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THE BURNSIDE PROBLEM FOR ODD EXPONENTS

AGATHA ATKARSKAYA, ELIYAHU RIPS, AND KATRIN TENT

ABSTRACT. We show that the free Burnside groups B(n,m) are infinite for n > 557
and m > 2. The proof uses iterated small cancellation theory where the induction
based on the nesting depth of relators. The main instrument at every step is a new
concept, of a certification sequence. This decreases the best known lower bound in
the Burnside problem for odd exponents from 665 to 557.

1. INTRODUCTION

In 1902 Burnside asked whether any finitely generated group of finite exponent is
necessarily finite. This question was first answered in the negative in 1964 by Golod
and Shafarevitch who constructed an infinite finitely generated torsion group. However,
their example has unbounded exponent raising the question whether the so-called free
Burnside group

B(m,n) = Fp,/({w": w € Fp))

of exponent n is finite where F, is the free group in m generators. For exponents
n =2,3,4 and 6 it is known by work of Burnside [3], Sanov [I§], and M. Hall [I1] that
the free Burnside group is indeed finite for any finite number m of generators. On the
other hand, in 1968 Adian and Novikov gave the first proof that the free Burnside group
B(m,n) is infinite for odd n > 4381 [2]. Later on, Adian improved the bound to odd
n > 665 [I]. The case of even exponent n turned out to be much harder. This case
was treated by Ivanov in 1992 [12], he established that B(m,n) is infinite for n > 248
[12]. Then Lysenok in 1996 improved the exponent for the even case to n > 8000 [14].
Together with the work of Adian [I], this yields that B(m,n) is infinite for all m > 1 and
all n > 8000. The proofs of Adian and Novikov use a very involved induction process
with a list of 178 assumptions. So Ol’shanskii’s geometric proof based on a deep study of
van-Kampen diagrams was an important step. It resulted in the paper [16] for exponents
n > 10'°. The proof is much shorter and more transparent than the one by Adian and
Novikov, at the expense of a significantly larger exponent.

Another more geometric approach to free Burnside groups of odd exponent was sug-
gested by Gromov and Delzant in [I0]. This has been further developed by Coulon [5].
However, their arguments also require a very large exponent n.
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Note that the restricted version of the Burnside problem asks whether there exist
finitely many different finite groups in m generators of exponent n, up to isomorphism.
This question was solved in positive by Zelmanov in 1989, [19], [20], for arbitrary expo-
nents.

While arguably the Burnside question has thus long been settled, the precise lower
bound for the infiniteness of B(m,n) remains open. Experience shows that decreasing
the exponent requires huge efforts even for small steps. We hope that our methods pave
the way for further reductions and we believe that an exponent around 300 might be in
reach.

We also believe that it is important to provide readable and accessible proofs which
give useful lower bounds for the infiniteness of B(m,n) and that the methods developed
in this paper are applicable for addressing other Burnside type questions, for instance
Engel and quasi-Engel problems, which deal with identities equal to Engel and quasi-
Engel words.

Our proof works inductively by choosing a canonical representative for every coset
in B(m,n). The induction is based on the rank of a word w € F,,, where we (roughly
speaking) define the rank rk(w) to be greater or equal to k+ 1 with respect to our nesting
constant T if the word w (cyclically) contains a subword of the form v™ for some word
v € F,, with rk(v) > k.

We define

Ni = ((w": rk(w) < k).

Thus, we obtain an ascending sequence of normal subgroups
No< N1 SN < Ni= N = ((w™: w € F)).

We inductively define the canonical form cany(w) for a word w as a canonical represen-
tative for wNg. In particular, for all wg,w; € F,,, we have

woN = w1 Ny, if and only if cang(wg) = cang(w;)

and we can define a group operation on the set of canonical forms of rank k£ making this
group isomorphic to F,,/Ny.

In order to define the canonical form cang(w) on the basis of cang_1(w) we use the
concept of a certification sequence. We think of it as carefully choosing the sides of the
relators in a given word. The important point is that for any w € F),, the canonical
form stabilizes, i.e. for any w € F,,, there is some k such that cang(w) = can(w) for all
[ > k and thus cang(w) will be the canonical representative for wN € B(m,n).

In this way we obtain a section can : F,,/N — F,, i.e. we have

can(w) = can(w’) if and only if wN = w'N € B(m,n).

The set of canonical forms can(F,,) with the appropriate multiplication then forms a
group isomorphic to B(m,n).

Thus, the main thrust of the paper lies in inductively defining cang(w) for any &k based
on 13 induction hypotheses. We will see that any cube-free element of F}, is already in
canonical form and so the infinity of the Burnside group follows immediately from the
fact that there are infinitely many cube-free words on two letters.

For our method to give a relatively short and accessible proof, we currently need the
exponent n to be at least n > 36 - 15 + 16 = 556. However, we expect that this can still
be much improved. The proof also yields (the previously known result) that the infinite
free Burnside groups are not finitely presented.



THE BURNSIDE PROBLEM FOR ODD EXPONENTS 3

2. THE SET-UP

Let F = (x1,...,2,;,) be the free group with free generators x1, ..., &y, m = 2. Then
B(m,n) =F/{{z1,...,zm | w", weF))

is called the free Burnside group of rank m and exponent n.
In this paper we prove the following

Theorem 2.1. The free Burnside group B(m,n) is infinite for m > 2 and odd exponents
n > 557.

Throughout the paper n is an odd natural number > 557. Section Bl and Section [l
describe an inductive process for the definition of a canonical form. We apply the results
of this induction in Section [ and show that B(m,n) is infinite for m > 2 and odd
exponents n > 557.

The free generators {x1, ..., 2, } of F and their inverses {z',...,z;.'} are called let-
ters, sequences of letters are called words. A word without cancellations is called a reduced
word.

We say that a word w cyclically contains a word A if A is a subword of a cyclic shift
of w.

A prefiz of a reduced word is any (not necessarily proper) initial segment of this word.
Similarly, a suffiz of a reduced word is any (not necessarily proper) final segment of it.

If N is a normal subgroup of G and wy, w2 € G represent the same element in G/N,
we say that w; and ws are equivalent mod N and we write

w1 = we mod N.

We write w; = wy to denote equality of (reduced) words in the free group.

Let A, B € F. We denote their product by A- B. If we just write AB this implies that
A - B has no cancellation. In particular, if we write A™ for some exponent m € Z, this
indicates that A is cyclically reduced.

We will frequently use the following easy observation:

Remark 2.1. Suppose that A and B are reduced words. Then the product A-B~! has
cancellation if and only if A and B have a non-trivial common suffix. Similarly, A~!- B
has cancellation if and only if A and B have a non-trivial common prefix.

For any word w we denote the number of letters in w by |w| and call it the length of
w.

Remark 2.2. Note that if w # 1 is areduced word in the free group, then Cen(w™) = (w)
if and only if w is not a proper power. In this case we say that w is primitive.

3. THE LIST OF INDUCTION HYPOTHESES

The purpose of the induction is to define the canonical form of rank i, can;(A), of A,
for all words A in the alphabet {x1,..., 2, } U {27, ..., z;'} and for all i > 0. Then
Can; denotes the set of canonical forms of rank i. To start the induction, Can_; is the
set of all words (not necessarily reduced) and the canonical form of rank 0 of a word in
Can_; is its reduced form, i.e. Cang is the set of all reduced words. Then we inductively
define the canonical form of rank i for all A € Can;_; and extend the definition to all
words in Can_; via

can;(A) = can;(can;_1(...cang(A4)...)).
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The elements of Can; are called canonical words of rank 1.

Furthermore, we will specify pairwise disjoint sets Rel; C {w": w € F primitive} of
relators which are invariant under inverses and cyclic shifts. Note that relators from Rel;
may not belong to Can;_1.

Throughout the paper we fix our nesting constant T = 15.

Definition 3.1 (Fractional powers and A;-measure). If u is a subword of a* for some
k € Z, we call u a fractional power of a and put

Ao (u)

Ifa™ € Rel;, we call u a fractional power of rank i and if k > 741 we put A;(u) = Ay (u).
If k < 7+ 1 we only define its A;-measure if it is clear from the context with respect to
which relator from Rel; the measure is taken.

We say that u has A;-measure at most m for m > 7 if either A;(u) < m or the
A;-measure of u is not defined.

_
lal

We show inductively for ¢ > 0 that Can; is a group with respect to an appropriately
defined multiplication.

The induction hypothesis at stage r: At stage r we assume inductively that the
following statements hold for ¢ = 0,...,7 — 1. Here and in what follows we will refer to
Induction Hypothesis 1 as IH 1 etc.

IH1. The canonical form of rank ¢ of every word of Can;_; is uniquely defined and
Can; = {can;(w) | w € Can;_1}.

IH2. Can; C Can;_1.

TH3. The sets Rel;, 0 < ¢ < 7 — 1, are closed under cyclic shifts and inverses and
pairwise disjoint. We have Rely = {1}, and Rel; C {w" | w € F primitive} for
1<i<r—1.

IH4. If A € Can;_; does not contain fractional powers of rank i of A;-measure >
5 — 57 — 2, then A € Can,.

Remark 3.2. Note that by TH [ we also have can;(1) = 1 € Can; where 1 denotes the
empty word, and can;(z) = x € Can; for every single letter x.

The small cancellation condition is contained in the following induction hypothesis
(see Lemma [4.9)):

IH5. Let 2™ € Rel;, y™ € Rely, 1 <7 < j <r—1, and let ¢ be their common prefix. If
i < j, then |c| < 2|y| and if 4 = j and |z| < |y, then |¢| < min{(7 + 1)|z], 2]y}
IHG6. If A € Can;, then A = can;(A).
TH7. can;(A™1) = (can;(A))~L.
Remark 3.3. By ITH[0 we have can;(B) = can;(can;(B)) for every B € Can_;. In other

words, can; is an idempotent operation equivariant with respect to taking inverses by
IH@

The following axiom states that the canonical form picks unique coset representatives:

TH8. Let A,B € Can_;. Then A = B mod ((Rely,...,Rel;)) if and only if can;(A) =
can;(B).

Remark 3.4. Note that for ¢ > 0 the set Can; is a group with respect to the multipli-
cation defined by
A, B= canl-(A . B), A, B e Canl-,
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with identity element 1 = can;(1) and inverses given by inverses in the free group.

In particular, (Cang, o) is precisely the free group F.

Notice that if A = B mod ((Rely, ..., Rel;)) and A € Can;, then can;(B) = can;(A) =
A by IHE and TH[E

For A € Can_; we thus have A = can;(A) mod {{ Rely,...,Rel; )). Furthermore,
since can;(1) = 1, we have can;(v) =1 for v € Rel;, 1 <i<r— 1.

These previous remarks can be rephrased as:
Corollary 3.5. Let A, B € Can_y. Then for i > 0 we have
can;(A) -; can;(B) = can;(can;(A) - can;(B)) = can; (A - can;(B))
can;(can;(A) - B) = can;(A - B).

TH9. Any non-empty subword of a word from Cany;, i > 0, is not equal to 1 in the
group F/{{ Rely,...,Rel; )).

Definition 3.6. A reduced word A is a-free modulo rank i if A it does not contain
subwords of the form a® where a is primitive and o™ ¢ Rel; U. ..U Rel;.

A reduced word A is a-free of rank i if it does not contain subwords of the form a®
with a™ € Rel;.

We call a triple of words (D1, D2, D3) a canonical triangle of rank ¢ if they are T-free
modulo rank i +1 and Dy - Dy - Dy =1 mod ((Rely, ..., Rel;)).

The following axiom is crucial:

IH10. (Canonical triangle hypothesis) For A, B € Can; there is a canonical triangle
(D1, D2, D3) of rank i such that A= A’D; X, B= X "'DyB’ (where X - X1 is
the maximal cancellation in A - B) such that

can;(A- B) = A'D3B'.

Furthermore, if (Dgi),Dg), Déi)) is a canonical triangle of rank ¢ — 1 such that
A=A"DY"X, B=X"'DY"B" and can;_;(A- B) = A”D{’B", then A’ is a
prefix of A” and B’ is a suffix of B” and if D; = Dgi), D, = Dg), then D3 = Dgi).
Note that if D1 = D;i),Dg = Dg), then A" = A” and B’ = B” since the maximal
cancellation is independent of i.
The multiplication A -; B = can;(A - B) in the group (Can,,-;) can be graphically
expressed as follows:
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Note that A-B and can;(A-B) represent the same element in F/((Relp, ..., Rel;)) by THE
Hence after cancelling A’ from the left and B’ from the right it follows that D; - Do and
D5 represent the same element in F/{(Rely, ..., Rel;)). In particular, if two of Dy, Dy, D3
are equal to 1, then so is the remaining one by IH

The triangles constitute the ’smoothing process’ in the multiplication of canonical
words. So ITH states that in this smoothing process the perturbation on both sides
of the multiplication seam is very limited and, furthermore, in order to obtain higher
canonical forms the smoothing area given by the canonical triangles may need to increase
(but will never shrink).

IH11. If 4A"Ry, LsA"Ry € Can; for A primitive, A" ¢ Relp U ... U Rel; then
LiANR, € Can; for any N > 7.
TH12. If A; is a prefix of A € Can;, there is a canonical triangle (Dy,1, D3) such that
Al = AllDl and cani(Al) = AI1D3
By taking inverses ITH implies also that for a suffix As of A € Can,_; there is a
canonical triangle (Ey, F2,1) such that can;(As) = E3AS and Ay = EyAS.
IH13. If A € Can_; and A™ ¢ ((Rely,...,Rel;)), then there are natural numbers K, M
and words W, Z depending only on A and 4 such that
cani(A-...- A) = WAM=KZ for all M > My,
—_—
M times
and A and A are conjugate in the group F/((Relo, ..., Rel;)).
We now collect a few immediate consequences of the induction hypotheses which will
be widely used throughout:

Corollary 3.7. Let La™ Aa™2R € Can; where A may be empty, a is primitive, a" ¢
RelgU...URel; and N1, Ny > 27. Then

can;(La™') = La™M' "7 X,
can;(a™R) = Ya* "R,
can; (V' Aa™?) = YaM 7T AT X,
where X =Y =a” mod ((Relp,...,Rely)) and X,Y only depend on a and i.
Proof. By IH[I2] there is a canonical triangle (D1, 1, D3) of rank 4 such that
LaN = La™ Ya;D; and cani(LaN) = La™¥ Va1 Ds
for some v < 7 and a prefix a; of a. Write X = a" Va1 D3, so La® Va1 D3 = LaV " X.
Since D; = D3 mod ((Relp, ..., Rel;)), we have
a” =a" Ya1D1 =a" Ya1D3 =X mod ((Rely,...,Rel;)).

Since N > 27, by IH [ we have Lia® X € Can; for any K > 7 and any L; such that
Lya™ is a prefix of a word from Can;. Now L1a®*™ = L1a®X mod ((Relg,...,Rel)),
hence by Remark 3.4 we obtain that can;(L1a®*7) = L1a® X. So, X depends only on

a and i. By taking inverses and applying the previous case on both sides the remaining
claims follow. O

For convenience we also note the following:

Corollary 3.8. Let La™t™2R € Can;, N1 + No > 7, where a is primitive and a™ ¢
RelpU...URel;. Let M € Can_y be such that M = a® mod ((Relp,...,Rel;)). Then

can;(La™* - M - aN?R) = La™ N2t R,
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Proof. Since M = a® mod ((Rely,...,Rel;)), we see that
La™ - M -a™R = La™™2"*R  mod ((Rely, ..., Rel;)).
IH [ implies that La™*"2t«R ¢ Can;. Therefore Remark B.4] implies the result. [

Since canonical triangles are 7-free of rank i, fractional powers of rank i and A;-
measure > 7 block the influence of the smoothing process obtained from the canonical
triangles in the computation of the canonical form for subwords and products:

Corollary 3.9. Let A = A’'D1X, By = X 'DyMa™R € Can; and can;(A - By) =
A'DsMa™ R for some canonical triangle (D1, D2, D3) of rank i and primitive a with
a™ ¢ Rely U...URel; (where M may be empty).

If By = XﬁlDQMCLTRl S Canl-, then canl-(A . BQ) = A/DgMaTRl.

Proof. By IHIlapplied to A’D3Ma™ and a™ R; we have A’D3Ma™ R, € Can,. Since D1 -
Dy = D3 mod ((Rely,...,Rel;)), wesee that A’DsMa™ Ry = A-B; mod ((Rely, ..., Rel;)).
Thus, Remark 3.4l implies the claim. O

Clearly the corresponding statement for A, - B, As - B follows from this by considering
inverses. Similarly we have

Corollary 3.10. Let A = La" MU"WR, Ay = Lia" Mb™W R, € Can; where a,b are
primitive and a™,b"™ ¢ Rel;U. . .URel; (where M, W may be empty). Then can;(Lia™ Mb™W)
is obtained from can;(La™ Mb™W) by replacing L by L.

Proof. By TH[I2 there is a word D 7-free of rank i + 1 such that
can;(La" Mb™ W) = La”" M XD
where X is non-empty and bW = XD mod ((Rely,...,Rel;)). By IH [l applied to
Lia™ and a" M XD we have Lia" M XD € Can;. Since
Lia"MXD = Lia" MU™W  mod ((Rely,...,Rel;)),

Remark [3.4] implies the claim. O

4. THE INDUCTION

In this section we start showing that the induction step works. We first establish the
induction basis for i = 0. Note that although we have defined Can_; with index —1,
ranks of the canonical form and canonical triangles start from 0.

4.1. Induction basis.
Proposition 4.1. The sets Relg, Cang, and Can_1 satisfy IH[IHI3.

Proof. Since Rely = {1} and the canonical form of rank 0 of a word from Can_; is its
reduced form, all the induction hypotheses are easily verified. In particular, all sides of
canonical triangles of rank 0 are equal to 1. ([l

Note that IH [, TH Bl and IHE] are not defined for i = 0, but will be verified for i > 1
inside the proofs.

Now assume that TH [IHI3] hold for Can_y,...,Can,_1, Relp,...,Rel._;. In order to
prove the induction step, we now construct Rel, and Can,. such that Can_1, ..., Can,,
and Rely, ..., Rel, also satisty TH [IHI3
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4.2. Cyclically canonical words. The multiplication of canonical words requires the
smoothing process given by canonical triangles at the seam between the words (see TH[IQ).
Hence in general can;(A) - can;(A) # can;(A) -; can;(A) = can;(A - A). We now define
cyclically canonical words of rank i, i = 0,...,r — 1, for which equality holds at least
approximately:

Definition 4.2 (cyclically canonical words). We say that a word A is cyclically canonical
of rank 0 if it is cyclically reduced. We call a cyclically reduced word A cyclically canonical
of rank i for i > 1 if A™ is a subword of a word in Can; and A = AX for a primitive
word AY ¢ Relp U...URel;.

The set of all cyclically canonical words of rank i, i > 0, is denoted by Cycl,.

Clearly cang(AX) = AX for every A € Cycl, and K > 0 and if A = AKX is cyclically
canonicalof rank 4, then so is A;.
The following are immediate consequences of the induction hypotheses:

Lemma 4.3. (1) Cycl, C Cycl,_,.
(2) Cycl, is closed under taking cyclic shifts and inverses.
(3) If A € Cycl, and ANt € Cycl,, then ANz € Cyel, for all Ny, Ny > 1.
(4) Cycl, N (RelpU...URel;) = @.
(5) If A € Cycl,, i > 0 and K > 47, then can;(AX) = Ty AK=27Ty where Ty, Ty only
depend on A and i.

Proof. (1) and (2) are clear and (3) follows from TH [Tl
(4) This follows directly from the definition.
(5) is a consequence of TH [Tl and Corollary B7 O

4.3. Sets of relators Rel, and their common parts. Recall that Rely = {1}, Cycl,
is the set of all cyclically reduced words and that throughout the paper we fix the nesting
constant 7 = 15. We put

Rely = {z" € Cycl, | |z| = 1},
Rely = {z" € Cycl; | Cen(z) = ((z)),|z| > 1 and z does not
cyclically contain a” for a € Cycly \ {1}}.
For r > 3 we define:
Rel, = {2" € Cycl,_, | Cen(z) = (z) and if x cyclically contains a” for
a € Cycly, Cen(a) = (a), then a™ € Rel; U...URel,_1}.
Remark 4.4. Note that by definition for r > 3, if " € Cycl,_; and x does not cylically
contain a subword a” with a™ € Rel,_1, then 2™ € Rel; U... U Rel,—_1. In this way
the sets of relators Rel; for ¢ > 2 are defined by the nesting depth of power words that
contain at least 7 periods (see Corollary [.g)).

After completing the induction process we prove in Corollary B that by organizing
the relators according to their nesting depth, we obtain

B(m,n) 2F/<<L)Re1i>>.

Since Cycl,_; is closed under inverses and cyclic shifts, if 2™ € Cycl,_; is such that
x cyclically contains some a” with a™ € Rel;y U...URel,_1, then so does =™ and any
cyclic shift of ™. So with Lemma [.3[(4) and IH [3] for ranks < r we obtain:
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Lemma 4.5. TH[3] holds for Rel,..
Corollary 4.6. If 2", y"™ € Rel;,© > 1, then z7 is not cyclically contained in y.

Proof. This follows directly from Rel; N"Rel; = @ for ¢ # j and the definition of Rel;. O

We also note the following:

Lemma 4.7. If x € Cycl,_; is primitive, then either x™ € Rely U...U Rel,, or z
cyclically contains a™ for some a™ € Rel, if r = 3, (or a™ € Rel; URely if r = 2).

Proof. If x does not cyclically contain any subwords of the form a7, then, by definition,
™ € Rely. If x cyclically contains only subwords of the form a” with a™ € Rel; U... U
Rel,_1, then, again by definition, 2™ € Rel; U...URel,.. So assume z cyclically contains
a subword a” where a is primitive and ¢ ¢ Rel; U...URel,_;. Then |a| < |z|, and
by Lemma .3(4) and induction on |x|, we have a” € Rel, or a (and hence z) cyclically
contains b” for some b € Rel, if r > 3, (or b™ € Rely URely if r = 2). By Corollary [4.0]
the cases are mutually exclusive. ([

Lemma L7 and Lemma [A3|(3) with » — 1 in place of r now imply:

Corollary 4.8. If z" € Rel,, then x cyclically contains a™ for some a” € Rel,_; if
Tz 3, (O’I’ a € Reh URGIQ Zf?" = 2)

The following important statement is proved in [7].

