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A STABILITY THEOREM FOR BIGRADED PERSISTENCE
BARCODES

ANTHONY BAHRI, IVAN LIMONCHENKO, TARAS PANOV, JONGBAEK SONG,
AND DONALD STANLEY

ABSTRACT. We define bigraded persistent homology modules and bigraded
barcodes of a finite pseudo-metric space X using the ordinary and double
homology of the moment-angle complex associated with the Vietoris—Rips
filtration of X. We prove a stability theorem for the bigraded persistent double
homology modules and barcodes.

1. INTRODUCTION

Given a finite pseudo-metric space (X,dx), the Vietoris—Rips filtration is a
sequence {R(X,t)}>0 of filtered flag simplicial complexes associated with X. The
simplicial homology of R(X,t) is used to define the most basic persistence modules
in data science, the persistent homology of X.

In toric topology, a finer homological invariant of a simplicial complex K is con-
sidered, the bigraded homology of the moment-angle complex Zx associated with K.
The moment-angle complex Zy is a toric space patched from products of discs
and circles parametrised by simplices in a simplicial complex K. It has a bigraded
cell decomposition and the corresponding bigraded homology groups H_; 2,(Zk)
contain the simplicial homology groups Hy(K) as a direct summand. Algebraically,
the bigraded homology modules H_; 2;(Zk) are the bigraded components of the
Tor-modules of the Stanley—Reisner ring k[K] and can be expressed via the Hochster
decomposition as the sum of the reduced simplicial homology groups of all full
subcomplexes K of K.

The bigraded homology of the moment-angle complexes Zg(x ;) associated with
the Vietoris—Rips filtration {R(X,t)};>0 can be used to define bigraded persistent
homology modules and bigraded barcodes of a point cloud (data set) X, as observed
in [LPSS]. Similar ideas have been pursued in [LFLX, LX]. Simple examples show
that bigraded persistent homology can distinguish between points clouds that are
indistinguishable by the ordinary persistent homology (see Example 3.4).

However, the approach to define bigraded persistence via the homology of moment-
angle complexes has two fundamental drawbacks. First, calculating simplicial
homology groups of all full subcomplexes (or samples) in R(X,¢) is much resource-
consuming from the computational viewpoint. Second, bigraded persistent homology
lacks a stability property, which is important for applications of persistent homology
in data science [CEH].

2020 Mathematics Subject Classification. Primary 57512, 55N31, 577Z25; Secondary 13F55,

55U10.
Key words and phrases. Persistence module, persistent homology, barcode, moment-angle
complex, polyhedral product, Stanley-Reisner ring, double homology.

1



2 BAHRI, LIMONCHENKO, PANOV, SONG, AND STANLEY

Bigraded double homology of moment-angle complexes was introduced and stud-
ied in [LPSS]. Besides theoretical interest in toric topology and polyhedral products
theory, bigraded double homology fixes both drawbacks of ordinary bigraded homol-
ogy mentioned above, therefore opening a way for a more efficient application in
data analysis.

Double homology HH .(Zk) is the homology of the chain complex CH,(Zk) =
(H.(Zk),0") obtained by endowing the bigraded homology of Zx with the second
differential &’. The bigraded double homology modules are smaller than the bigraded
homology modules, and therefore might be more accessible from a computational
viewpoint. More importantly, persistent homology modules defined from the bigraded
double homology of the Vietoris—Rips filtration have a stability property, which
roughly says that the bigraded barcode is robust to changes in the input data.

In Section 2 we review persistence modules, standard persistent homology and
barcodes.

In Section 3 we define the bigraded persistent homology and persistent double
homology modules and the corresponding bigraded barcodes.

The Stability Theorem for persistent homology says that the Gromov-Hausdorff
distance between two finite pseudo-metric spaces (data sets) is bounded from below
by the interleaving distance between their persistent homology modules. The
interleaving distance between persistent homology modules can be identified, via
the Isometry Theorem, with the oo-Wasserstein (bottleneck) distance between the
corresponding barcodes.

In Section 4 we prove a Stability Theorem for bigraded persistent double ho-
mology (Theorem 4.22). This is done in two stages. First, we prove that bigraded
persistent homology satisfies a stability property with respect to a modified Gromov—
Hausdorff distance, in which the infimum is taken over bijective correspondences
only (Theorem 4.20). Second, a stability for bigraded persistent double homology is
established using the invariance of double homology with respect to the doubling
operation on simplicial complexes.
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2. PRELIMINARIES

2.1. Persistence modules and barcodes. Consider the set R>( of nonnegative
real numbers, which we regard as a poset category with respect to the standard
inequality <. A persistence module is a (covariant) functor

(2.1) M: R>¢ — k-MOD

where k-MOD denotes the category of modules over a principal ideal domain k. A
persistence module can be thought of as a family of k-modules {Ms}seRzo together
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with morphisms {¢s, s, Ms, — M, }s,<s, such that ¢, ¢ is the identity on M, and
¢52,S3 © ¢51,52 = ¢51,53 whenever s; < 55 < s3 in RZO-

In a more general version of persistence modules, the domain category R>( can
be replaced by any small category and the codomain k-MOD by any Grothendieck
category. See for example [BSS].

Example 2.1. An interval is a subset I C R>¢ such that if » € I and t € I and
r < s <t,then s € I (such an interval may be closed or open from each side, and
may have infinite length). Given an interval I, we define

W {k if s €I

s 0 otherwise.

Then, the family {kg}seR>O together with the family {¢s, s, : kgl — k£2}81§52 of
morphisms, where ¢, s, is the identity if s;,s2 € I and the zero map otherwise,
forms a persistence module. We denote it by k(I') and refer to as the interval module
corresponding to 1.

