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Entangling cavity-magnon polaritons by interacting with phonons
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‘We show how to entangle two cavity-magnon polaritons (CMPs) formed by two strongly coupled microwave
cavity and magnon modes. This is realized by introducing vibration phonons, via magnetostriction, into the
system that are dispersively coupled to the magnon mode. Stationary entanglement between two CMPs can be
achieved when they are respectively resonant with the two sidebands of the drive field scattered by the phonons,
and when the proportions of the cavity and magnon modes in the two polaritons are appropriately chosen. The
entangled CMPs can improve the detection sensitivity in the dark matter search experiments using CMPs, and
can also lead to the emission of frequency-entangled microwave photons.

I. INTRODUCTION

Cavity magnonics [1l], which studies the interaction be-
tween microwave cavity photons and magnons in magnetic
materials, e.g., yttrium iron garnet (YIG), has attracted great
attention and made significant progress in the past decade.
The development of the field has been greatly accelerated
since the strong cavity-magnon coupling was experimentally
achieved [2-4], as theoretically predicted in Ref. [5], benefit-
ing from many excellent properties of the YIG, such as a high
spin density and low dissipation rate. The strong coupling
leads to the hybridization of the cavity and magnon modes,
forming two cavity-magnon polaritons (CMPs). The two hy-
bridized modes are not entangled due to the linear excitation-
exchange (beam-splitter-type) interaction between the cavity
and magnon modes [6]], as the generation of entanglement
typically requires the parametric process, external quantum
fields, or other novel entangling mechanisms. This is the fun-
damental reason why it is difficult to entangle the two CMPs.
Although many proposals have been put forward in the field
for preparing entangled states [[7H38]], to date a theory for en-
tangling two CMPs is still lacking.

Here, we offer a route to solve this fundamental problem.
We show that by introducing a phonon mode that is disper-
sively coupled to the magnon mode (thus forming the cavity
magnomechanical system [6]]), the two CMPs can be entan-
gled in a stationary state. The phonon mode is used to in-
troduce the parametric down-conversion (PDC) (state-swap)
interaction associated with the lower (higher)-frequency po-
lariton mode. By appropriately adjusting the strengths of the
PDC and the state-swap interactions, the two CMPs get en-
tangled via the mediation of phonons. The entanglement is
robust against thermal noises and dissipation rates of the three
modes.

The paper is structured as follows. In Sec.[[ll we introduce
the model and provide the Hamiltonian and Langevin equa-
tions of the system. We further derive the linearized Langevin
equations for the quantum fluctuations of the system and show
how to obtain the steady-state solutions. In Sec. [l we ex-
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plain the underlying mechanism for achieving the steady-state
entanglement of the two CMPs and present the main results.
We then provide optimal conditions for the entanglement and
study the effects of the dissipations and input noises of the sys-
tem on the entanglement. Finally, we summarize our findings

in Sec.[[V]

II. THE MODEL

The cavity magnomechanical system consists of microwave
cavity photons, magnons, and phonons. The cavity and
magnon modes are coupled via the magnetic dipole interac-
tion, and the coupling strength can be much larger than the
cavity and magnon dissipation rates, leading to two CMPs.
The strong coupling results in the normal-mode splitting, as
experimentally observed in the cavity magnonic systems [2-
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FIG. 1: (a) The cavity magnomechanical system in the strong cavity-
magnon coupling regime. The magnon mode ¢ couples to the cavity
mode a via a beam-splitter interaction and to the phonon mode b via
a dispersive interaction. The cavity and magnon modes are strongly
coupled forming two CMP modes A_ and A, of which both are cou-
pled to the phonon mode b. (b) Frequencies and linewidths of the
system. The magnon mode c at frequency w, is strongly driven by
a microwave field at frequency wy, and the phonons at frequency wy,
scatters the driving photons onto the Stokes sideband at wy — w;, and
the anti-Stokes sideband at wy + w;,. When the frequencies of the two
CMPs match the two sidebands, the two CMPs are entangled via the
mediation of the phonon mode b.



