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When a thermally isolated system performs a driving process in the quasistatic regime, its varia-
tion of average work (W) is equal to its quasistatic work (Wqs). Even though presenting this simple
definition, few attempts have been made to describe such equilibrium quantity from the fluctuation
theorem point of view. In this work, based on Jarzynski’s equality, four forms of such equality are
deduced. To corroborate the result, a relation with the strong inequality (W) > (W) is pursued. It
is concluded that any of the fluctuation theorems deduced cannot derive such a postulate. Also, no
contradiction is observed if the strong inequality is broken down. Based then on violations for sys-
tems starting in the microcanonical ensemble, a counter-example to the strong inequality at initial

low temperature is presented.

I. INTRODUCTION

Fluctuation theorems of all types have been proved
over the last decades [1-20]. They relate non-equilibrium
quantities with equilibrium ones, showing the new face of
the Second Law of Thermodynamics, expressed now as
an equality. Historically speaking, Jarzynski’s work [21]
puts in evidence such relation, deducing from it the weak
inequality for the average work performed in a thermally
isolated system with its difference in Helmholtz’s free
energy between its final and initial equilibrium states,
(W) > AF.

Another important quantity for a thermally isolated
system is the quasistatic work (W), obtained as the
variation of average energy produced in a driving process
performed in the quasistatic regime [22-26]. In particu-
lar, the Second Law of Thermodynamics for this kind of
system is a postulated stronger inequality, (W) > (Wys),
which is tighter than the weak one since (Wqs) > AF [21].
Understanding why such inequality holds is important for
theoretical nonequilibrium statistical mechanics. How-
ever, as far as I know, only one attempt was made to
prove a fluctuation theorem that justifies such strong
inequality of thermally isolated systems: in Jarzynski’s
work [27], the inequality is proven for macroscopic ther-
modynamic systems, using as an example of the ideal gas
with a moving piston. In the end, the author states that
this problem of finding a proof for the strong inequality
for generic systems is still open.

In this work, I explore such a problem by proving four
fluctuation theorems related to the quasistatic work. All
of them are deduced based on Jarzynski’s equality. How-
ever, none can derive the strong inequality. Also, there
is no contradiction with previous laws if such a violation
exists. Based on Ref. [22], where the strong inequality
breaks down for systems starting in the microcanonical
ensemble, a counter-example at initial low temperature
is then presented.
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II. PROBLEM AND PROPOSED SOLUTION

Consider a thermally isolated system with a Hamil-
tonian H(z(zo,t),A(t)), dependent on some time-
dependent external parameter A\(t) = Ao + g(t)d), with
g(0) = 0 and ¢(7) = 1, where 7 is the switching time
of the process. Here, z is the point in the phase space
evolved from the initial point zg until the instant of time
t according to the solution of Hamilton’s equations. Ini-
tially, the system is in thermal equilibrium at a temper-
ature T = (kpfB)~!, where kp is Boltzmann’s constant.
When the process starts, the system is decoupled from
the heat bath and adiabatically evolves in time, that is,
without any source of heat. The average work performed
along the process is

(W)(r) = / C(OvH) (A, (1)

where (-) is the average concerning the non-equilibrium
distribution of the system [21]. In particular, for qua-
sistatic processes, where 7 — 0o, we called it quasistatic
work

(We) = Jim (W)(r). @)
Looking at the strong inequality, one may guess that both
quantities would obey a fluctuation theorem

(e7PWy = ¢=FWas) (3)

from which Jensen’s inequality will furnish the desired
relation. However, this fluctuation theorem does not
make any sense at first sight. Indeed, if W is the work
performed by the thermally isolated system, then (Wes)
must necessarily be the difference in Helmholtz’s free
energy between the final and initial equilibrium states
AF of this system. This only happens when the system
evolves with a heat bath around its surroundings.
However, four modifications in this fluctuation theo-
rem to make it valid can be considered: 1) (W) is a
type of AF, but referring to another system than the
original one; 2) the exponential is changed by another
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increasing and convex function; 3) the initial probabil-
ity distribution is different than the canonical one; 4)
Jarzynski’s equality is considered for two averages relat-
ing the work random variable W and quasistatic work
random variable Wys. Thus, by using Jensen’s inequal-
ity, one recovers relations where the strong inequality can
be explored. That is our objective in the next sections.

