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We propose a general framework for using local measurements, local unitaries, and non-local clas-
sical communication to construct quantum channels which can efficiently prepare mixed states with
long-range quantum order or quantum criticality. As an illustration, symmetry-protected topolog-
ical (SPT) phases can be universally converted into mixed-states with long-range entanglement,
which can undergo phase transitions with quantum critical correlations of local operators and a log-
arithmic scaling of the entanglement negativity, despite coexisting with volume-law entropy. Within
the same framework, we present two applications using fermion occupation number measurement
to convert (i) spinful free fermions in one dimension into a quantum-critical mixed state with en-
hanced algebraic correlations between spins and (ii) Chern insulators into a mixed state with critical
quantum correlations in the bulk. The latter is an example where mixed-state quantum criticality
can emerge from a gapped state of matter in constant depth using local quantum operations and
non-local classical communication.
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I. INTRODUCTION

Interacting quantum matter may exhibit long-range
entanglement that is intimately connected to fascinat-
ing phenomena such as fractionalized quasiparticles and
criticality. Typically the scope for exploring long-range
entanglement has been limited to pure states, especially
the ground states of many-body Hamiltonians. How-
ever, realistic physical systems require a mixed-state de-
scription due to constant exposure to an environment,
thus motivating the consideration of long-range entan-
glement in many-body mixed states. In equilibrium,
mixed states naturally arise as finite-temperature Gibbs
states; however, long-range entanglement is typically
fragile to thermal fluctuations [1–5]. In contrast, out-of-
equilibrium mixed states offer richer possibilities for sta-
bilizing long-range entanglement. For example, there has
been substantial recent progress in characterizing univer-
sal properties of various non-trivial states of matter, e.g.
symmetry-protected topological (SPT) phases, quantum
critical states, and topological order, subject to noise
channels [6–14]. Signatures of the non-trivial nature of
these mixed-states generally require probing non-linear
observables in the mixed-state density matrix, e.g. mea-
sures of quantum entanglement.
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In this work, we introduce a novel route for realiz-
ing long-range entangled mixed states. We provide a
general framework for constructing quantum channels
which allow for the efficient realization of a large class
of mixed-state long-range entanglement, including GHZ,
topological order, and quantum criticality. Specifically,
our protocols generate pure states with certain probabili-
ties, hence defining a mixed-state ensemble. Importantly,
the long-range order/criticality can be efficiently probed
through observables that are linear in the mixed-state
density matrix.

Our construction (Sec.II, see Fig.1 for schematic) relies
on three ingredients, namely, local projective measure-
ment, local unitary operations, and non-local classical
communication. Starting with an input state, which we
extensively bipartition in two disjoint Hilbert spaces, A
and B, we perform single-site measurements within A.
Based on the measurement outcomes, recorded as classi-
cal data, we perform appropriate unitary feedback con-
sisting of local unitary gates acting on B. We will allow
the local unitary gates to depend on the global classical
data, thus requiring non-local classical communication.
Such a two-step protocol generically generates an ensem-
ble of pure states associated with distinct measurement
outcomes, hence defining a mixed state. The resulting
mixed state on B (ρB) may exhibit various long-range
quantum orders and quantum criticality coexisting with
extensive classical entropy. We show that ρB admits a
purification that can be obtained by performing a con-
trolled unitary on the composite AB system. As such,
our protocol may be regarded as implementing a con-
trolled unitary that generically cannot be realized using
finite-depth unitary circuits. This unitary description
also provides a powerful handle allowing us to charac-
terize ρB by analyzing the parent Hamiltonian of its pu-
rification.

Our framework is inspired by adaptive circuits, where
the choice of the applied local unitary gates depends on
the global measurement outcomes in a way that post-
measurement pure state trajectories associated with dif-
ferent measurement outcomes will be deterministically
converted to the same target pure state. This architec-
ture has provided a powerful framework that enables the
efficient preparation of a large class of non-trivial pure
states, including gapped topological orders and gapless
conformal critical states in short times [15–25], which are
impossible using any local unitary protocols. The opera-
tions required by adaptive circuits (mid-circuit measure-
ments and feedback) are available in several quantum
hardwares, and indeed the adaptive, finite-depth prepa-
ration of certain topological orders has been realized ex-
perimentally in recent works [26, 27]. While our con-
struction of quantum channels utilizes the same ingre-
dients (local quantum operations and non-local classi-
cal communication) as in adaptive circuits, various post-
measurement states generically do not converge in our
protocol, thereby leading to a mixed-state ensemble that
exhibits certain long-range quantum order and quantum
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<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="SWjsYCur/pChMwn74WE8gyqAERc=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPoTuELLeAHjxGMAskQ+jp9CRNeha7e4Qw5Ce8eFDEq7/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPZ219Y3NrO7eT393bPzgsHB13dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebXmZ+954rLaLw1sxi7gZ0HApfMGqs1BtQGU/okAwLRVzCGBNCUEZIrYotaTTqZVJHJLMsirBCa1h4H4wilgQ8NExSrfsEx8ZNqTKCST7PDxLNY8qmdMz7loY04NpNF/fO0blVRsiPlK3QoIX6fSKlgdazwLOdATUT/dvLxL+8fmL8upuKME4MD9lykZ9IZCKUPY9GQnFm5MwSypSwtyI2oYoyYyPK2xC+PkX/k065RKqlyk2l2LxaxZGDUziDCyBQgyZcQwvawEDCAzzBs3PnPDovzuuydc1ZzZzADzhvnwVej/0=</latexit>↵1

<latexit sha1_base64="PPtz0wHUIHVryHjAPt60Lce62qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeCF09SwX5AE8JmO2mXbjZhd6OUtD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHNzO/8whSsUQ86HEKfkwGgkWMEm2kwK5OsJcqFjjYk0QMOODArjl1Zw68StyC1FCBZmB/ef2EZjEITTlRquc6qfZzIjWjHKYVL1OQEjoiA+gZKkgMys/np0/xqVH6OEqkKaHxXP09kZNYqXEcms6Y6KFa9mbif14v09G1nzORZhoEXSyKMo51gmc54D6TQDUfG0KoZOZWTIdEEqpNWhUTgrv88ippn9fdy/rF/UWtcVfEUUbH6ASdIRddoQa6RU3UQhQ9oWf0it6sifVivVsfi9aSVcwcoT+wPn8AIj6TUg==</latexit>| 0i

<latexit sha1_base64="MNGMi1FScku6iOAjcAKOXqkd9Zw="></latexit>

⇢B = trA[U | 0ih 0|U†]
<latexit sha1_base64="1AMb3kzwnntD0VBqT1VZnCI2RXU=">AAACEHicbZDNSsNAFIUn9a/Gv6hLN4NFdFUSKepGKLhxJRVMW2hCmEwn7dDJJMxMhBLyCG58FTcuFHHr0p1v47SNoK0HBj7OvZc794Qpo1LZ9pdRWVpeWV2rrpsbm1vbO9buXlsmmcDExQlLRDdEkjDKiauoYqSbCoLikJFOOLqa1Dv3REia8Ds1TokfowGnEcVIaSuwjk33Enoyi4PcQywdogK6PwgL2ApKDKyaXbengovglFADpVqB9en1E5zFhCvMkJQ9x06VnyOhKGakML1MkhThERqQnkaOYiL9fHpQAY+004dRIvTjCk7d3xM5iqUcx6HujJEayvnaxPyv1stUdOHnlKeZIhzPFkUZgyqBk3RgnwqCFRtrQFhQ/VeIh0ggrHSGpg7BmT95Edqndees3rht1Jo3ZRxVcAAOwQlwwDlogmvQAi7A4AE8gRfwajwaz8ab8T5rrRjlzD74I+PjGxNCnAs=</latexit>

U =
X

↵

U↵P↵

<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="OTumwF8godv2Cinn4UIQPzySogI=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPoTuELLeAHjxGMAskQ6jp9CRNeha7e4Qw5Ce8eFDEq7/jzb+xJ4mgog8KHu9VUVXPi6XQhpAPZ219Y3NrO7eT393bPzgsHB13dJQoxtsskpHqeaC5FCFvG2Ek78WKQ+BJ3vWml5nfvedKiyi8NbOYuwGMQ+ELBsZKvQHIeALD8rBQJCVCCKUUZ4TWqsSSRqNepnVMM8uiiFZoDQvvg1HEkoCHhknQuk9JbNwUlBFM8nl+kGgeA5vCmPctDSHg2k0X987xuVVG2I+UrdDghfp9IoVA61ng2c4AzET/9jLxL6+fGL/upiKME8NDtlzkJxKbCGfP45FQnBk5swSYEvZWzCaggBkbUd6G8PUp/p90yiVaLVVuKsXm1SqOHDpFZ+gCUVRDTXSNWqiNGJLoAT2hZ+fOeXRenNdl65qzmjlBP+C8fQIG4o/+</latexit>↵2

<latexit sha1_base64="PPtz0wHUIHVryHjAPt60Lce62qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeCF09SwX5AE8JmO2mXbjZhd6OUtD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHNzO/8whSsUQ86HEKfkwGgkWMEm2kwK5OsJcqFjjYk0QMOODArjl1Zw68StyC1FCBZmB/ef2EZjEITTlRquc6qfZzIjWjHKYVL1OQEjoiA+gZKkgMys/np0/xqVH6OEqkKaHxXP09kZNYqXEcms6Y6KFa9mbif14v09G1nzORZhoEXSyKMo51gmc54D6TQDUfG0KoZOZWTIdEEqpNWhUTgrv88ippn9fdy/rF/UWtcVfEUUbH6ASdIRddoQa6RU3UQhQ9oWf0it6sifVivVsfi9aSVcwcoT+wPn8AIj6TUg==</latexit>| 0i

<latexit sha1_base64="MNGMi1FScku6iOAjcAKOXqkd9Zw="></latexit>

⇢B = trA[U | 0ih 0|U†]
<latexit sha1_base64="1AMb3kzwnntD0VBqT1VZnCI2RXU=">AAACEHicbZDNSsNAFIUn9a/Gv6hLN4NFdFUSKepGKLhxJRVMW2hCmEwn7dDJJMxMhBLyCG58FTcuFHHr0p1v47SNoK0HBj7OvZc794Qpo1LZ9pdRWVpeWV2rrpsbm1vbO9buXlsmmcDExQlLRDdEkjDKiauoYqSbCoLikJFOOLqa1Dv3REia8Ds1TokfowGnEcVIaSuwjk33Enoyi4PcQywdogK6PwgL2ApKDKyaXbengovglFADpVqB9en1E5zFhCvMkJQ9x06VnyOhKGakML1MkhThERqQnkaOYiL9fHpQAY+004dRIvTjCk7d3xM5iqUcx6HujJEayvnaxPyv1stUdOHnlKeZIhzPFkUZgyqBk3RgnwqCFRtrQFhQ/VeIh0ggrHSGpg7BmT95Edqndees3rht1Jo3ZRxVcAAOwQlwwDlogmvQAi7A4AE8gRfwajwaz8ab8T5rrRjlzD74I+PjGxNCnAs=</latexit>

U =
X

↵

U↵P↵

<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="WsBDwvaDdWdqN0TLg15pZQmHTOs=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKezEkMctoAePEcwDkiXMTibJkNnZdWZWCEt+wosHRbz6O978G2eTCCpa0FBUddPd5UeCa+O6H05mbX1jcyu7ndvZ3ds/yB8etXUYK8paNBSh6vpEM8ElaxluBOtGipHAF6zjTy9Tv3PPlOahvDWziHkBGUs+4pQYK3X7REQTMrgY5Atu0XVdjDFKCa5WXEvq9VoJ1xBOLYsCrNAc5N/7w5DGAZOGCqJ1D7uR8RKiDKeCzXP9WLOI0CkZs56lkgRMe8ni3jk6s8oQjUJlSxq0UL9PJCTQehb4tjMgZqJ/e6n4l9eLzajmJVxGsWGSLheNYoFMiNLn0ZArRo2YWUKo4vZWRCdEEWpsRDkbwten6H/SLhVxpVi+KRcaV6s4snACp3AOGKrQgGtoQgsoCHiAJ3h27pxH58V5XbZmnNXMMfyA8/YJCGaP/w==</latexit>↵3

<latexit sha1_base64="wKB75zTMQEqRy9nnOEtI/XyQFvM=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKunBZwT6gM5RMmmlDM5kxyRTK0O9w40IRt36MO//GTFtBRQ9cOJxzL/fe48eCa4PQh5Pb2Nza3snvFvb2Dw6PiscnXR0lirIOjUSk+j7RTHDJOoYbwfqxYiT0Bev506vM782Y0jySd2YeMy8kY8kDTomxkuemLhHxhAw5dBfDYgmVEUIYY5gRXK8hS5rNRgU3IM4sixJYoz0svrujiCYhk4YKovUAo9h4KVGGU8EWBTfRLCZ0SsZsYKkkIdNeujx6AS+sMoJBpGxJA5fq94mUhFrPQ992hsRM9G8vE//yBokJGl7KZZwYJulqUZAIaCKYJQBHXDFqxNwSQhW3t0I6IYpQY3Mq2BC+PoX/k26ljGvl6m211Lpex5EHZ+AcXAIM6qAFbkAbdAAF9+ABPIFnZ+Y8Oi/O66o156xnTsEPOG+f5iySNw==</latexit>{↵i}

<latexit sha1_base64="PPtz0wHUIHVryHjAPt60Lce62qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeCF09SwX5AE8JmO2mXbjZhd6OUtD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHNzO/8whSsUQ86HEKfkwGgkWMEm2kwK5OsJcqFjjYk0QMOODArjl1Zw68StyC1FCBZmB/ef2EZjEITTlRquc6qfZzIjWjHKYVL1OQEjoiA+gZKkgMys/np0/xqVH6OEqkKaHxXP09kZNYqXEcms6Y6KFa9mbif14v09G1nzORZhoEXSyKMo51gmc54D6TQDUfG0KoZOZWTIdEEqpNWhUTgrv88ippn9fdy/rF/UWtcVfEUUbH6ASdIRddoQa6RU3UQhQ9oWf0it6sifVivVsfi9aSVcwcoT+wPn8AIj6TUg==</latexit>| 0i
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="q5bsimQUc9VsVSV6cmA7Z/DEGbc=">AAAB7nicdVBNS8NAEJ34WetX1aOXxSJ4kJDU0NZbQQ8eK9gPaEPZbDft0s0m7G6EEvojvHhQxKu/x5v/xk1bQUUfDDzem2FmXpBwprTjfFgrq2vrG5uFreL2zu7efungsK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHKV+517KhWLxZ2eJtSP8EiwkBGsjdRJB1lw7s4GpbJjX9arFa+KHNtxam7FzUml5l14yDVKjjIs0RyU3vvDmKQRFZpwrFTPdRLtZ1hqRjidFfupogkmEzyiPUMFjqjys/m5M3RqlCEKY2lKaDRXv09kOFJqGgWmM8J6rH57ufiX10t1WPczJpJUU0EWi8KUIx2j/Hc0ZJISzaeGYCKZuRWRMZaYaJNQ0YTw9Sn6n7Qrtlu1vVuv3LhexlGAYziBM3ChBg24gSa0gMAEHuAJnq3EerRerNdF64q1nDmCH7DePgFUkY+Y</latexit>ub,1
<latexit sha1_base64="bpZBGW6REUUcv2KvNx9WEoX7yNo=">AAAB7nicdVBNS8NAEJ34WetX1aOXxSJ4kJDE0NZbQQ8eK9gPaEPZbLft0s0m7G6EEvojvHhQxKu/x5v/xk1bQUUfDDzem2FmXphwprTjfFgrq2vrG5uFreL2zu7efungsKXiVBLaJDGPZSfEinImaFMzzWknkRRHIaftcHKV++17KhWLxZ2eJjSI8EiwISNYG6md9rPw3Jv1S2XHvqxVPL+CHNtxqq7n5sSr+hc+co2SowxLNPql994gJmlEhSYcK9V1nUQHGZaaEU5nxV6qaILJBI9o11CBI6qCbH7uDJ0aZYCGsTQlNJqr3ycyHCk1jULTGWE9Vr+9XPzL66Z6WAsyJpJUU0EWi4YpRzpG+e9owCQlmk8NwUQycysiYywx0Sahognh61P0P2l5tlux/Vu/XL9exlGAYziBM3ChCnW4gQY0gcAEHuAJnq3EerRerNdF64q1nDmCH7DePgFWFo+Z</latexit>ub,2

<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="rxbL0xImFb4UQEci0xnb7xu5BDo=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgQkKShrbuCrpwWcE+oA1lMp20QycPZiZCCf0INy4Ucev3uPNvnLQVVPTAhcM593LvPX7CmVSW9WEU1tY3NreK26Wd3b39g/LhUUfGqSC0TWIei56PJeUsom3FFKe9RFAc+px2/elV7nfvqZAsju7ULKFeiMcRCxjBSkvddJj5F9X5sFyxzMtGzXFryDItq247dk6cult1ka2VHBVYoTUsvw9GMUlDGinCsZR920qUl2GhGOF0XhqkkiaYTPGY9jWNcEilly3OnaMzrYxQEAtdkUIL9ftEhkMpZ6GvO0OsJvK3l4t/ef1UBQ0vY1GSKhqR5aIg5UjFKP8djZigRPGZJpgIpm9FZIIFJkonVNIhfH2K/icdx7RrpnvrVprXqziKcAKncA421KEJN9CCNhCYwgM8wbORGI/Gi/G6bC0Yq5lj+AHj7RNXm4+a</latexit>ub,3

<latexit sha1_base64="PPtz0wHUIHVryHjAPt60Lce62qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeCF09SwX5AE8JmO2mXbjZhd6OUtD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHNzO/8whSsUQ86HEKfkwGgkWMEm2kwK5OsJcqFjjYk0QMOODArjl1Zw68StyC1FCBZmB/ef2EZjEITTlRquc6qfZzIjWjHKYVL1OQEjoiA+gZKkgMys/np0/xqVH6OEqkKaHxXP09kZNYqXEcms6Y6KFa9mbif14v09G1nzORZhoEXSyKMo51gmc54D6TQDUfG0KoZOZWTIdEEqpNWhUTgrv88ippn9fdy/rF/UWtcVfEUUbH6ASdIRddoQa6RU3UQhQ9oWf0it6sifVivVsfi9aSVcwcoT+wPn8AIj6TUg==</latexit>| 0i

<latexit sha1_base64="MNGMi1FScku6iOAjcAKOXqkd9Zw="></latexit>

⇢B = trA[U | 0ih 0|U†]
<latexit sha1_base64="1AMb3kzwnntD0VBqT1VZnCI2RXU=">AAACEHicbZDNSsNAFIUn9a/Gv6hLN4NFdFUSKepGKLhxJRVMW2hCmEwn7dDJJMxMhBLyCG58FTcuFHHr0p1v47SNoK0HBj7OvZc794Qpo1LZ9pdRWVpeWV2rrpsbm1vbO9buXlsmmcDExQlLRDdEkjDKiauoYqSbCoLikJFOOLqa1Dv3REia8Ds1TokfowGnEcVIaSuwjk33Enoyi4PcQywdogK6PwgL2ApKDKyaXbengovglFADpVqB9en1E5zFhCvMkJQ9x06VnyOhKGakML1MkhThERqQnkaOYiL9fHpQAY+004dRIvTjCk7d3xM5iqUcx6HujJEayvnaxPyv1stUdOHnlKeZIhzPFkUZgyqBk3RgnwqCFRtrQFhQ/VeIh0ggrHSGpg7BmT95Edqndees3rht1Jo3ZRxVcAAOwQlwwDlogmvQAi7A4AE8gRfwajwaz8ab8T5rrRjlzD74I+PjGxNCnAs=</latexit>

U =
X

↵

U↵P↵

<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="SWjsYCur/pChMwn74WE8gyqAERc=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPoTuELLeAHjxGMAskQ+jp9CRNeha7e4Qw5Ce8eFDEq7/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPZ219Y3NrO7eT393bPzgsHB13dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebXmZ+954rLaLw1sxi7gZ0HApfMGqs1BtQGU/okAwLRVzCGBNCUEZIrYotaTTqZVJHJLMsirBCa1h4H4wilgQ8NExSrfsEx8ZNqTKCST7PDxLNY8qmdMz7loY04NpNF/fO0blVRsiPlK3QoIX6fSKlgdazwLOdATUT/dvLxL+8fmL8upuKME4MD9lykZ9IZCKUPY9GQnFm5MwSypSwtyI2oYoyYyPK2xC+PkX/k065RKqlyk2l2LxaxZGDUziDCyBQgyZcQwvawEDCAzzBs3PnPDovzuuydc1ZzZzADzhvnwVej/0=</latexit>↵1