The direct sum M @ N of two persistence modules M = {M}ser., and N =
{N.}ser-, is defined pointwise as the family of k-modules {M; @ N}.egr.,. The
following decomposition theorem for a persistence module is originally due to
Zomorodian and Carlsson [ZC, Theorem 2.1] for the case where the domain category
is Z>o and k is a field. It is generalized to the case where the domain category is R>q
or R by Crawley-Boevey [Cr, Theorem 1.1]. We also refer to [BC, Theorem 1.2] for
a simpler proof.

Theorem 2.2. Let M = {M;}ser., be a persistence module as in (2.1). Ifk is a
field and all My are finite dimensional k-vector spaces, then

(2.2) M= P k(1)

I€eB(M)

for some multiset B(M) of intervals in R>o, where k(I) is the interval module
defined in Example 2.1.

The above result gives us a discrete invariant of a persistence module M, namely
the multiset B(M) of (2.2), which is called the barcode of M.

2.2. The Vietoris—Rips filtration and persistent homology. A typical example
which fits into Theorem 2.2 is the persistent homology of filtered simplicial complexes.
A finite pseudo-metric space is a nonempty finite set X together with a function

dxlXXX—)RZO

satisfying dx (z,z) =0, dx(x,y) = dx(y,z) and dx(z, 2) < dx(z,y) + dx(y, z) for
every x,vy,z € X. Note that two distinct points may have distance 0 in X. We can
think of a finite pseudo-metric space (X,dx) as a point cloud.

The Vietoris—Rips filtration {R(X,t)}>0 associated with (X,dx) consists of
the Vietoris—Rips simplicial complexes R(X,t). The latter is defined as the clique
complex of the graph whose vertex set is X and two vertices z and y are connected
by an edge if dx(z,y) < t. We have a simplicial inclusion

(23) R(X, tl) — R(X, tg)

whenever t; < ts. See Figure 1 for an example of Vietoris—Rips complexes.
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X=R(X,0)— -+ > R(X,t1)—= -+ = R(X,t2) > -+ <= R(X,t3) —

F1GURE 1. A point cloud and the corresponding Vietoris—Rips
filtration.

The n-dimensional persistent homology module
PHn(X): Rso = k-MoOD, t— H,(R(X,1)),

maps t € R>¢ to the reduced simplicial homology group f[n(R(X, t)) with coeffi-
cients in k and maps a morphism ¢; < t3 to the homomorphism H,(R(X,t1)) —

H,(R(X,t2)) induced by (2.3). We also define the graded persistent homology
module

(2.4) PH(X) = P PHn(X).

n>0

Applying Theorem 2.2 to the graded persistence module (2.4), we obtain the
barcode of PH(X), which we denote simply by B(X). In this case, B(X) can be
described more explicitly as follows.

A homology class o € H,(R(X,t)) is said to

(1) be born at r if N
(i) a € im(H,(R(X,r)) = Ho(R(X, 1))
(i) o ¢ im(H,(R(X,p)) = H,(R(X,1))) for p <r,

b

(2) die at s if
(i) a € ker(H,(R(X,t)) — Ha(R(X,
(i) o ¢ ker(Ho(R(X,1)) — Hy(R(X,q))) for q <s.
We set s = oo if o ¢ ker(H,(R(X,t)) — H,(R(X,q))) for any q.

)

If « € H,(R(X,t)) is born at r and dies at s, then [r, s) is called the persistence
interval of a. Then, the barcode B(X) is the collection of persistence intervals
of generators of the homology groups H,(R(X,t)). For each t € R0, the dimen-
sion of H,(R(X,t)) is equal to the number of n-dimensional persistence intervals
containing ¢.

Since (X, dx) is a finite pseudo-metric space, it follows that R(X,t) is contractible
when ¢ is large enough. Therefore, the corresponding barcode B(X) is a finite
collection of half-open persistence intervals with finite lengths. If we use the
unreduced simplicial homology in the definition of persistent homology, then the
barcode would contain a single infinite interval [0, 00) in dimension 0. Figure 2
displays the unreduced barcode corresponding to the Vietoris—Rips filtration in
Figure 1.
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Persistence intervals in dimension 0:

0 05 1.0 15 20 25 3.0
I I I | | 1 |

-

Persistence intervals in dimension 1:

0 0.5 1.0 15 20 25 3.0
I I I 1 I 1 |

e

FI1GURE 2. The barcode corresponding to the Vietoris—Rips com-
plex in Figure 1. The image is generated by Ripser for Python.

3. MOMENT-ANGLE COMPLEXES AND BIGRADED BETTI NUMBERS

3.1. Cohomology of moment angle complexes. Let K be a simplicial complex
on the set [m] = {1,2,...,m}. We refer to a subset I = (i1,...,i;) C [m] that
is contained in K as a simplex. A one-element simplex {i} € K is a vertex. We
also assume that @ € K and, unless explicitly stated otherwise, that K contains
all one-element subsets {i} € [m] (that is, K is a simplicial complex without ghost
vertices).

Let D? be the unit disc in R?, and let S! be its boundary circle. For each simplex
I € K, consider the topological space

(D2, SN = {(21,...,2m) € (D))™: |z;| = 1if j ¢ I} C (D*)™.

Note that (D%, S1)! is a natural subspace of (D? S1)’ whenever I C J. The
moment-angle complex corresponding to K is

Zg = | J (D% 8Y) c (D)™,
IeK
We refer to [BP, Chapter 4] for more details and examples.
Let k be a coefficient ring, which we assume to be a principal ideal domain. The
face ring (the Stanley—Reisner ring) of a simplicial complex K is
k(K] :=XK[v1,...,0m]/TKk,

where Z is the ideal generated by square-free monomials [ [, v; for which I C [m)]
is not a simplex of K.