Lemma 4.9. Let 2", y™ be two reduced words such that x and y do not centralize each
other in F. Let ¢ be a common prefiz of ™ and y™. Then |c| < |z| + |y| — ged(|x], |y]),
where ged(|z|, ly|) is a greatest common divisor of |x| and |y|.

Lemma 4.10. Let 2", y" € Rel;, i > 1, x # y, and ¢ be a common prefix of " and y".
Assume |z| < |y|. Then |¢| < min{2|y|, (7 + 1)|=|}.

Proof. Forr = 1, by definition of Rely, we have |z| = |y| = 1, so the claim is obvious. Now
let i > 2. Since 2™ # y™ € Rel; we have Cen(z) = (z), Cen(y) = (y) and (z) N {y) = {1}.
So it follows from Lemma [0 that |¢| < |z| + |y| < 2|y].

From |c| < |y|+ |z| we see that if |¢| > (7+1)|z|, then we must have |y| > 7|x|. Since ¢
is a common prefix of ™ and y™, this implies that y contains 27 as a prefix, contradicting
Corollary O

Corollary 4.11. Let x,y be primitive, x € Cycl,_1,2"™ ¢ RelgU...URel;,y™ € Rel;, 1 <
i<, and let ¢ be a common prefiz of ™ and y™. Then |c| < 2|z|.

Proof. If i = 1, then y is a single letter and since x is primitive, we have |c| < |z|. Thus
the claim holds for ¢ = 1.

If ¢ > 2, then z cyclically contains a subword a” with a™ € Rel; by Corollary 8 If
lc| > 2|z, then |z| < |y| by Lemma [ and since any cyclic shift of z is a subword of z?
and hence of y2, we see that y also cyclically contains a”, contradicting Corollary 6l [

Now Lemma [.10] Corollary 11l and Rel; N Rel; = @ for i # j directly imply:

Corollary 4.12. IH[J and IH[H hold for Rel;, i =1,...,r.
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4.4. Turns of rank r. If u is a fractional power of a, there exists a cyclic shift @ = asay
(a1, a2 may be empty) of a = ajas such that u can be written in the form

(1) u=a%a; or u=a *a;', ke NU{0}.

The set of fractional powers of rank 5,1 < j < r, is defined as
{u | u is a subword of RN, R € Rel;, N € Z}.
Note that since Rel; is closed under cyclic shifts and inverses, this coincides with
{u|u is a prefir of RN, R € Relj, N € N}.

Remark 4.13. If u is a fractional power of rank j, 1 < j < r of Aj-measure > 7 + 1,
then by THE (for 1 < j < r) and Lemma A0l (for j = r) there exists a unique relator
a™ € Rel; such that u is a prefix of a®, K > 0. So u can be written uniquely as

(2) u = afay, where a™ € Rel;, a = ajas, k € NU{0}.

Clearly, any fractional power u of rank j can be represented as in ([2). However,
without the condition that u contains > 7+ 1 periods of a relator, the relator a™ € Rel;
need not be unique, which is why we require in Definition B.1] that either k¥ > 7+ 1 or
that the corresponding relator is clear from the context.

The following simple definition is a crucial concept for everything that follows:

Definition 4.14 (occurrences of rank j, 1 < j < r). Let U be a subword of A € Can_;.
Then the occurrence of U in A is determined by its position inside A. We say that
an occurrence U is properly contained in A if it is neither prefiz nor suffix of A.

Let A = LuR € Can,_1 where u is a fractional power of rank j. If u is not properly
contained inside an occurrence uy in A which is also a fractional power of rank j, then
u s called a maximal occurrence (of rank j) in A.

ILe. if A= LUR = L'UR' with L' # L,R’ # R, then A contains two different
occurrences of U.

Note that for any prefix u of a* with k& € N and suffix w of a, the word wu is reduced
and contained in a®**1. This motivates the following definition:

Definition 4.15 (Prolongation of occurrences of fractional powers). Let a™ € Rel, and
suppose u,w are occurrences in a’* for some K € N. If u is properly contained in w, we
call an occurrence of w in A € Can,_; a prolongation of the occurrence u in A.

Remark 4.16. If u = a®a; with a™ € Rel,, then all prolongations of u with respect to
a are fractional powers of a. If £ > 7 + 1, then for prolongations of u we do not have
to mention a by Remark as a is unique (up to cyclic shift). However, if u contains
< 7+ 1 periods of a, then u may also be a prefix of another relator b™ € Rel,.. In that
case it is possible that v has no proper prolongation in A with respect to a, but u does
have a proper prolongation in A with respect to b.

For further reference we can now state the following characterization of maximal oc-
currences:

Remark 4.17. Suppose A = LuR € Can,_; with u = a*a;, a® € Rel;,1 < j < 7,
a = ayas (where as can be empty) and k € NU {0}. Then by Remark 2] « does not
have a proper prolongation in A with respect to a if and only if there are no cancellations
in the words L -a~! and aj 'ay' - R.

In particular we see that if vu and wu are prolongations of u with respect to a, then
v is a suffix of w or conversely and the word v - w™! is not reduced.
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Corollary 4.18. Let A € Can,_q and let w = aFa1,k > 7+ 1,a" € Rel;,a = aiag, for
some 1 < j < r. Then there exists a unique maximal occurrence of rank j containing u
and it coincides with the mazximal prolongation of u in A.

Proof. This follows directly from Lemma and the previous remark. O

For further reference we now record the following version of Lemma .10l Here and
in what follows we say that a word c is an overlap of words v, w if ¢ is a suffix of v and
prefix of w.

Corollary 4.19. Let A € Can,._1, let u; be a maximal occurrences of rank r in A, let
us be an occurrence in A of rank r not contained in uy. Write uy = aFaq, ug = b%hy,
where a™,b™ € Rel,, a = ajaz, b = bibe, and |a| < |b|. If ¢ is the overlap of u1 and usz,
then |¢| < min{(r + 1)|al,2[b|}.

Proof. By taking inverses if necessary we assume that c is a suffix of u; and prefix of us.
Then we can write ¢ as ¢ = @*'a;, where @ is a cyclic shift of @ and @ = @,a and k; > 0.
Then c is a common prefix of @V and b for some N € N and a cyclic shift @ of a. Since
up is a maximal occurrence and ws is not contained in u; we see that @ # b and hence

the claim follows from Lemma [A.10 O
If w = a*a; is a proper prefix of the relator a” € Rel,,a = ajag, we call v = a™" -

k7"+1a271 the complement of u with respect to the relator a™. Clearly, v is the

! Loy =am.

u = a

complement of u with respect to a™ if and only if u-v™" =0~

Remark 4.20. Let A = LuR € Can,_; where u = afai,k > 0,a™ € Rel,, is a maximal
occurrence of rank 7 in A and put v =a""-u. If v # 1, then we have L-v- R = LvR: if
k < n there are no cancellations in L -v- R by Remark [£17 as u is a maximal occurrence
and if & > n there are no cancellations in L - v - R because there are no cancellations in
the initial word LuR = La*a; R. In particular, if £ > n, then v has no prolongation with
respect to a.

Note also that if u contains > 7+1 periods of the relator a™ (that is, if |u| > (741)]al),
then a™ is the unique relator in Rel, with prefix « by Remark 13l So, the complement
of u is defined without referring to the particular relator and in this case we will simply
call v the complement of u.

The next definition is central to our approach:

Definition 4.21 (turns of rank r). Let A = LuR € Can,_; where u = a*a;,a =
aias, k > 0,a™ € Rel,, is a maximal occurrence of rank r in A. Let v = a~™ - u. The
transformation

A= LuR+—— can,_1(LvR)
is called a turn of rank r in A, or, more specifically, the turn of v in A.

Note that we may have k > n and that the reduced form of v is one of the following:

Yy akF~"ay if k > n,
abn eyt if k<.

3)

The following observation will be convenient:

Remark 4.22. (i) Let a = ajaq be a cyclically reduced word and a = asa; a cyclic shift
of a. For any ¢,k € N we have

a”t- (akal) =d"t a=a;- (azal)k_t = al(agal)k (agay) ™t
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=d*ay - (a2a1)7" = (a¥ay) a7t
Hence if A = LuR € Can,_; where u = a”
with complement v = a™" - u, then we see that we can move the multiplication with a™
to any position across u by using the appropriate cyclic shift a™ of a™:

a1 is a maximal occurrence of rank r in A
n

LvR=L-a " - uR=1Lv -a " u"R
where u = v/u" and u” is a prefix of @" for some N > 0.

(ii) Note that this also shows that if w is a not necessarily maximal occurrence of
rank 7 in A € Can,_1, u = afa; for some a™ € Rel, with k > 7 + 1, then if we multiply
u from the left by a=" (and take its canonical form), we automatically turn the maximal
prolongation of u with respect to a.

Remark 4.23. Let A = LuR € Can,_; where u = aFay is a maximal occurrence of
rank r in A with complement v = ¢=" - u. Then by Remark 3.4] and Remark [£.22] the
result can,_1(LvR) of turning v in A satisfies

cany_1(LvR) = cany,_1(L-a™"-uR)=L-a™ " -uR
=Lu -a " -u"R mod ((Rely,...,Rel,_1)),
for any decomposition u© = u'u”, where @" is the appropriate cyclic shift of a™.

In order to describe the resulting word after a turn of rank r we first establish the
following general lemma:

Lemma 4.24. Suppose a™ € Rel,, as, a3 are (possibly empty) suffizes of a, Laza™ and
R~ 'asa® are prefizes of words in Can,_; and assume asa®™ is a mazimal occurrence,
Ar(aza™) — 7 > A, (aza®™) > 27. Then there exists a canonical triangle (Dy, D2, D3)
such that

can,_1(Laga™ -a ®az'R) = LDsR',LD; = Lasa™ - a ®az',R=DyR
Furthermore, if A,(aza™) — 7 > A (aza®®), then L = Lwg for a prefix wo of aza™

with A(wo) > A, (aga - G_Kagl) -7

Note that by considering inverses and using the fact that Can,_; and Rel, are closed
under inverses, for the case 27 < AT(azaM) < Aasa® — 7 we also obtain

can,_j(Laga™ - a ®a;'R) = L'DswoR, L = L' Dy, DowoR = asa™ -a %a;'R
for a suffix wg of a_Kagl and some canonical triangle (Dy, D2, D3).
Proof. By Corollary we have
can,_(Laza™ - a™®az'R) = can,_1(can,_1(Laza™) - can,_1(a ¥ a3 'R)).
By Corollary 3.7 we have
can,_(Laga™) = La™ "X and canr,l(a_KaglR)) = X_la_K+Ta§1R.
So can,_1(Laga™ - a_KaglR) = can,_1(Laga™ "X - X_la_K+Ta§1R).

Put W = a3a®~"X. Since aza® is maximal, W - W~! is the maximal cancellation in
this product. By IH [I0 there is a canonical triangle (D1, D2, D3) such that

Laga™ "X = LwuW = LD;W and X 'a K*+7a;'R =W 'R =W ' DyR'
for a prefix w of aza™ ¥, prefix L of Lw and suffix R’ of R such that

can,_i(Laza™ % -a;'R) = L'D3R’.
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If A,(aza™ - a’Kag_l) > 7, then L= Lwy for a nonempty prefix wy of aza™ with
Ay (wo) > Ap(aza™ - a=Kazt) — 7. O

The following proposition describes the resulting word after a turn of a maximal
occurrence of rank r of A,-measure > 7. Below is an illustration that presents both
A = LuR and the result B of the turn of v in A with complement v. Note that the
canonical triangles (D1, D2, D3) and (F1, Ea, F3) could intersect. In fact, the relative
position of these two triangles on the circle corresponds to the Types 2. and 3. in the
following proposition.

L - D2 R

D3 E3

,Ul

Lemma 4.25. Let A = LuR € Can,_; where uw = a*a; is a mazimal occurrence of
rank v in A, a™ € Rel,, k > 7, and a = a1as (where a1 can be empty). Letv=a"" u
and consider the turn of rank r in A:

LuR +—— LvR —— can,_1(LvR) if v # 1;

LuR+— L-R+—can,_1(L-R) ifv=1.
Putm=1—-1ifk<nandm=1+k—nifk>n.
(i) The result of the turn is of the form
L'QR

where L' is a prefix of L, Ris a proper suffix of uR and we have one of the following
three possibilities:

Typel.
can,_1(LvR) = LvR, L' =1L,Q = v is a fractional power of a and R=R;
Type2.
can,_1(LvR) = L' D3v' B3R/, L=L'D,, R=FE;R, v=Dy'E;,

where the remainder v’ of v is non empty, and (D1, D2, D3) and (E1, Es, E3)
form canonical triangles of rank r — 1. Here v is a fractional power of ¢! and
Q = D3’UIE3.
Type 3.
can,_1(LvR) = L'DyEsR, L = L'Dy, Q = DEs,

where Dj is a not-empty prefix of a side of a canonical triangle of rank r — 1, Dy
and E3 are a sides of canonical triangles of rank r — 1, L’ is a prefix of L and R
is a proper suffix of a™a; R.
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Type4.
can,_1(LvR) = L'E3R, Q = Es,

where Ej3 is a side of a canonical triangle of rank r — 1, L’ is a prefix of L and R
is a proper suffix of a™a; R.

(ii) If £ > n + 7, the result is of Type [l and if 7 < A,(u) < n — 27 (or equivalently,
n—1 = A (v) = 27), the result is of Typell with A, (v') > A,.(v) — 27 > 0.
(iii) Unless Q@ = D3v'E3 with [v/| = (7 + 1)]a] or Q@ = v with |v| > (7 + 1)|a|, Q is
(37 + 1)-free of rank r.
Proof. First assume k —n > 7. Since LuR = La*a, R € Can,_, and k,k —n > 7, it
follows from ITH [ that LvR = La*~"a; R € Can,_; as well. Hence can,_;(LvR) = LvR
by TH[Gl and so the result is of Type[ll

Now suppose that 7 < k < n+7. Then v = aF—"+1 ~a;1 and this product is reduced if
and only if ¥ < n. While we would like to compute can,_1 (LvR) by applying Lemma [4.27]
to La™" - uR, we do not know that La~" is a prefix of a word in Can,_;. Therefore

we appeal to Corollary and first write LvR as a product of suitable subwords from
Can,_1. To this end we take N > 27 and rewrite LvR as follows:

LuR = Lak—n-{-l . a;lR _ (LaN-'rT) . (a—N—T .ak—n—i-l .agl a/;la—N—T) . (aN—i-TalR)
v

_ (LaN-'rT) . (a—QN—2T+k—n) . (aN+Ta1R).

Since A = LuR = La*a1R € Can,_; and k > 7, it follows from IH [II] that also
La¥a,R € Can,_; for any K > 7. Therefore, La" and a™ai R are prefix and suffix,
respectively, of a canonical word of rank » — 1. Since Can,_; is closed under taking
inverses, also a=2N=27tk=" i5 a subword of a word from Can,_;. Thus, Corollary B.1
applies to the words La®, aNa R, a=2N =27k~ yielding

Zy = can,_1(LaNT7) = La¥ X,
(4) 22 — Canrfl(a72N72T+kin) — )(710172]\#‘,»]6771}/717

Z3 =can,_1(a""a1R) = YaN a1 R.

Hence can,_1(Z; - Zo) = can,_(La™¥ X - X_la_zNJrk_"Y_l)
= can,_(La" - g 2N +hony —1),

By Lemma [24] applied to La® and Ya?V~*+" (see the comment after the lemma) we
find a canonical triangle (D1, D2, D3) such that

Z =can,_1(Z, - Zy) = L'D3voY ~! with L = L'Dy, DovY ! = N-nthy -1

Clearly if v is a fractional power of a=! (i.e. if k < n), then v is a prefix of DavgY ~1.

Now can,_1(LvR) = can,_1(Z - Z3) = can,_1(L'D3voY ' - Yaa, R)
= canr,l(L/ngo . CLNﬂLlR).

Let v}, be the prefix of vy (if any) that is not cancelled in the product vg-a™¥a;. Note that
vg may have a proper prolongation 7 = vyvg in L' D3vy with respect to a~'. We again
apply Lemma B.24] to L'Dsvg, aNa1R or their inverses and obtain another canonical
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triangle (E1, Eo, F3) and the following cases according to the position of this triangle
relative to Ds:
Type 2
canr_l(Z . Zg) = L/D3’U/E3R/
where L = L'Dy, R = EsR’, and v = Dov'E7. So in particular A, (v') > A,.(v) — 27, and
this happens exactly if v{ is not contained inside E;:

cany—1(LvR)

Types 3 and 4 If v is contained in F; (in particular if vy cancels completely), then
can,_1(Z - Z3) = L'DyEsR or can,_1(Z - Zs) = L" E3R,

where Df is a non-empty prefix of D3, L” is a prefix of L’ and R is a suffix of a™ay R.
Notice that the suffix of aNa, R remaining after cancellation with L'Dsvg is a proper
suffix of a™ay R, so R is a proper suffix of a™ayR. If E; is properly contained in D3y,
the we obtain the first formula that gives Type 3. Otherwise we obtain the second formula
that gives Type 4.

canp—1(LvR)

Now we prove the last part: if @ = D{FE3 or @ = Ej3, then @ is 27-free of rank r,
because Dj and Ej3 are 7-free of rank r.

Let Q@ = D3v'Es and |[v/| < (7+1)]a|. Assume that Q) contains 637!, where b" € Rel,..
Since D5 and E5 are 7-free of rank r, we obtain that v’ contains b” 1. Hence, it follows
from Lemma FI0 that a1 is a cyclic shift of b. Therefore, |v| > (7 + 1)|b| = (7 + 1)|al,
a contradiction.

Let Q@ = v and |v| < (7 + 1)|a|. Assume that @ contains b7+, where b € Rel,. Then
it follows from Lemma EI0l that a is a cyclic shift of b. Therefore, |v| > (37 + 1)[b] >
(1 + 1)]al, a contradiction.

(]

By considering inverses and using IH [1 we also obtain the following “left” version of
Type B in Lemma (instead of the current “right” version). It is important to note
that while the description of the canonical form may differ, it is in fact uniquely defined
and therefore, these two versions agree.

Remark 4.26. In the situation of Lemma .25 (and with the same notation) we obtain
the following “left” description of can,_1(LvR) for Types[Bl and @
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Type[d’ and[j).

can,_1(LvR) = EFgGlgRI,
where R' is a suffic of R, F3 is a side of a canonical triangle of rank r — 1, G§ is a
(possibly empty) suffix of a side of a canonical triangle of rank r — 1, and Lisa proper
prefix of La™a; .

Convention 4.27. If A = LuR € Can,_; for some maximal occurrence u of rank r
with 7 < Ap(u) < n we say that the turn A — can,_;(LvR) = B is of Type 2 provided
B=L'D3sv'EsR')L = L'D1,R = DsR',v = Dov'E; as in Type[2 of Lemma [£.25]

Corollary 4.28. Let Ay = LuiR1, As = LusRs € Can,_; where u; = afai,us =
a™ay are mazimal occurrences of rank r, uy is a prefix of us and T < Ap(u1) < Ar(uz2) <
n — 27. Let v;,i = 1,2, be the complement of u;. Then there is a canonical triangle
(D1, Do, D3) such that the result B; of turning u; in A;,i = 1,2, is of the form

Bl = L/D3U1E3RI1 and Bg = LIDg’UéFg,R/Q

where v and v} have a common a prefix of Ar-measure > n — A, (u2) — 27, R} is a suffic
of R;,i = 1,2, and Es3, F3 are sides of respective canonical triangles of rank r — 1.

Proof. Consider the decomposition of Lv; Ry and Lwvs Rg into three factors Z1, Zs, Z3 as
in the proof of Lemma Then the factor Z; = La™ X is identical in both cases, the
factor Zs is of the form X~ 1q 2N+k—ny—1 and X~ 1g2N+tm—ny—1 o differs only in
the exponent of @ by m — k, and the third factor is of the form Ya™Na;R;, i = 1,2. By
Corollary we see that in either case the product Z = can,_1(Z; - Z3) is of the form
L'D3vp 1Y 1 and L' D3vg oY ~1, respectively, where A, (vp1) = Ay (vo.2)+Ay(u2)— Ay (u).
Thus, looking at the proof of Lemma we see that after multiplying either of these
results with Z3 the product will have a prefix of the form L'D3zv] for some prefix v] of
vo,1 of Ap-measure > n — A, (ug) — 27. O

Corollary 4.29. Let A = LuR € Can,_1 where u is a maximal occurrence of rank r
with 7 < Ay (u) < n—27 and let B = L'D3v'EsR’ be the result of turning u in A. Let w
be an occurrence of rank r in R with A,.(w) > 7. Then R’ contains a non-empty suffix
w of w with Ap(w') > Ap(w) — 7.

Proof. By Lemma B is of the given form. By the description of Type 2 we have
R = E>R’' where E5 is 7-free of rank r. So w cannot be entirely contained in Fs, so
Ar(w') > Ap(w) — 7. O

Corollary 4.30. Let A; = LuMb™R; € Can,_1,7 = 1,2, where u is a mazimal occur-
rence of rank r with 7 < Ar(u) < n— 27, b™ € Rel,, and assume that the result By of
turning u in Ay is of the form

Bl = LID3UIE3MIbTR1,
where M' is a suffic of M and (D1, D2, Ds),(E1, E2, E3) are canonical triangles of
rank r — 1. Then the result By of turning u in As is of the form

BQ = L/DBU/EBM/Z)TRQ
with the same canonical triangles.

Proof. This follows directly from Corollary {29] TH 1] IH [6] and TH [ (see also the
proofs of Corollaries 3.9 and E.28]). O
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The following statement is a useful particular case of Corollary 430 with M =
MlaTMQ:

Corollary 4.31. Let A; = LuMia™ M3b™ R; € Can,_1,7 = 1,2, where u is a mazimal
occurrence of rank r with T < Ap(u) < n— 27, a”,b" € Rel,.. Then there are canonical
triangles (D1, Da, D3), (E1, Eo, E3) such that the result B;,i = 1,2, of turning u in A; is
of the form

Bi = L/Dg’U/EgMébTRi
where M} contains a non-empty suffiz of a™, i.e. the canonical triangles do not depend
on R;.

4.5. Inverse turns. From now on we will fix the following notational conventions:

Convention 4.32. For A = LuR € Can,_; where u is a maximal occurrence of rank r
with 7 < A (u) < n—27 (i.e. the turn of u is of Type 2) we use the following conventions:

(1) v denotes the complement of u;

(2) v denotes the remainder of v after turning u in A;

(3) B = can,_1(LvR) = L'D1v'E1 R’ is the result of turning u in A for canonical
triangles (D1, Da, D3) and (Ey, Es, E5) where L = L’'D;,R = E3R' and v =
Dg’U’El;

(4) if A(v") = 7+ 1, then v is the maximal prolongation of v' in B (and coincides
with the maximal occurrence of rank r in B containing v').

