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Here we introduce the concept of classical input - quantum output (C-Q) non-signalling boxes,
a generalisation of the classical input - classical output (C-C) non-signalling boxes. We argue that
studying such objects leads to a better understanding of the relation between quantum nonlocality
and non-locality beyond quantum mechanics. The main issue discussed in the paper is whether
there exist “genuine” C-Q boxes or all C-Q boxes can be built from objects already known, namely
C-C boxes acting on pre-shared entangled quantum particles. We show that large classes of C-Q
boxes are non-genuine. In particular, we show that all bi-partite C-Q boxes with outputs that are
pure states are non-genuine. We also present various strategies for addressing the general problem,
i.e. for multi-partite C-Q boxes which output mixed states, whose answer is still open. Finally,
we show that even some very simple non-genuine C-Q boxes require large amounts of C-C nonlocal

correlations in order to simulate them.

I. INTRODUCTION

During the recent years, the existence of long-distance
nonlocal correlations, first discovered by J. Bell [1] and
experimentally confirmed by S.J. Freedman and J.F.
Clauser [2] and A. Aspect, P.Grangier and G.Roger [3]
became to be understood as one of the main aspects of
Nature. Very intensive research has taken place in the
subject, from understanding the various aspects of en-
tanglement and Bell inequalities to making use of nonlo-
cality in virtually all of quantum information tasks and
even to leading to new insights in quantum gravity.

To further compound the surprise of the very existence
of nonlocality, it has been later realised that nonlocal cor-
relations even stronger than those allowed by quantum
mechanics could in principle exist without entering in
conflict with relativity [4]. This has raised fundamental
questions about Nature. Perhaps such correlations exist
in Nature, only we have not discovered them yet. If dis-
covered, it would mean that quantum mechanics is not
a valid description of Nature and needs to be replaced
by another theory. On the other hand, if such correla-
tions do not exist, why don’t they exist? As they are not
in contradiction with relativity, what other fundamental
principles of Nature rule them out?

One fruitful approach to the above question has been
to consider “non-signalling boxes”, hypothetical boxes
that accept classical inputs and yield classical outputs
that are non-locally correlated with each other [5]. Then
try to find tasks to which they would be useful when
the correlations are stronger than those allowed by quan-
tum mechanics. It has been discovered that some tasks,
mostly of information processing nature, with no rela-
tion whatsoever with quantum mechanics, have qualita-
tively different behaviour when allowed access to such
boxes [6-9]. Tantalisingly, some tasks undergo a qualita-
tive change precisely at the border of quantum to be-
yond quantum correlation strengths [10-12]. This al-
ready shows that quantum mechanics is a very special

theory from a fundamental point of view, unrelated to
“physical” properties such as structure of atoms, etc. Yet
not the entire boundary of the set of quantum correla-
tions has been singled out in this way. It is therefore quite
important, in order to make progress along this line, to
find new tasks and/or different ways to characterise non-
locality. Many of these have been recently suggested,
such as post-quantum steering [13-15] and post-quantum
GPTs [16, 17]. For extensive reviews see [18].

Here we introduce a (potentially) new type of non-
signalling, non-local “boxes”. The boxes have classical
inputs and they output quantum particles in given cor-
related states, depending on the inputs as shown in Fig
1.
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FIG. 1. A CQ box has two parts, taking inputs x and y. It
outputs a quantum state PZ’,va joint across A and B.

In order for the box to be non-signalling, the reduced
density matrix of each party must be independent on the
input of the other party:

P’ = P 1)
P’ = Pg

where pi¥V = Trpp’’; and p3Y = Trap’’s. In the case
of multiple parties we generalise these conditions to say
that the density matrices of all subgroups of parties could
not depend on the inputs of the other parties.



The present paper addresses what is arguably the most
important question related to classical-quantum (C-Q)
boxes: Do there exist genuine C-Q non-signalling boxes,
or could all of them be decomposed in already known
objects?

Clearly, some C-Q boxes could be built by simply hav-
ing inside pre-shared entangled states and performing
local unitary evolutions depending on the local inputs.
Then there are more sophisticated ways in which some C-
Q boxes could be constructed by simpler, already known
objects. For example some may be constructed by hav-
ing inside classical input - classical output (C-C) non-
signalling boxes (such as, for example PR boxes), feeding
the inputs into them and using their outputs to determine
local unitaries acting on pre-shared entangled states (see
Fig 2). But are there any C-Q boxes that cannot be de-
composed in this way? This is the specific question we
address here.
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FIG. 2. Example of a non-genuine C-Q box, constructed from
a C-C box (which takes inputs x,y and outputs a,b), a pre-

shared entangled state 0%y, and some local unitaries Uy'*
:

and U%" that are applied to o%y's to generate the desired

state pi’,yB, In general ancillas may be also included inside
the box.

Regardless of the answer, there are several reasons for
considering such boxes. Quantum states have properties
that are not captured by the formalism of the standard
classical input - classical output (C-C) non-signalling
boxes. While C-C non-signalling boxes can present cor-
relations stronger than those allowed by quantum me-
chanics, their dynamics are far more limited than that of
the quantum states [19, 20]. In particular, while nonlo-
cality swapping (algebraically described by entanglement
swapping) is possible in quantum mechanics, it is not pos-
sible for C-C boxes [19]. Obviously then, if genuine C-Q
non-signalling boxes exist, they will extend the range of
non-local phenomena that we thought to be possible in a
non-deterministic world, while being consistent with rel-
ativity. On the other hand, if genuine C-Q boxes do not
exist, another set of interesting questions follow. First,

what are the resources needed to implement them via C-
C boxes and pre-shared entanglement? As we will show,
in some cases it seems that these resources need to be
extremely large. Second, and more important, why do
genuine C-Q boxes not exist? Why is it that the most
nonlocal non-signalling device with quantum output is
an ordinary pairing of a C-C non-signalling device and
pre-shared entanglement?

As for the answer, the question of the existence of gen-
uine C-Q boxes is still open.

The main result of our paper is that all bi-partite C-
Q boxes whose outputs are pure states are not genuine,
ruling out one of the major class of situations. To put
the result in context, most of the major results concern-
ing non-locality in the traditional classical input-classical
output (C-C) scenario, starting with the very discovery
by J. Bell of the existence of nonlocality, have been ob-
tained in the bi-partite, pure state situations. One would
have expected that if the extension of non-locality to
classical input-quantum output situations (C-Q) brings
something new, this should already be evident from the
extension of this simpler class which, as we show, is not
the case.

