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Abstract

We give an exact matrix product steady state and matrix product forms of local observables for the bulk
impurity-doped X X Z spin model coupled to dissipators at both ends, whose dynamics is described by the
Lindblad quantum master equation. We find that local magnetization is induced at the impurity site when
the spin current flows, which is contrary to the usual situation where current suppresses magnetization due
to heating. It is proved that this current-induced magnetization survives in the thermodynamic limit, and
the spin current does not depend on the impurity strength. We discuss the role of bulk integrability by
comparing the results with those of non-integrable models solved numerically by the quantum trajectory
method.

1 Introduction

Transport is one of the most fundamental properties of nonequilibrium quantum many-body sys-
tems. It reflects thermalization behavior and integrability of those systems [24, 50]. For example,
macroscopic current approaches zero in the long-time limit in generic isolated non-integrable sys-
tems, while transport becomes ballistic and current may not vanish in the long-time steady state
in integrable isolated systems [2, 5, 12, 13, 20, 26, 39, 42, 46, 51, 55, 56, 57, 60, 61]. For open
quantum systems, which is our focus in the paper, steady state current is observed both in bulk
integrable and non-integrable systems. However, there could be a fundamental difference between
them, which is still to be understood. An interesting question in this context is how an impu-
rity inserted in a bulk integrable quantum system can change the behavior of current and other
observables far from equilibrium with dissipation.

The integrability has played an important role in understanding nonequilibrium open quan-
tum systems. When the system deviates far from equilibrium, it is often difficult to calculate
observables exactly in nonequilibrium steady states in the thermodynamic limit. In recent years,
on the other hand, there have been various studies on exactly solvable steady states of dissipa-
tive quantum systems. Especially for systems whose time evolution is described by the Lindblad
master equation, several mechanisms have been discussed on the solvability of steady states: In
some cases, the full spectrum of the Liouvillian is accessible via free fermionization [40, 49, 54, 58],
triangularization of the Liouvillian operator [3, 31], operator space fragmentation [10], and the



Bethe ansatz method [28, 54, 59]. Other cases allow us to know only the steady state in the
matrix product form due to bulk integrability under the proper choice of boundary dissipators
[1, 15, 18, 19, 23, 27, 34, 33, 35, 36, 37, 38, 41, 42, 43, 44, 45, 47, 48]. In this paper, we focus
on the latter case. Initially, the matrix product form of the steady-state solution has heuristically
been found for the Lindblad master equation on the X X7 spin chain with dissipators attached
at both ends [41, 42]. Later, each matrix element in the matrix product state has been found to
be related to the Lax operator of the bulk Hamiltonian [19, 47]. This remarkable fact opened the
way to study steady states in a wide class of dissipative quantum systems with bulk integrability.

To better understand the role of integrability on transport properties, we study the effect of im-
purities in integrable and non-integrable open quantum systems. Previously, transport properties
of many-body systems with an impurity have been studied, e.g., for a one-dimensional Luttinger
liquid [21, 22], the Anderson impurity model [14, 29, 30, 32], and a cold-atom gas with an impurity
atom [53]. In this paper, we focus on the X X Z spin chain coupled to dissipators at both ends,
whose steady state is written in the matrix product form [19, 41, 42, 47]. It is known that the
X XZ model can be deformed to include impurities without breaking its integrability [11, 52, 62],
where the leading coupling to an impurity is represented by the (anisotropic) triple spin scalar
product, which is in sharp contrast to other impurity models. For integrability-preserving models,
we find that the exact steady state is still given in a matrix product form of the Lax operators.
Based on this, we calculate the current and magnetization exactly, which can be evaluated in the
thermodynamic limit. The result shows that local magnetization is generated at the impurity site
when the current flows through the system. This behavior is rather opposite to our naive expec-
tation that current generally suppresses magnetization via heating. We also study the difference
between integrable and non-integrable systems by numerical simulations of finite-size systems via
the quantum trajectory method [4, 6, 7].

This paper is organized as follows. In the next section, we define the dissipative X X Z model
with bulk impurity. At the same time, we also give its properties from integrability aspect. In
section 3, we construct the steady state in the matrix product form. Basic physical quantities are
analytically calculated on the steady state, whose results are supported by numerical calculations.
The last section is devoted to the concluding remarks and future problems.

2 Impurity-doped X X7 spin chain

2.1 Quantum spin system coupled to dissipators

We consider the XX Z spin chain coupled to dissipators at both ends. The dissipators at the
boundaries serve as “spin baths”, which provides up spins from the left boundary and down spins
from the right boundary, respectively. In the bulk chain, we insert an impurity centered around a
certain site. Let us denote the bulk Hamiltonian including the impurity by HY'’Y,, the detail of
which is described in the next section. We assume that the time evolution of the density matrix
of the system, p, is given by the following Lindblad master equation,

< 0lt) = L)) (1)
L(p) = —i[HYRz: o] + Z euDu(p)- (2)
ne{L,R}

Here L is the Liouvillian superoperator, €, (¢ = R, L) is the dissipation rate, and D,, (v = R,L)
is the dissipation operator which maps the density matrix as

where we take Ap, = o) and AR = oy representing the effect of spin injection at the boundaries.
In this setup, the dynamics satisfies Markovianity, i.e., p(t 4+ dt) is determined solely from p(¢)
and does not depend on the previous history of the evolution. The justification of the Markovian



property often requires several physical assumptions, such as the weak system-bath coupling and
short correlation time of the baths, which, however, we do not discuss in detail here. In the
following discussion, we adopt the Lindblad equation (1) and (2) that are supposed to be valid for
arbitrary €,, and assume that the impurity is not located at the ends of the chain.

