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Abstract. We prove that in the 2d Ising Model with a weak bidimensional quasi-periodic
disorder in the interaction, the critical behavior is the same as in the non-disordered case, that
is the critical exponents for the specific heat and energy-energy correlations are identical and
no logarithmic corrections are present. The disorder produces a quasi-periodic modulation of
the amplitude of the correlations and a renormalization of the velocities, that is the coefficients
of the rescaling of positions, and of the critical temperature. The result establishes the validity
of the prediction based on the Harris-Luck criterion and it provides the first rigorous proof
of universality in the Ising model in presence of quasi-periodic disorder in both directions
and for any angle. Small divisors are controlled assuming a Diophantine condition on the
frequencies and convergence of the series is proved by Renormalization Group analysis.
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1. Introduction

1.1. Universality and Harris-Luck Criterion. A certain number of macroscopic prop-
erties close to phase transitions shows a remarkable independence from microscopic details.
In particular, it is both predicted theoretically and observed experimentally that the critical
exponents, describing the singularities of thermodynamical functions, are the same in systems
sharing only few general features, but having different inter-molecular forces, atomic weight or
lattice structure. This phenomenon is known as universality and the Renormalization Group,
introduced by Kadanoff [39] and Wilson [63], provides an explanation introducing the con-
cepts of: scaling dimension, dimensionally relevant, marginal or irrelevant interactions, and
universality classes. The fact that interactions are dimensionally relevant or marginal does not
imply by itself that they can change the critical behavior: the neat effect on critical exponents
is ruled by an effective dimension which can be different from the scaling dimension due to
cancellations or other mechanisms.

A paradigmatic model where universality can be investigated is the Ising model which
describes a system of spins with nearest-neighbor interactions and shows a phase transition in
dimensions d ě 2 described by certain values of the critical exponents. One can perturb such
model with finite-ranged or higher spin interactions, or consider it on different lattices, and
ask what happens to the critical behavior. In d ě 4 universality is proven in the context of
the strictly related φ4 models, see e.g. [8] and references therein, where it has been rigorously
shown that the value of the exponents is equal to the mean field ones, e.g. the correlation
length exponent is ν “ 1{2 and the specific heat exponent α “ p4 ´ dq{2. We remark that,
however, while in d ě 5 the behavior is exactly the same as in mean field, in d “ 4 logarithmic
corrections are present; the difference is that in the first case the interaction is irrelevant in the
Renormalization Group sense, while in the second is marginal (or, more precisely, marginally
irrelevant).

In d “ 2 the Ising model with nearest neighbor interaction on a square lattice was solved
by Onsager [58]. His solution proves that the value of the critical exponents (ν “ 1, α “ 0) is
different from the mean field one. Having universality in mind, it is natural to ask whether
these values are robust under perturbations. One can ask, for example, if the addition of a
next-to-nearest neighbor interaction or a non quadratic one leaves the system in the Onsager
universality class or not. In this case, it is not convenient to use φ4 models, but one can use
the representation in terms of Grassmann integrals, at the basis of the exact solution, and
analyze it using Renormalization Group methods. This strategy was proposed in [61] and
applied to the computation of the specific heat and energy correlations in [62] and in the
Appendix N of [42]. The Grassmann integral representation was then used in [41, 42] to the
case of two Ising models coupled to each other by a quartic interaction, which can be mapped
in models like the Eight-vertex, Six-vertex or the Ashkin-Teller model.

Even if single or a couple of Ising models have the same exponents in absence of quartic
interaction, when the interaction is present they belong to different universality classes. In
the first case the interaction is dimensionally irrelevant, and this implies that the exponents
are, for interaction small enough, the same as in the pure Ising model (e.g. ν “ 1, α “ 0)
and no logarithmic corrections are present; in the second the interaction is marginal, its
flow is controlled thanks to complicate cancellations related to emerging symmetries and the
exponents are continuous function of the coupling [42] verifing suitable Kadanoff extended
scaling relations [11, 12]; continuos exponents appears also in the transition between the two
universality classes in the Ashkin-Teller model [31, 44]. Subsequently, the Renormalization
Group approach to interacting Ising model was used in the proof of the universality of the
central charge [32], the scaling limit of all the energy correlations [30] and to analyze the role
of non periodic boundary conditions [6], while interacting dimer models, which are in the
same universality class of coupled Ising models in some region of parameters, were studied in
[34]. This approach typically requires a small value of the coupling.

Other approaches, different from Renormalization Group, lead to universality results for
the Ising model, like the ones in [16, 17], with nearest-neighbor interactions on different planar
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graphs. In [4] the Ising model with non-planar, or alternatively some non-nearest-neighbor pair
interactions was considered, proving gaussianity of correlations without smallness condition
but not giving information on exponents.

Another situation where the issue of universality can be posed in the Ising model is when
disorder is considered. Disorder can be introduced either in the magnetic field [1, 2, 3, 37]
or in the interaction, and we focus here on this second case, for which much less is known
at a rigorous level. Typically, one can consider two kinds of disorder in the interaction:
random or quasi-periodic. The first describes the effect of impurities, while the second is
realized in quasi-crystals or cold atoms experiments. Early investigations were done in the 2d
random Ising model; in particular, the Ising model with a layered disorder (that is constant
in one direction) was considered in [55], see also [36] and [24], and the specific heat is found
continuous (instead of logarithmically divergent), while with a bidimensional random disorder
a double logarithmic behavior in the specific heat [21] is found. In more general cases, Harris
[36] proposed a criterion to predict when random disorder is irrelevant or not; if ξ is the
correlation lenght and ∆2 is the covariance of the disorder, the condition for irrelevance isa

∆2{ξd ! |β ´ βc|, where the l.h.s. is (roughly) the ratio between typical fluctuation of
the sum of disorder terms within a distance given by the correlation length ξ and the mean
(βc is the critical inverse temperature); as close to criticality ξ „ |β ´ βc|´ν , with ν critical
exponent, irrelevance is predicted for νd{2 ą 1, see [36], while relevance is expected for
νd{2 ă 1. According to this criterion, irrelevance is predicted for d ě 5 (ν “ 1{2 ą 2{d) and
relevance d “ 3 (conformal bootstrap predicts ν “ 0.627 . . . ă 2{3, see [60]). In the marginal
cases d “ 4 (ν “ 1{2) and d “ 2 (ν “ 1), Harris criterion gives no predictions in general.
On the rigorous side, a generalization of Harris result was proved in [15] where it was shown
that in all systems with continuous transitions ν̃ ě 2{d with ν̃ the index of the disordered
system. In the case of layered disorder in 2d the system is effectively one dimensional as far
as the ratio between mean and fluctuations is concerned, so relevance of disorder is predicted
in agreement with [55]. A rigorous proof is still lacking, even if there are progresses in this
direction in [18]. In addition, the Harris criterion has been verified in simplified models of
probabilistic nature [29].

While the Harris criterion regards the case of random hopping, the case of quasi-periodic
disorder was considered by Luck [40] (Harris-Luck criterion). In the case of 2d Ising model with

layered quasi-periodic disorder, the condition for irrelevance was generalized to 1
ξ

řξ
x“0 δx !

|β´βc| where δx is a suitable function measuring the fluctuation of the quasi-periodic hopping,

see [40]; as ν “ 1 then the condition for irrelevance requires that
řξ
x“0 δx is bounded and

small uniformly in ξ, a condition verified in the case of weak quasi-periodic modulation,
while is violated for strong quasi-periodic disorder. Such conjectures were checked in [40] by
a perturbative method but the issue of convergence of the series was not faced; they have
been also confirmed by numerical investigations, see e.g. [35, 19]. In particular, in [19] it is
numerically found that in the Ising model with weak quasi-periodic disorder remains in the
Onsager class, while evidence of a new universality class is found at stronger disorder. Finite
difference equation for the spin correlations have been derived in [59] from which low and high
temperatures expansions are obtained.

In this paper we finally prove that the critical exponent for the specific heat and energy-
energy correlations in the weak quasi-periodic Ising model are identical to the Onsager ones,
either for layered and non layered disorder, in agreement with the Harris-Luck criterion. The
result is based on convergent series expansions in the disorder, and the small-divisor problem
is faced via Renormalzation Group analysis. This provides one of the very few cases in which
a rigorous understanding of the the critical behavior of the 2d Ising model with disorder is
achieved and universality is proved.

1.2. Main Result. The Hamiltonian of the 2d quasi-periodic Ising model is

H “ ´
ÿ

xPΛi

“
J

p1q
x σxσx`e1 ` J

p0q
x σxσx`e0

‰
(1.1)
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where e0 “ p1, 0q, e1 “ p0, 1q, x “ px0, x1q, σx “ ˘ and:

(1) For i P N, x P Λi, Λi “ p´L0,i{2, L0,i{2s ˆ p´L1,i{2, L1,i{2s X Z
2, σx “ ˘ and periodic

boundary conditions are imposed.
(2) The interaction is given by

J
pjq
x “

´
1 ` λφpjqp2πω0,ix0 ` θj,0, 2πω1,ix1 ` θj,1q

¯
J pjq , j “ 0, 1 (1.2)

where φpjqpyq is such that

φpjqpyq “
tpL0,i´1q{2uÿ

n0“´tL0,i{2u

tpL1,i´1q{2uÿ

n1“´tL1,i{2u

φ̂
pjq
n eipn0y0`n1y1q , (1.3)

with φ̂
pjq
n “ pφ̂pjq

´nq˚, n “ pn0, n1q and y “ py0, y1q; moreover, for suitable real constants
A, η ą 0

|φ̂pjq
n | ď Ae´η|n| . (1.4)

(3) tω0,iuiPN, tω1,iuiPN are the best approximants ω0,i “ p0,i{q0,i and ω1,i “ p1,i{q1,i of two
irrational numbers ω0, ω1 ă 1. For j “ 0, 1, the latter are obtained starting from the
continuous fraction representation ωj “ aj,0 ` 1

aj,1` 1

aj,2` 1
aj,3`¨¨¨

from which, one has

pj,1
qj,1

“ aj,0 ` 1
aj,1

,
pj,2
qj,2

“ aj,0 ` 1

aj,1` 1
aj,2

with
ˇ̌
ˇωj ´ pj,i

qj,i

ˇ̌
ˇ ď C

q2j,i
(see e.g. Section IV.7 in

[20]).
(4) ω1, ω0 are irrational numbers verifying a Diophantine condition, that is, for j “ 0, 1,

|2πωjn|T ě cj |n|´ρj @n P Zzt0u , (1.5)

where | ¨ |T :“ infmPZ | ¨ `2mπ| and ρj ě 1, cj ą 0.
(5) The side of the boxes are chosen so that

L1,i “ q1,i , L0,i “ q0,i , (1.6)

and limiÑ∞L1,i{L0,i “ c with 0 ă c ă 8.

Remark 1.1.

(1) The energy correlations of the quasi-periodic Ising model are obtained as the limit
of the energy correlations of a sequence of Ising models in boxes with interactions
periodic in space with a period equal to the side of the boxes. In the limit i Ñ ∞

the modulation becomes
ř∞
n0,n1“´∞ φ̂

pjq
n eipn0p2πω0x0`θj,0q`n1p2πω1x1`θj,1qq, that is quasi-

periodic in both directions. While in principle other ways to define a quasi-periodic
Ising model can be imagined, this is the one chosen in numerical simulations in the
physical literature, see e.g. [19].

(2) The quasi-periodic Ising model has been considered up to now only with layered

disorder, corresponding e.g. to φp0q “ 0; for instance J
p0q
x “ J and J

p1q
x “ Jp1 `

λ cosp2πω1x1 ` θqq. In contrast, we consider a rather more general situation including

interactions of the form, for instance, J
p0q
x “ p1 ` λ cosp2πω0x0 ` θq cosp2πω1x1 `

φqqJ p0q, J
p1q
x “ p1 ` λpcosp3πω0x0 ` ψq cosp6πω0x0 ` 2ψq cosp2πω1x1 ` ξqqqJ p1q, with

θ, ϕ, ψ, ξ phases: that is the interaction is different in any bond, and quasi periodically
modulated in both directions.

(3) The form of disorder we are considering breaks essentially all the symmetries present
in the non-disordered case other than spin-flip symmetry; in particular translation
invariance and inversion symmetry xj Ñ ´xj in both directions. Less general forms
of disorder preserve some symmetry; in particular, in the case of layered disorder,
translation invariance and inversion in one space direction is preserved.

The truncated energy correlations are defined for x1,x2 P Λi and j1, j2 P t˘u as

Sipx1, j1;x2, j2q “ xσx1
σx1`ej1

σx2
σx2`ej2

yi ´ xσx1
σx1`ej1

yixσx2
σx2`ej2

yi , (1.7)
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with

xOyi “ 1

Z

ÿ

tσxuPt˘uΛi

e´βHO , Z “
ÿ

tσxuPt˘uΛi

e´βH , (1.8)

where Z is the partition function at inverse temperature β ą 0.
If λ “ 0, for β ‰ βc, with βc given by

sinhp2βcJ p0qq sinhp2βcJ p1qq “ 1 , (1.9)

the thermodynamic limit i Ñ `8 of the truncated energy correlations exists and is denoted
by Spx1, j1;x2, j2q. Such limit decays exponentially for large distances with correlation length
ξ diverging at βc as ξ “ Op|β ´ βc|´1q; βc is therefore the critical temperature. Moreover, in
the limit β Ñ βc one has

Spx1, j1;x2, j2q “ Zj1Zj2g
0
`px1 ´ x2qg0´px2 ´ x1q `Rj1,j2px1,x2q (1.10)

with g0˘px´x2q “ pv1px1,1´x2,1q˘ipv0px1,0´x2,0qq´1, Zj , v1, v0 real constants,
|Rpx1,j1;x2,j2q|

|x1´x2|2`θ Ñ
0 for |x1 ´ x2| Ñ ∞ and θ “ 1. βc is therefore the critical temperature, defined as the
temperature at which the correlation length diverges. Note that one is taking the |Λi| Ñ ∞

limit at β ‰ βc, so that terms Ope´Lic|β´βc|q vanishe in the limit, see Section 5 below, if c is a
constant and Li “ mintL0,i, L1,iu is the shorter side of Λi. Note that v1, v0 are the coefficients
of the anisotropic rescaling of positions g`pxq “ ḡpv1x1, v0x0q with ḡpx1, x0q “ 1

x1`ix0
(and

similar for g´); they will be also called velocities. Our main result descried the long distance
decay of correlations in the interacting case.

