglement in one-dimensional critical systems, which can be described by 1+1D conformal

field theories (CFT) [5]. In particular, the entanglement entropy of a segment was found to scale

logarithmically with its size, with a prefactor that is proportional to the central charge of the

CFT [6, 7]. The logarithmic entropy growth was observed also in critical spin chains [8], and the

corresponding violation of the area law [2] was recognized as a distinct feature of criticality.

While the dominant contribution to the entropy turns out to be universal, this is, in general,

not the case for the subleading term. Nevertheless, there are examples where this term contains

some universal piece that is finite and independent of the UV cutoff, such as the case of 1D systems

with a boundary [9]. Indeed, this contribution is entirely determined by the boundary CFT, and

is related to the boundary entropy of Affleck and Ludwig [10]. Such boundary entropies have

been studied extensively both within CFT [7, 11–15] as well as numerically for various critical spin

chains in the presence of boundary fields [16–18].

Some particular choice of boundary conditions can also lead to the emergence of zero modes.

These are extended excitations which have exactly zero energy, and thus yield a degeneracy of the
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spectrum. For a single zero mode, the proper ground state of the system is then a mixture of

two pure states, with the zero mode either empty or occupied. Interestingly, the entropy of the

mixed ground state differs from the pure state one by a nontrivial function of the subsystem ratio,

which was calculated analytically for free Dirac or Majorana fermions [19–21]. The result has later

been verified for a quantum Ising chain with a topological defect [22, 23], which describes a special

boundary condition that produces a zero mode [24]. One should stress that this zero mode is an

extended excitation, and should not be confused with the ones that are localized at the boundaries,

as found in gapped phases of various quantum chains [25–27].

The topological defect corresponds to perfect transmission and thus reproduces the zero-mode

entropy found for a periodic chain [20]. Here we address the question, how the zero-mode con-

tribution is altered for a defect with imperfect transmission. In fact, the presence of a defect at

the subsystem boundary in free-particle chains is known to modify the logarithmic scaling of the

entropy, leading to a prefactor (also dubbed as effective central charge) which depends on the

transmission properties of the defect. This was first investigated numerically in free-fermion and

transverse Ising chains [28–30], and the analytic expression of the effective central charge was found

in [31, 32]. On the CFT side, the entanglement across conformal defects was studied for the free

boson [33] and the Ising model [34], perfectly matching the lattice results. Generalizations for CFT

junctions with multiple wires were considered in [35–37].

In this paper we consider a free-fermion chain with a conformal defect which supports an

exact zero mode, and study the corresponding finite contribution to the half-chain entropy in its

mixed ground state. The conformal defect on the lattice mimics the scale-invariant properties of a

conformal interface in CFT [38], and was first studied in [39]. Most importantly, it allows one to

establish an exact relation between the half-chain entanglement spectrum of the defect as well as

that of the homogeneous chain. We use this relation to derive an analytical prediction for the zero-

mode entropy, thus generalizing the studies of Ref. [22] to a chain with imperfect transmission. In

particular, our result shows parity effects in terms of the half-chain length, which vanish only when

the defect is completely transmissive. Our analytical predictions, derived in the thermodynamic

limit, are in perfect agreement with the numerical results.

We organize our manuscript as follows. In Sec. II we introduce the model and the methods

employed. In Sec. III we characterize the zero-mode entropy in the homogeneous chain for arbitrary

subsystem ratios, reproducing the results of [20] in an alternative way. In Sec. IV we compute

the zero-mode entropy of the half-chain in the presence of a conformal defect. We summarize and

discuss our results in Sec. V, leaving some technical details of the calculations in three appendices.
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II. MODEL AND METHODS

We consider hopping chains described by the Hamiltonian

Ĥ =
∑
m,n

Hm,n c
†
mcn, (1)

where c†m and cm are fermionic creation/annihilation operators satisfying anticommutation relations

{c†m, cn} = δm,n. We shall focus on models with only nearest-neighbour hopping and local chemical

potentials. The Hamiltonian (1) can be diagonalized by finding the eigenvalue decomposition of

the real and symmetric hopping matrix

Hm,n =
∑
k

ωk φk(m)φk(n) , (2)

with single-particle spectrum ωk and corresponding eigenvectors φk. In general, the ground state

of the chain is a Fermi sea with occupied modes ωk < 0 for k < kF . However, the situation changes

if the system supports a zero mode, i.e. one has an eigenvalue ωkF = 0 in the spectrum. In this

case, the mode occupation should be determined as a proper zero-temperature limit of the Fermi

function

nk = lim
β→∞

1

eβωk + 1
=


1 ωk < 0 ,

1
2 ωk = 0 ,

0 ωk > 0 .

(3)

In other words, due to the zero mode and the resulting degeneracy of the spectrum, the ground

state ρ̂ becomes mixed, given by an equal superposition

ρ̂ =
1

2
(ρ̂0 + ρ̂1) (4)

of two pure Fermi-sea ground states ρ̂0 = |0〉 〈0| and ρ̂1 = |1〉 〈1|, where

|0〉 =
∏
k<kF

c†k |∅〉 , |1〉 =
∏
k≤kF

c†k |∅〉 , (5)

denote the states with the zero mode being empty or occupied, respectively. Here the empty state

with no particles is denoted by |∅〉, and c†k are the creation operators in the diagonal basis of Ĥ.

Our goal is to study the contribution of the zero mode to the entanglement between a subsystem

A and its complement B. This is encoded in the reduced density matrix ρ̂A = TrB ρ̂, which can be

written in the form [40, 41]

ρ̂A =
1

Z
exp

(
−
∑
κ

εκ f
†
κfκ

)
. (6)
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Here εκ is the single-particle entanglement spectrum, which can be related via

εκ = ln
1− ζκ
ζκ

, ζκ =
1

eεκ + 1
(7)

to the eigenvalues ζκ of the reduced correlation matrix CA with elements

Cmn = 〈c†mcn〉 =
∑
k

nk φk(m)φk(n) , m, n ∈ A . (8)

Note that we use the symbol κ to differentiate the modes of the entanglement Hamiltonian in (6)

from those of the physical Hamiltonian in (2).

With the spectrum εκ at hand, the entanglement entropy S = −Tr(ρ̂A ln ρ̂A) is obtained as

S =
∑
κ

s(εκ) , s(ε) =
ε

eε + 1
+ ln(1 + e−ε) . (9)

In the thermodynamic limit of a very large subsystem, the spectrum becomes densely spaced and

the sum can be replaced by an integral

S →
∫

dε ρ(ε) s(ε) , ρ(ε) =
dκ

dε
, (10)

where ρ(ε) is the density of states. In order to obtain analytical results for ρ(ε) in the thermody-

namic limit, it is useful to introduce the resolvent

R(z) = Tr

(
1

z − CA
− 1

z

)
. (11)

Using the Sokhotski-Plemelj formula of complex analysis, the spectral density of CA is related to

the resolvent as

ρ(ζ) ≡ Tr [δ(ζ − CA)− δ(ζ)] =
1

2π
lim
ε→0+

Im [R(ζ − iε)−R(ζ + iε)] . (12)

Note that, for later convenience, a 1/z term has been subtracted in the definition (11) of the resol-

vent, which leads to an additional δ(ζ) contribution in the spectral density (12). This additional

term, however, does not play a role since we will be interested in the difference of spectral densities.