2.2 The XXZ spin chain

The anisotropic Heisenberg spin chain, the so-called X X Z spin chain, with the open boundary
condition is given by the following Hamiltonian,

N-1

Hxxz = Z hjj+1(A), (4)
j=1

hjj+1(A) = 0fof +olol | +Adgjoi,,. (5)

The Hamiltonian Hx x 7z acts on the Hilbert space $) spanned by ®§V:1h j with b; = C?, where the
operators o' (o = z,y, z) nontrivially act on the jth space,

0'=10 212212 - 31. (6)
J jth

The operators 0 : C? — C? are the Pauli matrices satisfying the sly relations:
(0%, 0P] = 2icap,07, (7)

where €43, is the Levi-Civita symbol. The X X Z spin chain is well-known to be integrable. This
model shows gapless excitations for the anisotropy A < 1 and gapped excitations for A > 1 in
the thermodynamic limit N — oo. In the following, we use the conventional parametrization
A = coshn. n takes a real value in the gapped regime, while it takes a pure imaginary value in
the gapless regime. In the gapless regime, we sometimes denote 1 = i7y for simplicity.

By doping the impurity at the nth site, the X XZ Hamiltonian is deformed due to the inter-
action with the impurity,

N—1
HYRy = > (hasr(@) + huct i (A,6)). (8)
j#ZLill,TL
In this paper, we focus on two kinds of integrable interactions, hn,—1.5.n4+1(A, &) = hlit(ll)n 1

and hp—1nn+1(A€) = hft 12)71 nt1- The first one of the integrable deformation is the spin-1/2
impurity:

int(1 1-— A2 - N B .
hy, (1 )n ntl = m (coshéh(onflan +oy_j0¥)+ Ao'nilo'n)
1- 42 T _x Yy Y
+ m(cosh&(ananﬂ + O'nO'n+1) —+ Aoc? Jn+1)
1

12
+ 1A%+ smhZe (A sinh” (o7 10741 + 05 1051 + 07 10741)

+ AV1—A2sinh&(oy 10 — 0l _i0p)05 1,
+ AV1—A2sinh€ -0}, (on08  —ohon )
— V1 — AZsinh§coshé(oy,_jon00 ., — Jn710202+1)> 9)



for A <1, and

A2 -1

t(1

e B QLU CAL R AR L)
+ m(COSE(JanH + Un0n+1) + Ac? 0n+1)

1 . 9
+ A2 11sin’e (A sin® (o 10741+ 0p 10041 + 05 10511)
+ AVA? —Lsing(0%_ 0% —ol_ o)
+AVAZ—1sing o5 4(onon, 1 —0pon,)
— VA —Tsingcosé(oh_ 10500, — oY yoion))  (10)
for A > 1. The parameter £ is the so-called inhomogeneous parameter, which is introduced to
represent the effect of the impurity (i.e., the impurity strength). In order for the Hamiltonian to
be Hermitian, we choose £ as a real value. The Hamiltonian for A < 1 can be mapped to the one
for A > 1 by replacing £ with €. The isotropic limit (A — 1) becomes singular around £ = 0.
However, if one takes the scaling £ = ¢’ with £ fixed, the isotropic limit of the impurity-doped
model at A = cosy — 1 is well-defined.

Although the Hamiltonians (9) and (10) seem to contain complicated terms, the form of the

expression becomes much simplified for small £. In fact, if one expands h:li(i)n)n 41 in terms of &,

the leading terms read

in 1
B = By (A) 4 nir(A) + S (0ur 0w owi)a +O(E), (1)

2 =]
where we have defined the A-deformed triple product,

(A,B,C)a = AB"(CYA* — AYC?) + ABY(C*A® — A*C”") 4+ B*(A*CY — C* AY), (12)
for the three-component operators A, B, C. It is an anisotropic generalization of the isotropic
scalar triple product, (A, B,C)a=1 = A- (B x C).

The second integrable deformation is the higher-spin impurity:

int(2 1 . z — : : z
hnt(1 )n ntl = m{ sinh®7 - o, , cosh(n(3 + S2))S, +sinhncoshn - o, sinh(n(3 + S%)) - S, 0714
2

+sinh® 5 -0, cosh(n(3 — SZ)) - S;f —sinhncoshn - o, _; sinh(n(3 — S2)) - Sifo

n n+1
+ sinh® 5 cosh(n(3 + S2)) - S, o1 +sinhncoshn - o} _ysinh(n(5 + S2)) - S, o7,y
+ sinh® ncosh(n(—3 + SZ)) - Sy 0,4 +sinhncoshn - o7y sinh(n(—3 + S2)) - S} o, 4

+ %sinhncoshn . ( 2 _1sinh(2nSZ) + sinh(2nS7) - 07 _ 1)

— (i coshn - (coshncosh(2nS2) — 1) — %sinh2 ncosh(2nSZ) + isinh2 ncoshn - {S}, S;})

—0Z_, (i coshn - (coshncosh(2nSZ) — 1) — isinh2 ncoshn - {S}t, S;})afbﬂ

+ (sinh )07 (872071 + (sinhn) 2oy (S5) %07, - (13)
The spin operators S§' (o =+, —, z), which non-trivially act on the jth space

J jth



are the Uy,(slz) generators of an arbitrary (2s + 1)-dimensional irreducible representations (2s €
Z~o) with the highest weight s:

2s
eH15E =3 e m) () (15)
m=0
o 2sz—:1 sinh(n(m + 1)) m)(m +1|, S = zsz_:l sinh(n(2s —m)) im + 1)(m)| (16)
@ o sinh roTe = sinh 7 '

The first model among the integrable cases is the spin-1/2 impurity, around which the three
spin-1/2 spins interact each other due to inhomogeneous impurity. The second one is the higher-
spin impurity, which has an arbitrary spin interacting with the neighboring spin-1/2 spins.