Theorem 1.2. Consider the Hamiltonian (1.1) and assume (1)-(5). There exist λ0, C, κ ą 0,
functions b : p´λ0, λ0q Ñ R, ξj : p´λ0, λ0qˆT

2 Ñ R and αj : p´λ0, λ0q Ñ C for j “ 0, 1, with
supλ |bpλq|, supλ |αjpλq|, supλ,ϑ |ξjpλ,ϑq| ă C such that the following holds. For any |λ| ă λ0
and βcpλq “ βc ` bpλq then

(1) for β ‰ βcpλq the limit limiÑ8 Sipx1, j1;x2, j2q “ Spx1, j1;x2, j2q exists and is finite.
(2) For β ‰ βcpλq

|Spx1, j1;x2, j2q| ď Ce´κp|β´βcpλq||x1´x2|q
1
2
. (1.11)

(3) For β Ñ βcpλq
Spx1, j1;x2, j2q “ Zj1,x1

pλqZj2,x2
pλqg`px1 ´ x2qg´px2 ´ x1q `Rj1,j2px1,x2q (1.12)

with

g`pxq “ 1

v1pλqx1 ` iv0pλqx0
, g´pxq “ 1

pv1pλqq˚x1 ´ ipv0pλqq˚x0
, (1.13)

and |Rpx1, j1;x2, j2q|{|x1 ´ x2|2`θ Ñ 0 for |x1 ´ x2| Ñ ∞, θ “ 1{4 and

Zj,xpλq “ Zj ` λξjpλ, 2πω0x0, 2πω1x1q vjpλq “ vj ` λαjpλq (1.14)

with Zj , vj defined in (1.10).

Remark 1.3.

(1) The asymptotic behavior of the 2-point correlation at criticality is similar to the one
of the unperturbed case, with the main difference that the amplitude is the prod-
uct of two quasi-periodic functions Zj1,x1

pλq and Zj2,x2
pλq. The velocities and the

critical temperature are also modified. In contrast, the exponents are universal and
no logarithmic corrections are present; this provides a rigorous confirmation of the
Harris-Luck criterion. Outside the critical temperature a stretched exponential decay
is found, but this is just for technical reasons and exponential decay is expected. The
analysis could be easily extended to the n-point energy correlations.
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(2) The proof is based on the convergence of the series for the correlations, showing a small-
divisor problem similar to the one appearing in perturbation of integrable Hamiltonian
systems, see e.g. [25]. Convergence is shown assuming only a Diophantine condition
on the frequencies, the smallness of the coupling and a fast decay property of the
harmonics; without such assumptions a different behavior is expected.

(3) The result holds for any angle θj , including cases where inversion or translation in-
variance is broken in both directions. This is a peculiar fact since in many similar
models with small-divisor problems, extra conditions are usually required.

1.3. Sketch of the proof. The starting point of the analysis is the exact representation of
the quasi-periodic Ising model as a Grassmann integral, which is an immediate consequence
of the dimer representation, see e.g. [55], and the fact that the Pfaffians can be expressed as
Gaussian Grassmann integrals, see e.g. [54]. The energy correlations can be written as the
sum of terms of the form (the exact expressions is in Section 2)

ş
PψpdψqPξpdξqeVOş
PψpdψqPξpdξqeV (1.15)

where Pψpdψq, Pξpdξq are Grassmann Gaussian integrations, O is a quartic monomial in the
Grassmann variables, and V is a sum of monomials in ψ, ξ and is vanishing for λ “ 0. The
propagator (or covariance) of Pξpdξq is ĝξpkq, given by

ĝξpkq :“
ˆ

´itp1q sin k1 ` tp0q sin k0 imξpkq
´imξpkq ´itp1q sin k1 ´ tp0q sin k0

˙´1

, (1.16)

with tpjq “ tanh βJ pjq and mξ “ mχ “ Op1q. From the explicit expression given below in
(2.21), mχpkq “ mχp0q ` F pkq with mχp0q “ Op1q and F pkq “ 0 at k “ 0, and bounded
away from zero uniformly in β in the other three poles of the diagonal elements of ĝξpkq. One
recognizes in (1.16) the propagator of a lattice Dirac fermion with a mass mχp0q and Wilson
term F pkq. The propagator ĝψpkq of Pψpdψq has a similar expression with a mass which can
be vanishing as a function of temperature. The variables ξ, being associated to a bounded
propagator (called, for this reason, non-critical variables) can be integrated out, see Section
3, expressing the energy correlations as Grassmann integrals of the form

ş
PψpdψqeṼ Õş
PψpdψqeṼ

(1.17)

with Ṽ “ 1
|Λi|

ř
n

ř
k ψ´k

xWnpkqψk´2πΩn with xWnpkq a matrix with elements exponentially

decaying in n and analytic in λ, ψ “ pψ`, ψ´q, Ω “
ˆ
ω0 0
0 ω1

˙
and Õ is still quartic in

ψ. This representation is an immediate consequence of the Wick theorem, allowing us to
represent the Wnpkq as sum of chain graphs, that is products of propagators of the form

ĝξpkqĝξpk ´ 2πΩn1qĝξpk ´ 2πΩn2q ¨ ¨ ¨ ; convergence follows form the exponential decay of φ̂n
and the boundendness of ĝξ.

One could perform the integration in ψ (critical variables) in a similar way, obtaining an
expansion for the correlations still expressed in terms of graphs. In this case however the
propagator of the ψ-variables is unbounded, and at criticality there are graphs which are
naively bounded by Opn!αq if n is the order and α a constant, due to the presence of small-
divisors. In order to achieve convergence one needs to improve the bounds showing that
such factorials are indeed not present. In order to show this one needs a multiscale analysis,
described in Section 4. One decomposes the propagator as sum of propagators supported at
different momentum shells with scale h, that is |k| „ γh, γ ą 1, with h “ 1, 0,´1,´2, . . . ;

that is ĝψpkq “ ř1
h“´∞ ĝphqpkq with ĝphqpkq “ Opγ´hq. Integrating the higher momentum

scales we obtain ş
P

pďhq
ψ pdψpďhqqeV phqpψpďhqqÕphq

ş
P

pďhq
ψ pdψpďhqqeV phqpψpďhqq

(1.18)
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with P
pďhq
ψ pdψpďhqq a Gaussian Grassmann integration corresponding to scales ď h and again

V phq “ 1
|Λi|

ř
n

ř
k ψ

pďhq
´k

xW phq
n pkqψpďhq

k´2πΩn with xW phq
n depending on the scale h. By using that,

for Gaussian Grassmann integrals, Pψpdψpďhqq “ Pψpdψpďh´1qqPψpdψphqq and we can integrate

the ψphq variable proceeding iteratively; this again produces chain graphs product of propaga-

tors of arbitrarily large size Opγ´hq times products of the xW phq
n . In the Renormalization Group

terminology, the terms in V phq are relevant perturbations which could alter the critical behav-
ior. In order to show that this is not the case one needs to distinguish between the case n “ 0,
which are called resonant terms or resonances, from the non-resonant case n ‰ 0. In the first
case one gets an accumulation of identical small-divisors in the perturbative expansion, ending
with a non-summable behavior. Such a phenomenon is avoided by modifying the expansion in-
troducing a counterterm taking into account the modification of the critical temperature, and
by modifying the velocities at each iteration step, see Section 4.1; that is, the propagator of

the ψpďhq close to k “ 0 acquires the form „ χhpkq
ˆ

´iv1,hk1 ` v0,hk0 ´im
im ´iv˚

1,hk1 ´ v˚
0,hk0

˙´1

where χhpkq ‰ 0 for |k| ď γh. Note that reabsorbing certain terms in the propagator is

possible only if the xW phq
0 have a suitable form not changing the qualitative structure of the

propagator; this is indeed what happens. When the angles θj are generic, the breaking of
symmetries does not allow us to conclude the reality of velocities (which turn out to be real
in the layered case).

One has then to deal with the terms in V phq with n ‰ 0; in that case the repeated small-
divisors are not identical and they cannot be reabsorbed in the propagator. If the disorder
was periodic, that is Ω is rational so that 2πΩn mod 2π is bounded, this would say that there
is a scale h̄ so that such terms are not present for h ď h̄; hence they could be easily bounded.
In contrast if Ω is irrational, that is in the quasi-periodic case, such terms appear at any scale

h, and the propagators associated with fields multiplying xW phq
n are as large as Opγ´hq. One

needs therefore, to get convergence, to prove that xW phq
n pkq has a fast decay in h compensating

the small-divisor γ´h. This follows from the Diophantine condition, as it implies that if k

and k ´ 2πΩn are Opγhq, then n is large, that is |n| ě γ´h
τ for a suitable constant τ . The

decay in n of xW phq
n pkq can be therefore converted in a decay in γ´h compensating the γ´h

of the propagator. However the gain must be obtained at any iteration step and one has to
check that no non-summable combinatorial factors are present; this is done using the cluster
structure of graphs (see Section 4 and in particular Lemma 4.7 where the convergence of
the series expansion is proved). The series so obtained is in λ and in the running coupling
constants (corresponding the renormalizations of the temperature and of the velocities); one
has to show that it is possible to fine tune a parameter, corresponding to the shift of the
critical temperature, to prove that they remain small at any iteration, as proved in Section
4. Finally, in Section 5 the full expansion for the energy correlations is considered. In this
case, after the integration of the fields of scales 1, 0,´1,´2, . . . , h one gets source terms of

the form 1
|Λi|2

ř
n,j,k,pZ

pjq
h,nψ

pďhq
´k σ2ψ

pďhq
k`p´2πΩn

pApjq
p where Z

pjq
h,n are running coupling constants

associated to the source terms in the generating function for correlations and pApjq
p is the

Fourier coefficient of an external field (see 2.1 below). In this case there are running coupling
constants corresponding to n ‰ 0 as there is no gain due to the Diophantine condition. They
have a finite limit as h Ñ ´∞, and this implies that the critical exponents are the same
as in the unperturbed case, and they produce the quasi-periodic amplitude of the energy
correlations.

1.4. Comparison with previous results. The paper uses a fermionic Renormalization
Group approach to the Grassmann representation of the Ising model, previously used in the
case of non nearest neighbor perturbations, see [42, 32, 30], or for coupled Ising and related
models like six vertex, Ashkin-Teller or dimer models [42, 11, 12, 34]. In such cases the
starting point is a Grassmann integral similar to (1.15) but with V a quartic or higher order
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translation invariant interaction. In the case of the quasi-periodic Ising model, the situation
is different: the interaction in the Grassmann integral is quadratic but the modulation of the
potential breaks translation invariance and it requires the use of KAM methods to solve the
small-divisor problem.

The relation with KAM appears from (1.15); as the exponent of the integrand is quadratic
in the Grassmann variables, the energy correlations could be in principle deduced by a suitable
lattice Dirac equation in a quasi-periodic potential, essentially given by

σ2pψx`e0 ´ ψx ` λφ
p0q
x ψxq ` σ1pψx`e1 ´ ψx ` λφ

p1q
x ψxq ` imσ3ψx “ Eσ1ψx , (1.19)

with σ1, σ2, σ3 being the Pauli matrices. Indeed, such equation has not been studied but an
extensive literature has been instead devoted to the related problem of the lattice Schrödinger
equation with a quasi periodic potential (which is strictly related to a KAM problem), like

ψx`1 ` ψx´1 ` λφxψx “ Eψx (1.20)

where x P Z and φx “ φ̄p2πωx ` θq with φ̄ 2π-periodic. For small λ the eigenvalues and
eigenfunctions of the above equation were studied in [22] where two Diophantine conditions
are assumed, one over the frequency and the other over the energy and using KAMmethods. In
particular, it was required |2πωn|T ě C|n|´τ and |2πωn˘2ρ|T ě C|n|´τ , with E “ cos ρ (first
and second Melnikov condition); in [57] instead the case ρ “ nπω was studied corresponding to
the gaps in the spectrum. Several attempts were done to improve such conditions, culminating
in [23], where the second Melnikov condition was removed, and in [7] were ω was assumed to
be any irrational. In the bidimensional case, more complicated Diophantine assumptions are
required [10] and less detailed knowledge is available.

An important related issue is the computation of the correlations of a system of several
particles (fermions in particular) in a quasi-periodic potential, with a single-body interaction
described by (1.20). In the absence of a many-body interaction, the knowledge of the sin-
gle particle properties of (1.20) could be sufficient to determine the properties of the ground
state correlations. If φx in (1.20) is random, this was indeed done in [5], and with a perid-
ioc potential (in the continuum) it was done in [9], where indeed the asymptotic properties
of correlations were determined only by a very precise knowledge of the singularities of the
eigenvalues (diramation points) in the complex plane. In the quasi-periodic case, a deriva-
tion of the asympotic behavior of fermionic correlations directly from Schrödinger equation
(1.20) has never been attempted. However, such asymptotic decay has been derived writing
the fermionic correlations as Grassmann integrals similar to (1.15), with interacting measure
P pdψqeV , propagator pik0 ` cospk1 ` nωq ´ Eq´1 and V sum of monomials ψ`

k0,k
ψ´
k0,k`2πnω.

The long distance behavior of the non-interacting ground state correlations in d “ 1 has been
determined using a multiscale analysis in [13] via fermionic Renormalization Group meth-
ods, inspired by the ones used in KAM Lindstedt series [26, 27]. The result was valid for
E “ cos m̄πω, m̄ P N, that is assuming a gap condition like the one in [57]; the ground
state correlations decay exponentially both in space and Euclidean time. Note that there are
infinitely many gaps with size Opλφ̂m̄q, the spectrum being a Cantor set. Later on, the RG
methods were extended to include the presence of a weak many body interaction (and weak
quasi-periodic potential): it was shown in [43] that the gaps are not closed by the interaction
(if the corresponding harmonic is present in the potential), but are strongly modified via

the presence of a critical interaction dependent exponent; the gaps becomes Oppλφ̂m̄q1`ηq,
η “ aU ` OpU2q, where U is the coupling of the many body interaction and η a critical
exponent. A similar phenomenon was also shown to happen in the interacting Aubry-André
model where only one harmonic is present in the initial potential [47] and in the interacting
Hofstadter model [48] for the Hall effect. In higher dimensions, a class of fermionic systems in
d“ 2, 3 known as Weyl semimetals have been considered [53] in presence of a quasi-periodic
disorder and interaction in the weak coupling regime; by assuming a first and second Melnikov
condition restricting densities it was shown the stability of the Weyl phase, that is the absence
of localization. While the above mentioned results regard the case of fermions on a lattice
with a weak quasi-periodic potential and a many body interaction, the case of strong potential
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has a different behavior, manifesting the phenomenon of Anderson localization. In this case
one considers the kinetic energy as a perturbation of the quasi-periodic potential, and not op-
posite as in the previous case. In [28] localization without many-body interaction was shown,
and later the proof of T “ 0 many body localization of interacting fermions [49, 50, 51, 52]
was established. It should be remarked that at the moment such RG methods are the only
ones allowing us to take into account rigorously the interaction in the thermodynamic limit.