<latexit sha1_base64="PPtz0wHUIHVryHjAPt60Lce62qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeCF09SwX5AE8JmO2mXbjZhd6OUtD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHNzO/8whSsUQ86HEKfkwGgkWMEm2kwK5OsJcqFjjYk0QMOODArjl1Zw68StyC1FCBZmB/ef2EZjEITTlRquc6qfZzIjWjHKYVL1OQEjoiA+gZKkgMys/np0/xqVH6OEqkKaHxXP09kZNYqXEcms6Y6KFa9mbif14v09G1nzORZhoEXSyKMo51gmc54D6TQDUfG0KoZOZWTIdEEqpNWhUTgrv88ippn9fdy/rF/UWtcVfEUUbH6ASdIRddoQa6RU3UQhQ9oWf0it6sifVivVsfi9aSVcwcoT+wPn8AIj6TUg==</latexit>| 0i

<latexit sha1_base64="MNGMi1FScku6iOAjcAKOXqkd9Zw="></latexit>

⇢B = trA[U | 0ih 0|U†]
<latexit sha1_base64="1AMb3kzwnntD0VBqT1VZnCI2RXU=">AAACEHicbZDNSsNAFIUn9a/Gv6hLN4NFdFUSKepGKLhxJRVMW2hCmEwn7dDJJMxMhBLyCG58FTcuFHHr0p1v47SNoK0HBj7OvZc794Qpo1LZ9pdRWVpeWV2rrpsbm1vbO9buXlsmmcDExQlLRDdEkjDKiauoYqSbCoLikJFOOLqa1Dv3REia8Ds1TokfowGnEcVIaSuwjk33Enoyi4PcQywdogK6PwgL2ApKDKyaXbengovglFADpVqB9en1E5zFhCvMkJQ9x06VnyOhKGakML1MkhThERqQnkaOYiL9fHpQAY+004dRIvTjCk7d3xM5iqUcx6HujJEayvnaxPyv1stUdOHnlKeZIhzPFkUZgyqBk3RgnwqCFRtrQFhQ/VeIh0ggrHSGpg7BmT95Edqndees3rht1Jo3ZRxVcAAOwQlwwDlogmvQAi7A4AE8gRfwajwaz8ab8T5rrRjlzD74I+PjGxNCnAs=</latexit>

U =
X

↵

U↵P↵

<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="OTumwF8godv2Cinn4UIQPzySogI=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPoTuELLeAHjxGMAskQ6jp9CRNeha7e4Qw5Ce8eFDEq7/jzb+xJ4mgog8KHu9VUVXPi6XQhpAPZ219Y3NrO7eT393bPzgsHB13dJQoxtsskpHqeaC5FCFvG2Ek78WKQ+BJ3vWml5nfvedKiyi8NbOYuwGMQ+ELBsZKvQHIeALD8rBQJCVCCKUUZ4TWqsSSRqNepnVMM8uiiFZoDQvvg1HEkoCHhknQuk9JbNwUlBFM8nl+kGgeA5vCmPctDSHg2k0X987xuVVG2I+UrdDghfp9IoVA61ng2c4AzET/9jLxL6+fGL/upiKME8NDtlzkJxKbCGfP45FQnBk5swSYEvZWzCaggBkbUd6G8PUp/p90yiVaLVVuKsXm1SqOHDpFZ+gCUVRDTXSNWqiNGJLoAT2hZ+fOeXRenNdl65qzmjlBP+C8fQIG4o/+</latexit>↵2

<latexit sha1_base64="PPtz0wHUIHVryHjAPt60Lce62qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeCF09SwX5AE8JmO2mXbjZhd6OUtD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHNzO/8whSsUQ86HEKfkwGgkWMEm2kwK5OsJcqFjjYk0QMOODArjl1Zw68StyC1FCBZmB/ef2EZjEITTlRquc6qfZzIjWjHKYVL1OQEjoiA+gZKkgMys/np0/xqVH6OEqkKaHxXP09kZNYqXEcms6Y6KFa9mbif14v09G1nzORZhoEXSyKMo51gmc54D6TQDUfG0KoZOZWTIdEEqpNWhUTgrv88ippn9fdy/rF/UWtcVfEUUbH6ASdIRddoQa6RU3UQhQ9oWf0it6sifVivVsfi9aSVcwcoT+wPn8AIj6TUg==</latexit>| 0i

<latexit sha1_base64="MNGMi1FScku6iOAjcAKOXqkd9Zw="></latexit>

⇢B = trA[U | 0ih 0|U†]
<latexit sha1_base64="1AMb3kzwnntD0VBqT1VZnCI2RXU=">AAACEHicbZDNSsNAFIUn9a/Gv6hLN4NFdFUSKepGKLhxJRVMW2hCmEwn7dDJJMxMhBLyCG58FTcuFHHr0p1v47SNoK0HBj7OvZc794Qpo1LZ9pdRWVpeWV2rrpsbm1vbO9buXlsmmcDExQlLRDdEkjDKiauoYqSbCoLikJFOOLqa1Dv3REia8Ds1TokfowGnEcVIaSuwjk33Enoyi4PcQywdogK6PwgL2ApKDKyaXbengovglFADpVqB9en1E5zFhCvMkJQ9x06VnyOhKGakML1MkhThERqQnkaOYiL9fHpQAY+004dRIvTjCk7d3xM5iqUcx6HujJEayvnaxPyv1stUdOHnlKeZIhzPFkUZgyqBk3RgnwqCFRtrQFhQ/VeIh0ggrHSGpg7BmT95Edqndees3rht1Jo3ZRxVcAAOwQlwwDlogmvQAi7A4AE8gRfwajwaz8ab8T5rrRjlzD74I+PjGxNCnAs=</latexit>

U =
X

↵

U↵P↵

<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="ydIO/cDFPqbXvM7yPPxd+wxmVoQ=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwVZJS+thV3LiSKvYB7VAyaaYNzWSGJCOUoX/gxoUibv0jd/6NmbaCih64cDjnXu69x48F1wahDye3tr6xuZXfdnd29/YPCodHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev608vM794zpXkk78wsZl5IxpIHnBJjpVv3YlgoohJCCGMMM4JrVWRJo1Ev4zrEmWVRBCu0hoX3wSiiScikoYJo3ccoNl5KlOFUsLk7SDSLCZ2SMetbKknItJcuLp3DM6uMYBApW9LAhfp9IiWh1rPQt50hMRP928vEv7x+YoK6l3IZJ4ZJulwUJAKaCGZvwxFXjBoxs4RQxe2tkE6IItTYcFwbwten8H/SKZdwtVS5qRSb16s48uAEnIJzgEENNMEVaIE2oCAAD+AJPDtT59F5cV6XrTlnNXMMfsB5+wQago0k</latexit>

A
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B
<latexit sha1_base64="GwsO0diTFnRQAObyjby2CQcDMUs=">AAAB6XicdVDLSsNAFL2prxpfVZduBovgKiQ1tHVXdONKqtgHtKFMppN26OTBzEQooX/gxoUibv0jd/6Nk7aCih64cDjnXu69x084k8q2P4zCyura+kZx09za3tndK+0ftGWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zmfueeCsni6E5NE+qFeBSxgBGstHRrXgxKZds6r1crbhXZlm3XnIqTk0rNPXORo5UcZViiOSi994cxSUMaKcKxlD3HTpSXYaEY4XRm9lNJE0wmeER7mkY4pNLL5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCupexKEkVjchiUZBypGKUv42GTFCi+FQTTATTtyIyxgITpcMxdQhfn6L/SbtiOVXLvXHLjetlHEU4gmM4BQdq0IAraEILCATwAE/wbEyMR+PFeF20FozlzCH8gPH2CS8fjTE=</latexit>

B

<latexit sha1_base64="WsBDwvaDdWdqN0TLg15pZQmHTOs=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKezEkMctoAePEcwDkiXMTibJkNnZdWZWCEt+wosHRbz6O978G2eTCCpa0FBUddPd5UeCa+O6H05mbX1jcyu7ndvZ3ds/yB8etXUYK8paNBSh6vpEM8ElaxluBOtGipHAF6zjTy9Tv3PPlOahvDWziHkBGUs+4pQYK3X7REQTMrgY5Atu0XVdjDFKCa5WXEvq9VoJ1xBOLYsCrNAc5N/7w5DGAZOGCqJ1D7uR8RKiDKeCzXP9WLOI0CkZs56lkgRMe8ni3jk6s8oQjUJlSxq0UL9PJCTQehb4tjMgZqJ/e6n4l9eLzajmJVxGsWGSLheNYoFMiNLn0ZArRo2YWUKo4vZWRCdEEWpsRDkbwten6H/SLhVxpVi+KRcaV6s4snACp3AOGKrQgGtoQgsoCHiAJ3h27pxH58V5XbZmnNXMMfyA8/YJCGaP/w==</latexit>↵3

<latexit sha1_base64="wKB75zTMQEqRy9nnOEtI/XyQFvM=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKunBZwT6gM5RMmmlDM5kxyRTK0O9w40IRt36MO//GTFtBRQ9cOJxzL/fe48eCa4PQh5Pb2Nza3snvFvb2Dw6PiscnXR0lirIOjUSk+j7RTHDJOoYbwfqxYiT0Bev506vM782Y0jySd2YeMy8kY8kDTomxkuemLhHxhAw5dBfDYgmVEUIYY5gRXK8hS5rNRgU3IM4sixJYoz0svrujiCYhk4YKovUAo9h4KVGGU8EWBTfRLCZ0SsZsYKkkIdNeujx6AS+sMoJBpGxJA5fq94mUhFrPQ992hsRM9G8vE//yBokJGl7KZZwYJulqUZAIaCKYJQBHXDFqxNwSQhW3t0I6IYpQY3Mq2BC+PoX/k26ljGvl6m211Lpex5EHZ+AcXAIM6qAFbkAbdAAF9+ABPIFnZ+Y8Oi/O66o156xnTsEPOG+f5iySNw==</latexit>{↵i}

<latexit sha1_base64="DWTd5+ysaWGvZLpCSl7ZLLZxmS0=">AAAB73icbVBNSwMxEJ2tX3X9qnr0EiyCp7IrpXosevEkFewHtEvJptk2NJusSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyacaeN5305hbX1jc6u47e7s7u0flA6PWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh+Gbmt5+o0kyKBzNJaBDjoWARI9hYqeP21Ej2r1G/VPYq3hxolfg5KUOORr/01RtIksZUGMKx1l3fS0yQYWUY4XTq9lJNE0zGeEi7lgocUx1k83un6MwqAxRJZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/XTU10FWRMJKmhgiwWRSlHRqLZ82jAFCWGTyzBRDF7KyIjrDAxNiLXhuAvv7xKWhcVv1ap3lfL9bs8jiKcwCmcgw+XUIdbaEATCHB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AfPaj08=</latexit>⇢B
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FIG. 1: We consider a system with A,B degrees of free-
dom, which may correspond to sublattices or charge and
spin of fermions, for example. We devise a depth-2 quan-
tum channel that can effectively implement a controlled
unitary, giving rise to various long-range quantum orders
and criticality on the B system. The first layer consists
of single-site measurements on A, and the second layer
consists of single-site unitaries on B conditioned on the
outcomes {α} in the first layer. This protocol outputs
a density matrix ρB on B such that ρB(= trA |ψ⟩ ⟨ψ|)
admits a purification |ψ⟩ = U |ψ0⟩ with U being a con-
trolled unitary U =

∑
α UαPα on an AB composite sys-

tem; Pα projects A to a specific product state on A,
and Uα is a product of on-site unitaries acting on B.

criticality despite having extensive entropy.

For the applications discussed in this work, the unitary
feedback after local measurements is a product of onsite
unitary operations, and hence, the long-range order in
the resulting ensemble may equivalently be decoded from
post-measurement pure-state trajectories via appropriate
classical post-processing without unitary feedback (see
e.g. Ref.[28, 29]). However, our protocol can be gen-
eralized, e.g. by extending onsite-unitary feedback to a
finite-depth local unitary circuit, or by considering mul-
tiple rounds of layers of measurement and unitary. In
both cases, it is unclear if the properties of the result-
ing mixed state can be efficiently obtained by classical
post-processing based on local measurement data. Fur-
thermore, not all classical post-processing can be imple-
mented efficiently as quantum channels.

In the rest of the Introduction, we provide an overview
of two classes of applications. The first class of examples
takes a symmetry-protected topological (SPT) order as
an input state (Sec.IV). These are short-range entangled
phases that can be prepared from product states using lo-
cal unitary in finite time only when breaking the protect-
ing symmetry [30, 31]. We will focus on SPT phases char-
acterized by decorated domain wall constructions [32].
One class of examples are SPT phases in d-spatial di-
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mensions which are protected by Z2 p-form ×Z2 q-form
symmetry with p + q = d − 1. This type of SPT can be
diagnosed by the long-range order in certain non-local
operators, e.g. string operators in 1d or membrane op-
erators in 2d. Based on these non-local operators, we
show how to employ measurement and feedback to pre-
pare a mixed state with Z2 long-range order coexisting
with volume-law entropy. For instance, Z2 cat-state or-
der and Z2 topological order can be prepared in one and
two space dimensions in a mixed state, both of which
cannot occur in equilibrium thermal states.

Notably, the convertibility to a long-range order is a
universal property of the SPT: any pure state in the
same SPT phase always leads to a long-range-ordered
(and generically mixed) state characterized by the same
universal properties that are related to the SPT order.
In addition, the output state is a reduced density ma-
trix of a ground state of Hamiltonian H that is “dual” to
the parent Hamiltonian H0 of the input SPT. Most in-
terestingly, when H0 is tuned to criticality, H is critical
as well, and the corresponding mixed state possesses a
critical entanglement structure quantified by the entan-
glement negativity [33–37]. For example, our protocol
in 1D gives rise to a mixed state with volume-law scal-
ing of von Neumann entropy, but logarithmic scaling of
the entanglement negativity with subsystem size. Such
mixed-state quantum criticality presents several uncon-
ventional features as we will discuss in this work.

Our application of converting a Z2 × Z2 SPT to long-
range order is directly inspired by Ref.[15, 16, 20]. In
particular, Ref.[20] argues that measuring these SPTs
will generically lead to certain long-range order in post-
measurement pure state trajectories. While this can be
shown analytically for fixed-point SPTs [15, 16], the fate
of non-fixed-point SPTs upon measurement was incon-
clusive1. In contrast, our channel-based approach allows
us to show that the emergence of long-range orders in a
mixed state is a universal property that persists through-
out the entire SPT phase. Importantly, these orders can
be efficiently probed through certain linear observables in
the mixed-state ensemble that results from our quantum
channel.

The second class of examples focuses on spinful
fermionic systems (Sec.V). We consider extensive single-
site fermion occupation number measurement followed
by unitary feedback according to the measurement out-
comes. In contrast to the single-site projective Pauli mea-
surement, which trivializes the measured qubit, the oc-
cupation number for spinful fermions allows for richer
phenomenology due to the possibility of a residual spin-
1/2 degree of freedom in the subspace of a singly-
occupied site. Indeed, it is known that starting with

1 For non-fixed point SPTs, Ref.[20] provides numerical evidence
that measuring the Heisenberg spin-1 chain, an SPT protected
by Z2×Z2 symmetry of π rotations, leads a GHZ-type long-range
order.

non-interacting spinful fermions, performing a Gutzwiller
projection (projecting onto single-occupation subspace)
effectively induces interactions that may lead to var-
ious exotic quantum spin liquids in two and higher
spatial dimensions (see Ref. [38, 39] for review).
The Gutzwiller projection cannot be implemented as a
fermion occupation-number measurement, without post-
selecting the measurement outcome. In contrast, our
scheme does not rely on post-selection; for each post-
measurement trajectory, we apply a depth-1 local unitary
feedback, so that the mixed state, formed from the en-
semble of these trajectories, exhibits certain non-trivial
features. We also note that the fermion-occupation num-
ber measurement is readily experimentally available via
quantum gas microscopes (see Ref.[40] for a review),
which allows for the implementation of our protocols.
Below we briefly summarize two applications, in one and
two space dimensions respectively.

In 1d, we start from free spinful fermions (Sec.VA)
with nearest neighbor hopping. In this case, it is known
that spin-spin correlations decay algebraically with the
separation between two sites with an exponent 2. We
devise a protocol that outputs a mixed state with an
enhanced critical correlation characterized by a smaller
exponent, namely, 1. The essential idea is to notice that
there is a long-range string order in the 1d free fermions
[41], and measurement and feedback can convert this
hidden string order into a truly long-range critical or-
der. The resulting mixed state that describes correla-
tions in the spin sector can be regarded as a reduced den-
sity matrix by tracing out the charge sector in a ground
state of a parent Hamiltonian that we derive. Notably,
this Hamiltonian describes strongly interacting spinful
fermions and therefore, our measurement-feedback chan-
nel may be viewed as a novel mean to effectively engineer
interactions. We note that our protocol of boosting criti-
cal correlations is also applicable to interacting fermionic
systems characterized by Luttinger liquids by exploiting
their hidden string order.

The 2d example (Sec.VB) takes Chern insulators (see
e.g.[42] for an introduction) as an input. These are
gapped invertible topological phases, which feature triv-
ial bulks and non-trivial chiral edge modes on the bound-
ary. Despite Chern insulators having exponentially de-
caying correlations in the bulk, applying a measurement-
feedback channel leads to a mixed state with algebraic
correlations. The essential property we use is a non-
local membrane order parameter due to the topological
response in Chern insulating states [43, 44]. Such a non-
local hidden order can be converted into algebraic de-
caying spin-spin correlations in the resulting mixed state
using a non-local quantum channel. This therefore fur-
nishes a remarkable example where quantum criticality
emerges from a gapped state of matter via a quantum
channel involving local quantum operations but non-local
classical communication.
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II. NON-LOCAL CHANNEL FROM LOCAL
QUANTUM OPERATIONS AND NON-LOCAL

CLASSICAL COMMUNICATION

Here we introduce the protocol for constructing quan-
tum channels based on local quantum operations (mea-
surement and unitary) and non-local classical communi-
cation (Fig.1). Given a system with two types of degrees
of freedom A and B initialized in the state ρ0 = |ψ0⟩ ⟨ψ0|,
one performs simultaneous, extensive single-site measure-
ment on every degree of freedom in A. This leads to a

particular pure state |ψα⟩ = Pα|ψ0⟩√
⟨ψ0|Pα|ψ0⟩

with probabil-

ity ⟨ψ0|Pα |ψ0⟩, where α labels the measurement out-
come on A, and Pα is the projector associated with the
measurement. For each post-measurement state, we ap-
ply a unitary Uα acting on B based on the outcome α.
Note that this requires non-local classical communication
since the choice of a local unitary relies on distant mea-
surement outcomes recorded as classical data. The above
measurement-feedback protocol leads to a mixed state

ρ =
∑

α

UαPαρ0PαU
†
α. (1)

With an appropriate choice of measurement and unitary
feedback, the subsystem B described by a reduced den-
sity matrix ρB may exhibit various long-range quantum
orders and criticality.

The aforementioned protocol may be viewed as a way
to effectively implement a controlled unitary acting on
the AB composite system followed by tracing out A. To
see this, we notice that ρB admits a purification |ψ⟩ via
ρB = trA |ψ⟩ ⟨ψ|, where |ψ⟩ is defined as

|ψ⟩ =
∑

α

UαPα |ψ0⟩ . (2)

U =
∑
α UαPα takes the form of a controlled unitary

with A being the control and B being the target. U may
not be realized as local unitary circuits, thereby enabling
significant changes in the entanglement structure. In par-
ticular, U provides a non-local transformation on opera-
tors according to Heisenberg evolution. For instance, the
expectation of an operator OB supported on B in the re-
sulting mixed state ρB amounts to the expectation of the
operator U†OBU in the input pure state |ψ0⟩. As such,
this non-local unitary transformation provides a power-
ful way to convert hidden orders in the input state into
long-range order or criticality in the density matrix ρB ,
as we will illustrate using various examples. Moreover,
this viewpoint of unitary transformation provides a use-
ful way to describe the output ρB ; since the initial state
|ψ0⟩ and the purified state |ψ⟩ are connected by a unitary
U , the structure of ρB can be characterized based on the
Hamiltonian H of |ψ⟩ through H = UH0U

†, where H0 is
the Hamiltonian of the input state |ψ0⟩.