Besides the integrable deformation of the X XZ model, we also consider two kinds of non-
integrable interactions: One is the impurity interaction with the isotropic scalar triple product
(model T),

nint(I) . § 1
hn—l,n,n+1 =hp_1(A) + B — A7) (On-1,0n,0n11)a=1 + hnni1(A), (17)
and the other is the interaction with a local magnetic field (model II),
nint (11 g z
hn—tl(,n,)n+1 = hn—l,n(A) + ian + hn,n-i-l (A) (18)

In both of the models, the bulk part is the same as the integrable XXZ spin chain, and the
integrability is broken by the impurity term. In the model I, we take a similar form of the impurity
Hamiltonian as the integrable impurity model at the leading order of £, except that we replace
the anisotropic triple product (o7,—1, 0, 0,+1)a with the isotropic one (67,—1,04,0,4+1)a=1. In
the weak & regime the difference between the integrable and non-integrable models arises only
from the isotropic nature of the triple product, while in the strong & regime higher order terms
in £ in the integrable model may become dominant and give large deviation. In the model II,
we consider a perturbation by the local magnetic field in order to see how the current-induced
magnetization found in the integrable model differs from the trivial magnetization induced by the
magnetic field. We remark that both the triple-product term and the magnetic-field term have
odd parity under the spin-flip transformation (ep — —o). All the above impurity interactions
we consider approach the non-impurity model as & — 0.

2.3 Integrability of the X X7 spin chain

Now let us explain integrable aspects of the X X Z spin chain and its impurity-doped deformation.
The solvability of the X X Z model is based on the existence of the commuting transfer matrices.
The transfer matrix T is constructed by taking the trace of the so-called monodromy matrix
To : Vo®9H =V, 09, V, = C? over the auxiliary space V,. The monodromy matrix consists of
the Lax operators

771()\) = La,N(A) o La,l()‘)v (19)

_ (sinh(A1 +7Sf) sinhn - S,
La,k(>\) - ( Siﬂh?’] . SI-CQ— Sll’lh()\l _ nsz) . ’ (20)
with the Ug(sly) spin operators S+t,8~,et15%of spin-1/2. Each element in the Lax operator
provides the Boltzmann weights of the six-vertex model parametrized by the complex parameter
A € C. The commuting property of the transfer matrix is based on the existence of invertible
R-matrix which satisfies the fundamental commutation relation (FCR)

Rap(A = 1) Lak(N) Lok (1) = Lag (1) Lok (A\) Rap (A — p). (21)



For the above choice of the Lax operators, the invertible R-matrix which solves the RLL-relation
indeed exists with the following form

1 0 0 0
sinhn sinh A
5 _ sinh(A+n)  sinh(\ +7)
Rap(A) = sinh A sinh : (22)
sinh(A+n) sinh(A+17)
0 0 0 1

Using the FCR repeatedly, one obtains that the transfer matrices are commuting for any A due to
invertibility of the R-matrix and the cyclic property of the trace

TN, T(w)] = 0, (23)
TO) = traTa(N),  T(n) = trTo (). (24)

The Hamiltonian of the X X Z spin chain is obtained through the A-expansion of the transfer
matrix

20\ —

1 ) A -
—logT =P
; ogT'(N) + sinh 7 Hxxz+ Z

m\i

» + const. (25)

Remind that the anisotropy of the model is parametrized by 7 through the relation A = coshn .
Note that the operators .., which are operators with local but longer interactions than Hamilto-
nian, are all commuting due to the commuting property of the transfer matrices.

The famous Yang-Baxter equation

RiaR13R23 = Ra3Ri3 12 (26)

is a general interpretation of the fundamental commutation relation (21). In this interpretation,
the Lax operator is obtained through the evaluation representation of the universal R-matrix. For
instance, the quasilocal charges [8, 16, 17, 26, 56] of the X X Z model are constructed by choosing
the auxiliary space V, in the spin-s representation. When s takes an integer or half-integer value,
the conserved charges are spin-flip symmetric. On the other hand, if s is a complex number,
spin-flip asymmetric elements emerge in the conserved charges. The Lax operator looks the same
as (20) for any choice of the auxiliary space
sinh(A1 + nS? sinhn - S,
Lia(\s) = ( sir(lhn - S;a) sinh(AL — JS;)> 27)

but by replacing ST, 5™, e*"5" with the U, (sl2) spin operators of spin-s. They satisfy the com-
mutation relations given by
S — ¢ 5% ot —S5* +1 g+
[S+7S_]:7,17 q S q_ =q S 9 (28)
q—9q

in which the anisotropy of the model 1 is encoded in the ¢ of U,(sly) via ¢ = €". Note that the
irreducible two-dimensional representations of ST coincide with those of the sly generators. The
explicit representations are given in (15) for integer or half-integer s, while the spin operators with
complex spin s have generically half-infinite dimensional representations with the highest weight
s:

%= Zei“s ™ m)oml. (29)

=, sinh(n sinh(n(m + 1)) _ <= sinh(n(2s — m))
=y Smhn im)(m +1], S, _Zwmﬂxm. (30)

m=0 m=0



Only when the anisotropy is n = iy = iwk/l with coprime k and [, we obtain finite-dimensional
representations:

-1
% =Y T m) ml, (31)
m=0
-2 . -2 .
+ sin(y(m + 1)) 1 _ sin(y(2s —m)) 1 5
5= 3 O 1), 57 = 3 IS nk (32)

This is the story how to obtain the integrable Hamiltonian of the X X 7 type without impurity.
In order to dope the spin-1/2 impurity at the nth site, use the monodromy matrix (19) whose nth
Lax operator is replaced with L(X + £):

7:1()\7€) = La,N(A) La,n()‘+€) "'La,l()‘)a (33)

where £ is the inhomogeneity parameter representing the effect of impurity. Similarly, the higher-
spin impurity model is obtained from the monodromy matrix with the fused Lax operator at the
nth site:

T2 = Lax (V) - L) -+ La g (), (34)

where the Lax operator Lgli)n acts on V, ® b, b, = C¥**1. The deformations listed above do
not break integrability of the model, since the monodromy matrices (33) and (34) also produce
the commuting transfer matrices. The Hamiltonians constructed from these monodromy matrices
contain the three-body interaction around the impurity, which is exactly what we are considering
(9), (10), and (13).