The following theorem summarizes several presentations of the cohomology
ring H*(Z2k).

Theorem 3.1 ([BP, Section 4.5]). There are isomorphisms of bigraded commutative
algebras

H* (ZK) . Tork[l,l,mﬂ,m] (k, k[K])

(3.1) =~ H(Afug, ..., um] ® k[K],d)
(3.2) = @ H*(K}).
IC[m]

Here, (3.1) is cohomology of the bigraded algebra with bidegrees bidegu;, = (—1,2),
bidegv; = (0,2) and differential d = ", Uiaiu,y of bidegree (1,0) (the Koszul
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complez). In (3.2), each component H*(K;) denotes the reduced simplicial coho-
mology of the full subcomplex K; C K (the restriction of K to I C [m]). The last
isomorphism is the sum of isomorphisms

HP(Z2) = Y BN (K)),
IC[m]
and the ring structure is given by the maps
pr\llfl(KI) ®H(I*|J|*1(KJ) N Hp+q*\II*IJ|*1(KIUJ)

which are induced by the canonical simplicial maps Kyy; — Ky« Ky forINJ =9
and zero otherwise.

Isomorphism (3.2) is often referred to as the Hochster decomposition, as it comes
from Hochster’s theorem describing Toryp,, (k,k[K]) as a sum of cohomology
of full subcomplexes Kj.

The bigraded components of cohomology of Z§ are given by

..... Vm]

H™"2(Zi) 2 H"% (AJus, ... up] ®k[K],d) = ) H YK,
JCml: |J]=35
so that
HE) = @ H (0= @ BU)
—i+2j=p JC[m)]
There is a similar description of bigraded homology of Zk:
Hy(Zk) = @ H_;2;(Zxk) = @ Hy g1 (Ky).
—i+2j=p JC[m]
The construction of moment-angle complex and its bigraded homology is functorial

with respect to inclusion of simplicial complexes:

Proposition 3.2. An inclusion of subcomplex K C L induces an inclusion Zx C Z,
and a homomorphism H_; 2;(Zx) — H_; 2;(Z1) of bigraded homology modules.

When k is a field, the bigraded Betti numbers of K (with coefficients in k) are
defined by

B,i’gj(K) = dim H,iygj (ZK) = Z dim ﬁj,ifl(KJ).
JClm]: |J]=7

In particular, when j = m, we obtain f_; o, (K) = dim I:Tm,i,l(K). Moreover,
dim H7~=1(K ;) agrees with dim H;_;_ (K ;) obviously.

Dimensional considerations imply that possible locations of nonzero bigraded
Betti numbers form a trapezoid in the table, see Figure 3. We refer to [BP, Section
4.5] for more details.

3.2. Bigraded persistence and barcodes.

Definition 3.3. Let (X,dx) be a finite pseudo-metric space and (X,dx) and
{R(X,t)}1>0 its associated Vietoris—Rips filtration. We define the persistent homol-
ogy module of bidegree (—i,2j) as

PHZ_LQ]'(X): RZO — k—MOD, t— H_i72j (ZR(X,t))-
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Ho(K) ... Hp_1(K) 25

Yy
*

*

2m

T T e

~(m—-1) —(m-n)

FIGURE 3. Table of bigraded Betti numbers.

It maps t € R>¢ to the bigraded homology module H_;2;(Zr(x,,)) and maps a
morphism t; <tz to the homomorphism H_; 2;(ZRr(x,t,)) — H_i2;(Zr(xt,)), see
Proposition 3.2. We also define the bigraded persistent homology module

(3.3) PHE(X)= P PHZ is(X).
0<i<m—1;
0<j<m
For any subset J C X, the Vietoris-Rips complex R(J,t) is the full subcomplex
R(X,t);. Hence, the Hochster decomposition (3.2) yields the decomposition of the
persistence modules:

(3.4) PHZ(X) = @ PH(J)
JCcX
The bigraded barcode BB(X) is the collection of persistence intervals of generators
of the bigraded homology groups H_; 2;(Zr(x,+)). We note that bigraded persistence
intervals are defined in the same way as for ordinary persistent homology, see
Theorem 2.2 and Subsection 2.2. For each t € R, the dimension of H_; 2;(Zr(x +))
is equal to the number of persistence intervals of bidegree (—i,25) containing ¢.

We note that the bigraded persistent homology module PH Z(X) defined in (3.3)
is related to subsampling from data sets [GM, CFL+]. Studying the set of all
subsamples of size k gives what is called the distributed persistence in [SWB]. Indeed,
the k-distributed Vietoris—Rips persistences agrees with the persistence module
Do<icm_1 PHZ_i2c(X). Here, we emphasize that the module PHZ(X) has
richer algebraic structures such as cohomology products summarized in Theorem 3.1.
We also refer to [BBC] for abundant algebraic structures other than cohomology
products.

The bigraded barcode of X is drawn as a diagram in 3-dimensional space, which
contains the original barcode of X in its top level. See Figure 4. Here is a simple
example of two sequences of point clouds with the same barcodes, but different
bigraded barcodes.



8 BAHRI, LIMONCHENKO, PANOV, SONG, AND STANLEY

0 Lo R AR persistence intervals

FIGURE 4. A bigraded barcode.