4]. The magnon mode further dispersively couples to a
phonon mode via the magnetostrictive interaction. This is
typically the situation where the resonance frequency of the
phonon mode is much lower than that of the magnon mode,
e.g., for large-size YIG spheres [6]. The system then becomes
a hybrid three-mode system, as depicted in Fig. [T(a), with the
Hamiltonian given by

H/h =wa'a + wecte + wpb™b + Goc'le (b + bT)

+g (aTc + acT) +iQ (cTe_iMO’ - ceiw°’) ,

D

where j ( jT), Jj = a,c,b, are the annihilation (creation) oper-
ators of the cavity, magnon and phonon modes, respectively,
satisfying the commutation relation [}, /'] = 1. w; are their
corresponding resonance frequencies, and w, < w,, w,. g de-
notes the linear cavity-magnon coupling strength, and Gy is
the single-magnon magnomechanical coupling strength. Due
to the dispersive nature, G is typically weak, but the effective
magnomechanical coupling can be significantly improved by
driving the magnon mode with a strong microwave field (at
frequency wy and amplitude By), and the corresponding Rabi
frequency Q = gyo VNB, [T, where /2 = 28 GHz T
is the gyromagnetic ratio and N = pV is the total number of
spins, with p = 4.22 x 10> m~3 being the spin density of the
YIG and V as the volume of the YIG sphere.

Since the strongly coupled cavity and magnon modes are
hybridized, it is more convenient to describe the cavity-
magnon system with two polariton operators A.. The Hamil-
tonian (IJ) can then be rewritten in terms of A; and, in the in-
teraction picture with respect to Awy(AL A, + ATAL), is given
by (Appendix A)

H/h=AATA, + AATA_ + wpb™b + G (b +b)

X

1
ATA, sin®0+ATA_cos? 6 + 3 (ATA_+ATA,)sin 29]

+ iQ(Afr sin@+ A’ cos @ —A,sinf—A_ cos@),
2

where A, and A_ are the annihilation operators of the two
CMPs, which are the hybridization of the cavity and magnon
modes via Ay = acosf + csinf and A_ = —asinf + ccosé,

with 6 = %arctan w2_gw . A, satisfy the bosonic commuta-

tion relation [k, k'] = 1 (k = A)). A, = w. — wpy de-
note the polariton-drive detunings, where w, = %

V(w, — we)? + 4g2] are the frequencies of the two CMPs, cf.
Fig. [[[b).

By including the dissipation and input noise of each mode,
we obtain the following quantum Langevin equations (QLEs)

W + W,

—_—

of the system (Appendix B):

A, = —iAA, -Gy (b + bT) (A+ sin® 6 + A_ sin 6 cos 9)
— koA, — OKA_ + Qsin 6 ++/2k, A",

A_=—iA_A_ -Gy (b + b"') (A_ cos? 0 + A, cosfsin 9)
— K_A_ — kA, + Qcos 0 +~/2k_A™,

b=—iwyb - iGo(A:[AJr sin @ + AiA, sin @ cos 6

3)

+ATA, cos@sind+ ATA_ cos? 9) — kpb +\/2Kbbi”,

where k, = k,cos? 0 + k. sin”> @ and k_ = k, sin® @ + k. cos?
are the dissipation rates of the two polaritons A, and A_, re-
spectively, and dk = (k. — k,) sin 6 cos 8 denotes the coupling
strength between the two CMPs due to the unbalanced dissi-
pation rates k, # K., with «; being the dissipation rate of the
mode j (j = a,c,b). A" = 2k, cos 8a™ ++/2«. sin Oc™™) N2k,
and A" = (=2« sin 6a™ ++2k. cos Oc™) \2«_ represent the
noises entering the two CMPs, which are related to the in-
put noises a™, ¢ of the original cavity and magnon modes,
and b™ is the input noise of the phonon mode. The input
noises ji”(t), j = a,c,b, are zero-mean and characterized by
the correlation functions [39]: (j"(1)j"'(¢)y = [Njw,;) +
18 — 1), (0" = Ni(w)s(t — 1), with Nj(w;) =
[expl(hw;/kpT)] - 177! being the equilibrium mean thermal
excitation number of the mode j, and T as the bath tempera-
ture.