At the same time, it is also the case that in the C-C
scenario mixed states and multi-partite situations mani-
fest qualitatively new phenomena with respect to the bi-
partite, pure state situation. It is thus conceivable that
the C-Q scenario in these more general situations does
contain genuine C-Q effects that cannot be simulated by
using C-C correlations. Here we only have partial results:
(i) For bi-partite C-Q boxes with mixed state outputs
we shall present various paradigmatic examples of boxes
which turn out to be non-genuine. (i) For multi-partite
situations the no-signalling constraints appear so strong
that we conjecture all pure state C-Q boxes are non-
genuine, and additionally that most of them are LOSE,
i.e. can be implemented using only entanglement and lo-
cal operations, without any C-C boxes which go beyond
quantum mechanics.

Along the way of proving the above results, our paper
sets up the general strategy for investigating C-Q non-
locality and exposes basic structures of C-Q boxes. As a
by-product we also draw the attention to a novel class of
C-C boxes, extensions of the PR boxes which have been
a main tool in the study of non-locality.

Finally we show that even some very simple non-
genuine C-Q boxes require large amounts of C-C nonlocal
correlations in order to simulate them. This shows the
power of C-Q boxes, and sheds light on how quantum
mechanics and correlations beyond quantum mechanics
fit together.

Zooming out, we note that while in this paper we fo-
cus specifically on the question of whether or not C-Q
boxes can be simulated by C-C boxes plus shared entan-
glement, one could consider other known resources, (for
example some GPTs), and ask whether they can be used
to simulate all C-Q boxes. This further question would
really come into play if we find C-Q boxes that cannot



already be simulated by C-C boxes + entanglement.

II. NON-GENUINE C-Q BOXES

Obviously, some C-Q boxes could be obtained by a
combination of pre-shared entangled quantum states and
a classical-classical non-signalling box, which are encap-
sulated in a bigger box so that from the outside one
doesn’t see this combination, as illustrated in Fig 2.

Specifically, the inputs « and y are plugged in the C-C
box, which gives outputs a and b. Then Alice applies
some unitary transformation Uy® to her quantum par-
ticle depending on her input x and the C-C box output
a and finally outputs her quantum particle out of the
bigger box. Bob follows a similar procedure. Internal
ancillas could also be added. From the outside this com-
bination looks as a C-Q box. We call these “non-genuine”
classical-quantum boxes.

Note that the presence of a C-C box in addition to the
shared entanglement is non-trivial and adds something,
only when the correlations generated by it go beyond
quantum mechanics; otherwise everything could be ab-
sorbed into the shared entangled state.

III. EXAMPLES OF BOXES WITH PURE
STATES OUTPUTS

We present a few examples of boxes, of increasing com-
plexity, which turn out to be non-genuine. This will show
the main ideas of how to create the desired boxes and
show that they are non-genuine.

A. QM correlations are not enough

As a first example consider inputs z,y = 0,1 and the
C-Q box defined by
z-y=0—

(10} 10) + 1) [1))
(10) [1) + [1) 10))

1
V2
€
V2
where |0) |1) is short for |0) 4 |1) 5.

Note that this box cannot be created with only shared

entanglement and no other non-local resources such as
C-C boxes, as one can make the PR box

z-y=1—

(a—b)mod2=2x-y (3)

from this by measuring in the 0/1 basis, and the PR box
(which is one example of a C-C box) is known to give
stronger than quantum correlations.

This box however is a non-genuine C-Q one since it can
be simulated by the PR box above plus the pre-shared
maximally entangled state |®) = %(M)) |0)+]1) |1)). Al-
ice simply needs to apply the bit flip operator U, (which

flips |0) to |1) and vice versa) to A whenever the PR box
gives a = 1. Similarly Bob applies the same bit flip op-
erator Ugp to B whenever b = 1. When x -y = 0 the
PR box gives a = b, so Alice and Bob will either both
flip or neither flip their qubits, and both operations leave
|®) unchanged. When z - y = 1 only one of Alice or Bob
will flip their bits and we will have %(|0> [1) 4+ ]1)]0)) as

desired.

B. Sign flip

Next consider inputs =,y = 0,1 and the box which
outputs states |¥*¥) according to

[T™Y) = a]0) 0) + Be' ™V [1) [1) . (4)

This can be simulated by a PR box (a —b) mod 2 = z - y.

Alice and Bob apply Uﬁ and V% respectively to the initial
state |U) = «|0) |0) + 5 |1) |1)) where

fo |O>A = |0>A Vg |O>B = ‘0>B
Uil a=e™ ), Vilg=e"1)y

(5)

which leads to

0) = UGVE W) = a[0)|0) + S0 |1) |1)
= a|0) |0) + gemt (e med 2 1) 1)
= a[0)[0) + e ™V [1) |1)
(6)

which is the desired state.

C. Phase change

The sign change in the previous example can be gen-
eralized to an arbitrary rational phase parameterized by

0:
[W=Y) =« |0) [0) + Be™* Y 1) [1) . (7)

In the previous case §# = 1/2. Suppose now 0§ = 1/4. Tt
is simple to see that using a standard PR box one cannot
implement this C-Q box. Does this mean that this box is
genuine C-Q? No. To decide that a C-Q box is genuine we
need to show that there is no way to construct it by using
a standard classical-classical box and using its outputs to
implement appropriate local unitary operations on a pre-
shared entangled quantum state. In our case it turns out
that this is possible.

The desired C-Q box can be constructed by the use of a
C-C box which takes inputs =,y = 0, 1 and gives outputs
a,b =0,1,2,3 according to (a — b) mod 4 = x -y, with
all pairs of outcomes that respect this constraints being
given with equal probability (1/4 in this case). Alice



then performs the rotation U4 [1), = ¢27%/4[1) , and
Bob V1) 5 = e27(=8)/4|1) . This gives

|U) = ]0) [0) + perm =D/ 1) [1)

— a0)[0) + B/t 1y 1) o
as desired.

For other rational values of 0, i.e. # = * where m and
n are integers, we can use a similar box with n dimen-
sional outputs giving (¢ — b) mod n = x - y and rotations
031 D= er2mam/n 1) 4 and 0% g = er2m(=bym/n 1) 5

D. Phase change boxes and use of resources

As we have seen before, any phase change box with 6
equal to a rational number, § = 7%, can be realised by
a C-C box and unitary transformations, provided that
we use a C-C box with n outcomes. When n is large,
this C-C box is a large amount of non-local resources.
One might ask whether there is a more efficient way to
implement this C-Q box. However we shall show here
that this is the most efficient possible implementation,
both in terms of C-C box and entanglement.

Proving that to implement a phase change box with
0= % we require a C-C box with a and b each having n
outcomes, defined by (a — b) mod n = x - y, proceeds as
follows.

First, assume that the procedure is implemented by
starting with |¥) = «|0) |0) 4+ 3 |1) |1), and applying uni-
tary operations Uj and Vlg when the C-C box outputs a
and b. For simplicity we consider the case when o # f3,
so the only operations that are allowed are phase shifts.
Furthermore, we can take the U§ to be different for dif-
ferent a, since otherwise we can use a simplified C-C box
by merging them together, and similarly for Bob.