3 Steady state of the dissipative X X7 model with impurity

3.1 Matrix product steady state

In the series of works [19, 41, 42, 47], it has been found that the steady state of (1) can be exactly
derived in the matrix product form in the absence of impurity. The key relation is the Sutherland
relation:

[R511(0), Lia(h8)Lis1.a(09)] = sinh (Lo (X $) )1 (0 5) = LA ) Lyi1a(A5)) - (35)

which are obtained as a consequence of the FCR. In the derivation of the Sutherland relation, the
known fact that the local bulk Hamiltonian of the X X7 model is obtained from the R-matrix at
A=0

) 1
7.5+1(0) = 2h541 4 5 coshy (36)

is used.

The same Sutherland relation (35) holds for the impurity-doped X X Z model except for neigh-
borhoods of the impurity. Around the impurity, we instead have the inhomogeneously deformed
Sutherland relation:

[R;ll,n(g) Vizfl,n(g) + Rgil,n(g) V;L,nJrl(O)Rn*l,n(g)a Lnfl,aO‘a S)Lma()‘ +¢&, S)Ln+17a()‘a 3)]
= Sinhn(Ln,La(A, 8)Ln,a(N+&,8) L0 41 o(N8) = Ly, 1 (A 8)Lna(A+&,8) Lny1,a(N, s)),

where the local interaction with impurity is proportional to the combination of R-operators ap-
peared in the commutator:

2hn—tmmi1 = Ry Ly (ORL (&) + R (R 41 (0) R0 () (37)



Therefore, it is reasonable to assume that the steady state density matrix poo of the impurity-doped
X X Z model is also written in the matrix product form:

oo = QO /tr(QF,Qn), (38)
QN = a<WL‘L1,a()\7 S) T Ln,a()\ + 57 5) te LN,a(A; S)|WR>a7 (39)
Ol = LILT, (A 5) - LT (N + & 5) - L o (A, 8)| Wi)a- (40)

Here the superscript T represents partial transpose with respect to the physical space. |Wg), is
a certain vector in the auxiliary space V, and ,(Wy| is in its adjoint space V;*. Note that the
decomposition of the density matrix p., into the amplitude operators Q2 is always possible due
to positive definiteness of the density matrix. Remind that the FCR holds for any choice of the
auxiliary space of the Lax operators. Therefore, we let the auxiliary space in an arbitrary spin-s
representation, which must be fixed in order to be compatible with the steady state condition at
the boundaries.

Repeatedly using the Sutherland relation (35) and its inhomogeneous deformation (37), the
non-commuting parts in the commutator of (1) remain only at the boundaries, which can be
canceled by the dissipation terms. By choosing the boundary vectors as the highest-weight vectors
o(WL| = (0], [WR)a = |0)4, the matrix product state (38) satisfies the steady state condition
L(p) = 0 at A = iw/2, provided that the spin parameter s is connected to the dissipation rates
through the relation e;, = eg = —2isinhntanh(ns). Since s is allowed to take any complex
number, the dissipation rates can be any, provided that e, = er. Note that, in order for the
dissipation rate to be real, the spin parameter s must be pure imaginary.

The steady state of the X XZ model with the spin-£/2 impurity is similarly obtained through
the Sutherland relation (35) and its higher-spin deformation:

(R (0) (R i1 (0)) BED, (0) + (R (0)) 7 R 1 ()R (0)), L 1.a(A, 8)LE, (A 8) Ly 1,0(\, 8)]
)

n—1,n n—1,n n—1,n n,
=1 Sin’}/(Lnfl,a(/\v S)Lg,)a(Aa 3)L11+1,a()‘a 5) - Lﬁm_m()\, S)Lrﬁa()H S)LnJrl,a()‘v 8)) .
(41)

1
L%)a is the fused Lax operator with (2¢ + 1)-dimensional physical space and Rifb’e) € End(C? ®
C?*1) is the fused R-matrix [25]. The local Hamiltonian around the impurity is proportional to
the product of the R-matrices in the commutator:

2% = (R (0) " (Rrnir ()Y RED (0) + (RE2) (0)) Ry psr (0)(RED (0)). (42
n—1l,n,n+l — n—1,n n,n+1 n—1,n +( n—l,n( )) 717’ﬂ+1( )( n—l,n( )) : ( )

The amplitude operator for the spin-£/2-impurity-doped model is then given by the matrix product
form:

Qv = o(0lL1,a(F ) LY (5, 8) -+ Lna (5, )|0)a- (43)

under the condition that the spin parameter s is determined by the dissipation rate via e, = eg =
—2i sinh 7 tanh(ns).

3.2 Physical quantities in the steady state

Once the steady state is given in the matrix product form, expectation values of physical quantities
are also expressed in the matrix product forms. In the rest of the paper, we focus our discussion
on the spin-1/2 impurity [Egs. (9) and (10)]. We are especially interested in the magnetization
profile
(%) = tr(poooi), (44)
and the spin current,
Tk ke+1) = tr(pocr k1), (45)



which explicitly depend on the site & due to the presence of the impurity. For the gapless regime
|A] <1, we have

Jkk+1 = 4Z‘(U]jo'k_+1 - O-k_a']-:+1) (k #n—1,n), (46)
1— A2
jn—1.n = 4i——————— cosh o, —o. o
J 1, 1—A2—|—sinh2§ f( On-1 n—1 )
1

+4 (zAsmh (00 10041 = Tn10p41)

_Amsmhg o, o _o)oi

1—- A2 smh{coshf( 10,0 T O, 050 :{H))a (47)

1— A2 +sinh?¢

1— A2

inny1 = 4i————coshé(cro ., —o o
In,n+1 1_ A2 +Sinh2§ f( n Yn+1 n n+1)
1
+4— (ZA sinh? Op_10m, O 0;
1— A2 +sinh?¢ o~ )

— AV1—A?sinh¢ 07 _y(ofo, 1 +0,00,)
+ V1= A?sinh&cosh (o) _ 070, +0,_ 10'n0'n+1)) (48)

where o* = (0 £i0¥)/2. The spin current in the gapped regime |A| > 1 is similarly obtained.
Note that the definition of the spin current around the impurity must be modified from the one
away from the impurity as (47) and (48) in order to satisfy the continuity equation (see Appendix
A).