Since the magnon mode is strongly driven and due to its
excitation-exchange interaction with the cavity mode, the two
CMPs have large amplitudes [(A.)], [(A_)| > 1 at the steady
state. This allows us to linearize the nonlinear dispersive in-
teraction around the large average values [7, 40]. This is im-
plemented by writing each mode operator O, O = A,,A_, b,
as the sum of its classical average and quantum fluctuation
operator, i.e., O = (O) + 00, and neglecting small second-
order fluctuation terms in Eq. (3). We aim to study quantum
entanglement between the two CMPs, and hence focus on the
dynamics of the quantum fluctuations. The quantum fluctua-
tions of the system (0A ., 0A_, 6b) are governed by the follow-
ing linearized QLEs (Appendix B):

. 8b + 6b' 4
8A,=—(iA, + Kk, )5A . — OkGA_— G+bT+\/ZK+AT,

. ob + 8b' A
6A-= (i~ + K-)OA-= 6K5A = Gy =+ 2 AT,

. G+ G. .
8b = —(iwy + K,)5b —(—+b6A L+ oAl - H.c.) N

2
“4)

where Gy, = G,-sinf (G-, = G._cos6) represents the
coupling strength between the polariton A, (A_) and the
phonon mode b, with G,_ = G, sinf + G_cos6, and G. =
i2Gy{(A.) being the enhanced dispersive coupling strengths
associated with the two CMPs. In obtaining Eq. (@), we
neglect the linear coupling terms between the two CMPs
G(0AT6A_ + 6A.6A), where G = GoRe(b)sin26, due to
their weak strength and negligible impact on the entangle-
ment. Under the optimal conditions for the entanglement



ALl ~ wp > k. (cf. Fig. b)), as will be discussed later, we
obtain approximate analytical expressions of the steady-state
averages, i.e.,

o0kQcos O —iQsin O(A_ — ik_)
(A- — ik )(Ay —iky) + Ok

o0kQsinf — iQ cos (A, — iky)
(A~ — ik ) (AL —iky) + Ok?

(Ay) =

b}

(A-) = , (&)

G
Re(b) = —w—Z|<A+)sin6 + (A ycos o[

Because of the weak coupling Gy, the frequency shift caused
by the dispersive coupling is typically much smaller than the
resonance frequency wp, as observed in the magnomechanical
experiments [41H43]). Therefore, in deriving Eqs. (@) and (3))
we safely neglect this small frequency shift in the detunings
|As] = wp.

The QLEs (@) can be expressed using quadratures
(6X+,6Y4,0Xp,6Y,), with 6X. = (5A. + 6AL)/V2, 6Y. =
i(6AL — 6A.)/V2, and 6X,, = (b + 6b1)/V2, §Y, = i(b' —
ob)/ V2, and cast in the matrix form of

u(t) = Ru(t) + n(z), (6)
where u(f) = [6X,(1), 6Y, (1), 6X_(1), SY_(1), 6Xp(1), Y, (1)]T,
1) = N2\ D Vo N2 X DY 2, X N2 YT,

and the drift matrix R is given by

—K4 A, —0K 0 -ReGy, O
A, —K4 0 -0k -ImG,, O
R = —0K 0 —K- A —-ReG_, O
- 0 -6k -A_ -k -ImG_, O
0 0 0 0 —Kp Wp
—Im G+h Re G+h —Im G,h Re G,h —Wp —Kp
(7

Since the quantum noises are Gaussian and the system dynam-
ics is linearized, the steady state of the quadrature fluctuations
is a continuous-variable three-mode Gaussian state, which can
be completely characterized by a 6x6 covariance matrix (CM)
V with its entries defined as V;; = %(u,-(t)uj(t’) + ui (" )ui(1))
(i,j=1,2,...,6). The steady-state CM V can be achieved by
directly solving the Lyapunov equation [40]

RV + VRT = —D, (8)

where D = Diag[x, (2N, + 1), k, 2N+ 1),k _.(2N_+ 1), k_(2N_
+1), 2Ny + 1),k5(2Np + 1)] +%tan26[—/<+(2N++ 1) +
K_2N_+ 1)] 0" ® Irx» @ 054, is the diffusion matrix, which
is defined via D;;6(t—1t) = (ni(On;(t’) + n;j(t")ni1))/2.
o* is the x-Pauli matrix and the mean thermal ex-
citation numbers N, are related to N, and N, via
N, = {[ky 0 B2N, + 1) + k. sin? 62N, + D]/, — 1}/2 and

N_ = {[kssin? 62N, + 1) + K cos? 02N, + D)]/x- = 1}/2.
We adopt the logarithmic negativity Ey [44-46] to quan-
tify the entanglement between the two CMPs, which is
defined based on the 4 X 4 CM V, of the two polariton
modes (V4 is extracted by removing irrelevant rows and

columns in V). Specifically, Ey = max[0,—In(257)],
where 77 = 2712[2 — (22 — 4detV,)'*]"%, and V, =
[V, V._; VI V_], with V,, V_ and V,_ being the 2 x 2 blocks
of Vy3,and X =detV, + detV_ —2detV,_.