The final step is to relate the resolvent to the full counting statistics (FCS), which is just the

probability distribution of the particle number N̂A =
∑

n∈A c
†
ncn within the subsystem A. The

cumulant generating function of the FCS reads

χ(α) = ln Tr(ρ̂AeiαN̂A) = Tr ln
[
1− (1− eiα)CA

]
. (13)

Introducing the variable

z =
1

1− eiα
, (14)
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and considering the FCS as a function χ(z), one can immediately see that the resolvent follows as

R(z) =
d

dz
χ(z) . (15)

Hence, we have directly related the spectral density of the reduced correlation matrix to the FCS,

which has been extensively studied in the ground states of critical 1D systems [42–47]. Obtaining

the density of the entanglement spectrum is then a simple change of variables

ρ(ε) =

∣∣∣∣dζdε

∣∣∣∣ ρ(ζ) , (16)

using the relations (7).

In the following section we study the zero-mode induced variation of the density of states in a

homogeneous chain, and the resulting change in the entropy.

III. ZERO MODE IN A HOMOGENEOUS CHAIN

Let us first consider an open chain of even length 2L with some local chemical potentials at its

boundaries, such that the nonvanishing entries of the hopping matrix are given by

Hm,m+1 = Hm+1,m = −1/2 , H1,1 = H2L,2L = 1/2 . (17)

It is easy to show that the eigenvalues and vectors are

ωk = − cos
(πk

2L

)
, φk(m) = Nk sin

[
πk

2L
(m− 1/2)

]
, (18)

where k = 1, . . . , 2L and the normalization factor is given by Nk = 1/
√
L for k 6= 2L as well as

N2L = 1/
√

2L. One has thus a single zero mode with k = kF = L, and the squared amplitudes of

the corresponding eigenvector are constant φ2
kF

(m) = 1/(2L). Note that the existence of the zero

mode is due to the special choice of boundary conditions in (17). Instead, for an open chain of

length 2L without boundary potentials, the momenta are quantized as πk/(2L+ 1), and the zero

mode is absent. It would only appear for odd chain sizes, however, for a better analogy with the

defect problem in the next section, we prefer to work with an even number of sites.

The correlation matrix elements can be calculated explicitly using the eigenvectors in (18). In

particular, the state ρ̂1 has L occupied modes and one obtains

C1,mn =
sin
[
π(2L+1)

4L (m− n)
]

4L sin
[
π

4L(m− n)
] − sin

[
π(2L+1)

4L (m+ n− 1)
]

4L sin
[
π

4L(m+ n− 1)
] . (19)
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For the mixed-state correlations (8) with the half-filled zero mode in (3) one has

Cmn = C1,mn −
1

2L
sin
[π

2
(m− 1/2)

]
sin
[π

2
(n− 1/2)

]
, (20)

and the matrix elements C0,mn for the state ρ̂0 are very similar, with an extra factor two multiplying

the second term. We are interested in the change of the entanglement entropy δS = S−S0, which

gives the contribution of the zero mode in the mixed state ρ̂ in (4) as compared to the pure state

ρ̂0. The entropies are calculated for a subsystem A = [1, `] via the correlation matrices CA and

C0,A, respectively, using the methods introduced in section II.

In order to obtain our analytical results, we consider a thermodynamic limit by fixing the ratio

r = `/(2L) and sending L → ∞. We focus on extracting the difference of the density of states

δρ(ε) = ρ(ε)− ρ0(ε) in the entanglement spectra. It turns out that the key object we need is the

ratio of the FCS calculated for the pure states ρ̂0 and ρ̂1, with the zero mode either empty or

occupied. This can be obtained via bosonization and CFT techniques, as shown in appendix A,

yielding the simple result

Tr(ρ̂1e
iαN̂A)

Tr(ρ̂0eiαN̂A)
=

det(1− (1− eiα)C1,A)

det(1− (1− eiα)C0,A)
= eiαr. (21)

The physical interpretation of (21) is that the inclusion of the zero mode simply shifts the mean

particle number by r in A, but does not affect any higher order cumulants in the limit L → ∞.

Note that it seems hard to derive (21) directly on the lattice for the geometry at hand. Results for

the FCS are available for an infinite chain [44], obtained via Fisher-Hartwig methods for Toeplitz

determinants [48]. One could generalize it to Toeplitz + Hankel matrices using the results of Ref.

[49], however, this would correspond to a semi-infinite chain with a segment `� 1 at the boundary.

Although the asymptotics of the determinant in the FCS is not directly accessible when we fix the

ratio r, one could check the cumulants directly. In particular, the particle number fluctuations are

given by Tr [Cσ,A(1− Cσ,A)] for σ = 0, 1, and we observe numerically that their difference vanishes

slowly as lnL/L for L→∞, in an alternating fashion.

For the mixed state ρ, the change of the cumulant generating function is obtained via (21) as

δχ(α) = χ(α)− χ0(α) = ln

(
1 + eiαr

2

)
. (22)

The difference of the resolvents δR(z) = R(z)−R0(z) can be obtained using (15), by first substi-

tuting the z variable (14) and performing the derivative

δR(z) =
d

dz
δχ(z) = − r

z(1− z)
(1− z−1)r

1 + (1− z−1)r
. (23)
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The change of the spectral density then follows from the formula (12). To carry out the limit, let

us first note that the expression (23) has a branch cut along z ∈ [0, 1], and thus δρ(ζ) is supported

on this interval, as it should. To evaluate the jump across the branch cut, we need the limit

lim
ε→0+

(1− (ζ ± iε)−1)r = e±iπr(ζ−1 − 1)r . (24)

Plugging this into (23) and (12), we arrive at

δρ(ζ) =
r

πζ(1− ζ)

sin(πr)(ζ−1 − 1)r

1 + 2 cos(πr)(ζ−1 − 1)r + (ζ−1 − 1)2r
. (25)

Note that, apart from the branch cut, the resolvent (23) has an extra pole at z = 0. Indeed,

from the z → 0 behaviour δR(z) ' −r/z one infers that there is an extra delta function −rδ(ζ)

appearing in the spectral density. However, since the entropy density vanishes at the spectral edge

ζ = 0, we will simply discard this contribution.