For practical calculations, let us introduce the double Laz operator Ly 45 [45], which acts in
the tensor product of a quantum space and two auxiliary spaces by @ V, ® Vj:

Li.as(A 8) = LE ,(\, ) Lip(A, 5). (49)

From now on, we fix the spin parameter s of the double Lax operator L at the steady state point
2i sin vy tan(ys) = ¢ unless explicitly noted. The steady state density matrix po, = Q;’VQN/tr(Q}rV Qn)
is expressed as the product of the double Lax operators via

N
QLN =2 (0] @ (0] [ [ La.as(A3)[0)a @ [0)s, (50)

r=1

where {3} is a set of spectral parameters given by (Af,...,AS,....\y) = (in/2,...,i7/2 +
& ..., im/2).

It is also useful to rewrite the double Lax operator element by the elements with respect to
Pauli matrices

Lo, (A +12, (N L, (N
LeasN= 3 amm,bm:( eb W) F Lo 5 Ra(Y) ) NG
ae{0,z,+,—} ]La7b(>\) ]La,b(A) H"a,b()‘) k

Then, the normalization constant of (50), which we call the partition function, is expressed simply
by the 0-element of the double Lax operator:

N
Zy = tr(Q Q) = 4 (0] @, (0] [T LS ,(A3)[0)a @ [0)s, (52)

x=1

since only the tensor product of ¢® survives under the trace over the physical spaces.
Recall that the expectation value of a physical quantity X on the steady state is evaluated by
(X) = tr(pooX). Noting that the trace over the physical space kills any tensor product operator



which includes the Pauli matrices, we obtain the matrix product forms of the local magnetization
and the local spin current in the steady state as

k— )
_ a{01 @ p{0l TTozy L s (ADLE (M) TTrmgys LE 5 (A2)[0)a @ [0
a{0] @ (0] TI2L, 12, (A3)[0)a @ [0)s

. (0@ (0| TTEZ) LY p(A)Lg,(A8), Ly (M50 Tl kn L2, (A3)[0)a @ [0)s
(Jrkt1) = 4i I :
{0l @ (0| TI=1 Ly 4 (A3)[0)a ® [0)s

(k) : (53)

(54)

The matrix product expressions for expectation values of general A(€ N)-local operators are found
in Appendix B.

We obtain the expectation values of physical quantities that depend on the position of the im-
purity n. Indeed, magnetization loss/gain emerges at the impurity site (Fig. 2). On the other hand,
the spin current is constant throughout the chain, which follows from the continuity equation.

In order to simplify the discussion, let us focus on the gapless regime A = cosvy < 1 with
v = wk/l, in which k and [(> k) are coprime. In this case, the U,(sl3) spin operators S*, S5, eFiS”
have finite [-dimensional representations, and subsequently, the double Lax operator element Lgb
has an invariant subspace spanned by finite number of vectors Vsup := {|m)a ®|m)p }m=o,....1—1 [45].
The expression for L?L,b restricted to this subspace is

Lg,b()‘) = Lg,b()‘)

-1
Vo, = Z |sinh X - cos(y(s — m))|? |m, m)(m, m|
m=0

-1
+ Z | cosh A - isin(y(s —m))|* |m, m)(m, m|
m=0

-2

i sin(y(2s —m))[? |m + 1,m + 1)(m, m|

_|_

N | =
Ui
N o

+ 25 Jisin(y(m + 1) [ m) (m + 1m + 1], (55)

=0

DN | =

3

Here we simply denote |m), ® |m), by |m,m) etc. The commutator [L}, L, L_,LT,] also have
the same invariant subspace, whose expressions in this subspace are

L5400, Loy = L0, L, ] (56)
1-2
=isinvy Z sinh(X + X — iy(3 — 8))|i sin(y(2s — m))|*|m + 1,m + 1)(m, m|
m=0

1—2
—isiny Z sinh(X + A + iv(3 — s))|isin(y(m 4 1)) [2|m, m)(m + 1,m + 1]
m=0
-1
siny Z (cosh(2X) — cosh(2iy(5 — m))) sinh(2ivy(s — m))|m, m)(m, m|

1

2 m=0
; -1
+ 3 siny Z sinh(2ivy(s — m))(cosh(2X) — cosh(2iy(s — m)))|m, m){(m, m|.

m=0

(57)

By carefully comparing (55) with (56), the relation
. 2
i — (im . i esm
[Loy(5). Loy ()] = —iCLg, (), (= (58)

|1e2 —sin® 4|
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holds at A = imw/2 [45]. Using this relation, the spin current (54) except for neighborhoods of the
impurity (k # n — 1,n) is straightforwardly expressed by the ratio of the partition functions:
ZN-1

Zn
which is the quantum analog of the matrix product form of currents obtained for the asymmetric

simple exclusion process [9]. Moreover, the spin current is site-independent in the steady state
due to the continuity equation, leading to

(Jr,k+1) = 4C (59)

ZNl
ZN

<j1,2> == <jn71,n> = <jn,n+1> = <]N 1 N> = 4< (60)

3.3 Thermodynamic properties

In the thermodynamic limit N — oo, the number of ]Lg,b in the matrix product form of local

2
has the positive largest eigenvalue Tp since it is finite dimensional with non-negative real elements.

