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Nonreciprocal phenomena in the normal state are well established and key to many commercial
applications. In contrast, superconducting analogs, such as the superconducting diode effect (SDE),
are only starting to be experimentally explored and pose significant challenges to their theoretical
understanding. In this work we put forth a phenomenological picture of the SDE based on the
generalized Ginzburg-Landau free energy, which includes a Lifshitz invariant as the hallmark of
noncentrosymmetric helical phase of the finite-momentum Cooper pairs. We reveal that such a
Lifshitz invariant drives the SDE in quasi-two-dimensional systems in an applied magnetic field
and cannot be removed by a gauge transformation, due to the inherently inhomogeneous magnetic
response. For a thin film, the SDE scales with the square of its thickness and nonlinearly with
the strength of the in-plane magnetic field. We derive an explicit formula that relates the SDE
at small magnetic fields to the strength of Rashba spin-orbit coupling, g-factor, and Fermi energy.
For a noncentrosymmetric Josephson junction, we self-consistently obtain generalized anharmonic
current-phase relation which support the SDE. The transparency of our approach, which agrees well
with experimentally-measured SDE, offers an important method to study nonreciprocal phenomena,
central to superconducting spintronics and topological superconductivity.
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Introduction: Nonreciprocal response is ubiquitous
to many phenomena in classical and quantum physics [1-
3]. Faraday and Kerr effects were already well known in
the nineteenth century [4, 5], while the nonreciprocity
of the semiconducting diodes has enabled many applica-
tions in opto-electronics and spintronics [6-9]. However,
until the last few years, experimental demonstrations of
the nonreciprocal phenomena were largely absent from
superconductivity [10, 11].

Recent reports of the superconducting diode ef-
fect (SDE) in noncentrosymmetric superconductors and
Josephson junctions (JJs) [12-18], have generated a great
interest to examine its relevance to other phenomena and
their applications [19, 20], as well as to identify an even
earlier SDE observations [20, 21]. SDE has nonreciprocal
response with the current direction and is often associ-
ated with magnetochiral anisotropy [12-18], depending
on the vector product of the supercurrent and the ap-
plied or proximity-induced magnetic field [22].

With a growing number of materials platforms that
supports SDE [12-18, 23-27], there is a continued the-
oretical debate of its underlying theoretical origin. A
common scenario invokes simultaneous breaking of space-
inversion, accompanied by the spin-orbit coupling (SOC),
and time-reversal symmetries [13, 17, 18, 24, 28-41].
However, there are interesting alternatives suggesting
that the nonreciprocal supercurrent originates from inho-
mogeneous edge transport and stray fields, or from purely
orbital effects involving diamagnetic currents, or limita-
tions from asymmetric vortex-protrusions, all without a
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need for SOC and Zeeman-related phenomena [42-45].

In this work we present a unified origin of the SDE
in different platforms by generalizing phenomenological
Ginzburg-Landau (GL) theory [28, 29, 32, 41, 46-50].
With the self-consistent solution of the noncentrosym-
metric quasi-two-dimensional (2D) superconductors and
superconductor /normal region/ superconductor (S/N/S)
JJs, we obtain an excellent agreement with the observed
SDE and current-phase relation (CPR) [12, 13, 15, 17,
24, 26]. We further predict overlooked trends for the
SDE magnitude with the sample geometry.

Starting from the microscopic Bogoliubov—de Gennes
equations in the presence of (i) isotropic Rashba SOC
of strength agr, with the SOC-defined unit vector nor-
mal to the film, n, and (ii) the magnetic field B, which
yields an orbital coupling and Zeeman interaction, de-
fined by g-factor, g, one systematically derives the gen-
eralized GL free-energy density for the condensate wave
function v [28, 29, 32, 46-49]

b Dy2 B2 K, .
F:a|¢|2+§|¢|4+7‘ 4m| +%—§(an)~Y¢. (1)