III. FIRST FLUCTUATION THEOREM

I start by defining a system of interest, with a not-
known yet Hamiltonian G(w(wyg,t), A(t)), which has the
same time-dependent external parameter of the original
system. Again, w is the point in the phase space evolved
from the initial point wg until the instant of time ¢ ac-
cording to the solution of Hamilton’s equations of such
system.

To determine the Hamiltonian G, I consider the regime
of thermal equilibrium since the demonstration of Jarzyn-
ski’s equality requires only the knowledge of equilibrium
states of the system [21]. First, the quasistatic work is an
integrated function of the exact differential of the energy
Eqs. Therefore

<qu> - <EQS>O|§2+6)\’ (4)

where (-)¢ is the canonical ensemble of the Hamiltonian
H(zo, Ao) calculated at temperature T. The partition
function of the system of interest is

Z(/\o) = /e—ﬁg(wo)\o)dwo — ¢ B(Bas)o (5)

I propose the Hamiltonian G is given by

G(z(t), \(t)) = H(z(t), A(t)) + (Eqgs)o(A(t)) — F(/\(t))(,G)
where F' is Helmholtz’s free energy of the original system.
It is easy to see that Eq. (5) is satisfied. Observe also
that the system of interest has the same solution as the
original system, and the same probability distribution.
This implies the fluctuation theorem [21]

(e7PW'y = ¢=FWas) (7)
where

W' = G(z(20,7), Xo + 0X) — G(20, Xo). (8)
By using Jensen’s inequality, one has

(W) = (Wes). )

In particular, using in Eq. (9) the inequality (Wgs) >
AF [27], one obtains the following relation

(W' > AF. (10)
Summing up the weak inequality with Eq. (9), one has
(W) + (W) > (Wes) + AF, (11)

from which one can deduce

(W) = AF > (W) — (Wys) > AF — (W), (12)
>0 <0

showing that this fluctuation theorem does not offer a
tight bound to the difference (W) — (Ws). Also, admit-
ting this difference to be negative, there is no contradic-
tion with Eq. (10).

IV. SECOND FLUCTUATION THEOREM

For the second fluctuation theorem for (W), I propose
the following relation

(=W = (W) =1, (13)

where f(2) would be a globally convex and globally in-
creasing function, possibly dependent of dA/\g and T,
and with f(0) = 1. Indeed, if it holds, the strong in-
equality is proved by Jensen’s inequality. Let us consider
that it holds

(F=BOV = (Wee)))) = (77720, (14)
Expanding in Taylor’s series around = 0, one finds that
(W-AR)")
(W = (Wys))™)’
which indicates that the function f(x) is a perturbed ex-
ponential, since Wy = AF + ¢, with € > 0. Observe
that in this case f(0) = 1, as required. Also, that f(z)
depends on 7 and dA/Ag. To be globally convex and glob-
ally increasing, it is necessary to be locally convex and

locally increasing at all points. Let us see the situation
around the point z = 0. The second derivative is

f"(0) =0, (16)

F(0) = (15)

so the function is locally convex around x = 0. However,
the first derivative is

£1(0) = (W) — AF

)~ (W) (17

which requires the previous knowledge of the sign of the
difference (W) — (Wgs) to know if the function is locally
increasing or not. Therefore, the fluctuation theorem de-
duced cannot derive the strong inequality. Actually, if
the difference is negative, the definition of the function
f(z) opens the possibility to agree with such an aspect
in terms of the increasing property.

V. THIRD FLUCTUATION THEOREM

The third fluctuation theorem for (Wys) proposed is
the following relation

e BPW—=(Was)) =1, (18)



where ~ is an average over an initial probability distribu-
tion different than the canonical one.