III. ENTANGLEMENT OF TWO CMPS

The mechanism of creating entanglement between the two
CMPs is as follows. The phonons scatter the driving mi-
crowave photons at frequency wy onto two sidebands at
wo = wp (cf. Fig. Ekb)). When the frequencies of the two
CMPs are adjusted to be resonant with the two sidebands, i.e.,
A, = —A_ = wy, both the Stokes and anti-Stokes scatterings
are effectively activated, where the Stokes scattering corre-
sponds to the PDC interaction causing the lower-frequency
polariton to be entangled with the phonon mode, while the
anti-Stokes scattering leads to the state-swap (beam-splitter)
interaction between the higher-frequency polariton and the
phonon mode. Therefore, the two CMPs get entangled via
the mediation of phonons when the above two processes are
simultaneously activated.

The interactions between the CMPs and the phonon mode
essentially result from the dispersive coupling between the
phonon mode and the component of the magnon mode in the
CMPs. Therefore, by varying the proportion of the magnon
mode in the polaritons (via altering 6), one can adjust the
effective strength of the PDC (state-swap) interaction asso-
ciated with the Stokes (anti-Stokes) scattering. For the spe-

@ 04
0.3
i 0.2
0.1,

0.0

035 0.40 0.45

0/r

0.25 0.30

(b) 04,
03
502
0.1

0.5 1.0 15 2.0 2.5 3.0
1Al / wp

0 1 23 4 5
|G_| [ ka

FIG. 2: Stationary entanglement between two CMPs Ey versus (a) 6;
(b) the polariton-drive detuning |A.[; (c) the coupling strength |G_|.
We take |G_| /27 = 2 MHz and A, = —A_ = w, in (a). The param-
eters of (b) [(c)], apart from A. (|G_|), correspond to those yielding
an optimal angle 6 ~ 0.40x in (a). The grey areas denote the regimes
where the system is unstable. See text for other parameters.



cial case 6 = 1—’, 6 € [0, 2], where both the CMPs A, have
equally weighted cavity and magnon modes, the strengths of
the Stokes and anti-Stokes scatterings are equal. This point
easily causes the system to be unstable (cf. Fig.[2(a)) and only
nonstationary entanglement could be produced [47]. There-
fore, a larger § > % should be considered to obtain station-
ary entanglement, where the anti-Stokes scattering (for me-
chanical cooling) outperforms the Stokes scattering (for me-
chanical amplification). For a relatively small value of 6, e.g.,
6 < %, we find that the entanglement between the two CMPs
is small, while the entanglement between the lower-frequency
polariton A_ and phonons is strong. This indicates that the
entanglement (A_ & b) is effectively generated by the Stokes
scattering, but is not yet efficiently transferred to the higher-
frequency polariton A,. The state-swap interaction between
the polariton A, and the phonon mode b in the anti-Stokes
scattering should thus be enhanced. To this end, we fur-
ther increase 6 to raise the proportion of the magnon mode
in the polariton A, which enhances the strength of the anti-
Stokes scattering. Consequently, we see an efficient entangle-
ment transfer and the two CMPs are strongly entangled around
6 ~ 0.40r, as clearly shown in Fig.[2{a). However, 6 cannot be
too large (i.e., too close to %), as this reduces the proportion
of the magnon mode in the polariton A_ and thus the strength
of the associated Stokes scattering, from which the entangle-
ment of the system originates. Therefore, an optimal 6 exists
for the entanglement as the result of the trade-off between the
strengths of the Stokes and anti-Stokes scatterings, as seen in
Fig.2fa).