The first four standard terms are parameterized by coeffi-
cients a, b, effective mass m, and the covariant derivative
D = —iAV — 2eA, with the electron charge e < 0, and
vector potential A. The last term, o< Yy = (¢)*Dy +
(Da)*, is the (isotropic) Lifshitz invariant (LI) [51, 52],
a figure of merit of the noncentrosymmetry. LI is respon-
sible for the spatial modulation of the order parameter
Y = e*<T|y|, the helical phase, where the wave vec-
tor, ki « 2mK(n x B)/k, with the coupling constant
K ~ 3gupar/(hEr) [29][53], of the dimension m - C/kg,
where Ep is the Fermi energy. We use common coher-
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FIG. 1. (a) Schematic of a noncentrosymmetric superconducting film of thickness d, in a constant external in-plane magnetic
field, Beyt = Bo ¢, carrying a steady DC supercurrent, Is, which generates an induced magnetic field, B;,q(z), inside the slab
(green arrows). (b) SDE versus in-plane field, By, (in units of the thermodynamic field B.), for a quasi-2D film. Black symbols:
the full numerical solution of Eqs. (5)—(7). Red curve: the analytical result given by Eq. (8) valid in the limit (d/\)? < 1,
(d/0)? < 1, and B;/B. < 1, with £ from Eq. (2). The SDE supercurrent density AjSPE is converted to the corresponding
SDE field difference, ABSPE = 115 Aj5P2d/2, normalized to B.. For calculations we used: £/\ = 1.3, £/A = 3, and d/\ = 0.5.

ence and penetration lengths, £, A, and the thermody-
namical critical field, B. = ®0/(2v/27\E), where @ is
the magnetic flux quantum. The presence of LI yields an
additional scale, the Lifshitz-Edelstein length [41]

= b/(2Kpolellal)- (2)

We will use &, A, £, and B, to express our final results.

After introducing the shifted momentum operator
Dyx = D — hky, and the shifted a-coefficient, ax =
a — (hkx)?/(4m), by subtracting, correspondingly, the
center-of-mass momentum and energy of the helical
Cooper pairs, we obtain the GL equations [54]

D2
0= ﬁw +axty + 0%, js=V x H, (3)

where, H =B/po + %IC (i X Yy), and the supercurrent
density is

vy 204
jo = 5o Yo — 26K[0 (0 < B). (4)

SDE in thin noncentrosymmetric films: We
first consider a quasi-2D film, long and wide (W) com-
pared to &, with n = Z, as shown in Fig. 1(a). We assume
the film thickness d < &, implying that v is approxi-
mately z-independent. The quasi-2D film is in the con-
stant external (laboratory) in-plane field, B.,: = Bo 9,
and is driven by a steady supercurrent, I, with the cor-
responding density, I;/(WW d). As a consequence of the
supercurrent drive, inside the film, z € [—d/2,+d/2],
there is an induced field, B;,q4(2z). Therefore, the to-
tal resulting field inside the slab, B = B¢yt + Bina(2), is
spatially inhomogeneous, and the LI cannot be removed
by a gauge transformation from the quasi-2D free-energy
F. This is in contrast to a spatially-homogeneous field
treated in Refs. [50, 55]. Such a subtle point is sometimes

overlooked and the removal of the LI by a gauge trans-
formation is erroneously used beyond its applicability.

Given the above assumptions, we look for 1) and B4,
inside the film, in the forms: v¥(z) = ¢** f/|a]/b and
Bina(z) = (—2Bjz/d) j, where the unknown real factors,
the helical wave vector, k, the dimensionless wave func-
tion, f > 0, and the induced magnetic field, By, will be
determined later. Within the Coulomb gauge, the cor-
responding A = A(z)& = (Boz — Brz?/d) &, satisfies
V x A = B.yt + Bina(z). By substituting the above
¥(z) and Bjp4(z) into the corresponding GL Eq. (3),
and js = js(2) &, Eq. (4), one obtains a nonlinear system
of differential equations (not explicitly shown here for
brevity), which couples k, f, and By with A(z), A%(2)
(diamagnetic terms), and their various z-derivatives.

In superconducting thin films [56], the homogeneity of
1) along the z-direction allows one to average the under-
lying system of differential equations over the thickness.
We replace js(z), and A(z), and its various powers and
z-derivatives, by their averaged values (j) = I;/(W d),

(A)y = —B;d/12, etc., where (O) = fjj/;dzO(z)/d.

This averaging removes A-dependent terms and converts
the system of differential equations into an algebraic one
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Apart from the averaging, the above system of equations
for k, f, and By, in terms of experimentally-defined By



and I, becomes exact. The nonlinearity and algebraic
complexity preclude writing the closed-form analytical
solutions of Egs. (7)-(5). However, from Eq. (7) it is clear
that the magnetochiral term o BoByd/¢ ~ By {(js)d/?
gives the condensate wave function f, and hence the max-
imal supercurrent j*** the condensate can carry, a non-
trivial dependence on the mutual orientations of B,
and js. Furthermore, the strength of the magnetochiral
effect is also driven by the thickness d and the product of
the Rashba SOC strength and g-factor, 1/¢ ~ gag, recall
Eq. (2).