At the mathematical level, the Renormalization Group methods used to analyze the above
fermion systems in the weakly disordered regime are related to the ones used here for the
quasi-periodic Ising model, but there are important differences. First of all, in fermionic
systems one has to restrict the values of the chemical potential either to ensure the validity
of a gap condition, as in [43, 47, 48], or a second Melnikov condition [53]. There is no
analogue of chemical potential in the Ising model, but we can solve the small-divisor problem
without imposing any condition. In addition, in fermionic models considered so far, the 2-point
fermionic correlation was studied, while here the energy correlations are considered, quartic
in the fermions, a fact producing new (infinitely many) marginal operators and the quasi-
periodic modulation of the amplitude. Moreover, the quasi periodic disorder is bidimensional
in space and Euclidean time and all possible choices of angles are considered, while previously
the only layered or bidimensional cases with angles chosen equal to zero were treated [52]. The
general form of the disorder considered here breaks the inversion symmetries, an important
property to prove the reality of the velocities. In addition to such technical improvements,
it should be also remarked that the application of direct methods, previously developed for
apparently unrelated problems like KAM series or non relativistic fermions, to the quasi-
periodic Ising model is a major novelty of this paper and it produces the first rigorous proof
of the Harris-Luck criterion, and a natural starting point for the inclusion of next to nearest
neighbor interactions.

2. Grassmann Representation

From the dimer representation of the Ising model, see e.g. [56], one can write the energy
correlations, which are expressed in terms of four Pfaffians, in terms of Grassmann integrals,
see e.g. [54]. The energy correlations can be therefore written as

Spx1, j1;x2, j2q “ B2
BAx1,j1BAx2,j2

logZpAq
ˇ̌
A“0

(2.1)

with ZpAq “ 1
2

ř
αPt˘u2 ταZαpAq with τ`,´ “ τ´,` “ τ´,´ “ ´τ`,` “ 1 and

ZαpAq “
” ź

xPΛi

1ź

j“0

coshpβJ pjq
x `Ax,jq

ı ż
DΛiΦ eSΛi

pΦ,Aq (2.2)

with

SΛipΦ, Aq :“
ÿ

xPΛi

“
tanhpβJ p1q

x `Ax,1qHxHx`e1 ` tanhpβJ p0q
x `Ax,0qV xVx`e0

‰
`

`
ÿ

xPΛi

“
HxHx ` V xVx ` V xHx ` VxHx `HxV x ` VxHx

‰
.

(2.3)

Here Hx,Hx, V x, Vx are independent Grassmann variables, four for each lattice site, and
Ex,1 :“ HxHx`e1 , while Ex,0 :“ V xVx`e0 . Moreover, Φ :“ tHx,Hx, V x, VxuxPΛi denotes the

collection of all these Grassmann variables andDΛiΦ is a shorthand for
ś

xPΛi
dHxdHxdV xdVx;

the Grassmann integration is defined so that, @x P Λi,ż
dHxdHxdV xdVx “ 0 ,

ż
dHxdHxdV xdVxpVxV xHxHxq “ 1 . (2.4)

The label α “ pα1, α2q, with α1, α2 P t˘u, refers to the boundary conditions, which are
periodic or antiperiodic in the horizontal (resp. vertical) direction. Letting Z “ ř

αPt˘u2 ταZα
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with Zα “ Zαp0q, the truncated energy correlation (2.1) can be written as

Spx1, j1;x2, j2q “
ÿ

αPt˘u2

ταZα

2Z
xEx1,j1 ;Ex2,j2yTα,i , (2.5)

where x¨yα,i is the average with respect to the Grassmann “measure” DΛiΦeSΛi
pΦ,0q{Zα with

α boundary conditions. Let us consider first the case A “ 0. We perform now a (well known)
change of variables

Hx ` iHx “ eiπ{4ψ`,x ´ eiπ{4χ`,x , Hx ´ iHx “ e´iπ{4ψ´,x ´ e´iπ{4χ´,x ,

V x ` iVx “ ψ`,x ` χ`,x , V x ´ iVx “ ψ´,x ´ χ´,x ,
(2.6)

so that, setting Ξα “
ş
DΛiΦ eSΛi

pΦ,0q, and, for j “ 0, 1, tpjq “ tanhpβJ pjqq, defining V pjq
x as

t
pjq
x “ tanhpβJ pjq

x q “ tanh
´
βJ pjq

´
1 ` λφpjqp2πω0,ix0 ` θj,0, 2πω1,ix1 ` θj,1q

¯¯

” tpjq ` V
pjq
x

(2.7)

we can write

Ξα “
ż ź

xPΛi

dψ`,xdψ´,xdχ`,xdχ̄´,xe
Spχqpχq`Spψqpψq`Qpψ,χq (2.8)

where, denoting with ¨ the Euclidean scalar product,

Spχqpχq :“ ´ 1

4

ÿ

xPΛi

t
p1q
x

ˆ
χ`,x

χ´,x

˙
¨
ˆ

´1 `i
´i ´1

˙ˆ
χ`,x`e1

χ´,x`e1

˙
`

´ 1

4

ÿ

xPΛi

t
p0q
x

ˆ
χ`,x

χ´,x

˙
¨
ˆ

´i `i
´i `i

˙ˆ
χ`,x`e0

χ´,x`e0

˙

´ 1

4

ÿ

xPΛi

2ip
?
2 ` 1q

`
χ`,xχ´,x ´ χ´,xχ`,x

˘
.

(2.9)

Spψqpψq :“ ´ 1

4

ÿ

xPΛi

t
p1q
x

ˆ
ψ`,x

ψ´,x

˙
¨
ˆ

´1 `i
´i ´1

˙ˆ
ψ`,x`e1

ψ´,x`e1

˙
`

´ 1

4

ÿ

xPΛi

t
p0q
x

ˆ
ψ`,x

ψ´,x

˙
¨
ˆ

´i `i
´i `i

˙ˆ
ψ`,x`e0

ψ´,x`e0

˙

´ 1

4

ÿ

xPΛi

“
´ 2ip

?
2 ´ 1q

‰`
ψ`,xψ´,x ´ ψ´,xψ`,x

˘
.

(2.10)

Qpψ,χq :“ 1

4

ÿ

xPΛi

t
p1q
x

ˆ
ψ`,x

ψ´,x

˙
¨
ˆ

´1 i
´i ´1

˙ˆ
χ`,x`e1

χ´,x`e1

˙
`

1

4

ÿ

xPΛi

t
p0q
x

ˆ
ψ`,x

ψ´,x

˙
¨
ˆ
i ´i
i ´i

˙ˆ
χ`,x`e0

χ´,x`e0

˙
` pψ Ø χq .

(2.11)

Note that V
pjq
x by (2.7) is a 2π periodic function in 2πΩx ` ϑj with Ω “

ˆ
ω0,i 0
0 ω1,i

˙
, and

with zero mean so that we can write

V
pjq
x “

ÿ

n

pV pjq
n ein¨ϑjei2πΩn¨x , with V̂

pjq
n :“ 1

|Λi|
ÿ

xPΛi

V
pjq
x e´in¨p2πΩx`ϑjq , (2.12)

with V
pjq
x defined in (2.7), n with values as in (1.3),

|pV pjq
n | ď Ce´η|n| (2.13)
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and pV pjq
n “ ppV pjq

´n q˚, pV pjq
0 “ 0; this follows from (1.4) and (2.7) by analyticity as a function of

the coordinates. Denoting by ζ˘ “ ψ˘, χ˘,

ζ˘,x :“ 1

|Λi|
ÿ

kPDα

pζ˘,ke
ik¨x , (2.14)

with

Dα “
#
k “ pk0, k1q P R

2

ˇ̌
ˇ̌
ˇ

kj “ π
Lj

p2κj ` 1 ´ αj1q
κj P

 
´
XLj`1

2

\
, . . . , 0, 1, . . . ,

XLj
2

\(
+
. (2.15)

Note that
ÿ

xPΛi

V
p1q
x

ˆ
pχ`,x

pχ´,x

˙
¨
ˆ

´1 i
´i ´1

˙ˆ
pχ`,x`e1

pχ´,x`e1

˙

“ 1

2|Λi|
ÿ

kPDα

nPZ2

pV p1q
n ein¨ϑ1

ˆ
pχ`,´k

pχ´,´k

˙
¨ eipk1´2πω1n1q

ˆ
´1 i
´i ´1

˙ˆ
pχ`,k´2πΩn

pχ´,k´2πΩn

˙

` 1

2|Λi|
ÿ

kPDα

nPZ2

pV p1q
n ein¨ϑ1

ˆ
pχ`,k´2πΩn

pχ´,k´2πΩn

˙
¨ e´ik1

ˆ
´1 i
´i ´1

˙ˆ
pχ`,´k

pχ´,´k

˙

“ 1

2|Λi|
ÿ

kPDα

nPZ2

pV p1q
n ein¨ϑ1

ˆ
pχ`,´k

pχ´,´k

˙
¨
„
eipk1´2πω1n1q

ˆ
´1 i
´i ´1

˙
´ e´ik1

ˆ
´1 ´i
i ´1

˙ˆ
pχ`,k´2πΩn

pχ´,k´2πΩn

˙

“ 1

|Λi|
ÿ

kPDα

nPZ2

pV p1q
n e´πiω1n1ein¨ϑ1

ˆ
pχ`,´k

pχ´,´k

˙
¨
ˆ

´i sin
`
k1 ´ πω1n1

˘
i cos

`
k1 ´ πω1n1

˘

´i cos
`
k1 ´ πω1n1

˘
´i sin

`
k1 ´ πω1n1

˘
˙ˆ

pχ`,k´2πΩn

pχ´,k´2πΩn

˙
.

(2.16)

and similar expressions hold for the other quadratic expressions. By setting

pApjq
n “ pV pjq

n e´πiωjnjein¨ϑj , (2.17)

we finally obtain

Ξα “
ż ź

kPDα

dψ̂`,kdψ̂´,kdχ̂`,kdχ̂´,ke
S

pχq
free

pχq`S
pψq
free

pψq`Qfreepψ,χq`S
pχq
int

pχq`S
pψq
int

pψq`Qintpψ,χq (2.18)

where, if pψk “ p pψk,`, pψk,´q and pχk “ ppχk,`, pχk,´q

S
pζq
freepζq “ ´ 1

4|Λi|
ÿ

kPDα

pζ´k ¨ Cζpkqpζk , (2.19)

Cζpkq :“
ˆ

´itp1q sin k1 ´ tp0q sin k0 ´imζpkq
imζpkq ´itp1q sin k1 ` tp0q sin k0

˙
, (2.20)

mχpkq :“ tp1q cos k1 ` tp0q cos k0 ` 2p
?
2 ` 1q , (2.21)

m0
ψpkq :“ tp1q cos k1 ` tp0q cos k0 ´ 2p

?
2 ´ 1q . (2.22)

and

Qfreepψ,χq “ 1

4|Λi|
ÿ

kPDα

“ pψ´k ¨ Qpkqpχk ` pχ´k ¨Qpkq pψk

‰
, (2.23)

with

Qpkq :“
ˆ

itp1q sin k1 ´ tp0q sin k0 i
`
tp1q cos k1 ´ tp0q cos k0

˘

´i
`
tp1q cos k1 ´ tp0q cos k0

˘
itp1q sin k1 ` tp0q sin k0

˙
. (2.24)

Moreover,

S
pζq
int “ ´ 1

4|Λi|
ÿ

kPDα

nPZ2

ÿ

j“0,1

pApjq
n

pζ´k ¨ P pjqpk,nqpζk´2πΩn , (2.25)
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Qintpψ,χq “ 1

4|Λi|
ÿ

kPDα

nPZ2

ÿ

j“0,1

pApjq
n

pψ´k ¨Qpjqpk,nqpχk´2πΩn ` pψ Ø χq , (2.26)

with

P p1qpk,nq “
ˆ

´i sin
`
k1 ´ πω1n1

˘
i cos

`
k1 ´ πω1n1

˘

´i cos
`
k1 ´ πω1n1

˘
´i sin

`
k1 ´ πω1n1

˘
˙

p1 ´ δn1,0q , (2.27)

P p0qpk,nq “
ˆ

sin
`
k0 ´ πω0n0

˘
i cos

`
k0 ´ πω0n0

˘

´i cos
`
k0 ´ πω0n0

˘
´ sin

`
k0 ´ πω0n0

˘
˙

p1 ´ δn0,0q , (2.28)

and

Qp1qpk,nq “ P p1qpk,nq , Qp0qpk,nq “ ´P p0qpk,nq . (2.29)

Finally, we introduce new Grassmann variables pξk
pχk “ pξk ` C´1

χ pkqQpkq pψk (2.30)

and with a straightforward computation we get

Sfree “ S
pξq
free ` S

pψq
free , Sint “ S

pξq
int ` S

pψq
int `Q

pψ,ξq
int . (2.31)

After this change of variables, we obtain S
pξq
freepξq “ S

pχq
freepξq and

S
pψq
freepψq “ ´ 1

4|Λi|
ÿ

kPDα

pψ´k ¨ pgψpkqq´1 pψk (2.32)

with

pĝψpkqq´1 “ Cψpkq ´QpkqC´1
χ pkqQpkq , (2.33)

QpkqC´1
χ pkqQpkq “ Mψ `Rpkq (2.34)

where, if we denote with |M | :“ ř
a,b |Ma,b| the chosen norm on the space of matrices, we

have |Rpkq| ď C|k|, Mψ “ ´pptp0q ´ tp1qq2{mχqσ2 and, if mχp0q “: mχ and m0
ψp0q “: m0

ψ,

mψ “ m0
ψ ´ ptp0q ´ tp1qq2{mχ

“ 1

m0
χ

rptp0q ` tp1qq ´ 2p
?
2 ´ 1qqptp0q ` tp0qq ` 2p

?
2 ` 1qq ´ ptp0q ´ tp0qq2q

“ 1

mχ
pptp0q ` tp1qq2 ´ 4 ` 4ptp0q ` tp0qq ´ ptp0q ´ tp0qq2q

“ 4

mχ
ptp0qtp1q ` tp0q ` tp1q ´ 1q . (2.35)

In conclusion,

Ξα “ N

ż
Pξpdξq

ż
PψpdψqeV pψ,ξq (2.36)

where N is a normalization constant and Pξpdξq is the Gaussian Grassmann integration, see

e.g. Section 4.1 of [27], with propagator ĝξpkq ” C´1
ξ pkq

gξpx ´ yq “ 2

|Λi|
ÿ

kPDα

eik¨px´yqĝξpkq , (2.37)

Pψpdψq is the Grassmann integration with propagator gψpx´yq “ 2
|Λi|

ř
k e

ik¨px´yqĝψpkq and

V pψ, ξq “ S
pξq
int pξq ` S

pψq
int pψq `Qintpψ, ξq where

S
pξq
int pξq “ ´ 1

4|Λi|
ÿ

kPDα

nPZ2

ÿ

j“0,1

pApjq
n

pξ´k ¨ P pjqpk,nqpξk´2πΩn , (2.38)

S
pψq
int pψq “ ´ 1

4|Λi|
ÿ

kPDα

nPZ2

pψ´k ¨
˜ ÿ

j“0,1

pApjq
n P

pjq
ψ pk,nq

¸
pψk´2πΩn , (2.39)
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and

Qintpψ, ξq “ 1

4|Λi|
ÿ

kPDα

nPZ2

ÿ

j“0,1

pApjq
n

pψ´k ¨Qpjq
ψ pk,nqpξk´2πΩn ` pψ Ø χq , (2.40)

with

Q
pjq
ψ pk,nq “ Qpjqpk,nq ´QpkqC´1

ξ pkqP pjqpk,nq , (2.41)

and

P
pjq
ψ pk,nq “ P pjqpk,nq ´Qpjqpk,nqC´1

ξ pk ´ 2πΩnqQpk ´ 2πΩnq
´QpkqC´1

ξ pkqQpjqpk,nq `QpkqC´1
ξ pkqP pjqpk,nqC´1

ξ pk ´ 2πΩnqQpk ´ 2πΩnq .
(2.42)

Remark 2.1. The partition function is written in terms of Grassmann integrals (2.36), and a
similar representation holds for the energy correlations (see Section 5 below). The propagator
gζpx ´ yq decays exponentially with rate proprtional to mζp0q, ζ “ ψ,χ and mχp0q “ Op1q.
If there is no disorder (i.e. λ “ 0) the critical temperature βc, that is the temperature when
the correlation length diverges, is given by the condition mψ “ 0; indeed one finds that

this happens for sinh 2βcJ
p1q sinh 2βcJ

p0q “ 1 noting that 4 tp1q

1´ptp1qq2
tp0q

1´ptp0qq2
“ 1 is true for

tp0q “ 1´tp1q

1`tp1q . As we will see below, the critical temperature when λ ‰ 0 is different. We call

ψ and χ (or ξ) respectively critical and non-critical, or massless and massive variables. The
quasi-periodic potential produces extra terms still quadratic in the Grassmann variables but
coupling different momenta.