In Fig. 2] we use experimentally feasible parameters [6]:
wy./2r = 10 GHz, wp/27n = 10 MHz, «k,/2n = «./2n = 1
MHz, «,/2m = 100 Hz, and at low temperature 7 = 10 mK.
We further consider the optimal detunings A, = —A_ = wj, in
Fig. 2fa), as analyzed above. For a given 6, g and w, can be

determined by solving the equations 6 = %arctan 2% and

V(ws — we)* +4g% = 2wy (w,, are assumed constant). We
note that the magnon frequency w. and the cavity-magnon
coupling strength g can be readily adjusted, respectively, by
varying the bias magnetic field and the position of the YIG
sphere inside the microwave cavity [2H4]]. The stability of the
system is guaranteed by the negative eigenvalues (real parts)
of the drift matrix R. We find that, apart from the unstable re-
gion when 6 is small (6 < 0.257), the system can also be unsta-
ble when 6 is too large. This is because the coupling strength
|G| (associated with the polariton A.) increases rapidly as 6
grows, § — 7, due to the relation I(G;—j| =~ tan 6 (|G_| is fixed in
Fig. 2(a)).

An optimal 6 ~ 0.40r gives the maximum entanglement
in Fig. ), which corresponds to g/27 ~ 5.88 MHz and
w./2r ~ 10.0162 GHz. To investigate the effect of the de-
viation of the polaritons from the mechanical sidebands, we
change w. in Fig. [J|b) to vary the polariton frequencies (i.e.,
A.). Specifically, we set the drive frequency wy = “5%,
which ensures two symmetric CMPs (A, = |A_|) and me-
chanical sidebands with respect to the drive frequency. It
shows that when the two CMPs deviate from the two me-
chanical sidebands (|A.| away from wj), the entanglement re-
duces, confirming our earlier analysis on the optimal condi-
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FIG. 3: Stationary polariton entanglement Ey versus (a) dissipation
rates k, and «.; (b) bath temperature 7" and «,. We take 6 ~ 0.40x,
and the other parameters are the same as in Fig.[2}a).

tion Ay = —A_ = w, for the entanglement. The unstable re-
gion is because that a large |A.| corresponds to 6 approaching
%, and thus a large value of |G, |. This is similar to the reason
of the instability on the right side of Fig. 2{a).

In Fig. 2(c), we plot the entanglement versus the effective
coupling rate G_. Clearly, as |G_| grows the entanglement
reaches its maximum in the stable regime and then reduces
before entering the unstable regime. This means that one can
obtain the maximum entanglement in the stable regime, and
the maximum entanglement is no longer constrained by the
stability condition [40l 48]]. This implies that the entangle-
ment mechanism presented here fundamentally differs from
those in the protocols of, e.g., Refs. [7, 40].

It should be noted that the results of Fig. 2] are obtained
under the condition of k, =~ k.. For the case of d«x being com-
parable to or larger than k), the associated coupling terms
between the two CMPs (cf. Eq. @) may have a significant
impact on the entanglement. In Fig.[3[a), we plot the entangle-
ment versus the two dissipation rates «, and «.. It shows that
for a wide range of k), the entanglement is present. The en-
tanglement is also robust with respect to the bath temperature
T and the mechanical damping rate 5, as shown in Fig. [3(b).
The entanglement survives for the temperature up to 7 = 220
mK (k, up to ~ 2 x 103 Hz), under experimentally feasible
parameters.

IV. CONCLUSION

We present a mechanism of entangling two CMPs in cavity
magnonics by dispersively coupling magnons with vibration
phonons via introducing magnetostriction. The presence of
the vibration phonon mode activates the PDC and the state-
swap interactions associated with the two polariton modes,
which become entangled when the strengths of the two in-
teractions are properly chosen. The work fills the gap in the
study of entangling two CMPs and finds potential applica-
tions in the study of macroscopic quantum states and quan-
tum metrology, e.g., it can be applied to improve the detec-
tion sensitivity in the dark matter search experiments using
CMPs [49451]] by exploiting the entanglement shared between
the polaritons [52, 53]]. The entangled CMPs can also lead to
the emission of frequency-entangled microwave photons [54]],



which may find applications in microwave quantum informa-
tion processing.
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APPENDIX A: POLARITON MODES

The Hamiltonian of the cavity and magnon modes with a
beam-splitter-type linear coupling reads

"