First, one can always define a probability distribution
by defining all its moments [28]. In this way, considering

e=BW=(Was) — (¢=AW-AF)y (19)

one expands both sides in Taylor’s series around z = 0,
establishing the following definitions for the moments of
the new probability distribution

(X = (Wes))™ = (X — AF)"), (20)

for any random variable X and n > 0. In particular, for
X =W, one has

W — (Wys) = (W) — AF > 0. (21)

Summing up with —(Wys) and using the previous in-
equality, one arrives at

W - <WQS> > <W> - <Wq5> > AF - <qu>a (22)
>0 <0

showing that the strong inequality can not be proven
again. Observe that assuming (W) — (W) negative does

not imply any contradiction with the inequalities W —
(Wys) and AF — (Wes).

VI. FOURTH FLUCTUATION THEOREM

The last fluctuation theorem is a direct consequence of
Jarzynski’s equality

(e7FW) = e PBF = (e W), (23)
Using Jensen’s inequality, one can deduce
1 /e BW) 1 [ (e fWas)
_B In (m) > <W>_ <qu> > _B In (m) .

>0 <0

(24)
Again, a fluctuation theorem was found out, but the
strong inequality can not be derived. Indeed, the relation
above illustrates the reason behind such difficulty: for a
thermally isolated system, the probability distribution of
Wqs is not a Dirac delta centered at (Wys), which opens
the possibility of the desired difference to be negative.
The second inequality of Eq. (24) suggests an attempt
to prove the strong inequality. Considering

fOA) = (W) — (Wes), (25)
and
T
g(oN) = —% In <%), (26)

observe that 6\ = 0 is a maximum of g(6\), with ¢g(0) =
0, and a point where f(0) = g¢(0). Is it possible that

f(6N) > ¢g(0) = f(0)? Consider that there exists JA\*
such that f(0A*) < f(0). Then

g(oA™) < f(6A7) < £(0) = ¢(0), (27)

leading to no contradiction again.

VII. COUNTER-EXAMPLE

Jarzynski’s fluctuation theorem [27] and the ones de-
rived here can not prove the strong inequality generically.
Two possible paths one faces here: the demonstration is
not found out yet, or there is a counter-example where
the strong inequality breaks down. In the next para-
graphs, I present an example of where this second case
happens.

In Ref. [29], it was shown that the quartic oscillator
described by the following linear-driven Hamiltonian

2 4
HOW) =5 +M0F
2 2
has intervals of switching times 7 where the excess work
(W) — (Wqs) is negative. The regime treated there was
weakly driven perturbations, with [tdA/Ao7| < 1 for
t € [0, 7], starting with the system in a state of the mi-
crocanonical ensemble. First, our situation differs from
the presented example since we consider systems starting
in the canonical ensemble. Also, since the system is not
in the thermodynamic limit, the equivalence between en-
sembles does not hold. However, when the system starts
in T = 0, the equivalence property exceptionally holds.
It is expected then that at low temperatures, 7" =~ 0,
the excess work calculated with the canonical ensemble
will still present negative values for some switching times
since Boltzmann’s factor presents a continuous depen-
dence on the temperature. The task then becomes to find
by inspection the values that lead to this breakdown.
Consider then 8 = 103, \g = 1, 0A = 0.1\, T =
10)\51/2, and 745 = 103)\51/2. Here, 74 is the switching
time used to calculate the quasistatic work. The proce-
dure was the following: for 50 times, I took the average of
10* values of W — Wy, which were numerically sampled
from the initial canonical ensemble. Taking the average
and standard deviation over the average values of the
experiments, I obtained

(W) — (Wys) = (=8.4£0.3) x 107*57, (29)

MO = ho+ L6x, (28)
T

which shows a negative value inside the error range.
Therefore, the strong inequality is broken down and the
results obtained in Jarzynski’s work [27] and this one
make sense. Finally, this result is exact, and no approx-
imations of linear response theory have been used.

VIII. CONCLUSION

I presented four fluctuation theorems related to the
quasistatic work of a thermally isolated system started



in a thermal state. All of them were deduced based on
Jarzynski’s equality. Even though, none of them derived
the strong inequality. Also, assuming the negativeness of
such a difference does not imply any contradiction with
already known laws and those deduced in these fluctu-

ation theorems. Based then on violations of the strong
inequality for systems starting in the microcanonical en-
semble, a counter-example at initial low temperature is
presented. This result corroborates the possible viola-
tions of the strong inequality obtained in the fluctuation
theorems deduced in this work.
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