3. Integration of Non-Critical variables

3.1. Series expansion. We define

eE
ξ`Vpψq “

ż
PξpdξqeV pψ,ξq “ e

ř8
q“1

1
q!
ETξ pV pψ,¨q;qq

“ exp

˜
Eξ ` 1

4|Λi|
ÿ

kPDα

nPZ2

ψ´k ¨ pVnpkqψk´2πΩn

¸
(3.1)

where E
T
ξ pV pψ, ¨q; qq are the truncated expectations with respect to Pξpdξq defined as

E
T
ξ pV ; qq “ Bq

Bαq log
ż
PξpdξqeαV pψ,ξq

ˇ̌
ˇ
α“0

(3.2)

where α P R and Eξ is constant. pVnpkq is a 2 ˆ 2 matrix which can be expressed as sum of
connected graphs defined as follows.

Definition 3.1. A graph with q vertices and index n is defined, see Fig. 1, as a chain of
q lines ℓ1, . . . , ℓq`1 connecting points (vertices) v1, . . . , vq, so that ℓi enters vi and and ℓi`1

exits from vi; ℓ1 and ℓq`1 are external lines of the graph and both have a free extreme, while
the others are the internal lines. A labeled graph Γ is defined from the graph defined above
associating the following labels

(1) To each point v is associated a label jv P t0, 1u and momentum label nv P Z2 with the
constraint that

řq
v“1 nvi “ n.

(2) To each line ℓ is associated a momentum kℓ with the constraint that kℓi`1
´ kℓi “

´2πΩnvi ; moreover kℓ1 “ k and kℓq`1
“ k ´ 2πΩn

(3) Gn,q is the set of all possible graphs with q vertices.

The value of the labeled graph Γ is defined as

WΓpkq :“ Fv1pkq
˜

qź

i“2

ĝξpkℓiqFvipkℓiq
¸

(3.3)
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where

Fvpkℓq “ pApjvq
nv ˆ

#
Q

pjvq
ψ pkℓ,nvq , if v “ 1, q

P pjvqpkℓ,nvq , if v “ 2, 3, . . . , q ´ 1
(3.4)

with the definitions in (2.7), (2.17), (2.41) and (2.42).

Lemma 3.2. The effective potential Vpψq admits the representation 1
4|Λi|

ř
kPDα

ř
nPZ2 ψ´k ¨

pVnpkqψk´2πΩn with

pVnpkq “
8ÿ

q“1

ÿ

ΓPGn,q

WΓpkq . (3.5)

For the proof, see Appendix A.

v1 v2

pψ´k ĝξpkℓ2q ĝξpkℓ3q ĝξpkℓ4q

v3 v4

pψk´2πΩn

Figure 1. A graph Γ with q “ 4.

We denote by |A| :“ ř
i,j |Ai,j |, if A is a square matrix. Note that WΓpkq depends on n.

Lemma 3.3. There exist C, λ0 ą 0 independent of i such that for |λ| ď λ0, pVnpkq and its
derivatives satisfy, for s ď 2,

|BskpVnpkq| ď C|λ|e´ η
2

|n| . (3.6)

Moreover,

pV0pkq “
ˆ
apkq ibpkq

´ibpkq ´a˚pkq

˙
(3.7)

with apkq “ ´ap´kq P C and bpkq “ bp´kq P R.

Proof. Using that |Bskjgξpkq| ď Gξ and recalling that by (2.7) and (2.13) one has |Fvpkinq| ď
|λ|C1 e

´η|nv | , and by (2.17), (3.3) and (3.4) we get, for suitable constants Gξ , C1 ą 0 inde-
pendent of i,

|BskWΓpkq| ď 9q|λ|qGq´1
ξ C

q
1

ź

v

e´η|nv | ď 9q|λ|qGq´1
ξ C

q
1e

´ η
2

|n|
ź

v

e´ η
2

|nv| (3.8)

where 9 is un upper bound for the number of derivatives on the propagators and on the Fv’s.
The sum over graphs consists simply in the sums over all possible jv and nv so that, using

that
ř

nv
e´ η

2
|nv| ď 4

p1´e´
η
2 q2

and the sum over jv is bounded by 2, one gets

|BskVnpkq| ď
∞ÿ

q“1

|λ|q 1

Gξ

˜
72C1Gξ

p1 ´ e´ η
2 q2

¸q

e´ η
2

|n| (3.9)

and the sum over q ě 1 is convergent for |λ| ă p1´e´
η
2 q2

144C1Gξ
. The proof of (3.7) is in Appendix B.
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4. Integration of Critical Modes

4.1. Multiscale Decomposition. We write

Ξα “ N

ż
Pψpdψq exp

! 1

4|Λi|
ÿ

kPDα

nPZ2

ψ̂´k ¨ pVnpkqψ̂k´2πΩn

)

“ N1

ż
P pď1qpdψq exp

! 1

4|Λi|
ÿ

kPDα

ψ̂´k ¨ γ2νσ2ψ̂k ` 1

4|Λi|
ÿ

kPDα

nPZ2

ψ̂´k ¨ pVnpkqψ̂k´2πΩn

)
(4.1)

where P pď1qpdψq :“ N
N1
P pdψq expt´ 1

4|Λi|

ř
kPDα

pψ´k ¨ γ2νσ2 pψku. Note that, in writing the

above expression we have added and subtracted a counterterm proportional to ν, which will
be suitably chosen below.

As we noticed, in the integration over the ψ we cannot repeat the analysis done for the ξ
because the propagator is unbounded. The integration of ψ in (4.1) is done via a multiscale
analysis. We define a Gevrey class 2 function χ (see e.g. [33, Appendix A]) such that χ1p|k|Tq ď
0 and

χpkq “ χp|k|Tq “
#
1 , if |k|T ă γ´1 π

2

0 , if |k|T ě π
2

(4.2)

with T denoting the two dimensional torus of lenght 2π, |k|T :“
b

|k0|2T ` |k1|2T with |k|T :“
infmPZ |k ` 2mπ|. We also define, if γ ą 1, h ď 0

χhpkq :“ χpγ´hkq , (4.3)

and χ1pkq “ 1. The functions fhpkq :“ χhpkq ´χh´1pkq and f̃hpkq :“ χhpkqp1´χh´1pkqq are
Gevrey class 2 compact support functions with support π

2
γh´2 ď |k|T ď π

2
γh, see Fig. 2.

π
2
γ´1 π

2 |k|T

χp|k|Tq

π
2
γ´1π

2
γ´2 π

2 |k|T

fhp|k|Tq

f1pkq

f0pkq

f´1pkq

f´2pkq

Figure 2. Plot of the function χ and some of the fh.

The integration is defined recursively in the following way. Suppose we have just integrated
the field on scale h, h “ 1, 0,´1,´2, . . . obtaining

Ξα “ Nh

ż
P pďhqpdψpďhqqeV phqpψpďhqq , (4.4)

with Nh constant in ψ and P pďhqpdψpďhqq a Grassmann Gaussian integration with propagator

gpďhqpkq “ χhpkqAh`1pkq (4.5)

with

Ahpkq “
˜

´ia
phq
1 k1 ´ a

phq
0 k0 ´ b1pkq ´iµ´ ib2pkq

iµ` ib2pkq ´ipaphq
1 q˚k1 ` paphq

0 q˚k0 ` b˚
1pkq

¸´1

. (4.6)
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and |b1pkq|, |b2pkq| ď C|k|2; moreover

V phqpψpďhqq “ 1

4|Λi|
ÿ

kPDα

nPZ2

ψ
pďhq
´k ¨ pVphq

n pkqψpďhq
k´2πΩn . (4.7)

If h “ 1, (4.5) holds with χ1pkq “ 1; moreover µ “ mψ ` γ2ν and V p1q given by the exponent
of the second line of (4.1).

Remark 4.1. We will show in the following that ν has to be chosen as a suitable non trivial
function of λ, µ, β; the condition for criticality, that is so that the correlation length vanishes,
is given by µ “ 0 and not by µψ “ 0 as in the non disordered case.

We define a localization operation as

LV phqpψpďhqq :“ 1

4|Λi|
ÿ

kPDα

pψpďhq
´k

¨
ˆ
pVphq
0 p0q `

1ÿ

j“0

kjBj pVphq
0 p0q

˙
pψpďhq
k

, (4.8)

and

RV phqpψpďhqq “ V phqpψpďhqq ´ LV phqpψpďhqq . (4.9)

We move the second term of LV phqpψpďhqq in the Gaussian integration and by the change
of integration property of Gaussian Grassman Integrals [27, Eq. 2.24], we have for suitable
N̄h P R,

Nh

ż
P pďhqpdψpďhqqeLV phqpψpďhqq`RV phqpψpďhqq “

“ N̄h

ż
P̄ pďhqpdψpďhqqe

1
4|Λi|

ř
kPDα

ψ̂
pďhq
´k

¨γhνhσ2ψ̂
pďhq
k

`RV phqpψpďhqq
,

(4.10)

where P̄ pďhqpdψpďhqq has propagator

ḡpďhqpkq “ χhpkqĀhpkq (4.11)

with

Āhpkq :“
˜

´ia
phq
1 pkqk1 ´ a

phq
0 pkqk0 ´ b1pkq ´iµ´ ib2pkq

iµ` ib2pkq ´ipaphq
1 pkqq˚k1 ` paphq

0 pkqq˚k0 ` b˚
1pkq

¸´1

(4.12)

and

a
phq
1 pkq “ a

ph`1q
1 ` iχhpkq

“
B1pVphq

0 p0q
‰
1,1
, a

phq
0 pkq “ a

ph`1q
0 ´ χhpkq

“
B0pVphq

0 p0q
‰
1,1

(4.13)

where a
ph`1q
j :“ a

ph`1q
j p0q for any j “ 0, 1 and for any h, and with νhσ2 “ γ´hpVphq

0 p0q. To
begin the iteration, one can define

a
p2q
0 :“ ´

“
B0pĝpď1qq´1p0q

‰
1,1
, a

p2q
1 :“ i

“
B1pĝpď1qq´1p0q

‰
1,1
. (4.14)

We can write

P̄ pďhqpdψpďhqq “ P pďh´1qpdψpďh´1qqP phqpdψphqq (4.15)

where P pďh´1qpdψpďh´1qq has propagator

gpďh´1qpkq “ χh´1pkqAhpkq (4.16)

with Ahpkq being defined in (4.6). P phqpdψphqq has propagator

gphqpkq “ ḡpďhqpkq ´ gpďh´1qpkq (4.17)

where the analogous of (3.7) has been used. We can integrate P phqpdψphqq and the procedure
can be iterated.



UNIVERSALITY IN THE 2D QUASI-PERIODIC ISING MODEL AND HARRIS-LUCK IRRELEVANCE 17

4.2. The single scale propagator. Inserting (4.16) and (4.11) in (4.17) one obtains

gphqpkq “ fhpkqAhpkq ` f̃hpkq
`
Āhpkq ´Ahpkq

˘
, (4.18)

where fh and f̃h are defined after (4.3). It is important to notice that suppχhpkqpĀhpkq ´
Ahpkqq Ď rπ

2
γh´1, π

2
γhs (therefore we can multiply for free with p1 ´ χh´1pkq to obtain f̃h)

and therefore gphqpkq is a Gevrey compact support function, with supp gphq Ď rπ
2
γh´2, π

2
γhs.

Note also that in the expression of gp1q the second term is not present because χ1pkq “ 1.
Assuming iteratively (what will be proved inductively below in Lemma 4.7 for |λ| small

enough) that 7
8
a

p2q
j ď a

phq
j ď 9

8
a

p2q
j , we can show that for s “ 0, 1, 2,

|Bskgphqpkq| ď C1γ
´hp1`sq . (4.19)

Indeed,

|detA´1
h pkq| “ |iaphq

1 k1 ` a
phq
0 k0 ` b1pkq|2 ` |µ ` b2pkq|2 (4.20)

with b1pkq, b2pkq “ Op|k|2q as k Ñ 0. Then, by algebraic manipulations, one obtains

|detA´1
h pkq| ě |aphq

1 |2k21 ` |aphq
0 |2k20 ` 2Impaphq

1 a
phq
0

˚
qk0k1 ` F pkq (4.21)

with F pkq “ Op|k|3q as k Ñ 0. Using now that a
p2q
1 , a

p2q
0 P R and the iterative hypothesis on

a
phq
j , one has

|Impaphq
1 a

phq
0

˚
q| “ |Impaphq

1 a
phq
0

˚
´ a

p2q
1 a

p2q
0 q|

“ |Imppaphq
1 ´ a

p2q
1 qaphq

0

˚
´ a

p2q
1 paphq

0

˚
´ a

p2q
0 qq|

ď |aphq
1 ´ a

p2q
1 ||aphq

0 | ` |ap2q
1 ||aphq

0 ´ a
p2q
0 | ď

ˆ
1

8
¨ 9
8

` 1

8

˙
|ap2q

0 ||ap2q
1 |

ď 17

64
|ap2q

0 ||ap2q
1 | .