Example 3.4. Let X; and X consist of three points (0,0),(2,0),(0,4) and
(0,0),(2,0), (1,4/15) in R?, respectively. The Vietoris-Rips filtration {R(X1,t)}>0
at t = 0,2,4,2/5 is shown in Figure 5, top, and the Vietoris-Rips filtration
{R(X2,t)}41>0 at t = 0,2,4 is shown in Figure 5, bottom. The corresponding bi-
graded barcodes are shown in Figure 6. We notice that the two bars in the top
levels of the bigraded barcodes are identical. These two bars represent the ordinary
(single graded) barcodes of X7 and Xs, respectively. The two data sets X7 and Xs
are distinguished by their bigraded barcodes.

L L
Lol

FIGURE 5. Two sequences of Vietoris—Rips complexes.

3.3. Double cohomology of moment angle complexes. In [LPSS], the ho-
mology of the moment-angle complex H.(Zk) = @Drcpm H,(K;) was endowed
with the second differential &’. The homology of the resulting chain complex
CH.(Zx) = (H.(Zk),0") was called the double homology of Zx. We use this
construction to define a new bigraded persistence module PHHZ(X).

Given j € [m] \ I, consider the homomorphism

Ppi1,j ﬁp(KI) - ﬁp(KIu{j})
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2j

2j

FIGURE 6. The bigraded barcode for 3 points in R2.

induced by the inclusion K; < Kpy(;3. Then define
o, = (-1t @ (4, 1) bpi1js
IC[m],je[m]\I
where
6(],]) _ (71)#{2’61: i<j}.
The homomorphism 0y, €D ;¢ Hy (K1) — Drcim H,(K) satisfies (@,)2=0
We therefore have a chain complex
(3.5)  CH.(Zk):= (H.(Zk),d), 0:H_i9;(Zx) = H_i 12j42(ZK),
and bigraded double homology of Zx:
HH.(Zx) = H(H.(Zg),0").
Double cohomology of Z is defined similarly:
HH*(Zg) = H(H*(Zg),d), d': H ¥ (Zx) — H 272 Zy)

Double cohomology HH*(Zf) can also be defined as the first double cohomology
of the bicomplex (Afus,. .., uy] ®K[K],d,d') with d =", Uiaiui’ =" 6‘?”
and dd' = —d'd:

HH*(Zg) = H(H (Alus, ..., uy) @ K[K],d),d'),
see [LPSS, Theorem 4.3].
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If K =A™~ the full simplex on [m], then double homology is trivial:
HH.(Zx) = k(,0)

(the latter means that HH, o(Zx) 2 k and HH _, 5;(Zx) = 0 if (—4,25) # (0,0)).

An important property of double homology is that attaching a simplex to K
along a face (in particular, adding a disjoint simplex) destroys most of HH ,(Z),
as described next:

Theorem 3.5 ([LPSS, Theorem 6.7]). Let K = K' Uy A™ be a simplicial complex
obtained from a monempty simplicial complex K' by gluing an n-simplex, n > 0,
along a proper, possibly empty, face I € K'. Then either K is a simplex, or

HH . (ZK) =k(0,0) D K(-1,9)-

Definition 3.6. Let (X,dx) be a finite metric space. A point x € X is a strong
outlier if for any y # x holds the inequality

dx (z,y) > maxdx (y,y').
y'#x
Proposition 3.7. Suppose a finite metric space (X,dx) has a strong outlier. Let D

be the diameter of (X,dx), and let R(X,t) be the Vietoris—Rips complex associated
with (X,dx). Then,

k(0,0) ©® k(,1’4) t<D

with all maps HH .(Zg(x1)) — HH.(ZRr(x,)) being the identity if D <t <t', and
the projection if t < D < t'.

k t>D;
HH .(Zr(x,1)) = { (0.0 ~

Proof. The definition of an outlier 2 implies that the Vietoris-Rips complex R(X, )
is obtained from the Vietoris—Rips complex R(X \ z,t) by attaching a simplex (with
vertices x and {y: d(x,y) < t}) along its facet (with vertices {y: d(z,y) < t}). The
complex R(X,t) is a simplex for t > D, and R(X,t) is a simplicial complex obtained
by gluing a 0-simplex along an empty face of another simplicial complex for ¢t < D.
Then the result follows from Theorem 3.5. O

We define the bigraded persistent double homology and the corresponding bar-
codes by analogy with Definition 3.3:

Definition 3.8. Let (X,dx) be a finite pseudo-metric space and {R(X,t)}i>0
its associated Vietoris—Rips filtration. The persistent double homology module of
bidegree (—i,27) is
PHHZ_I'72]' (X) RZO — k—MOD7 t— HH_,"Q]‘ (ZR(X7t))~

It maps ¢ € Rx¢ to the bigraded module HH _; 5;(Zg(x,)) and maps a morphism
ty <ty to the homomorphism HH _;2;(Zr(x,t,)) — HH i 2;(ZR(x,t,)) induced by
the inclusion Zg(x 4,) — Zr(x,t,) (see [LPSS, Proposition 4.8]). We also define the
bigraded persistent homology module

(3.6) PHHZ(X)= @ PHHZ_;2(X).

0<i<m—1,
0<j<m

One can view the bigraded persistent homology module (3.3) as a functor to
differential bigraded k-modules,

PHZ(X): R>g — DG(k-MOD), t+— (H, . (Zr(x.1),0').
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Then we have
(3.7) PHHZ(X)=HoPHZ(X),

where H: DG(k-MOD) — k-MOD is the homology functor. This will be conve-
nient when we compare interleaving distances. We denote by BB(X) the barcode
corresponding to the bigraded persistence module PHHZ(X).

Example 3.9. Suppose (X,dx) has a strong outlier as in Definition 3.6. Then
BB(X) consists of an infinite bar [0, c0) at bidegree (0, 0) and a bar [0, D) at bidegree
(=1,4), by Proposition 3.7.