III. ENTANGLEMENT STRUCTURE OF
OUTPUT MIXED STATES

We first discuss general constraints on the entangle-
ment properties of the mixed states generated from such
protocols.
Bound on entanglement: The protocols presented

in this work belong to LOCC, namely, local operations
(onsite measurement and unitaries) and classical commu-
nication, and therefore, mixed-state entanglement cannot
increase under these quantum channels (see Appendix.A
for proof based on the entanglement of formation [45],
a faithful entanglement measure for mixed states). This
entanglement constraint provides a sharp distinction be-
tween the mixed-state orders that may and may not
be realized within our protocols. For example, start-
ing with an area-law entangled gapped state in 1d, our
finite-depth channels cannot output a mixed-state with
logL scaling entanglement. Namely, to output a quan-
tum critical mixed state in 1d with logL scaling entangle-
ment, the initial state must be critical with entanglement
≳ O(logL) as well, and Sec.IVC presents one such ex-
ample. On the other hand, if one starts with a gapped,
area-law state in 2d, the entanglement constraint does
not rule out the possibility of realizing quantum criti-
cal mixed states (recall gapless conformal critical states
obey an area law as well), and indeed this is realized in
Sec.VB.
Sufficient conditions for a nontrivial mixed

state: Despite the above constraint on the quantity of
entanglement, our protocol can produce mixed states
ρ that are long-range entangled in the precise sense
that they cannot be a mixture of trivial pure states [2].
Namely, ρ is long-range entangled if ρ ̸=∑n pn |ϕn⟩ ⟨ϕn|,
where each |ϕn⟩ is a short-range entangled state that can
be connected to a product state using a finite-time local
unitary2.
We prove that ρ cannot be a mixture of short-range en-

tangled states given the following two conditions (which
will apply to all examples considered in this work). (i)
Global symmetry: There exists a unitary operator S with
unit-norm expectation value, i.e. tr(ρS) = eiθ with
θ ∈ R. (ii) Long-range correlations for charged opera-
tors: There exist charged operators O1, O2 (with respect
to the symmetry S)3, whose correlation tr(ρO1O2) decay
slower than e−d/ξ, with ξ > 0, and d being the spatial
separation between O1 and O2. For example, tr(ρO1O2)
could be constant or follow a power-law decay with the
separation d.
The claim above can be proved by contradiction. As-

sume ρ =
∑
n pn |ϕn⟩ ⟨ϕn|, i.e. a mixture of short-range

entangled pure states |ϕn⟩. Since tr(ρS) = eiθ, it must

2 This implies that the connected correlation between two distant
operators OA, OB is upper bounded by exp{−d/ξ} where d is the
separation between OA, OB , and ξ is a finite correlation length.

3 Namely, SOjS
† = eiQjOj with Qj mod 2π ̸= 0 for j = 1, 2.
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be that ⟨ϕn|S|ϕn⟩ = eiθ for each |ϕn⟩4. Further, |ϕn⟩
being short-range entangled means the connected cor-
relation function decays exponentially: ⟨ϕn|O1O2|ϕn⟩ −
⟨ϕn|O1|ϕn⟩⟨ϕn|O2|ϕn⟩ ∼ e−d/ξn [46] with ξn upper
bounded by a finite ξmax. ⟨ϕn|S|ϕn⟩ = eiθ and the as-
sumption that each operator is charged with respect to
S imply that ⟨ϕn|O1|ϕn⟩ = ⟨ϕn|O2|ϕn⟩ = 0, and thus
⟨ϕn|O1O2|ϕn⟩ ∼ e−d/ξn . Since O1O2 decays exponen-
tially in each |ϕn⟩, O1O2 must decay exponentially in
the mixed-state ensemble ρ, which contradicts the result
that the decay of tr(ρO1O2) is slower than exponential.
As a result, the initial assumption must be false.

As a demonstration, when the expectation value of a
global Z2 symmetry generator follows ⟨S⟩ = ⟨∏iXi⟩ = 1
in the mixed state, ZiZj having non-zero expectation
value as the separation d → ∞ implies a non-trivial
mixed state with the GHZ-type order. Such an example
will be presented in Sec.IVA. If ZiZj instead decays al-
gebraically, the corresponding non-trivial mixed state ex-
hibits a quantum criticality with several unconventional
properties, which will be discussed in IVC. One may also
generalize S and charged operators Oj to string-like op-
erators, which can witness mixed-state topological order
in two space dimensions (see Appendix.C for details).

IV. MIXED-STATE LONG-RANGE ORDER BY
MEASURING SPT PHASES

In this section, we apply the general framework dis-
cussed in Sec.II to convert SPT phases characterized by
decorated domain-wall construction [32] to mixed-state
long-range orders. We will illustrate the main idea us-
ing 1d Z2 × Z2 SPT. More general types of SPTs with
distinct symmetries or higher-space dimensions and the
corresponding emergent long-range order will be briefly
outlined in Sec.IVD (with more details in Appendix).

While the measurement-feedback protocol for generat-
ing the long-range order from fixed-point SPTs has been
known [15, 16, 20], the situation for SPTs away from fixed
points remains elusive. Here we show that through the
same measurement-feedback protocol, any state belong-
ing to the same SPT phase can be universally converted
to a long-range order (Sec.IVA). Moreover, we develop a
duality approach to better characterize the nature of the
long-range order, which will be discussed in Sec.IVB.

We also note that Ref.[28, 29] discussed a protocol that
can convert certain SPTs to a mixed-state ensemble with
hidden long-range orders that can be decoded via non-
linear observables or classical post-processing. However,
the specific protocol is different from ours, and thus the
type of long-range order that can be stabilized also dif-
fers. For example, our setup can realize GHZ-type order

4 This follows from the fact the eigenspectrum of the unitary S is
located on the unit circle in the complex plane.

in 1d and Z2 topological order in 2d, both of which are
absent in those works. More technically, the protocol
discussed in Ref.[28, 29] amounts to introducing thermal
fluctuations, which is a qualitatively different perturba-
tion than the ones we consider.

A. Measuring 1d SPT

We consider a 1d lattice with periodic boundary con-
ditions, and the lattice sites are labeled with the order-
ing (a, 1), (b, 1), (a, 2), (b, 2), ..., (a, L), (b, L). The cluster

state Hamiltonian is defined as −∑L
i=1(Za,iXb,iZa,i+1 +

Zb,iXa,i+1Zb,i+1). The ground state exhibits an SPT or-
der protected by the global Z2×Z2 symmetry generated

by
∏L
i=1Xa,i on A sublattice and

∏L
i=1Xb,i on B sublat-

tice. Under symmetric local perturbations without gap
closing, the SPT order is robust in the ground state |ψ0⟩,
and can be diagnosed by the long-range string order (see
e.g. Ref.[47])

⟨ψ0|Zb,i
(

j∏

k=i+1

Xa,k

)
Zb,j |ψ0⟩ = c (3)

with 0 < c ≤ 1 as |i− j| → ∞ 5.
Now we show that based on the long-range string or-

der, one can prepare a mixed state with GHZ-like Z2

symmetry-breaking order using measurement and uni-
tary feedback in constant depth.

To start, we measure Pauli-X for every site in A sub-
lattice and denote the measurement outcome of Xa,i by
αi. Defining α = {αi} as the collection of outcomes,

one obtains a post-measurement state { Pα|ψ0⟩√
⟨ψ0|Pα|ψ0⟩

with

probability pα = ⟨ψ0|Pα |ψ0⟩ and projector Pα ≡∏
i
1+αiXa,i

2 . Without recording the outcome, the system
is described by a mixed state, i.e. an ensemble of pure
states corresponding to distinct measurement outcomes:∑
α Pαρ0Pα with ρ0 = |ψ0⟩ ⟨ψ0|. This measurement-

induced ensemble lacks any long-range order. For in-
stance, the two-point function on B sublattice with re-
spect to the mixed state is ⟨ψ0|Zb,iZbj |ψ0⟩, which is
nothing but the two-point functions with respect to the
initial SPT, therefore decaying exponentially with the
separation.
In contrast, applying unitary feedback based on the

measurement outcomes leads to a non-trivial mixed state.
The essential idea is to choose a unitary such that the
two-point ZbZb operator evaluated in the mixed state
amounts to the string operator ZbXa...XaZb in the input
SPT, thereby taking a non-zero expectation value.
First, for a post-measurement pure state with outcome

α, we apply a unitary Uα on B sublattice:

5 c = 1 in the ground state of cluster state Hamiltonian.
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<latexit sha1_base64="EIx+uN4YG6rHhA16zNpKWY61fcc=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeIF48R3CSQLGF2MpsMmccyMyuEJeAfePGgiFc/yJt/4+Rx0MSChqKqm+6uOOXMWN//9lZW19Y3Ngtbxe2d3b390sFhw6hMExoSxZVuxdhQziQNLbOctlJNsYg5bcbD24nffKTaMCUf7CilkcB9yRJGsHVSeN4xmeiWyn7FnwItk2BOyjBHvVv66vQUyQSVlnBsTDvwUxvlWFtGOB0XO5mhKSZD3KdtRyUW1ET59NgxOnVKDyVKu5IWTdXfEzkWxoxE7DoFtgOz6E3E/7x2ZpPrKGcyzSyVZLYoyTiyCk0+Rz2mKbF85AgmmrlbERlgjYl1+RRdCMHiy8ukcVEJLivV+2q5dvM0i6MAx3ACZxDAFdTgDuoQAgEGz/AKb570Xrx372PWuuLNIzyCP/A+fwDEXo8S</latexit>

�
X <latexit sha1_base64="EIx+uN4YG6rHhA16zNpKWY61fcc=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeIF48R3CSQLGF2MpsMmccyMyuEJeAfePGgiFc/yJt/4+Rx0MSChqKqm+6uOOXMWN//9lZW19Y3Ngtbxe2d3b390sFhw6hMExoSxZVuxdhQziQNLbOctlJNsYg5bcbD24nffKTaMCUf7CilkcB9yRJGsHVSeN4xmeiWyn7FnwItk2BOyjBHvVv66vQUyQSVlnBsTDvwUxvlWFtGOB0XO5mhKSZD3KdtRyUW1ET59NgxOnVKDyVKu5IWTdXfEzkWxoxE7DoFtgOz6E3E/7x2ZpPrKGcyzSyVZLYoyTiyCk0+Rz2mKbF85AgmmrlbERlgjYl1+RRdCMHiy8ukcVEJLivV+2q5dvM0i6MAx3ACZxDAFdTgDuoQAgEGz/AKb570Xrx372PWuuLNIzyCP/A+fwDEXo8S</latexit>

�
X

<latexit sha1_base64="WwoM5pWnWrOHfMrtXZTAox7EPBE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvOgtAbNAMoSeTk3Spmehu0cIIV/gxYMiXv0kb/6NPUkEFX1Q8Hiviqp6XiyFNoR8OJmNza3tnexubm//4PAof3zS0VGiOLR5JCPV85gGKUJoG2Ek9GIFLPAkdL3pVep370FpEYW3ZhaDG7BxKHzBmbFSqzfMF0iREEIpxSmh1QqxpF6vlWgN09SyKKA1msP8+2AU8SSA0HDJtO5TEht3zpQRXMIiN0g0xIxP2Rj6loYsAO3Ol4cu8IVVRtiPlK3Q4KX6fWLOAq1ngWc7A2Ym+reXin95/cT4NXcuwjgxEPLVIj+R2EQ4/RqPhAJu5MwSxpWwt2I+YYpxY7PJ2RC+PsX/k06pSCvFcqtcaNys48iiM3SOLhFFVdRA16iJ2ogjQA/oCT07d86j8+K8rlozznrmFP2A8/YJB8eNIg==</latexit>

X
<latexit sha1_base64="4ugXX31KUZBoSR6uC7zBgmsZ53I=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXcKO7FuwD21Am00k7OnkwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Tr313kfveeCsni6FpNE+qFeByxgBGstNS6GZYrlnlerzpuFVmmZdVsx86JU3PPXGRrJUcFlmgOy++DUUzSkEaKcCxl37YS5WVYKEY4nZUGqaQJJnd4TPuaRjik0svmh87QiVZGKIiFrkihufp9IsOhlNPQ150hVhP528vFv7x+qoK6l7EoSRWNyGJRkHKkYpR/jUZMUKL4VBNMBNO3IjLBAhOlsynpEL4+Rf+TjmPaVdNtuZXG1TKOIhzBMZyCDTVowCU0oQ0EKDzAEzwbt8aj8WK8LloLxnLmEH7AePsEHeiNMA==</latexit>

Z
<latexit sha1_base64="4ugXX31KUZBoSR6uC7zBgmsZ53I=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXcKO7FuwD21Am00k7OnkwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Tr313kfveeCsni6FpNE+qFeByxgBGstNS6GZYrlnlerzpuFVmmZdVsx86JU3PPXGRrJUcFlmgOy++DUUzSkEaKcCxl37YS5WVYKEY4nZUGqaQJJnd4TPuaRjik0svmh87QiVZGKIiFrkihufp9IsOhlNPQ150hVhP528vFv7x+qoK6l7EoSRWNyGJRkHKkYpR/jUZMUKL4VBNMBNO3IjLBAhOlsynpEL4+Rf+TjmPaVdNtuZXG1TKOIhzBMZyCDTVowCU0oQ0EKDzAEzwbt8aj8WK8LloLxnLmEH7AePsEHeiNMA==</latexit>

Z
<latexit sha1_base64="+klzF/wzt/L9byhN7ZxR++VAfJw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwCXvSWgFkwGUJPpyZp07PQ3SOEkC/w4kERr36SN//GniSCij4oeLxXRVU9L5ZCG0I+nMza+sbmVnY7t7O7t3+QPzxq6yhRHFo8kpHqekyDFCG0jDASurECFngSOt7kMvU796C0iMIbM43BDdgoFL7gzFipeTvIF0iREEIpxSmhlTKxpFarlmgV09SyKKAVGoP8e38Y8SSA0HDJtO5REht3xpQRXMI81080xIxP2Ah6loYsAO3OFofO8ZlVhtiPlK3Q4IX6fWLGAq2ngWc7A2bG+reXin95vcT4VXcmwjgxEPLlIj+R2EQ4/RoPhQJu5NQSxpWwt2I+ZopxY7PJ2RC+PsX/k3apSMvFi+ZFoX69iiOLTtApOkcUVVAdXaEGaiGOAD2gJ/Ts3DmPzovzumzNOKuZY/QDztsnCs+NJA==</latexit>

Z
<latexit sha1_base64="+klzF/wzt/L9byhN7ZxR++VAfJw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwCXvSWgFkwGUJPpyZp07PQ3SOEkC/w4kERr36SN//GniSCij4oeLxXRVU9L5ZCG0I+nMza+sbmVnY7t7O7t3+QPzxq6yhRHFo8kpHqekyDFCG0jDASurECFngSOt7kMvU796C0iMIbM43BDdgoFL7gzFipeTvIF0iREEIpxSmhlTKxpFarlmgV09SyKKAVGoP8e38Y8SSA0HDJtO5REht3xpQRXMI81080xIxP2Ah6loYsAO3OFofO8ZlVhtiPlK3Q4IX6fWLGAq2ngWc7A2bG+reXin95vcT4VXcmwjgxEPLlIj+R2EQ4/RoPhQJu5NQSxpWwt2I+ZopxY7PJ2RC+PsX/k3apSMvFi+ZFoX69iiOLTtApOkcUVVAdXaEGaiGOAD2gJ/Ts3DmPzovzumzNOKuZY/QDztsnCs+NJA==</latexit>

Z
<latexit sha1_base64="4ugXX31KUZBoSR6uC7zBgmsZ53I=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXcKO7FuwD21Am00k7OnkwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Tr313kfveeCsni6FpNE+qFeByxgBGstNS6GZYrlnlerzpuFVmmZdVsx86JU3PPXGRrJUcFlmgOy++DUUzSkEaKcCxl37YS5WVYKEY4nZUGqaQJJnd4TPuaRjik0svmh87QiVZGKIiFrkihufp9IsOhlNPQ150hVhP528vFv7x+qoK6l7EoSRWNyGJRkHKkYpR/jUZMUKL4VBNMBNO3IjLBAhOlsynpEL4+Rf+TjmPaVdNtuZXG1TKOIhzBMZyCDTVowCU0oQ0EKDzAEzwbt8aj8WK8LloLxnLmEH7AePsEHeiNMA==</latexit>

Z
<latexit sha1_base64="4ugXX31KUZBoSR6uC7zBgmsZ53I=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXcKO7FuwD21Am00k7OnkwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Tr313kfveeCsni6FpNE+qFeByxgBGstNS6GZYrlnlerzpuFVmmZdVsx86JU3PPXGRrJUcFlmgOy++DUUzSkEaKcCxl37YS5WVYKEY4nZUGqaQJJnd4TPuaRjik0svmh87QiVZGKIiFrkihufp9IsOhlNPQ150hVhP528vFv7x+qoK6l7EoSRWNyGJRkHKkYpR/jUZMUKL4VBNMBNO3IjLBAhOlsynpEL4+Rf+TjmPaVdNtuZXG1TKOIhzBMZyCDTVowCU0oQ0EKDzAEzwbt8aj8WK8LloLxnLmEH7AePsEHeiNMA==</latexit>

Z
<latexit sha1_base64="40ydgIjPWBy5s0Zl/9WKTD9HMbU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeIF48RzAOSJcxOJsmQmdllplcIS8Bf8OJBEa9+jzf/xsnjoIkFDUVVN91dUSKFRd//9lZW19Y3NnNb+e2d3b39wsFh3capYbzGYhmbZkQtl0LzGgqUvJkYTlUkeSMa3k78xiM3VsT6AUcJDxXta9ETjKKTGud90rap6hSKfsmfgiyTYE6KMEe1U/hqd2OWKq6RSWptK/ATDDNqUDDJx/l2anlC2ZD2ectRTRW3YTY9d0xOndIlvdi40kim6u+JjCprRypynYriwC56E/E/r5Vi7zrMhE5S5JrNFvVSSTAmk99JVxjOUI4cocwIdythA2ooQ5dQ3oUQLL68TOoXpeCyVL4vFys3T7M4cnAMJ3AGAVxBBe6gCjVgMIRneIU3L/FevHfvY9a64s0jPII/8D5/AN3Aj60=</latexit>

�g
X <latexit sha1_base64="40ydgIjPWBy5s0Zl/9WKTD9HMbU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeIF48RzAOSJcxOJsmQmdllplcIS8Bf8OJBEa9+jzf/xsnjoIkFDUVVN91dUSKFRd//9lZW19Y3NnNb+e2d3b39wsFh3capYbzGYhmbZkQtl0LzGgqUvJkYTlUkeSMa3k78xiM3VsT6AUcJDxXta9ETjKKTGud90rap6hSKfsmfgiyTYE6KMEe1U/hqd2OWKq6RSWptK/ATDDNqUDDJx/l2anlC2ZD2ectRTRW3YTY9d0xOndIlvdi40kim6u+JjCprRypynYriwC56E/E/r5Vi7zrMhE5S5JrNFvVSSTAmk99JVxjOUI4cocwIdythA2ooQ5dQ3oUQLL68TOoXpeCyVL4vFys3T7M4cnAMJ3AGAVxBBe6gCjVgMIRneIU3L/FevHfvY9a64s0jPII/8D5/AN3Aj60=</latexit>

�g
X

GHZ(A)

GHZ(B)SPT
| 0i <latexit sha1_base64="oXTmkX/w3Z1TflcpGjT9JeznNA4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6oNeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/4GI19</latexit>g

<latexit sha1_base64="M+D4PPGHSqBNT7Q6CvQBAwwEBeI=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRb0IBS/1VsF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTae9+0U1tY3NreK26Wd3b39A/fwqKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjm9nfvuJKs2keDCThAYxHgoWMYKNlVr1voduUN8texVvDrRK/JyUIUej7371BpKkMRWGcKx11/cSE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroOMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C+/vEpaFxX/slK9r5Zrd3kcRTiBUzgHH66gBnVoQBMIPMIzvMKbI50X5935WLQWnHzmGP7A+fwB9UmOGg==</latexit>

H0 =

<latexit sha1_base64="Fo8LqiZEdun1OY8XWWGo498X0g0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6m6vWHLL7gxklXgLUoIFar3iV7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmaVPgljZUsaMlN/T2Q00nocBbYzomaol72p+J/XSU147WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1buneRx5OIFTOAcPrqAKt1CDBjBAeIZXeHMenBfn3fmYt+acRYTH8AfO5w+kvI1G</latexit>

0
<latexit sha1_base64="CEU1Rl4CW+bqCTOoX6b6/DrX3f0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi+Cliv2ANpTNdtMu3WzC7kQooeAP8OJBEa/+I2/+GzdtD9r6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLrO/dYj10bE6gHHCfcjOlAiFIyile69Uq9ccavuFGSZeHNSgTnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs+ml07IiVX6JIy1LYVkqv6eyGhkzDgKbGdEcWgWvVz8z+ukGF75mVBJilyx2aIwlQRjkr9N+kJzhnJsCWVa2FsJG1JNGdpw8hC8xZeXSfOs6l1Uz+/OK7Xbp1kcRTiCYzgFDy6hBjdQhwYwCOEZXuHNGTkvzrvzMWstOPMID+EPnM8f2n2NWw==</latexit>

1
<latexit sha1_base64="+klzF/wzt/L9byhN7ZxR++VAfJw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwCXvSWgFkwGUJPpyZp07PQ3SOEkC/w4kERr36SN//GniSCij4oeLxXRVU9L5ZCG0I+nMza+sbmVnY7t7O7t3+QPzxq6yhRHFo8kpHqekyDFCG0jDASurECFngSOt7kMvU796C0iMIbM43BDdgoFL7gzFipeTvIF0iREEIpxSmhlTKxpFarlmgV09SyKKAVGoP8e38Y8SSA0HDJtO5REht3xpQRXMI81080xIxP2Ah6loYsAO3OFofO8ZlVhtiPlK3Q4IX6fWLGAq2ngWc7A2bG+reXin95vcT4VXcmwjgxEPLlIj+R2EQ4/RoPhQJu5NQSxpWwt2I+ZopxY7PJ2RC+PsX/k3apSMvFi+ZFoX69iiOLTtApOkcUVVAdXaEGaiGOAD2gJ/Ts3DmPzovzumzNOKuZY/QDztsnCs+NJA==</latexit>