The change in the entanglement spectrum density is obtained via (16) by a change of variables

δρ(ε) =
r

2π

sin(πr)

cos(πr) + cosh(εr)
. (26)

The spectral density δρ(ε) is shown in Fig. 1 for various ratios r. One observes that the density

becomes more and more peaked around ε = 0 as one increases the ratio towards r → 1. Indeed, in

this limit one can expand (26) to get

δρ(ε) ' 1

π

π(1− r)
π2(1− r)2 + ε2

→
r→1

δ(ε), (27)

such that it precisely reproduces a delta function. In terms of the correlation matrix spectrum, it

corresponds to the appearance of an eigenvalue ζ = 1/2. Obviously, this is simply the half-filled

mode in (3), as in the limit r → 1 of a full system one has ζκ = nk for the eigenvalues of C. One

should also remark that the entropy difference S−S1 measured from the state with an occupied zero

mode produces exactly the same results. Indeed, this simply corresponds to a change r → −r in

(22), but the final result (26) is manifestly symmetric under this transformation. In our numerical

calculations presented in the next subsections we actually used the convention δS = S − S1.

A. Zero-mode entropy

We can now apply the above results to calculate the zero-mode contribution to the entropy.

Using the entropy density (9) as well as the density of states (26), one arrives at the integral

δS =

∫ ∞
−∞

dε δρ(ε) s(ε) . (28)
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FIG. 1. Difference of the spectral density δρ(ε) for various values of r. For r → 1 the density converges to

a delta function localized at ε = 0.

It is instructive to compare the above expression to the one derived in Ref. [20] for chiral fermions

in a ring geometry, which reads

δS = πr

∫ ∞
0

dh tanh(πhr)(coth(πh)− 1) . (29)

Using the symmetry for ε → −ε, the integrals (28) and (29) are defined on the same domain but

with integrands that do not match. Remarkably, however, a numerical evaluation of the integrals

shows, that they reproduce the exact same function δS(r).

The origin of this mismatch can be understood as follows. The derivation in [20] is also based

on the resolvent, and one can actually verify that the result for δR(z) is exactly the same as ours

in (23). However, the entropy is then extracted by making use of the formula

δS =

∫ ∞
1

dz (1− z) [δR(z)− δR(1− z)] , (30)

and a subsequent change of variables h = 1
2π ln( z

z−1) leads exactly to the result (29). In other

words, (30) uses the analytical regime of the resolvent to reproduce δS by a mathematical trick.

Indeed, performing the integration over z before taking the trace in the definition of the resolvent

δR, one obtains δS = S − S1 with

S = Tr[−CA lnCA − (1− CA) ln(1− CA)], (31)

and similarly for S1 using C1,A. This is exactly the free-fermion formula for the entropies, and

thus δS is now obtained without ever referencing the spectral density δρ(ζ). Note also the analogy

between the change of variables ζ → ε and z → h.
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A clear advantage of the representation (28) via the spectral density is that one can directly

generalize it to evaluate the Rényi entropies

Sn =
1

1− n
ln Tr(ρ̂nA), (32)

and the corresponding zero-mode contributions δSn = Sn − S1,n. Inserting the expression for the

Rényi entropy density in terms of ζ, one has

δSn =
1

1− n

∫ 1

0
dζ δρ(ζ) log [ζn + (1− ζ)n] , (33)

which can be evaluated numerically for arbitrary Rényi index n. However, a considerable simplifi-

cation occurs for integer indices n ≥ 2. Indeed, in such cases there is a well-known relation between

the Rényi entropy and the FCS [50]

Sn =
1

1− n

n−1
2∑

p=−n−1
2

χ(αp) , αp =
2πp

n
. (34)

Since the relation is linear in the generating function, one can directly apply it to the difference,

and using (22) one arrives at

δSn =
1

1− n

n−1
2∑

p=−n−1
2

ln cos
(πpr
n

)
. (35)

The zero-mode Rényi entropies are shown in Fig. 2 and compared against numerical calculations,

performed with a fixed ratio r = `/(2L) and increasing L. One should note, that the numerical

data shows relatively strong finite-size corrections, and the entropy difference is well described by

δSn(`, L) = δSn(r) + (−1)`
a

`1/n
. (36)

One has thus an alternation with the parity of the subsystem size and some unusual correction

scaling with a power 1/n, that originates from the pure state and was noticed earlier [51]. We

used the above ansatz to fit the data and extract the scaling part δSn(r). As observed in Fig. 2,

the fits are in excellent agreement with the analytical results. In general, the curves for each n

interpolate smoothly and monotonically between the values 0 and ln(2). A special value for r = 1/2

is δS = ln(2) − 1/2. Note that the line for n = 1 is obtained by a numerical evaluation of the

integral (28), whereas the n =∞ case follows from converting the sum (35) into an integral.
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FIG. 2. Zero-mode Rényi entropies δSn as a function of the ratio r for various n. The symbols of matching

color show the numerical results obtained via data fits to (36).

B. Spectral shift

The agreement between the analytical and numerical results is remarkable, despite the fact that

the actual numerical spectra are still very far from being continuous and densely spaced for the

chain sizes considered. To better understand the mechanism behind the emergence of the zero-

mode contribution, we shall have a closer look at the entanglement spectra. According to (10),

the density of states is obtained as the derivative of the spectral function κ(ε), which is simply the

inverted spectrum εκ plotted against the integer index κ. Thus the spectral function κ(ε) simply

counts the number of eigenvalues up to ε.

For the case of a pure Fermi sea, the asymptotics of such spectral functions is known for the

infinite or semi-infinite hopping chain [52]. These results are based on the analysis of the discrete

sine kernel from the original work of Slepian [53]. Although the correlation matrix C1 in (19) is

kind of a deformed sine kernel, we are not aware of any rigorous results for its spectral function

κ1(ε). Nevertheless, we try to guess the result by analogy to [53], as well as from the relation of

κ1(ε) to the entropy. Namely, for the half-filled ground state ρ̂1 we put forward the ansatz

κ1 − κ̄1 =
ε

2π2
ln
(8L

π
sin(πr)

)
− 1

π
ϕ
( ε

2π

)
, (37)

where κ̄1 = Tr(ρ̂1N̂A) + 1/2 is just a constant related to the average number of particles in A,

while ϕ(z) is given via the Gamma function as

ϕ(z) = arg Γ(1/2 + iz) . (38)
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Calculating now the entropy with the corresponding density of states one has

S1 =

∫ ∞
−∞

dε
dκ1

dε
s(ε) =

1

6
ln

(
8L

π
sin(πr)

)
+
C
2
, (39)

where the constant term follows from the non-linear part of the spectral function as

C = − 1

π2

∫ ∞
−∞

dε s(ε)ϕ′
( ε

2π

)
≈ 0.495 . (40)

The expression (39) resembles very closely the result for the open chain without boundary fields,

which was studied in [51]. Indeed, the only modification is that 2(4L+ 2) is replaced by 8L in the

argument of the logarithm. This is motivated by the fact, that the eigenfunctions of the simple

open chain vanish at sites m = 0 and m = 2L + 1, and one thus needs to add two extra sites to

embed the chain and its mirror image into a periodic ring [51]. Here, instead, the eigenfunctions

(18) vanish at m = 1/2 and 2L + 1/2, and one can argue that the two extra sites are not needed

and the effective length of the corresponding ring is 4L. Note also, that the constant C in (40) is

precisely the one that enters the entropy of the ring [54], which now appears with a factor 1/2 due

to the single boundary between the subsystem A and the rest of the chain. After having motivated

our ansatz (37) for the spectral function, we now compare it against exact numerical calculations

in Fig. 3 for various ratios r, and observe an excellent agreement.