Example 3.10. Let G be the graph described below.
2 5

3 6

The associated finite pseudo-metric space (X, dx) is the set of vertices of G with
the geodesic distance, namely the distance between two vertices is the number of
edges in a shortest path. For a subset A C [7], we denote by A4 the simplex over
the vertex set A. Then, the Vietoris—Rips simplicial complex R(X,t) associated
with (X, dx) is given by

X 0<t<1;
G 1<t <2
R(X,t) = § Af1234) Unosay D12,3456) Unase Dasery 2<t<3;
Af12,3,45,6) Uhas.56 D(2.3,456,7) 3t <4
Ag 4<t.

In this case, the first four simplicial complexes have double homology HH .(Zg(x 1))
isomorphic to kg,0) ® k(—1,4y by Theorem 3.5 and the main result of [SV]. Hence,
BB(X) consists of an infinite bar [0, c0) at bidegree (0,0) and a bar [0,4) at bidegree
(—1,4).

In Example 3.10, if we only consider the subset S = {1,2,3,4} of X, we get
more interesting bigraded barcode BB(S) with [0, c0) in bidegree (0,0), [0,2) & [1,2)
in bidegree (—1,4) and [1,2) in bidegree (—2,8). Essentially after removing the
points {5,6,7}, we can see the circle, but with all of X we only see two points
{1,7}. Similarly if we have a strong outlier, we only see two points, but removing it
could give interesting bigraded barcode of PHHZ. Perhaps, the bigraded barcode
of PHHZ is sensitive to detecting minimal subcomplexes that carry persistent
homology classes.

The following example shows that the persistent double homology module might
detect different local structure of a given filtration.

Example 3.11. Consider two filtrations of graphs shown in Figure 7. Starting
with the 5 distinct points, each of the second term is homotopy equivalent to the
disjoint union of a circle and a point. The third terms are homotopy equivalent
to a wedge of two circles. Hence, the usual persistent homology module PH does
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e A A
:.9<I.%<}>;>

FI1GURE 7. Two filtrations of graphs.

not distinguish between these filtrations. However, the bigraded persistent double
homology module PHHZ gives different signals in its bigraded barcode.

Indeed, in the first filtration, each of the simplicial complex has the double
homology isomorphic to Z, o) ® Z(—1,4) by Theorem 3.5 and [LPSS, Example 8.7].
Hence, the corresponding bigraded barcodes begins with two bars and persist up to
the parameter corresponding to the third term.

In the second filtration, the second term has the double homology isomorphic to
Z(0,0) ® Z(—1,4)y by Theorem 3.5. However, the third term, say K, is the join of two
disjoint points and three disjoint points. Therefore Z§ is homotopy equivalent to

S3 % (83v 83V 83v sty st
Moreover, HH*(Zk) is isomorphic to Z gy & Z?—M) ® Z(—2,8) by Theorem 3.5
together with [LPSS, Theorem 6.3]. Hence, the corresponding bigraded barcode

begins with two bars and extra two bars are born from the parameter for the thrid
term.

4. STABILITY

In this section, we establish stability properties of the bigraded persistence
modules PHZ(X) and PHHZ(X), see Theorems 4.20 and 4.22.

4.1. Distance functions. We first summarize several distance functions defined
on the categories of finite pseudo-metric spaces and persistence modules.

Definition 4.1. The Hausdorff distance between two nonempty subsets A and B
in a finite pseudo-metric space (Z,d) is
du (A, B) := max{sup d(a, B), supd(A,b)}.
acA beB

The Gromov-Hausdorff distance between two finite pseudo-metric spaces X and Y
is

den(X.Y) = jnf dy(f(X).g(Y).

where the infimum is taken over all isometric embeddings f: X - Z and g: ¥ — Z
into a pseudo-metric space Z.

Using the notion of a correspondence between two sets, one can give an alter-
native definition of the Gromov—Hausdorff distance, which is often convenient for
computational purposes.

Definition 4.2. Given two sets X and Y and a subset C' of X x Y, define D¢ (x)
as the number of y € Y for which (z,y) € C. Similarly, define D¢ (y) as the number
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X Y

FIGURE 8. Pseudo-metric spaces X and Y with depg(X,Y) #
dgu(X,Y).

of x € X for which (z,y) € C. A correspondence between two sets X and Y is a
subset C' of X x Y such that both D¢ (z) and De(y) are nonzero.

Note that the condition De(z) > 1 for all z € C' is equivalent to saying that C is
a (multi-valued) mapping with domain X and range Y. Furthermore, the condition
D¢ (y) > 1 is equivalent to saying that C' is surjective.

Proposition 4.3 ([BBI, Theorem 7.3.25]). For two finite pseudo-metric spaces
(X, dx) and (Y, dy),

1
4.1 d X,Y)= —min ma; dx(x1,x0) — d , .
1) i ) 2 c (x17y1)7(wiy2)60| x(®1,22) v(y1.92)]

We have the following modification of the Gromov—Hausdorff distance (4.1), to
be used below.

Definition 4.4. For two finite pseudo-metric spaces (X, dx) and (Y, dy) of the
same cardinality, define d/;; (X,Y") by formula (4.1) in which the infimum is taken
over bijective correspondences C only.

Obviously, digy (X,Y) > dgu(X,Y) for any pair of pseudo-metric spaces of the
same cardinality. The next example shows that for two pseudo-metric spaces X and
Y of the same cardinality, the difference between dgy (X,Y) and dipy (X,Y) can
be arbitrary large.

Example 4.5. Fix n > 2. Let X consist of four vertices of a rectangle in R?
with two edges of length 1 and diagonals of length n. Let Y consist of four
vertices of a tetrahedron in R? with the base an equilateral triangle with edges of
length 1 and the other three edges of length n. See Figure 8. It is easy to see that
dey(X,Y) = 1(n—1), while dey(X,Y) = 3.