H/h =waa%a +wc'ct+g (aTc + acT>

- 2

where a and ¢ ([0,0"] = 1, O = a,c) are the annihila-
tion operators of the cavity and magnon modes with reso-
nance frequencies w, and w,, and g is the coupling strength.
When the two modes are nearly resonant and strongly cou-
pled, g > «,, &, with «, and k. being their dissipation rates,
the cavity and magnon modes form two CMPs. By diagonal-
izing the interaction matrix, we obtain the Hamiltonian of the
two CMP modes

(A

Hih=w,ATA, +w_ATA_, (A2)

where A, and A_ ([0,07] = 1, O = A,, A_) denote the two
polariton modes, and w, and w-_ are their eigenfrequencies

Wy + W + (Wy — we)? + 4g2

Wy = ’

2 (A3)
Wy + We — (Wg — We)? + g2
w_ = .
2

Clearly, for the resonant case w, = w¢, w+—w- = 2g. The two
CMP modes A. are the hybridization of the original cavity
and magnon modes, reflected in the following transformation

matrix
A, ([cos@ sinb)(a
(A) - (— sinf cos 6) (c) ’ (A4)
where
1
6 = — arctan . (AS)
2 Wy — We

Including vibration phonons, the Hamiltonian of the cavity
magnomechanical system under study is given by (i.e., Eq. (I)
in the main text)

H/h =wsa'a+ w.c'c+ wpb™b + Goc'e (b + bT)

+g (aTc + acT) +iQ (CTE"“’“’ - ceiwot) . (A0)

For strongly coupled cavity and magnon modes, it is more
convenient to describe the system with polariton operators A..
The Hamiltonian can then be rewritten as

Hih=w, A A, + w_A"A_ + wyb'b
+Go(b+b")(AlA, sin? 0 + ALA_sinfcos ¢
+ AiA+ cos@sinf + AT A_ cos? 9) (A7)
+ iQ(Ai sin @7 + AT cos Ge 7!

— A, sinfe'™" — A_ cos Qe’“‘)’).

Working in the interaction picture with respect to ha)o(AiAJr +
ATA_), the Hamiltonian becomes in the following form

Hih=AALA, + AATA_ + wyb'b + Gy (b +b)

X

. 1
ATA,sin0+ AT A_cos? 0 + 5 (AiA_ + AiA+) sin 29]

+ iQ(AI sing+ A" cosf— A, sinH—A_cose),
(AB)

where the polariton-drive detunings A, = w; — Wp.

APPENDIX B: LINEARIZED QUANTUM LANGEVIN
EQUATIONS

The Hamiltonian (A6) corresponds to the following quan-
tum Langevin equations (QLEs) by including the dissipation
and input noise of each mode:

a=— (il + kp)a — igc ++/2k,a™,
¢ =—(iAe + ke — iga — iGoc(b + b') + Q ++/2k.c™, (B1)
b =—iwpb — iGoctc — kpb ++/2k,b™,

where A, = w, — wy, and A, = w. — wy. The above QLEs can

be rewritten in terms of polariton operators A, for strongly
coupled cavity and magnon modes, given by

A, =—iAA, —iGo(b+b") (A, sin® 0+ A_sinfcos )
— koA, — OKA_ + Qsin 6 ++/2k, A",

A_=—iA_A_ -Gy (b + b*) (A_ cos? 6 + A, cos @sin 9)
— K_A_ — kA, + Qo8 0 +~/2k_A™,

b =—iwpb — iGo(A:AJr sin® 0 + AIA, sin 6 cos 8

+ATA, cos@sinf + ATA_ cos? 9) — kpb +/26,0™,
(B2)

where we define k, = k,cos28 + k.sin’ 6, k. = k,sin> 0 +
k. cos’ 6, which can be interpreted as the dissipation rates of
the two CMP modes, and 6k = (k. — k) sin 6 cos 6, which de-
notes the direct coupling strength between the two CMPs due
to the unbalanced dissipation rates «, # k.. The two CMPs



can also be indirectly coupled via the mediation of the phonon
mode with the coupling strength of GoRe(b)sin20 = G.