To derive some analytical results, we systematically
keep only linear and quadratic terms in the small pa-
rameters d/A\ and d/¢, as well as linear terms in By/B,.
For thin films, By can be up to parallel-critical-field
B = 2\/636)\/61 > B, and therefore, we do not em-
ploy any restriction on By/B.. While these approxima-
tions simplify the system of algebraic equations, their
closed solutions are still too cumbersome to be written
explicitly. One can show that by keeping By fixed and
varying (js) compared to 0. The physical solutions pos-
sess real-valued k and positive-valued f2. However, there
exists positive and negative maximal supercurrent densi-
ties j2* > 0 and j2** < 0 that when overcome by (js),
the physical solutions no longer exist. At these points
the system undergoes the first-order phase transition and
jumps from the superconducting into the normal phase.
While the expressions for j33** and j;2** remain complex,
the SDE difference AjSPF = jmax _ |jmax| - within the
considered approximations, has a compact form [57]

N B, d? (BO /\> l“ <BO /\>
s 54poA \ B £ B,/
We compare the accuracy of this approximate SDE result
in Eq. (8) with the full numerical solution of Eqgs. (5)—(7),
without any approximations, in Fig. 1(b). The deviations
at higher fields stem from the employed approximation
which neglects some higher-order terms.

We observe that in quasi-2D films Aj5PE o d2, i.e., the
SDE effect based on the lowest-order LI vamshes as
d — 0, as expected from the assumption that LI could
be removed by a gauge transformation. An analog of the
higher-order LI that works for a pure 2D system was pro-
posed in Ref. [36]. Furthermore, the derivative of AjSPF
with respect to the external ﬁeld is

2 1d>
2o L A2

(8)
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which allows one to extract 1/¢ = (3/4)gar/(ErA?), and
hence the ratio of the Rashba SOC and Fermi energy.
Thus the SOC characteristics of quasi-2D films can be
probed by the SDE in the superconducting phase.

SDE and CPR in SNS Josephson junctions:
As the second example, we consider a long ballistic SNS
JJ consisting of noncentrosymmetric S and N elements
and look for a solution ¢ of Egs. (3) in the 2L-long N-
region; see the inset in Fig. 2. The junction is placed in

an in-plane field B.,; = Bgy and carries a steady su-
percurrent I; for the induced field B;,q and the vector
potential A we employ the same ansatz and Coulomb
gauge as before. Requiring the continuity of the con-
densate wave functions, we match ¢ (z) at © = £L with
() = fe**+i9/2 in the sufficiently long and wide iden-
tical left and right superconductors, S. The total phase
difference between their ends is —p+2kL, see the inset in
Fig. 2. The external phase ¢ can be controlled, e.g., by a
flux loop. To distinguish the parameters and quantities
in the S and N regions, we use the tilde symbols for those
associated with N, for example, @ > 0, while a < 0.
Following a similar procedure for a thin film, we trans-
versely average GL Egs. (3) and (4) as well as linearize
them (ignoring the cubic term in 1&), since the JJ is long
and the proximity-induced z/? is suppressed. The resulting
equation for 7, including the diamagnetic terms, is

d24) 1 [1dB; ABy|dy
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where due to the linearization, By = 1o(j,)d/2. The so-
lution of the above equation is a superposition of e?¢*+4®
and e“*~9* where, § = v/a — £2. Matching it with the
wave functions in left and right S, one gets i(x) and,
according to Eq. (4), the supercurrent density

Js(p) = V8§ f2 —cé sin [(p — 2kL) 4 26L)e 2L,
(11)

where f, k, £, A, and B, correspond to the two S re-
gions, while the ratio m/m accounts for different effective
masses (density of states) in the S and N.