Next, we introduce a distance function for persistence modules.

Given a persistence module M as in (2.1) and an arbitrary € € R>¢, we define

Me: R>¢p — k-MOD
by M(s) = M(s + ¢€) and M(ds,,s5) = Gsy+e,s5+c- Lhere is a natural transforma-
tion
N: M — M€

defined by the family of morphisms {M; — M,y | s € R>o}.

Given two persistence modules M and N, we say that M and N are e-interleaved
if there exist natural transformations

B:M =N and v: N = M€

such that 3¢ o~y = n3f and 7° o B = 03y, where 1 M — N?¢ and v°: N¢ — M3
denote the e-shifts of 5 and ~, respectively.



14 BAHRI, LIMONCHENKO, PANOV, SONG, AND STANLEY

Definition 4.6. The interleaving distance between two persistence modules M and
N is

di,(M,N) :=inf{e € R>o | M and N are e-interleaved}.
Example 4.7. The interleaving distance between two interval modules k ([a, b))
and k ([a’,b")) (see Example 2.1) is given by

b—a b —d

mL@(p¢»,dequ::mm{nmx{ — },mmth-MJU—bu}.

This formula has the following meaning. If the intervals are close to each other (the

closure of each interval contains the midpoint of the other), then the distance is

the maximum of the distances between their endpoints, i.e. max{|a’ — al, |0’ — b|},

which is the standard [°°-distance between the two intervals. If the intervals are far
b—a b —a’ a

apart, then the distance is max | >5%, >5* ¢, where b% is the [°°-distance between

[a,b) and a ‘zero length interval’ at the midpoint of [a,b).
The zero persistence module can be thought of as the interval module k(&) of an
empty interval. In this case, the interleaving distance is given by

dm@q&m%u@»:b;W

Below, we record the following properties of d;;, for future use.

Proposition 4.8 (see [CS, Proposition 5.5]). Let My, Ma, N1 and Ny be persistence
modules. Then

din(My & Mo, N1 & N2) < max(di,(Mq, M), di (Mg, N2)).

More generally, the interleaving distance can be defined for persistence modules
M: Ry — ¢ taking values in any Grothendieck category ¢ instead of k-MoOD,
see [BSS]. The following result is clear from the definition.

Proposition 4.9. Given two functors M and N from R>q to ¢, and a functor
F:C— D, we have:

dIL(]:OMafON)SdIL(M7N)'

Next, we introduce the bottleneck distance between multisets of intervals (or
barcodes). It is defined in the standard way as the infimum over matchings between
them, in which some of the intervals can be matched to zero length intervals at their
midpoints.

Let B and B’ be finite multisets of intervals of the form [a,b) with a € R>o and
b € Rso U {oo}. Define the multiset B = B U @5l obtained by adding to B the
multiset containing the empty interval & with cardinality |B’|. Similarly, define
B’ = B’ U@!Bl. Note that B and B’ have the same cardinality. We define the
distance function

7: B x B’ — Ry U {oc}
by the formulae:
7 ([a,b), [a', ) = max{|a’ — al, |i/ — b}, (la,00), [d,00)) = |a’ —al,
/ !
w(la,b).2) = “5 2, w(@ ' ¥) =~

7'('([0,, OO), [alv b,)) = 77([0” b)7 [a/v OO)) = ﬂ-([av 00)7 Q) = 7T(®7 [a/’ OO)) =00

(D, ) =0,

for finite a,b,a’, V.
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Definition 4.10. Denote by D (E, ?) the set of all bijections #: B — B’. Then
the co-Wasserstein distance, also called the bottleneck distance, is defined as follows:

W (B,B')=min__ max 7(I,0(I)).
0eD(B,B’) 1B

It can be shown [BS, Definition 4.11] that

WaoB,B') = min_ max dp (k(1),k(0(1))).
6eD(B,B’) I€B
where the interleaving distance between interval modules can be expressed via the
[*°-distance as in Example 4.7.

Example 4.11. - o
1. Let B ={[0,5)} and B’ = {[1,7)}. Then B = {[0,5),2} and B’ = {[1,7),o}.
There are two bijections between B and B’:

01:10,5) = [1,7), @— @, and 65:[0,5)— @, &+ [1,7).
The minimum of max; 5 7 (I, 0(I)) is achieved at ¢;, which reflects the fact that the
two intervals overlap sufficiently. We have W (B, B’) = n([0,5),[1,7)) =7 —5 = 2.

2. Let B =1{[0,5)} and B’ = {[3,9)}. These two intervals are ‘far apart’, so the
minimum of max; 5 7(I,0(I)) is achieved when both [0,5) and [3,9) are matched
to an empty interval. We have W (B, B') = 7(2,[3,9)) = 3.

In the literature, the following result is often referred to as the isometry theorem,
see [Le, Theorem 3.4]. We also refer to [BS, Theorem 4.16] and [CS, Theorem 5.14]
for different versions of this result:

Theorem 4.12. Let M and N be persistence modules satisfying the hypothesis
of Theorem 2.2. Then,

diL(M,N) = W (B(M), B(N)),
where B(M) and B(N) are the barcodes corresponding to M and N, respectively.

The stability theorem asserts that the persistent homology barcodes are stable
under perturbations of the data sets in the Gromov—Hausdorff metric. It is a key
result justifying the use of persistent homology in data science. We refer to [CC,
Theorem 3.1] and [CDO, Lemma 4.3, Theorem 5.2] for the proof:

Theorem 4.13. Let (X,dx) and (Y,dy) be two finite pseudo-metric spaces, and let
B(X) and B(Y') be the barcodes corresponding to the persistence modules PH(X)
and PH(Y'). Then,

di,(PH(X),PH(Y)) < 2deu(X,Y),
and when working over a field,

4.2. The doubling operation. The following construction plays a key role in
proving a stability property of persistent double homology.