For the case (z,y) = (0,0), when a = 0, which occurs
with some probability pg, Alice applies Ug. To generate

|¥) Bob must apply (U]%)*7 i.e. the complex conjugate.
We can label his C-C box outcome b = 0 in this case.

The next step is to realise that for the inputs (z,y) =
(0,0) the pair of outputs (a,b) = (0,1) is redundant as
Bob will need to apply the same unitary (U%)* as for
(a,b) = (0,0). Hence, for the inputs (z,y) = 0,0 we will
only consider a = 0 to be paired with b = 0. Similarly
for @ = j when Alice applies U%, Bob must apply (U})*
and we can label his outcome b = j. So we can describe
the C-C box in this (x,y) = (0,0) case as outputting
a = b = j with probability p;.

Due to no-signalling of the C-C box from Bob to Alice,
comparing (z,y) = (0,1) to (0,0) we see that in the case
(0,1) Alice must receive outcome a = j with the same
probability p; as for the (0,0) inputs, upon which she
will apply U %~ To keep |¥) unchanged the C-C box must
output b = a, so that Bob applies (U/%)*. Similarly due to
no-signalling from Alice to Bob, comparing (z,y) = (1,0)
to (0,0) we see that in the case (1,0) the C-C box must

4

output b = j with probability p;, and to generate |¥)
give b = a.

The important difference comes when considering the
inputs (z,y) = (1,1). Comparing (1,0) to (1,1) it is
still the case that for (z,y) = (1,1) Alice must receive
outcome a = j with probability p; and apply U ‘- And
comparing (0,1) to (1,1) we see that for (1,1) Bob must
receive outcome j with probability p; and apply (U]]S)*

However to generate the state

(W) = «[0)]0) + B/ (1) |1) (9)
we need the C-C box to pair up a and b so that
(Up) UL @) = W) = (67/")al®),  (10)
where ¢, is the Pauli matrix which does

0) — 0)
. (11)
[1) — ™ [1).
Since the unitaries UZ and Ug, only apply phases, i.e.
are powers of 6, themselves, this implies

Us = (62/")aU%. (12)

i.e. for any j, if Uﬁx is one of the unitaries used in im-
plementing the C-Q box, then (&f/ ") al %) is another one.
The smallest set of U?, which has this property is the one
where j = 0..n — 1 and

Uh=(62"")a. (13)

Given this set, we can create the desired state by pairing
together a and b as

(a—b)modn==x-y (14)

which is a generalisation of the standard PR box that
can be written also as (a —b) mod 2 = x - y.

This proves that if we implement the C-Q box in Eq.
(7) with § = 1, using an initial |¥), local unitaries and
a C-C box, then the C-C box needs to have dimension n
and be of the form (a —b) mod n =z - y.

Finally one could imagine starting with a different ini-
tial shared entangled state, and hope that that will allow
us to reduce the C-C box resources. We cover this case in
Appendix B. Thus any implementation of this C-Q box
requires a C-C box with n outputs.

E. C-Q Box with maximally entangled outputs for
each input.

Consider a C-Q box with maximally entangled outputs
for each input.

Any arbitrary maximally entangled state can be writ-
ten by acting on, say, Alice’s side with a unitary on a



standard maximally entangled state. Using this repre-
sentation we can define an arbitrary C-Q box with max-
imally entangled outputs as:

900 = 57)
90 = o |o)
59) =34 [7) "
5 = ).

where [U7) = —(|0) [1) — |1) |0)).

To show that this box is non-genuine C-Q we will show
how to implement it using two steps, of which only the
first uses a C-C box. First we will show how to implement
a simplified version of the above box where a4 = B A=
44 =1 and SA = U, for an arbitrary U.

This can be done by noting that any unitary on a 2
dimensional system can be viewed in the Block sphere as
a rotation by 6 around a given axis, and the phase change
implemented above is exactly such a rotation around the
0/1 axis. As |¥~) is rotationally symmetric we can al-
ways write it as % (|) |[=n) — |=n) |7)) where 7 is the
axis of rotation, and then use the the phase change box
from the previous section to apply the rotation around
that axis.

To implement the more general box in Eq. (15) we
shall next apply some local unitary operations. Alice
applies &4 when x = 0 and 44 when x = 1, and Bob
does nothing when y = 0 and BLOA‘B when y = 1. This
gives us

[900) =y [w7)

[901) = a4 Bhan [07)
[10) =34 07)

(UMY = 448La504 |07).

(16)

Now note that due to the rotational symmetry of |¥~)
if Alice and Bob act on their particles with the same
unitary operator U, the state remains unchanged. So, in
particular

040 [47) = |w)

O [4-) = 04 |0 ()
Thus
[WO) = da(Bhaa) [7)
= Gaaa!Ba|T7) (18)
= Ba |e),
and

= 4aUa(Bhaa)t [o) (19)
= 4aUa6 54 [T7).

5

We can thus achieve |U!!) = 64 |U™) by setting Uy =
4048 a.

Thus we have shown how to implement our C-Q box
with maximally entangled outputs in terms of C-C boxes
and local unitary operations.

Finally, we note that the protocol involves creating a
phase change box to implement U. The resources used
are therefore the ones necessary to implement the phase
change, which depend on what the phase is as described
in section IIID. They could be very large, and if the
phase is irrational we will not be able to implement U
exactly using this method. Instead we would need one of
the methods we shall discuss later in sections IV A and
VII.

F. Higher Dimensions

We will now consider C-Q boxes with more inputs,
say © = 0,1 and y = 0,1,2. This gives the hope to
find a genuine C-Q box. The idea is that there have
been already many constraints due to non-signalling in
implementing via C-C + entanglement a C-Q box on the
subset of inputs x, y = 0, 1 and that the input y = 2 when
paired with = = 0,1 will add supplementary constraints
that can no longer be fulfilled.

Consider the box

1

0,0\ _ |01\ — [30.2\ _ |\pl.0
[900) = [w00) = |w7%) = w10 \/5(|0> 0) +[1)[1))
|\I}1’1> _ OA_;/Q |\I/0’0>
[w12) = 5, [00),

(20)
where &, is the usual Pauli operator
5.10) =10
.10) = ) o
o |1) =—[1),
and 6, flips the bits
5,0y = |1
% 0) = [1) (22)
6 (1) =0).

This is the same as phase changes we handled in section
IIIC for (x,y) € {(0,0),(0,1),(1,0),(1,1)}. Thus we
could construct that part from a pre-shared ‘11070> using
the C-C box (a — b) mod 4 = z.y, Alice applying the
unitary operator

{1.61/2,62%,62%) (23)

to A when a = 0,1, 2,3 respectively, and Bob applying
the inverse operator

{1,6712,6%2,673/%} (24)

to B when he sees b = 0,1, 2, 3 respectively.