Z
<latexit sha1_base64="Ef1m2eKFGU3fHBp+0ihGclaBtLc=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXcKO7FuwD2lAm00k7dvJgZiKU0C9w40IRt36SO//GSVtBRQ9cOJxzL/fe4yecSWVZH0ZhbX1jc6u4XdrZ3ds/KB8edWScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXn17lfveeCsni6FbNEuqFeByxgBGstNTqDcsVy7ysVx23iizTsmq2Y+fEqbkXLrK1kqMCKzSH5ffBKCZpSCNFOJayb1uJ8jIsFCOczkuDVNIEkyke076mEQ6p9LLFoXN0ppURCmKhK1JooX6fyHAo5Sz0dWeI1UT+9nLxL6+fqqDuZSxKUkUjslwUpBypGOVfoxETlCg+0wQTwfStiEywwETpbEo6hK9P0f+k45h21XRbbqVxs4qjCCdwCudgQw0acA1NaAMBCg/wBM/GnfFovBivy9aCsZo5hh8w3j4BGuCNLg==</latexit>

X

<latexit sha1_base64="+klzF/wzt/L9byhN7ZxR++VAfJw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwCXvSWgFkwGUJPpyZp07PQ3SOEkC/w4kERr36SN//GniSCij4oeLxXRVU9L5ZCG0I+nMza+sbmVnY7t7O7t3+QPzxq6yhRHFo8kpHqekyDFCG0jDASurECFngSOt7kMvU796C0iMIbM43BDdgoFL7gzFipeTvIF0iREEIpxSmhlTKxpFarlmgV09SyKKAVGoP8e38Y8SSA0HDJtO5REht3xpQRXMI81080xIxP2Ah6loYsAO3OFofO8ZlVhtiPlK3Q4IX6fWLGAq2ngWc7A2bG+reXin95vcT4VXcmwjgxEPLlIj+R2EQ4/RoPhQJu5NQSxpWwt2I+ZopxY7PJ2RC+PsX/k3apSMvFi+ZFoX69iiOLTtApOkcUVVAdXaEGaiGOAD2gJ/Ts3DmPzovzumzNOKuZY/QDztsnCs+NJA==</latexit>

Z
<latexit sha1_base64="EIx+uN4YG6rHhA16zNpKWY61fcc=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeIF48R3CSQLGF2MpsMmccyMyuEJeAfePGgiFc/yJt/4+Rx0MSChqKqm+6uOOXMWN//9lZW19Y3Ngtbxe2d3b390sFhw6hMExoSxZVuxdhQziQNLbOctlJNsYg5bcbD24nffKTaMCUf7CilkcB9yRJGsHVSeN4xmeiWyn7FnwItk2BOyjBHvVv66vQUyQSVlnBsTDvwUxvlWFtGOB0XO5mhKSZD3KdtRyUW1ET59NgxOnVKDyVKu5IWTdXfEzkWxoxE7DoFtgOz6E3E/7x2ZpPrKGcyzSyVZLYoyTiyCk0+Rz2mKbF85AgmmrlbERlgjYl1+RRdCMHiy8ukcVEJLivV+2q5dvM0i6MAx3ACZxDAFdTgDuoQAgEGz/AKb570Xrx372PWuuLNIzyCP/A+fwDEXo8S</latexit>

�
X <latexit sha1_base64="EIx+uN4YG6rHhA16zNpKWY61fcc=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeIF48R3CSQLGF2MpsMmccyMyuEJeAfePGgiFc/yJt/4+Rx0MSChqKqm+6uOOXMWN//9lZW19Y3Ngtbxe2d3b390sFhw6hMExoSxZVuxdhQziQNLbOctlJNsYg5bcbD24nffKTaMCUf7CilkcB9yRJGsHVSeN4xmeiWyn7FnwItk2BOyjBHvVv66vQUyQSVlnBsTDvwUxvlWFtGOB0XO5mhKSZD3KdtRyUW1ET59NgxOnVKDyVKu5IWTdXfEzkWxoxE7DoFtgOz6E3E/7x2ZpPrKGcyzSyVZLYoyTiyCk0+Rz2mKbF85AgmmrlbERlgjYl1+RRdCMHiy8ukcVEJLivV+2q5dvM0i6MAx3ACZxDAFdTgDuoQAgEGz/AKb570Xrx372PWuuLNIzyCP/A+fwDEXo8S</latexit>

�
X

<latexit sha1_base64="WwoM5pWnWrOHfMrtXZTAox7EPBE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvOgtAbNAMoSeTk3Spmehu0cIIV/gxYMiXv0kb/6NPUkEFX1Q8Hiviqp6XiyFNoR8OJmNza3tnexubm//4PAof3zS0VGiOLR5JCPV85gGKUJoG2Ek9GIFLPAkdL3pVep370FpEYW3ZhaDG7BxKHzBmbFSqzfMF0iREEIpxSmh1QqxpF6vlWgN09SyKKA1msP8+2AU8SSA0HDJtO5TEht3zpQRXMIiN0g0xIxP2Rj6loYsAO3Ol4cu8IVVRtiPlK3Q4KX6fWLOAq1ngWc7A2Ym+reXin95/cT4NXcuwjgxEPLVIj+R2EQ4/RqPhAJu5MwSxpWwt2I+YYpxY7PJ2RC+PsX/k06pSCvFcqtcaNys48iiM3SOLhFFVdRA16iJ2ogjQA/oCT07d86j8+K8rlozznrmFP2A8/YJB8eNIg==</latexit>

X
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FIG. 2: Starting with an input |ψ0⟩, which undergoes a transition from a Z2 × Z2 SPT order in the AB compos-
ite system to two independent GHZ-type symmetry breaking orders in A,B respectively, a measurement-feedback
protocol leads to a density matrix on B (i.e. ρB), which undergoes a transition from a GHZ-type order to a
trivial mixed state. ρB admits a purification |ψ⟩ that can be obtained from the input state |ψ0⟩ via a controlled
unitary U =

∑
α UαPα, and the Hamiltonian of |ψ⟩ can be derived based on the transformation rules (Eq.6).

The purification therefore provides a useful handle to characterize the structure of the output density matrix ρB .

Uα =
∏

i

X
1−∏i

j=1,2,··· αj

2

b,i . (4)

In other words, Xb,i, a Pauli-X on B sublattice, is ap-
plied when there is an odd number of outcome −1 from
the site (a, 1) to the site (a, i). It follows that Zb,i con-
jugated by Uα will acquire a 1 (−1) sign if there are
even (odd) number of −1 measurement outcomes from
the site (a, 1) to the site (a, i). Correspondingly, one

finds U†
αZb,iZb,jUα = Zb,i

(∏j
k=i+1 αk

)
Zb,j . The overall

measurement and unitary operation lead to the mixed
state ρ =

∑
α UαPαρ0PαU

†
α. The long-range order can

be diagnosed by the two-point ZZ correlation on B sub-
lattice:

tr[ρZb,iZb,j ] =
∑

α

⟨ψ0|PαU†
αZb,iZb,jUαPα |ψ0⟩

=
∑

α

⟨ψ0|PαZb,i
(

j∏

k=i+1

αk

)
Zb,jPα |ψ0⟩

= ⟨ψ0|Zb,i
(

j∏

k=i+1

Xa,k

)
Zb,j |ψ0⟩

(5)

where we have used the fact that the measurement out-
come αk can be replaced with Xa,k due to the projector
Pα, and

∑
α Pα = 1. Therefore, the two-point function

in ρ is exactly the string order in the initial SPT or-
der state, and hence ⟨Zb,iZb,j⟩ = c = O(1) > 0. As
discussed in Sec.III, this non-decaying two-point func-
tion together with the Z2 symmetry on B sublattice, i.e.
⟨∏iXb,i⟩ = 1, indicates that ρB(= trA ρ) is a non-trivial
mixed state with a GHZ-type quantum long-range or-
der. Importantly, since the string order is a universal
property of the input SPT, which is robust under any

finite-time symmetry-preserving local unitary evolution,
the convertibility to GHZ-type order is a universal prop-
erty of the input SPT phase.

B. Duality transformation

As discussed in our general framework (Sec.II), our
protocol can be viewed as realizing a controlled unitary
U =

∑
α PαUα acting on the AB composite system fol-

lowed by tracing out A. Specifically, starting from the
input |ψ0⟩ with the Hamiltonian H0, there exists a pu-
rification |ψ⟩ of the output state ρB(= trA |ψ⟩ ⟨ψ|) with
|ψ⟩ = U |ψ0⟩. This allows us to derive the parent Hamil-
tonian H of |ψ⟩ through H = UH0U

†, so the structure
of the output mixed state ρB can be characterized. Fig.2
provides a summary for this subsection.

With U =
∑
α PαUα (Uα defined in Eq.4), one derives

the transformation rule for operators under the conjuga-
tion of U (see Appendix.B 1 for details).

Xa,i → Xa,i, Xb,i → Xb,i,

Za,iZa,i+1 → Za,iXb,iZa,i+1,

Zb,iZb,i+1 → Zb,iXa,i+1Zb,i+1.

(6)

Pauli-X is invariant since U is diagonal in X basis. On
the other hand, neighboring ZZ on one sublattice is at-
tached with a Pauli-X on another sublattice in between
two Pauli-Zs. This is quite intuitive since the unitary
feedback is designed to transform the product of two
Pauli-Zs on one sublattice with a sign that depends on
the product of measurement outcomes (on another lat-
tice) between these two Pauli-Zs. We also note that the
above duality mapping can be understood as implement-
ing a Kramers-Wannier (KW) duality conjugated by a
unitary UCZ (=

∏
CZ(a,i),(b,i)CZ(b,i),(a,i+1)) that pre-
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pares a Z2 × Z2 cluster SPT 6. This is dubbed twisted
gauging in Ref.[48], which is in contrast to the gauging
via Kramers-Wannier duality.

The above duality mapping provides a powerful tool
to characterize the structure of the output mixed state;
As an application, we consider the ground state of the
following Hamiltonian as an input:

H0 =−
∑

i

Za,iXb,iZa,i+1 −
∑

i

Zb,iXa,i+1Zb,i+1

− g
∑

i

Za,iZa,i+1 − g
∑

i

Zb,iZb,i+1.
(7)

The phase diagram of H0 can be completely de-
termined. To see this, by conjugating a product of
controlled-Z gate: UCZ =

∏
CZ(a,i),(b,i)CZ(b,i),(a,i+1),

one obtains

−
∑

i

Xb,i −
∑

i

Xa,i

− g
∑

i

Za,iZa,i+1 − g
∑

i

Zb,iZb,i+1,
(8)

i.e. two decoupled Ising chains on two sublattices, where
|g| < 1 and |g| > 1 correspond to trivial phase and spon-
taneous symmetry breaking (SSB) phase with GHZ Z2

orders on A sublattice and B sublattice. This implies the
ground state of H0 belongs to SPT and SSB phase with
GHZ order for |g| < 1 and |g| > 1, respectively.

Using the transformation rule in Eq.6, one finds the
measurement-feedback channel leads to a mixed state ρB
on B sublattice, which is a reduced density matrix of the
ground state |ψ⟩ of the following Hamiltonian

H =−
∑

i

Za,iZa,i+1 −
∑

i

Zb,iZb,i+1

− g
∑

i

Za,iXb,iZa,i+1 − g
∑

i

Zb,iXa,i+1Zb,i+1.

(9)

Comparing Eq.7 and Eq.9, one finds they are dual to
each other, and the phase of H can be determined anal-
ogously: A and B sublattices individually exhibit a GHZ
order for |g| < 1, and the A

⋃
B together exhibits SPT

order for |g| > 1. Consequently, ρB possesses a mixed-
state GHZ order for |g| < 1, and ρB becomes a trivial
mixed state for |g| > 1 (since the subsystem of the SPT
gives a trivial mixed state). In addition, since |ψ⟩ can be
obtained by applying extensive controlled-Z gates across
A,B sublattices (i.e. UCZ =

∏
CZ(a,i),(b,i)CZ(b,i),(a,i+1))

6 For instance, sequentially applying UCZ, KW duality, UCZ, one
finds Xb,i → Za,iXb,iZa,i+1 → Za,iXb,iZa,i+1 → Xb,i, and
Za,iZa,i+1 → Za,iZa,i+1 → Xb,i → Za,iXb,iZa,i+1.

on two decoupled Ising chains on A/B sublattice, one ex-
pects ρB = trA |ψ⟩ ⟨ψ| has volume-law entropy for any
non-zero g (UCZ acts trivially at g = 0). This is indeed
the case based on our Exact Diagonalization calculation
(see Appendix.B 2).
While here we only consider one type of perturbation

to illustrate the utility of the duality approach, in Ap-
pendix.B 3 we discuss other types of perturbation, in-
cluding independently tunable perturbation strength in
Za,iZa,i+1, Zb,iZb,i+1 as well as onsite Pauli-X perturba-
tion. Interestingly, when perturbing the fixed-point SPT
using onsite Pauli-Xs, the corresponding output ρB is ex-
actly the (pure) ground state of the transverse-field Ising
chain in the symmetry-broken phase in the subspace with∏
iXb,i = 1.

C. Mixed-state quantum criticality

Our protocol can also output a mixed state with
volume-law entropy coexisting with critical (algebraic)
long-range order. This occurs when applying our
measurement-feedback channel to a critical state, i.e. the
ground state of H0 in Eq.7 at g = 1. In this case, the
output will be a mixed state ρB on B sublattice by trac-
ing out A sublattice for the ground state |ψ⟩ of H in Eq.9
at g = 1 7, where |ψ⟩ reads

|ψ⟩ = UCZ |CFT⟩A ⊗ |CFT⟩B . (10)

|CFT⟩A/B denotes the ground state of a transverse-

field Ising chain (on A/B sublattice) at a critical point,
characterized by the 1+1D Ising CFT, and UCZ =∏
CZ(a,i),(b,i)CZ(b,i),(a,i+1). The corresponding mixed

state ρB = trA |ψ⟩ ⟨ψ| exhibits quantum criticality di-
agnosed by certain operators. For example, since UCZ

commutes with Pauli-Zs, the two-point ZZ function is
given by the single Ising critical chain, which exhibits an
algebraic decay: ⟨Zb,iZb,j⟩ = ⟨CFT|B Zb,iZb,j |CFTB⟩ ∼

1
|i−j|η with η = 1/4 being a critical exponent in 1+1D

Ising CFT. On the other hand, the disorder operator
Xb,iXb,i+1...Xb,j also exhibits an algebraic decay:

⟨Xb,i...Xb,j⟩
= ⟨CFT|A ⟨CFT|B U

†
CZXb,i...Xb,jUCZ |CFT⟩A |CFT⟩B

= ⟨CFT|A ⟨CFT|B Za,iXb,i...Xb,jZa,j+1 |CFT⟩A |CFT⟩B
= ⟨Za,iZa,j+1⟩CFT,A ⟨Xb,i...Xb,j⟩CFT,B
∼ 1

|i− j|2η ,
(11)

7 In fact, at the critical point g = 1, H = UH0U† = H0, so |ψ0⟩ is
the same as |ψ⟩ defined in Eq.10.
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FIG. 3: Entanglement negativity EN between two com-
plementary segments of sizes x and L − x on B sublat-
tice. Data denoted by circles are for the critical mixed
state resulting from measurement and feedback on the
SPT critical point (equivalently, ρB = trA |ψ⟩ ⟨ψ| with
|ψ⟩ defined in Eq.10). The linear fit of the data in-
dicates ρB has an entanglement structure like that of
a 1+1D CFT. As a comparison, triangles correspond
to the pure 1+1D Ising critical state |CFT⟩B on B.

where we used the Kramers-Wannier duality to convert
Xb,iXb,i+1...Xb,j to Zb,iZb,j+1. Importantly, we note that
the disorder operator is distinct from a single pure CFT,
where Xb,iXb,i+1...Xb,j ∼ 1

|i−j|η .
The mixed state ρB exhibits genuine quantum critical-

ity. Specifically, based on the two conditions, i.e. alge-
braic decay in ZZ two-point function and

∏
iXb,i = 1,

ρB cannot be an ensemble of short-range entangled pure
states as discussed in Sec.III. To better characterize the
entanglement signature for the mixed-state quantum crit-
icality, we bipartition B sublattice into two intervals B1

and B2, and quantify their entanglement using entangle-
ment negativity EN [33–37], an entanglement measure

of mixed states: EN (ρB) = ln
(
||ρTB1

B ||1
)

, where the

upper script TB1 denotes the partial transpose with re-
spect to the subsystem B1 and || · ||1 denotes the trace
norm. Using Exact Diagonalization (ED), we find (see
Fig.3) negativity follows a universal scaling form as in
the 1+1D CFT [49, 50]:

EN (x, L) = α ln

(
L

π
sin
(πx
L

))
+ β (12)

where x, L are the sizes of the subsystem B1 and the en-
tire B sublattice, and α ≈ 0.15. As a comparison, the
finite-size numerics for a pure critical Ising chain reports
α ≈ 0.308. This indicates that the amount of long-range

8 For a pure 1+1D CFT, α is a universal number related to central
charges, and α = 1

4
for Ising CFT [51]. The mismatch between

1
4
and 0.30 is attributed to finite-size effects.

entanglement on B sublattice decreases when coupling to
A sublattice. Since the prefactor α is generically a uni-
versal number that relates to the number of low-energy
degrees of freedom, one interpretation is that coupling
between A,B sublattices diminishes the low-energy de-
grees of freedom that carry long-distance entanglement
on B sublattice. This is also consistent with the fact
that the disorder operator decays faster after coupling to
A sublattice (Eq.11).

Finally, we remark that our protocol of converting hid-
den order is also applicable when the input state is mixed.
One immediate application is that when the input pure
SPT is subject to a symmetry-preserving noise chan-
nel, in which case the string order survives, the output
of our measurement-feedback channel will remain long-
range ordered. In addition, with the critical state (g = 1
in Eq.7) under a noise channel as an input, the output
mixed state exhibits a log scaling of bipartite entangle-
ment negativity (as in Eq.12) while the log-scaling pref-
actor decreases continuously as increasing the noise rate.
See Appendix.B 4 for a detailed discussion.

D. Generalization to other mixed-state long-range
order

Here we briefly summarize several classes of mixed-
state long-range order that can be realized based on our
general framework. In all these examples, we derive an
exact duality between the Hamiltonian of the input SPT
and the Hamiltonian of a purified state whose sublattice
encodes the long-range order, which allows us to establish
the correspondence between phase diagram of the input
state and that of the output state.

Z2 topological order in higher space dimensions:
our protocol can be straightforwardly generalized by con-
sidering input states as Z2 p-form ×Z2 q-form SPTs in
d-space dimension with p+q = d−1. Using measurement-
feedback channels, one can prepare a mixed state with
Z2 topological order at d ≥ 2 space dimensions. In Ap-
pendix.C we detail the realization of mixed-state Z2 topo-
logical order in 2d.

Z2 fermionic topological order: Another straight-
forward application is the preparation of mixed states
with Z2 fermionic topological order. This can be achieved

by taking Z2 × Zf2 SPTs [20, 52–55] as input, where the

first Z2 symmetry acts on qubits and the second Zf2 is
the parity symmetry on fermions. Based on certain non-
local hidden orders in these SPTs, we devise a protocol
that outputs fermionic mixed states with long-range or-
der. In Appendix.D we present the protocol that realizes
the fermionic mixed state in 1d with the same long-range
order as in the topological phase of the 1d Kitaev chain.
In Appendix.E we present the protocol that realizes the
fermionic mixed states in 2d with intrinsic topological
order.
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V. MIXED-STATE QUANTUM CRITICALITY
BY MEASURING FERMIONS

In this section, we construct quantum channels based
on fermion occupation number measurement in spinful
fermions. This is naturally motivated by Gutzwiller
projection [56], a standard approach to construct ex-
otic states of matter by projecting spinful non-interacting
fermions into the subspace of single occupation number
per lattice site, yielding a spin-1/2 wavefunction. For ex-
ample, Gutzwiller projecting free fermions at half-filling
in 1d leads to a critical ground state of the Haldane-
Shastry model [57, 58], a long-range interacting Heisen-
berg antiferromagnet with 1/r2 exchange coupling. In
2d, certain spin liquids with topological order can be
constructed similarly (see Ref. [38, 39] for review). More
broadly, Gutzwiller projection may be viewed as an ap-
plication of parton construction [59], a well-known ap-
proach to constructing non-trivial states by imposing cer-
tain constraints on non-interacting particles.