Definition 4.14. Given a pseudo-metric space (X, dx) and a point z € X, we refer
to the pseudo-metric space X’ = X U {2’} with dx-(z,2") = 0 as the doubling of X
at x.

Given a simplicial complex K on [m] and a vertex {i} of K, the doubling of K
at {i} is the minimal simplicial complex K’ on the set [m] U {i'} which contains K
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and all subsets ILI{i'}, where i € I € K. There is a deformation retraction K/ — K
sending {i'} to {i} and identity on other vertices. See Figure 9.

K K’

FIGURE 9. Doubling at a vertex.

The doubling at a vertex is a particular case of the following operation introduced
n [AP]. Let K be a simplicial complex on the set [m], and let K3,...,K,, be

simplicial complexes. The substitution of Ki,..., K, into K is the simplicial
complex
K(Ky,...,Kpn) =1{I; WL, €K, l=1,...)k and {ji1,...,5k} € K}.

The doubling of K at {i} is the substitution complex K(1,...,A[i,],...,m),
where A[i, '] denotes the 1-simplex on ¢ and ’.

Observe that if X’ is the doubling of a pseudo-metric space X at a point, then
the Vietoris—Rips complex R(X’,t) is the doubling of R(X,t) at a vertex, i.e.
R(X',t) = R(X,t).

Proposition 4.15. Suppose X is obtained from X by an arbitrary number of
doubling operations performed at arbitrary points on the way. Then dgy(X,X) =0.

Proof. Using the triangle inequality, we reduce the claim to the case when X is
obtained from X by a single doubling operation, i.e. X=X =XU {z{} is a
doubling at xzp € X.

We use (4.1) and consider the following correspondence C between X and X':

C:={(r,r) e X x X' |z € X} U{(x0,20)}-

Note that for any s € X with s # xg, the number D¢(s) of © € X’ for which
(s,x) € C is 1. Similarly, Do(zg) = 2 and Dg(t) = 1 for all t € X', See
Definition 4.2. The triangle inequality together with dx:(xo,z(;) = 0 implies
dx(x1,22) = dx/(y1,y2) for any (x1,y1), (x2,y2) € C, hence dgy (X, X')=0. O

Proposition 4.16. Given two ﬁmte pseudo-metric spaces X and Y, there exist two
finite pseudo-metric spaces X and Y such that |X| = |Y| and

dGH(X7Y) = /GH(X7Y)7
where dg g is the modified Gromov-Hausdorff distance, see Definition 4.4.
Proof. For two finite pseudo-metric spaces S and T of the same cardinality, we have
(4.2) dGH(Sa T) < d/GH(S7 T)v

because any bijection is a correspondence between S and T
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FIGURE 10. From a correspondence to a bijection via iterated
doublings.

Now let X and Y be pseudo-metric spaces obtained by iterated doublings of
X and Y, respectively, so that X and Y have the same cardinality. The triangle
inequality together with Proposition 4.15 implies

dGH(X, Y) < dGH(X, X) + dGH(X7 Y) + dGH(Y, Y)
=dan(X,Y) < dgp(X.Y),
where second equality follows from Proposition 4.15 and the last inequality follows
from (4.2).
To complete the proof, we construct iterated doublings X and Y such that
’GH()?7 37) <dgu(X,Y). Let C be a correspondence which realizes dgy (X,Y). If
C is a bijection (in particular, |X| = |Y|), then there is nothing to prove. So we
assume that C' is not a bijection.

First, consider all the vertices € X such that Do (x) > 1 and double each of
them D¢ (x) — 1 times. We get a new pseudo-metric space X and a new correspon-
dence C' between X and Y which matches each double of z with a single point
of Y. If C' is a bijection, we set Y =Y and we have

dau(X,Y) = max ldx (z,2") — dy (y,y")]

(z,y),(¢",y")€C
/ ’ / v v

oy A dg (2, 2") — dg(y,y)| = dgu(X,Y),
where the second equality follows because the set {|dx (z, 2)—=dy (¥, %)} (2.y), (o' v eC
coincides with {|d¢(z,2") — dg (¥, 9" )|} (2,y),(2',y")ec’ and the last inequality follows
from Definition 4.4. R

If C’ is not a bijection, then it is a single-valued surjective mapping from X
to Y, which is not yet injective, so we perform the next step. Consider all the
vertices y € Y such that Der(y) > 1 and double each of them Der(y) — 1 times. We
get a new pseudo-metric space Y and a new correspondence C between X and Y

(4.3)

N~ N

which matches each double of y with a single point of X. Now, C is an injective
mapping from X to Y, therefore it is a bijection. See Figure 10 for an example of
this procedure. Now the same argument as in (4.3) establishes the claim. O

The proof of the last proposition also gives the following proposition. This could
be helpful in proving other stability results.

Proposition 4.17. Any correspondence between finite sets can be written as a
composition of doublings and a single bijection.
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Next we show that the doubling of simplicial complexes preserves the double
homology of the corresponding moment-angle complexes.