(4.22)

Thus, (4.21) can be estimated as

|detA´1
h pkq| ě |aphq

1 |2k21 ` |aphq
0 |2k20 ´ 2|Impaphq

1 a
phq
0

˚
qk0k1| ´ |F pkq|

ě 49

64
|ap2q

1 |2k21 ` 49

64
|ap2q

0 |2k20 ´ 17

32
|ap2q

0 ||ap2q
1 ||k0||k1| ´ |F pkq|

ě 1

2

´
pap2q

1 q2k21 ` pap2q
0 q2k20

¯
´ |F pkq| ,

(4.23)

where in the last step we used |pap2q
0 k0qpap2q

1 k1q| ď 1
2

´
pap2q

0 q2k20 ` pap2q
1 q2k21

¯
.

4.3. Graphs and clusters. The outcome of the multiscale integration described above is
again a representation of the effective potential in terms of graphs, which are called renormal-
ized graphs.

Definition 4.2. G
R,h
n,q is the set of renormalized graphs Γ, which are labeled graphs defined

starting from the chain graphs defined in Section 3 adding the following labels

(1) To each point v is associated a label nv and a label iv P tν, V u, with the constraint
that

řq
i“1 nvi “ n.

(2) To each line ℓ is associated a momentum kℓ with the constraint that kℓi`1
´ kℓi “

´2πΩnvi ; moreover kℓ1 “ k and kℓq`1
“ k ´ 2πΩn.

(3) To each line ℓ is associated a scale index hℓ “ 1, 0, . . . ,´8; if ℓ is an internal line
hℓ ě h ` 1; the minimal scale of the internal lines is hΓ. To each external line is
associated a scale and hext ď h is the greatest of such scales.

Given a renormalized graph, we associate a set of clusters defined in the following way.

Definition 4.3. Given a renormalized Graph Γ



18 UNIVERSALITY IN THE 2D QUASI-PERIODIC ISING MODEL AND HARRIS-LUCK IRRELEVANCE

(1) A non-trivial cluster T is defined as the connected subset of internal lines and points
attached to them such that if hT is the minimum of the scales of the lines of T , then
hT ą hextT , where hextT is the maximal of the scales of the external lines of T (the lines
R T attached to a single point of T ). The points are trivial clusters and Γ is also a
cluster.

(2) The difference of the momenta of the external lines of T is given by 2πΩnT with
nT “ ř

vPT nv. If nT “ 0 then T is a resonant cluster (or resonance), otherwise is
a non-resonant cluster. An inclusion relation is established between clusters and we
say that T̃ Ă T if all the elements of T̃ belong also to T . T̃ is a maximal cluster
(trivial or not trivial) contained in T if T̃ Ă T and there is no other cluster T̄ such

that T̃ Ă T̄ Ă T .
(3) QT is the number of maximal clusters in T , MT is the number of the maximal non-

resonant clusters contained in T ; RT is the number of the maximal resonant clusters
contained T ; QT “ MT `RT ; Mν

T (M I
T ) is the set of resonant (non-resonant) maximal

trivial clusters (i.e. points) in T .

Given a cluster, we can associate a value in the following way.

Definition 4.4. The value of a cluster T with maximal clusters T̃w, w “ 1, . . . , QT is given
by

WT pkq “
«
QT´1ź

w“1

W T̃w
pkwqgphT qpkw`1q

ff
W T̃QT

pkQT q , (4.24)

where kw ´ kw´1 “ 2πΩnT̃w´1
, k1 “ k and W T̃w

pkwq is defined as

(1) if T̃w is a trivial cluster, then by Definition 4.2 (item (1)) it has two labels iw and nw.
If iw “ ν, then nw “ 0 and WT̃w

pkwq “ γhT νhT σ2; if iw “ V then either nw “ 0 and

then WT̃w
pkwq “ RpV0pkwq or nw ‰ 0 and then WT̃w

pkwq “ pVnwpkwq defined in (3.1).

(2) if T̃w is a non-trivial cluster then W̄T̃w
“ RWT̃w

with R “ 1 ´ L defined in (4.8).

Remark 4.5. Let v be a maximal trivial cluster v P T . If v is a resonant V -point (i.e. nv “ 0),
then by (4.9), Lemma 3.3 and Definitions 4.2 and 4.3, we have

|χhpkqχhpk ´ 2πΩnqRV̂0pkq| ď γ2hTC|λ|2 . (4.25)

With the above definitions, the following lemma holds.

Lemma 4.6. pVphq
n pkq in (4.7) can be written as

pVphq
n pkq “

8ÿ

q“1

ÿ

ΓPGR,hn,q

WΓpkq . (4.26)

Similarly, the running coupling constants verify

νh´1 “ γνh ` βν,h a
ph´1q
j “ a

phq
j ` βaj ,h (4.27)

with

βν,h “ iγ´h`1
8ÿ

q“2

ÿ

ΓPGR,h´1
0,q ,hΓ“h

“
WΓp0q

‰
1,2
,

βa1,h “ ´i
8ÿ

q“2

ÿ

ΓPGR,h´1
0,q ,hΓ“h

“
Bk1WΓp0q

‰
1,1
, βa0,h “

8ÿ

q“2

ÿ

ΓPGR,h´1
0,q ,hΓ“h

“
Bk0WΓp0q

‰
1,1
.

(4.28)

The proof is an immediate consequence of Appendix A and Section 3.
An example of a renormalized graph with its clusters is given in Fig. 3: in Fig. 4 is rep-

resented the same graph with only its maximal clusters. Note that a set of clusters can be
equivalently represented as a Gallavotti-Nicolò tree, see e.g. [54].



UNIVERSALITY IN THE 2D QUASI-PERIODIC ISING MODEL AND HARRIS-LUCK IRRELEVANCE 19

T6

T5
T3 T4

T1 T2

n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11

h5 h3 h1 h2 h4 h4 h3 h5 h5 h2

Figure 3. Graphical representation of a Renormalized graph Γ: q “ 11,
h5 ă h4 ă h3 ă h2 ă h1, hΓ “ h5. QΓ “ 4 (with 2 non-trivial clusters, i.e.
T1 and T2, and two trivial ones, i.e. the points 1 and 9). QT1 “ 3 (with 2
non-trivial clusters T3 and T4 and a trivial one, v “ 6). T3 has two maximal
clusters, a trivial one v “ 2 and a non-trivial one T5. T5 has two maximal
clusters, a non-trivial one T6 and a trivial one, n5. T6, T4 and T2 have two
maximal trivial clusters each.

T1 T2

Figure 4. The same graph as in Fig. 3 with only its maximal clusters repre-
sented. Trivial clusters are represented by dots, non-trivial clusters by ellipses.

If we consider as first non-trivial cluster T “ Γ and we use the above definition we get an
expression similar to the graphs defined in Section 3 with the difference that a)the propagators

associated to the lines ℓ are gphℓq; b) to each resonant cluster is associated the R operation;
c) the vertices are of type ν or V ; d) the vertices do not have a jv index. In contrast with
the expansion in λ seen in Section 3, the renormalized expansion is in λ and in the running
coupling constants νh.

In the following we denote by
ś
T n.t.

“ ś
TPΓ

T non-trivial

.

4.4. Bounds. We define

}pVphq
n } :“ sup

kPDα

χhpkqχhpk ´ 2πΩnq|Vphq
n pkq| . (4.29)

The following lemma holds. We denote with subscript l the infinite volume limit of a quantity.

Lemma 4.7. Let τ :“ mintρ1, ρ0u, take γ ą 4τ and assume that for h1 ą h one has |νh1 | ď |λ|.
Then, there exist λ0, C ą 0 independent of i and h such that, for any |λ| ă λ0 one has

(i) the limit pVphq
n,l pkq :“ limiÑ`8

pVphq
n pkq exists;

(ii) for s “ 0, 1, 2, the following estimates hold

}BskRpVphq
n,l } ď γhp1´sqC|λ|e´ η

4
|n| , (4.30)

|βν,h| ď pCλq2γh , |βaj ,h| ď pCλq2γh . (4.31)

Proof. WΓ,l is obtained by WΓ replacing Ωi with Ω, considering nv P Z
2 and k P r´π, πq2.

First, we show that we can multiply by χΓ, i.e. we show that

χhpkqχhpk ´ 2πΩnqWΓ,lpkq “ χhpkqχhpk ´ 2πΩnqχΓWΓ,lpkq (4.32)
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where χΓ “ 1 if, for any non-resonant cluster T in Γ, it is true that

|nT | ě C0γ
´
hextT
τ (4.33)

and χΓ “ 0 otherwise. Indeed if kin and kout are the momenta associated to the external
lines of T , then by the compact support properties of gphq’s or χh, |kin|T ď π

2
γh

ext
T and

|kout|T ď π
2
γh

ext
T (note that h ď hextT ). Therefore

|kin ´ kout|T ď |kin|T ` |kout|T ď 2
π

2
γh

ext
T (4.34)

and by the Diophantine condition (1.5) we get

2
π

2
γh

ext
T ě |kin ´ kout|T “ 2π min

m0,m1PZ

a
pω1n1 ´m1q2 ` pω0n0 ´m0q2

ě max
j“0,1

cj |nj |´ρj ě maxpc1, c0q|nT |´minpρ1,ρ0q
(4.35)

hence the l.h.s. of (4.32) is vanishing if for at least one non resonant T , (4.33) is not true.
The proof proceeds then by induction. First, notice that the first step is a straightforward

consequence of Lemma 3.3. For the inductive step, let us assume that (4.30) and (4.31) hold
for any scale 2, . . . , h` 1 and we prove that they hold at scale h. First of all by (4.31) we get

|aphq
j ´ a

p2q
j | ď C2λ2

2ÿ

k“h`1

γk ď C2λ2
γ3

γ ´ 1
(4.36)

hence for C2λ2 γ3

γ´1
ă minj

1
8
a

p2q
j we get 7

8
a

p2q
j ď a

phq
j ď 9

8
a

p2q
j ; this implies, for s “ 0, 1, 2

(4.19). To estimate the quantities appearing in (4.24), we recall that from Lemma 3.3, there

exists a constant C2 independent of i, such that }BskVn} ď C2|λ|e´η{2|n|, and from (4.19) there

exists a constant C1 independent from i and h1 such that }Bskgph1q} ď C1γ
´h1p1`sq. Moreover,

by Remark 4.5, we can estimate resonant V vertices as |RV̂0| ď |λ|γhT (see also Remark 4.9
below). Thus,

}BskRχΓWΓ,lpkq} ď pcC1C2qqγ´sh|λ|qˆ
˜ź

v

e´ η
2

|nv|

¸˜ ź

T n.t.

γ´hT pMT`RT´1q

¸˜ ź

T n.t.
nT“0

γ2phextT ´hT q

¸ ź

T n.t.

γhTM
ν
T .

(4.37)

where c “ 9 counts the number of derivatives produced by R or Bs, the factor γ2phextT ´hT q is
the result of the application of the R operation described in Appendix C and γ´hT pMT`RT´1q

comes from the product of propagators. We can write

ź

v

e´ η
2

|nv| ď e´ η
4

|n|

˜ź

v

e´ η
8

|nv|

¸˜ź

v

e´ η
8

|nv|

¸
, (4.38)

and e´ η
8

|nv| “
0ś

h“´∞

e´2h
η
16

|nv| so that

ź

v

e´ η
8

|nv| ď
ź

T n.t.

e´ η
16

2h
ext
T |nT | . (4.39)

The presence of χΓ guarantees that when nT ‰ 0, the estimate (4.33) holds and the assumption

γ ą 4τ ensures that γ̃ :“ γ1{τ

2
ą 1. Therefore,

ź

v

e´ η
8

|nv| ď

$
’’&
’’%

e´ζγ̃´h ś
T n.t.

e´ζMT γ̃
´hT if nΓ ‰ 0

ś
T n.t.

e´ζMT γ̃
´hT if nΓ “ 0

. (4.40)
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with ζ “ η
16
C0 a constant independent of i and h. We get therefore

}BskRχΓWΓ,l} ď pcC1C2qqγ´sh|λ|qfexte´ η
4

|n|

˜ź

v

e´ η
8

|nv|

¸˜ ź

T n.t.

γ´hT pMT`RT´1q

¸
ˆ

ˆ
˜ ź

T n.t.
nT“0

γ2phextT ´hT q

¸˜ ź

T n.t.

e´ζMT γ̃
´hT

¸ ź

T n.t.

γhTM
ν
T ,

(4.41)

where

fext :“
#
e´ζγ̃´hextT if nT ‰ 0
1 if nT “ 0

. (4.42)

Using that for any M P N, one has e´ζγ̃´hT ď γ´M
´
M lnγ
ζ

¯M ln γ

γMhT (this is a consequence

of the bound e´αxxM ď pM
α

qMe´M ) and
ř
T n.t.MT ď 4q, we can bound

ź

T n.t.

e´ζMT γ̃
´hT ď C

q
3

˜ ź

T n.t.

γ2hTMT

¸ ź

T n.t.

γhTM
I
T (4.43)

by setting M “ 3 and with C3 “ γ´12
´
3 ln γ
ζ

¯12 lnγ

. We bound MT with M I
T , that is the

number of non resonant maximal trivial clusters. Therefore˜ ź

T n.t.

γ´hTMT

¸ ź

T n.t.

e´ζMT γ̃
´hT ď C

q
3

˜ ź

T n.t.

γhTMT

¸ ź

T n.t.

γhTM
I
T (4.44)

and

}BskRχΓWΓ,l} ď pcC1C2C3qqγ´sh|λ|qfexte´ η
4

|n|

˜ź

v

e´ η
8

|nv|

¸
ˆ

ˆ
˜ ź

T n.t.

γ´hT pRT´1q

¸˜ ź

T n.t.
nT“0

γ2phext´hT q

¸˜ ź

T n.t.

γhTMT

¸ ź

T n.t.

γhT pMI
T`Mν

T q.

(4.45)

Finally, using that RT “ Mν
T `Rn.t.

T where Rn.t.
T is the number of non-trivial resonant maximal

clusters in T we get
˜ ź

T n.t.

γ´hT pRT´1q

¸˜ ź

T n.t.
nT“0

γh
ext
T ´hT

¸ ź

T n.t.

γhTM
ν
T ď γεΓh (4.46)

with εΓ “ 1 if nΓ “ 0 and εΓ “ 0 otherwise. Equation (4.46) follows from the fact that
˜ ź

T n.t.

γ´hTRT

¸˜ ź

T n.t.
nT“0

γh
ext
T

¸ ź

T n.t.

γhTM
ν
T

“ γεΓh

˜ ź

T n.t.
nT“0, T‰Γ

γh
ext
T

¸˜ ź

T n.t.

γ´hTRT

¸ ź

T n.t.

γhTM
ν
T “ γεΓh

(4.47)

and, moreover ź

T n.t.

γhT
ź

T n.t.
nT“0

γ´hT ď 1 . (4.48)

We define

f̃ext :“
"
e´ζγ̃´h

if nΓ ‰ 0
γh if nΓ “ 0

. (4.49)
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Inserting (4.46) and (4.49) in (4.45), we get

}BskRχΓWΓ,l} ď γ´shpcC1C2C3qq|λ|q f̃exte´ η
4

|n|

˜ź

v

e´ η
8

|nv|

¸
ˆ

ˆ
˜ ź

T n.t.
nT“0

γh
ext
T ´hT

¸˜ ź

T n.t.