We next prove that a turn of Type [2] of a maximal occurrence v with complement v
has a natural inverse turn, namely the turn of the maximal prolongation ¥ of v’ in B
(provided © is a maximal occurrence).

Lemma 4.33. Let A = LuR € Can,_1, where u is a maximal occurrence of rank r in
A with 7 < Ap(u) <n— (374 1) and let B = L'D3v'EsR’ be the result of turning u in
A. Then the result of turning U in B is equal to A.

Canr,l(L/Dg ca” - ’U/EgR/) =A

where u is a prefix of a™ € Rel, and v’ a prefix of some cyclic shift a=™ of a™™.

L R
f !
N _/

~ ~

L, Ry

Thus, if the maximal prolongation ¥ of v’ with respect to a~! is a maximal occurrence

of rank r in B, then the turn of ¥ in B is defined and by Remark £22] (ii), the result of
turning v in B is equal to A.

Proof. Suppose that u is a prefix of a”™ € Rel, and so v’ a prefix of some cyclic shift a="
of a™™.
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We see that @ - v/ = Dy 'uE; " and by the properties of canonical triangles we have
DiuEy = D3 - Dy 'uE; ! - E3 mod ((Relo,...,Rel,_;)). Hence
A= L'(DiuE;)R = L'(Ds- Dy *uE; " - E3)R'
=L'D3-a"-vE3R" mod ((Relg,...,Rel,_1))
Since A € Can,_1 by assumption, the claim now follows from IH [8 and TH O

Remark 4.34. Note that turns of Type 3 do not have inverses. Furthermore, if the
remainder v" after a turn of Type 2 has A,-measure < 7+ 1, then the maximal prolonga-
tion ¥ of v' with respect to a~! need not be a maximal occurrence, so again the inverse
turn need not exist.

In turns of Type 2, the A,-measure of the maximal prolongation of v’ in either direction
is bounded by 7:

Lemma 4.35. Let A = LuR € Can,_1, where u is a maximal occurrence of rank r in A
with 7 < Ay (u) <n. Let u be a prefiz of a™ € Rel, and put v =a"™-u. Assume that the
result B of turning u in A is of Type 2 and write B = can,_1(LvR) = L'Dsv'EsR’. Let
U = viv'vy be the mazimal prolongation of v’ in L' Dsv'EsR' with respect to a='. Then
|vi| < max{|Da|, | D3|} and |va| < max{|E1|,|Es|}. Thus, Ar-(v;) <7,i=1,2 and

n—A(u) =27 <A (V) < A(0) < Ap(V)) + 27 < n— Ap(u) + 27.

L/

Proof. Assume towards a contradiction that |v1| > |D2l,|Ds|. Let 2Dy denote the max-
imal common suffix of 41Dy and v1. If 2z # w1, then 2Dy = v1. Otherwise A,.(v1) > 7
since A,(u) > 7. Since Dj is 7-free of rank r, we see that |zDz| > |Ds| in either case.
Thus, L'D3 = L" 2Dy = L"2' D3 and hence 2z’D;z7! is a subword of A. However, since
D3-Dy;' = D; mod ((RelgU...URel,_1)) by the definition of a canonical triangle, we
have 2'Dy27' = 2/'D3- Dy 'z~ =1 mod ((RelgU...URel,_1)), contradicting THE [

For further reference we note the following immediate consequence of the previous
lemma:

Corollary 4.36. Let A = LuR € Can,_; where u = a*a, is a mazimal occurrence of
rank r with 7 < Ay (u) <n—(37+1) and let B = L'D3v'E3R’ be the result of turning u.
Then the mazimal occurrence U of rank r in B containing v’ is the maximal prolongation
of v with respect to a=' by Corollary[{-.18 and

A (0) < A (V) 4+ 27 < Ap(v) + 27 = (n— Ap(u)) + 27.

Hence at least one of u and U has A.-measure < § + 7, at least one of u and v has
Ar-measure > 2 — 7, and the turn B — A of turning v in B is inverse to the turn

2
A~ B.
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Proof. Since v' has A,-measure > 7+ 1 by Lemma .25 (ii), the maximal prolongation ¥
in B with respect to a~! is a maximal occurrence of rank r in B and its turn is inverse
to the turn of u in A by Lemma 33l The bound on A,(?) is given in Lemma
Furthermore if A,(u) > § + 7, then A (V) <n — (§ +7) +27=§ + 1. O

For convenience we will say that a turn of an occurrence u is a turn of A,-measure

A (u).

4.6. Influence of turns on other maximal occurrences. In this subsection we de-
scribe the effect that a turn of a maximal occurrence has on other maximal occurrences
in the original word. We will use the following conventions:

Convention 4.37. We will say that an occurrence u in A is to the left (right) of an
occurrence w in A if the starting point of w is left (right, resp.) of the starting point of
w and between occurrences w and w’ if the starting point is.

Convention 4.38. Let A € Can,_; and assume that ui,...,u; is a sequence of max-
imal occurrences of rank r in A. We use the notation A = LT u;...u; 'R (thereby, in
slight abuse of notation, ignoring overlaps between the occurrences or subwords separat-
ing them) where L, R are prefix and suffix of A which may have overlaps with w1, u.,
respectively, of A,.-measure < 7+ 1.

If the word is clear from the context we may also ignore the prefix and suffix and
simply write A = Ty ... u; ", especially in power words.

Convention 4.39. Let A € Can,_1 and let u, us be maximal occurrences of rank r. Let
Bj be the result of turning u; in A. Clearly, when turning «; the occurrence us might be
truncated to a subword uf or even be canceled completely. However, if A, (u4) > 7+1, the
maximal prolongation us of u§ in B is uniquely defined and coincides with the maximal
occurrence containing uj by Corollary I8 We call uz the occurrence corresponding to
ug. For ease of notation we may then also write A, (uz2, B1) to refer to the A,-measure
of ’U,~2 in Bl .

Turns of occurrences and multiplication of canonical words introduce perturbations
on the boundaries of these operations that are captured by the introduction of canonical
triangles. Since the sides of these triangles are 7-free in the corresponding ranks, an
occurrences u measure > 7 in the corresponding rank absorbs the effect of the canonincal
triangle and protect the remaining word from further perturbation. In other words, we
will see that if A = LuR for a maximal occurrence u of A,-measure > 7, then a turn of
rank 7 of Type 2 inside L will have no effect on R and vice versa. Therefore we introduce
the following terminology:

Definition 4.40. Let A = Lui1WusR be a reduced word and ui and us mazimal occur-
rences of rank r. We say that ui,us are isolated in A if W contains an occurrence a”
and strongly isolated from each other if W contains a subword of the form a™ M1b™ Moc™
with a™,b™, c™ € Rel, (where My, My may be empty) and in this case we call W a strong
isolation word (in rank r). We say that u; and us are close neighbours in A if they are
not isolated from each other.

Furthermore, we say that w1 and uy are essentially non-isolated if there are f1 €
{u1,v1} and fo € {ug,v2} such that turning f; in W = L' f1fo"R’ does not leave f;
invariant for {i,j} = {1,2}.

We say that a word W is a strong separation word (in rank r) from the right if in any
word A = LuW R € Can,_; the mazimal occurrence u of rank r is strongly isolated from
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any mazimal occurrence of rank r in A which has overlap with R (and similarly for the
left).

Examples 4.41. Words of the following form are strong separation words from the right:

o If A = Lu1WusR is a reduced word such that uy and us are essentially non-
isolated mazimal occurrences with 7 < Ay(u;)) < n— (37 + 1), then W does
not contain a subword of the form a™ M1b™ Mac™ with a™,b™, c™ € Rel, by Lem-
mas [1.29], [{.53 and [7.39].

o W = anga{MgagMgagHM;;, where afj,al,ay,ay € Rel,, My, My, M3 can be
empty, My is not empty and a§+1 cannot be prolonged to the right.

o WV = a’O'Mla{MzagMgagH, where af,al,ay,ay € Rel,, My, My, M3 may be
empty, a§+1 cannot be prolonged to the left.

o W = ajMoa] Myaj Msaiz Msal, where af,al,ay,ay € Rel,., My, My, Ms can be
empty, and Msa3 is a primitive word (in particular, M3 is not empty).

Proof. Clearly every W is a strong isolation word. We have to show that if W = Wiy for
some fractional power y = b¥b; of rank r, then W is still a strong isolation word. For the
first two cases this follows directly from Lemma[T9l For the third case, this is immediate
if |b| < |as| from Corollary ET9l If |b| > |as|, then |b] < 7|as| by Corollary @6l Hence by
Lemma [£.9 comparing the suffixes of b¥b; and aj Mza] we see that |y| < |Mzaj| + |b| <
|aZ MaaZ|. O

If u; and us are isolated from each other in A, then wus is not affected from turning
uy and vice versa:

Lemma 4.42. Let A = Lui MusR € Can,_1, where u1, us are maximal occurrences of
rank r isolated from each other in A and 7 < Ar(u1) < n— 27. Let By denote the result
of turning uy. Then

By = L'D3vi EsM'us R for some non-empty suffix M" of M.

In particular uz = wus (as words occurring in By and A, respectively, see Conven-

tion [{-39).

If uy,ue are strongly isolated, then 01 (if it is defined) is isolated from usy in By

Proof. Since M contains an occurrence w of rank r with A, (w) > 7, both claims follows
from Corollary [4.29 and Lemma [4.35] O

In order to consider the influence of a turn on a close neighbour we first note the
following:

Lemma 4.43. Consider Dv', where D is T-free of rank v and v’ is a fractional power
or rank r. If z is a mazximal occurrence of rank r in Dv' not containing v', then A.(z) <
27 4+ 1.

Proof. Write z = z9z; where zq is a suffix of D and z; a prefix of v’. Since D is 7-free of
rank r, we have A, (z0) < 7 and by Lemma [.T0 we have A, (z1) < 7+ 1. O

Lemma 4.44. Let A = LuR € Can,_1 where u,z are distinct mazimal occurrences of
rank r in A with Ay (u) 2 7+ 1 and Ar(2) = 37+ 2. Let B be the result of turning u in
A. If B=L'D3v'EsR’ is of Type 2 with A.(v') = 7+ 1, the occurrence Z corresponding
to z in B is well-defined and

A(2) — 27 +1) < A(3) < An(z) + (27 + 1).
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Proof. Since z does not contain u, by symmetry we may assume that z is contained in
Lu = L'Dyu. Thus we may write z = 2’X where 2’ is contained in L’ and X is a prefix
of Diu. By Lemma we have A.(X) < 27+ 1 and so A,(2') > 7+ 1. Hence the
the corresponding occurrence z = z'Y in B is well-defined and cannot contain v’ by
Lemma 38 since A, (v') > 7+ 1 and A.(2') > 7. So Z = 2'Y where Y is a proper prefix
of Dsv’. Again by Lemma 43 we have A, (Y) < 27 + 1 and the result follows. O

We call 2’ the remainder of z after turning v (in analogy to v’ in Lemma [4.25]).

Remark 4.45. In the previous lemma, both z and Z are prolongations of z’. Since
A-(2') = 7+ 1, either z = Z or one is a proper prefix of the other by Remark [A.T6]

Remark 4.46. If A = LuR € Can,_1 where u, z are as in Lemma [£.44] and the result
B = L'QR’ of turning w is of Type 3 or of Type 1 or 2 with A,.(v') < 7+ 1, then Z may
contain @) and we may have A,.(2) > A.(z) + (27 + 1). On the other hand, if the turn is
of Type 3 in Lemma [£.27] it is also possible that the occurrence z is completely cancelled
and has no trace in the result of the turn.

Corollary 4.47. Let A € Can,._1 and let u1, us be maximal occurrences of rank r in A
and 27 +1 < Ap(u1), Ar(u2) < n—27. Write A = Lui R and assume that ug is contained
i u1R. Let v be the complement of uy. Then the result of turning uy in A is of the
form
can,_1(Lv1R) = L' Dsvi EsM'ub R’ for a suffic M'uyR' of R

where ub is a non-empty suffiz of us with Ap(ub) > Ar(ug) — (27 + 1) and uhy = ug if
M’ #1.

Proof. This follows immediately from (the symmetric version of) Lemma [£.44] applied
with v = u; and z = us. O

Remark 4.48. Let A € Can,_1 and let uq, us, u3 be maximal occurrences of rank r in
A enumerated from left to right. By Lemma the overlap of us with u; and ug has
A-measure < 7+ 1. So if A, (uz2) > 27 + 2, then there is a subword of us of A,-measure
> A, (u2) — (27 4 2) not contained in either uy or ug. In particular, if A, (u2) > 37 + 2
(or = 57 4 2, respectively), then uy, us are isolated (strongly isolated, respectively) in A
(by a subword of us).

The previous remark implies the following:

Corollary 4.49. Let A € Can,_; and let X be a set of mazimal occurrences of rank r
in A of Ap-measure = 31 + 2. Then any mazimal occurrence in X to the left of u € X
is isolated from any mazimal occurrence in X to the right of u, and so any u € X has
at most one close neighbour in X on either side. Similarly, if all occurrences in X have
A,-measure > 5T 4+ 2, then on either side of u there is at most one mazximal occurrence
in X which is not strongly isolated from w.

Lemma 4.50. Let A € Can,_1 and let uy, us,us be maximal occurrences of rank r in A
enumerated from left to right and of A.-measure = 37+2. Suppose A,.(uz) < n—k(r+1)
where k is the number of close neighbours of us. Let B be the result of turning us. Then
uy and uz are isolated in B (witnessed by a subword of vh) and strongly isolated in B if
Ar(u) <n—(Br+k-(1+1))

Proof. By Lemma (i) we have A, (vy) > n — A(uz) — 27 and by Lemma [£44] we
know that A, (u1), A, (u2) = 7+ 1 and so the corresponding occurrences are well-defined.

Since 4;, i = 1,3, can have an overlap with 05 only if u; is a close neightbour of us, the
claim follows from Corollary [4.19 (]
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4.7. Commuting turns of rank r. Our next aim is to show that the result of turning
maximal occurrences of appropriate measures in A € Can,._; is independent of the order
in which we perform these turns.

Corollary 4.51. Let A = LuiMusR € Can,_1, where uy, us are mazrimal occurrences
of rank r in A isolated from each other. If 7 < Ap(u1), Ar(u2) < n— 27, then the result
C of turning uy and us is independent of the order in which we perform these turns and
we have

C=L-ai" wuM-a;" usR mod ((Relp, ..., Rel,_1)).
Proof. By Lemma [£.42] we know that the result By of turning u; in A satisfies:
By = can,_1(LvyMusR) = L' Dyvi EsM us R
=L-a;" - uiMusR mod ((Relp, ..., Rel,_1)).

It follows from this that for M = MyM’ we have
(5) L-a]"-u1My = L' D3vi E3 mod ((Relo, ..., Rel,._1)).
Similarly, for the result C' of turning us in By we obtain

can,_1(L'D3v| EsM'vaR) = L'D3v| EsM' - a3™ - usR mod ((Relp, ..., Rel,_1)).
Combining this with (&) we thus obtain

C=L-ai" - u1MoM'-a;" -usR mod {((Relp, ..., Rel,_1)).
By considering inverses and using Remark [£.23] we see that first turning us and then

uy yields the same result. So the claim follows from IH [6] and TH &l O

Definition 4.52. Let A € Can,_1 and let uq,...,us be mazimal occurrences of rank r
in A enumerated from left to right with 7 < Ay(u;) < n—(374+1). Put Z = {u1,...,u}.
We call an occurrence u ¢ Z, solid in A with respect to Z if after turning any subset of
Z in any order the remainder of u (see the definition after Lemmal[{.44) is an occurrence
of measure > 7+ 1. We call the sequence u1,...,us solid if each u;,1 < i < t, is solid in
A with respect to Z \ {u;}.

We say that the sequence (ug, ..., us) has a gap at i if u; and u;11 are strongly isolated.

The conditions imply in particular that all u;,v;,i =1,...,t, have A,.-measure > 7+1
(and hence their maximal prolongations are unique).

Note that for a solid set of occurrences each turn of one of the occurrences is of Type
2 and has an inverse turn. Clearly any subset of a solid set is again solid.

Lemma 4.53. Let A = L"uj,us 'R € Can,_1, where uy,us is a solid sequence of mazi-
mal occurrences of rank r in A. Then the result of turning ur and us is independent of
the order of the turns.

Proof. As in the proof of Corollary 5] the statement follows directly from the fact that
both results of turns are equivalent mod ((Rely,...,Rel,_1)) and THE O

We now write ¢ = 27 + 1.

Proposition 4.54. Let A € Can,_1 and let uy,...,us be maximal occurrences of rank r
in A enumerated from left to right and suppose that u; is an initial segment of al* € Rel,,
i=1,...,t. Assume

(c1) all occurrences u;, 1 < @ < t, are solid in A with respect to uy, ..., u;
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(c2) 7+ 1 < Ap(u)) Km—Ar+1+k-¢€) if uj has k close neighbourd] among uj,
J#i
Then the result of turning (the occurrences corresponding to) the u;,i =1,...,t, (in the
sense of Remark[].39) is well-defined and independent of the order of the turns.

Proof. We know from Corollary 5T and Lemma 53] that under the given assumptions
the turns of any two occurrences u;, u;,% # j, commute. Therefore the result follows once
we establish that after turning an occurrence u; the maximal occurrences corresponding
to the remaining occurrences u;, j # 1, still satisfy the assumptions of this proposition.

By assumption on A, (u;) and Lemma TypeRlwe have A, (v)) > 74+ 14k -& where
k is the number of close neighbours of u; among the ;. Furthermore, if v} has overlap
with ., m € {i — 1,7+ 1}, then by Lemma [£.42] u; was a close neighbour of u,,. Since
the overlap of u, and v has A,-measure bounded by 7+ 1, we see that after turning u,,
the occurrences u;_1,u;41 are isolated from each other. Furthermore, A, (4;) = A, (u;)
if u; and w; were isolated from each other, and A, (4;) < Ap(uj;) + € if uy, and u; were
close neigbours for m € {i — 1,7 4+ 1}, in which case the number of close neighbours of
U, among the 4}, j # 4, is exactly one less than the number of close neighbours of w,,
among the u;. Since by Condition we have A, (u;) > 7+ 1 we see that Condition
holds for {uj,1 < j#i<t}

Since after turning u; the occurrences u;_1, u;+1 are isolated from each other, clearly
Condition continues to hold for {u;,1 < j # ¢ <t} by Lemma 42 O

Definition 4.55. We call a sequence of mazximal occurrences in A € Can,_1 stable if it

satisfies Conditions and from Proposition [{-54]

Remark 4.56. Note that if A € Can,_; and X is a set of maximal occurrences of
rank r in A where for each u € X we have 5743 < A,.(u) < n— 87 — 3, then X is stable.
Furthermore, u;,u; € X are isolated for |i — j| > 2.

To simplify notation we may now use the following convention:

Convention 4.57. If A € Can,_1 and uq,...,us is a stable sequence of maximal oc-
currences of rank r in A with complements v1,...,v; and B is the result of turning a
subset of Z = {uy,...,us}, then by Proposition £.54 we may simply denote the maximal
occurrences U; or v; in B by w;, v;, respectively.

Turning an occurrence u; can be considered as choosing the side v; in the relator
uivfl. Hence for choices f; € {u;,v;},1 < i < ¢, we will write B = L'™f ... f; 'R’ for
the result of turning members of {u; € Z: f; = v;} in A, extending Convention .38

Note that the proof of Proposition .54l shows the following important property:

Corollary 4.58. Let A € Can,_q, let u1,...,us be a stable sequence and let B be the
result of turning u;. Then the sequence (of occurrences corresponding to) uj, j # 1, is a
stable sequence in B.

Informally speaking, solid occurrences prevent a turn of an occurrence on one side to
influence occurrences on the other side:

Lemma 4.59. Let A € Can,_1 and u1,...,u; be a stable sequence of maximal occur-
rences of rank r in A and let w be a solid mazimal occurrence of rank r in A with respect
to uy,...,us. Then there exists a unique mazimal occurrence w that corresponds to w in

I'Note that 0 < k < 2 by Condition [(c1)]
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the result of the turns of uy,...,us. Furthermore if w is between u;, u;4+1 and not isolated

from k of them, then |A,(w) — Ap(W)| < ke if k £ 0 and w =w if k = 0.

Proof. By Proposition [£.54] we can turn ui,...,u; in any order. We do induction on
k = 0,1,2. The case k£ = 0 follows from Lemma Now assume k > 0 and let
u; be a close neighbour of w. Then after turning u; we have |A,(w) — A (W)| < € by
Lemma 44l Note that w is uniquely defined because w was assumed to be solid with
respect to uq,...,u; and w isolated from w;_; by Condition of a stable sequence.
Furthermore, w lies between w;_1,u;41, is solid with respect to the stable sequence
ULy ooy Uie1, Uit 1, - - -, e and is not isolated from k — 1 of them. Thus the claim follows
by induction. O

Remark 4.60. Lemma .59 shows that w only depends on the turns of wu;, u;41.

Lemma 4.61. Let A € Can,_1 and S = (q1,...,q) be a stable sequence of mazimal
occurrences of rank r in A. Let So = (u1,...,us) be a subsequence with complements
V1,...,0s such that A, (V;) > 57+3. Let B be the result of turning uq, ..., us and assume
that all maximal occurrences in B have A,-measure < n — 8t — 3. Then the maximal
occurrences {Q € S\ So}U{v; |i=1,...,s} form a stable sequence of rank r in B.

Proof. Tt suffices to verify that these occurrences are solid in B. By Proposition 54
Corollary 458 Lemma 59 and Remark it is enough to check that ¢; is solid in A
with respect to g;—1, gi+1 and ¥; is solid in the result of turning u; in A with respect to the
occurrences corresponding to ¢;—1,¢;+1. This follows from the initial assumptions. O

Lemma 4.62. Let A= LCVR € Can,_1. Suppose C = "uy...uy ' where uy,...,uy is
a stable sequence of maximal occurrences > 57+ 3,k > 2. Then fori=1,...k, the result
B; of turning all periodic shifts of u; in CN is of the form

Bl = LID3’UI1E3FUQ e u;ﬂ(rvlw e ukj)N_lR;

B, =L("up ... uj—10;Ujt1 ... uk—')NR fori#£1k;

By = L(rul .. .uk_lvkj)N_lrul - uk_lngv;EgR'.