However in order to create ‘\111’2> when (z,y) = (1,2)
we need something which allows us to flip the bit, e.g.
04. The no-signalling condition means that any C-C box
we use must have the same set of outputs a for the (z,y)
cases (1,1) and (1,2). So it seems we have to add 4,
to the unitaries in Eq. (23). However since 6, doesn’t
commute with &,, it looks likely to break the state we
carefully constructed for (z,y) = (1,1). The solution
is to use a new C-C box, described below, which has
8 outputs for a and b instead of 4. To make the desired
states Alice will perform U, when the C-C box outputs a,
and Bob will perform U} (the complex conjugate) when

the C-C box outputs b, where U; is defined as

UO = 17 Ul = 6-;/27 UQ = 63/27 Ud = 6—2/27

Uy =64, Us=6%6,, Us=06%%,, U; =062,
(25)

When (z,y) € {(0,0), (0
outputs a = b, which gives

UAU2) [w20) = |w00) (26)

,1),(0,2),(1,0)} the C-C box

(see appendix A for a more detailed proof).
To make |[¥U!1) the C-C box outputs the pairs

{(1,0),(2,1),(3,2),(0,3),(5,4),(6,5), (7,6), (4, 7)}(~27)
In other words we pair together the cases where both a
and b are less than 4, and then the cases where both a
and b are at least 4. This works as the state is invariant
under ¢, performed by Alice and Bob simultaneously.

To make |W!2), we instead pair together a and b as

{(4,0),(7’1),(672),(5,3)7(0,4),(177),(2,6),(3,5)}(- )
28
It’s straightforward to check this works as desired. The
box is non-signalling since the outputs a and b occur with
the same probability independent of x and y.

IV. GENERAL PURE STATE THEOREM

Here we shall show that any C-Q non-signalling boxes
which output a set of bi-partite pure states are non-
genuine. We build the proof by first showing how to deal
with the case of outputs that are maximally entangled
states, then the case of non-maximally entangled states
- the two cases being different in the constraints of the
unitaries used when trying to implement them via C-C
boxes - and finally to the general C-Q boxes.

A. The main idea

First we show the main idea applied to a simple case.
Suppose we want our box to output:

) = @A) (00} + [ 1), (29)

where &4 is an arbitrary unitary on A; taking it to the
power x -y with z,y = 0,1 means that we only ap-
ply it when £ = y = 1, and in all other cases it is
the identity. We could achieve this using the method
described in Section IIIC, however here we present a
more powerful method which allows us to handle many
more cases. Again we shall start with an entangled state
[@F) = 5(10) [0) + [1) [1)).

Thus far we have considered C-C boxes with integer
outputs, from 0 to n — 1, and used them to determine
one of a finite set of unitaries. However the group of all
possible unitary operations Alice could apply to her qubit
is SU(2), which is an infinite set. One way to parameter-
ize it is to use the local isomorphism of SU(2) to SO(3),
the group of rotations in 3-dimensional space, and to de-
fine the axis of rotation by the Euler angles (¢,0), and
the size of the rotation by v, where 0 < ¥ < 4m. The size
of the rotation goes up to 4w, a double rotation, as the
map from SU(2) to SO(3) is a double covering: it takes
two complete rotations to return to the initial state. We
thus use a C-C box which takes inputs z,y = 0,1 and
outputs a and b, where a is a triple (¢q, 0,4, %4) in order
to label an element of SU(2), and similar for b. These
outputted angles could be analog dials which rotate in
order to point to the exact angle'.

Our C-C box is arranged so that for any fixed (z,y),
it outputs b such that U’ is distributed according to
the Haar measure on SU(2): essentially U’ is a uni-
tary chosen uniformly at random. When the box out-
puts b on Bob’s side, it outputs a on Alice’s side so that
U® = (&*)"YU°". For each fixed (4*)*Y, this ensures that
U is also distributed according to the Haar measure (this
follows straightforwardly from the left-translation invari-
ance in the definition of the Haar measure). This is a
generalization of the intuition that if one starts with a
distribution which chooses a rotation uniformly at ran-
dom, and then rotates the whole distribution through a
fixed angle, the new distribution will be the same as the
old one.

Since the distributions of ¢ and b are random, which
in particular means that they are independent from the
inputs « and y, our C-C box is no-signalling.

We now build a C-Q box by starting with [¥*¥) and
applying on Alice’s side (U%)* and on Bob’s side U%.
Since all unitaries on Alice and Bob’s sides are possible,
the final C-Q box depends upon how a and b are corre-
lated. For z-y = 0, the C-C box correlates a and b so that
Alice applies the complex conjugate of Bob’s unitary. i.e.
when Bob does UY, Alice does (U$)* = (U4)*. This

1 In practice we could use a digital output which gives a decimal
expansion of the angle to a fixed number of digits of precision.
This introduces a rounding error compared to the exact angle,
which can be made as small as desired by adding more digits
of precision. The rounding can be implemented at a local level,
which ensures there is no possibility of introducing signalling into
the C-C box.



leaves |®1) unchanged as (U4)*UY |®1) = [®T) (see Ap-
pendix A). For x - y = 1, the C-C box correlates a and b
so that when Bob does UY, Alice does (U$)* = aa(U4)*.
This gives |®T) — a4 |®T), and so we have implemented
the box in Eq. (29).

In terms of resources this is very expensive: we have 3
real parameters describing the C-C box we use to specify
a and b, but we expect that for any particular &4 there
will be a simpler C-C box which allows us to implement
this C-Q box.

B. Maximally entangled pure states

Now we generalize the main idea to output states of
arbitrary dimension n, and the inputs x and y to arbi-
trary dimension. Recall that in section III F we showed
an example of a particular C-Q box with higher input di-
mensions, which had additional constraints which made
it more difficult to implement. Nevertheless we found a
method to implement it using a C-C box and shared en-
tanglement. Here we shall use the Haar measure idea
from the previous section to generalize this to all bi-
partite C-Q boxes outputting pure states. We show that
all such boxes are non-genuine.

Consider the box

w) = U @)

1 n—1 . . (30)
where |<I)"+> - ﬁ Z 1) 4 19) 5 »
i=0

and n, x and y are non-negative integers. Note that all
maximally entangled pure states of dimension n can be
obtained from any one of them by local rotations Uy
on A, so this covers a large class of non-signalling pure
states.

To implement this box we follow the same idea: start
with the pre-shared state |®"1), and use a C-C box which
distributes a and b according to the Haar measure over
SU(n), and which correlates them so that when Bob does

UY, Alice does U = U%Y(UY)*. This works as desired.

C. Non-maximally entangled pure states

Next we show that all bi-partite C-Q boxes which
output non-maximally entangled pure states, where the
weights in the Schmidt decomposition are all different
from one another, are non-genuine.