γhTMT

¸ ź

T n.t.

γhTM
I
T .

(4.50)

We use the inequality e´ζγ̃´h ď γ´1
´
lnγ
ζ

¯lnγ

γh, and we call C4 :“ max

"
1, γ´1

´
ln γ
ζ

¯ln γ
*
.

If T̃ Ă T is maximal and T is non-resonant we have γhT “ γ
hext
T̃ ď γ

hext
T̃

´h
T̃ and therefore

f̃ext

˜ ź

T n.t.
nT“0

γh
ext
T ´hT

¸ ź

T n.t.

γhTMT ď C4γ
h
ź

T n.t.

γh
ext
T ´hT . (4.51)

Inserting (4.51) in (4.50), we get

}BskRχΓWΓ,l} ď γhp1´sqpcC1C2C3qq|λ|qe´ η
4

|n|

˜ź

v

e´ η
8

|nv|

¸ ź

T n.t.

γh
ext
T ´hT . (4.52)

The sum over Γ consists in the sum over the label nv associated to the vertices and the
sum over the scales. We use that

ź

v

ÿ

nv

e´ η
8

|nv| ď
ź

v

4

˜ ÿ

ně0

e´ η
8
n

¸2

ď 4qp1 ´ e´ η
8 q´2q . (4.53)

The sum over the scale labels of the lines, hℓ can be controlled by summing over the scales of
non-trivial clusters and keeping only the constraint that, for each non-trivial cluster, hextT ă
hT :

ÿ

thℓu

ź

T n.t.

γh
ext
T ´hT “

ź

T n.t.

ÿ

hTąhextT

γh
ext
T ´hT ď

´ ÿ

rą0

γ´r
¯ř

T MT ď
´ 1

γ ´ 1

¯4q

, (4.54)

where we used again
ř
T MT ď 4q. Inserting (4.53) and (4.54) in (4.52), we get

}BskRχΓWΓ,l} ď γp1´sqhe´ η
4

|n||λ|qC̄q , (4.55)

with C̄ :“ 4cC1C2C3C4
p1´e´

η
8 q´2

pγ´1q4
a constant independent on i and h. The sum over q is

convergent if |λ| ă C̄, therefore, if |λ| ď C̄
2
one gets

}BskRpVphq
n,l } ď

`8ÿ

q“1

ÿ

ΓPGn,q

}BskRχΓWΓ,l} ď γp1´sqh2C̄|λ|e´ η
4

|n| . (4.56)

To estimate βν,h and βaj ,h, we have to boundWΓp0q for Γ P G
R,h
0,q , with hΓ “ h (see (4.28)). In

this case we have to consider only the case q ě 2, since the sums in (4.28) starts from q “ 2.
Moreover, there must be at least two maximal non-resonant clusters in Γ, therefore MΓ ě 1.
Indeed, if this was not the case, then there must be an internal line with kℓ “ 0, implying
gphℓqpkℓq “ 0 by the support properties of gphq’s, which yields WΓp0q “ 0. Thus, in particular,
we must have MΓ ‰ 0 and q ě 2.

One can repeat the same argument used to estimate BskRχΓWΓ with the following difference.
By construction, Γ is a resonant cluster on which no R operator acts. Therefore, analogously
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to (4.41), one obtains

|βν,h| ď
8ÿ

q“2

ÿ

Γ

pcC1C2qq|λ|q
˜ź

v

e´ η
8

|nv|

¸˜ ź

T n.t.

γ´hT pMT`RT´1q

¸

ˆ
˜ ź

T n.t.
nT“0
T‰Γ

γ2phextT ´hT q

¸˜ ź

T n.t.

e´ζMT γ̃
´hT

¸ ź

T n.t.

γhTM
ν
T .

(4.57)

Using that MΓ ‰ 0 and hΓ “ h, one can replace (4.43) with

ź

T n.t.

e´ζMT γ̃
´hT ď γ2hC̃

q
3

˜ ź

T n.t.

γ2hTMT

¸ ź

T n.t.

γhTM
I
T (4.58)

where C̃3 “ max

"
C3, γ

´20
´
5 lnγ
ζ

¯20 ln γ
*
.

Moreover, ˜ ź

T n.t.

γ´hT pRT´1q

¸˜ ź

T n.t.
nT“0

γh
ext
T ´hT

¸ ź

T n.t.

γhTM
ν
T ď 1 . (4.59)

The sum over the graphs is done in the same exact way, with regard to the effective potential.
To sum over q, one first notices that we have no graphs with q “ 1 and therefore the sum

starts from q “ 2, and then one proceeds obtaining, for |λ| ď C̄1

2
,

|βν,h| ď γh
8ÿ

q“2

λqpC̄ 1qq ď 2pC̄ 1q2λ2γh (4.60)

for a constant C̄ 1 independent of i and h. With the exactly same argument one proves

|βaj ,h| ď 2pC̄ 1q2λ2γh . (4.61)

We can therefore choose C “ maxt2C̄, 2C̄ 1u so that (4.30) and (4.31) hold. Moreover,

λ0 “ min

#
1

C
,
1

C

d
γ ´ 1

8γ3
min
j
a

p2q
j

+
(4.62)

so that the inductive step is proved.
It remains to prove the existence of the limit in i, where i is the index of the box side

Li introduced in point (iii) after (1.3). We have just proved that the expression obtained
replacing Li with 8 and ωi with ω is finite.

To prove the existence of the limit i Ñ 8, and that it coincides with this expression. Let
us denote with L̄i :“ mintL0,i, L1,iu. Define for shortness of notation kptq “ pk ´ kiqt ` ki
where k P r´π, πq2 and ki P D´´ with |k ´ ki| ď 2π

L̄i
, and Ωptq :“ pΩ ´ Ωiqt ` Ωi and

χhpk,Ωq “ χhpkqχhpk ´ 2πΩnqχΓ, then let us consider the term with n ‰ 0 and s “ 0. One
has

}pVl,npkq ´ pVnpkiq} ď
`8ÿ

q“1

ÿ

ΓPGn,q

}WΓpk,Ωq ´WΓ,lpki,Ωiq}

“
`8ÿ

q“1

ÿ

ΓPGn,q

››››
ż 1

0

d

dt
rχhpkptq,ΩptqqWΓpkptq,Ωptqqs dt

›››› .
(4.63)

By Leibnitz rule there are three terms: one in which there is a difference k ´ ki which can

be estimated using the same argument of eq. (4.37)-(4.56) with an additional term 2πγ´h

L̄i
.

Therefore, at the end, this is bounded by C|λ|e´ η
4

|n| 1
L̄i
.

In the second term, the derivative can act either on a vertex or on a propagator producing
terms that can be estimated as |Ωi ´ Ω||nv|γ´h. Then, the procedure to estimate the sum is
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again similar to (4.37)-(4.56) but in the sum over n (4.53) one sums
ř
ně0p|n| ` 1qe´ η

8
n to

absorb the term |nv| ď
ś
v1 |nv1 |. One then uses that |Ωi ´ Ω| ď C

L̄2
i

because the sizes of the

lattice are the best approximants of the Diophantine numbers ω0 and ω1 (see Section IV.7 in

[20]). Therefore, the second term can be estimated as C|λ|e´ η
4

|n| 1
L̄2
i

.

In the third term, we denoted by χ1 “ d
dt
χ. To estimate this term we use the same procedure

from (4.37) to (4.56) and the fact that either |ki ´ k| ď 2π{L̄i or |Ωi ´ Ω| ď C{L̄2
i .

The last term involves graphs with at least a vertex with nv ě L̄i and this is Ope´L̄iq.
Therefore, there exists a λ0 ą 0 and C ą 0 independent of h such that, for any λ ă λ0 one

has

}pVl,npkq ´ pVnpkiq} ď C

L̄i
. (4.64)

This implies the existence of the limit.

Remark 4.8. Take the Graph in Fig. 3 and consider the case in which the only resonant
cluster is T2. We repeat the argument of Lemma 4.7, applied to this graph only, in order to
clarify the procedure. One has,

ź

ℓPΓ

|gphℓqpkℓq| ď C10
1 γ

´h5γ´h3γ´h1γ´h2γ´2h4γ´h3γ´2h5γ´h2

“ C10
1 γ

´h4pST1´1qγ´h2pST2´1qγ´h3pST3´1qγ´h3pST4´1qγ´h2pST5´1qγ´h5pSΓ´1q

(4.65)

with QT1 “ 3, QT2 “ 2, QT3 “ 2, QT4 “ 2, QT5 “ 2, QTΓ “ 3; moreover the action of the R

operator on T2 produces a factor γ2ph5´h2q, in agreement with (4.37).

Remark 4.9. Note that in (4.52) we have bounded the factor
ś
γhTM

I
T in (4.50) with a

constant, and an extra γhT coming from the analysis of Remark 4.5 has been estimated by a
constant before (4.37). Such terms will be used after (5.32) in the proof of Lemma 5.5 and in
the proof Corollary 5.6.

4.5. The choice of the counterterm. In Lemma 4.7 we have proved the convergence of
the expansion considering νh as parameters and provided that νh are small enough. νh are
determined recursively by (4.27) starting from the initial value ν which is a free parameter;
we show that there exists a unique choice of ν so that νh is bounded uniformly in h. We
impose the condition ν´∞ “ 0 choosing ν verifying βν,h “ βν,hpνh, νh`1, . . . , ν;λq

ν “ ´
2ÿ

k“´∞

γkβν,kpνk, νk`1, . . . , ν;λq (4.66)

from which

νh “ ´
hÿ

k“´∞

γk´hβν,kpνk, νk`1, . . . , ν;λq (4.67)

and we want to show that (4.67) has a solution.

We define the Banach spaceM of sequences ν “ tνkukď2 with norm }ν}M :“ ř
kď2 |νk|γ´k{4γ1{2

and we consider the ball B Ă M of sequences ν such that }ν}M ď |λ|. We define the map
T : M Ñ M as

T pνqh “ ´
hÿ

k“´∞

γk´hβν,kpνk, νk`1, . . . , ν;λq . (4.68)

Therefore, (4.67) can be rewritten as

pνqh “ T pνqh . (4.69)

Lemma 4.10. For |λ| ď λ0, T : B Ñ B is a contraction.
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Proof. To prove that T leaves B invariant, we prove a stronger statement: if ν is such that
|νh| ď |λ|, then T pνq P B. Under these hypothesis, Lemma 4.7 holds and, using (4.31), we get

}T pνq}M ď
ÿ

hď2

hÿ

k“´8

γk´hγ´h
4 γ1{2|βν,k| ď γ

15
4

pγ ´ 1qpγ 3
4 ´ 1q

pCλq2 , (4.70)

where C is the constant of Lemma 4.7. Choosing now λ0 ď pγ´1qpγ
3
4 ´1q

γ
15
4 C2

, we get }T pνq}M ď |λ|.
If ν, ν 1 P M, then

T pνqh ´ T pν 1qh “ ´
hÿ

k“´∞

γk´h
`
βν,kpνk, νk`1, . . . , ν;λq ´ βν,kpν 1

k, ν
1
k`1, . . . , ν

1;λq
˘
. (4.71)

The r.h.s. can be expressed as a sum of graphs identical to Γ with the difference that in a
vertex instead of νk there is νk ´ ν 1

k. Indeed, repeating the argument of Lemma 4.7, one gets

|βν,hpνq ´ βν,hpν 1q| ď
ÿ

qě2

ÿ

Γ

pcC1C2C̄3qq|λ|q´
ř
T M

ν
T γh

˜ź

v

e´ η
8

|nv|

¸

ˆ
˜ ź

T n.t.

γh
ext
T ´hT

¸ˇ̌
ˇ̌
ˇ
ź

T n.t.

ν
Mν
T

hT
´

ź

T n.t.

ν
1Mν

T

hT

ˇ̌
ˇ̌
ˇ

(4.72)

Using now that ν P B, one has |śT n.t. ν
Mν
T

hT
´ś

T n.t. ν
1Mν

T

hT
| ď p2|λ|qMν

T´1}ν´ν1}M. Therefore,

summing over Γ as in Lemma 4.7, calling C4 :“ 8cC1C2C̄3p1 ´ e´ η
8 q´2pγ ´ 1q´4 one gets

|βν,hpνq ´ βν,hpν 1q| ď
ÿ

qě2

C
q
4 |λ|q´1γh}ν ´ ν 1}M . (4.73)

If |λ| ď 1
2C4

, then

|βν,hpνq ´ βν,hpν 1q| ď 2C2
4 |λ|γh}ν ´ ν1}M . (4.74)

Using (4.74), we now have

}T pνq ´ T pν 1q}M ď
ÿ

hď2

γ´h
4 γ1{2|T pνqh ´ T pν 1qh|

ď
ÿ

hď2

γ´h
4

hÿ

k“´8

γk´hγ1{2|βν,kpνq ´ βν,kpν 1q|

ď 2γ1{2C2
4 |λ|}ν ´ ν 1}M

ÿ

hď2

γ
3h
4

hÿ

k“´8

γ2pk´hq .

(4.75)

Thus, choosing λ0 ď pγ2´1qpγ3{4´1q

γ19{42C2
4

, T is a contraction on B.

Remark 4.11. Since, by construction, ν P B, we have the bound
ř
hě2 |νh|γ´h{4γ1{2 ď |λ|,

that implies

|νh| ď γph´2q{4|λ| ď |λ| (4.76)

which improves, and hence also justifies, the assumption in Lemma 4.7.