Besides, eigenvalues of LY, (“X) are strictly contracting 1 > |ro| > |71| > -+ > |7—1], if properly

physical quantities linearly grows with the system size N. The restricted Lax operator Lg,b(i—”)

ordered, since 1 — Lg b(”) is positive definite. Therefore, the eigenvector of the largest eigenvalue
To gives the leading term. Thus, we have the large-IN behavior of the spin current as

(Jrps1) = 4¢T5 (61)

which shows that the presence of impurity does not affect the spin current in the thermodynamic
limit. This seems to be the remarkable property of the system with bulk integrability in comparison
with the numerical results of non-integrable cases, which shows that the spin current decreases
as the coupling with impurity increases. Note that this expression is true for any k£ due to the
continuity equation of the spin current.

On the other hand, the large-N behavior of the magnetization is obtained by using the exis-
tence of such a basis that makes LY , symmetric and L » anti-symmetric (Appendix C). Let |¢y,)
(resp. (1hj]) be a right (resp. left) eigenvector of LY, (”) for an elgenvalue Tm (Mm=0,...,£—1).
We also write the eigenvalue of L0 »( I +€) to the eigenvector |¢y,) by 77,, since Lg p (B +€) is si-
multaneously diagonalizable with L ( 7T) Then we obtain that the magnetization asymptotically

behaves as
— 7 (m\7 _1(0,0¢; 0,0
(i) =3 { () e D 00B) gz (i gy {0100

= |70 \70 (0,0]¢0) (10/0,0)
N—k
Tj —1 <030|¢0> z T <¢J|O7O>
+ (To) To <0’0|¢0><¢0|La,b(2)¢j><¢0|070>} (62)
-1 k—1
z _ TJ —1 <030|¢J> . i <’l/} |070>
(Ohan) = ; { <TO) o m@/fﬂ b(F)]¢0) <¢Z|0,0>
/ N—-k—1
(T _1{0,0/60) ey (4210.0)
2 (2) gl (2)|¢]><¢00,0>} o)
at the non-impurity site, while
z _ ,7_'71 <070‘¢0> z T <¢0|0 O>
<Uk:n> — 0 <070‘¢0> <w0|La, ( +£)|¢0> <w |O 0>
— [ (7\"" 1 0,0]¢; o 0,0
+2_;{ (3) 7' ol oleaatE + O (05
N-—n
Tj ! <O 0|¢0> L? im <wj|070>
+ (,7_0> 7—0 <0 O|¢ ><¢0‘ ab(? +§)|¢J> <w0|070> } (64)
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Figure 1: Time evolution of the local magnetization (o7) (kK = 1,2,...,7) obtained from the
quantum trajectory method for the dissipative X XZ model with (a) A = 0.5 and (b) A = 1.5
with the impurity inserted at the site k =7 (N = 12,eg = e, = 1,€ = 1). The initial state is the
Néel state. We take the average over 4000 trajectories.

at the site of impurity. Due to the presence of the diagonal term (the first term) in (of_,),
the magnetization shows discontinuity at the site of impurity, proving the emergence of local
magnetization in the thermodynamic limit.

4 Numerical results

In this section, we demonstrate the numerical results for the Lindblad master equation (1) for
the finite-size XX Z spin chain with the spin-1/2 impurity (Egs. (9) and (10)) and boundary
dissipation. Our approach is based on the quantum-trajectory method [4, 6, 7] combined with
the exact diagonalization. We set the initial state to be the Néel state | /1) --+). The ground
state of the bulk Hamiltonian with the impurity Hi'®, (8) under the open boundary condition
has vanishing expectation values for the local magnetization, (¢f) = 0, for arbitrary §.

In Fig. 1, we show the time evolution of the local magnetization (¢f) (k =1,2,...,7) for the
integrable dissipative X X Z spin chain with A = 0.5 (Fig. 1(a)) and A = 1.5 (Fig. 1(b)) with the
system size N = 12. The impurity is inserted at the site kK = 7. For A = 0.5, one can see that
the local magnetization at the impurity site ({(o7_-)) rapidly grows to the negative value after the
system arrives at the steady state around ¢ ~ 10, while the other sites for £ < 6 have relatively
small positive magnetization (except near the boundary). Due to the injection/ejection of spins
at the boundaries, the spin current flows steadily through the system, which does not suppress
the local magnetization but rather enhances the magnetization at the impurity site. This current-
induced magnetization is a unique phenomenon in out-of-equilibrium spin chains with impurities,
and is in stark contrast to our naive expectation that magnetization would be suppressed due
to heating induced by current flow. Let us remark that the local magnetization vanishes at the
ground state of the bulk Hamiltonian without dissipators. For A = 1.5, the system shows the
development of local magnetization throughout the bulk, and the impurity does not particularly
enhance the magnetization near the impurity site. The difference of the impurity effect between
the case of A = 0.5 and A = 1.5 may come from the difference of the magnitude of the current. In
the gapless regime (A < 1), the magnitude of the steady-state current is in the order of 1. Hence
the transported spin can be trapped around the impurity site, inducing local magnetization. On
the other hand, in the gapped regime (A > 1) the steady-state current is exponentially small
as the system size grows [41]. Hence there is no transported spins that can be trapped at the
impurity site, and there is no current-induced magnetization.

In Fig. 2, we plot the real-space profile of the local magnetization (o) for the integrable X X Z
spin chain with A = 0.5 (Fig. 2(a)) and A = 1.5 (Fig. 2(b)) with and without the impurity
(¢ =1 and £ = 0) at t = 40, where the system nearly reaches the steady state. In the case of
A = 0.5 (Fig. 2(a)), the result for £ = 0 shows that the local magnetization appears only near the
boundaries and decays quickly inside the bulk. This is consistent with the previous study [41].