First we show that any such box can be written in the

form
(W) = UZVEW LY |87),

n—1
where |®") = Z VPil) 4 1) g s
i=0

Yy

N - (31)
WY li) 4 = e?me

n—1
Zpi = 1)
=0

e

Uj‘l and Vg are local unitaries, and the p; are distinct.
In other words we can relate the various output states of
the box by W'Y which applies phases parameterized by
a;"¥ in the computational basis |i), and local unitaries

U% and V.

Why is this? Starting with (x,y) = (0,0), by choosing
our basis appropriately we can write the output state in
its Schmidt decomposition

|T00) = |97 (32)

Next, for (z,y) = (1,0), no-signalling from Alice to Bob
implies that Bob’s reduced density matrix is the same for
(0,0) and (1,0), i.e.

Tra (J917) QUHP)) = Tra (|900) (020)) . (33)

Since the state is bi-partite and pure, this implies that
we can relate the two output states via a local unitary
on Alice’s side: call this U}. i.e.

(w0 = U} |90 (34)

Similarly, no-signalling from Bob to Alice implies that
there exists a unitary V3 such that

WOty = Vg [wO0) (35)

Next consider the case (1,1). We can either compare this
with (0,1) giving

i) = Sh [, (36)
or compare it with (1,0) giving
i) =Tp [0h). (37)
These two ways of writing the same state imply
SaVi|@") =THU} [2"). (38)
This implies that
Sh=UaW4", (39)

for some Wj’l which applies a phase in the Schmidt basis.
Therefore

Wiy = D VAL

oy . (40)



Similar logic for the other values of (z,y) generalizes this
to Eq. (31).

Now that we have determined the general form of all C-
Q boxes with distinct p;, we will show that they are non-
genuine. We can implement WY easily using the fact
that the unitaries applying the different phases commute
by following the final protocol in section II1 C. After that
we just apply the local unitaries. This is in fact easier
to implement than the maximally entangled case, as the
no-signaling constraint forces W'Y to only apply phases,
whereas in the maximally entangled case it can be an
arbitrary unitary.

D. General pure states

Finally, to cover all possible sets of pure states, we
consider what happens when some of the p; are equal.
In that case we can view any subset of |i) where p; are
equal as forming a maximally entangled subspace, not-
ing that there may be several of these sub-spaces. Then
we can create the desired set of states for each of those
sub-spaces using the method in section IV B, then im-
plement the necessary operations for those sub-spaces vs
the others using the methods in section IV C.

Thus we have shown how to implement any non-
signalling set of pure bipartite states.

V. MIXED STATES

We now look at C-Q boxes which produce quantum
states which may be mixed or pure. One might think
that this is a simple extension of the pure state case,
as every mixed state can be written as a probabilistic
mixture of pure states. However that is not the case,
as we do not know of any guarantee that a set of non-
signalling mixed states can be written as a probabilistic
mixture of non-signalling sets of pure states.

Thus mixed state C-Q boxes have a lot more freedom,
and in general some of them may be genuine. Below,
however, we show that a reasonably large class of such
boxes are in fact non-genuine. The general case remains
open.

A. Maximally Disordered Qubits

We start by showing how to create any C-Q box, p’7,
outputting states of 2 qubits whose local density matrices
are maximally disordered, i.e.

)=1p/2

Tra(py
T 1, /.

Tre(py 4D

y
B
y
B
Examples of such states are the maximally entangled

Bell states, product states of 2 completely uncertain
qubits, and a classical mixture of |0) |0) and |1)|1).

It is shown in [21] that any 2 qubit density matrix p
with both single qubit reduced density matrices maxi-
mally disordered can be written as a probabilistic mix-
ture of Bell states with local unitary operators applied to
A and B, i.e.

3
p=UxsVgp <sz |D;) <‘I’z‘> Uhvi, (42)

1=0
where
By) = %w 0) + [1)]1)),
1
1) = (100 1) +11) [0).
By) = %um 10) — 1) 1)), (43)
B5) = ——(|0) [1) — [1) [0)),

S5

2
ZpizlandpizO.

Therefore our C-Q box can be written as creating
states

3

o= O (oot o ) 05 )
=0

3
=D 07 I (Y] where
=0

i) = U3V ) and

dop =1
’ (44)

To implement this in terms of C-C boxes and pre-
shared entanglement first we note that we can produce
any C-Q box that for each (z,y) has a single pure state
|x;"Y) as output. This is because the |x;'¥) are all related
to @ by a unitary applied on A, and we showed how to
implement such boxes in section IV A.

Next we need to probabilistically mix these boxes.
There are many ways to do this. One way which can be
described graphically is shown in Fig. 3 for z,y = 0, 1.
This displays the set of mixed states as a mixture of sets
of pure states, with mixture probabilities p;. With prob-
ability py we create a C-Q box which outputs the states
in the first column in the figure, |xo°) for (z,y) = (0,0),
|X871> for (x,y) = (071)’ |X(1)70> for (x,y) = (170)’ and
Ixg) for (z,y) = (1,1). With probability p; we cre-
ate a C-Q box which outputs the states from the second
column in the figure, which only differ from the first col-
umn in the case (z,y) = (0,1), where we create |[x}'').
Similarly we read off the states for the other values of p;.

Thus we can create any C-Q box outputting mixed
states of 2 maximally disordered qubits.



and pb!
of which has its probabilistic mixture into pure states |x;’¥)
displayed along a horizontal line with the distance between

FIG. 3. Given mixed states p®°, p®!, p"° , each

vertical markers representing p;’¥, we show in the bottom
line probabilities p; for each of which all the p™¥ mixtures
have a fixed pure state.

VI. MULTI-PARTITE STATES

C-Q boxes with multi-partite states are more difficult
to classify than bi-partite states, due to more parties be-
ing involved and the complexity of multi-partite entan-
glement. Furthermore the no-signalling conditions lead
to many constraints on the sets of states which are al-
lowed. In particular, we must not only have that there
is no-signalling from A to B, but also that there is no-
signalling from A to the joint system BC, and in general
from any set of parties to any other set of parties. There-
fore even before asking whether a multi-partite C-Q box
is genuine or not, even constructing the most general C-
Q box while making sure it is non-signalling, is an issue
in itself.

Coming now to the question of whether multi-partite
C-Q boxes are genuine or not, on one hand the many
no-signalling conditions and complexity of entanglement
may make simulating them more difficult, and hence al-
low a genuine C-Q box. On the other hand, the same
conditions limit the number of possible C-Q boxes, which
may make them easier to simulate.

In this section we present two examples: W-type and
GHZ-type C-Q boxes. In the first example, C-Q boxes
which output W-type quantum states, the constraints are
stronger than they are for the bi-partite case, so strong
that they limit the class of such possible C-Q boxes in
such a way that all the allowed boxes are in some sense
weak. That is, they are LOSE: they can be implemented
using Local Operations (i.e. unitaries) and pre-Shared
Entanglement, where the local operations only depend
upon the local inputs and do not require any C-C box
that generates correlations beyond quantum mechanics
for correlating the local operations.