Gutzwiller projection/parton construction provides in-
spiration for using measurement to implement the projec-
tion. Indeed, Ref.[23] has presented a protocol to prepare
the ground state of the Kitaev honeycomb model [60],
where notably, the desired projection can be achieved by
measuring fermions and applying a depth-1 local unitary
feedback. However, beyond this specific model, start-
ing with a generic state, post-measurement states with
unwanted measurement outcomes may not converge to
the same target Gutzwiller projected state using finite-
depth unitaries. This presents a difficulty in realiz-
ing Gutzwiller projection with measurement-based pro-
tocols. Here our framework avoids this conundrum. We
will show that occupation number measurement followed
by appropriate unitary feedback enables the realization of
non-trivial mixed states with certain long-distance quan-
tum correlations. A field-theoretic understanding of the
resulting mixed-states and their correlations will be pre-
sented in forthcoming work [61].

A. Measuring 1d fermion

Taking 1d spinful free fermions as input, below we will
present a finite-depth protocol for realizing quantum-
critical mixed states with critical correlations distinct
from the input states.

Consider non-interacting, spinful fermions on a 1d lat-
tice, where the annihilation fermion operators at site i

are denoted by ci,s, c
†
i,s with site indices i = 1, 2, · · · , L

and spin indices s =↑, ↓, we define a tight-binding Hamil-

tonian H = −∑i,s(c
†
i+1,sci,s +h.c.), whose ground state

|ψ0⟩ takes the following form:
∏
k c

†
k,↑
∏
k c

†
k,↓ |0⟩ with k

being the momentum indices. |ψ0⟩ exhibits an algebraic
correlation between spins:

〈
Szi S

z
j

〉
∼ 1

(j − i)2
, (13)

with the spin operator Szi = 1
2 [ni,↑ − ni,↓], and ni =

ni,↑ + ni,↓ is the number operator at site i.
Interestingly, by decorating with a fermion parity

string, the spin-spin correlation decays slower (see
Ref.[41] for details):

〈
Szi

j−1∏

l=i+1

(−1)nlSzj

〉
∼ 1

j − i
(14)

In other words, the fermion-parity string reveals a
more ordered, long-range correlation that is hidden in
free fermions. Conceptually the insertion of the fermion
string has the effect of removing the charge fluctuations,
thereby enhancing the order in the spin sector. The
physics is akin to the spin-1 Affleck-Kennedy-Lieb-Tasaki
(AKLT) chain [62] (belonging to the Haldane SPT phase
[63]), where the ground state is a superposition of a class
of product states that have a staggered pattern of +1
and −1 with an arbitrary number of 0s in between, e.g.
... + 00 − 0 + 000 − +.... While the two-point function
Szi S

z
j decays exponentially due to the position disorder of

0, inserting the string
∏j−1
l=i+1(−1)S

z
l in between Szi and

Szj effectively removes the disorder, thereby revealing the
hidden antiferromagnetic order [64]. The process of re-
moving certain disorders by inserting string operators is
dubbed the squeezed-space construction in Ref.[41].
More technically, the string order may be understood

as the following: the free-fermion state consists of two
decoupled fermion chains with opposite spin flavors:
|ψ0⟩ = |ψ0⟩↑⊗|ψ0⟩↓, Each fermion chain exhibits a string

order c†i,s
∏j−1
l=i+1(−1)nl,scj,s ∼ 1√

|j−i|
with s ∈ {↑, ↓}

9. Considering a product of two string operators, one

finds S†
i

∏j−1
l=i+1(−1)nlS−

j ∼ 1
j−i , where S

±
i is the spin-

raising/lowering operator. Using the spin rotational sym-
metry, one then recovers the string order in Eq.14.
Given the above free-fermion state |ψ0⟩, measuring the

fermion occupation number at each site gives the out-
come n = {n1, n2, · · · , nL} with each ni ∈ {0, 1, 2}.
Correspondingly, the post-measurement state becomes

Pn|ψ0⟩√
⟨ψ0|Pn|ψ0⟩

with probability pn = ⟨ψ0|Pn |ψ0⟩. The

measurement-only protocol leads to a mixed state ρm =∑
n Pnρ0Pn, i.e. an ensemble of pure states correspond-

ing to distinct measurement outcomes. Since spin op-
erators commute with fermion number operators, the
spin-spin correlation remains unchanged: tr

[
ρmS

z
i S

z
j

]
=

⟨ψ0|Szi Szj |ψ0⟩ ∼ 1
(j−i)2 .

9 The non-local string order of a single fermion chain can be
mapped the two-point function (Xi + iYi)(Xj − iYj) of the spin-
1/2 XY model H = −

∑
i(XiXi+1 + YiYi+1) via the Jordan-

Wigner transformation. Since it is known that the two-point
⟨XiXj⟩ = ⟨YiYj⟩ ∼ 1√

|i−j|
in the XY model [65], the string

order of fermion chain obeys that same scaling as well.
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Now we show that with appropriate unitary feedback,
one can obtain a mixed state with enhanced long-range
correlation. Specifically, the string order of the original
input state |ψ0⟩ will be transformed into spin-spin cor-
relation with Szi S

z
j ∼ 1

j−i in the resulting mixed state.

This is in strong contrast to Szi S
z
j ∼ 1

(j−i)2 in the case

without unitary feedback.
The protocol is as follows. First, we measure the

fermion occupation number on every site. For each post-
measurement state with an outcome labeled by n, we
apply a local unitary Un. This depth-2 protocol leads to
a mixed state: ρ =

∑
n UnPnρ0PnU

†
n. Now we look for

the unitary Un that transforms Szi to Szi (−1)
∑

j≤i nj for
all i. This can be achieved by choosing

Un =

L∏

i=1

(Sxi )
∑

j≤i nj , (15)

where Sxi is a spin-flip operator: Sxi = 2Sxi = c†i,↑ci,↓ +

c†i,↓ci,↑ in the subspace of ni = 1, and Sxi = 1 (i.e. it acts

trivially) in the subspace of ni = 0, 2. In other words,
the operator Sxi is applied at site i when there is an odd
number of fermions in the interval [1, i].
Under the transformation by Un, the spin-spin corre-

lator becomes U†
nS

z
i S

z
jUn = −Szi (−1)

∑j−1
l=i+1 nlSzj , which

acquires a sign that depends on the number of fermions
between sites i and j. A straightforward calculation
shows that

tr
[
ρSzi S

z
j

]
=
∑

n

⟨ψ0|PnU†
nS

z
i S

z
jUnPn |ψ0⟩

= −⟨ψ0|Szi (−1)
∑j−1

l=i+1 njSzj |ψ0⟩

∼ 1

j − i
.

(16)

Therefore, the hidden string order of the input state |ψ0⟩
is converted to a critical correlation shared among spins
in the output mixed state ρ. In particular, the reduced
density matrix of ρ that describes spins, obtained by trac-
ing out charge fluctuations, can be purified into a ground
state of a local Hamiltonian that describes interacting
spinful fermions (see Appendix.F).

One may also consider the spin-spin correlation in
other orientations. The global SU(2) spin-rotation sym-
metry of the input state |ψ0⟩ implies ⟨ψ0|Sνi Sνj |ψ0⟩ ∼

1
(j−i)2 and ⟨ψ0|Sνi

∏j−1
l=i+1(−1)nlSνj |ψ0⟩ ∼ 1

j−i for ν =

x, y, z. Since the feedback unitary consists of Sxi , which
anticommutes with Syi , the channel also boosts the corre-
lation in y component, i.e. Syi S

y
j is enhanced from 1

(j−i)2
to 1

j−i in the resulting mixed state. On the other hand,

correlation in x component remains 1
(j−i)2 since the spin

operator in x component transforms trivially under the
unitary feedback.

The mixed state arising from our protocol is non-trivial
in the sense that it cannot be written as a mixture of

short-range entangled states. To see this, we first note
that due to the global spin-flip symmetry of the input
state, i.e.

∏
i Sxi |ψ0⟩ = |ψ0⟩, the output mixed state

ρ will have
∏
i Sxi = 1 in the expectation value as well

(since this operator commutes with both measurement
operators and unitary correction). Based on the alge-
braic decay Szi S

z
j and

∏
i Sxi = 1, one can again use the

proof technique in Sec.III to show that ρ cannot be a
mixture of short-range entangled states. This in turn
suggests certain long-distance entanglement in the mixed
state. Specifically, in light of the well-known logL entan-
glement scaling of the input free fermions in 1d, the out-
put state will likely exhibit a logL scaling mixed-state
entanglement (e.g. quantified by entanglement negativ-
ity).
When considering interactions in the input state, our

protocol continues to generate critical mixed states. As
shown in Ref.[41], given interacting fermions described by
a Luttinger liquid with the Luttinger parameters Ks and
Kc corresponding to the stiffness of spins and charges,
with repulsive charge interaction (implying 0 < Kc <
1) and global SU(2) spin-rotation symmetry (implying
Ks = 1), the leading order spin-spin correlation be-
haves as Szi S

z
j ∼ 1

(j−i)Kc+Ks
and the string operator

behaves as Szi
∏j−1
l=i+1(−1)nlSzj ∼ 1

(j−i)Ks
. Using the

same measurement-feedback channel, one can then trans-
form this string order to a critical spin-spin correlation
Szi S

z
j ∼ 1

(j−i)Ks
in the resulting mixed state, which is in

contrast to the initial exponent Kc +Ks.

B. Measuring Chern insulators

Here, we show that starting with a two-dimensional
gapped state with short-range correlations in the bulk,
measurement and feedback can remarkably lead to a
mixed state with long-range critical correlations.
Our starting point is the Chern insulator, a gapped

state of matter which features integer-value quantized
Hall conductance and gapless edge states. Despite the
short-range correlation in the bulk, i.e. exponential de-
cay of two-point functions, there exists a non-local oper-
ator whose correlation decays algebraically. Denoting a
fermion creation operator by c†(x) with x = (x, y) be-
ing the space coordinate, one defines a dressed fermion
creation operator c̃†(x) = η(x)c†(x), where η(x) is a non-
local operator:

η(x) = ei
∫
d2x′c†(x′)c(x′)arg(x−x′), (17)

with arg(x) being the polar angle of x.
In a Chern insulator |ν = 1⟩ with associated Hall con-

ductance σH = ν(e2/h), the dressed operators exhibit a
critical correlation [44]:

⟨ν = 1| c̃(x)c̃†(x′) |ν = 1⟩ ∼ 1

|x− x′|α , (18)
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Single-site measurement & unitary

FIG. 4: Spin-up and spin-down fermions are initial-
ized in Chern insulating states with opposite Chern
numbers. Such an initial state can be converted to
a mixed state with algebraic correlations in the bulk
through a two-step protocol consisting of single-site
fermion occupation number measurement and unitary.

where α is a non-universal constant related to the U(1)
response of Chern insulators.

As discussed in Ref.[44], η(x) can be understood as the
operator associated with the infinitesimal time-evolution
given by inserting a 2+1D U(1) monopole, and the al-
gebraic long-range order results from the topological re-
sponse to such monopole insertion in a Chern insulator.
Note that the above critical order presents an off-diagonal
long-range order (ODLRO), which was first discovered by
Girvin and MacDonald [43] in fractional quantum hall
states at filling fraction ν = 1/m. In particular, these
quantum hall states may be understood as a condensate
of composite bosons by attaching fluxes to fermions, so
the bare fermions need to be dressed by an appropriate
non-local operator Eq. 17 in order to reveal the hidden
ODLRO. For quantum hall states described by Laugh-
lin’s wave function at ν = 1, α is analytically found to
be 1/2 [43].

Below we will discuss a protocol that realizes a critical
mixed state with algebraic two-point correlations based
on the hidden order in Chern insulators. To start, we
consider an initial state |ψ0⟩ = |ψ0⟩↑⊗|ψ0⟩↓, where |ψ0⟩↑
is the Chern insulator with ν = 1 consisting of spin-up
fermions, and |ψ0⟩↓ is the Chern insulator with ν = −1
consisting of spin-down fermions. As a result, spin-up
and spin-down fermions respectively exhibit an algebraic
hidden order:

⟨ψ0|s c̃s(x)c̃†s(x′) |ψ0⟩s ∼
1

|x− x′|α , (19)

where s = 1,−1 for spin-up and spin-down fermions, and
the dressed fermion operators are c̃†s(x) = ηs(x)c

†
s(x),

with

ηs(x) = eis
∫
d2x′c†s(x

′)cs(x
′)arg(x−x′). (20)

Note the opposite sign in the exponent is due to the op-
posite sign of Chern numbers for spin-up and spin-down
fermions.

The hidden critical order in the Chern insulators
can be detected through spin-raising/lowering operators

S+(x) = c†↑(x)c↓(x) and S
−(x) = c†↓(x)c↑(x) by dressing

them with the appropriate non-local operators. Specif-
ically, let n̂↑(x), n̂↓(x) be the number operator of spin-

up/down fermions, and define ϕ̂(x) =
∫
d2x′n̂(x)arg(x−

x′) with n̂(x) = n̂↑(x)+ n̂↓(x). Then the non-local oper-

ator eiϕ̂(x)S+(x)S−(x′)e−iϕ̂(x
′) exhibits an algebraic de-

cay:

⟨ψ0| eiϕ̂(x)S+(x)S−(x′)e−iϕ̂(x
′) |ψ0⟩

= ⟨ψ0| c̃†↑(x)c̃↓(x)c̃
†
↓(x

′)c̃↑(x
′) |ψ0⟩

= −⟨ψ0|↑ c̃↑(x′)c̃†↑(x) |ψ0⟩↑ ⟨ψ0|↓ c̃↓(x)c̃
†
↓(x

′) |ψ0⟩↓
∼ 1

|x− x′|2α
.

(21)

Now we show how to convert this hidden non-local
order to a critical order in the two-point function
S+(x)S−(x′) using measurement and feedback. In par-
ticular, since the non-local order in the input state is
a universal property of the Chern insulator phase, our
protocol will always give rise to a state with critical cor-
relations as long as the input state is in the same phase of
matter. Starting with the input state |ψ0⟩, we measure
the fermion occupation number on every site and then
provide unitary feedback. The resulting density matrix
takes the form:

ρ =
∑

n

UnPn |ψ0⟩ ⟨ψ0|PnU†
n, (22)

where Pn is the projector to a definite fermion number
configuration, and Un is the unitary feedback

Un =
∏

x

e−iϕn(x)S
z(x) (23)

with Sz(x) = 1
2 (n̂↑(x) − n̂↓(x)) and the phase ϕn(x) =∫

d2x′n(x)arg(x − x′) depending on the measurement
outcome. The resulting density matrix ρ exhibits a crit-
ical two-point correlation inherited from the non-local
hidden order of the input |ψ0⟩:

tr
[
ρS+(x)S−(x′)

]

= ⟨ψ0| eiϕ̂(x)S+(x)S−(x′)e−iϕ̂(x
′) |ψ0⟩ ∼

1

|x− x′|2α
.

(24)

To see this, one first note that the spin operators under
the transformation by Un will be dressed by an appropri-
ate phase, namely,

U†
nS

+(x)Un = eiϕn(x)S+(x)

U†
nS

−(x)Un = e−iϕn(x)S−(x).
(25)

This implies PnU
†
nS

+(x)S−(x′)UnPn =

Pne
iϕ̂(x)S+(x)S−(x′)e−iϕ̂(x

′), where the phase ϕn(x) has
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been promoted to an operator ϕ̂(x) under the projector
Pn. Using this result, it is then straightforward to derive
Eq.24 with the density matrix in Eq.22.

Similarly, one may compute S−(x)S+(x′), which turns
out to be equal to S+(x)S−(x′) in the operator ex-
pectation value, hence decaying algebraically. These
two results together imply Sx(x)Sx(x

′) + Sy(x)Sy(x
′) =

1
2 (S

+(x)S−(x′) + S−(x)S+(x′)) ∼ 1
|x−x′|2α , where

Sx(x) =
1
2 (S

+(x)+S−(x)), Sy(x) = 1
2i (S

+(x)−S−(x)),
i.e. the spin operator in x and y component. In
particular, since the initial input state |ψ0⟩ satisfies∏

x Sz(x) |ψ0⟩ = |ψ0⟩, where Sz(x) is the π rotation
about z axis, the expectation value of Sz(x) is one in
the resulting mixed state. With the proof technique
used in Sec.III, Sz(x) = 1 together with algebraic decay
of Sx(x)Sx(x

′) + Sy(x)Sy(x
′) indicate that the critical

mixed state ρ cannot be a mixture of short-range entan-
gled state.

VI. SUMMARY AND DISCUSSION

In this work, we present a general framework for realiz-
ing mixed-state quantum order and quantum criticality
using finite-depth quantum channels consisting of local
measurement, local unitary feedback, and non-local clas-
sical communication. As an illustration, our protocol uni-
versally converts certain SPT phases to mixed states with
long-range (topological) orders. In addition, when the in-
put SPT is tuned to a critical point, our protocol outputs
a quantum critical mixed state diagnosed by volume-law
classical entropy, algebraic decay of correlations, as well
as logarithmically scaling bipartite mixed-state entangle-
ment. Within the same theoretical framework, we also
show how to transform the correlation exponent in con-
stant depth by considering 1d spinful free fermions. More
interestingly, our protocol can convert Chern insulators
to a mixed state with an algebraically decaying correla-
tion in the bulk. This furnishes a notable example where
mixed-state quantum criticality can emerge from gapped
states of matter in finite depth.

Our work motivates several questions that are worth
further exploration. First, while we provide several ex-
amples of realizing non-trivial mixed states with critical
correlations, a deeper understanding of the entanglement
structure of these novel mixed-state quantum criticality
is lacking. Second, since this work only focuses on the
utility of depth-2 protocols with onsite measurement and
onsite unitary feedback, it would be interesting to gen-
eralize the current protocol, which may enable the real-
ization of more types of exotic mixed-state orders and
criticality. For instance, the onsite unitary feedback may
be generalized to finite-depth local unitary circuits, and
the current depth-2 protocols may be extended to multi-
ple rounds of measurement and unitary layers.
Finally, it remains unclear what are the limitations of

local measurement, local unitary, and non-local classical
communication for realizing non-trivial quantum orders
and criticality. Answering this question would provide
sharp distinctions between the states that can and can-
not be realized in finite depth. While entanglement pro-
vides one such constraint as discussed in Sec.III, it would
be desirable to explore the limitations from various as-
pects in the future (see Ref.[25, 66] for progress along
this direction).
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Appendix A: Constraints on mixed-state
entanglement

Here we first review the basic notion of entanglement
of formation, which we will use to constrain the en-
tanglement structure of output states from finite-depth
quantum channels.

Entanglement of formation: given a density matrix
ρCC acting on the bipartite Hilbert space HC ⊗ HC ,

the entanglement between C and C can be quanti-
fied via entanglement of formation Ef [45], which
is defined as follows: one may decompose a den-
sity matrix into a convex sum of pure states, i.e.
ρCC =

∑
i pi |ψi⟩ ⟨ψi| with pi ≥ 0 and

∑
i pi = 1. Then

Ef ≡ Min {∑i piSC(trC |ψi⟩ ⟨ψi|)}, where SC(ρC) is
the von-Neumann entropy of ρC . Namely, Ef is the
average of bipartite entanglement entropy minimized
over all possible ways of decomposing ρ as a mixture
of pure states. When ρCC is pure, Ef reduces to the
von-Neumann entanglement entropy. To demonstrate
the idea of entanglement of formation, one may consider
two qubits in a maximally mixed state, i.e. ρ = I/4
with I being the identity operator. Certainly, the mixed
state can be written as a uniform mixture of four Bell
states 1√

2
(|00⟩ ± |11⟩), 1√

2
(|01⟩ ± |10⟩), so the average

entanglement is log 2. However, the mixed state can
also be written as a uniform mixture of four product
states, |00⟩ , |01⟩ , |10⟩ , |11⟩, in which case one achieves
the minimal average entanglement entropy, i.e. zero.
Therefore Ef = 0 for this maximally mixed state.

Bounds on entanglement : in the main text, we construct
quantum channels from LOCC, i.e. single-site measure-
ment, single-site unitaries, and classical communication.
As such, the mixed-state entanglement quantified by Ef
must be non-increasing under such quantum channels.
To see this, starting with a state ρ0 = |ψ0⟩ ⟨ψ0|, perform-
ing single-site measurement followed by single-site uni-
taries leads to a mixed state ρ, a mixture of pure states

|ψα⟩ = UαPα|ψ0⟩√
⟨ψ0|Pα|ψ0⟩

with corresponding probability pα =

⟨ψ0|Pα |ψ⟩. Being an entanglement measure, Ef can-
not increase on average under LOCC [45, 67], indicating
Ef (ρ0) ≥ ∑

α pαEf (|ψα⟩) =
∑
α pαSC(trC |ψα⟩ ⟨ψα|).

Meanwhile, one has
∑
α pαSC(trC |ψα⟩ ⟨ψα|) ≥ Ef (ρ =∑

α pα |ψα⟩ ⟨ψα|) because Ef is the average entanglement
entropy minimized over all possible pure state realiza-
tions. As a result, one finds Ef (ρ0) ≥ Ef (ρ).