12
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Figure 2: (Solid line) Site dependence of the local magnetization (of) at t = 40 for the dissipative
XXZ model with (a) A = 0.5 and (b) A = 1.5 with the impurity inserted at the site k = 7
(N =12,eg = ¢, = 1,£ = 1) obtained by the quantum trajectory method. (Dashed line) The
corresponding (of) for the dissipative X X Z model without an impurity (§ = 0). The initial state
is the Néel state. We take the average over 4000 trajectories. (Cross marks) Exact results for the
steady state solution (Eq. (53)) of the dissipative X X Z model with the impurity (£ = 1).

As we include the impurity (£ = 1), the magnetization at the impurity site (k = 7) grows in the
steady state, while the rest of the sites has almost the same magnetization as in the case of £ = 0.
Thus, the current-induced magnetization is localized around the impurity site, without affecting
the bulk spin configuration. In the case of A = 1.5 (Fig. 2(b)), where the bulk system is in the
gapped regime, the effect of the impurity is much suppressed as compared to the case of A = 0.5.
In fact, the configuration of the magnetization remains almost the same as the one without the
impurity (£ = 0). The results agree well with the exact solution (Eq. (53)) for the steady state
of the finite-size chain (cross marks in Fig. 2(a)). Note that the exact solution is numerically not
available for A > 1 since the dimension of the matrices in the matrix product form of the steady
state becomes infinite (29) in those cases.

Next, we compare the results between the integrable and non-integrable impurity models. For
nint(I)

the latter, we take the Hamiltonian (8) with hp—1nn+1 = hy_q.p 1 (17) and hp1npi1 =
hzlili(ill)n+1 (18). The entire form of the Hamiltonian is
N-1 g 1
pyrint(D) _ Z hj j+1(A) + 77(0%_1,0'", O'n+1)A:1 (65)
2 2 - &7
for the model I, and
Hm D = S s (A) + S0 (66)

=1

<.

for the model II.

In Fig. 3, we compare the £ (impurity strength) dependence of the local magnetization at the
impurity site (¢7) (Fig. 3(a)) and the spin current (jix+1) (Fig. 3(b)) between the integrable
dissipative X X Z model and non-integrable models I and II with A = 0.5. Note that (jx x+1) does
not depend on k (the site index) since the current is conserved and becomes spatially homogeneous
in the steady state. We also show the exact solutions (Egs. (53) and (54)) for the steady state of the
integrable model by cross marks in Fig. 3, which agree well with the numerical results. As one can
see, the integrable model has the largest modulus of the magnetization growing monotonically as a
function of &, while the non-integrable models have relatively small magnetization. In particular,
in the non-integrable model I the magnetization depends on £ non-monotonically. These results
suggest that the integrability helps to induce local magnetization at the impurity site efficiently. To
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Figure 3: The local magnetization at the impurity site (¢7) and (b) the spin current (ji x+1) at
t = 80 as a function of the impurity strength £ for the integrable model and non-integrable models
Tand II (N =12,n=7,A = 0.5,eg = ¢1, = 1) obtained by the quantum trajectory method. The
initial state is the Néel state. We take the average over 4000 trajectories. (Cross marks) Exact

results for the steady state solution (Egs. (53) and (54)) of the integrable model.

put it another way, the magnetization is suppressed in the non-integrable models due to scattering
and heating. In the model II, the sign of the magnetization is opposite to the direction in which
the energy decreases by the application of the magnetic field. This may be due to the effect of
the large dissipation rate (see Fig. 4(a)), for which the current flows with a large amplitude and
high-energy states are occupied. The spin current, on the other hand, remains almost unchanged
against £ in the integrable model, while it generally varies when one breaks integrability (Fig. 3(b)).
In the thermodynamics limit, the current becomes completely independent of £, as discussed in
the previous section. This clearly demonstrates the role of integrability in the transport problem:
The current is not hampered by the presence of impurities no matter how large the dissipation
rate is as long as the integrability is maintained. It reminds us of the soliton motion in integrable
systems, where two solitons keeps their shapes even after they collide with each other.

0.2 ; ; ; ; 1.0 . .
o1t (@) ] (b) —e— integrable

0.8+ —=a— non-integrable (I)
—&— non-integrable (II)

0.6

(o)
Jkke1)

0.4+
integrable

[ —&— non-integrable (I) 0.2+

-04
—&— non-integrable (II)
_0.5 ! ! ! ! 0.0 ' ' ' '
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
& &

Figure 4: (a) The local magnetization at the impurity site (¢7) and (b) the spin current (ji x+1) at
t = 80 as a function of the dissipation rate ¢ for the integrable model and non-integrable models I
and IT (N =12,n=7,A = 0.5, = 1,eg = e, = ¢) obtained by the quantum trajectory method.
The initial state is the Néel state. We take the average over 4000 trajectories.

In Fig. 4, we compare the ¢ dependence of the magnetization at the impurity site (oZ)
(Fig. 4(a)) and the spin current (ji x+1) (Fig. 4(b)) between the integrable model and the non-
integrable model I and IT with A = 0.5. In the integrable case, the magnetization is amplified
as one increases the dissipation rate e, whereas it is generally suppressed in the non-integrable
models. The latter behavior is well expected since the magnetization is reduced by heating effects.

In the non-integrable model I, the magnetization is accidentally small near € = 0. This may be due
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to the choice of the parameter £ = 1. As we vary the value of £, the magnetization grows to larger
values (see Fig. 3(a)). In the non-integrable model II, the local magnetization appears already
near € = 0 since the magnetic field is applied to the site k¥ = n. This ¢ dependence suggests a
sharp difference between the current-induced magnetization and the trivial magnetic-field-induced
magnetization. In the model II, the local magnetization changes its sign at certain ¢ instead of
approaching zero in the large € limit. We have not fully understood the origin of this behavior, but
it may be due to the effect of large amplitude of current that makes spins to occupy high-energy
states. The current shows similar linear slopes among the three models in the weak ¢ regime
(Fig. 4(b)). As one increases ¢, the current deviates from the linear dependence, and gradually
shows nonlinear characteristics with smaller gradients.