Our expression Eq. (11) is a generalization of the re-
sult for anomalous phase shift ¢g = —4LKmB, /h from
Ref. [58] for the noncentrosymmetric SNS junction, but
with (i) considering the LI only inside the N region and
(ii) a calculation limited by including only Bo/ B, term,
ignoring its higher powers and also By / B, terms. Un-
like this result, which yields a simple ¢g-shift in the har-
monic CPR and no SDE [20], our Eq. (11), as we dis-
cussed below, reveals several key differences in j, (¢), in-
cluding robust SDE and strong anharmonicity, charac-
teristic also for JJs revealing topological superconductiv-
ity [21]. All magnetochiral terms o 1/¢ and those in-
duced by js(¢) ~ By itself, give rise to the dynamically-
generated CPR _stemming from the self-consistent prob-
lem, js(p) = F[js(v)]: (1) Having a supercurrent I, pass-
ing through the SNS junction, we calculate the supercur-
rent densities (j,) = I,/(Wd) and (j,) = I,/(Wd) in
the S and N regions; (2) Obtained (js) in the S region
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FIG. 2. CPR and SDE for a long noncentrosymmetric SNS JJ with the same parameters in the N and S regions, i.e., { = I3
A=A {€=1{ d=d, and m = m: (a) Distorted CPRs, for different external fields: 0.6 (red), 0.75 (black), and 0.76 (blue)
multiples of parallel-critical-field, B., shown B () = uojs(¢)d/2, normalized to B. = Be, as a function of /7. (b) SDE versus

the in-plane field By, normalized to B.. The supercurrent difference AJjSPE is converted to the corresponding field difference
ABSPE — /LoAjSS.DEd/2 and is plotted in units of B.. The black symbols: computed data points, red curve: an interpolation
line. Inset: JJ geometry with the phase difference —¢ + 2kL. Here, {/A =1.3, /A =3,d/A=0.7, and L/ = 1.95.

defines, for a given external field By, the dimensionless
wave functions, f, wave vector, k, and induced field, By,
see Eqgs.(5)(7); (3) Knowing (j,) specifies By, &, and g,
which, along with the values of f and k, specify the CPR
js(p) according to Eq. (11); (4) The phase difference
@1, corresponding to the given supercurrent I, should be
chosen such that j,(pr.) = I,/ (Wd) = (J).

The results of the above self-consistent procedure are
displayed in Fig. 2(a), which shows the anharmonic CPR
for the fully symmetric SNS junction with L/A = 1.95,
d/A = 0.7, and several in-plane fields. The pronounced
harmonic distortion of the CPR when evolving the phase
¢ gives, for different external fields, different magnitudes
of positive, 713, and negative, jii®*, critical currents,
i.e., the JJ SDE. We plot the corresponding SDE dif-
ference AjSPE = jmax _|ymax| with the in-plane By in
Fig. 2(b). For positive By, with its increase, Aj5PF grad-
ually grows, first linearly, and then with admixed cubic
and quintic dependence on By. However, at a certain
field range (Bo/B. ~ 5), the SDE starts to saturate,
then decreasing, crossing to negative values and again
upturning and returning to zero. Numerical data in the
sign-changed transition region are showing a certain nu-
merical instability, e.g. CPR does not exist for all phases
or becomes multi-valued, therefore we plot the reliable
data points by black symbols, and their interpolation,
including the unstable region, with red line.

Conclusions: Our theoretical framework offers a
transparent and unified approach to analyze the SDE
in different structures and use it to probe the SOC in
quasi-2D systems. Surprisingly, a self-consistent solu-
tion to simple algebraic equations already provides an
important tool to examine the magnetochiral properties
of JJs, including the anomalous phase shift, anharmonic
CPR, and the sign reversal of the SDE at high magnetic

fields. These signatures are also important in the studies
of topological superconductivity [18, 21], while the spin-
triplet proximity-induced superconductivity accompany-
ing the SDE in noncentrosymmetric systems is directly
relevant for superconducting spintronics [20].

While we have focused on a commonly assumed SOC
linear in the wave vector, our approach could be also gen-
eralized to consider an anisotropic LI [48] inherent to JJs
with cubic SOC [59, 60] and look also for its a non-linear
and even multi-component order-parameter generaliza-
tions [46, 61]. The resulting proximity-induced f-wave
superconductivity [59], along with including the nonlin-
ear Meissner effect [62-66] provides unexplored directions
for SDE studies and their implications for unconventional
superconductivity. With the AC applied magnetic field,
the generation of higher harmonics [59, 67] and their
anisotropy could be used to measure the resulting non-
linear [63, 66] and magnetochiral contributions.
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