-4

-2

 0

 2

 4

-20 -15 -10 -5  0  5  10  15  20

κ
1
-κ_

1

ε

r=1/2
r=1/4
r=1/8

FIG. 3. Spectral function κ1(ε) of the Fermi sea ground state for various ratios r and L = 100. The solid

lines of matching color correspond to the ansatz (37).

We now move forward to study the spectral function κ(ε) of the mixed state, associated to the

correlation matrix CA in (20). This is related to the matrix C1,A by a rank-one update, which

induces slight shifts between the eigenvalues εκ and ε1,κ in the corresponding spectra. It should
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be stressed, however, that in the numerics the independent variable κ is always an integer. To

extract the spectral shift δκ(ε) = κ(ε)− κ1(ε), we have to treat ε as the independent variable, i.e.

we invert εκ → κ(εκ) and subtract κ1(εκ) by using our ansatz (37). In the thermodynamic limit,

the spectral shift follows by integrating the density δρ(ε) in (26), which yields

δκ(ε) =
1

π
arctan

[
tan

(πr
2

)
tanh

(εr
2

)]
, (41)

where the integration constant was chosen such that δκ(0) = 0. The comparison of the numerically

extracted spectral shift to the analytical result (41) is shown in Fig. 4, with a remarkable agreement.

Note that, in order to bring the numerical data to a symmetric form, a constant r/2 has been added,

which exactly corresponds to the difference κ̄1 − κ̄ of the average particle number in A.
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-20 -15 -10 -5  0  5  10  15  20

κ
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+
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2

ε

r=1/2

r=3/8

r=1/4

FIG. 4. Spectral shift for various r and L = 100. The solid lines show the analytical result (41).

To conclude this section we mention, that the zero-mode contributions can also be investigated

for a periodic ring of size 2L, with boundary conditions H1,2L = H2L,1 = −1/2 in (1). The

momenta are then quantized as πk/L with k = −L + 1, . . . , L, and one has a pair of zero modes

with ±kF = L/2 for even half-chain sizes. Both of them have to be included with an occupation

n±kF = 1/2, which leads to a mixed ground state composed of four different pure states. The

ansatz (37) has to be modified by replacing 8L→ 4L and multiplying the r.h.s. with a factor two,

that accounts for the increased density of states due to the two boundary points of A. Carrying out

the numerical analysis analogously, one finds that the spectral shift δκ(ε) as well as the resulting

entropy difference δS are both multiplied by a factor of two. Since the results look very similar to

the ones obtained for the open chain in this section, we do not report them here.
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IV. ZERO MODE FOR THE DEFECT

In the previous section we have presented an alternative derivation of the zero-mode contri-

bution, that has been studied previously for a translational invariant system [20]. We shall now

extend these results for free-fermion chains with a particular form of a defect, with the nonzero

elements of the hopping matrix given by

H ′m,m+1 = H ′m+1,m =

 −1 m 6= L

−λ m = L
, H ′L,L = −H ′L+1,L+1 =

√
1− λ2 , (42)

while the boundary potentials H ′1,1 = H ′2L,2L = 1
2 are the same as in the homogeneous case. Note

that we use a prime notation to distinguish the quantities defined for the defect problem from the

ones of the homogeneous case with λ = 1. In fact, it turns out that the eigenmodes of the two

Hamiltonians are intimately related via

ω′k = ωk = − cos
(πk

2L

)
, φ′k(m) =

 αkφk(m) m ≤ L

βkφk(m) m > L
. (43)

In other words, the spectra are identical, supporting a zero mode at k = kF = L for arbitrary values

of λ, while the eigenvectors are related to their homogeneous counterparts (18) by a rescaling that

is different on the left/right hand side of the defect and is given by the factors

α2
k = 1 + (−1)k

√
1− λ2, β2

k = 1− (−1)k
√

1− λ2 . (44)

The situation is thus completely analogous to the case of a simple open chain, where this so-

called conformal defect was studied previously [39]. The terminology derives from the fact that

the transmission amplitude s = λ is independent of the incoming momentum k. Furthermore, for

the particular case of a half-chain bipartition, the entanglement spectra are related as

cosh
(ε′σ,κ

2

)
=

1

λ
cosh

(εσ,κ
2

)
, (45)

where σ = 0, 1 refers to the pure states in (5). The relation is proved in appendix B. One should

stress that (45) holds for arbitrary particle number N , but only for a half-chain A = [1, L], we thus

restrict our attention to this case. Importantly, the main feature of the entanglement spectra for

the defect is the presence of a gap between

ε± = ±2 acosh(λ−1) (46)

where no eigenvalues are allowed.
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Before turning to the FCS, let us comment on a special property of the spectra that will become

important for the defect. Indeed, it turns out that the homogeneous spectrum at r = 1/2 has a

particle-hole symmetry, which leads to parity effects in terms of the particle number N . For an

even L, this implies that the spectra of the state with N = L contain N/2 pairs with ±ε1,κ and

±ε′1,κ, respectively. On the other hand, for N = L−1 particle-hole symmetry implies the existence

of a single ε0,κ = 0, with the rest of the nonzero eigenvalues coming in pairs. One then observes

that the corresponding defect eigenvalue is located on the upper edge ε+ of the gap, thus making

the spectrum slightly asymmetric. Note that an eigenvalue on the lower edge ε− of the gap appears

when considering the spectra for the right half-chain. For odd L the two cases discussed above are

simply interchanged.

We are now ready to derive the formula analogous to (21). Rewriting the FCS generators χ′σ(α)

with σ = 0, 1 in the pure states (5) in terms of the corresponding spectra ε′σ,κ, one has

Reχ′σ(α) =
1

2

∑
κ

ln

[
1−

sin2(α2 )

cosh2(
ε′σ,κ

2 )

]
, Imχ′σ(α) =

1

2i

∑
κ

ln

[
eε
′
κ + eiα

eε′κ + e−iα

]
. (47)

The real part can immediately be related via (45) to the homogeneous FCS

Reχ′σ(α) = Reχσ(α′) , sin
(α′

2

)
= λ sin

(α
2

)
(48)

by a change of variables α→ α′. Taking the logarithm of (21) implies then Re [χ′1(α)− χ′0(α)]=0.

Dealing with the imaginary part requires some care due to the parity effects discussed above. For

a perfectly symmetric spectrum, one can simply add the contributions from the pairs. Using

eε
′
1,κ + eiα

eε
′
1,κ + e−iα

e−ε
′
1,κ + eiα

e−ε
′
1,κ + e−iα

= e2iα , (49)

this gives for an even L

Imχ′1(α) = α
L

2
. (50)

For N = L− 1, the extra eigenvalue sitting at the gap edge has to be added separately

Imχ′0(α) = α
(L

2
− 1
)

+
1

2i
Im ln

[
eε+ + eiα

eε+ + e−iα

]
. (51)

Inserting (46) and using some identities, the difference can be expressed as

Im
[
χ′1(α)− χ′0(α)

]
=
α

2
+ tan−1

(√
1− λ2 tan

(α
2

))
, (52)

which is the analogue of (21) in the presence of the defect. The case of odd L is straightforward

to obtain, and gives a result similar to (52) but with a minus sign in front of the second term.
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It should be noted, that the above result implies a highly nontrivial change in the FCS. Contrary

to the homogeneous case, it is not a simple shift in the average particle number, but affects higher

order cumulants as well. In particular, since (52) is an odd function of α, the FCS becomes skewed.