Furthermore, if C = "u" contains a single mazimal occurrence u with 57 + 3 < Ay (u) <
n—(37+2),ie. A= L u"WR, the result B of turning all periodic shifts of u inside CN
is of the form

B = L'D3v' B3(Tv )N 230" G3 R
where v’ and v are respective remainders of the complements of maximal prolongations

of u.

Proof. This follows from Corollaries[Z.28 and E.31] and their corresponding right version.
O

4.8. M-semicanonical forms of rank r. Recall that ¢ = 27 + 1.

Definition 4.63 (x > %). A word in Can_; is k-bounded of rank r if all occurrences of
rank v have Aj-measure < k. A k-bounded word from Can,_ is called k-semicanonical
of rank r and SCan, , denotes the set of all k-semicanonical words of rank r.

If A, A" € Can,_1, A’ € SCany,, and A’ and A represent the same element of the
group F/{(Rely, ..., Rel,)), then A’ is called a rx-semicanonical form of rank r of A.

We emphasize that k-semicanonical forms of rank r are not unique and that, by
definition, SCan,, C Can,_;. Eventually we will have Can, C SCanz 13741,
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Definition 4.64. Let A,C € Can,_1 and suppose that either Z = L'QR’ € Can,_1 is
the result of a turn of a maximal occurrence u of rank r in A = LuR where @ is (37 +1)-
freeor Z =A-._1C = AQC’ where Q is T-free of rank r. Suppose that L', R’ and A’,C’
are k-bounded. If there is a unique maximal occurrence w of A.-measure > k + ¢ in Z,
then we call w a seam occurrence (with respect to ). A seam turn is a turn of a seam
occurrence.

We collect a number of useful observations:

Lemma 4.65 (x > § +7). Let A= LuR € Can,_1, where L, R are k-bounded in rank r
and u is a mazimal occurrence of rank r in A with k < Ar(u) < n. Let B = L'QR’ be
the result of turning u in A.

(i) If A,(v") = 7+ 1, then B € SCany e,
(i1) If B ¢ SCanycr, then Ap(u) >n — (37 +1).

(#i) If B contains a mazimal occurrence w of A,-measure > k+7+ 1 containing Q, then
w is the unique maximal occurrence of A,.-measure > k+ 7+ 1.

(iv) B contains at most two mazimal occurrences w of A.-measure > k+ 7+ 1, one from
the left of Q and one from the right.

(v) If B ¢ SCany., then B contains a unique occurrence of A.-measure > K + €.

Proof. We first note that @ is k-free. This is clear if the turn A — B is of Type 3 or of
Type 2 with A,(v') < 7+ 1 and follows from n —x < § —7 < k& — 27 and Lemma B35
in case it is of Type 2 with A, (v') > 7+ 1.

(i) We have 7 + 1 < A, (v') < kK — 27 by Lemma 25 Thus, A,(?) < £ by Lemma 135
and the A,-measure of any other maximal occurrence in L and R can increase from the
turn of w at most by A,-measure < € by Lemma [£.43] Hence B € SCan, ..

(ii) If B ¢ SCanyye,r, then A, (v') <741 by part (i). Hence A, (u) > n — (37 +1).

(iii) Let w be a maximal occurrence in B of A,-measure > x + 7 + 1 containing Q.
If A.(Q) > 7+ 1, then w is the unique occurrence containing ¢ by Lemma If
A (Q) < 7+ 1, then w contains a suffix of L'Q and a prefix QR’ each of A,-measure
> 7+ 1 and hence w is the unique occurrence containing @) by Lemma [0 If w’ is
another maximal occurrence in B of A,-measure > x+7+1, then w’ is properly contained
in L'Q or QR and the overlap of w’ with @ must have A,-measure > 7 + 1. Hence the
overlap of w and w’ has A,-measure > 7 + 1 again contradicting Lemma

(iv) If there are at least two maximal occurrences in B of A,-measure > k+7+1, then by
part (iii) they must be contained in L'Q or QR’. Since L', R’ and Q are x-bounded, any
maximal occurrence of A,.-measure > k + 7 + 1 in L’Q contains both a suffix of L’ and
a prefix of @ of A,-measure > 7+ 1 (and similarly for QR’). Hence such an occurrence
is unique by Lemma

(v) If B ¢ SCan,y, then A, (v") < 7+ 1-free by part (ii) and so the turn is of Type 1 or
2 with A,.(v") <7+ 1 or of Type 3. If the turn A — B is of Type 3, then @ is 27-free.
Hence any maximal occurrence of A.-measure > k + ¢ contains ) and so is unique by
part (ii).

Now assume that the turn A — B is of Type 1 or 2 and Q = Dv'E where D, E are
7-free and A, (v') < 7+ 1 so that @ is 37 + 1-free. In this case any maximal occurrence
w of A,-measure > k + ¢ must contain a prefix of Dv'ER’' and a suffix of L'Dv'E of
A,-measure > ¢ and hence there can only be one such w by Lemma [£.10 d
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Lemma 4.66 (x > § + 7). Suppose A, B € SCan, ;.. Then
Z =can,_1(A- B) = A'D3B’ € SCan, 4.,
unless Z contains a seam occurrence.

Proof. Since D3 is 7-free and A, B are k-semicanonical, any occurrence of A,-measure
> k + ¢ in A’D3B’ must contain both a suffix of A’ and a prefix of B’ of A,-measure
> 7+ 1, and hence is unique. O

For a sufficiently big constant p the natural greedy algorithm of turning occurrences
of A,-measure > p converges and leads to a p-semicanonical form of rank r of the word:

Lemma 4.67 (1> 5 +97, a =57+ 3). If A€ Can,_ and A = LuR — B is the turn
of the mazimal occurrence u of rank r in A with A,(u) > u, then d(B) < d(A) where
d(X) denotes the sum of the A.-measures of all mazimal occurrences of rank r in X of
A,-measure > a for X € Can,_1.

Proof. Note that d(A)—d(B) > A,(u)—S where S is the sum of A,-measures of maximal
occurrences in B = L'QR’ that did not contribute to d(A) but count for d(B). These
arise from maximal occurrences in B of A,-measure > « having nontrivial overlap with
Q. Note that if w = fq is a maximal occurrence in A that contained in L'Q, where £
is a suffix of L’ with A,(¢) > «a, then only A,(¢) may contribute to S, and similarly for
maximal occurrences contained in QR’. So in order to compute an upper bound for S,
we may assume in such cases that A,(¢) < o and hence A,(¢q) < a + A,(¢). Note that
by Lemma 27 (iii) and Lemma .43 we have A,.(q) < 37 + 1.

If @ is 37 + 1-free, any maximal occurrence in B that contributes to S must contain a
suffix of L’ or prefix of R’ (or both) and at least one of the suffix or prefix must have A,.-
measure > 7 + 1. By Lemma there can be at most one such occurrence from either
side of ) and only one if both overlaps with L’ and R’ are of A,-measure > 7+ 1. Hence
we can estimate the contributions in S by S < 2(a+47 4+ 2) = 187+ 10 < p < A (u)
(because n > 187 + 20).

By Lemma (iii) it remains to consider the case that the turn is of Type 2, so
Q = D3v'E3 (where D3, E3 may be empty) with A,.(v') > 7+ 1.

Here contributions to S can arise from ¥ and, as before, from maximal occurrences
containing a suffix of L’ or a prefix of R’. By Lemma 335 we have A, (V) < A, (v) + 27,
and so Aq(u) — Ap (D) > Ap(u) — (n — Ap(uw) + 27) > 2(97) — 27 = 167. Furthermore
the occurrences containing a suffix of L’ or a prefix of R’ may contribute at most 2a +
2(27 + 1) = 147 + 8. Hence again A, (u) — S > 167 — 147 — 8 > 0, and this finishes the
proof. O

The previous lemma immediately implies:

Corollary 4.68 (1= 5 +97 > n— 77 —3). Any A € Can,_; can be transformed into
a p-semicanonical form of rank r of A by a sequence of turns of occurrences of rank r of
A,-measure > pu, starting from A.

While the previous algorithm is the most intuitive way to obtain a semicanonical form,
the bound p = 5 +97 will not be good enough for our purpose. Therefore we will further
improve this bound below.

For future reference we record the following observation:

Lemma 4.69 (x > § + 7). If A B with A, B € SCan,, is the turn of a mazimal
occurrence u in A of Type 2, then n — k — 27 < Aq(u) < K.
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Proof. By Lemma 27 (ii) we have n — A,.(u) — 27 < A,.(v") < k.
O

The following lemma will be used in Section [l to define an auxilliary group structure:

Lemma 4.70 (5 +7 <k <n—"77—3). Let A,C € SCan,, and Z = can, _1(A-C) =
A1D3Cy. Then there is a sequence of seam turns

Z =A1D3C1 — Zy = AQQQCQ = L = AkaCk =7 ¢c Scan,{+(37+1)17«

such that Aiy1,Ciq1, @ < k— 2, are proper prefix and suffiz of A;, C;, respectively, Q; is
(37 + 1)-free of rank r for i < k, the last turn has A,-measure > k+ 37+ 1 and all other
turns have A,-measure >n — (37 +1). We write Z' = prod, 4 3,41).(A4 - C).

Proof. If Z = A1 D3Cy ¢ SCany e, then, by LemmalL66, Z contains a seam occurrence
w of A,-measure > k + € that properly contains Ds. Hence the result of turning w in
Z is of the form Z; = A3Q2C5 where Ay, Co are proper prefix and suffix of Ay, Cy,
respectively. If Z ¢ SCany.y (3741),r, then Ap(w) >n — (37 + 1) by Lemma .65 (ii) and
Z5 contains a unique maximal occurrence wq of A,-measure > k+(3741) by Lemma [£.65]
(v). Since n — 37 — 1 > K + 37 + 1), wy has non-trivial overlap both with A, and Cs.
Let Z3 be the result of turning we in Zs. If A, (w2) < n— (37 +1), then Zs € SCanyt.
by Lemma (ii), and we are done. Otherwise wy is the seam occurrence in Z, (of
A,-measure > n—37—1). We continue until Z, = Z’ € SCany43-41,,. Since at each step
we obtain a proper prefix of A; and B; by the description in Lemma [£.25] this process
stops with Z’ = prod, 5., , (Z) after finitely many turns. O

Lemma 4.71 (5 +37+1 < po < 1 < n— 77 —3). For A € SCan,, , there exists a
sequence of turns of rank r and A,-measure > pg — €

A=C1 = Cy—...—= C € SCany, ,
such that all C; are (p1 + €)-semicanonical of rank r.

Proof. Let (ug,. .., u,) be an enumeration of all maximal occurrences in A of A,-measure
> p2 — 2¢ enumerated from left to right. Note that this forms a stable sequence (see
Remark {.56]) and hence u;, u; are isolated for | — j| > 2. Let u = u; be the left-most
maximal occurrence of rank r in A of A,-measure > us — ¢ and write A = LuR. Then L
is (p2 — €)-bounded of rank r and R is pi-bounded. Since n — (37 + 1) > 1 = A (u) >
p2 — €, the result B = L'OR’ of turning u belongs to SCan,,, 1. by Lemma AG5(i) and
A (D) < po — € by Lemma [£25 Furthermore, L' is ps-bounded by Lemma .44

We consider in B the left-most maximal occurrence w in ¥R’ of A,-measure > us — €.
Then w corresponds to uj, j > 4, in the original sequence. Since A,(u) < p1 < n —
(37+1), by Lemma 65l (i) B € SCan,,, +.. Moreover, there exists at most one maximal
occurrence of A,-measure > g1 in B and if it exists, it is contained in ¥R’ and must
agree with w. Write B = LiywR;. Then R; is pi-bounded. Now we turn w and argue
as above. Let L{ZR' be the result of the turn. Although L; is not uz — e-bounded now,
since A, (V) > 37 + 2, all maximal occurrences in B from the left of ¥ stay unchanged in
the result of the turn. Therefore L}Z is us-bounded. We continue to argue in the same
way until we reach the end of the sequence (ug, . .., tn). O

From now on we fix A\ = 5 + 37+ 1.

Corollary 4.72. Every A € Can,_1 has a A-semicanonical form of rank r.
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Proof. By Lemma[d.68 every A € Can,_; has a ( +97)-semicanonical form. Now apply
Lemma BT with A = po < py = 5+ 97 <n— 77 — 3. O

While by Proposition [£.54] the result of a number of turns is independent of the order
of the turns, the properties of the intermediate results may depend on the order.

Lemma 4.73 (k > 57 + 3). Let A € SCany, , and let uy,...,u; be a stable sequence of
mazimal occurrences of rank r in A enumerated from left to right. Let B be the result of
turning all u;, 1 =1,...,t, and assume B € SCan, .

If A= Xy— X7 — ... = X; = B is the sequence of turns from left to right, then
X; € SCanyqcr fori=1,...,t.

Proof. Assume towards a contradiction that X; ¢ SCan,y., for some i. Let w be a
maximal occurrence of rank r in X; that does not correspond to w;41. If there are
occurrences to the left of u that are not yet turned in X, then w is to the right of ;1.
Since w;41 is solid with respect to uq, ..., u;, the occurrence corresponding to w in A is
equal to w as a word. So, A, (w) < k.

If A,(w) > k + €, then by Lemma w does not correspond to any u;, j > i+ 1.
So all occurrences that are not yet turned in X; are to the right of w and w is solid with
respect to them. By Lemma[£59 the occurrence corresponding to w in B has A,-measure
> K, a contradiction. [l

Corollary 4.74 (u=mn— 81 —3). Let Xo — X1 — ... — X| be a sequence of turns of
rank v and A,-measure > 97 + 5, where Xy € SCan,, and X; € Can,_;. Then there
exists a stable sequence of maximal occurrences ui,...,u; of rank r and A,.-measure
> 57 4+ 3 in Xo such that the result of the corresponding turns is equal to X;.

Proof. The proof is by induction on [. If | = 1, there is nothing to prove. So consider
I > 1 and assume inductively that there exists a stable sequence (g1, ..., ¢s) of maximal
occurrences of A,-measure > 97 + 5 in Xy whose turns results in X;_1. If we turn them
from left to right, then by Lemma [£.59 every turn is of A,-measure < i+ =n— 67— 2.
Hence the maximal occurrence that contain the remainder of the complement has A,.-
measure > 47 + 2. So again by Lemma the corresponding maximal occurrence in
X;_q is well defined has A,-measure > 27 + 1. Let z1,..., z; be maximal occurrences in
X;_1 that correspond to the remainders of the complements of ¢y, ..., gs.

Assume that X;_; — X is the turn of an occurrence w. Then either @ coincides with
some z;, or u lies between z;, z;+1 for some i. If & coincides with some z;, we put u = ¢;.
Now consider the second possibility. By the initial assumptions, A,.(@) > 97+5. Hence ¢;
and ¢;11 are isolated in Xy and Xo = L¢; M q;+1R. When we first turn the g, j # 4,9+1,
then by Lemma the result is of the form L,q;M ;11 R1, where Ap(G:), Ar(qix1) <
iw+e=mn—6r—2. Since u > 97 + 5, we obtain that X;_1 = Low’; E3sM’'Fsw’;11Ro,
where w;, w; 41 are complements of ¢;, ¢, +1 and w’;,w’;41 are their remainders. Hence
the common part of M’ and w has A,-measure > 57 + 3. So its maximal prolongation u
in Xg is unique. We denote it by wu.

If u = ¢; for some i € {1,..., s}, then we claim that {q1,...,¢s}\ {¢} is the required
set of occurrences. Clearly, they form a stable sequence. By Proposition E.54] we may
assume that turning ¢; is the last turn and hence the turn X;_; — X is its inverse.
Therefore, X; is the result of turning the occurrences in {q1,...,¢s} \ {¢}-

If u ¢ {qi,...,qs}, then {q1,...,qs} U{u} is the required set of occurrences. Indeed,
since 57 + 3 < Ay (q:), Ar-(u) < n — 87 — 3, they form a stable sequence and clearly X; is
the result of their turns. O
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We need the following lemma in Section

Lemma 4.75 (n = n—87—3, A= §437+1). Let A € SCan,,, and A1, Ay € SCany . .
Assume that A1 and As are obtained from A by sequences of turns of A,.-measure > 97+5.
Then Ay can be obtained from As by a sequences of turns where all intermediate words
are in SCany4r4er-

Proof. By Lemma [£.74] there exist stable sets X7, Xs of maximal occurrences of rank r
in A of A,-measure > 57 4+ 3 such that A; is the result of turning the occurrences
in X;,4 = 1,2. Since all occurrences in X;,i = 1,2 satisfy the restrictions 57 + 3 <
Ar(u) < p, X = X1 UAXs is a stable set. Therefore Lemma [£61] implies that the maximal
occurrences in A; that correspond to X (and to remainders of complements of turned
occurrences) form a stable set ) in A;. Clearly turns of some subset of )V in A; give A,.
Using Lemma .73 we turn them from left to right and obtain the required sequence of
turns. ([

We next aim to show that turns commute (under suitable conditions) with the multi-
plication of canonical words. This will be used in Section

Lemma 4.76. Let A = LuX,C € Can,_; for a mazimal occurrence u = a*ay,a"™ € Rel,,

and let B be the result of turning u. Assume that can,_1(A - C) = A’DC’ where A’,C’
are prefiz and suffiz of A and C, respectively, and D is T-free of rank r. Let u' be the
(possibly empty) common part of u and A’. Then the following holds:

1) I AT ’U/ 2 T+ 1, and u is the mazximal occurrence containin, u' m AIDch, then
g
the fOllOU)Z.TLg diagmm commutes:

turn of u

A=LuX —— B

.

turn of u

can,_1(A-C) —— can,_1(B-C)

(2) If Ap(u) > % =37 —1 and Ap(v') < 27 + 1, then C = X '¢ 'R, where X 'c™!
is the mazimal cancellation in uX - C. Then ¢~ is a fractional power of a~' with
Ar(c™Y) > 3—(67+2). Let @ be the mazimal occurrence in can,_1(B-C) corresponding to
¢! (note that @ then also corresponds to ¥, if this is defined). Then A, (@) > n—(47+1)
and the following diagram commutes:

turn of u

A=LuX —— B

_

turn of W

can,_1(A-C) <«——— can,_1(B-C)

Proof. In the first case we can write can,_1(A4 - C') = LuR; and let Z be the result of
the turn of w. Then Z = La™ -uR; = La ™ -uX - C = can,_1(La™ -uX)-C=B-C
mod ((Relg, ..., Rel,_1)). So the first part follows from IH [6l and TH [8l

For the second case if A, (u) > §—37—1and A, (u’) < 27+1, then A,(c) > §—(67+2).
So can,_1(B-C) = can,_1(La™" - u-c 'R) = can,_1 (LwR), where w = a™" - u - ¢! is
a fractional power of a=! with A,.(w) >n — (37 + 1).
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Now write LwR = La™ -a=NwR. Since A,(u), A,(c) > 7, IHII and then Lemma .27
are applicable and imply that can,_;(LwR) = L' Fsw'R, where w' is a suffix of w with
Ar(w') > Ap(w) —7 > n — (47 +1). So w' has a unique maximal prolongation @ and
by Remark and TH [} the result of the turn of @ is equal to can,_1(La™ - wR) =
can,_1(La"™ - (a™™ - u-c ')R) = can,_1(A - C). O

Note that by symmetry, if both @ and @ are defined in can,_1(A - C) and can,_;(B - C),
respectively, then both diagrams in the above situation commute. Furthermore, if v is
defined in Lemma .76 then i comes from merging of ¥ and c¢~! (this effect is described

in Remark [£.40]).

Similarly to Lemma (2) the following extension of Lemma holds.

Lemma 4.77. Let A = LTujus 'R € Can,_1 be such that A,(uy) > 5 =T, U1 5 @
fractional power of a™ € Rel,, uy is solid with respect to uy and uy is not solid with
respect to us. Then A = LTujus " Xc 'Ry, where ¢=' is a fractional power of a~* with
Ar(c™') > B — (97 4 3). Let B; be the result of turning u; in A and C be the result of
turning the remainder of us in By. Then there exists W a mazimal occurrence of rank r
in C that corresponds to c=! (and to 0y if it is defined) such that A, (@) > n — (47 + 1),
and the following diagram commutes:

turn of uq
A —— B

turn of ug l lturn of u’2

turn of W

By «~—— C

Proof. We can write A = Luj MusR, where v} is a prefix of uy with A, (u}) > Aq(u1) —
T — 1, u’l = U1 it M 7§ 1. Let Zl = canr,l(Lu’lM), Z2 = Canr,l(UQR), W1 be the
result of turning the occurrence that corresponds to uj in Z; (which has A,-measure
> Ap(u1) =27 —1 > & — 37 — 1), and W be the result of tuning the occurrence that
corresponds to ug in Zs. Then by IH 8 and Remark By = can,_1 (W1 - Z3), B2 =
can,_1(Zy - Wa) and C' = can,_1 (W7 - W3). So the result follows from Lemma (2)
applied to Zl, Wl, WQ. [l

5. DEFINING THE CANONICAL FORM OF RANK 7

5.1. Determining winner sides. Recallthat 7 =15,e =27+1andlet y =n—-8r—3 >
5 + 97

In this section we define the canonical form of rank r of A € SCan,, C Can,_;.
For this we consider all maximal occurrences of rank r in A € SCan, , of A,-measure
> 57 + 3. Since p = n — (47 + 1 + 2¢), these occurrences form a stable sequence in
A and their complements are defined. Hence the result of turning any subset of these
occurrences in A is well-defined by Proposition .54 and the canonical form can,.(A) is
the result of turning a specific subset of these occurrences. Roughly speaking, for every
maximal occurrence of rank r in A of A,-measure > 7+ 1 + 2¢ we decide whether or not
to turn it using a threshold of A,-measure roughly 5. For every maximal occurrence u
in A at least one of u or its complement will be below this threshold (see Corollary [L36)).
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5.2. Rank r = 1. This case is much simpler than the general case because relators in
Rel; are of the form x™, where x is a single letter, so maximal occurrences of rank 1
have no overlaps. Since canonical triangles of rank 0 are trivial (i.e. all sides are equal
to 1), a turn of a rank 1 occurrence consists simply of replacing an occurrence by its
complement. Furthermore, for a maximal occurrence u of rank 1 we have Aq(u) = |ul.
Since the exponent n is odd, either u or its complement has A;-measure < 3.