When generalizing onsite unitary operations to multi-
site, geometrically local unitary gates, the protocol no
longer belongs to LOCC, and mixed-state entanglement
may increase. To bound the entanglement growth, one
may consider the Renyi-n entanglement of formation [68]

defined as Rn ≡ Min
{∑

i piS
(n)
C (trC |ψi⟩ ⟨ψi|)

}
, where

S
(n)
C is the Renyi-n entropy. Starting with a pure state,

after a finite-depth protocol with local measurement and

unitary gates (acting on O(1) number of neighboring
sites), one obtains an ensemble ρ of pure state trajec-
tories |ψα⟩ with probability pα. For each pure state
trajectory |ψα⟩, the increase of Renyi-0 entanglement

S
(0)
C (trC |ψα⟩ ⟨ψα|), also dubbed max entropy or Hart-

ley entropy, is upper bounded by D|∂A|, where D is the
depth of the channel and |∂A| is the bipartition boundary
area. This is because Hartley entropy is simply bounded
by the number of local measurements and unitary gates
that act on the boundary. Therefore, the increase of
Renyi-0 entanglement of formation R0 is also bounded
by the area law. One immediate consequence is that if
one starts with a pure product state (i.e. with R0 = 0),
then after a finite-depth channel, the Renyi entanglement
of formation of any Renyi index will follow an area law
since Rn ≤ R0 for any n > 0.

Appendix B: Measuring 1d SPT

1. Derivation of operator duality

Here we derive the transformation rules for operators
under the controlled unitary U =

∑
α PαUα. Uα is the

unitary feedback defined as Uα =
∏
iX

1−∏i
j=1,2,··· αj

2

b,i . Pα
is a projector defined as Pα = |α⟩ ⟨α|, which projects A
sublattice to a product state in Pauli-X basis. Below we
provide two distinct approaches for derivation.

Operator-based approach: First, the controlled unitary

can be written as U =
∏
iX

1−∏i
j=1 Xa,j

2

b,i . Since U is di-
agonal in the Pauli-X basis, Pauli-X operators are in-
variant under the conjugation by U . Next, we consider
UZb,iZb,i+1U

† (note that Pauli-Zs come in pairs due to
the global Z2 symmetry). This operator can be simplified
as uZb,iZb,i+1u

†, where

u = X
1−∏i

j=1 Xa,j

2

b,i X
1−∏i+1

j=1
Xa,j

2

b,i+1 . (B1)

In the subspace that
∏i
j=1Xa,j = 1, one finds

UZb,iZb,i+1U
† = X

1−Xa,i+1
2

b,i+1 Zb,iZb,i+1X
1−Xa,i+1

2

b,i+1 . For

Xa,i+1 = 1, one has UZb,iZb,i+1U
† = Zb,iZb,i+1 while

for Xa,i+1 = −1 one has UZb,iZb,i+1U
† = −Zb,iZb,i+1.

Combining the cases of Xa,i+1 = ±1 leads to the result
UZb,iZb,i+1U

† = Zb,iXa,i+1Zb,i+1. Similarly, one finds
UZa,iZa,i+1U

† = Za,iXb,iZa,i+1.
Here we remark that as we see in the main text, the

controlled unitary U =
∏
iX

1−∏i
j=1 Xa,j

2

b,i maps a Z2 × Z2

SPT to two Z2 symmetry-breaking (GHZ) ordered states
on A and B sublattices. This is akin to the Kennedy-
Tasaki transformation [69, 70], which transforms a
Haldane spin-1 chain [63] with Z2 × Z2 SPT order to
two spontaneous Z2 symmetry-breaking orders. Indeed,
Kennedy-Tasaki transformation can also be realized as
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FIG. 5: 1d fixed-point Z2×Z2 SPT (with parent Hamil-
tonian H0 = −∑i Za,iXb,iZa,i+1 −

∑
i Zb,iXa,i+1Zb,i+1)

as a condensate of two types of strings with a braid-
ing sign structure in the Pauli-X basis. A product
state |α, β⟩ in X basis with

∏
i αi =

∏
i β = 1 corre-

sponds to a configuration of blue strings and red strings
whose endpoints indicate αi = −1 and βi = −1 re-
spectively. The braiding number χ(α, β) counts the
number of times that two types of strings intersect.

a controlled unitary [71], which therefore fits into our
general framework. In particular, we can take a Haldane
spin-1 chain in the Z2 × Z2 SPT phase, and perform a
layer of onsite measurement followed by a layer of onsite
unitaries to realize a mixed state with Z2 GHZ-like order.

Wave-function based approach: starting with a global
Z2×Z2 symmetric input state |ψ0⟩, in Pauli-X basis |ψ0⟩
can be written as

|ψ0⟩ =
′∑

α,β

(−1)χ(α,β)ψ(α, β) |α, β⟩ . (B2)

α = {αi = ±1}, β = {βi = ±1} denote the product
state in Pauli-X basis in the sublattice A and sublattice
B. The Z2 symmetry on each sublattice implies that the
allowed α, β must satisfy

∏
i αi =

∏
i βi = 1. We use Σ′

to denote that only those α, β that satisfy this constraint
are considered.

Due to the symmetry, αi = −1 must come in pairs,
which can be regarded as the two endpoints of a string.
Correspondingly, various α configurations can be under-
stood as various A-strings in A sublattice, and similarly,
β configurations can be represented by B-strings in B
sublattice. Within the string representations, χ is the
number of times that A-strings intersect (braid) with B-
strings. When |ψ0⟩ is a fixed-point cluster SPT with
ZXZ stabilizers, ψ(α, β) is a constant independent of
α, β (see Fig.5).
Given Eq.B2, measuring Pauli-X on A sublattice

projects A sublattice to a particular α configura-
tion: Pα |ψ0⟩ = |α⟩ ⊗ ∑′

β(−1)χ(α,β)ψ(α, β) |β⟩. Af-
ter the measurement, applying the unitary feedback

Uα(=
∏
iX

1−∏i
j=1,2,··· αj

2

b,i ) removes the braiding phase:

UαPα |ψ0⟩ = |α⟩ ⊗∑′
β ψ(α, β) |β⟩. It follows that the

output state on B sublattice reads

ρB = trA

(∑

α

UαPα |ψ0⟩ ⟨ψ0|PαU†
α

)

=

′∑

β,β′

|β⟩ ⟨β′|
′∑

α

ψ(α, β)ψ∗(α, β′).

(B3)

ρB is simply the reduced density matrix on B of the
following pure state:

|ψ⟩ =
′∑

α,β

ψ(α, β) |α, β⟩ . (B4)

One consequence is that the entropy of the mixed state
ρB results from the entanglement entropy between A and
B in |ψ⟩, i.e. it is the residual quantum fluctuation when
removing the braiding phase in the initial input SPT |ψ0⟩.
Comparing Eq.B2 and Eq.B4, it is obvious that |ψ⟩ =

U |ψ0⟩ with U is a diagonal matrix whose entries encode
the braiding phase:

U =

′∑

α,β

|α, β⟩ ⟨α, β| (−1)χ(α,β), (B5)

Although U is not unitary in the entire Hilbert space,
it is unitary in the symmetric subspace specified by∏
iXa,i =

∏
iXb,i = 1. Note that this form of unitary

has appeared in the literature [72] as a way to reveal the
hidden long-range order of certain SPTs. We also note
that in the symmetric subspace, U is the same as the con-

trolled unitary
∑
α PαUα =

∏
iX

1−∏i
j=1 Xa,j

2

b,i discussed in
the operator-based approach.
With U =

∑′
α,β(−1)χ(α,β) |α, β⟩ ⟨α, β|, one can derive

the parent Hamiltonian of |ψ⟩ from H = UH0U
†, where

the following symmetry constraint is further imposed on
H:

∏
iXa,i =

∏
iXb,i = 110.

Now we present the derivation of operator mapping:

UZb,iZb,i+1U
†

=

′∑

α′,β′,α,β

|α′, β′⟩ ⟨α, β|

⟨α′, β′| (−1)χ(α
′,β′)Zb,iZb,i+1(−1)χ(α,β) |α, β⟩ .

(B6)

While Zb,iZb,i+1 has no effect on |α⟩ (i.e. α′ = α), this
operator makes the transition from β to β′, where β and

10 More specifically, based on the condition that P |ψ0⟩ = |ψ0⟩ and
P |ψ⟩ = |ψ⟩ = U |ψ0⟩, where P is a projector to the subspace with∏

iXa,i =
∏

iXb,i = 1, the eigenequation H0 |ψ0⟩ = Eg |ψ0⟩
implies PUHU†P |ψ⟩ = Eg |ψ0⟩, so the parent Hamiltonian of
|ψ⟩ is PUHU†P .
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β′ only differ in the site (b, i) and site (b, i + 1). It is
not hard to find that the product of the braiding phase
(−1)χ(α

′,β′)(−1)χ(α,β), i.e. the braiding sign change in-
duced by Zb,iZb,i+1 is simply equal to αi+1. In other

words, ⟨α′, β′| (−1)χ(α
′,β′)Zb,iZb,i+1(−1)χ(α,β) |α, β⟩

= ⟨α′, β′|Zb,iαi+1Zb,i+1 |α, β⟩
= ⟨α′, β′|Zb,iXa,i+1Zb,i+1 |α, β⟩ .

(B7)

Therefore one finds Zb,iZb,i+1 → Zb,iXa,i+1Zb,i+1.
With a similar calculation, one finds Za,iZa,i+1 →
Za,iXb,iZa,i+1.
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FIG. 6: von Neumann entropy S of the mixed state
ρB(= trA |ψ⟩ ⟨ψ|) with |ψ⟩ being the ground state
of H in Eq.9. Upper panel: S as a function of
the tuning parameter g. Lower panel: the scaling
of S with the system size L of sublattice B. We
find S scales linearly with L for any non-zero g.

2. Numerical data on volume-law entropy

Here we report the data on von Neumann entropy of
the mixed state ρB from the ground state of H (Eq.9).
The entropy is defined as S(ρB) = − trB

[
ρB ln(ρB)

]
.

The ED calculation for various system sizes is shown in
Fig.6. Our data suggest that S(ρB) scales linearly with
L, i.e. volume-law scaling, for any non-zero g. In par-
ticular, this means that at the critical point g = 1, B
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<latexit sha1_base64="6UEZreYYuZzpQaxj6lKVzv9dUEs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2MbzO//YRK81g+mkmCfkSHkoecUWOlB7fUL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjT6kynAmclXqpxoSyMR1i11JJI9T+dH7pjJxZZUDCWNmShszV3xNTGmk9iQLbGVEz0steJv7ndVMTXvtTLpPUoGSLRWEqiIlJ9jYZcIXMiIkllClubyVsRBVlxoaTheAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A68PjM0=</latexit>

0 <latexit sha1_base64="DRaAAucgzXEl5U7ww/C0Eqi/1WA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHxXjLo=</latexit>
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<latexit sha1_base64="3vyBYm5d12BFpAvMuNeyRIB4X9o=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVoOJBgl48RsgLkiXMTibJkNkHM73BsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7/FgKjY7zbeXW1jc2t/LbhZ3dvf0D+/CooaNEMV5nkYxUy6eaSxHyOgqUvBUrTgNf8qY/up/5zTFXWkRhDScx9wI6CEVfMIpG6tp2B/kTpnc3NSXGgspp1y46JWcOskrcjBQhQ7Vrf3V6EUsCHiKTVOu268TopVShYJJPC51E85iyER3wtqEhDbj20vnlU3JmlB7pR8pUiGSu/p5IaaD1JPBNZ0BxqJe9mfif106wf+2lIowT5CFbLOonkmBEZjGQnlCcoZwYQpkS5lbChlRRhiasggnBXX55lTQuSu5lqfxYLlZuszjycAKncA4uXEEFHqAKdWAwhmd4hTcrtV6sd+tj0Zqzsplj+APr8wfGOJPA</latexit>
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B:Trivial

FIG. 7: Phase diagram of H0 and H defined in
Eq.B9 and Eq.B10. Taking the ground state of H0

as an input, the measurement-feedback channel pre-
pares a mixed state on B sublattice, which is the
reduced density matrix of the ground state of H.

sublattice is a mixed state with volume-law classical en-
tropy coexisting with critical long-range entanglement.

3. Other non-fixed-point SPT as input

Here we consider various types of symmetric pertur-
bation on the fixed-point Z2 × Z2 SPT, and discuss the
structure of the corresponding output state.

On-site X perturbation: here the input is the ground
state of the following Hamiltonian:

H0 =−
∑

i

Za,iXb,iZa,i+1 −
∑

i

Zb,iXa,i+1Zb,i+1

− g
∑

i

(Xa,i +Xb,i).
(B8)

The ground state of H0 belongs to Z2 × Z2 SPT for
g < 1, and belongs to a trivial phase for g > 1[73, 74]. Us-
ing the transformation rule in Eq.6, one obtains a Hamil-
tonian of two decoupled transverse-field Ising chain:
H = HA+HB , where HA = −∑i Za,iZa,i+1− g

∑
iXa,i

and HB = −∑i Zb,iZb,i+1 − g
∑
iXb,i. The state

ρB from the measurement-feedback channel is the
reduced density matrix of the ground state of H by
tracing out A. Since A and B are decoupled, ρB is
in fact a pure state, namely, the ground state of the
transverse-field Ising chain, whose long-range order
exists for |g| < 1 (i.e. the regime where the input
state is an SPT). In particular, ρB being pure means
that all post-measurement state trajectories are trans-
formed to the same state on B with the unitary feedback.

Two-body ZZ perturbation: here the input is the ground
state of the Hamiltonian with independently tunable two-
body ZZ perturbation on A and B sublattices:
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H0 =−
∑

i

Za,iXb,iZa,i+1 −
∑

i

Zb,iXa,i+1Zb,i+1

− gA
∑

i

Za,iZa,i+1 − gB
∑

i

Zb,iZb,i+1

(B9)

The measurement-feedback channel will prepare a state
ρB on B sublattice with the parent Hamiltonian:

H =−
∑

i

Za,iZa,i+1 −
∑

i

Zb,iZb,i+1

− gA
∑

i

Za,iXb,iZa,i+1 − gB
∑

i

Zb,iXa,i+1Zb,i+1.

(B10)

H0 and H are dual to each other, and their phase dia-
grams are presented in Fig.7. Interestingly, one notices
that with measurement-feedback channel acting on a gap-
less state, we can prepare a non-critical mixed state with
long-range order. To see this, we consider gB = 1 and
gA < 1. In this case, H0 exhibits the gapless SPT order
[75] since the Z2 charges on A are used to decorate the
domain walls in B sublattice that is tuned to a critical
point between a trivial phase and a Z2 SSB phase. It
follows that by measuring the gapped degrees of freedom
on A followed by unitary feedback, one obtains mixed
state ρB on B sublattice that exhibits a Z2 SSB order.

More generally, one may consider an input
state of the form |ψ0⟩ = U |ψA⟩A |ψB⟩B with
U =

∏
CZ(a,i),(b,i)CZ(b,i),(a,i+1) being a product of

controlled-Z that entangles A and B sublattices. The
measurement-feedback protocol will always lead to a
mixed state on B with long-range order, as long as
|ψ0⟩ satisfies the following two conditions (in particular
|ψ0⟩ does not need to be an SPT): (1) |ψA⟩ is trivial,
where domain-walls condense (i.e. the product of X
along an open string takes a non-zero expectation
value c). (2) The input state on B sublattice, i.e.
|ψB⟩, is invariant under the global Z2 symmetry:∏
i∈B Xi |ψB⟩B = |ψB⟩B (e.g. |ψB⟩ can be trivial,

spontaneously breaking the symmetry, or critical). The
first condition implies that a long-range string operator
⟨ψ0|ZBXAXA · · ·XAZB |ψ0⟩ = c; measuring XA on A
sublattice followed by a unitary feedback acting on B
leads to a mixed state ρB on B with a long-range ZZ
two-point function. (2) The second condition implies
that tr

[
ρ
∏
i∈B Xi

]
= 1. As a result, combining these

two conditions already guaranteed the existence of
long-range order in the mixed state ρB . Practically
speaking, it is of best interest of our protocol to consider
|ψB⟩B as a trivial state (in which case |ψ0⟩ is an SPT),
since it furnishes an example of obtaining long-range
order only after implementing the protocol.

4. SPT under decoherence as input

In the main text, we discussed a measurement-feedback
channel that transforms the string order of the input pure
SPT to a long-range order. Specifically, the main result
is

tr[ρZb,iZb,j ] = tr

[
ρ0Zb,i

(
j∏

k=i+1

Xa,k

)
Zb,j

]
(B11)

where ρ0 = |ψ0⟩ ⟨ψ0| is the input state. In fact, with a
straightforward derivation, one finds the equation holds
true for arbitrary input density matrix ρ0. Namely, ρ0
needs not be a pure state. As an application, the input
state ρ0 may be a mixed state obtained by subjecting
an SPT to certain decoherence channels. If the string
order is robust under the channel, the output state of our
protocol will remain long-range ordered. Below we will
first discuss the decohered SPTs and the corresponding
emergent long-range order. We will then discuss the fate
of those decohered SPTs when tuned to criticality.
First, we consider a dephasing channel in Pauli-X ba-

sis. A local channel is given by Ei : ρ → (1 − p)ρ +
pXiρXi =

∑
σ=0,1 pσK

†
σρKσ with Kσ = Xσi

i , and pσ =
p, 1− p for σ = 1, 0 respectively. This can be understood
as applying Xi operator with probability p, so p = 1/2
corresponds to maximal dephasing. We consider the lo-
cal channels on every lattice site, so the overall dephasing
channel E is the composition of the local noise channels:
E = E1 ◦ E2 ◦ · · · ◦ E2L, and

E [ρ] =
∑

σ

P (σ)K†
σρKσ, (B12)

where σ = {σi}, P (σ) =
∏2L
i=1 pσi

, and Kσ =
∏2L
i=1X

σi
i .

Given a pure SPT, ρSPT = |SPT⟩ ⟨SPT|, the dephasing
channel leads to ρ0 = E [ρSPT], and an operator O with
respect to ρ0 becomes

⟨O⟩ρ0 =
∑

σ

P (σ) ⟨SPT|KσOK
†
σ |SPT⟩ . (B13)

One immediate consequence is that if [O,Kσ] = 0, then
⟨O⟩ρ0 = ⟨SPT|O |SPT⟩, i.e. the expectation value of O
remains invariant under the dephasing channel. There-

fore,
〈∏L

i=1Xb,i

〉
ρ0

= 1 as in |SPT⟩. On the other hand,

for the string operator S ≡ Zb,i

(∏j
k=i+1Xa,k

)
Zb,j ,

since only Zb,i and Zb,j may anticommute with the noise
operator Kσ, ⟨S⟩ρ0 can be simplified as

∑

σb,iσb,j

pσb,i
pσb,j

⟨SPT|Xσb,i

b,i X
σb,j

b,j SXσb,i

b,i X
σb,j

b,j |SPT⟩ .

(B14)
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Since the string operator S conjugated by X
σb,i

b,i X
σb,j

b,j
acquires a +1, −1 sign when σb,i = σb,j , σb,i ̸= σb,j
respectively, one finds

⟨S⟩ρ0
= [Prob.(σb,i = σb,j)− Prob.(σb,i ̸= σb,j)] ⟨SPT| S |SPT⟩
= (1− 2p)2 ⟨SPT| S |SPT⟩ .

(B15)

Therefore, under the X-dephasing channel, the string or-
der survives for any non-maximal dephasing (i.e. p <
1/2). Given this dephased SPT mixed state, one can
then use the measurement-feedback channel to obtain a
mixed state with GHZ-like long-range order.

If one instead considers the symmetry-breaking de-
phasing channel based on Pauli-Z noise, with a similar
calculation, one finds the resulting dephased state can-
not have both ZBXA · · ·XAZB ∼ O(1) and

∏
iXb,i = 1.

Specifically, due to the Pauli-Z noise on A sublattice, one
finds ZBXA · · ·XAZB ∼ (1 − 2p)|S|, i.e. exponentially
decaying with the length of the string |S| for any non-
zero dephasing. On the other hand, the Pauli-Z noise on
B sublattice results in

∏
iXb,i = (1 − 2p)L, i.e. expo-

nentially decaying with sublattice size of B for any non-
zero dephasing. As a result, the measurement-feedback
channel cannot lead to a mixed state with the GHZ-like
long-range order based on such dephased state.
At criticality : when |SPT⟩ is tuned to a critical point
(e.g. g = 1 in Eq.7), the string operator exhibits critical

order Zb,i(
∏j
k=i+1Xa,k)Zb,j ∼ 1

|i−j|η . Under the Pauli-

X dephasing, with a similar analysis as above, one ob-

tains a mixed state ρ0 with
〈
Zb,i(

∏j
k=i+1Xa,k)Zb,j

〉
ρ0

=

(1 − 2p)2
〈
Zb,i(

∏j
k=i+1Xa,k)Zb,j

〉
SPT

∼ 1
|i−j|η . There-

fore, the measurement-feedback channel discussed in
Sec.IVA gives rise to a mixed state ρB with the
critical correlation Zb,iZb,j ∼ 1

|i−j|η . On the other

hand, the disorder operator Xb,iXb,i+1...Xb,j commutes
with both the dephasing channel and the measurement-
feedback channel, and therefore, ⟨Xb,iXb,i+1...Xb,j⟩ρ0 =

⟨Xb,iXb,i+1...Xb,j⟩SPT ∼ 1
|i−j|2η . The algebraic order in

these operators suggests that ρB exhibits critical scaling
of entanglement. This is verified with our ED calcula-
tion, where the bipartite entanglement negativity follows
the universal scaling form as in a 1+1D CFT (see Fig.8
Upper panel):

EN (α, β) = α ln

(
L

π
sin
(πx
L

))
+ β. (B16)

In particular, the prefactor α decreases as increasing the
strength of dephasing.