5 Concluding remarks

In this paper, we have constructed the exact steady state of the Lindblad quantum master equation
for the impurity-doped X X Z spin model coupled to the dissipators at both ends in the matrix
product form. Construction of the matrix product steady state is based on the bulk integrability,
guaranteed by the existence of the R-matrix and the Lax operator which satisfies the fundamental
commutation relation (FCR).

We have calculated the expectation values for the magnetization profiles and the spin current
from the exactly derived steady state in the matrix product form. We have found that local
magnetization emerges at the position of the impurity when the current flows, which is in stark
contrast to the usual situation that current generally suppresses magnetization via heating. This
current-induced magnetization is shown to survive in the thermodynamic limit. We have also
proved that the spin current is independent of the impurity strength in the thermodynamic limit.
This clearly demonstrates the role of integrability in the transport problem. The current is not
disturbed by impurities no matter how strongly the system is driven by boundary dissipation as
long as the bulk integrability is maintained. As the integrability is broken, the magnetization and
current tend to be suppressed, which has been confirmed numerically by the quantum trajectory
method.

Integrability-based construction of the steady state strongly motivates us to further study
transport properties in other types of dissipative quantum models with bulk integrability. For
example, one can introduce inhomogeneous parameters not only on the single site but on multiple
sites without breaking integrability [11, 52, 62]. One can even randomly choose the parameters,
which may implement integrable randomly disordered systems. Exact analysis of the quantum
master equation on those models will help to understand transport properties and the role of
integrability in interacting dissipative many-body systems with a random disorder.

Appendices

A Spin current around the impurity

The spin current satisfies the continuity equation

d . . .
aai =i[H, 0F] = je—1,k6 — Jhk+1 (67)
at any site k. When the impurity locates at the nth site, we have the spin current

Jkk+1 = 4i(01j01;+1 - U;ZU;?H) (68)
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for k #n — 1,n. On the other hand, at the neighborhoods of the impurity we have

; ~ 1-A2 b o o= ot
Jn—1,n = 4 . 192 COShf(Unflo—n - Jnflan)
’ 1— A2 +sinh“¢
1
+ 44— (iASinh2 Jj{_ Opiq1 — O U;'
| A? ¢ sibZe §(0p 10,41 100+1)

— AV1—A?sinh&(o)f_y0, +0,_100)00,
+ V1 — A?sinh{coshé(oyf_j0%0,, , + 0571020i+1)), (69)

1— A2
inni1 = di————coshé(o o —o ot
J ,n+1 1—A2+Sinh2£ f( n“n+1 n n+1)
1
—|—4—(Z'Asimh2 o o — ook
1—A2+sinh2§ &( 19n+1 1 +1)

— AV1—A?sinh¢-0f_y(ofo, 1 +0,00,)
+ V1 - A%sinh{coshé(o} 050, + U;_laflo;fﬂ)) (70)

for A <1 from the continuity equation (67).

B Matrix product forms of A-local operators

Here we give the matrix product forms for expectation values of A(€ N)-local operators. We define
A-local operators by the operator which non-trivially acts on A consecutive sites. Noting that the
Pauli matrices together with the identity operators form the basis of two-by-two matrices, any
A-local operator is written as

_ E Qm41 QA
Om+1,...,m+A — Cam+1,...,am+A0m+1 e Um+A ) C(xm+1,...,o¢1+A e C. (71)
a;j€{z,y,2,0}

Since each Pauli matrix is the traceless operator, while the square of them coincides with the
identity operator, we have

(Om+1,....m+A)

= § Ca7n+17~~-7a7n+A

m S\ %m s Qi s N
a<0| ® b<0‘ Hm:l ]Lg,b()‘x)]l‘a,b+l ()‘m—l—l) e ILa,bJrA( m+A) Hm:m+A+1 Lg,b

(A2)10)a ©[0)s

N
e o (0], 0TI, L, O5)I00 © [0}
(72)

where the set of spectral parameters {3} are the steady state spectral parameters defined in
Section 3.

C Symmetrization of L’

The existence of the basis which makes L27b(A) symmetric and L} ,(A) anti-symmetric for A = im/2
is already verified in [45]. By scaling the vectors as |m,m) — A\,|m, m) in such a way that satisfies

isin(y(25 — m)? = 7 fisin( (m + 1)) (73)

m m—+1

)\m+1
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it is straightforwardly obtained that Lgvb(%) is symmetric. Noting that L7 ,()) takes the form of

1-1
Léyb()\) = sinh A cosh A Z cos(y(s — m)) sin(y(s — m))|m, m)(m,m|

m=0
-1
+ cosh A sinh A Z sin(y(5 — m)) cos(y(s — m))|m, m)(m, m|
m=0
=
23 [sin(y(m + 1) ) + L + 1]
m=0
=
=5 2 Isin(v(2s =m))[* [m + 1,m + 1) (m, m], (74)
m=0

one obtains that all the diagonal elements vanishes at A = i /2. Thus L7 ,(3) is antisymmetric
in the scaled basis. Note that LfL,b(%T + &) (€ #0) is not antisymmetric in the same basis, which
produces the first term in (64).
Since Lg’b()\ + &) contains the parameter £ only in the diagonal terms, the same scaled basis
makes LY (42 + &) symmetric. It is easy to check that [LQ (%), Lgyb(%r +&)] = 0, that is,
0

Layb(%r + &) is simultaneously diagonalized with L(Ohb(%“).
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