Now for A € SCan,, 1, the canonical form of A of rank 1, denoted by can;(A), is
defined as the word obtained from A by replacing all maximal occurrences of rank 1 of
Aj-measure > 5 by their respective complements.

Lemma 5.1. Let A € SCan, 1, and let A — B be a turn of rank 1. Assume that
B € SCany, 1. Then can;(A) = can;(B).

Proof. Since a turn of rank 1 just consist of replacing an occurrence by its complement,
it does not change any other maximal occurrences and so this follows directly from the
definition of the canonical form of rank 1. O

5.3. Rank r > 2. From now on until the end of Section [5.1] we consider the general case,
namely, rank r > 2 and we fix the following set-up:

Let A be in p-semicanonical form, and let u be a maximal occurrence of rank r in
A = LuR of A,-measure > 7 + 1 + 2¢ where u = a’a;, for some a™ € Rel,, a = ajas (a3
can be empty).

We now state conditions whether or not to turn « when we construct can,(A). Let A\
and A2 be two constants with the following properties:

(AL) n— (117 +5) > Ay > Ap > 5 + 57 + 2.

()\2) )\1 — )\2 2 g
For n > 367 + 16 the interval [§ 4+ 57 4 2,n — (117 +5)] has length > 27 + 1 and hence
such A1, Ao exist.

We will use the fact that there exist sequences m : N — {1, 2} without subsequences
of the form BBb [4] where b is a nontrivial initial segment of B. By Proposition
we know that we can obtain As-semicanonical forms by making a number of appropriate
turns. In the certification process we test whether a given occurrence can be made short
enough by appropriate turns without significantly increasing other occurrences. The
cubic-free sequence given by m will ensure that we are not creating new power words (of
higher rank) in the process.

We first note the following:

Lemma 5.2. Letuq,...,u; be maximal occurrences of rank r in a word W = D" uy ... up 'E
such that u;,u;+1 are not essentially isolated and A.(u;) > 7+ 1 for all i. Suppose
that D, E are T-free of rank r. Let u be a mazimal occurrence of rank r in W with
Ar(u) = 57+ 2. Then u coincides with one of the u;.

Proof. Clearly, if u has nontrivial overlap with D or E, then u = uy or ug respectively
by Corollary If v has a common part with the gap between w;,u; 1 for some
1 €4 < k—1, this common part has A,-measure < 37. Since A,(u) > 57 + 2, the
overlap of u with u; or u;41 has A,-measure > 7 + 1 and hence u coincides with that
occurrence. ([l

Recall that in a stable sequence any turn of a member of the sequence has an inverse
turn by Lemma [£.33]
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Definition 5.3 (certification sequence). Let A € SCan,,. Then a stable sequence
(u = wug,ur,us,...,u),t = 1, of maximal occurrences of A.-measure > 51 + 2 in
A= L"ug...u 'R (enumerated from left to right) with complements v = vy, v1,va, ...,V
is called a certification sequence in A to the right of u (with respect to m : N — {1,2})
if the following holds

(1) uy is essentially non-isolated from ug;

(2) there is a choice f; € {u;,v;},0 < i < t, such that in W = L' fof1... fi 'R the
mazimal occurrences (corresponding to) f; fori=1,...,t satisfy A (fi) < Am(s)-

(3) After turning fo in W and denoting the occurrence corresponding to f1 in the
result by fi we have An(f1) = Ar(f1). Moreover if Ar(f1) = Ay (f1), then fo = uo.

(4) For 2 < i < t, after turning f; in W the occurrence corresponding to fi—1 has
Ar-measure > Ay (i—1)-

(5) If there is a mazimal occurrence w in A of A.-measure > 57 + 3 to the right of
ug, then after turning (the occurrence corresponding to) w in W, in the resulting
word we still have A (ft) < App)-

We say that the sequence certifies f1 to the right of w, i.e. either f1 = uy or f1 = v
is certified by the sequence. W is called the witness for the certification (of ui or vy,
respectively), exhibiting the choices f; € {u;,v;}.

We let Yr(u) = Yr(u, A) denote the set of sides f1 which are certified by a certification
sequence to the right of u. (Note that if f1 = vy this is not an occurrence in A.) Similarly
we define Y1, (u, A) as the set of inverses of Yr(u™t, A™Y) and put Y(u) = Vi (u)UVr(u).
Note that Vi, (u), Yr(u) contain at most two elements and are empty if there are no
mazimal occurrences of A.-measure > b1 + 3 essentially non-isolated from u from the
left or right, respectively.

We say that a stable sequence (u = ug,u1,us,...,u),t = 1, is an un-certification se-
quence if it satisfies 1., 3. and 4. above and in place of 2. and 5. it satisfies the
following:

2’. there is a choice f; € {u;,v;},0 <1 < t, such that in W = L'" fof1... f{ 'R’ the
mazimal occurrences (corresponding to) fi for i =1,...,t — 1 satisfy A (f;) <
)‘m(i) and AT(ft) > )‘m(t)'

5. If there is a mazximal occurrence w in A of A.-measure = 51 + 3 to the right of
ug, then after turning (the occurrence corresponding to) w in W, in the resulting

word we still have Ar(f) > At -

Similarly we define (un-)certification sequences to the left in the obvious way by con-
sidering inverses. We then say that a mazimal occurrence w or its complement of A,-
measure > 57+ 3 contained in uR is certified (or uncertified, respectively) in A to the left
of u by a stable sequence (uy,...,u = ug) enumerated from right to left if (ug ', ..., u;")
is an (un-)certification sequence for w=' to the rigth of u=* in A7L.

If there is no mazimal occurrence of A,.-measure > 517 + 3 to the right of u and
essentially non-isolated from u, then we say that (u = wg) is both the certification and
uncertification sequence to the right of .

Remark 5.4. Let A = LuR € SCan,, , and let (v = uo, ..., us) be an enumeration of all
maximal occurrences of A,-measure > 57 + 3 in uR enumerated from left to right. Then
u;, Uj+2 are strictly isolated, and hence, essentially isolated from each other. Combining
Conditions 1, 2, 4, we see that (un-)certification sequences have no gaps. Therefore, any
(un-)certification sequence to the right of u is an initial segment of (u = uo, ..., us).
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For an (un-)certification sequence to the right of v it suffices to check Conditions 5
and 5’ for the left most occurrence w to the right of u; with A,.(w) > 57 + 3 because all
maximal occurrences of rank r in A to the right of w are strictly isolated from wu;.

We first record the following remarks, which follow directly from Definition 5.3}

Remark 5.5. Let A= LuR € SCan,, , and let (u = uo,...,us) be an (un-) certification
sequence to the right of u in A.

(1) By Condition 4, a proper prefix of (u = ug,...,u;) can be neither a certification
nor an un-certification sequence.

(2) For i = 0,...t — 1, the members u; and u;4+1 are essentially non-isolated by
Condition 4 and A2 — 2¢ < A,(u;) < p. In particular, any (un-)certification
sequence is stable.

(3) If in A we have A,(u1) < Ap1) — € for a maximal occurrence u; not essentially
isolated from w, then by Condition 3 and Lemma [4.44] u; is certified with the
sequence (u,u;) and witness A. Since Ay —e > § + 7, at least one of u; and v;
is certified in A by Corollary with certification sequence (u,u1). So for at
most one of u; and v; we have a certification or un-certification sequence that
contains > 2 occurrences.

(4) Suppose (up = w,us,uz,...,us) is an (un-)certification sequence to the right of
u with witness W = L' fo... f;"R’. If in W we have A.(fi, W) < Ay — €
(or Av(fi, W) = M) + €, respectively) for some 1 < i < ¢, then i = ¢ by
Conditions 2, 2’ and 4.

(5) If y is certified in A to the right of u, then by Lemma B59 A, (y) < A\p1y + ke
where k is the number of close neighbours of y among ug, ..., u: .

Lemma 5.6. Let A = LuR € SCan,, where A,(u) > 57 + 3. Let uy be a mazimal
occurrence of rank r in uR essentially non-isolated from u with A.(u1) > 57 + 3. Then
for any choice f1 € {uy,v1} either there exists a unique certification sequence or a unique
un-certification sequence for fi. In either case, the witness W is unique.

Proof. Let (uop = w,u1,...,us) be an enumeration of all maximal occurrences of A,.-
measure > 57 + 3 in uR enumerated from left to right. Any (un-)certification sequence
for u is an initial segment of this sequence by Remark [5.41

Clearly there exists a unique choice for fo € {ug,vo} such that (ug,u1) (for the choice
for f1) satisfies either Conditions 1-3, or Conditions 1, 2’, 3. If it also satisfies one
of Conditions 5 and 5, then (ug,u1) is a certification or an un-certification sequence,
respectively. If it satisfies neither Condition 5, nor Condition 5’, then there exists us
such that (ug,u1,us) satisfies either Conditions 1-4, or Conditions 1, 2°, 3, 4. Therefore
adding u; one by one, we eventually obtain either a certification, or an un-certification
sequence. Moreover, by Conditions 2 and 4 the choice of f; € {u;,v;} for every added
occurrence, ¢ > 1, is unique. (Il

Remark 5.7. Lemma implies that f; € {u1,v1} cannot be both certified and “un-
certified”. So if there exists an un-certification sequence for fi, then f; is not certified
to the right of u.

The proof of Lemma[5.6lshows that certification sequences are equivariant under turns
in the following sense:

Corollary 5.8. Let A= L ug...us 'R € SCan,, , where (ugp =u,...,us), t > 1, is the
(un-) certification sequence in A for fi € {ui,v1}. Let w be a mazimal occurrence in
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w R of A.-measure > 51 + 3 with complement y and assume C € SCan,,, is the result
of turning w in C. Then the following holds:

(i) If Ar(us, C) < 57+ 3, then (ug = u,...,us—1), s the certification sequence for fi in
C.

(i) If Ar(us, C) = 57+ 3 and C does not contain an occurrence between u; and y of

Ap-measure > 57 + 3, then (ug = u,...,u) is the (un-)certification sequence for fi in
C.

(i11) If Ay (ug, C) = 5743 and C contains an occurrence z between u, and y of A,-measure
> 57+ 3, then (ug,...,ut) or (up = u,...,us, z) are the (un-)certification sequence for
fl in C.

Furthermore, f1 is certified in C to the right of u if and only if this holds in A.

() If t = 0 and C' contains a maximal occurrence z essentially non-isolated from u with
A (2,C) = 51 + 3, then the complement of z is not certified to the right of u in C by
Remark [E20(3).

Proof. (i) and (ii) follow directly from the definition and the proof of Lemma [5.6l

For part (iii) assume that there exists a maximal occurrence z of rank r in C' with
A (2,C) = 57 4+ 3 with Aq(2,4) < 57 + 3. Then by Lemma @44 A,.(2) < 77 + 4. If
(ug, ..., ut) in C still satisfies Condition 5 or 5’, then (ug,...,u:) is a (un-)certification
sequence in C. So assume that (ug,...,u;) in C violates the corresponding condition
(5 for a certification sequence and 5’ for an un-certification sequence). This can happen
only because of z. Cousider the sequence (ug, ..., us, z) and the choice of fi11 € {z,y},
where y is the complement of z, such that this sequence satisfies Condition 2 or 2’.
Since (uo, ..., us) does not satisfy Condition 5 or 5°, we see that (ug,...,us, z) satisfies
Condition 4. If fiy1 = z, then both (ug,...,u:) in A and (ug,...,us 2) in C satisfy
Conditions 2 and 5, so they both are certification sequences.

Assume that fi11 = y. Since (uo,...,us) in A satisfies Conditions 2’ and 5’, the
occurrence that corresponds to fiy1 = y after turning w,; such that f; = v;, 0 < i < ¢,
has A,-measure > n — A.(z) — 27 —e > n — (117 + 5) > A;. Hence (ug,...,u, 2) in
C satisfies Conditions 2’. To see that it satisfies also Condition 5, let A’ be the result
of turning z. Then A, (y, A") > n — (57 +3) — 27 > A1 + 2¢. Let g be the complement
of w. Then g is essentially non-isolated in C from z and A,(g) > 57 + 3. So, we check
Condition 5’ for (ug,...,us 2) in C using g. Thus the occurrence that corresponds to
ft41 = y after turning w,; such that f; = v;, 0 < ¢ < ¢, and the turn of the occurrence
(corresponding to) g has A,-measure > A,(y, A’) — 2 > A\;. Therefore, (ug, ..., u, 2) in
A satisfies Condition 5’ as required.

For part (iii) we see that (uo,...,u:) satisfies Conditions (1) — (4) of Definition (3
If it also satisfies (5) or (5’), then (ug,...,u¢) is the (un-)certification sequence for f; in
W. Now suppose it does not satisfy either (5) or (5°) and (ug,...,u:) is a certification
sequence for f; in A. Then after turning z in C' the occurrence corresponding to f; has
Ap-measure > A,y Since An(f:,C) < Ay and An(z,C) < 77 + 4, it follows that
(uo, ..., ut, z) is the certification sequence for f; in C.

On the other hand, if (ug,...,u:) is an un-certification sequence for f; in A, let = be
the complement of z and D be the result of turning z in C. Then A.(f;, D) < Apyp)-
Since A, (z,C) < 71 + 4, it follows that A,(x, D) > n — 97 — 4. Hence by (ug, ..., ut, 2)
is the certification sequence for f; in C. O
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Corollary 5.9. Let A € SCan,, ., and let (ug,...,us) be an (un-)certification sequence
to the right of ug in A with witness W = LT fo... fy 'R. Let g; € {u;,v;},i=0,...,t, let
C' be the result of turning all occurrences u; in A with g; = v; and suppose C' € SCany, ,
and A (go,C) = 57 + 3. Then the following hold:

(i) Ar(9;,C) 257 +3 for0<i<t—1.

(i) If Ar(gt,C) < 57+ 3 and t > 2, then the sequence (corresponding to) (go,- .-, Gt—1)
in C is an (un-)certification sequence to the right of go for the side that corresponds to
fi-

(iii) Assume thatt =1 and A(g1,C) < 57+ 3. If g1 = w1, then vy is not certified in A
to the right of u. If g1 = v1, then wy is not certified in A to the right of u.

(iv) Assume that Ar(g¢,C) = 5T + 3. Then either the sequence (corresponding to)
(90y---59t) in C, or (go,...,0t,2) is a (un-)certification sequence to the right of go for
the side that corresponds to f1, where Z corresponds to some maximal occurrence z in A
with Ay (z) < 57 + 3.

Furthermore, the choices for g; in (un-)certification sequences in (i) and (iv) agree with
the choices f; in the initial sequence (uq, ..., ut).

Proof. If t = 1, then (i) immediately holds. So let ¢ > 2 and assume towards a
contradiction that A,(g;,C) < 57 4+ 3 for some 1 < i < t—1. If g; = f;, then
A(fi, W) < A(9:,C) + 26 < 97 +5 < Ay — ¢, contradicting Remark (iii). If
gi # fi (e gi € {ug,vi} \ {fi}), then A,.(f;, W) > n — A.(gs,C) — 27 — 2 > Ay, which
contradicts to Condition 2 or 2’.

(ii)—(iv) are proved as in Corollary 5.8 O

Lemma 5.10. Let A € SCany, ., let u be a mazimal occurrence of Ap-measure > 57 + 3
and let (u = wo,...,u),t = 1, be an (un-)certification sequence for fi € {ui,n} in
A to the right of w. Let k = A.(fi, W). Write (in the notation of Convention [{.38)
A=L"ugy...us'"MR and let B= L'v;EM'R be the result of turning u; in A, where M’
is a suffix of M and E is T-free of rank r, such that
o if K < Ay —€ Or K = Apy(p) +€, then M or EM' contain an occurrence a™ Mob™,
a™, b" € Rel,;
o if Aty — € < K < Ay + €, then M or EM’ contain a strong separation word
(see Definition [{-40).
Then for any A" = LT uq ... us "M R’ € SCan,, , the corresponding sequence (ug, . .., ut),t >
1, in A’ is still an (un-)certification sequence for the corresponding fi in A’ (with the
same choices for all f; € {u;,v;}).

Proof. This follows directly from the definition, Corollaries and 3T and Defini-
tion [4.40 O

Definition 5.11. Let A = LuM R € SCan,, ., where u is a mazimal occurrence of rank r
with 5§ — 57 —2 < Ap(u) < 5+ 57+ 2. We say that uM is a right context for u in
A if any (un-)certification sequence on the right of u in A is properly contained in uM
and for any word A’ = LuM R’ € SCan,, , the sequence of corresponding occurrences is
an (un-)certification sequence to the right of u in A’ for the same fi.

Note that such M might not exist and in this case the right context is not defined.

Let A = LuR € SCan,, , for a maximal occurrence u of rank r. When we decide for an
occurrence v in a word A € SCan,, , whether to turn it (and thus replace it essentially by
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the complement) we need to take into account the effect the turn has on the neighbouring
occurrences because we want the canonical form to be invariant under certain turns. We
therefore make this decision after also considering the neighbours of u and their possible
turns. We first note that an occurrence with sufficiently small A,-measure will always
be shorter than its complement no matter which neighbours we turn, and, conversely, if
the A,-measure of an occurrence is sufficiently large, then no matter which neighbours
we turn, it will always be the longer than its complement:

Lemma 5.12. Let A = L"y1,u,y2 'R € SCany,, u,y1,y2 be mazimal occurrences of
rank v with complements v, z1, z2, respectively, and assume that A (y;) = 37 + 2,i =
1,2. Let B be the result of turning u in A and for choices fi,g; € {yi,zi},i = 1,2, let
A= L"fi,u, f"R', B' = L""g1,v,92"R",

(1) If 57 +3 < Ap(u) < § =57 =2, then Ap(u, A") < Ap(v,B').

(2) If 5 +574+2<Ar(u) < p, then Ap(u, A) > Ap(v, B

Proof. 1. If Ay(u) < § —2¢ — 7, then A(v) = n — A(u) = 5§ + 2+ 7. So after
possibly turning neighbours of « by Lemma [.24] the corresponding occurrence u satisfies
Ar(u, A") < Ap(u) +2e < § — 7 whereas A, (v, B) > Ay(v, B) —2e > Ap(v) — 27 — 2 >

5_7—.

2. If Ap(u) > § +2e + 7, then A.(v, B) < § — 2¢ — 7. By Lemma .44 we have that
Ar(u, A") > Ap(u, A) =2 > 5 + 7 and A, (v, B") < Ap(v, B) +2e < Ap(v) +27 + 2¢ <

%—FT. 0

n
2
)

So in these cases, no matter which neighbours we turn, the occurrence corresponding
to u remains shorter (or longer, respectively) than the one corresponding to v. Thus,
according to our definition we never turn an occurrence u of A,.-measure < % —br—2
and we always turn an occurrence u of A,-measure > 5 + 57 + 2. Therefore we can now
restrict our attention to occurrences u with % —57 —2 < A,.(u) < § + 57 + 2. Note that
in this situation all occurrences to the left of u are strictly isolated from all occurrences
to the right of u. Therefore we can consider the left and right side separately.

We now define u to be the shortest occurrence among the occurrences corresponding
to uw when we turn neighbours of uw of A,-measure > 57 + 3 according to the certified
sides in Y(u). If Y(u) = &, then @ = u. Also we define v to be the shortest occurrence
among the occurrences corresponding to v using the same set Y(u).

If |@| # |v], then we choose the shorter occurrence as the winner side. Since the
canonical form is equivariant with respect to inversion, we need to make sure that the
choice for A = LuR is consistent with the choice for A=!. Therefore we use the following
more intricate procedure to determine the winner side in case |u] = |v]:

Consider a™ € Rel, as a cyclic word. Let I,, be the starting point of u, F;, be the end
point of u. Since u contains at least one period of a, I, and F,, are fixed up to a cyclic
shift by some number of periods of a. Following the construction of u and v from u, we
mark the initial and the final points of u and v in ™ with respect to the points I, and
F,. Denote them by I, Fy, Iz and Fy respectively. Notice that @ and v may or may not
have overlaps in the cyclic word a™ and so the overlaps or gaps between u and v have
measure < 37 + 1.

Consider the subword of a™ with endpoints [Iz, I5] of A,-measure < 37+ 1 and let ¢
denote the middle letter if the length of this is odd, otherwise let ¢ mark the mid point
between the two middle letters. Similarly, consider the subword of a™ with endpoints
[F3, F] and define d in the same way. We denote the segment corresponding to ¢ and d,
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respectively, by the (possibly empty) intervals [Py, P{] and [Pz, Pj] (see diagram below).
Let ug be the subword of a™ starting at P; and ending at P», and let vy be the subword
of a~™ starting at P; and ending at Pj. So, we have a partition of a™ into four segments:
ug, d, vy'', ¢, where |c,|d] < 1.

Vo
Py P}
c d
P} Py
up

Now we are ready to specify the conditions for turning w in A in order to construct
can,(A).

Remark 5.13. Note that for a™ € Rel, we have a™ # Z? for all Z € Cycl,: if a™ = Z2,
then Z € Cen(a™). By definition of Rel, we have Cen(a™) = (a), so Z = a* for some
k € Z. Then Z? = a%" # a™ since n is odd.

The following is well-known:

Lemma 5.14. Let b # 1 be cyclically reduced. If b= xzy where |x| > $|b|, then no cyclic
shift of b contains x~1 as a subword.

Proof. Suppose otherwise. Then either there exists an occurrence of z=! in b, or b =
xflzxgl, where © = x125. Since |z| > % and b is a reduced word, in either case we
obtain that z and z~! have an overlap which is impossible. (|

Recall that a™ € Rel, as a cyclic word is separated into four parts ug, d, vy ! ¢, where
¢ and d are either empty, or a single letter (independently from each other).

Lemma 5.15. For a”™ € Rel,.,r > 2, the sets of words
{ug, ug®, cuo, uod, ugtc™t, d tugtl,
{vo, val, ¢ g, vod 1, valc, dval}.
are not equal to each other.

Proof. Since Rel, is invariant under cyclic shifts by ITH[B] we may assume a” = uodvy e
Now assume to the contrary that

-1 -1.-1 4-1,—1 -1 -1 -1 -1 -1
{uo, ug~, cuo, uod, ug ¢, duy } ={vo, vy, ¢ v, vod T, vy ¢, dyg -}

The words up and ug 1 are the shortest in the left-hand set, and similarly vy and
Vg 1 are shortest on the right-hand side. Hence, either ug = vg, or ug = v, L Since
vp is a subword of a™™ and A,(ug), Ar(vg) = 1, by construction, we have ug # vy by
Lemma 514 and so ug = vy '. If both ¢ and d are empty, then a” = uovy' = u2,
contradicting Remark [5.13] So, we may assume that at least one of ¢ and d is not empty.
By symmetry assume that d # 1.