Another natural question is, given an input dephased
SPT ρ0, what are the typical entanglement structures of
the post-measurement (mixed) state trajectories right af-
ter measuring A sublattice? To address this question, we
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FIG. 8: Entanglement negativity EN between two com-
plementary segments of size x and L−x on B sublattice
for the mixed state ρB . The input state is a mixed state
ρ0 obtained by acting the input SPT ψ0 with a decoher-
ence channel. Upper panel: negativity of ρB obtained by
the measurement-feedback channel. Lower panel: nega-
tivity averaged over mixed-state trajectories obtained by
measuring A sublattice for the input dephased SPT ρ0.

numerically compute the entanglement negativity aver-
aged over these trajectories. As indicated by Fig.8 lower
panel, this quantity also exhibits the critical scaling in
entanglement, indicating the pattern of critical entangle-
ment in ρB may be attributed to the post-measurement
state trajectories that constitute the ensemble. Note
that for a given dephasing strength p, the trajectory-
average negativity is always smaller than the negativity
in ρB . This is consistent with the intuition that some of
the long-distance entanglement is diminished by classical
fluctuations in the ensemble of those trajectories.

Appendix C: Mixed state with topological order
from measuring 2d SPT

Here we discuss a finite-depth protocol that converts
higher dimensional SPTs to mixed-state topological or-
ders. In particular, we will consider the input state as a
2d SPT protected by the Z2 0-form × Z2 1-form symme-
try, in which case the resulting mixed state exhibits a Z2

topological order.
Consider a 2d lattice with every vertex v and ev-

ery edge e accommodating a qubit, the fixed-point SPT
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Hamiltonian reads

H0 = −
∑

v

Xv

∏

e∋v
Ze −

∑

e

Xe

∏

v∈e
Zv. (C1)

The first term is a product of a Pauli-X on vertex v and
four neighboring Pauli-Zs on edges, and the second term
is a product of a Pauli-X on edge e and two neighboring
Pauli-Zs on vertices. This Hamiltonian can be obtained
from a trivial paramagnet −∑vXv−

∑
eXe by a depth-

1 unitary circuit UCZ =
∏

⟨v,e⟩ CZv,e, i.e. a product

of controlled-Z gates, each of which acts on a pair of
neighboring vertex and edge. The ground state is the 2d
cluster state, a non-trivial SPT protected by Z2 0-form
× Z2 1-form symmetry, where the Z2 0-form symmetry is
given by

∏
vXv on vertices and the Z2 1-form symmetry

is given by
∏
e∈γ Xe acting on edges along any closed

loop γ (including non-contractible ones).
The non-trivial SPT order can be diagnosed by the

membrane operator Mγ̃ =
∏
e∈γ̃ Ze

∏
v∈Aγ̃

Xv, where γ̃

is a loop in the dual lattice, and v ∈ Aγ̃ denotes all
vertices (in the primary lattice) in the area enclosed by
the loop γ̃. For instance,

Mγ̃ =
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�0<latexit sha1_base64="RJlubDeeT/rt+gTwB+4CvBONEKY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2r9vl5p1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhQmPDg==</latexit>�
<latexit sha1_base64="Kc42uLswUCbIspct1hXVY6ND0UY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GyY1D</latexit>

(a)

<latexit sha1_base64="wkKfwlFB9/ey+ROXQFF6Ib71vvw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiE6NRA==</latexit>

(b)

<latexit sha1_base64="SVH1sXtQaUj07HXCJys7O6Bkf9w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSSlqMeCF48V7Ae0oUy2m3bp7ibsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgobm1vbO8Xd0t7+weFR+fikreNUEdoiMY9VN0RNOZO0ZZjhtJsoiiLktBNO7uZ+54kqzWL5aKYJDQSOJIsYQWOlTn+EQuDloFzxqt4C7jrxc1KBHM1B+as/jEkqqDSEo9Y930tMkKEyjHA6K/VTTRMkExzRnqUSBdVBtjh35l5YZehGsbIljbtQf09kKLSeitB2CjRjverNxf+8Xmqi2yBjMkkNlWS5KEq5a2J3/rs7ZIoSw6eWIFHM3uqSMSokxiZUsiH4qy+vk3at6l9X6w/1SqOWx1GEMziHK/DhBhpwD01oAYEJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP+dyjz8=</latexit>

�0 <latexit sha1_base64="RJlubDeeT/rt+gTwB+4CvBONEKY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2r9vl5p1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhQmPDg==</latexit>�

<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X

<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃
<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>
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(C2)

For the fixed-point SPT, ⟨Mγ̃⟩ = 1 for any loops
γ̃. Away from the fixed-point limit, Mγ̃ exhibits a
long-range correlation in the form of a perimeter law:
⟨Mγ̃⟩ ∼ e−c|γ̃|. This follows from the decorated do-
main wall description of this type of SPT; starting with
a trivial paramagnet of Ising spins on vertices, the Z2

domain walls condense, implying the perimeter law of
a domain-wall creation operator

∏
v∈Aγ̃

Xv ∼ e−c|γ̃|,

where γ̃ is a closed loop in the dual lattice 11. We
then introduce Z2 charge on edges to decorate the do-
main walls by applying UCZ . This leads to an SPT
with Mγ̃ =

∏
e∈γ̃ Ze

∏
v∈Aγ̃

Xv ∼ e−c|γ̃| because Mγ̃

is obtained by conjugating the domain wall operator∏
v∈Aγ̃

Xv with UCZ .

Now we can utilize the presence of long-range mem-
brane order to devise a protocol for preparing a mixed
state with Z2 topological order. Given an SPT |ψ0⟩, one
measures Xv on all vertices with outcome α = {αv}.
For each post-measurement state trajectory with out-
come α, one applies a corresponding local unitary Uα

11 This can also be understood in a dual picture, where the domain-
wall creation operator in the trivial phase of Ising model corre-
spond to a Wilson loop in the deconfined phase of the 2+1D Z2

gauge theory, thereby following a perimeter law.
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FIG. 9: On a 2d lattice of size L × L on the sur-
face of a 2-torus (by imposing periodic boundary con-
ditions), the perimeter law decay of the Wilson loops
in the dual lattice and the 1-form symmetry in the pri-
mary lattice together imply a non-trivial mixed state.

acting on edges. This 2-step protocol leads to the en-
semble ρ =

∑
α UαPαρ0PαU

†
α. Using a unitary Uα such

that U†
α

∏
e∈γ̃ ZeUα =

∏
e∈γ̃ Ze

(∏
v∈Aγ̃

αv

)
, (i.e. the

dual loop operator acquires a sign that depends on the
measurement outcome enclosed by the loop), the ex-
pectation value of loop operators

∏
e∈γ̃ Ze in ρ will ex-

actly equal the expectation value of the membrane op-
erator Mγ̃ =

∏
e∈γ̃ Ze

∏
v∈Aγ̃

Xv with respect to the

initial input SPT, which exhibits a perimeter-law scal-
ing. In addition, since the symmetry sector is fixed with∏
e∈γ Xe = 1, the perimeter law scaling indicates a Z2

topological order on edges in the output mixed state, as
in the deconfined phase of a 2+1D Z2 gauge theory.
Here we discuss the choice of Uα. Due to the global Z2

symmetry on vertices in the input SPT |ψ0⟩, the mea-
surement outcomes on vertices satisfy

∏
v αv = 1, i.e.

the −1 outcomes will occur in pairs. It turns out Uα is
consisting of string operators of Pauli-Xs on edges; each
string is deformable and connects two αv = −1 outcomes
on vertices. Physically, the αv = −1 outcomes may be
regarded as e particles in the Z2 topological order, and
Uα is the string operator that annihilates those anyon
excitations.
Nontrivialness of the mixed state: now we show that

the 1-form symmetry
∏
e∈γ Xe = 1 together with the

perimeter law of the Wilson loop in the dual lattice∏
e∈γ̃ Ze ∼ e−c|γ̃| implies that the mixed state on edges

(ρB) is non-trivial; it cannot be a mixture of short-
range entangled pure states. This can be proved by
contradiction, as discussed in Sec.III. We first assume
ρB =

∑
n pn |n⟩ ⟨n|, where each |n⟩ is a trivial short-

range entangled state that can be connected to a prod-
uct state using a finite-depth local unitary. We define two
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Wilson loop operators WZ(γ̃i) =
∏
e∈γ̃i Ze for i = 1, 2,

where γ̃1, γ̃2 are non-contractible loops around the ver-
tical direction, and they are horizontally separated by a
scale O(d), see Fig.9. For each |n⟩, the connected corre-
lator is ⟨n|WZ(γ̃1)WZ(γ̃2)|n⟩c = ⟨n|WZ(γ̃1)WZ(γ̃2)|n⟩−
⟨n|WZ(γ̃1)|n⟩ ⟨n|WZ(γ̃1)|n⟩. Due to the 1-form symme-
try WX(γ) =

∏
e∈γ Xe = 1 with γ winding around torus

horizontally, ⟨n|WZ(γ̃i)|n⟩ = 0 for both i = 1, 2. On
the other hand, the connected correlator in the trivial
state |n⟩ decays exponentially with d 12, and correspond-
ingly ⟨n|WZ(γ̃1)WZ(γ̃2)|n⟩ decays with the separation
d as well. This in turn implies the WZ(γ̃1)WZ(γ̃2) de-
cays with d in the ensemble of |n⟩, which contradicts
the perimeter law scaling WZ(γ̃1)WZ(γ̃2) ∼ e−αL, which
does not decay with d in the output mixed state. There-
fore, the assumption that ρB is a mixture of trivial states
must be false.

Structure of mixed state topological order: Here
we discuss the structure of the topologically ordered
mixed state using a wave-function perspective. This al-
lows us to derive a duality transformation that facilitates
the characterization of the phase diagram of the mixed
state as varying the input state.

First, we express the input state in Pauli-X basis:

|ψ0⟩ =
′∑

α,β

(−1)χ(α,β)ψ(α, β) |α, β⟩ (C3)

α = {αv} and β = {βe} denote the configurations in X
basis for qubits on vertices and edges, respectively.

∑′
α,β

denotes summing all symmetry-allowed α, β configura-
tions: the global symmetry on vertices implies αv = −1
occurs in pairs, so every allowed α configuration corre-
sponds to the configuration of open strings whose end
points label the location of αv = −1. On the other hand,
the 1-form symmetry on edges indicates the edge with
βe = −1 must form a closed loop in the dual lattice,
which equivalently can be regarded as the boundary of
an open membrane. χ(α, β) is the number of times that
the α-strings pierce through the β-membranes. When
|ψ0⟩ is a fixed-point SPT, ψ(α, β) is independent of α, β
(see Fig.10).

With the input state |ψ0⟩, measuring vertices (A sub-
lattice) projects to a particular α configuration, and the
follow-up unitary correction Uα removes the braiding
phase. One then finds the measurement-feedback pro-
tocol leads to a mixed state ρB on the edges (B sublat-
tice), which is the reduced density matrix (by tracing out
A sublattice) of the following state:

|ψ⟩ =
′∑

α,β

ψ(α, β) |α, β⟩ . (C4)

12 For example, in the ground state of a Z2 gauge theory, such an
operator follows an area-law decay as e−uLd with u being an
O(1) constant.
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FIG. 10: Wave function of the Z2 × Z2 fixed-point SPT,
i.e. the ground state of H0 = −∑vXv

∏
e∋v Ze −∑

eXe

∏
v∈e Zv. The fixed-point state is understood

as a condensate of open blue strings and open red
membranes with a non-trivial braiding sign structure in
Pauli-X basis. The wave function (−1)χ(α,β) takes the
value 1 (-1) corresponding to the even (odd) number of
times that blue strings pierce through red membranes.

Therefore, the input state and the purification of the out-
put ρB can be connected through |ψ⟩ = U |ψ0⟩, where
U =

∑′
α,β |α, β⟩ ⟨α, β| (−1)χ(α,β) is unitary in the sym-

metric subspace. Under the conjugation of U , operators
transform as

Xv → Xv, Xe → Xe,∏

e∋v
Ze → Xv

∏

e∋v
Ze,

∏

v∈e
Zv → Xe

∏

v∈e
Zv.

(C5)

This allows us to derive the parent Hamiltonian H of
|ψ⟩ from the Hamiltonian H0 of the input state via H =
UH0U

†. Also, note that |ψ⟩ lives in the subspace given
by 0-form symmetry

∏
vXv = 1 and Z2 1-form symmetry∏

e∈γ Xe = 1 (acting on edges along any closed loop γ),
these two constraints need to be further imposed in H.

As an application, we may consider perturbing
the fixed-point SPT by onsite Pauli-Xs: H0 =
−∑vXv

∏
e∋v Ze−

∑
eXe

∏
v∈e Zv−g

∑
eXe−g

∑
vXv,

the corresponding H is the decoupled Ising model on
vertices and 2d toric code, both of which are subject
to the onsite transverse field: H = −∑v

∏
e∋v Ze −∑

e

∏
v∈e Zv− g

∑
eXe− g

∑
vXv, where the constraints∏

vXv = 1 and
∏
e∈γ Xe = 1 are further imposed.

Therefore, the measurement-feedback protocol leads to
a pure state ρB on edges with Z2 topological order. This
also indicates all possible post-measurement states by
measuring the input state SPT |ψ0⟩ are deterministically
converted to the same pure state with topological order.

To discuss a non-trivial mixed state topological order
on edges, we consider the following form of input Hamil-
tonian:
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H0 =−
∑

v

Xv

∏

e∋v
Ze −

∑

e

Xe

∏

v∈e
Zv

− g
∑

v

∏

e∋v
Ze − g

∑

e

∏

v∈e
Zv.

(C6)

Using the transformation rule in Eq.C5, one finds the
corresponding H

H =−
∑

v

∏

e∋v
Ze −

∑

e

∏

v∈e
Zv

− g
∑

v

Xv

∏

e∋v
Ze − g

∑

e

Xe

∏

v∈e
Zv,

(C7)

where the 0-form symmetry (
∏
vXv = 1) and 1-form

symmetry (
∏
e∈γ Xe = 1) are further imposed. To un-

derstand the phase diagram for the mixed state ρB de-
fined on edges, we transform H by UCZ =

∏
⟨v,e⟩ CZv,e.

This leads to

−
∑

v

∏

e∋v
Ze −

∑

e

∏

v∈e
Zv − g

∑

v

Xv − g
∑

e

Xe, (C8)

i.e., a transverse-field Ising model on vertices and
transverse-field toric code on edges. Their phase dia-
grams are well understood: the global Ising symmetry
breaking order persists to g = gising ≈ 3.04438 [76],
above which the state on vertices become trivial. On the
other hand, using the (Kramer-Wannier) duality between
transverse-field Ising and transverse-field toric code, the
topological order persists up to g = gtoric = 1/gising ≈
0.32847, above which the state on edges become trivial.
As a result, starting with the ground state |ψ0⟩ of Eq.C6
for g < gtoric (the regime where |ψ0⟩ is an SPT), the
measurement-feedback channel gives a mixed state ρB
on edges with Z2 topological order. Similar to the dis-
cussion in 1d, one expects ρB to have volume-law entropy
due to the coupling between A,B sublattices in Eq.C7.

Finally, we note that mixed-state topological order en-
coded in ρB may be diagnosed by entanglement negativ-
ity, an entanglement measure for mixed states. In par-
ticular, one expects a long-range entanglement structure
that manifests in the universal subleading contribution
in negativity as discussed in Ref.[4, 5, 11].

Appendix D: Fermionic mixed state with Kitaev
topological order in 1d

Here we discuss the finite-depth preparation of a mixed
state in 1d that exhibits a topological order of the Kitave

Majorana chain [77, 78] by taking a Z2 × Zf2 SPT |ψ0⟩
[20, 52–55] as an input. Here we closely follow Ref.[20] to
construct the fixed-point SPT, and then we will consider
certain symmetric perturbation and apply measurement

and unitary feedback to prepare a non-trivial fermionic
topological mixed state.
To start, we consider a 1d lattice of size 2L initialized

in a product state, see Fig.11(a): every odd site accom-
modates a qubit initiated in the |+⟩ state, and every
even site accommodates a fermion initiated in the empty
state, i.e. parity operator P = −iγγ′ = 1 − 2c†c = 1
with left Majorana and right Majorana defined as γ =
c+ c†, γ′ = −i(c− c†). Define a Majorana hopping oper-
ator S2n = iγ′2n−2γ2n, we define a controlled gate

CS2n−1 = |↑⟩ ⟨↑|+ |↓⟩ ⟨↓|S2n; (D1)

the Majorana hops from the site 2n − 2 to site 2n only
when the qubit at 2n−1 is in the spin-down state. Using
CS gate, one introduces a depth-1 local unitary circuit

USPT =

L∏

n=1

CS2n−1. (D2)

Applying USPT on the initial product state will then lead

to the Z2 × Zf2 fixed-point SPT |ψ0⟩. Equivalently, |ψ0⟩
is uniquely specified by the stabilizers

USPTX2n−1U
†
SPT = iγ′2n−2X2n−1γ2n

USPTP2nU
†
SPT = Z2n−1P2nZ2n+1.

(D3)

The SPT |ψ0⟩ is protected by the Z2 × Zf2 symmetry,
where Z2 action is given by the product of Xn on odd

sites, and Zf2 action is given by the product of Pn on even
sites. The state has long-range string order diagnosed by
iγ′2n−2X2n−1γ2niγ

′
2nX2n+1γ2n+2 · · · iγ′2m−2X2m−1γ2m =

1 (this is simply the product of stabilizers). Being a non-
trivial SPT, the string order is robust under weak sym-
metric perturbations, and it approaches a finite constant
c with 0 < c < 1 in the limit |m− n| → ∞.
Given a non-fixed point SPT, as in the discussion for 1d

Z2×Z2 bosonic SPT, we measure Pauli-Xs on all spins on
odd sites and record the outcome α = {αi|odd i}. For
each post-measurement state, one applies unitary feed-
back, i.e. a product of on-site fermionic parity operators:

Uα =

L∏

n=1

P
1−∏n

m=1,2,··· α2m−1
2

2n , (D4)

namely, a parity operator at site 2n is applied when
there is an odd number of −1 outcomes among
α1, α3, ..., α2n−1. With this, one obtains a mixed
state of Majorana fermions with the long-range order
iγ′2n−2γ2niγ

′
2nγ2n+2 · · · iγ′2m−2γ2m = c, which is a uni-

versal feature in the topological phase of a 1d Kitaev
chain [77].
Wave function perspective - It is useful to discuss the

above result from the wave function perspective. As in
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FIG. 11: (a) 1d lattice with every odd site accommodat-
ing a qubit and every even site accommodating two Ma-

jorana fermions. Given an initial 0-form Z2 × Zf2 SPT,
measurement and unitary feedback lead to a fermionic
mixed state with the topological phase of the Kitaev
chain. (b) 2d lattice with every vertex accommodat-
ing a qubit and every edge accommodating two Ma-

jorana fermions. Given an initial Z2 0-form ×Zf2 1-
form SPT, measurement and unitary feedback leads
to a fermionic mixed state with Z2 topological order.

the Z2 × Z2 fixed-point bosonic SPT, the Z2 × Zf2 fixed-
point SPT can also be understood as the condensate of
strings with a braiding structure. Specifically, the fixed-
point |ψ0⟩ can be written as

|ψ0⟩ =
′∑

α,β

(−1)χ(α,β) |α, β⟩ , (D5)

where α = {αi ∈ {±1}} denotes the product state in
Pauli-X basis for qubits and β = {βi ∈ {±1}} denotes the
product state basis with definite fermion parity on even

sites 13. The Z2 symmetry and Zf2 symmetry implies∏
odd i αi = 1 and

∏
even i βi = 1 respectively. As αi

comes in pairs, an α configuration may be represented
by open strings (A-strings) whose boundary points label
αi = −1. Similarly one can define B-strings to represent
product state basis β for fermions. χ(α, β) is the number
of times that A-strings and B-strings intersect.