Under a strong drive field, the QLEs (B2) can be linearized
around large average values. We obtain the following lin-
earized QLEs describing the quantum fluctuations of the sys-
tem (0A ., 5A_, 6b), which are

; X b + ob" ,
0A=—(iAs +K:)0A+ = (iG + 6K)5A = Gp———+V2K, AT,

. . 5b + 6b" .
SA_=—(iA_ + k)OA_— (iG + K)5A, — G_b+T+\/2K_AI_",

. G G- ,

6b=—(iw,,+/<;,)6b—( 5aL+ oAl - H. c.)+ Db
(B3)

where A, = A, + 2GoRe(h)sin’ and A_ = A_ +

2GoRe(b) cos? 0 are the effective polariton-drive detunings in-
cluding the frequency shift caused by the dispersive coupling
with the phonons. G4, = G4_sinf (G_, = G,_cos0) rep-
resents the coupling strength between the polariton A, (A-)
and the phonon mode, where G, = G,siné + G_cos¥,
with G, = i2G((A.) being the enhanced dispersive coupling
strengths associated with the two CMPs.
The expressions of the steady-state averages are given by

(Ay) =% [6K cosf —isinf (A_ —2GoRe(b) cos? 0 — iK_)] ,
(A_) =% |oxsin6 — icos 0 (A, — 2GoRe(b) sin 6 — ik, )|

Re(b) = —g—Z|<A+>sin9 + (A Ycos6|,

(B4)

with © = -G (G - 2i6k) + (A_ — ik_)(A, — ik,) + 6x*. The op-
timal condition for the polariton entanglement corresponds to
A, = —A_ =~ wy, as discussed in the main text. Typically, the
frequency shift due to the dispersive coupling is much smaller
than the resonance frequency w;. Therefore, hereinafter we
safely take ALl =~ |A.| = wp. This leads to the following
simplified expressions

0kQcosh — iQsin (A — ik_)

ALy ~ , B5
(Ao (A — ik )(Ay — iky) + 6K2 (BS)
0kQsin§ — iQ cos (A, — iky)
ALY ~ , B6
A-) (A_ — ik ) (AL — iky) + OK> (B6)
and the QLEs

. &b + 5b7 -
6A= ~(idhs + K JOA L= OKSA- = Gy +y2, AT

. &b + b7 -
6A-= ~(iA\- + K)OA-= 6k5A .~ Gy ————+y2 A",

G+b
2

. . G_ . .
8b = —(iwp + k)b —( sAt + ZbsaT —H. c.) 2rgh™"

2
(B7)

For simplicity, we neglect the weak coupling terms
G (6A16A_ + 6A+6Af) between the two CMPs, which have a
negligible impact on the entanglement. We, however, keep the
coupling terms —idk ((5AI(5A_ + 6A+6Ai), in order to study the
impact of a possibly large o« of the system on the entangle-
ment.

The QLEs (B7) can be expressed in the quadrature form,
given by

6X, =A,6Y, — k. 0X, — 6k6X_ — Re G,,0X, ++/2k, X,
§Y, = — A6X, — k,8Y, — SkSY_ — Im G, ,6X, ++/26, Y™,
6X_ =A_5Y_ — k_6X_ — 6k6X, — Re G_6Xp +/2k_X",
§Y_ = — A_6X_ — k_6Y_ — 6k8Y, — Im G_p6Xp +/2k, Y™,
65X, = wp6Y, — kpXp +V 26X,
§Y), = — wp0X), — kp6Y,—Im G,6X, + Re G0,

~ImG_,6X_ + Re G_y6Y_ ++/2k,Y}",

(B8)

where 6X. = (8A. + 0AL)/V2, Y. = i(6AL — 6A.)/V2, and
6X, = (b + 6b")/V2, 6Y), = i(6b" — 6b)/V2. The quadratures
of the input noises X;” and Yj.” (j = +, -, b) are defined in the
same way. The above QLEs can be cast in the simple matrix
form of

u(t) = Ru(t) + n(1), B9)

where u(t) = [6X.(0),0Y.(1), 6X_(1), 6Y_(2), 6X,(2), 5V (D],
n(t) = W2k X0 A2k Y N2k X N2 Y™ A2 X 2K, Vi,

and the drift matrix R is given by

—K4 A, —0K 0 —-ReG,, O
-A; —Ky 0 -0k -ImG,, O
R = —0K 0 —K- A. -ReG_, O
- 0 -0k -A_ -k -ImG_, 0
0 0 0 0 —Kp Wp
—Im G+b Re G+b —Im G,b Re G,b —Wp —Kp
(B10)
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