For the sets to be equal, we must have uod € {c™ vy, vod’l,vo_lc, dvo_l}. Since ug =
val, we have ugd ¢ {c 'vg,vod"1} by Lemma BI4 If ugd = v&lc = ugc, then ¢ = d
and hence a” = (uod)(vy '¢) = (uod)?, contradicting Lemma 513l And finally if uod =
dvy ' = dug, then d € Cen(ug) and hence ug € ((d)). Since A,(up) = 1, we also have
a € ((d)). However, since r > 2 we have |a| > 1 by definition. This contradiction proves
the lemma. O
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Definition 5.16 (deglex order). Fiz an ordering on the set of letters. For reduced
words Cq,Cy we say that C1 <deglex Ca2 if either |C1| < |Ca|, or |C1| = |C2| and Cy is
lexicographically smaller than Co with respect to the order that we fized on the letters. For
finite sets of words U #V, we put U <qeglex V if the minimal element of UUV \ (UNV)
belongs to U.

Now let U = {uy, ugl, cug, uod, uglc_l, d_luo_l} and V = {wo, vo_l, c g, vod ™1, vo_lc, dvo_l}.
By Lemma[5.15 we have U # V. If U <deglex V, we do not turn v and call u the winncer
side, otherwise we turn u and v is called the winner side.

Thus v is the winner side if and only if either |u| > |v] (as defined above) or, in case
|u| = [v], if V is smaller than I with respect to the <geglex order.

Lemma 5.17. Let A = LuR € SCan,, for a mazimal occurrence u of rank r and
suppose that q is a mazximal occurrence of A,.-measure > 51 4+ 3 essentially non-isolated
from u to the right of u. Then the winner side for q is certified to the right of u.

Proof. Indeed, if the winner side for ¢ is not certified, then by turning occurrences not
essentially isolated from ¢ of A,.-measure > 57+ 3, the maximal occurrence corresponding

to the winner side can be made > A2 = § + 57 + 2 contradicting Lemma [5.12] O
Definition 5.18 (canonical form for A-semicanonical words, A = % + 37 + 1). For

A € SCany ., consider the set of all mazximal occurrences of A.-measure > 5 — 517 — 2
and turn each one of them according to the decision process described above. The result
is denoted by can,(A).

By Proposition 54l the result can,(A) does not depend on the order in which we
perform the necessary turns.

Lemma 5.19. For A € SCan, , we have can,(A) € SCany .

Proof. Let A € SCan,, , and u some maximal occurrence of rank r in A, let f € {u, v} be
the winner side for u and let ¢1, g2 be maximal occurrences in A of A,-measure > 57 + 2
not essentially isolated from u on the left and right, respectively. (If no such g exists, the
statement follows from Corollary and for only one such ¢, the proof is essentially
the same as here.)

Assume towards a contradiction that A, (f,can.(4)) > X\ = 5§ + 37 + 1. Then the
shortest occurrence that corresponds to the side f has A,-measure > § +37+1 —2e =
% — 7 — 1. Since the winner sides for gi,q2 are certified by Lemma [5.17 the shortest
occurrence that corresponds to the complement of f has A,-measure < n— AT(:fV) +27 =

5 — 7 — 1 contradicting our assumption that f is the winner side. O

Proposition 5.20. Let A,C' € SCan,, and let A — C be the turn of a mazimal
occurrence f in A of rank r and A.-measure = T+ 1. Then can,(A) = can,(C).

Proof. Since A,C € SCan,,,, we have 57 + 3 < A,(f) < p by Lemma Hence
the turn A — C'is of Type 2 with inverse turn C' — A of the maximal occurrence g
where g is the complement of f. By symmetry we also have 57 + 3 < A,.(9) < p. Let
u be a maximal occurrence in A with A.(u) > 57 + 3. Assume that at least one of
Ar(u, A), Ar(u,C) < § — 57 —2 or at least one of A, (u, A), Ar(u,C) > § +57+2. Then
as in Lemma [5.12 we obtain that both in A and C' the winner side is u or v, respectively.
So we now assume that this does not happen.

Assume that there exists a maximal occurrence ¢ to the right of u essentially non-
isolated from w with A,(¢) > 57 + 3 and the complement z. We need to show that in
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A and in C the certified sides of ¢ are the same. This is clear if f is to the left of w,
so we assume that either f = u, or f is to the right of u. Then the result follows from
Corollaries 5.8 and If such occurrence g does not exist in A but exists in C, then we
consider the inverse turn C' +— A and the result follows. O

6. AN AUXILLIARY GROUP STRUCTURE

In order to prove IH B we will need to show that for A,B € Can_; with A = B
mod ((Relp U ... U Rel,)) we have can,(A) = can,(B). We begin with showing this
for A,B € SCanyj,4e, by introducing a group structure on equivalence classes on
SCanyir4e,r where (as always) A = & + 37 + 1. We will show that the equivalence
relation coincides with equality in F/{(Rely,...,Rel.)). Using this equivalence relation,
we will then define the canonical form of rank r of arbitrary words in Section

Definition 6.1. For A;, Ay € SCany., we define Ay ~ , Az if and only if there exists
a (possibly empty) sequence of turns of rank v of A.-measure > T

A1:C'1»—>C'2»—>...l—>0t:A2

with C; € SCangye, for 2 < ¢ < t—1. The same ~ , is defined also for A;, Ay €
SCan .

In this section we will use the relation ~ , with k = A +7 =5 + 47+ 1.

Remark 6.2. Since all C; in this sequence belong to SCanyyr4e,r, by Lemma [L.69 any
occurrence v which is turned in the sequence satisfies § — 87 —2 < A,(u) < A +7 +¢.
Since n — (A +7 +¢) = § — 67 —2 > 127, such a turn is of Type 2 by Lemma .27 (ii)
with remainder v’/ of A,-measure > 107 and hence has an inverse turn of A,-measure

> 107 by Lemma 33l Thus, if
Alzcl’—)OQH...HOt:AQ

is a sequence witnessing A; ~xir, A, then Ay ~y;;, Ay is witnessed by its inverse
sequence
AngtHCt_l»%...HCH:Al.

By this observation we obtain:

Corollary 6.3. The relation ~xi., is an equivalence relation on SCanyyrye, and on
SCany 4, with finite equivalence classes. Moreover every equivalence class in SCany 4
has a representative in SCany .

Proof. By LemmalL.69 every turned occurrence in the sequence witnessing A; ~xyr, Az
has A,-measure > & — 87 —2 > 97 + 5. Hence Corollary .74 implies that there exists a
stable sequence of occurrences in A; such that their turns give A;. Therefore the members
of an equivalence class of A; correspond to choices of sides in maximal occurrences u in
A such that A, (u) > 7+ 1, and there are only finitely many of these.

Lemma 7Tl implies that every equivalence class in SCany .y, has a representative in
SCany . O

The equivalence class of a word A € SCanyyr4c, is denoted by [A]. Recall that in
Section 51l we defined can, for p-semicanonical words, where y = n — (87 + 3). Since
A+ 7T+¢e= 5+ 67+ 2 < p, Proposition 5.20 now implies:

Corollary 6.4. If A1, A € SCanyjricr are ~xyrp-equivalent, then can,(Ay) = can,(Asg).
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We will now define an (auxilliary) group structure on SCanyr / ~x4r, and establish
that for A;, Ay € SCanyi,, we have A; ~ i, Ay if and only if A; and As represent
the same element in F/{(Rely,...,Rel.)). Since we were not able to show directly that
different A + 7-semicanonical forms of a given word are ~, -equivalent, we need this
group structure to show that we obtain a well-defined canonical form of rank r of an
arbitrary word using an arbitrary A + 7-semicanonical form for it.

We first define the multiplication X x4, , on SCany4, .. For technical reasons we define
it on larger set SCanyyr4e,r-

Definition 6.5. For A,C € SCany ., let Z' = prody 4, ,6.,.(A-C) € SCany 612,
and let Z" be a A+ T-semicanonical form of rank r of Z' obtained by turns of A,.-measure
> 4+ 27 (such sequence of turns exists by Lemma[{.71). Define A xxy,, C = [Z"] €
SC&H)\_H—)T/ N

Remark 6.6. In Definition we define the multiplication x4, in two steps: for
A,C € SCanyyrie, we find Z = can,_1(A - C), compute a specific (A + 67 + 2)-
semicanonical form Z’ of Z and then find a \ + 7-semicanonical form Z” of Z'.

Note that every word in SCany4er42, has a A 4+ 7-semicanonical form by Corol-
lary 72 Since A+67+2 = 5 +97+3 < u = n — 87 — 3, Lemma [A.75 implies that the
resulting equivalence class does not depend on the particular A + 7-semicanonical form
of Z' as long as the descent is obtained from turns of A,-measure > 97 + 5.

We will just write x for x 4., if the parameters are clear from the context. We em-
phasis that Ax .y, B is not a single word, but an equivalence class in SCanyir/ ~xtr.r

Remark 6.7. It follows directly from the definition that for A,C € SCanyy,, (rather
than SCanxtr4,) we have

(1) A xxprp 1= [A];

(2) A xaprr A1 = 1] and

(3) (Axrtryr O) 1 = [0 Xogr A

We next show that the multiplication factors through ~xy, .

Proposition 6.8. For [A], [C] € SCanxir,/ ~xtrr the multiplication [A]x [C] = [AXC]
is well-defined.

The crucial step for the proof is contained in the following lemma:

Lemma 6.9. Let A,B € SCanyjr4c,r. If A B is a turn of a mazimal occurrence u
in A with Ar(u) > 7, then for any C € SCany,, we have A x C = B x C.

Proof. By Remark the inverse turn B + A is defined. Therefore by Corollary
we can assume that A(u) > § — 7. Hence by Lemma [£.76 we may assume that the turn
of u commutes with the product with C. That is, we can assume that can,_1(A4 - C) —
can,_1(B - () is a turn of measure > 7+ 1 of maximal occurrence .

Now consider the sequences of seam turns

Xo=can, 1(A-C)—» X1~ ...> X, = prody 5, 40,(A-C) and
Yo=can,_1(B-C)—= Y1 —...=>Y; = prody 6,12, (B - C).
First assume that @ is isolated from the seam occurrences in X; for all 0 < i < m.
Then A, (u, X;n) = Ay (u, Xo) > § — 7. Recall from Lemma that all but possibly

the last turns in each sequence have A,-measure > n — (37 + 1) and the last turn
has A,-measure > 5 + 87 + 3. At each step the turn of & commutes with the seam
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turn by Lemma and hence we see that m = k and we obtain Yj from Xj by
turning the occurrence corresponding to u in Xj. Since XY, € SCanxieri2, and
A+67+2=5+97+3<n—87—3, by Lemmald75 A x C = B x C.

Now we consider the general case. If Xy — Yj is the seam turn (which is unique
by definition), then X; = can,_;(B - C). Since all seam turns are uniquely defined, we
obtain that X,, = Y.. So as above the result follows from Lemma .75

Assume that X — Yj is not a seam turn. If u or v correspond to the seam occurrences
in X7 or Y7, respectively, then by Lemma we see that Xo = Y] or X; = Y5. Hence
as above X,,, =Y}, and the result follows from Lemma

If w does not correspond to the seam occurrence in X; and its complement v does not
correspond to the seam occurrence in Y7, then X; — Yj is the turn of the occurrence
corresponding to u by Lemma By Lemma we can assume that it has A,-
measure > 7 — 7 (otherwise we switch to the inverse turn) and denote the turning
occurrence by u;. Repeating the above argument for the turn of u; until we reach the
end of one of the sequences, we obtain the required result.

Assume that the second sequence of seam turns is empty and the first sequence of
seam turns is not empty. This means that there are no seam occurrences in Yj, so the
occurrence in Yy that corresponds the the seam occurrence in X is not a seam occurrence
in Y. In particular it has A,-measure < A+67+2 and the corresponding seam occurrence
in X7 has A,-measure < A4+ 67 +2+¢ < n— (374 1). So the first sequence is of length
one and X7 € SCany;gr+2,. However, by Remark[6.0 we still can turn this occurrence in
Yy and after that take its A + 7-semicanonical form. As above then X7 — Y7 is the turn
of the occurrence corresponding to u. Therefore the result follows from Lemma [£75 O

Proof. (of Proposition [6.8) We denote the operation X 4., for short by x.
Let Ay, A, C € SCanygr, with Ay ~xyr, A2. By Remark[6.7] (iii) it suffices to prove
that A; x C = Ay x C. Since Ay ~xyr,r Az, there exists a sequence of turns of rank r

A1:X1|—>X2'—>...’—>Xt=A2

such that all X; € SCanyy,4e, for 2 < i<t —1 and all turns have A,-measure > 7. By
Lemma [6.9] we have X; x C = X;11 x C and hence A; x C = Ay x C. O

Remark 6.10. Let C' € SCan, ;.

(i) If C is a prefix of C, then by IH[I2 we have can,_1(Cy) = C{D for a prefix C] of C;
and a 7-free side of a canonical triangle D, so can,_1(C1) € SCan,4r -

(i) If z = can,_1(z) is a single letter, then can,_1(C - z) = C' Dz’ for a prefix C’ of C, a
7-free side D of a canonical triangle and 2’ € {1, z}, so can,_1(C - z) € SCan, 4.

Lemma 6.11. Let C = z1---2; be a reduced word such that for every initial segment
Cs = 21+ zs we have can,_1(Cs) € SCanxir,. Then

(.. (21 X 22) X 23) X ...) X 2z = [can,_1(C)]
where X s X x1rp and z;, 1 <1 < s are single letters.

Note that by Remark [6.10 this applies in particular if C' = 2; - -- 2, € SCany .

Proof. We prove (...(z1 X 22) X 23) X ...) X z5 = [can,._1(z1---25)] for all s < ¢ by
induction on s.
For s = 1 there is nothing to prove, so assume inductively

(\..(21 X 22) X 23) X ... X Zg-1) X 2g = cang_1(21 -+ 25-1) X Zs.
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By Corollary and Remark [6.10 we have
can,_1(can,—1(z1 - 25-1) - 2s) = can,_1(21 ... 25) € SCanytr ;.

So can,_1(z1 -+ 25-1) X zs = [cany_1(2z1---2s)] and for s = ¢ we obtain the required
result. ]

In order to establish that SCanyyr,/ ~x1r, is a group with respect to Xyr,, we
now show that the multiplication is associative.

Lemma 6.12. Let A, B,C € SCanyi,,. Then (Ax B) xC = Ax (B xC), where x is
XX4-7,r-

Proof. First we prove the statement for C = 2 a single letter. By Corollary [6.3] we
can assume that B € SCany . Then by Remark 610, B -1 z € SCanyy,, therefore
B x C = [B -y_1 z]. By definition A x B is calculated using a sequence of turns

A-._1B= Xo—...>X, € Scan)\+717«,
and A x (B x z) = A x (B -,_1 z) is calculated using a sequence of turns
A-_q (B r—1 Z) =Yy~ ...2Y, € SCanA+T7T.

Recall that all turns in these sequences are of A,-measure > 5 + 27. When we multiply
the first sequence by z, Lemma implies that X; -.—1 z — X;41 -»—1 2z are turns of
rank r and by Remark they have A,-measure > 5 + 7.

If in at least one of the sequences there are no seam turns, then all maximal occurrences
in Xo, Yp are of A,-measure < A+7+37+1+7 by Remark[6.10, so Xo, Yo € SCanz 48,12 .
Hence the result follows from Lemmal4.75] Assume that the first sequence has seam turns
and let X; — X, be a seam turn and X;-,_1 2z =Y. Then either the corresponding turn
Xir—12+ Xi41-r—12is the seam turn in Y; so X;41 -1 2 = Y41, or the corresponding
occurrence in Y; has A,-measure < A+ 7+ 37+ 1. In the latter case X; € SCan% +874+2,r
by Remark [6.10 so the result again follows from Lemma In the first case we repeat
the argument until we exhaust all seam turns in one the sequences.

Now let C'= 21 --- z5 € SCany ., Cy be a prefix of C of length ¢ and Z, = can,_1(C}).
Then Lemma [6.1T] implies that Z;_1 x z; = [Z;]. Therefore using induction on ¢ we have

(AxB)x Zy = (AX B) X (Zy—1 x zt) = ((AX B) X Zy_1) X 2 =
=AX(BxZi—1)) Xz =AX((BX Zt—1) X z) =
=Ax (Bx(Zi—1 xz))=Ax(BxZ),

and for ¢ = s we obtain the final result. O
By Proposition [6.8] and Lemma [6.12] we now have

Corollary 6.13. (SCanxirr/ ~xtrrs Xaprr) 05 a group.
The main statement of this section is

Proposition 6.14. For A;, Ay € SCany., the following are equivalent:
(1) Al ~MA+T,7 A2 ;
(2) A1 and As represent the same element in F/{(Relp,...,Rel,));
(3) can, (A1) = can,(Asz).
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For the proof we define an epimorphism
¢ :F=(r1,...,2m) — SCanxyrr/ ~rtrr: T — (2]

By the universal property of free groups ¢ is well-defined. For a reduced word C =
z1--- 2z € Cang we then have

e(CY=p(z1--2t) =p(21) X ... X p(21) = 21 X ... X 2.

Remark 6.15. By Lemma [6.10] we have ¢(C) = [C] for C' € SCany ,. Therefore ¢ is
surjective by Corollary 6.3

Remark 6.16. We will repeatedly make use of the observation that, by the very defini-
tion of a turn, if A — B is a turn of rank ¢ < r, then A = B mod ((Rely, ..., Rel;)).

Lemma 6.17. Let R=a" = z1---24 € Rel;, 1 < r. Write Rs = z1---25 and let V;
denote its complement. Then for s <t the following holds:
(1) If Ai(Rs) > 37 + 1, then can;_1(Rs) = DRLE — can;_1(Vs) is a turn of rank i
of the mazximal prolongation of R.,.

(2) If i <r, then

can;_1(Rs)  if can;—1(Rs) € Can;,

r—1(Rs) = r—1(Vs) =
can 1( ) = canr—1(Va) {canl-l(vs) if can;_1 (V) € Can,.

Furthermore can,_1(Rs) is 6-semicanonical of rank r.

Proof. Part 1: By IH [[2 we have can;_;(Rs) = DRLE for an appropriate subword R/,
of Ry and 7-free of rank ¢ words D, E. If A;(Rs) > 37 + 1, then A;(R,) > 7+ 1 and
so the maximal prolongation of R, is a maximal occurrence. By Remark 3.4 TH [§ and
Remark [4.22] we have

cani,l(D . Zi*” . R/SE) = cani,l(cf” . RS) = canl-,l(Vs)

where @ is the corresponding cyclic shift of a.

Part 2: If can,_1 (Rs) ¢ Can,, then only the maximal prolongation of R/, can have A;-
measure > 37 + 1. Hence by Part 1, turning R, in DR.E yields can;(Rs) = can;_1 (V).
The word can;_1(Vs) is 6-free of rank > ¢ by IH [b] and hence can;(R;s) = can;(R;) for
j>iby IHA O

Corollary 6.18. Let R=a" = z1---z; € Rel;, i <r,Rs = z1---25. Then for s < f%]
we have
21 X ... X zg = [can,_1(Ry)].

Proof. Since can,_1(Rs) is 6-semicanonical of rank r for ¢ < r by Lemma and
can,_1(Rs) is § 427+ 1-semicanonical of rank r for i = r, the result follows immediately
from Lemma [6.17] [l

For the proof of Proposition [6.14] we need
Lemma 6.19. ((Rely, ..., Rel,)) < ker of

Proof. Let R =a" = z1---2t € Rel;,i <", Ry = 21---2s and Ts = 2541 ... 2. By
Corollary [6.18 we have

Z1 =21 X ... X Z[%W = [canr,l(R[%w)]

2In fact, one can show that ker o = ((Relg, ..., Rel,)).
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and similarly, by considering the appropriate cyclic shift,
ZQ = Zf%}-i-l X oo X 2y = [canr,l(T[%])].
Then, by Definition [6.5] Z1 x Zy = 21 X ... X z; is computed from
can,_1(Z1 - Z2) = canr_l(R(%] o1 TTH) = can,_1(R)
by first taking seam turns. However, if R € Rel;,7 < r, then can,_1(R) = 1 by Re-
mark [34] and hence in this case no seam turn is necessary and ¢(R) = can,_1(R) = 1.
In case R € Rel,, we have can,_1(R) = DR'E for some 7-free of rank r D, E, so by

Lemma [£.66] the maximal prolongation of R’ is a seam occurrence and the result of the
seam turn is equal to 1 by Lemma [6.17] part 1. (Il

Proof. (of Proposition [6.14)) Let A1, Ay € SCanyr .

1= 2. and 1.= 3.: If Ay ~yy,;, Ao, there is a sequence of turns of rank r such
that A; = Xo — ... — X}, = Az. Thus we have A; = Ay mod ((Relp,...,Rel,)) by
Remark [6.16] and can,(A;) = can,(Az) by Corollary [6.4]

2.= 1.: Suppose A; = Ay mod ((Rely,...,Rel,)). By Corollary we may assume
Ay, As € SCany . Hence by Remark and Lemma, we have [A1] = p(41) =
(p(AQ) = [AQ] and hence Al N7 AQ.

3.= 2.: Suppose can,(A;) = can,(A4z). Since can,(A4;) is obtained from A;, i = 1,2, by
turns of rank r, we have

A; = can,(4;) = can,(As) = A,y mod ((Relo, ..., Rel,))
O

Corollary 6.20. If A, B are A\-semicanonical forms of rank r of some C € Can,_1, then
can,.(A) = can,(B).

Proof. If A, B arise from C by turns of rank r, then A = C = B mod ((Rely, ..., Rel,)),
so the claim follows Proposition [6.14 O

6.1. Canonical form of rank r of arbitrary words. Recall that since
n
p=n—87+3)> A= §—|—3T—|—1
for our choice of the exponent n, every A-semicanonical form of rank r is also py-semicanonical.

Definition 6.21 (canonical form of rank r). For A € Can,_1 we define the canonical
form of rank r of A, can,(A), in two steps as follows:

(1) choose a A-semicanonical form A’ of rank r for A.
(2) put can,(A) = can,(A’) as defined in Section [51]

For A € Can_; we define can,(A) = can,(can,_1(...cang(4)...)).