In turn, it yields for the difference of the FCS between the mixed and pure states

δχ±(α) = χ′(α)− χ′0(α) = ln

[
1 + eiα/2±i tan−1(

√
1−λ2 tan(α/2))

2

]
, (53)

where the ± sign refers to L being even or odd, respectively. It is instructive to check the limit

λ = 1, where δχ±(α) = δχ(α) reproduces the homogeneous result (22) with r = 1/2. On the other

hand, for a disconnected chain λ = 0 one has the simple expressions

δχ+(α) = ln

(
1 + eiα

2

)
, δχ−(α) = 0, (54)

which correspond again to Eq. (22) with the effective ratios r = 1, 0, respectively. This immediately

yields the values δSe = ln(2) and δSo = 0 for the even/odd case in the limit λ→ 0.

A. Spectral density

With the result (53) at hand, we can now perform the calculation for the spectral density in

the exact same way as for the homogeneous case. Namely, we introduce the variable z in (14), and

employ the identities

eiα/2 =

√
1− 1

z
, tan(α/2) =

1

i

1

1− 2z
, etanh−1(x) =

√
1 + x

1− x
. (55)

Furthermore, we also introduce the parameters

z± =
1±
√

1− λ2

2
, (56)

such that (53) can be rewritten as

δχ±(z) = ln

1 +
√

1− 1
z

√
z−z±
z−z∓

2

 . (57)

Rearranging the expression one gets

δχ±(z) = ln

(√
z(z∓ − z) +

√
(1− z)(z − z±)

2

)
− 1

2
ln (z(z − z∓)) , (58)

where the first term is responsible for the continuous part of the spectral density, while the second

one simply contributes the delta functions −1
2(δ(z) + δ(z − z∓)). Using

d

dz

√
(z − a)(b− z) =

a+b
2 − z√

(z − a)(b− z)
, (59)
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we get for the derivative of the first term in (58) after tedious but straightforward algebra

1

z±(1− 2z)

(
−z± −

(z∓
2
− z
) √(1− z)(z − z±)√

z(z∓ − z)
+

(
z± + 1

2
− z
) √

z(z∓ − z)√
(1− z)(z − z±)

)
. (60)

At this point, one should be particularly careful to deal properly with the branch cuts appearing

in the region z ∈ (0, z−) ∪ (z+, 1), due to the presence of the square roots. We first consider the

case z ∈ (0, z−), where the jump across the branch cut is

lim
ε→0+

√
(z ∓ iε− z±)(1− z ± iε) = ∓i

√
(1− z)(z± − z), (61)

and thus we arrive at

δρ±(ζ) =
1

πz±(1− 2ζ)

((z∓
2
− ζ
)√(1− ζ)(z± − ζ)

ζ(z∓ − ζ)
+

(
z± + 1

2
− ζ
)√

ζ(z∓ − ζ)

(1− ζ)(z± − ζ)

)
. (62)

For z ∈ (z+, 1) one gets the same result, and thus Eq. (62) provides the continuous part of the

spectral density, which turns out to be symmetric under ζ → 1− ζ. Further singular contributions

to the spectral density are delivered by the poles of the resolvent. In particular, the term (1− 2z)

in the denominator of Eq. (60) might give rise to a pole at z = 1/2. The presence of the pole can

be spotted by approximating (60) around z = 1/2, where we find the limits

δR+(z)(z − 1/2) ' 1, δR−(z)(z − 1/2) ' 0. (63)

The pole is thus present only for δR+(z), leading to the even/odd spectral densities

δρe(ζ) = δρ+(ζ)− 1

2
δ(ζ − z−) + δ(ζ − 1/2), δρo(ζ) = δρ−(ζ)− 1

2
δ(ζ − z+), (64)

where we discarded again the irrelevant delta functions at ζ = 0.

The change in the density of the entanglement spectrum is obtained by transforming variables

via (16). Noting that z± = ζ(ε∓), after some algebra one finds

δρe(ε) = δρ+(ε) + δ(ε)− 1

2
δ(ε− ε+) , δρo(ε) = δρ−(ε)− 1

2
δ(ε− ε−) , (65)

where the continuous part of the density is given by

δρ±(ε) =
1

2π(1±
√

1− λ2) | sinh(ε)|

√λ2 cosh2
(ε

2

)
− 1∓

√
1− λ2√

λ2 cosh2
(
ε
2

)
− 1

 . (66)

These are shown in Fig. 5 for some values of λ, with the dashed and solid lines corresponding

to δρ+(ε) and δρ−(ε), respectively. As is clear from (66), both functions diverge around ε±, and

they move away from the homogeneous (λ = 1) curve in opposite directions. In fact, the density

difference δρ+(ε) is negative close to the gap edges, and it becomes very small moving away from

it. Hence the dominant contribution to the even spectral density is actually delivered by the delta

peaks in (65) for smaller values of λ.



17

-0.05

 0

 0.05

 0.1

 0.15

-10 -5  0  5  10

δ
ρ

±
(ε

)

ε

λ=1

λ=0.9

λ=0.7

λ=0.5

FIG. 5. Continuous part of the spectral density δρ+(ε) (dashed lines) and δρ−(ε) (solid lines) for various

values of λ.

B. Numerical results

In the following we present our numerical results for the defect, and compare them to the

analytical predictions obtained via the spectral densities in (65). We start with the entanglement

entropy, focusing on the case n = 1. The zero-mode entropy for the defect follows as

δSe = 2

∫ ∞
ε+

dε δρ+(ε) s(ε)− s(ε+)

2
+ ln(2) , δSo = 2

∫ ∞
ε+

dε δρ−(ε) s(ε)− s(ε+)

2
, (67)

where we used the symmetry of the spectral and entropy densities under ε → −ε. In Fig. (6)

we compare the above integral expressions to the entropy difference S − S1 obtained from the

numerics. As expected, the data converge to different values for even/odd L, and shows finite size

corrections of the form δSe,o(L) = δSe,o + ae,o/L. Fitting this expression for increasing L, one

obtains the values indicated by the symbols in Fig. 6. They show an excellent agreement with the

analytical results. Note that the zero-mode entropy δSe (δSo) increases (decreases) monotonously

as the defect strength goes towards λ→ 0. Their difference δSe − δSo is shown in the inset.

Finally, we present our results for the spectral shift, obtained as the integral of the density (66).