The second example, GHZ-type C-Q boxes, shows that
multi-partite constraints do not always force C-Q boxes
to be so weak. Similar to the bi-partite case, these C-

Q boxes require C-C boxes with stronger than quantum
mechanical correlations in their simulation.

A. W-Type C-Q Boxes

For our first example we consider constructing a C-
Q box whose outputs are W-type states which differ by
arbitrary phases in the computational basis, i.e.

W)
= | pia(zy,z) |100> + iB(z,y,2) |010> + y(z,y,2) |001>>
e e e :
7
(45)

ABC —

This tri-partite “W-phase” C-Q box seems similar to
the bi-partite phase boxes considered earlier. Yet, while
the bi-partite C-Q box allows for correlated phases, we
shall show that the only such non-signalling W-phase C-
Q boxes are those whose phases are equivalent to local
phases:

1
ia(x) iB(y) iv(z
7 ( |100) + e |010) + e \001>> (46)

To prove this we will create the most general no-
signalling box based on |W) with phases by using a no-
signalling argument line by line in the following table.

zyz |

000 |100) +  |010) +  |001)
001 [100) +  |010) + €¥|001)
010 |100) + €?|010) +  |001)
100 || e'*]100) +  [010) +  |001)
011 [100) + €%]010) + €™7|001)
101 || e'*]100) +  [010) + €™|001)
110 || €**|100) + €*|010) +  |001)
111 || e*|100) + €*2|010) + €™|001)

In the first line, ’\IJO’O’O>ABC can be taken without loss
of generality to be equal to the |W) state. The sec-
ond line, |¥%0! , is the output corresponding to a
change of the input of C only. Hence, when we group A
and B together, the reduced density matrix of AB must
be the same for ’\IJO’O*O>ABC and |\I/0’0’1> The state
’\1,0,0,0>

ABC~

Ape can be written as

|‘I’O’0’O>ABC \[(|10>AB+|01>AB) 0) e+ \/§ 00) 4 (1)
(47)
If we change the relative phase between |100) and |010)
it will change the density matrix p4p and hence be ob-
servable. So by no-signalling the only phase change we
can make (up to an overall phase) between ‘\IIO’O’O>ABC
and ‘\IIO’O’1>ABC is on |001).
e?. Continuing in a similar way, we see that the only

We call this phase factor



non-signalling W-phase box is (up to overall phases) the
one in the above table.

Now the phases in the table are all local (« is present
exactly when = 1, 8 when y = 1 etc). So not only
are the W-phase C-Q boxes non-genuine, they are LOSE
i.e they need no non-local C-C box if we want to create
them in a non-genuine way. They can be implemented
by local unitaries acting on pre-shared W states.

B. GHZ-Type C-Q Boxes

A different generalization of the bipartite phase C-Q
box applies a phase on the tri-partite GHZ state, i.e.

) e = (1000) +e#er 111)) . (a8

This box is not LOSE, but can be implemented using
a pre-shared GHZ state, a tri-partite C-C box, and a
generalization of the algorithm in section IIIC. To see
how this works, consider first how to implement such a
box with ¢(z,y,2) = 7z -y - 2. We use a C-C box with
a,b,c = 0,1 with equal probability, and

(a+b+c)mod2=2x-y-z. (49)

Alice applies a phase €™ to |1) , when a = 1, and similar
for Bob and Charlie, which achieves the desired result.
To apply a more general phase, e.g. €2 ¥ 2/" we
take a C-C box with x,y,z = 0,1, a and b chosen inde-
pendently uniformly from 0..n — 1, and ¢ defined by

(a+b+c)modn==x-y-z. (50)
Alice applies the phase e2™@/™ to A, and similar for Bob
and Charlie. Note that in order for this C-C box to be
valid, it must be non-signalling from any group of parties
to any other group. This is easily checked, for example
from A to BC it is non-signalling as the randomness in
a hides the value of x in the combined outcomes b, c.

Thus we have shown that these GHZ boxes are non-
genuine, and, similar to the bipartite phase change box,
their implementation requires a C-C box with stronger
than quantum correlations.

VII. APPROXIMATE C-C + ENTANGLEMENT
IMPLEMENTATION OF C-Q BOXES

Thus far in the paper we have shown that various C-Q
boxes are not genuine, since we were able to implement
them via a C-C box and pre-shared entanglement. Here
we introduce a new idea, the approximate C-C + en-
tanglement implementation of a C-Q box. This is an
important idea because it is likely that there are many
C-Q boxes that cannot be implemented ezactly by any
C-C box with a finite number of outputs + pre-shared
entanglement, but which can be implemented arbitrarily
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closely. Indeed, even if one can implement a particu-
lar C-Q box exactly with one set of resources, it may
be possible to implement it as closely as desired with a
significantly smaller set of resources.

An example is the phase change box from subsection
IIT C. In that section the phase 6 was a rational number.
However suppose the phase was irrational. It is clear that
we cannot implement the C-Q box via a C-C box with a
finite number of different discrete outputs. However, we
can approximate any irrational 6 arbitrarily closely by
a rational number, and use the procedure described in
subsection III C to exactly implement this rational phase
box.

An alternative method which implements the phase
change for irrational 6 exactly is to use a C-C box with
a and b real numbers in [0, 1) satisfying (@ — b) mod 1 =
(- y)#. This is similar to going to the limit of using a
rational approximation and letting n — oo.

For a more general C-Q box, one can also consider an
approximate version of the general method for pure states
described in section IV. For any finite set of inputs x,y
we conjecture that it is possible to approximate the de-
sired outputs arbitrarily well using a C-C box with finite
dimensional outputs a, b, essentially by taking a repre-
sentative sample of all unitaries distributed according to
the Haar measure and pairing them up in a way which is
reasonably close to the exact continuous solution. If one
wishes to have a set of unitaries which makes a represen-
tative sample of the Harr measure, in the sense that e.g.
the average over the sample of any polynomial of degree
n matches the average over the Haar measure, then one
can use a quantum t-design [22]. However it’s not imme-
diately clear how to generalize that to give us samples
over two Harr measures, one for Alice and one for Bob,
for each input z and y, which are correlated in a particu-
lar way and which obey the no-signalling constraints. We
believe it would be quite useful to have such a protocol
in general.

VIII. CONCLUSION

We have considered the issue of non-locality beyond
quantum mechanics, and have introduced the concept of
classical input - quantum output (C-Q) non-signalling
boxes. We have investigated the question of whether
such boxes are genuine new objects, or all of them could
be constructed by objects already known, such as non-
local non-signalling classical input - classical output (C-
C) boxes and pre-shared quantum entangled states. We
have showed that a large class of C-Q boxes, including
all bi-partite boxes outputting pure states with arbitrary
dimensional inputs, are non-genuine.