Note that A = A’ mod ((Relp, ...,Rel,)) by construction and can,(A4) does not de-
pend on A’ by Corollary [6.20

Lemma 6.22 (u =n— (87+3)). If A € SCan, ., , then Definition[6. 21l and choosing
winner sides from Section [51] give the same can,(A).

Proof. By Lemma [ TT] there exists a A-semicanonical form A’ of A that is obtained from
A by a sequence of turns with all intermediate words p-semicanonical. Thus the result
follows from Proposition [5.20 O
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Lemma 6.23. Let A € Can_;. Then A = can,.(A) mod ((Rely,...,Rel,)).

Proof. Let can,_1(A) = B. By definition, can,(A) = can,(B). By Remark B4 we
have B = A mod ((Relp,...,Rel,_1)). By definition, can,(B) is obtained from B by a
sequence of turns of rank r, therefore, B = can,(B) mod ((Rely,...,Rel.)). Thus,

A = can,(B) = can,(A) mod ((Rely,...,Rel)).

We now verify some further induction hypotheses:

Proposition 6.24. [H[8 and IH[A hold for rank r: for A, B € Can_1 we have can,(A) =
can,(B) if and only if A = B mod ((Relg,...,Rel,)). In particular, A = can,.(A) for
A € Can,..

Proof. If can,(A) = can,(B) = C, then Lemma[6.23]implies that A = C = B mod ((Rely, ..., Rel,)).
Conversely, assume that A = B mod ((Rely, ..., Rel,)). Let A’, B’ be A\-semicanonical
forms of rank r of A, B, respectively. Then

A'=A=B=B mod ((Rely,...,Rel.)).

Hence, Corollary [6.4] implies that can,(A) = can,(B).
If A = can,(B) € Can,, then A = B mod ((Rely,...,Rel,)) and hence can,(A) =
can,(B) = A by the previous. O

Proposition 6.25. Inductive Hypotheses I8 hold for can,..

Proof. TH [IH3l follow trivially from the definition of can,..
IH @ follows from Lemma
IH [l and IH [ are proved in Corollary
IH [6] and ] are proved in Proposition
IH [@ follows from IH [7 for rank » — 1, and the decision process in Section .11
O

Remark 6.26. If A € Can, C SCan, ,, then for every maximal occurrence u of rank r
in A it follows from IH [6l that u is the winner side in the process from Section [5.1}

Lemma 6.27. If A € SCanyy,, \ {1} for A\ =5 =37 +1, then A ¢ ((Relp,...,Rel,)).

Proof. If A =1 mod ((Relg,...,Rel.)), then A ~,, 1 by Proposition [6.14 However,
this is not possible, because the equivalence class of 1 consists only of 1 itself. ([

Corollary 6.28. TH[9 holds for rank r.

Proof. Let U be a subword of A € Can,.. Then can,_1(U) = DU'E, where D and E are
sides of canonical triangles of rank r — 1. Since D and F are 7-free of rank r, it follows
from Lemma that can,_1(U) is (% 4+ 57 + 1)-semicanonical. Using Lemma E.71]
we find a A-semicanonical form Uj of can,_1(U). In particular the lemma implies that
Uy # 1. Then byLemma [627 Uy ¢ ((Rely, ..., Rel,)), and neither is U. O

7. POWER SUBWORDS IN CANONICAL WORDS OF RANK 7
We start with the following natural definition:

Definition 7.1. Let A = LXX X R € Can,_; where X is primitive, X" ¢ Rel,., and
X1 is a prefiz of X. If u is a maximal occurrence of rank r in X X1, a periodic shift
of uin XXX is a shift of u by k| X| in XX X contained in X5 X;.
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If u is a maximal occurrence properly contained in X* X, then clearly u is also a

maximal occurrence of rank r in A and so are all periodic shifts of u that are properly
contained in X% X;. However, if a periodic shift of u is a prefix or a suffix of X% X1, it
may have a prolongation in A.
Remark 7.2. Let z,a be primitive, not cyclic shifts of each other and let K > 2. If
2¥ contains a maximal occurrence u which is a fractional power of a with A,(u) > 2,
then u is a prefix of a cyclic shift of 2. Hence, if |z| > |u|, then clearly a cyclic shift
of z contains u. Otherwise by Lemma we have |z| < |u| < |z| + |a| and hence a
cyclic shift of z contains a”™ where m = |Ay(u)]. In particular, |u| < 2|z| and so u is
a proper subword of z3. Hence there exist > K — 2 different periodic shifts of u in =¥.
Note that if (and only if) u is a prefix or suffix of 2%, the periodic shifts of u may have
proper prolongations with respect to a in z®. If there exist precisely K — 2 different
periodic shifts of « in =¥, then u is not a subword of 22 and so u = ujzus where uj, us
are nonempty suffix and prefix, respectively, of = with 0 < Ag(u1) + Ag(u2) < 1 and
Au(z) > Ay(u) — 1. In particular, all periodic shifts are proper subwords of 2 and are
maximal occurrences in z* .

We state these observations for further applications in the following form:

Corollary 7.3. Let A= LXXR € Can,_1, where K > 3 and X is primitive, X" ¢ Rel,,
and let u be a mazimal occurrence of rank r in A that is contained in XX, A.(u) > 2.
There exist > K — 2 different periodic shifts of u in XX that are maximal occurrences
of rank r in A. Moreover, there exist precisely K — 2 such periodic shifts of u in X if
and only if u=wu1 Xuz and 0 < Ar(u1) + A (u2) < 1.

Further we use the notations from Definition

Lemma 7.4. Let (ug,...,ut) be an (un-)certification sequence in A = LT ug...u; 'R to
the right of uo and let 1,5 € {1,...,t} with Ap(w;) = Ar(uy). Ift € {i,5} assume that
Am) — € < Np(fe, W) < Aney + . Then fi = u; if and only if f; = u;.

Proof. Suppose f; = u; and f; = v;. Then in A by Condition 2 of Definition 5.3 we have
Agiy +28 > A () = Ar(45) > Ay =26 > T+ 7.

Write W; = L'" fo ... fju;q1...u; 'R’ for the result of turning the necessary occurrences
ui, 1 < j. Then in W; we have A,.(vj, Wj) < §+374+1 < A2 —¢. Thus j = ¢ by Condition
4, contradicting our assumption on f;. O

Remark 7.5. Suppose W = L™ fy ... f; 'R is the witness of an (un-)certification sequence
to the right of u = ug in A. Let 4,5 € {1,...,t—1}. Then A, (f;, W) = A,.(f;, W) implies
m(i) = m(j) since, by definition, A,y = Ar(fi, W) = Ap(f5, W) > Ap(s) — € and the
intervals [A1,A\; — ¢) and [Aa, A2 — &) are disjoint. In particular, by the choice of the
function m, there are no subsequences of the form BBb in A,.(f1, W), ..., Ap(fi—1, W).

We will need the following refinement of Lemma

Lemma 7.6. Let u be a fractional power of B with B™ € Rel,.. Let C' = wM be primitive,
and assume that w = a™ag = ag(arag)™, m = 7, is a maximal occurrence of rank r in
MwM = MC, where a™ € Rel,, a = aga; and C™ ¢ RelgU...URel,,, M # 1. Then the
following holds:
(1) If w is a subword of u and a is not a cyclic shift of B, then m = 7 and a cyclic
shift of B is of the form a™ lay for a prefiz as of a;
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(2) wMa? is not a subword of u;
(3) (a1a0)*Mw is not a subword of u.

Proof. 1. If a™ag, m > T, is contained in u we see from LemmaL9 that |a™ao| < | B|+]al.
Hence by Corollary L6l we may assume (after taking a cyclic shift) that B = a” las for
a proper prefix ag of a. Hence m = 7 by Lemma 9 and |B| < |C].

2. If wMa? is a subword of u and a is a cyclic shift of B, then w is not a maximal
occurrence in wM, contradicting to our assumption. So by Part 1, B = a” 'as, hence
for Ca? = wMa? to be a subword of u, C' must be a prefix of BX for some K. Hence
we may write C = B¥M’ where k is maximal possible and M’ is not empty. Then M’
is a proper prefix of B and a non-empty suffix of C. Hence M’ and M have a common
suffix. Notice that occurrences of a? in BX arise only inside the maximal prolongations
of a”. If Ca® = B*M'a? is a prefix of BX, then M’a? is a prefix of BX~*. However, this
implies that M’ has a common suffix with a, since |M’| < |B|. Then M has a common
suffix with a contradicting our assumption that w is maximal in MwM .

3. follows from 2. by considering the inverses w=*, u~! and M~ tw=tM~1, O

3

Lemma 7.7. Let a, B, C be primitive and B = a®a; # C = alas for4 < s <t <s+1
and ajy,as nontrivial prefizes of a. If D is a common prefiz of B™,C™,|B| < |C|, then
[D| <|C| + |al.

Proof. Suppose |D| > |C|+]al, then Ca is a prefix of B2. So Ba is a prefix of C. Therefore
Ba is a common prefix of B¥ and o, and we get a contradiction to Lemma A9 applied
to B and a. (]

Remark 7.8. Let C' € Cycl,_; is primitive and C™ ¢ Rely U ... U Rel,. Then by
Corollary .71 C' cyclically contains a” for some @” € Rel. One can see that there exist a
and Cj cyclic shifts of @ and Cy, respectively, such that Cy = a™agCy, m > 7, a = agaq,
and either C; = 1, or a™ag is a maximal occurrence of rank r in Cia™agC,.

Lemma 7.9. Let A = LuMzR € Can,_1, where u,w are maximal occurrences of rank r
with Ap(u), Ar(2) = 7+ 1. Let CV be a subword of uMz where C' € Cycl,_; is primitive
and C™ ¢ Rely U...URel,. Let Cy = a™agCi, m = 7, a™ € Rel,, be a cyclic shift of C
as in Remark @ Then M contains > N — 4 occurrences of a™ayg.

Proof. Let a™ay = w and assume the contrary. Clearly uM z contains > N — 1 occur-
rences of w. By Corollary 11l each of u and z contain at most one occurrence of w, so
uM z contains precisely N — 1 occurrence of w and u and z properly contain occurrences
of w. Then wCia? is a subword of z or (a1a¢)?Ciw is a subword of u (since CV is a
subword of uMz and m > 4). If Cy # 1, this contradicts to Lemma [T.6], otherwise this
contradicts to Lemma [7.7 O

Lemma 7.10. Let A = LDuy"uy...u; 'R € SCany, where (uo,...,us) is an (un-
certification sequence to the right of ug in A and D is T-free of rank r. Let CN be a
subword of Dug"uy ... u ' where C' € Cycl,_4 is primitive and C™ ¢ Rel; U...URel,. If
CN cyclically contains a®™ with a™ € Rel,., then N < 5, otherwise N < 6.

Proof. First assume that C does not contain any of u;, 0 < i < t. Since there is no gap
in the sequence (uq, ..., ut), it follows from Lemma that N < 6. Assume moreover
that CV cyclically contains a?” with a™ € Rel,. Then also by Lemma [Z9 N < 5.

Hence we may assume that CV contains some ;. Let W = L'E" fof1 ... f; "R’ be the
witness of the certification sequence (where L’ is a prefix of LD, E is 7-free of rank r if
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fo=woand L'E = LD if fo = ug). Let i < t be minimal such that u; is contained in CV
and all its periodic shifts in CN are maximal occurrences in CN. Let Cy be a cyclic shift
of C such that u; is a prefix of Cg. So C{)\’*lc() is a subword of Dug"uy...u; ', where
C}{ is a prefix of Cy. By Convention we write Co = "u; ... uj1k—1 ' for some k > 1.
Then Cf = "u; ... uj4x—2 ' for k > 2, here u;1—2 in C) is a periodic shift of a prefix of
Ujtk—2 With A,-measure > 47 + 2. Since A, (u;) > 57 + 3 for all 0 < j < ¢, all periodic
shifts of us that are maximal occurrences in CV are equal to some u; by Lemma
(except possibly shifts that are a prefix and a suffix of CV). Thus u;;j1sk are equal to
each other for 0 < s < N — 1 with a fixed 0 < j < k£ — 3, and are equal to each other for
0<s< N-—2with a fixed j € {k— 2,k —1}. Moreover i + (N — 1)k +k—3 #t and
i+ (N—-2k+k—1#tfor k> 2.

From now on we assume additionally that i # 0. If CV contains only ug, then clearly
N < 2, so the result follows.

If k > 2, then by Lemmal[7 4 the choices in W for f; ;4 sx are thesamefor 0 < s < N—1
with a fixed 0 < j < k — 3, and and are the same for 0 < s < N — 2 with a fixed
j€{k—2k—1}. Hence by Lemma 62 A, (fitsx, W) are the same for 1 < s < N —2
and Ay(fitjtsk, W) are the same for 0 < s < N — 3 with a fixed 1 < j < k—1 (we
put these indices in order to consider cases k = 2 and k > 3 simultaneously). So by
Remark [T.5 m(i 4 sk) are equal to each other for 1 < s < N —2, and m(i + j + sk) with
a fixed 1 < j < k—1 are equal to each other for 0 < s < N — 3. Since m is BBb-free, we
must have N —2 < 2,so0 N < 4.

If Kk =1, we write Cy = "u; ', then u; = w41 = ... = Ujpn—3, 1+ N — 3 # t, and
Ui+ N—2 has a prefix equal to u;. So the choices f; in the witness W are the same for u;
with ¢ < j < i+ N — 3. Hence by Lemma [£62] and Remark the m(j) are the same
fori+1<j<i+ N —4. It follows from Corollary .28 that the turn of w;;1 have the
same influence on u; for all i < j < i+ N —2. If N —2 > 4, then for one of u; with
14+ 1< j <i+4+ N —3 any choice for u;4; fits for a witness, since Ay — Ay > e2. This
contradicts Condition 4 of Definition 5.3l so N —2 < 3 and N < 5. O

In fact the proof of Lemma shows the following

Corollary 7.11. Let A = LDuo"ui...u;, 'R € SCan,,, where (ug,...,us) is an (un-
)certification sequence to the right of ug in A and D is T-free of rank r. Let C° be
a subword of Duo"uy...u; 'R that properly contains some u; where C € Cycl._ is
primitive and C™ ¢ Rel; U...URel,. Then Duo uy ... us " contains < 3 periodic shifts
of u; that are maximal occurrences of rank r in A different from uo and u.

Corollary 7.12. Let A = LuR € SCan,, ,, where u is a mazimal occurrence of rank
with A.(u) > 57 + 3. Let C € Cycl,_; be primitive and C™ ¢ Rel; U ... URel,. Let
CN be a subword of DuR, where D is T-free of rank r suffit of L, N = 6 if C cyclically
contains a®” with a™ € Rel,, and N = 7 otherwise. Then the prefiz of R that ends at the
end point of CN is a right context for u.

Proof. Let (u = wg,u1,...,u:) be an (un-)certification sequence from the right of u
for side f; and A = L ug,...,u; 'Ri. Then CV is not contained in D" uq,...,u; ' by
Lemma, [ZI0, so u; ends strictly from the left of the end of C¥. Denote by M a prefix
of R that ends at the end point of CV and let R = MR; and consider a word B =
LuMR, € SCan,, . First notice that (u = wg,u1,...,u;) is a certification or an un-
certification sequence for the side f; in B, because it cannot be extended or shortened
by Lemma [T.T0] and Conditions 4 and 5 or 5.
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It remains to show that (v = wg,u1,...,u) in B cannot change its status from certi-
fication sequence for fi to un-certification sequence and vice versa. Let @ be a suffix of
M that starts at the end of u;. It is sufficient to show that @ contains a subword of the
form a”M1b7, a™,b" € Rel, (because the only possible problematic case is when f; = v;
and A,.(f;) is different in the witnesses for A and for B). If CV does not contain any w;,
this follows from Corollaries 4.7 and .11

If CN contains only u;, then the result is clear. So we can assume that CV properly
contains u;. Then by Corollary [ 11l D" uy,...,u; ' contains < 4 periodic shifts of u;
different from wg. Hence ) contains a periodic shift of a suffix of u; with A,-measure

> 57 + 1. This completes the proof. O
Corollary 7.13. Let A= LCYR € SCan,,,, N > 7, where C is primitive and C" ¢
Rel; U ... URel,. Let u be a mazimal occurrence of rank r in A contained in CN

with A.(u) = 57 + 3 such that its periodic shifts are maximal occurrences in A (except
possibly the first and the last one). Then there exist periodic shifts of u that are contained
neither in LC®, nor in CSR. Furthermore the left and right contexts together for these
the periodic shifts of u are contained in C'3 and the (un-)certification sequences are
periodic shifts of each other (certification sequences are shifted to certification sequences,
un-certification sequences are shifted to un-certification sequences).

Proof. The existence follows from Remark [7.2] since 7 > 13. The second part follows
directly from Corollary O

Corollary 7.14. Let A= LCNR € SCan,, ,, where N > 7 is a sufficiently big positive

number, C' is primitive and C™ ¢ Rel; U...URel,. Then can,(A) = LYN"7R, where C
and 'Y are conjugate in rank r, and vy does not depend on N.

Proof. By Corollary[Z.T3]the certification sequences for any maximal occurrence of rank r
in A that is contained in CV and is contained neither in LC®, nor C®R are contained
inside C and are periodic shifts of each other. Hence the winner choice for periodic
shifts is the same and the result follows from Lemma O

Remark 7.15. If A= LC"R € Can,., then by Corollaries[[.12] and [[.T3] we see that the
left and the right context together for any maximal occurrence v in A is contained in
either LC12, C'3 or C'2R. In particular, there is no maximal occurrence in A whose left
and right contexts have nontrivial overlap with both L and R.

Corollary 7.16. IH[I1] holds for rank r.
For the proof we first note the following:

Lemma 7.17 (k =p—c=n—107 —4). Let A= LiCM1 Ry, B = LyCN? R,y € SCan, .,
where C' is primitive, C™ ¢ Rel; U...URel,, and N1, Ny > 7. Then L1C° Ry € SCan,
forany S > 7.

Proof. Since A, B € SCan,,, C Can,_; and C™ ¢ Rel; U...URel,, we have LiC°R, €
Can,_; by IH[@ in rank r — 1. If L;C° R, contains a maximal occurrence u of rank r
of A,-measure > r, then u is contained in L;C?, in C2Ry, or in C® by Remark [Z.2 and
Corollary ATIl This is impossible since A, B € SCan,, . O

Proof of Corollary[7.16] For r = 1 this follows directly from the definition of can; in
Section (.1l So assume r > 1. Let X1 = L1C"Ry,Xs = LyC"Ry € Can,. Then
LiC°R, € SCan,, , for any S > 7 by Lemma [[I71 If all maximal occurrences in
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L,C® Ry have A,-measure < 5 — 57 — 2, the claim follows directly from Lemma5.12l So
let u be a maximal occurrence in L;C® Ry with A, (u) > 5 — 57 — 2. By Remark
we see that the left and right contexts of u are contained in LC'2,C'? or C'2R. So they
coincide with the corresponding ones in X7 or in X5. Since any occurrence u in X7, Xo
is the winner side (because X, X5 € Can,), the same is true for u in L,C® Ry, proving
the claim. [l

7.1. Multiplication and canonical triangles. We now prove that the multiplication
of canonical words of rank r can be described in terms of canonical triangles of rank r.

We say that a word W contains a gap if it contains a subword of the form a™ Mb™ M'c™
where a™,b", ¢ € Rel,.

Lemma 7.18. Let A = LuWyFWjwR € Can,_1 where u,w are maximal occurrences of
Ar-measure > 7+ 1, and Wy, Wy do not contain strong separation words (from the right
and left, respectively). Assume that at least one of the following conditions holds:

(1) F is T-free of rank r;

(2) Wy, W1 do not contain gaps and F = DzE, where D, E are T-free of rank r, and

z s an occurrence of rank r;

(3) at least one of Wy, Wy is T-free of rank r and F = DzE as above.

(4) Wy does not contain a gap, F = DE, where D, E are T-free of rank r;

(5) Wy contains a subword b**+1, o™ € Rel,, and F = DzE as above.

Let CN be a subword of uWoFWyw where C € Cang is primitive and C™ ¢ Rel; U. .. U
Rel,.. Then N < 1 =15.

Proof. It C ¢ Cycl._;, then by Definition A does not contain C”. So we suppose
that C' € Cycl,_;. Hence Lemma [T implies that Wy FW; contains > N — 4 occurrences
of a™, a™ € Rel, not overlapping with each other. If one of Conditions [ holds, then
the result follows from Example @41] and Corollary @11l for a common part of CN and
z.

Under Condition E either CV is contained in uWjy, or C cyclically contains b%7. In
the first case the result follows from the above argument. In the second case we count
directly periodic shifts of 2™ and obtain N < 7. (]

We now show a preliminary version of IH

Proposition 7.19 (A = % + 37+ 1). Let A, B € Can,. Then can,(A- B) = A|M3B],
A=A\MX, B=X"'MyB, where X - X! is the maximal cancellation in A- B, and
Ms is T-free modulo r.

Proof. By IH[I0l for rank r — 1, we know that can,_1(A-B) = A”EB", where E is 7-free
of rank r. Since by Lemma[5.19 we have that A, B € SCany ,, we can apply Lemma .70
to A”EB" and obtain C; = A1QB; € SCanyys, 11, for a prefix A; of A” and suffix B,
of B” by iterated turns of A,-measure > A+ (37 +1). By Lemma[d251Q = DzFE, where
D, E are 7-free of rank r and z is an occurrence of rank r (any part can be empty).

Since A\+37+1=5+67+2<n—(87+3)—27—1, by Lemma[6.22 C = can,(A- B)
is obtained from C; = A1QB; by choosing the winner sides in the maximal occurrences
of rank r in C;. Clearly we can write C = A} M3Bj for some prefix A} of Ay, suffix Bj
of By and some word Mj3. We need to show that it is possible to take M3 7-free modulo
T,

To determine the prefix A} and the suffix Bf, let v and w be the left- and right-
most occurrences, respectively, which are turned in C;. Let u = ug,...,us = w be an
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enumeration from left to right of all maximal occurrences in C7; = A1 QB of A,.-measure
> 57 + 3 between v and w. By Remark [£.4] an initial segment of uo, ..., us is an initial
segment of a (un-)certification sequence to the right of  in C' (and in A if u is a maximal
occurrence in A), a final segment of wo, ..., us is a final segment of a (un-)certification
sequence to the left of w in C' (and in B if w is a maximal occurrence in B).