It turns out that this can be evaluated in a closed form and yields

δκ±(ε) =
1

2π

arctan

√
λ2 cosh2

(ε
2

)
− 1∓ arctan

√
λ2 cosh2

(
ε
2

)
− 1

√
1− λ2

 , (68)

where the integration constant has been chosen such that δκ±(ε+) = 0. Note that for ε→∞ one

has δκ+ → 0 and δκ− → 1/2. The comparison to the numerical data is carried out in a similar
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FIG. 6. Zero-mode entropy δSe and δSo for even/odd half-chain lengths as a function of λ. The symbols

show the fits to the numerical data, and the lines correspond to the analytical result in (67). The inset

shows the difference δSe − δSo.

fashion as in the homogeneous case. First, one inverts the mixed- and pure-state spectra, ε′κ and

ε′1,κ, as shown in the left panel of Fig. 7 for both even/odd cases. In order to subtract the blue

curve from the red one, we need again an interpolation of the data at the proper ε values. This,

however, is simply obtained by combining the homogeneous ansatz (37) with the eigenvalue relation

(45). The difference of the counting functions obtained this way is shown by the symbols in the

right panel of Fig. 7, for the positive part (ε > ε+) of the spectrum. Note that in the odd case we

have to subtract the constant 1/2 from δκ−, to correctly reproduce the asymptotics shown by the

data. In contrast, the negative part of the spectra is properly described by the functions δκ+−1/2

and δκ−, respectively. The constant shifts between the positive/negative parts are actually due to

the delta functions in (65).

V. DISCUSSION

We studied the variation of the ground-state entropy induced by the presence of a zero mode

in free-fermion chains with a conformal defect. The underlying change in the density of the entan-

glement spectrum is calculated analytically via the FCS and the related resolvent function. In the

homogeneous case, we reobtained the result of Ref. [20] for the zero-mode entanglement entropy

in an alternative way, and generalized it to the Rényi entropies. The calculations can also be

extended to the defect, by making use of the relation that connects the spectrum to that of the
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FIG. 7. Left: inverted single-particle entanglement spectra ε′1,κ and ε′κ for λ = 0.5. Right: spectral shift

for ε > ε+ and various values of λ. The symbols show the numerically obtained results (see text), while

the solid lines correspond to the analytical formula (68). The top/bottom rows correspond to the even/odd

cases wih L = 100 and L = 99, respectively.

homogeneous chain. We find excellent agreement between the analytical and numerical results.

A particular feature observed for the defect is the presence of parity effects in the zero-mode

entropy, such that δSe and δSo differs for even/odd half-chain sizes. In fact, a closer inspection

reveals that the parity effects are present in the mixed-state entropy S, while the pure-state en-

tropies S0 and S1 show only alternations that vanish as 1/L. Remarkably, finite parity effects were

observed also in the pure ground state of a simple hopping defect [55], which does not support a

zero mode. Moreover, the qualitative behaviour of the parity term as a function of the transmission

amplitude seems rather similar to our result δSe − δSo, shown in the inset of Fig. 6. However, a

quick numerical comparison of the two cases reveals, that the two functions are slightly different.

Indeed, the parity effects for the hopping defect must originate from the fact, that the relation

analogous to (45) is satisfied only approximately there. It would be interesting to see, whether the

methods employed here could be generalized to understand this case.
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One should remark that the parity effects found for the conformal defect can be directly gener-

alized to the continuum setting, i.e. for a junction of quantum wires described by a scale-invariant

scattering matrix. Indeed, the main relation (45) connecting the defect spectrum to the homoge-

neous one remains unchanged [56]. Furthermore, as shown in Appendix C by a direct calculation,

while for even particle numbers the entanglement spectra are particle-hole symmetric, for odd oc-

cupations the symmetry is explicitly broken for the defect. This is exactly the same mechanism as

the one observed for the lattice problem in Sec. IV.

It would also be nice to extend the results for the conformal defect to arbitrary subsystem ratios.

Again, the major bottleneck is to find the generalization of (45), to relate the defect problem to

the homogeneous one. Finally, it would be important to check the universality of the results by

investigating more complicated defect problems supporting a zero mode. We believe that our

results could be reproduced by a pure boundary CFT approach, similar to the one employed in

Appendix A, and it would be a fingerprint of universality.

Another interesting direction to explore is the evolution of entanglement across the defect, start-

ing from a mixed initial state due to a zero-mode degeneracy. Indeed, it contains information both

about the spreading of quantum correlations as well as the classical ones due to the mixture. The

methods developed here could be combined with recent results on the time evolution of correla-

tions [57, 58] and FCS across a defect [59, 60], and used to analyse different quench protocols,

generalizing the results of Refs. [39, 61–64].
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Appendix A: CFT derivation of the FCS ratio

In this appendix, we provide a proof of the formula Eq. (21) employing CFT techniques. We

first give a field theoretic characterization of our system in the absence of a defect, and then we

compare the FCS of the vacuum and the one-particle state. We consider the CFT of the Dirac

fermions (see Ref. [65]) on a spatial box of length L. We denote by |0〉 its vacuum, that we

represent as a two-dimensional strip geometry parametrized by a complex variable z

Re(z) ∈ [0, L]. (A1)
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The boundary conditions at the edges are chosen of the Dirichlet type (the density of fermions

vanishes at that points), and we depict them as boundary lines Re(z) = 0, L extended over the

euclidean time (for simplicity we use L for the chain size, in contrast to 2L used in the main text).

We consider the subregion

A = [0, `], (A2)

that is an interval attached to the boundary, and we study its FCS. For instance, given the U(1)

symmetry corresponding to the imbalance of particle and antiparticles, we construct its restriction

over A as

N̂A =

∫ `

0
dx Ψ†(x)Ψ(x), (A3)

with Ψ(x) being the Dirac field. The quantum fluctuations of N̂A in the vacuum state, are encoded

in the full counting statistics

〈0| eiαN̂A |0〉 . (A4)

As shown in [66], a clever way to compute the expectation value above is via bosonization

techniques. For instance, the following correspondence holds

eiαN̂A ∼ Vα/2π(z = 0)V−α/2π(z = `), α ∈ [−π, π], (A5)

with V±α/2π(z, z̄) being vertex operators, whose expression in terms of the chiral modes φ, φ̄ is

V±α/2π(z, z̄) = e±iα/2π(φ(z)+φ̄(z̄)). (A6)

Due to the choice of the boundary condition at z = 0, one can show that the (boundary) scaling

dimension of Vα/2π(z = 0) vanishes, and from now on we just discard its insertion. In contrast, the

(bulk) scaling dimension of V−α/2π(z = `) has a nontrivial value given by [65]

∆ =
( α

2π

)2
. (A7)

Finally, we get

〈0| eiαN̂A |0〉 ∼ 〈0|V−α/2π(z = `) |0〉 , (A8)

namely a one-point function of a scalar primary field in a strip geometry, that we aim to compute

below. To do so, we first employ the conformal transformation

w = −e−i
π
L
z, (A9)
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FIG. 8. One-point function of V−α/2π in the strip geometry (left) and upper half-plane (right), computed in

the vacuum state |0〉. The red lines at the edges of the strip represent the boundary points extended over

the euclidean time, and they are mapped onto the real axis via z → w.

which maps the strip geometry onto the upper half-plane (UHP) Im(w) ≥ 0. In this new geometry,

the one-point function is fixed by symmetries[67] and it is given by

〈V−α/2π(w, w̄)〉UHP =
1

(w − w̄)∆
. (A10)

We summarize the construction above in Fig. 8, which gives a pictorial representation of the two

geometries considered above.