As far as multi-partite C-Q boxes outputting pure
states are concerned, we found a subclass of states, gen-
eralized GHZ-type phase boxes, which can be simulated
with C-C boxes and shared entanglement, similar to the
bi-partite ones. At the same time we found another ex-



ample, C-Q boxes outputting W-type states, for which
the no-signalling constraints are so strong that only a
very limited set of such boxes is possible. Furthermore
the boxes in this limited set are somewhat weaker: they
are LOSE (can be simulated using Local Operations and
Shared Entanglement), and don’t need any correlations
beyond quantum mechanics. This may point out limita-
tions in the way in which correlations beyond quantum
mechanics may interact with quantum mechanical sys-
tems. We conjecture that the majority of multi-partite
C-Q boxes which output pure states are LOSE (can be
simulated using Local Operations and Shared Entangle-
ment, and don’t need any correlations beyond quantum
mechanics).

There are a few more questions that follow immedi-
ately.

The first question concerns the use of resources when
C-Q boxes can be be constructed from a C-C box and
unitaries acting on pre-shared entanglement. We have
shown that even when the C-Q box seems relatively sim-
ple, the C-C box needed for its simulation has to have a
significant amount of non-locality. Moreover, even small
changes to the C-Q box could result in major changes in
the non-locality of the C-C needed (see the phase change
box considered in sections III-C and III-D). One could
presume that this is simply due to the fact that the out-
put of the C-Q box, which is a quantum state, is in some
sense “analog” (allows for phases that are given by real
numbers), while the C-C box has a discrete number of
outcomes, so more outcomes are necessary for simulat-
ing the continuous parameters in the definition of the
quantum states. The problem, however, is not so simple,
since in addition to the C-C box there are also the unitary
transformations that are applied to the pre-shared quan-
tum state, and unitaries are analog objects. Yet they
are not enough. We found this behaviour in a particular
case, but expect it to be generic.

Second, and most important: What is the class of non-
signalling C-Q boxes? We have encountered this prob-
lem when we attempted to decide whether all C-Q tri-
partite boxes with pure-states outputs are are genuine or
not. But how can we know that we considered all pos-
sible such boxes? If we call the set of output states of
a non-signalling C-Q box a “non-signalling” set of quan-
tum states, how can we find all such sets? That is, the
nonsignaling condition in Eq. (1) is very clear, and if
we are given a set of states we can easily check if they
fulfil it. But how to construct such a general set? What
is its general structure? Crucially, the condition does
not refer to the structure of each of the individual states
separately but on the set as a whole. When dealing with
multi-partite mixed states the problem is likely to be very
difficult.

Incidentally, we also note that there are a few other,
and quite important, examples of sets of states whose
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nonlocal properties are defined globally. For example, a
set of orthogonal direct product states that cannot be
reliably identified by local measurements and classical
communication [23]. Another is that of states of two
non-identical spin-1/2 particles used to indicate a direc-
tion in a 3D space. When dealing with a single direction,
a state in which the two spins are parallel and pointing in
the desired direction, is as good of indicating that direc-
tion as a state in which the spins are anti-parallel, with
the first pointing in the desired direction and the second
pointing opposite. But if we want to indicate many dif-
ferent directions, the set of anti-parallel spins is better
than the set of parallel spins [24]. This type of problem
has received relatively little attention; we believe this to
be a very important general problem for understanding
the structure of quantum mechanics.

Thus far, all the C-Q boxes we analysed turned out
to be non-genuine, in the sense that they could be con-
structed out of C-C boxes and pre-shared entangled
quantum states. It is possible that ultimately we find
that all C-Q boxes can be simulated this way. However,
in case there exist C-Q boxes that cannot be simulated
by C-C + entanglement, then a new question emerges:
Is there a way of simulating some of those C-QQ boxes
by some other, as yet unspecified, model that is stronger
than C-C + entanglement but weaker than the most gen-
eral C-Q box.

We believe the above questions are just the tip of an
iceberg, and that considering C-Q boxes will lead to fur-
ther insights into the issue of non-locality.
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Note Added After completing this work we became
aware of three related works we would like to mention.
Firstly, D. Beckman, D. Gottesman, M. A. Nielsen, and
J. Preskill [25] considered the simple non-local C-Q Box
we discuss in section IIT A in their section VI B, in the
context of looking at quantum to quantum channels. Sec-
ondly D. Schmid, H. Du, M. Mudassar, G. Coulter-de
Wit, D. Rosset, and M. J. Hoban [26] (See also [18]) dis-
cuss C-Q boxes as a part of classifying all non-signalling
bi-partite boxes which have one of (classical, quantum,
or empty) for each input/output on each side (e.g. classi-
cal input and classical output on side A, empty input and
quantum output on side B). They also raised the question
whether ”genuine” C-Q boxes exist (their "open Ques-
tion 2”), and showed that the C-Q box of section IIT A is
equivalent to a PR box. .
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Appendix A: State invariance under UAUE

Here we prove that
S | N 1 N
UAUBWZ:|Z>A i) p = %Z:IDA i) g » (A1)

where n is the number of states i. Below U; ; is the 1, j
matrix element of U, and we have dropped the normal-
ization constant ﬁ

Ualp 3 1i) alids = D Uali) s Upli) s
l _ i@_ ZIENSATS
_ Z<Z 0302 130 W)
SO0l 05

jk

= Z Lk |5)alk) g
jk

= Z|k>A ‘k>B’
' (A2)

as desired.

Appendix B: Resources for the phase change box

In section IIID we claimed that we need a C-C box
with n outcomes along with pre-shared entanglement in
order to simulate the phase change C-Q box

[U5Y) = a|0) [0) + BeT ¥/ 1) 1) (B1)

We proved this for the case where we take a C-C box and
the pre-shared entangled state « |0) |0)+ 3 |1) |1), and ap-
ply unitaries acting only on the state. However we may
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wonder if starting with a general state with more dimen-
sions for Alice and Bob, and applying unitaries acting
across all the dimensions, allows us to simulate the C-Q
box with a simpler C-C box. Here we shall prove that it
will not help: we require the C-C box with n outcomes
for a and b, defined as
(a—b)modn=uz-y. (B2)
To begin, we take Alice and Bob to share an entangled
quantum state

[9) = (« |OO>AB + 5 |11>AB) |¢>A/B'

for some arbitrary state |¢), where Alice has particles A
& A’ and Bob has particles B & B’. This is general, since
the addition of (a|00),5 + B|11) 45) to the arbitrary
state |¢) cannot increase the required C-C box resources.
They also share a C-C box with inputs (z,y) = (0,1) and
outputs a,b = 0..(m — 1) for some m.