Proposition 4.18. Let K’ be obtained from K by doubling a vertex. Then,
HH.(Zx) = HH.(Zx/).
Proof. Let K’ be obtained by doubling of K at ¢ € [m]. We recall the chain
complex (3.5) and define the chain map
o: CH.(Zx/) = ( D f{{*(K;),a') — CH.( ( @ H.(K,), )
IC[m]u{d'}
by the property that for a € H, (KY}),

(@) 0 ifdel;
Q) =
4 a iti ¢l

We claim that the chain map ¢ defined above is a weak equivalence. Since ¢ is
surjective, it suffices to show that ker <p is acyclic. Observe that

o= - P ARl
'eIC[m]U{i'} LC[m]
Let T,, :=={L C [m]: |L\ {#}| > n} and define a decreasing filtration
kero=FyD>FD>---DF, D>
with
Fn = @ ﬁ*(K;:u{i/})v Fo/Fos1 = @ ﬁ*(K/Lu{i’})'
LeT, LC[m]: |[L\{i}|=n

The associated spectral sequence has EQ = (F),/F,11,0), where the differential &’
induced by ¢’, decomposes as a direct sum

b (ff*(K/Lu{i/}) - ﬁ*(K/Lu{i,y}))'
i¢L,|L|=n

Each map in the parentheses above is an isomorphism, because K’ iy C K, (it}
is a homotopy equivalence. Hence, the E1-page of the spectral sequence is zero, so
ker ¢ is acyclic. (]

Proposition 4.19. Suppose X isa pseudo-metric space obtained from X by an
arbitrary number of doubling operations performed at arbitrary points. Then the
persistent double homology modules PHHZ(X) and PHHZ(X) are isomorphic.

Proof. This follows from Proposition 4.18 and obvious functorial properties of the
doubling construction. d

4.3. Stability for PHZ. First, we establish a stability result for the bigraded per-
sistence module PHZ(X) of a finite pseudo-metric space (X, dx ), see Definition 3.3.

Theorem 4.20. For two finite pseudo-metric spaces (X,dx) and (Y,dy) of the
same cardinality, we have

di(PHZ(X), PHEZ(Y)) < 2d4py (X, Y),

where dgpy is the modified Gromov-Hausdorff distance, see Definition 4.4.
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Proof. Let : X — Y be the bijection that realizes d,;(X,Y). Then, for arbitrary
subset J C X, we have

(4.4) ou(1,0(J)) < dgyu(X,Y).

Let PH(J) and PH(O(J)) be the ordinary persistent homology modules (2.4) corre-
sponding to the subspaces J and 6(J), respectively. Then,

(4.5)  di, (PH(J),PH(O(J)))< 2der(J,0(])) < 2dgy(1,0(7)) < 2dgH(X,Y),

where the first inequality follows from the stability of persistent homology (Theo-
rem 4.13), the second follows by Definition 4.4 and the third is (4.4). Hence,

di(PHZ(X), PHE(Y)) = du (€D PH(I), P PH(())))

JCX JCX
< max{d,(PH(J),PH(6(J]))) | J C X} < 2dy5(X,Y),

where the first identity follows from 3.4, the second to last inequality follows from
Proposition 4.8 and the last inequality follows from (4.5). O

When using field coefficients, we also get a stability result for the bigraded
barcodes using Theorem 4.12:

Corollary 4.21. Suppose (X,dx) and (Y, dy) are two finite pseudo-metric spaces of
the same cardinality. Let BB(X) and BB(Y) be the bigraded barcodes corresponding
to the persistence modules PHZ(X) and PHZ(Y). Then,

Weo(BB(X), BB(Y)) < 2d, (X, Y).

The inequality in Theorem 4.20 does not hold if we replace di;;; by dgm on the
right hand side. Indeed, let Y = X U {2’} be the doubling of X at a point x € X,
see Definition 4.14. Then dgy (X,Y) = 0 by Proposition 4.15. On the other hand,
diL(PHZ(X),PHZ(Y)) # 0 even when X consists of two points with nonzero
distance. The reason is that at t = 0 we have R(X,0) = K is two disjoint points,
while R(Y,0) = K’ is a union of a point and a segment, so H.(Zx) # H.(Zk).

4.4. Stability for PHHZ. The main result of this subsection (Theorem 4.22)
shows that the interleaving distance between persistence modules PHHZ(X) and
PHHZ(Y) defined in (3.6) for two finite pseudo-metric spaces (X, dx) and (Y, dy)
is bounded above by the usual Gromov-Hausdorff distance between X and Y. It also
tells us that the persistent double homology module PHH Z(X) is more stable than
the persistence module PHZ(X) defined by the ordinary homology of moment-angle
complexes.

Theorem 4.22. Let X and Y be finite pseudo-metric spaces. Then
di(PHHZ(X),PHHZ(Y)) < 2dau(X,Y).

Proof. Let X and Y be finite pseudo-metric spaces of the same cardinality obtained
as iterated doublings of X and Y by the procedure discussed in the proof of
Proposition 4.16. Then, we have

dip(PHHZ(X), PHHZ(Y)) = di,(PHHZ(X), PHHZ(Y))
< di(PHEZ(X),PHE(Y)) < 2dpy(X,Y) = 2dau(X,Y).
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Here the first identity follows from Proposition 4.19. The second inequality follows
from decomposition (3.7) and Proposition 4.9. The third inequality is Theorem 4.20
and the last identity is Proposition 4.16. (]

When using field coefficients we also obtain stability for the bigraded barcodes
using Theorem 4.12:

Corollary 4.23. Let BB(X) and BB(Y) be the bigraded barcodes corresponding to
the persistence modules PHHZ(X) and PHHZ(Y'), respectively. Then, we have

[AP]

(BC]
[BP]

[BBC]

[BBI]
[BSS]
(BS]

[Ca]

[CFL+]

(CZ]
[CDO]

[CC]

[CS]
[CEH]
[Cr]
[GM]
[Le]
[LPSS]

[LFLX]

Weo (BB(X), BB(Y)) < 2dgu(X,Y).
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