To proceed further, we should go back to the initial geometry, and, using the transformation

law of primary operators, we express

〈0|V−α/2π(z, z̄) |0〉 =

∣∣∣∣dwdz
∣∣∣∣∆ 〈V−α/2π(w, w̄)〉UHP =

(
π

2L

1

sin π(z+z̄)
2L

)∆

. (A11)

Putting everything together, we get for the full-counting statistics of the vacuum as

〈0| eiαN̂A |0〉 ∼

(
π

2L

1

sin π`
L

)( α
2π )

2

, (A12)

which holds up to a non-universal (α-dependent) proportionality constant.

We now repeat the same calculation for the excited state made of a single particle just above

the Fermi sea (the vacuum), denoted here by |1〉 (see also Ref. [68]). A powerful approach to tackle

this problem relies on the equivalence between the CFT in the UHP, to its chiral counterpart on

the whole complex plane (see Refs. [65, 69] for details), a procedure called unfolding. In this way,

one can employ radial quantization, describing the excited state via an insertion of a local field

at w = 0,∞ on the conformal vacuum in planar geometry. For our purpose, we need to insert

the chiral vertex operators V±1, with conformal dimension 1, at w = 0,∞, corresponding to the

bra/ket of the one-particle state (as explained in [68]). Through the unfolding procedure, the
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antiholomorphic fields inserted in the upper half-plane are mapped onto holomorphic fields at their

specular position wrt the real axis. In particular, this leads to the replacement

V−α/2π(w, w̄)→ V−α/2π(w)Vα/2π(w̄) (A13)

inside the correlation functions. In the end, we need the 4-point function

〈V−1(∞)Vα/2π(w̄)V−α/2π(w)V1(0)〉 (A14)

evaluated in the planar geometry, and the result is [65, 70]

〈V−1(∞)Vα/2π(w̄)V−α/2π(w)V1(0)〉
〈V−1(∞)V1(0)〉

= 〈Vα/2π(w̄)V−α/2π(w)〉 ×
( w̄
w

)α/2π
. (A15)

The previous expression gives the expectation value of V−α/2π(w, w̄) in the UHP, and the denomi-

nator 〈V−1(∞)V1(0)〉 ensures the proper normalization of the state |1〉. We represent the unfolded

geometry and the field insertions in Fig. 9, which summarizes this construction.

FIG. 9. Chiral CFT on the plane, corresponding to the full CFT on the UHP via unfolding. V1(0) and

V−1(∞) represent the ket |1〉 and bra 〈1| associated to the one-particle excited state. The insertion of the

chiral vertex operators V−α/2π(w), Vα/2π(w̄) is related to the scalar vertex operator V−α/2π(w, w̄) of the

UHP.

The last step is the map w → z, which brings back to the initial geometry, and we get

〈1|V−α/2π(z, z̄) |1〉 =

∣∣∣∣dwdz
∣∣∣∣∆ 〈V−1(∞)Vα/2π(w̄)V−α/2π(w)V1(0)〉

〈V−1(∞)V1(0)〉
= (A16)

〈0|V−α/2π(z, z̄) |0〉 × ei
α
2L

(z+z̄). (A17)
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In the end, we express the ratio of FCS as

〈1| eiαN̂A |1〉
〈0| eiαN̂A |0〉

= eiα
`
L , (A18)

which is the main result employed in Section III, see Eq. (21). From our prediction, one learns

that the difference of connected moments between the two states is universal. For instance one has

〈1| N̂A |1〉 − 〈0| N̂A |0〉 =
`

L
, (A19)

while the difference of the other moments is vanishing. We finally mention that the same result

was already obtained for the ring geometry (periodic boundary conditions) in [70], with similar

techniques. The origin of this match, which is not obvious a priori, is ultimately found in the

equivalence between the CFT on the UHP and its chiral counterpart on the plane.

To conclude this appendix, we point out a technical, albeit fundamental, observation. The CFT

calculation presented here refers to α ∈ [−π, π], while other real values of α can be obtained via

the periodic property α→ α+ 2π, which comes from the definition. However, in the main text we

have implicitly analytically continued the result over complex values of α, as the change of variable

z = 1
1−eiα in Eq. (14) was employed for real z. We conjecture that this procedure is justified.

Nevertheless, we point out that while the analytical continuation of Eq. (A18) over the whole

complex plane is clearly possible, it does not coincide with the actual value of the ratio of FCS, as

it does not satisfy the symmetry under α→ α+ 2π. Moreover, we argue that the match between

the two is present only in the strip Re(α) ∈ [−π, π]. A rigorous analysis of the analytic properties

of the FCS is nevertheless beyond the purpose of this work, and we refer to Ref. [71] for a similar

discussion.

Appendix B: Relation between entanglement spectra

In this appendix we prove the relation (45). Let us consider a Fermi sea ground state with the

lowest N modes occupied and the rest empty. The correlation matrix for the defect reads

C ′mn =

N∑
k=1

φ′k(m)φ′k(n) , (B1)

with the eigenvectors given in (43). We shall focus on a half-chain partition with A = [1, L]. The

key step is to consider the product C ′A(1− C ′A), with matrix elements given by

[
C ′A(1− C ′A)

]
mn

=

N∑
k=1

2L∑
l=N+1

α2
kα

2
l φk(m)Akl φl(n) , (B2)
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where we introduced the overlap matrix

Akl =

L∑
j=1

φk(j)φl(j) . (B3)

Now the main observation is that (B2) depends on the defect only via the factor

α2
kα

2
l =


(1 +

√
1− λ2)2 k − l even

λ2 k − l odd

, (B4)

where we used (44). Furthermore, we can also show that the overlap matrix has a checkerboard

structure. Inserting the explicit form (18) of the eigenvectors, the sum (B3) can be carried out as

Akl =
sin
[
π
2 (m− n)

]
4L sin

[
π

4L(m− n)
] − sin

[
π
2 (m+ n)

]
4L sin

[
π

4L(m+ n)
] . (B5)

Thus one can immediately see, that the matrix elements Akl are nonvanishing only for k − l odd,

and together with (B4) this leads to the relation

C ′A(1− C ′A) = λ2CA(1− CA) . (B6)

Rewriting in terms of the eigenvalues one has

ζ ′κ(1− ζ ′κ) = λ2 ζκ(1− ζκ) . (B7)

Finally, using (7) one obtains

ζκ(1− ζκ) =
1

4 cosh2 εκ
2

(B8)

and similarly for the defect eigenvalues. Inserting into (B7), one arrives at the relation (45) reported

in the main text.