Remark 4.12. (4.69) and Lemma 4.10 determines uniquely ν “ νpλ, µ, βq and proves the
assumption |νh| ď C|λ| used in Lemma 4.7. From (4.6), µ “ mψ ` λγ2νpλ, µ, βq with mψ ”
mψpβq given by (2.35). The criticality condition is imposed setting µ “ 0; from 0 “ mψpβq `
λγ2νpλ, 0, βq we determine the value of βcpλq “ βcp0q`Opλq by the implicit function theorem
as the derivative is non vanishing. In addition µ “ Op|β ´ βcpλq|q.
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5. Energy-energy Correlations

5.1. Integration of ξ variables. The energy correlation (2.1) can be written as

Spx1, j1;x2, j2q “
ÿ

αPt˘u2

ταZα

2Z

B2
BAx1,j1BAx2,j2

WαpAq
ˇ̌
A“0

(5.1)

with Z, τα and Zα defined as in (2.5),

WαpAq :“ log

ż
DΛiΦ eSpΦ,0q`BpΦ,Aq (5.2)

where

BpΦ, Aq “
ÿ

xPΛi

“
t̄
p1q
x pAqHxHx`e1 ` t̄

p0q
x pAqV xVx`e0

‰
(5.3)

and t̄
pjq
x pAq “ tanhpβJ pjq

x ` Ax,jq ´ tanhpβJ pjq
x q. Proceeding as in Section 2 we perform the

change of variables Φ “ Φpχ,ψq defined in (2.6) and then (2.30) to get

eWαpAq “
ż
Pψpdψq

ż
PξpdξqeV pψ,ξq`B̂pψ,ξ,Aq (5.4)

where

B̂pψ, ξ,Aq :“ B̄pψ, ξ ` C´1
χ Qψ,Aq , B̄pψ,χ,Aq :“ BpΦpψ,χq, Aq . (5.5)

Using the following representation in Fourier series for A

Ax,j :“
1

|Λi|
ÿ

pPD``

pAp,je
ip¨x , (5.6)

expanding in Taylor series t̄
pjq
x pAq around A “ 0 and denoting by ζ “ ψ, ξ, one has

B̂pψ, ξ,Aq “

“
`8ÿ

s“1

1

4|Λi|1`s

ÿ

ζ1,ζ2“ψ,ξ

ÿ

kPDα,
pPpD``qs,

nPZ2

jPt0,1us

ζ̂1,´k ¨ pKζ1,ζ2,npk,p, jqζ̂2,k´
řs
r“1 pr´2πΩn

sź

r“1

pApr ,jr . (5.7)

We can integrate over the ξ field obtaining

eWαpAq “ eN1pAq

ż
PψpdψqeV pψq`B̂1pψ,Aq (5.8)

where

B̂p1qpψ,Aq “
`8ÿ

s“1

1

4|Λi|1`s

ÿ

kPDα,
pPpD``qs,

nPZ2,
jPt0,1us

ψ̂´k ¨ pK1
npk,p, jqψ̂k´

řs
r“1 pr´2πΩn

sź

r“1

pApr ,jr (5.9)

where pK1
npk,p, jq can be expressed as sum over graphs Γ similar to the ones in Definition 3.1

with the following differences. To each point v of the graph Γ is associated a label jv P t0, 1, 2u
and momentum label nv P Z

2, if jv P t0, 1u, or pv if jv “ 2, with the constraint that
ř
v nv “ n

and pv is equal to one of the p1, . . . ,ps or a linear combination of them; the number of points
with jv “ 0, 1 is q. To each line ℓ is associated a momentum kℓ; if ki and ko are two lines
attached to the same point v, then ki ´ ko “ 2πΩnv if jv “ 0, 1 and ki ´ ko “ pv if jv “ 2.
The proof of Lemma 3.3 can be repeated up to some trivial modifications and we get, under
the same conditions, the exponential decay of the kernels in B̂p1qpψ,Aq:

|K̂1
npk,p, jq| ď C̄se´ η

2
|n| (5.10)

for a suitable constant C̄.
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5.2. Multiscale analysis. The integration of (5.8) is done inductively, by a generalization of
the analysis in Sections 3 and 4. Suppose we have just integrated the scales 1, 0,´1,´2, . . . , h`
1 obtaining

eWαpAq “ eNhpAq

ż
P pďhqpdψpďhqqeV phqpψpďhqq`Bphqpψpďhq,Aq , (5.11)

with

Bphqpψpďhq, Aq “

“
`8ÿ

s“1

1

4|Λi|1`s

ÿ

kPDα

nPZ2

ÿ

pPpD``qs

jPt0,1us

ψ̂
pďhq
´k

¨ pK2,s,h
n pk,p, jq pψpďhq

k´
řs
r“1 pr´2πΩn

sź

r“1

pApr ,jr
(5.12)

and

NhpAq “
`8ÿ

s“0

1

4|Λi|s´1

ÿ

pPpD``qs

jPt0,1us

ÿ

nPZ2

pK0,s,h
n pp, jqδř

r pr`2πΩn,0

sź

r“1

Âpr ,jr (5.13)

where δ denotes the Kronecker delta. We define a localization operation as

LB̂phqpψ,Aq :“ 1

4|Λi|2
ÿ

kPDα,pPD``,

nPZ2,
jPt0,1u

ψ̂
pďhq
´k

¨ pK2,1,h
n p0, 0, jqψpďhq

k´p´2πΩn
Âp,j . (5.14)

Note that, in contrast with the analysis in Section 4, the localization acts also on the terms
n ‰ 0. We get therefore

eWαpAq “ eNhpAq

ż
P̄ pďhqpdψpďhqqe

1
4|Λi|

ř
kPDα

ψ̂
pďhq
´k

¨γhνhσ2ψ̂
pďhq
k

e
1

4|Λi|2

ř
nPZ2

ř
k,p,j ψ̂

pďhq
´k

¨Z
pjq
h,n

σ2ψ
pďhq
k´p´2πΩn

pAp,j`RVphqpψpďhqq`RBphqpψpďhq,Aq
(5.15)

with Z
pjq
h,n “ pK2,1,h

n p0, 0, jq. Note that, in writing the above expression, we have used that

pK2,1,h
n p0, 0, jq is proportional to σ2. This latter fact can be checked simply using the anticom-

mutation property of Grassmann variables. We can write P̄ pďhqpdψpďhqq “ P pďh´1qpdψpďh´1qqP phqpdψphqq
and integrate ψphq so that the procedure can be iterated as in Section 4.

Let us introduce the following definitions.

Definition 5.1. G
R,z,s,h,J
n,q is the set of special renormalized graphs Γ, which are labeled graphs

defined starting from the renormalized graphs in Definition 4.2 with the following additional
labels and modifications

(1) if z “ 2 the first and the last line are attached to a single point while if z “ 0 there
are no external lines.

(2) To each point v is associated with a label Sv; if Sv “ 0 (normal point) v is associated
with a label iv P tν, V u and a momentum label nv P Z

2; if Sv “ 1 (special point) it is
associated with a momentum pv, an index jv P J , a momentum label nv P Z

2 and an
index ĩv P tz,Bu. The normal points are q and the special ones are s.

Similarly to what we did in Section 4.3, to a special renormalized graph we associate a set
of clusters in the following way.

Definition 5.2. Given a special renormalized graph Γ, we define clusters as in Definition 4.3.
Then, a non-trivial cluster T is associated with ST “ 1, 2 if it contains ST special end-point
and ST “ 0 otherwise; in the first case the cluster is called special, and is associated with
a momentum 2πΩnT ` pT (where pT :“

ř
vPT pv), and in the second case is called normal,

and it is associated with a momentum 2πΩnT . We call QT the number of maximal clusters
in T ; SnT “ Mn

T `RnT the number of normal maximal clusters and SspT the number of maximal
special clusters; M sp

T is the set of maximal special trivial clusters (i.e. points) in T . The scales
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are such that, when z “ 2, hΓ “ h; when z “ 0 to each external line is associated a scale and
h is the greatest of such scales.

n1
pp1,j1q
pnsq1

n2 n3
pp2,j2q
pnsq2

h5 h3 h1 h2

n1
pp1,j1q
pnsq1

n2 n3
pp2,j2q
pnsq2

h5 h3 h1 h2

Figure 5. (left) A graph Γ P G
R,2,2,h,tj1,j2u
n,3 . (right) a graph Γ P G

R,0,2,h,tj1,j2u
n .

Definition 5.3. The value of graph Γ P G
R,2,1,h,J
n,q with maximal clusters T̃w, w “ 1, . . . , QΓ

is defined as

WΓppq “
«
QΓ´1ź

w“1

W T̃w
pkwqgphΓqpkw`1q

ff
W T̃QΓ

pkQΓ
q (5.16)

where kw “ kw´1 ´ 2πΩnT̃w´1
if T̃w´1 is a normal cluster, kw “ kw´1 ` pT̃w´1

´ 2πΩnT̃w´1
if

T̃w´1 is a special cluster k1 “ k. W T̃w
pkwq is defined as

W T̃w
“

$
’’’’’’’&
’’’’’’’%

Z
pjwq
hT ,ns

if T̃w is a special z-point ,

RK̂
2,1,1
nw if T̃w is a special B-point ,

γhT νhT σ2 if T̃w is a ν-point pnw “ 0q,
RpV0 if T̃w is a V -point pnw “ 0q,
pVnw if T̃w is a V -point pnw ‰ 0q,
RWT̃w

if T̃w is a non-trivial cluster.

(5.17)

Similarly, if the special renormalized graph is Γ P G
R,0,2,h,J
n,q

WΓppq “ 1

4|Λi|
ÿ

kPDα

«
QΓ´1ź

w“1

W T̃w
pkwqgphΓqpkw`1q

ff
W T̃QΓ

pkQΓ
qgphΓqpkQΓ

q (5.18)

with k1 “ k.

Lemma 5.4. The kernels K can be written as a sum of graphs

pK2,s,h
n pk,p, jq “

8ÿ

q“0

ÿ

ΓPGR,2,s,h,Jn,q

WΓpk,p, jq ,

pK0,s,h
n pp, jq “

8ÿ

q“0

ÿ

ΓPGR,0,s,h,Jn,q

WΓpp, jq
(5.19)

and the running coupling constants verify

Z
pjq
h´1,n “ Z

pjq
h,n ` β

pjq
z,n,h , β

pjq
z,n,h “

8ÿ

q“1

ÿ

ΓPGR,2,1,h´1,j
n,q

hΓ“h

WΓp0, 0, jq . (5.20)

Also in this case, the proof follows along the lines Appendix A and Lemma 4.6.

5.3. Bounds. Let us now define

}|pK2,1,h
n }| :“ sup

jPt0,1u
sup

pPD``

sup
kPDα

|χhpkqχhpk ` p ´ 2πΩnqpK2,1,h
n pk,p, jq| . (5.21)

We will denote by
ś
v n.s. “

ś
vPΓ ,Sv“0.
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Lemma 5.5. If |λ| ď λ0 and ν is chosen as in Section 4.5, then there exists a constant C
independent of i,β and h such that

}|pK2,1,h
n }| ď Ce´ η

4
|n| , sup

p1,p2PD``

|pK0,2,h
n pp1,p2, j1, j2q| ď Ce´ η

8
|n| (5.22)

and

|βpjq
z,n,h| ď C|λ|γhe´ η

4
|n| . (5.23)

Proof. Assume inductively that the statement is valid for k ě h ` 1; then |Zpjq
n,2| ď C1e

´η|n|

by (5.10) and by induction

Z
pjq
n,h “ Z

pjq
n,2 `

2ÿ

r“h

β
pjq
z,n,r ď 2CZe

´ η
4

|n| (5.24)

assuming |λ|4Cp1 ´ e´ η
4 q2 ď C1.

We start from the first of (5.22). Considering that the operator R acting on a special

cluster gives a factor γh
ext
T ´hT , one proceeds as in the proof of Lemma 4.7 to get (instead of

(4.37))

}|χΓWΓ,l}| ďC̄1pcC1C2qq|λ|q
˜ ź

T n.t.
ST“1
T‰Γ

γh
ext
T ´hT

¸
e´ η

4
|ns|

˜ź

v n.s.

e´ η
2

|nv|

¸

ˆ
˜ ź

T n.t.

γ´hT pMn
T`RnT`SspT ´1q

¸˜ ź

T n.t.
nT“0
ST“0

γ2phextT ´hT q

¸ ź

T n.t.

γhTM
ν
T

(5.25)

where c “ 18 (up to 2 derivatives to points and vertex, with j “ 0, 1), ns is the momentum
label of the special point, SspT is the number of special end-points contained in T . We can
write

1 “ γ´hΓ

˜ ź

T n.t.
ST“1
T‰Γ

γh
ext
T ´hT

¸ ź

T n.t.

γhTM
sp
T . (5.26)

We get therefore

}|χΓWΓ,l}| ďpcC1C2qq|λ|qγ´hΓ

˜ ź

T n.t.
ST“1
T‰Γ

γ2phextT ´hT q

¸˜ź

v n.s.

e´ η
2

|nv|

¸
e´ η

4
|ns|

ˆ
˜ ź

T n.t.

γ´hT pMn
T`RnT`SspT ´1q

¸˜ ź

T n.t.
nT“0
ST“0

γ2phextT ´hT q

¸˜ ź

T n.t.

γhTM
ν
T

¸ ź

T n.t.

γhTM
sp
T .

(5.27)

We now use that
˜ ź

T n.t.

γ´hT pRnT`SspT ´1q

¸˜ ź

T n.t.
ST“1
T‰Γ

γh
ext
T ´hT

¸

ˆ
˜ ź

T n.t.
nT“0
ST“0

γh
ext
T ´hT

¸˜ ź

T n.t.

γhTM
ν
T

¸ ź

T n.t.

γhTM
sp
T ď γhΓ

(5.28)
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and following the same argument of Lemma 4.7 from (4.39) to (4.45) we get rid of all γ´hTMT ’s
and, since Γ is a special cluster, we finally obtain

}|χΓWΓ,l}| ďC̄1pcC1C2C3qq|λ|q
˜ ź

T n.t.
ST“1
T‰Γ

γh
ext
T ´hT

¸˜ ź

T n.t.
ST“0

γh
ext
T ´hT

¸

ˆ e´ η
4

|ns|

˜ź

v n.s.

e´ η
8

|nv|

¸ ź

v n.s.

e´ η
4

|nv| .

(5.29)

To handle the sum over Γ, we perform the sum over the scales as in Lemma 4.7, while in the
sum over nv’s one uses that n is fixed, and

řq
v“1 nv ` ns “ n: the sum over nv’s and ns can

be performed only on n1, . . . ,nq. Thus, using triangular inequality
řq
v“1 |nv| ` |ns| ě |n| in

the last product of (5.29), one has

e´ η
4

|ns|

˜ź

v n.s.

e´ η
8

|nv|

¸ ź

v n.s.

e´ η
4

|nv| ď e´ η
4

|n|

˜ź

v n.s.

e´ η
8

|nv|

¸
(5.30)

and then one can sum over n1, . . . ,nq as in Lemma 4.7. Therefore

ÿ

ΓPGR,2,s,h,Jn,q

}|χΓWΓ,l}| ď e´ η
4

|n||λ|qC̄1C̄
q (5.31)

with C̄ “ pcˆ 3qC1C2C3
p1´e´

η
8 q´2

p1´1{γqq ; by summing over q we get, for |λ| ď C̄{2 we get

ÿ

qě0

ÿ

ΓPGR,2,s,h,Jn,q

}|χΓWΓ,l}| ď e´ η
4

|n|C̄12C̄ . (5.32)

We choose |λ| ď mintC{2, C1{p4Cp1 ´ e´ η
4 q2u, with C “ C̄14C1C2.

In order to prove (5.23), we note that we have to bound pK2,1,h
n p0, 0, jq. This is exactly the

same argument used to prove (4.31).

Finally we have to prove the second of (5.22). Using that Γ P G
R,0,2,h
n,q , the analogue of

(4.37) becomes

|WΓ,lpp1,p2, j1, j2q| ďp4C1C2qqγ2hΓe´ η
4

|ns1 |e´ η
4

|ns2 ||λ|q
˜ ź

T n.t.
ST“1
T‰Γ

γh
ext
T ´hT

¸

ˆ
˜ź

v n.s.

e´ η
2

|nv|

¸˜ ź

T n.t.