First suppose that u is contained in A; and w is contained in Bj. Since the winner
side for u = wuy is different in A and in C, A; cannot contain a right context for ug. Hence
if a common part of uy and A; has A,-measure > 7+ 1, then consecutive occurrences in
(up, ..., ux) are essentially not isolated. If a common part of ux and A; has A,-measure
> 57 + 3, then (uq,...,ux) is an initial segment of an (un-)certification sequence in A
and in C; by Condition 5 or 5’ of Definition The corresponding properties hold for
(Uky -« -5 Us).

Let 7 be the maximal index such that A; does not contain u; as a suffix, and j be the
minimal index such that B; does not contain u; as a prefix. Then 0 < j — 4 < 4, since
Q=D:zE.

We now turn all necessary occurrences in C; according to the choices of the winner
sides. Denote the occurrences corresponding to ug in C by fi. Since A;, B; do not
contain contexts for ug and ug, respectively, there exist at most 3 maximal occurrences
of A,-measure > 57 + 3 in C between f; and f;.

Corollaries and .9 imply that either (fo,..., f;) is an initial segment of an (un-
)eertification sequence in C' from the right of fy, or A.(f;) < 57 + 3. Hence in the
second case there exist at most 3 maximal occurrences of A,-measure > 57 + 3 in C
between f;_; and f;. The symmetric property holds from the other side. So we obtain
the following sequence of maximal occurrences of A,-measure > 57 + 3 in C between f
and fs: (fo,..., fi,) is an initial segment of an (un-)certification sequence, where either
io =1—1,0rig =14, (fjo,---,[fs) is a final segment of an (un-)certification sequence,
where either jo = j, or i9 = j + 1, and there exist at most 3 maximal occurrences of
A,-measure > 57 + 3 in C between f;; and f;,.

Let V be primitive such that V" ¢ Rel;U...URel,. If V' ¢ Cycl,_,, we are done by the
definition of Cycl,_;. So assume V € Cycl,. Assume that V¥ contains some maximal
occurrence x with A, (z) > 57 4+ 3, and not as a prefix or suffix. Then by Corollary [T.11]
and by the previous considerations Vv contains < 11 periodic shifts of z, so N < 13.

Now assume that V¥ does not contain any occurrence with A,.-measure > 57 + 3.
Clearly it is sufficient to consider a space between f;, and f;,, which is of the form
W1QWs,, where Wy, W5 do not contain strong separation words. If W7 does not have a
common suffix with A; or W5 does not have a common prefix with B, then the result
follows from Lemma [TI8 @). If Q = E, the result follows from Lemma[7T8 ([IJ). Assume
that @ = DzFE with non-empty z with A,(z) < 57 + 3. Then the last occurrence that is
turned in order to obtain Cj is of A,-measure > n— (77+3). Hence it has common parts
both with A and B of A,-measure > 5§ — 57 — 2. Denote their maximal prolongations
by wy and wa, respectively. If W; contains a gap, then w; is strongly isolated from f;,.
Hence there must exist some x in A with A, (z) > 57 + 3 between f;, and w; (otherwise
the winner side for ug is the same in A and C7). Since the space between f;, and w; is of
the form Wy D; with Dy 7-free of rank r, W, contains 5271, b" € Rel,. The symmetric
property holds for wy and Ws. So the result follows from Lemma @) and @). If
Q = DE, then we argue in the same way but only from the left side. Then the result
follows from Lemma @
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Finally we need to consider the case that u or w are not contained in Aj, By, respec-
tively. Suppose that u is not contained in A;. Then the sequence (u = ug, ..., Uy, = w)
contains at most three maximal occurrences not contained in B; and similarly for the
other side. Thus we see from the previous arguments that M3 is 7-free modulo rank r. [

Now we can finish the proof of TH [I{] for rank 7.

Corollary 7.20. Let A, B € Can, and can,_1(A-B) = A”E3B" by IHIA for rank r—1.
There exists a canonical triangle (D1, Do, D3) of rank r such that can,(A-B) = A1 D3 By,
A = AD\X, B = X"'DyB;, where X - X! is the mazimal cancellation in A - B
and Ay, By are prefiz and suffiz of A", B”, respectively. Furthermore if A1 = A” and
B; = B”, then can,.(A - B) = can,_1(A - B).

Proof. By Proposition[Z.I9we have can,.(A-B) = A/M3B’', A= A’M; X, B = X" 'M;B’,
where X - X ! is the maximal cancellation in A-B. By IH[I for rank » — 1 we have that
A=A"E;X and B = X 1E;B”, where (E1, Eq, E3) is a canonical triangle of rank r — 1.
By construction we have that A’ is a prefix of A” and B’ is a suffix of B”.

First suppose that A’ = A” and B’ = B”. Then by construction all turns are done
in F3. However, since F3 is 7-free of rank r, it does not contain any occurrences of
rank r to turn. So there are no turns in A”E3B” in order to obtain can,(A - B), hence
can,(A- B) = can,_1(A - B) and we can put D; = F;, i = 1,2,3.

By definition of -, we can write A -. B = can,.(A - B) = C. Therefore A= C -. B~!.
Now we apply Proposition 719 to A = C -, B~ and obtain A = C'F3B'~", where Fj is
7-free modulo rank r, C" is a prefix of C, B'~" is a suffix of B~1. Since X - X! is the
maximal cancellation in A - B, we have that B’ 1 is a suffix of X L.

If C' is a prefix of A’, then M; is a subword of Fj, since B~ is a suffix of X 1. So,
M is T-free modulo rank r.

Otherwise A’ is a proper prefix of C’, so C/ = A’W. Since C’ is left after the maximal
cancellations in C'- B~!, we obtain that W is a prefix of M3. Then A’W is a prefix of A4,
because C’ is also a prefix of A. If M, is contained in W, then M; is a subword of Ms,
so it is 7-free modulo r. If W is a proper prefix of M7, then W is a common prefix of
%1 a@ Ms. In@is case vzgfold W in the sides MLand M3 and obtain a new triangle
My, Ms = My, M3. Then M; is a prefix of F3 and M3 is a suffix of M3. So, M7 and M3
are T-free modulo rank r. .

Assume that after the above procedure side Ej is not a suffix of M; anymore. Then
instead of complete folding W we fold it until F; plus one extra letter. Then ]T/[/l =zk
for some single letter x. Since E; is 7-free modulo rank r—1, M, 1 is 7-free modulo rank r
by Lemma (.7 -

After that we deal similarly with Ms = M5 in the new triangle and as a result obtain
the required canonical triangle (D1, D2, D3).

X
AN
VV\MI M:
—

2

Al W Ms B’
c
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In this case we can fold W in the sides Dy and D3 and obtain a new trlangle D1,
D2 = D>, D3, where D1 is a prefix of F3 and D3 is a suffix of D3. So, D1 and D3 are
7-free modulo rank r.

After that we deal similarly with D2 D5 in the new triangle and as a result obtain
the required canonical triangle (D1, Do, D3). O

7.2. Canonical form of power words.
We start with some preliminary lemmas:

Lemma 7.21. Let A= XWX ! € Can,_; and can,_1(A-A) = X;W1(X1)"! where W
and Wy are cyclically reduced. If W is T-free of rank r, then W1 is 37-free of rank r.

Proof. By IH [[0 there exists a canonical triangle (D;, D2, D3) of rank r — 1 such that
XW = A'Dy, WX~ = DyA” and can,_1(A- A) = A'D3A”. If A' = XW' and A" =
W”X =1 (where W’ or W" may be empty), then X = X’ and the claim is immediate.
Otherwise, either A’ = X/, A” = WyX, (X')~!, or symmetrically A’ = X'XoWp,
A" = (X")~! where X' is a prefix of X, X is 7-free subword of X and Wj is a subword
of W. Then again the claim is immediate. (I

Lemma 7.22. Let W/, W" be 37-free of rank r and let D, E be T-free of rank r. If
(EW'DW')N contains an occurrence u of A.-measure > 117 + 1, then EW'DW" = a*
for some s 2 0 and a™ € Rel,..

Proof. Let uw = a*a; for a® € Rel, and k > 117 + 1. If [a| > |[EW'DW"|, then by
Lemma 9] EW’'DW"” is a cyclic shift of @.

If |a] < |[EW'DW"|, the assumptions on W/, W” D, E imply that v contains a cyclic
shift Y of EW/DW”, and Y is 117-free. So since A,(u) > 117 + 1, the common part of
u and (EW'DW")N has length > |Y| + [a|. Hence by Lemma 9 EW'DW" = a* for a
a cyclic shift of a. O

Lemma 7.23. Let A= XWX ™! € Can,_, where W is cyclically reduced and contains
an occurrence u of A.-measure > 37. Then there is a canonical triangle (D1, D2, D3) of
rank r — 1 such that

Q=can, 1(A-...-A) = XDy(MD3)N'MD X!
Ntimes
where W = DaM D;y. In particular, M D3 is conjugate to W in F/({(Relo,...,Rel,_1)).

Furthermore, if W is k-bounded of rank v for some k > 37, then either (MDs3)N is
2k 4+ 7 + 1-free of rank r, or M D3 = a® for a™ € Rel,.

Proof. By TH there is a canonical triangle (D1, Ds, D3) of rank r — 1 such that
can,_1(A-A) = XW'D3W"X~! for some non-empty prefix W’ and suffix W” of W.

Since W contains u, we can write W = Dy M Dy with non-empty M. Then W = D{DsM
is a cyclic conjugate of W and we have

W = D1DoM = DsM  mod ((Relg U ... URel,_1)).

Since D1 and D is T-free of rank r, W/ and W contain occurrences of A,-measure > 27.
Hence by Corollary we obtain

can,_1(A-A-A) = XW'DsMDsW"X ™" and W' = DoM, W' = MD;.
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Inductively Corollary yields

Q=XW'DsM...DsM DsW" X"t = XDy(MD3)N " *MD; XL,
N—————

N-—2 times

The last sentence follows from Lemma O

Lemma 7.24. Let A= XWXt € Can,_1, where W is a cyclically reduced and 37-free
of rank v and W™ & ((Rely,...,Rel,)). By IH[I3 for rank r — 1 write

can,_1(A-...-A)=TAKS for all K >~

K times

where A, T, S, ~ depend only on A and r, and A, A are conjugate in the group F/{(Rely, ..., Rel,_1)).
Then AN is 117 + 1-free of rank r for all N > 1 and hence

cang(A-...- A)=T'AK'S for all K >~

K times
where T',S" and v' only depend on A and r. (Note that A does not change.)

Proof. Let Ag = can,_1(A-... - A) = X,W, X1, where Wy is cyclically reduced.
2% times

First assume that W is 37-free for all s > 0. For all K = 2% we have T/TK 7S =
X W, X 1. Notice that if an overlap of X and AK=7 contains a whole period A then an
overlap of X! and AK—=7 cannot contain A. So if there exists s > v+ 3 such that T, S are
contained in X, X!, respectively, then W, contains A®. Otherwise | X,| < max{|S], [T’}
for s > 7 + 3 because |S|,|T| do not depend on s. In this case W, contains A® for all
sufficiently large s. Thus A3 is 37-free of rank r, and so is AN for all Ny > 1

Now let ¢ > 1 be minimal such that W; is not 37-free of rank r so W;_1 is not 7-free
of rank r by Lemma [[2]l Therefore by IH [0, W; = W/_,EW/" |, where E is 7-free
of rank r, W/_;, W/, are a non-empty suffix and prefix of W;_1, respectively. Then it
follows from Lemma that

can,_1(A¢ - ... Ay) = X¢Do(MD3)N "' M D, Xy,
N ——

N times

where Wy = Do M D1, and (D1, D2, D3) is a canonical triangle of rank r — 1. Since W;_1
is 37-free of rank r, by construction, M Dj is of the form W/'E'W" D3, where E' is T-free
and W', W" are 3r-free of rank r (some parts can be empty). Hence Lemma [7.22] implies
that either (M D3)N~! is 117 + 1-free of rank r, or M D3 = a* for some a" € Rel,..

For sufficiently large N and K = N - 2!, the common part of (M D3)N~! and AK=v
has length > |M D3| +|A|. Hence by Lemma @ M D3 = Z¥, A = Z*2 for some word Z
So if (M D3)V =1 is 117+ 1-free of rank r, AN is also 117 + 1-free of rank r for all Ny >
If MDs = aF, then A= ak? | since a is primitive. Hence An € Rel,., a contradiction.

For sufficiently large N by IH we have can,_ 1(AN ) = DA, AN~ 5A2E where
D, E are t-free of rank r, Al, A, are a suffix and preﬁx of A respectively. By IH I
D, E Al,A2,5 do not depend on N. By Lemma [.24] 54 DA, AN A, F is 127 + 1-free of
rank r for big enough N. Since 127 + 1 < § — 57 — 2, it follows from Lemma [5.12] that
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can,_1(AN) € Can,, so can,(AY) = can,_; (AY). For sufficiently large K we obtain
canp(A-...- A) = can,(T) - can,(A%~7) -, can,.(9)
K times
= can,.(T) - (DZlA'K_’Y_(SA-éE) o can,.(S) = T AK-"'g'.
(]

Lemma 7.25 (u=n— 8 —3). Let A € Cycl,_; such that A™ ¢ ((RelpU... URel,)).

Then there exists B conjugate to A in the group F/{(Rely,...,Rel,)) such that one of
the following holds:

e B e Can,_; and its cyclically reduced part is 37-free of rank r.
e B € Cycl,_, and BX is yu — 7-bounded for all K > 1

Proof. Similarly to the proof of Lemma [£67 we do induction on d'(A) = max{d(X)},
where X runs through all cyclic shifts of A and d(X) is the sum of all A,-measures of all
maximal occurrences of rank r in X with A,-measure > 5 = 37 + 2.

Let Y = can,_;(A™M) = LANR, N = N; — 6, and let u be a maximal occurrence of
rank r properly contained in A" with A,.(u) > u — 7. Since A" ¢ ((Relg U ... URel,.)),
by Remark u is contained in A3 and there are periodic shifts of u starting in every
period of X that are maximal occurrences in Y.

We now turn the occurrence of u in Y starting in the second period of AN. Then
there are the following configurations in the resulting word.

1. There exists a cyclic shift VoV; of A = V3 V5 of the form LuR such that the result
of the turn of u in Y is of the form (LV;)(L'QR)VaA--- AR, where L' is a prefix of V;
that contains b] and R is a suffix of uR that contains b3 for some b7, b5 € Rel,.. Then
Corollary [3.9 implies that the result of the turns of all periodic shifts of v in A is equal
to (LV1)(L'QR) - -- (L'QR)VaR, so L'QR € Cycl, _,. Clearly L'QR and A are conjugate
in the group F/{((Rely, ..., Rel,)).

We have

d(L'QR) < d(VaVi) — (u— 1)+ (n — p+37) + 28+ 22 =
=dWVoVi) = (u—7)+(n—p+37)+237+2) +2(27+1) =
= d(VaW1) — (n — 307 — 12).

Hence d'(L'QR) < d(L'QR) + 28 < d(VaV4) — (n — 307 — 12) + 67 + 4 = d(VaV3) — (n —
367 — 16) < d’'(A). So the claim holds by the induction hypothesis.

2. Assume that |u| < |A| and we are not in Case 1. Then for every cyclic shift of A of
the from LuR we see that L, R do not contain words of the form a™ Mb™, a™,b"™ € Rel,.
Consider can,_1(LuR) = L1uR;, where A, (u) — 27 < A (u) < A, (u)+27. Let us turn u
and let B be the resulting word. If the cyclically reduced part of B is 37-free of rank r,
then we take it as B and we are done. R

Let v be the complement of @. Then the turn is of Type 2 and A, (V,B) < n — (u —
37) + 27 = 137+ 3. So B is 137 + 3-bounded. Then by Lemma [T.23] the periodic part
of can,_1(B-...- B) is 277 + 7-bounded. Since 277+ 7 < yu—7 =n — 97 — 3, we take a
period of this periodic part as B.

3. The last case is |u| > |A|. Then there exists a cyclic shift of A equal to uy a prefix of u
with Ay (u1) > Ap(u) =1 > p— 7 — 1. Then we take can,_1(u1) = L1u; Ry and argue as
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above. Using the same notations, we have that A, (5, B) <n—(u—37—1)+27 = 137+4,
so B is 137+4-bounded. Hence the periodic part of can,_1(B-.. .- B) is 277+9-bounded.
Since 277+ 9 < p— 7 =n — 97 — 3, we take a period of this periodic part as B. O

Proposition 7.26. [H[I3 holds for rank r.

Proof. By TH Rl and TH[I3] for rank r» — 1 we can assume that A € Cycl,._;. Let B be the

conjugate of A given by Lemma If B € Can,_; and its cyclically reduced part is
37-free of rank 7, the result follows from Corollary

If the second case of Lemma holds, then canr,l(EK) = ZléléK*‘sElZg IS
SCany,,,, where £~31 , .E; are a prefix and suffix of B, respectively, Z1, Z5 are 7-free of rank r,
and ¢ does not depend on K. Then Corollary [[.14] implies that canr(EK) = ZNL)ZK_WE,
where X and B are conjugate in the group F/((Rely, ..., Rel,)), and )Z, ~ do not depend
on K. Since A=Y - B-Y~! mod ((Rely,...,Rel,)), we have

cang(A - ... A) = can, (V) - can, (BX) - can, (Y 1).
K times

So, A satisfies TH [I3] with A=X. O

8. COMPLETION OF THE PROOF OF THEOREM [2.1]

It is left to show that the canonical form stabilizes and that our relators (J,.y Rel;
yield a quotient group isomorphic to the free Burnside group B(m,n). We start with the
first point:

Lemma 8.1. Assume that A, B € N{2,Can;. Then there exists ro such that can,,(A -
B) S ﬁinCani.

Proof. Since A, B € Can; for all ¢ > 0, by IH [I0 we have
can;(A- B) = 4,D{'B;, A= A,D\"X, B=X"'D{"B,,

where X - X! is the maximal cancellation in A - B and (Dgi), Dgi), Dgi)) is a canonical
triangle of rank i, A;;1 is a prefix of A; and B;; is a suffix of B;. Let rg > 0 be such
that for all ¢ > ro we have A,, = A;, B,, = B;. Since the maximal cancellation X does
not depend on i, this implies Dgi) = DYO) and Dg) = Dé”’) and hence, by TH [I0 also
D) = DU for all i > ro. We obtain can;(A - B) = A, D" B,, = can,,(A - B) for all
1 2 ro and 7 is as required. g
Proposition 8.2. For every word A € Can_; there exists ro such that can,,(A) €
N2, Can;.

Proof. Clearly we may assume that A is reduced, so A € Cang, and do induction on |A].
If |[A] =1, then it follows from Remark 8.8 that A € N2, Can;.

For the induction step assume that A = Aj;x, where x is a single letter. By our
induction assumption there is some s such that cans(A;), cans(z) = z € N2 Can;. By
Lemma [RJ] and Corollary [3.5] there exists some ¢ > s such that

can,, (A) = can,, (A1) = can,, (can,, (A1) - ) € N2 Can,.

O

By Proposition the sequence can;(A), i > 0, stabilizes after a finite number of
steps (depending on A). Therefore we can now define:



THE BURNSIDE PROBLEM FOR ODD EXPONENTS 57

Definition 8.3. For A € Can_;, the canonical form can(A) of A is defined as can(A) =
can;(A) where i is such that can;(A) € (;—, Can;, and Can = { can(A) | A€ Can_;} =
ﬂ?io Cani .

It follows directly from the definition, TH [6l and Remark [B.4] that we have
Corollary 8.4. can(can(A)) = can(A) = A mod (( Rel; | ¢ >0)) for A€ Can_;.

Lemma 8.5. Let a be a primitive word and a™ be an occurrence in A; € Can; for every
i > 0. Then a™ € Rel, for some r > 0.

Proof. By the definition of Cycl;, a € Cycl, for all ¢ > 0. The proof is by induction on
la|. If |a| = 1, then by definition a™ € Rel;.

If |a|] > 1 and a cyclically contains b7, then [b| < |a|. By the induction hypothesis
b" € Rel; for some j. Let r be minimal such that a does not cyclically contain any
occurrence of the form ™ with " € Rel,.. Then we have that a™ € Rel,. by the definition
of Rel,.. O

Proposition 8.6. If A = XWX ! € Cang with W cyclically reduced, then W™ €
((Rel; | i € N)).

Proof. Write H = ((Rel; | 7 € N)) and suppose W™ ¢ H. By Corollary B4 we may
assume A = can(A). Let r be minimal such that A does not contain any maximal
occurrence of rank r of A,-measure > 37. By IH[I3] for all j > 0 we have

canj(A-...- A) = Tj;lf_ij for K > v;,
K times

where gj,Tj,Sj,vj depend only on A and j, and A and gj are conjugate in F/H.
Lemma, implies that A; = A, for all ranks j > r. Hence A] is a subword of words
from Can; for all . Thus by Lemma[BH A? € H and hence W™ € H, a contradiction. O

Since the sets Rel;, 7 > 0, consist of n-th powers, we now obtain:

Corollary 8.7. The normal subgroup of F generated by (( Rel; | i € N)) coincides with
the normal subgroup generated by all n-th powers.

Theorem 8.1. For every A, B € Can_; the words A and B represent the same element
of the group B(m,n) if and only if can(A) = can(B).

Proof. If can(A) = can(B), then A = B mod ({ Rel; | i > 0)) by Corollary 84l Thus
clearly A and B represent the same element of the group B(m,n).

Converseley, if A and B represent the same element in B(m,n), then, by definition,
A =B mod ((w},...,w})) for some cyclically reduced words w;. By Corollary B7] we
have w! € ((Relg,Rely,...,Rel,)) for some r and so A = B mod ((Relp,...,Rel,)).
Thus can,(A) = can,(B) by IHB and, by construction, can(A4) = can(B). O

Finally we are ready to prove Theorem 2.1t

Remark 8.8. If A € Cang and all subwords of A of the form a*a1, a = ajas, satisfy
Aq(a*ay) < % — 57 — 2, then by iterated application of IH H we have A € N2, Can;.

The proof of Theorem [21]. By Theorem BI] words A, B € Can_; represent the same
element in B(m,n) if and only if can(A) = can(B). Now consider the set of cube free
words in Cang, which is an infinite set by [6]. Clearly for our choice of the exponent n
we have 3 < § — 57 — 2 and hence by Remark B.§ every cube free word is in Can. Thus
Can is infinite and hence so is B(m,n). O
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