Appendix C: Even/odd effects for the Schrödinger junction

Here, we consider a Fermi gas in a finite geometry with a conformal defect in the middle, which

is dubbed as Schrödinger junction [56, 72, 73]. This system is closely related to the chain (1), and

one expects that the universal features of the two models are captured by the same field theory

(see Ref. [36]). For instance, the entropy of the state with the first N levels filled is known to

diverge logarithmically in N , and the prefactor is the same for the CFT [36] and the chain [31]. In

this appendix, we show the presence of peculiar even/odd effects as N is varied. The mechanism
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we find is equivalent to the one of the chain in Sec. IV, and, as we show, it gives rise to the same

universal features.

The points of the Schrödinger junction are parametrized by a pair

(x, j), x ∈ [0, L], j = 1, 2, (C1)

where j labels the two wires and x the associated spatial position. The bulk Hamiltonian, as a

function of the fermionic field Ψj(x), is

H =
2∑
j=1

∫ L

0
dx

1

2

(
∂xΨ†j(x)

)
(∂xΨj(x)) , (C2)

and the boundary conditions have to be specified at x = 0, L. At x = 0 we consider a scale invariant

scattering matrix

S =

√1− λ2 λ

λ −
√

1− λ2

 , λ ∈ [0, 1] (C3)

which couples the two wires explicitly, and it corresponds to the conformal defect. Here, λ is the

transmission amplitude and its physical meaning is the same as for the chain of Sec. IV. At x = L,

we choose Dirichlet boundary conditions, namely

Ψj(L) = 0. (C4)

We now aim to characterize the eigenstates of H. To do so, we have to find first its single-

particle levels, and then specify their occupation numbers. A convenient strategy is a change of

basis which diagonalizes S, whose eigenvalues are ±1, via a unitary 2× 2 matrix U . This amounts

to the introduction of a pair of unphysical fields ϕ1(x), ϕ2(x) as

Ψi(x) =
2∑
j=1

Uijϕj(x), (C5)

which are decoupled and satisfy Neumann(N)/Dirichlet(D) boundary conditions at x = 0 respec-

tively

∂xϕ1(0) = 0, ϕ2(0) = 0. (C6)

For these two boundary conditions, we denote the single-particle eigenfunctions as

φNn (x) =

√
2

L
cos

(n− 1/2)πx

L
, φDn (x) =

√
2

L
sin

nπx

L
, n = 1, 2, . . . (C7)
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We now consider a Fermi sea made by the first NN/D levels filled with boundary conditions

N/D respectively, and the total particle number is N = NN +ND. The correlation function of the

unphysical fields is thus

〈ϕ†j(x)ϕj′(x
′)〉 = δjj′ ×


CN (x, x′), j = 1

CD(x, x′), j = 2,

(C8)

where

CN (x, x′) =

NN∑
n=1

φNn (x)φNn (x′), CD(x, x′) =

ND∑
n=1

φDn (x)φDn (x′) (C9)

Now, for a fixed particle number N , we focus on the lowest energy state, which corresponds to

NN = ND = N/2 for N even and NN = ND + 1 = (N + 1)/2 for N odd. Going back to the

physical fields Ψj , one can eventually express the correlation function as (see Ref. [36] for details)

C ′jj′(x, x
′) ≡ 〈Ψ†j(x)Ψj′(x

′)〉 =

(
1 + S

2

)
jj′
CN (x, x′) +

(
1− S

2

)
jj′
CD(x, x′). (C10)

We construct the restricted kernels associated to the first and the second wire, denoted here by

C ′11(x, x′) and C ′22(x, x′), and compute their spectrum. Following [36], we consider a N dimensional

subspace of L2([0, L]) spanned by the set of wave functions {φNn (x)}NNn=1 ∪ {φDn (x)}NDn=1, that we

take as a (non-orthonormal) basis. For instance, one can show that the kernel C ′jj′(x, x
′) acts

non-trivially in the subspace considered, while it vanishes on the orthogonal subspace. Thus, by

projecting the kernel on this subspace, we can access directly its non-vanishing spectrum. We do

so, and we end up with the following (block) matrix representation

CN '

1 Q

0 0

 , CD '

 0 0

Q† 1

 , (C11)

with Qnn′ a NN ×ND rectangular matrix defined as

Qnn′ ≡
∫ L

0
dx φNn (x)φDn′(x), n = 1, . . . , NN , n′ = 1, . . . , ND, (C12)

corresponding to the scalar product between the non-orthogonal basis elements. Here, the symbol

' refers to the equivalence of the non-zero spectrum, i.e. the set of non-zero eigenvalues. In this

way, the restricted kernel of the first wire is expressed as a N ×N matrix

C ′11 '
1 +
√

1− λ2

2

1 Q

0 0

+
1−
√

1− λ2

2

 0 0

Q† 1

 . (C13)
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At this point, a simple computation shows that the spectra of C ′11 at any λ is related to the

one of C11, obtained for λ = 1, as [36]

C ′11(1− C ′11) = λ2C11(1− C11), (C14)

which is equivalent to Eq. (B6). Since the relation (C14) is not invertible, the spectrum of C11

does not fix unambigously the one of C ′11. In particular, as we will show below, C ′11 and 1 − C ′11

have different spectra for N odd, and the (particle-hole) symmetry C ′11 ↔ 1 − C ′11 is explicitly

broken. For the sake of convenience, we introduce the N ×N matrix

Γ = 1− 2C ′11, (C15)

so that the particle-hole symmetry corresponds to Γ↔ −Γ. To compute its spectrum, we express

the characteristic polynomial of Γ

det (y − Γ) = det

 y +
√

1− λ2 (1 +
√

1− λ2)Q

(1−
√

1− λ2)Q† y −
√

1− λ2

 , (C16)

that is the determinant of a block matrix, and it can be evaluated thanks to the property

det

A B

C D

 = det(A)det(D − CA−1B). (C17)

When N is even, every block in Eq. (C16) is N/2×N/2 and the characteristic polynomial is

det (y − Γ) = det
(
y2 − 1 + λ2(1−Q†Q)

)
. (C18)

Since it is symmetric under y → −y, it means that the particle hole symmetry Γ↔ −Γ is preserved.

In contrast, when N is odd, since NN = ND + 1 we get

det (y − Γ) = (y +
√

1− λ2)det
(
y2 − 1 + λ2(1−Q†Q)

)
. (C19)

In other words, there is a single eigenvalue −
√

1− λ2 of Γ, corresponding to the eigenvalue 1+
√

1−λ2
2

of C ′11, which breaks explicitly the particle-hole symmetry, while the other ones preserve it. Similar

calculation can be performed also for the second wire, and one gets an eigenvalue 1−
√

1−λ2
2 for C ′22

whenever N is odd, which implies an asymmetry between the two wires. Its origin can be easily

traced back to the choice of the scattering matrix (C3) which is asymmetric under the exchange of

the wires. In summary, we find precisely the same mechanism in the continuum as for the lattice

model in Sec. IV, which leads to the parity effects in the entropy.
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