Away from the fixed-point, one can write |ψ0⟩ =∑′
α,β(−1)χ(α,β)ψ(α, β) |α, β⟩ and the corresponding

13 The basis state |β⟩ corresponds to the (c†2)
1−β2

2 (c†4)
1−β4

2 · · · |0⟩,
where |0⟩ is the fermionic vacuum.

measurement-feedback channel gives the mixed states
of fermion ρB , which is the reduced density matrix of
|ψ⟩ =

∑′
α,β ψ(α, β) |α, β⟩ by tracing out qubits on odd

sites.
|ψ⟩ and |ψ0⟩ can be connected by the unitary U =∑′
α,β |α, β⟩ ⟨α, β| (−1)χ(α,β)14, which has the action that

X2n−1 → X2n−1, P2n → P2n,

Z2n−1Z2n+1 → Z2n−1P2nZ2n+1,

γ′2n−2γ2n → γ′2n−2X2n−1γ2n.

(D6)

As an application, we consider the initial Hamilto-
nian H0 = −∑n(iγ

′
2n−2X2n−1γ2n + Z2n−1P2nZ2n+1) −

g
∑
n(iγ

′
2n−2γ2n + Z2n−1Z2n+1). To understand the

phase diagram, we may use the depth-1 unitary cir-
cuit (Eq.D2) and find UH0U

† = −∑n(X2n−1 + P2n) −
g
∑
n(iγ

′
2n−2γ2n + Z2n−1Z2n+1), which is a transverse-

field Ising chain on odd sites, and fermionic Kitaev chain
on even sites. Consequently, for |g| < 1, both sublat-
tices are trivial, while for |g| > 1, odd sites exhibit a
Z2 symmetry-breaking order and even sites belong to
the topological phase of Kitaev chain. This implies the

ground state of H0 exhibits the Z2 × Zf2 SPT order for
|g| < 1, and for |g| > 1, odd sites exhibit Z2 symmetry-
breaking order and even sites belong to the fermionic
topological phase.

With the measurement-feedback channel, one obtains a
state ρB of fermions, which is the reduced density matrix
of the ground state |ψ⟩ of H:

H =−
∑

n

(iγ′2n−2γ2n + Z2n−1Z2n+1)

− g
∑

n

(iγ′2n−2X2n−1γ2n + Z2n−1P2nZ2n+1).
(D7)

H is exactly dual to H0. As a result, the measurement-
feedback channel acting on the pure state of the SPT
phase (Kitaev topological phase) leads to the Kitaev
topological phase (trivial phase) in the mixed state de-
fined on even sites. Note that for |ψ0⟩ belonging to the
Kitaev topological phase, |ψ⟩ is a non-trivial SPT, but
tracing out odd sites leads to a trivial reduced density
matrix on even sites.

Appendix E: Fermionic mixed state with topological
order in 2d

One may generalize the discussion above to higher
space dimensions, which allows for the existence of (non-
invertible) topological order in fermionic systems15.

14 U is a unitary in the Z2 × Zf
2 symmetric subspace.

15 This is in contrast to invertible fermionic topological order in Ki-
taev chain, which does not host fractionalized excitations in the
bulk, and can be trivialized by stacking another copy of Kitaev
chain.
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Consider a 2d lattice with every vertex accommodating
a qubit and every edge accommodating two Majorana
fermions (see Fig.11(b)), we can construct a fixed-point

SPT with Z2 0-form×Zf2 1-form symmetry as follows.
We introduce Majorana hopping operators Sv,→ which
take the form iγ′γ, where γ′, γ are the Majoranas in the
left and right of the vertex v. Similarly, the operators
Sv,↑ take the form iγ′γ, where γ′, γ are the Majoranas
right above and below the vertex v. Using the Majorana
hopping operators, one defines a controlled gate

CSv = |↑⟩ ⟨↑|+ |↓⟩ ⟨↓|Sv,→Sv,↑. (E1)

Starting with a product state, where qubits are in |+⟩
and fermions are in product states with definite fermion
parity P = 1, simultaneously applying CSv on all vertices
leads to the SPT |ψ0⟩, which is uniquely specified by
the stabilizers ZPeZ (the product of a fermion parity
on the edge e and two Pauli-Z on two vertices on the
boundary of e), andX2n−1γ

′γ′γγ (i.e. the product of and
a Pauli-X at the vertex v and four Majoranas around v

counter-clockwise). The SPT is protected by a Zf2 1-form
symmetry (

∏
e∈C Pe, i.e. the product of fermion parity

along any loops) and Z2 0-form symmetry (
∏
vXv). In

particular, the non-trivialness of the SPT manifests in
the membrane operator MC̃ =

∏
e∈C̃ γ̃

∏
v∈AC̃

Xv =1,

where
∏
e∈C̃ γ̃ is the product of Majoranas (γ̃ could be

γ or γ′) along a loop in the dual lattice, and
∏
v∈AC̃

Xv

is the product of Xv in the area enclosed by the loop C̃.
For instance,

MC̃ =
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<latexit sha1_base64="SVH1sXtQaUj07HXCJys7O6Bkf9w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSSlqMeCF48V7Ae0oUy2m3bp7ibsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgobm1vbO8Xd0t7+weFR+fikreNUEdoiMY9VN0RNOZO0ZZjhtJsoiiLktBNO7uZ+54kqzWL5aKYJDQSOJIsYQWOlTn+EQuDloFzxqt4C7jrxc1KBHM1B+as/jEkqqDSEo9Y930tMkKEyjHA6K/VTTRMkExzRnqUSBdVBtjh35l5YZehGsbIljbtQf09kKLSeitB2CjRjverNxf+8Xmqi2yBjMkkNlWS5KEq5a2J3/rs7ZIoSw6eWIFHM3uqSMSokxiZUsiH4qy+vk3at6l9X6w/1SqOWx1GEMziHK/DhBhpwD01oAYEJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP+dyjz8=</latexit>

�0<latexit sha1_base64="RJlubDeeT/rt+gTwB+4CvBONEKY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2r9vl5p1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhQmPDg==</latexit>�
<latexit sha1_base64="SVH1sXtQaUj07HXCJys7O6Bkf9w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSSlqMeCF48V7Ae0oUy2m3bp7ibsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgobm1vbO8Xd0t7+weFR+fikreNUEdoiMY9VN0RNOZO0ZZjhtJsoiiLktBNO7uZ+54kqzWL5aKYJDQSOJIsYQWOlTn+EQuDloFzxqt4C7jrxc1KBHM1B+as/jEkqqDSEo9Y930tMkKEyjHA6K/VTTRMkExzRnqUSBdVBtjh35l5YZehGsbIljbtQf09kKLSeitB2CjRjverNxf+8Xmqi2yBjMkkNlWS5KEq5a2J3/rs7ZIoSw6eWIFHM3uqSMSokxiZUsiH4qy+vk3at6l9X6w/1SqOWx1GEMziHK/DhBhpwD01oAYEJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP+dyjz8=</latexit>

�0<latexit sha1_base64="RJlubDeeT/rt+gTwB+4CvBONEKY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2r9vl5p1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhQmPDg==</latexit>�
<latexit sha1_base64="SVH1sXtQaUj07HXCJys7O6Bkf9w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSSlqMeCF48V7Ae0oUy2m3bp7ibsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgobm1vbO8Xd0t7+weFR+fikreNUEdoiMY9VN0RNOZO0ZZjhtJsoiiLktBNO7uZ+54kqzWL5aKYJDQSOJIsYQWOlTn+EQuDloFzxqt4C7jrxc1KBHM1B+as/jEkqqDSEo9Y930tMkKEyjHA6K/VTTRMkExzRnqUSBdVBtjh35l5YZehGsbIljbtQf09kKLSeitB2CjRjverNxf+8Xmqi2yBjMkkNlWS5KEq5a2J3/rs7ZIoSw6eWIFHM3uqSMSokxiZUsiH4qy+vk3at6l9X6w/1SqOWx1GEMziHK/DhBhpwD01oAYEJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP+dyjz8=</latexit>

�0<latexit sha1_base64="RJlubDeeT/rt+gTwB+4CvBONEKY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2r9vl5p1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhQmPDg==</latexit>�
<latexit sha1_base64="Kc42uLswUCbIspct1hXVY6ND0UY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GyY1D</latexit>

(a)

<latexit sha1_base64="wkKfwlFB9/ey+ROXQFF6Ib71vvw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiE6NRA==</latexit>

(b)

<latexit sha1_base64="SVH1sXtQaUj07HXCJys7O6Bkf9w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSSlqMeCF48V7Ae0oUy2m3bp7ibsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgobm1vbO8Xd0t7+weFR+fikreNUEdoiMY9VN0RNOZO0ZZjhtJsoiiLktBNO7uZ+54kqzWL5aKYJDQSOJIsYQWOlTn+EQuDloFzxqt4C7jrxc1KBHM1B+as/jEkqqDSEo9Y930tMkKEyjHA6K/VTTRMkExzRnqUSBdVBtjh35l5YZehGsbIljbtQf09kKLSeitB2CjRjverNxf+8Xmqi2yBjMkkNlWS5KEq5a2J3/rs7ZIoSw6eWIFHM3uqSMSokxiZUsiH4qy+vk3at6l9X6w/1SqOWx1GEMziHK/DhBhpwD01oAYEJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP+dyjz8=</latexit>

�0 <latexit sha1_base64="RJlubDeeT/rt+gTwB+4CvBONEKY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2r9vl5p1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhQmPDg==</latexit>�

<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X

<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X
<latexit sha1_base64="HjZtGj3DcGRSiwJf1NV7G/uHglw=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct1BstwiXjwmYBZIhtDTqSRteha6e4QwBLx78aCIVz/Jm39jTxJBRR8UPN6roqqeF0mhDSEfTmZtfWNzK7ud29nd2z/IHx61dRgrDi0eylB1PaZBigBaRhgJ3UgB8z0JHW96lfqdO1BahMGNmUXg+mwciJHgzFip2R3kC6RICKGU4pTQSplYUqtVS7SKaWpZFNAKjUH+vT8MeexDYLhkWvcoiYybMGUElzDP9WMNEeNTNoaepQHzQbvJ4tA5PrPKEI9CZSsweKF+n0iYr/XM92ynz8xE//ZS8S+vF5tR1U1EEMUGAr5cNIolNiFOv8ZDoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pF0q0nLxonlRqF/eL+PIohN0is4RRRVUR9eogVqII0AP6Ak9O7fOo/PivC5bM84qwmP0A87bJytfjZo=</latexit>

X

<latexit sha1_base64="SVd/zlruk5WlUdo8DRMtz5Wg6NM=">AAAB9XicdZBNS8MwHMZTX+d8m3r0EhyCp9LWss3bxIvHCe4F1jrSNN3CkrYkqTLKwI/hxYMiXv0u3vw2ptsEFX0g8PA8/5B/fkHKqFSW9WEsLa+srq2XNsqbW9s7u5W9/Y5MMoFJGycsEb0AScJoTNqKKkZ6qSCIB4x0g/FF0XdviZA0ia/VJCU+R8OYRhQjpaMbT1EWktwbIs7RdFCpWuZZo+a4NWiZllW3HbswTt09daGtk0JVsFBrUHn3wgRnnMQKMyRl37ZS5edIKIoZmZa9TJIU4TEakr62MeJE+vls6yk81kkIo0ToEys4S7/fyBGXcsIDPcmRGsnfXRH+1fUzFTX8nMZppkiM5w9FGYMqgQUCGFJBsGITbRAWVO8K8QgJhJUGVdYQvn4K/zcdx7RrpnvlVpvn93McJXAIjsAJsEEdNMElaIE2wECAB/AEno0749F4MV7no0vGAuEB+CHj7RN9g5OV</latexit>

�̃
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. (E2)

For non-fixed-point SPT, the membrane operator will

survive in the form of a perimeter law ⟨MC̃⟩ ∼ e−µ|C̃|.
With the protocol of first measuring Xv on every vertex,
followed by a unitary correction, one obtains an output

mixed state ρ with tr
[
ρ
∏
e∈C̃ γ̃

]
∼ e−µ|C̃|. This perime-

ter law of the loop in the dual lattice together with the
1-form symmetry

∏
e∈C Pe = 1, which inherits from the

input SPT, in the primary lattice indicates a topological
order consisting of Majorana fermions. When the input
SPT is a fixed-point state, the output reduces to a pure
state, which is exactly a ground state of the Majorana
surface code discussed in Ref.[79].

Appendix F: Purification of the mixed state from
measuring 1d free-fermions

In Sec.VA we discussed a measurement-feedback pro-
tocol that leads to a mixed state ρ with an enhanced

spin-spin correlation. Here we discuss the structure of
ρ, and in particular, by unveiling a novel braiding struc-
ture between “spin” and “charge” in the initial input
state |ψ0⟩, ρ can be purified as a ground state of a local
Hamiltonian H which we derive below.
To begin with, instead of using the conventional oc-

cupation number basis, we will consider the basis that
manifests the structure of “spin” and “charge”. For sim-
plicity, let’s first consider the i’th lattice site as an ex-
ample. This single site is ssociated to a 4-dim Hilbert

space spanned by |0⟩ , |↑⟩ = c†i,↑ |0⟩ , |↓⟩ = c†i,↓ |0⟩ , |↑↓⟩ =
c†i,↑c

†
i,↓ |0⟩. In the 2-dim subspace with single-fermion

occupation number, i.e. spanned by |↑⟩ , |↓⟩, one can
define two orthonormal states 1√

2
(|↑⟩ ± |↓⟩) as the

symmetric/anti-symmetric superposition of spin-up and
spin down, i.e. the eigenstates of the spin-flip opera-
tor Sxi = 2Sxi . Therefore, denoting the fermion occu-
pation number as ni = ni,↑ + ni,↓, one can define the
complete basis states |ni = 0⟩, |ni = 2⟩, |ni = 1, βi = 1⟩,
|ni = 1, βi = −1⟩, where β = ±1 corresponds to the
eigenvalues of the spin-flip operator Sxi . As a more com-
pact notation, the basis may be defined as |ni, βi⟩ with
ni ∈ {0, 1, 2} and βi ∈ {±1}, and importantly, βi degree
of freedom only exists when ni = 1. Generalizing the
discussion to all lattice sites, one constructs the basis16

|n, β⟩ with n ≡ {ni}, β ≡ {βi}, and the input fermionic
pure state may be written as

|ψ0⟩ =
′∑

n,β

(−1)χ(n,β)ψ(n, β) |n, β⟩ . (F1)

Since βi only exists when ni = 1, the β configuration
must be consistent with fermion number configuration
n. Alternatively, this consistency condition can be im-
posed on the wave function so that ψ(n, β) = 0 when β
is not consistent with n. In addition to the above con-
sistency condition, for the summation

∑′
n,β , the allowed

n, β must respect the global Z2 ×Z2 symmetry as a con-
sequence of the equal number of up-spins and down-spins
in |ψ0⟩. The first Z2 corresponds the fermion parity sym-
metry: the total fermion number N must be even since
N = N↑ +N↓ = 2N↑. This implies configuration n must
satisfy

∏
i(−1)ni = 1, so the number of lattice sites with

a single occupation number (odd fermion parity) must
be even. The second Z2 corresponds to the global spin
flip given by

∏
i Sxi , so the product of βi (at the site with

ni = 1) must be one. This means βi = −1 comes in pairs.
Since both ni = 1 (odd fermion parity) and βi = −1
come in pairs, with the ordering n1, β1, n2, β2, · · · along
a 1d line, one can use strings to label the configurations

16 Such basis can be written as the linear combi-
nation of the fermion occupation number basis

(c†1,↑)
n1,↑ (c†1,↓)

n1,↓ (c†2,↑)
n2,↑ (c†2,↓)

n2,↓ · · · |0⟩ with |0⟩ being

the fermionic vacuum.
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of ni = 1, βi = −1, and define a braiding sign structure
between charge n and spin β, as in the bosonic Z2 × Z2

SPT discussed in Appendix.B 1.
Given Eq.F1, measuring global fermion occupation

number gives Pn |ψ0⟩ =
∑′
β(−1)χ(n,β)ψ(n, β) |n, β⟩.

As one can check, the unitary feedback Un =∏L
i=1 (Sxi )

∑
j≤i nj (Eq.15) removes the braiding sign:

UnPn |ψ0⟩ =
∑′
β ψ(n, β) |n, β⟩, and therefore, the result-

ing mixed state is

ρ =

′∑

n

UnPn |ψ0⟩ ⟨ψ0|PnU†
n

=

′∑

β,β′

[ ′∑

n

ψ(n, β)ψ(n, β′)

]
|n, β⟩ ⟨n, β′| .

(F2)

Since only the spin sector carries long-range correlation,
one may consider the reduced density matrix in the spin
sector by tracing out the charge sector, which leads to
ρs =

∑′
β,β′

[∑′
n ψ(n, β)ψ(n, β

′)
]
|β⟩ ⟨β′|. This is nothing

but the reduced density matrix of

|ψ⟩ =
′∑

n,β

ψ(n, β) |n, β⟩ . (F3)

To better characterize the structure of |ψ⟩, one can de-
rive its parent Hamiltonian. This is achieved by finding
the unitary U such that |ψ⟩ = U |ψ0⟩. Then the parent
Hamiltonian H of |ψ⟩ can be obtained by H = UH0U

†,
where H0 is the parent Hamiltonian of the spinful free

fermion state |ψ0⟩, namely, H0 = −∑i,σ(c
†
i+1,σci,σ +

h.c.). By comparing |ψ0⟩ (Eq.F1) and |ψ⟩ (Eq.F3), U
may be chosen as

U =

′∑

n,β

|n, β⟩ ⟨n, β| (−1)χ(n,β). (F4)

U is diagonal in the basis |n, β⟩ with the diagonal entries
encoding the braiding phases. While U is not a unitary
in the entire Hilbert space, it is a unitary in the restricted
Hilbert space with the Z2 ×Z2 symmetry. Alternatively,

U may be written as U =
∏L
i=1 (Sxi )

∑
j≤i n̂j , which is

the same as Eq.F4 in the symmetric subspace. We note
that n̂j is a number operator instead of a c-number. U
allows us to derive the parent Hamiltonian of |ψ⟩ through
H = UH0U

†:

H = −
∑

i,σ

[
c†i+1,σci,σPni+ni+1 ̸=2

+ c†i+1,σci,−σPni+ni+1=2Pni=1

− c†i+1,σci,−σPni+ni+1=2Pni=2

]
+ h.c.,

(F5)

where P is a projector with a subscript that labels the

subspace it projects to, and the constraint
∏
i(−1)ni =∏

i Sxi = 1 is further imposed on H.
Below we present the derivation of H: consider the

term c†i+1,↑ci,↑, it transforms as Uc†i+1,↑ci,↑U
†. To pro-

ceed, we compute the matrix entries of this matrix:

⟨n′, β′|Uc†i+1,↑ci,↑U
† |n, β⟩

= ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ .

(F6)

Since the fermion hops from i-th site to i + 1-th site,
there are only four possible cases for obtaining non-
vanishing values: (ni, ni+1) = (2, 1), (ni, ni+1) = (1, 0),
(ni, ni+1) = (2, 0), (ni, ni+1) = (1, 1). Below we sepa-
rately discuss these cases.

Case (a) (ni, ni+1) = (2, 1): in this case, one finds
the fermion hopping does not change the braiding
phase, namely, (−1)χ(n

′,β′)(−1)χ(n
′,β′) = 1. There-

fore, ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ =

⟨n′, β′| c†i+1,↑ci,↑ |n, β⟩. Alternatively, one can re-

place the braiding phase (−1)χ(n,β) with the operator∏L
i=1 (S

x
i )

∑
j≤i n̂j , and go through the algebra to derive

the same result.

Case (b) (ni, ni+1) = (1, 0): as in case (a), in
this case, one finds the fermion hopping does
not change the braiding phase as well. There-

fore, ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ =

⟨n′, β′| c†i+1,↑ci,↑ |n, β⟩.

Case (c) (ni, ni+1) = (2, 0): in this case, after
the fermion hopping, both i-th site and i + 1-th
site contain a single fermion. It follows that the
braiding sign will change when β′

i = −1. There-

fore, ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ =

⟨n′, β′|β′
ic

†
i+1,↑ci,↑ |n, β⟩ = ⟨n′, β′| Sxi c†i+1,↑ci,↑ |n, β⟩.

Writing Sxi = c†i,↑ci,↓ + c†i,↓ci,↑, the result can be sim-

plified as ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ =

⟨n′, β′| (−c†i+1,↑ci,↓) |n, β⟩.

Case (d) (ni, ni+1) = (1, 1): in this case, the braiding
sign will change if before hopping, βi = −1. There-

fore, ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ =

⟨n′, β′| c†i+1,↑ci,↑βi |n, β⟩ = ⟨n′, β′| c†i+1,↑ci,↑Sxi |n, β⟩.
Using the representation Sxi = c†i,↑ci,↓ + c†i,↓ci,↑, one

finds ⟨n′, β′| (−1)χ(n
′,β′)c†i+1,↑ci,↑(−1)χ(n,β) |n, β⟩ =

⟨n′, β′| c†i+1,↑ci,↓ |n, β⟩.

By combining the discussion on these four cases, one
obtains the parent Hamiltonian in Eq.F5.
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