For (x,y) = (0,0) we set the first pair of outcomes of
the C-C box as (a,b) = (0,0) and let Alice and Bob apply
operators U° and VO which implement the desired C-Q
box on particles A and B, giving

(B3)

UOVO |1/}> = (OZ |00>AB + 5 |11>AB) ‘¢OO>A/B/ ’ (B4)

for some |¢00>A,B,. Note that particles A’ and B’ can
end up in any state: we only care that we implement the
C-Q box in particles A and B.

Without loss of generality we can take

U'=v'=1 (B5)

since if they were anything else we could remove them by
the change of basis
U — gyt
P o
[) = UV [)
= (a]00) 45 + B111) 45) [6") 41 -
Next we shall show that for (z,y) = (0,0) the C-C box
may as well always give equal outputs for Alice and Bob,

(a,b) = (a,a). Suppose instead that our C-C box gave
any other pair of outputs (a,b) = (0,b). Then Alice and

Bob would apply U° and V? on the initial state, giving

(B6)

UOVb |'¢)> = (a |00>AB + B |11>AB) ‘¢Ob>A/B/ . (B7)

We can substitute for |¢) using Eq. (B4) giving
UV ) = VPOV (a[00) 4 + B111) 45) [6%)

= V'V (a 100) 45 + B111) 45) |¢00>A/Bf
= (@]00) o + B111) 4 ) |6 41

A'B’

(B8)
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From the last two lines we see that \A/bf/OT, which acts
only upon BB’, must be of the following form

VOV = (0) 5 (0| W + (1) 5 5(1| R, (B9)
where

Wb, (B10)

6°) ap = R,

¢OO>A'Bf = ’¢Ob>A’B’ :

Rewriting the state |¢>00> in the Schmidt decompo-

sition we have

Wh S i) i) g = B > pi ) arld) g, (B11)
J J

A'B’

and see that the actions of W, and R%, have to be the
same on any |j) such that p; # 0, allowing us to conclude

- (13 ® Wg,) Vo (B12)
Hence, any other pair of outputs (0, b) has the same ac-
tion on the output state a |00) , 5 + B [11) 45 as (0,0) so
it is redundant to include any more pairs than those of
the form (a, a) for the case where (x,y) = (0,0).

A similar argument applies for the (z,y) = (0,1) and
(z,y) = (1,0) cases, which must also have pairs of the
form (a,a). For the (z,y) = (1,1) case, comparing with
the (x,y) = (1,0) case, no signalling from Bob to Alice
means that Alice must get the outcomes 0..(m — 1). By
symmetry Bob must also get the outcomes 0..(m — 1).
When a = 0, we can always relabel the outcomes so that
b = 1. Then for a = 1, we can either set b = 0, or by
relabelling set b = 2. If we choose the latter, we have the
choice for a = 2 to set b = 0 or b = 3. Whatever we do,
eventually we need to choose b = 0, and then the box
will have, at least for the first few columns, the following
form for some k:

Xy (a,b)

0000 11 ... (k-1)(k-1)
01[00 11 ... (k-1)(k-1)
1000 11 (k-1)(k-1)
1101 12 (k-1)0

There may be more columns, for example after k
columns the box could add another k columns copied
from the first k£ with all entries larger by k, but at min-
imum the first k& columns give the same outputs as the
C-C box described in Eq. (B2), with k& outcomes instead
of n. So we have proved we need a C-C box containing
that form, and now need to show that the lowest possible
value of k such that Alice and Bob achieve the desired
quantum state is in fact n.

We can write the C-Q box defined in Eq. (B1) as

(U™ = 627V (|00) 4 + B[11) 45), (B13)



where ¢, is the Pauli matrix which does

0) = 10)

) B14
1) — €' |1). (B14)

In order to simulate this we take the C-C box above.
Without loss of generality, for a fixed outcome a, Alice
might apply different unitaries depending upon the input
x,i.e. apply U @, Similarly Bob could apply Vb However,
if we compare the cases z,y = 1,0 and z,y = O 0 for any
fixed outcome a = b, we get

UsVg' 1) =
UV 1) =

00) + B111)) 655 )
00) + B 11)) |¢10)
= Uff/ Vet (]00) + B [11)) [¢55) -

(B15)

Using arguments similar to before we see that Alice’s
unitaries for x = 0 and « = 1 are related by a unitary
acting only on A’, i.e.

0o = (1A ® TA> o, (B16)

for some T4,. Since T4, only affects A’ after we are fin-
ished creating our desired state in A, we can omit it, and
write Uy = U§ = U*®, dropping the subscripts. Similarly
for Bob we can write Vb V?. That simplifies the next
step, relating the various U* to one another.

In the case where = -y = 0, Alice and Bob obtain the
following output state

UV [ = (@]00) o + BI11) 45) 6" “) prpr - (BLT)

In the case where x - y = 1, they instead find

Fatra+l A2 1
UVt y) = 62/ (@ ]00) 45 + B11) 4p) [6°“TH) 4 s

(B18)
where the superscript a+1 is taken mod k. We can move
&f/ " in this equation to the other side, giving

(@MU Vr ) = (@]00) o5 +B111) 45) [6° “F1) 4o

(B19)
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and then use Eq. (B17) to substitute for |¢) giving

(62/™)TTV et |y)
= (/MU VTV (@ |00) 4 + BI11) 45) 6° ) 41 o
= 62/ TV (@]00) 4 g + B[11) 45) [6°“) a1 5
= (a]00) 45 + B11) 45) |6* 1) 41 o -
(B20)

From the last two lines, following the same reasoning as
before, we must have

yetl = (a—ﬁ/" ® Wg,“> ve. (B21)

By recursion and the fact that V0 = 1 we obtain the
following expression for V°

Vvt =62 o QY. (B22)
for some Q%,. Since we do not care about the final state
of B’, we will drop QB, and say

Vb= g2/, (B23)
By a similar argument we have
U =g 2. (B24)

We can check that this simulates the C-Q box for x-y =
0 as follows:

Uava |’(/}> 0A_—2a/nA2a/n |,(/)>
= (a|00) 45 + B111) 4p5) [6™) 15 -

For z -y = 1 our C-C box has paired up a and b as
(a, (a4 1) mod k). This gives us

(B25)

UaV(a+1 ) mod k |,¢1> _ &Z— a/nAQ((a-i-l) mod k)/n |,¢>

3((((1—1—1) mod k)—a)/n |,¢}> (B26)

for ¢ = 0..(k — 1). The exponent is

2

((a+1)mod k) —a |2/n when a + 1 < k,
n ~\2/n—2k/n whena+1=F

(B27)
Since 62 = 1, this gives the desired state,

5’5/"(04 00) 4 + B111) 4) |¢OO>A’B’ )

so long as k is a multiple of n. Thus the smallest C-C
box which can implement our C-Q box has n outputs,
completing our proof.

(B28)
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