γ´hT pMn
T`RnT`Ssp

T
´1`δT q

¸

ˆ
˜ ź

T n.t.
nT“0
ST“0

γ2phextT ´hT q

¸ ź

T n.t.

γhTM
ν
T

(5.33)

where the extra γ2hΓ comes from the integration over k and the compact support properties
of the propagators at scale hΓ; moreover δΓ “ 1 and δT “ 0 if T ‰ Γ. Note that, since Γ has
two special points, we have

1 “ γ´2hΓ

˜ ź

T n.t.,
T‰Γ

γST phextT ´hT q

¸ ź

T n.t.

γhTM
sp
T . (5.34)
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To prove the second of (5.22), one repeats the argument used to prove the first of (5.22) with,
instead of (5.28), the following

˜ ź

T n.t.

γ´hT pRnT`Ssp
T

`δT´1q

¸˜ ź

T n.t.
ST“1,2
T‰Γ

γh
ext
T ´hT

¸

ˆ
˜ ź

T n.t.
nT“0
ST“0

γh
ext
T ´hT

¸˜ ź

T n.t.

γhTM
ν
T

¸ ź

T n.t.

γhTM
sp
T ď 1 .

(5.35)

Then, to perform the sum over nv’s one now can not repeat the previous argument to isolate
the ns as one has to sum to at least one of them. Thus, one has

e´ η
4

ř
v special |nv|e´ η

4

řq
v“1 |nv| ď e´ η

8
|n|e´ η

8

ř
v special |nv|

ź

v n.s.

e´ η
8

|nv| . (5.36)

The rest of the proof proceeds as in the cases before.

We now denote by rK0,2,h
n pp1,p2, j1, j2q the contribution to K̂

0,2,h
n pp1,p2, j1, j2q given by the

graphs with at least one ν or V point:

rK0,s,h
n pp1,p2, j1, j2q “

8ÿ

q“1

ÿ

ΓPGR,0,s,h,Jn,q

WΓpp1,p2, j1, j2q . (5.37)

Corollary 5.6. Let |λ| ă λ0 and let ν be chosen as in Section 4.5. Then,

sup
p1,p2PD``

|rK0,2,h
n pp1,p2, j1, j2q| ď Cγ

h
4 e´ η

8
|n| . (5.38)

Proof. Repeating the argument of Lemma 5.5, one has to estimate WΓ,l for graphs that have

q ě 1. One gets a bound identical to (5.33) with
´ś

T n.t. γ
5
4
hTM

ν
T

¯
replacing

`ś
T n.t. γ

hTM
ν
T

˘

(we used Remark 4.11 to estimate the ν vertices, i.e. |νh| ď γ
h
4 |λ| and Remarks 4.5 and 4.9

to estimate resonant V vertices as |RV̂0| ď γ
5
4
hT ). We also decompose the exponential as in

(4.38) and from (4.43) we keep the factor
ś
T n.t. γ

hTM
I
T ď ś

T n.t. γ
1
4
hTM

I
T . Using now (5.36),

and (5.35), we get

|χΓWΓ,lpp1,p2, j1, j2q| ď pcC1C2C̃3qq|λ|qe´ η
8

|n|

˜ ź

v n.s.

e´ η
8

|nv|

¸˜ ź

v special

e´ η
8

|nv|

¸

ˆ
˜ ź

T n.t.

γh
ext
T ´hT

¸ ź

T n.t.

γ
hT
4

pMν
T`MI

T q .

(5.39)

We now split
ź

T n.t.

γh
ext
T ´hT “

˜ ź

T n.t.

γ
3
4

phextT ´hT q

¸ ź

T n.t.

γ
1
4

phextT ´hT q , (5.40)

and since, by hypothesis, q ě 1 for at least one cluster, one has Mν
T ` M I

T ě 1. Therefore,
using the telescopic sum, we can bound

˜ ź

T n.t.

γ
1
4

phextT ´hT q

¸ ź

T n.t.

γ
1
4
hT pMν

T`MI
T q ď γ

hΓ
4 “ γ

h
4 . (5.41)

At this point, one has

}|χΓWΓ,l}| ď pcC1C2C̃3qq|λ|qe´ η
8

|n|γ
h
4

˜ ź

v n.s.

e´ η
8

|nv|

¸˜ ź

v special

e´ η
8

|nv|

¸ ź

T n.t.

γ
3
4

phextT ´hT q .

(5.42)
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and one can sum over all nv’s and one proceeds as in the proofs of Lemma 4.7 to sum over
scales to get (5.38).

5.4. The decay of the energy correlations. Before starting the analysis, let us recall that
µ “ Op|β´βc|q and, in particular, µ “ 0 identifies the critical temperature (see Remark 4.12).

We have now to consider the energy correlation Spx1, j1;x2, j2q given by (2.5). We consider

first the infinite volume limit B2

BAx1,j1
BAx2,j2

Wα,lpAq:

B2
BAx1,j1BAx2,j2

Wα,lpAq|A“0 “
2ÿ

h“h˚

ÿ

nPZ2

e´2πiΩn¨x2K0,2,h
n px1 ´ x2, j1, j2q . (5.43)

where h˚ “ logγ µ and

K0,2,h
n px1 ´ x2, j1, j2q :“ 1

|Λi|
ÿ

p

e´ip¨px1´x2q pK0,2,h
n pp,p ` 2πΩn, j1, j2q. (5.44)

Indeed, one can write K0,2,h
n px1 ´x2, j1, j2q as the sum over graphs in coordinate space. On

each graph, the constraint between the labels nv and the scales hℓ remains unchanged, due
to the presence of the χΓ function.

Due to the Gevrey regularity of the cutoff function χ defined in (4.2), there exist constants
C, κ ą 0 such that, for k ą h˚, the propagator obeys to the bounds, see e.g. Appendix A of
[33]

|gpkqpxq| ď Cγke´κpγk |x|q
1
2 (5.45)

and

|gpďh˚qpxq| ď Cγh
˚
e´κpγh

˚
|x|q

1
2
. (5.46)

Note that γh
˚ “ Opµq for small µ. In the analysis of the graphs in coordinate space, we use

(5.45) to bound each propagator. Fixing x1, the L1 norm is therefore bounded exactly as in
the proof of Lemma 5.5.

Regarding the bound on the pointwise norm (i.e. when both x1 and x2 are fixed), we can

write, if h̄ is the scale of the smallest cluster T ĂΓ such that ST “ 2, for k ě h̄, e´κpγk |x|q
1
2 ď

e´κ{2pγh̄|x|q
1
2 e´κ{2pγk |x|q

1
2 so that we can extract a factor e´κ{2pγh̄|x|q

1
2 from each propagator.

Moreover there is an extra γ2h̄ in the bound due to the lack of sum over the coordinates so
that

ˇ̌
ˇ̌ B2
BAx1,j1BAx2,j2

Wα,lpAq|A“0

ˇ̌
ˇ̌ ď

2ÿ

h̄“h˚

Cγ2h̄e´κ{2pγh̄|x1´x2|q
1
2 ď C1e

´κ1p|µ||x1´x2|q
1
2
, (5.47)

for some constant κ1 ą 0. In deriving the above expression we have used that the sum over
all the scales can be done fixing h̄ instead of h. To get a sharper estimate in the case µ “ 0,

we can split B2

BAx1,j1
BAx2,j2

Wα,lpAq|A“0 in the contribution with q ě 1 and in the contribution

with q “ 0. The term with q ě 1, according to Corollary 5.6, has an extra γ
h̄
4 . The term with

q “ 0 contains two special vertices, each one of which is associated with a Z
pjq
k,n, with k ě h.

In the term with q “ 0 we replace the velocities a
pkq
j appearing in the propagators gpkq with

a
p8q
j since the difference a

p´8q
j ´ a

pkq
j is bounded by γk{4 by (4.31).

In the same way we can replace Z
pjq
k,n with Z

pjq
´∞,n and the difference is bounded by γk{4.

Moreover, Z
pjq
´∞,0 “ Z

pjq
´∞,0,λ“0`λF0pλq and Zpjq

´∞,n “ λFnpλq for n ‰ 0, with F0, Fn bounded.

Therefore, we can write

B2
BAx1,j1BAx2,j2

Wα,lpAq|A“0 “ Sapx1, j1;x2, j2q ` Sbpx1, j1;x2, j2q , (5.48)
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where we have included in Sbpx1, j1;x2, j2q the contributions with q ě 1 and the terms with

q “ 0 and containing a
p´8q
j ´ a

pkq
j or Z

pjq
k,n ´ Z

pjq
´∞,n so that

|Sbpx1, j1;x2, j2q| ď C1

2ÿ

h̄“´∞

γ2h̄`h̄{4e´κpγh̄|x1´x2|q
1
2 ď C2

|x1 ´ x2|2`1{4
. (5.49)

In Sapx1, j1;x2, j2q are collected the terms with q “ 0 and a
pkq
j , Z

pjq
n,k replaced by their limiting

values, so that, calling ḡpx1,x2q the propagator with velocities a
p´8q
j , we have

Sapx1, j1;x2, j2q “
ÿ

n1,n1PZ2

Z
pj1q
´∞,n1

Z
pj2q
´∞,n2

e2πiΩn1¨x1e2πiΩn2¨x2

ÿ

ωP˘

ḡω,ωpx1,x2qḡ´ω,´ωpx2,x1q .

(5.50)
Finally, we have to perform the sum over α in (5.1). First note that Z is non-vanishing; we
write

Z “ Ẑ´´Z
0 ` Ẑ´´

ÿ

αPt˘u2

ταZ
0
α

˜
Ẑα

Ẑ´´

´ 1

¸
(5.51)

where Z0 “ Z|λ“0 denotes the partition function of the Ising model for λ “ 0, Ẑα “ Zα{Z0
α

and Z0
α “ Z0

α|λ“0. In the limit i Ñ 8, 1
|Λi|

log |Z0
α| is independent of boundary conditions if

β ‰ βc, see e.g. chapter IV in [56], and the limit is reached as Ope´cµL̄iq if L̄i :“ mintLi,0, Li,1u;
moreover Z0 is non vanishing as for µ ă 0 then Z0

α is positive while for µ ă 0 then Z0
α is

negative for α “ `` and positive otherwise.

We consider now Ẑα

Ẑ´´
; note that ωi is the same in Ẑα for any α. log Ẑα

Ẑ´´
is sum of graphs

containing at least a difference of propagators with different boundary conditions. We choose
a point x̄ P Λi and we decompose the graphs in a term in which all the sums are in a rectangle
around x̄ of side Li,0{4 and Li,1{4 and a remainder. In the remainder there is a product of
propagators connecting x̄ to a point distant OpL̄iq, L̄i :“ mintLi,0, Li,1u, hence such term

is Op|λ||Λi|e´cµL̄iq. In the first term we use Poisson summation allowing us to write the
propagator as the infinite volume limit plus a term depending on boundary conditions and
exponentially decaying, as x1´x2 are both in the rectangle around x̄ of side Li,0{4 and Li,1{4,
hence again we get for it a bound Op|λ||Λi|e´cµL̄iq. Therefore,

ˇ̌
ˇ̌
ˇ
Ẑα

Ẑ´´

´ 1

ˇ̌
ˇ̌
ˇ ď C|λ||Λi|e´cµL̄i (5.52)

by using the uniform convergence, see Lemma 4.7. This says that

c1|Ẑ´´Z
0| ď |Z| ď c2|Ẑ´´Z

0| (5.53)

where c1, c2 “ 1 `Opλq constants.
Using that 2Z “ ř

α ταZα, we can write (5.1) as

Spx1,j1;x2, j2q “ B2
BAx1,j1BAx2,j2

W´´pAq|A“0

`
ÿ

α

ταZα

2Z

«
B2

BAx1,j1BAx2,j2

WαpAq|A“0 ´ B2
BAx1,j1BAx2,j2

W´´pAq|A“0

ff
.

(5.54)

where in the first term Z cancels out by (5.53).

The graphs contributing to B2

BAx1,j1
BAx2,j2

WαpAq|A“0 can be also decomposed as the limit

i Ñ ∞, independent from α and a difference which is vanishing. Indeed the difference contains
a difference of propagators, whose contribution is vanishing at |µ| ą 0, and a difference of
oscillating factors ei2πΩn¨x which is bounded by |x||n||ω ´ ωi|; note that |x| produces an
extra maxjtLj,iu and |ω ´ ωi| ď C{L̄2

i (see Section IV.7 in [20]) while for the sum over
n one uses the exponential decay of the Fourier coefficients of the potential. Hence the
difference vanishes in the limit because we take the limit on sequences of Lj,i such that
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limiÑ`8 L1,i{L0,i “ c ą 0. Moreover, if µ ‰ 0, as a consequence of (5.53) and (5.52) we have

that Z0
α1{Z0

α “ 1 ` Op|Λi|e´cµL̄iq and Ẑα1{Ẑα “ 1 ` Op|λ||Λi|e´cµL̄iq. Therefore the second
term in (5.54) vanishes in the limit i Ñ 8.

Regarding the first term in (5.54), using the decomposition (5.48) the terms coming from
Sa, given by (5.50), give the first term in the l.h.s. of (1.12), while the terms from Sb, by
(5.49), given the second term in the l.h.s. of (1.12). This concludes the proof of Theorem 1.2.

Appendix A. Proof of Lemma 3.2

We begin by recalling that, for m P N, Wick theorem states that

Eξ

`
ξk1,σ1ξp1,ρ1 ¨ ¨ ¨ ξkm,σmξpm,ρm

˘
“

ÿ

pPSm

p´1qsgnppq
mź

j“1

Eξ

`
ξkj ,σjξpppjq,ρppjq

˘
(A.1)

where for all j, ppjq0 ă 0, pkjq0 ą 0 and σj , ρj P t˘u and Sm denotes the set of permutations
of m elements. From the definition of propagator of a Grassmann Gaussian measure (see e.g.
[54, eq. (2.21)]), one has

Eξpξk,σξp,ρq “ rgpξqpkqsσ,ρδk,´p|Λi| . (A.2)

For q P N, let us compute EξpV qq. Using linearity of the expectation and the explicit form
of V pψ, ξq (given in (2.39), (2.40), (2.41) and (2.42)), we can write

EξpV qq “
ÿ̊

Eξ

´ qź

r“1

M#rpkr,nr, σr, ρr, jrq
¯

(A.3)

where
ř˚ is the sum over kr, nr, σr, ρr, #r P tψ, ξ, pQ,Lq, pQ,Rqu, jr P t0, 1u. The monomials

M7 are defined as

Mψpk,n, σ, ρ, jq “ 1

|Λi|
ψ´k,σA

pjq
n rP pjq

ψ pk,nqsσ,ρψk´2πΩn,ρ , (A.4)

Mξpk,n, σ, ρ, jq “ 1

|Λi|
ξ´k,σA

pjq
n rP pjqpk,nqsσ,ρξk´2πΩn,ρ , (A.5)

MQ,Lpk,n, σ, ρ, jq “ 1

|Λi|
ψ´k,σA

pjq
n rQpjq

ψ pk,nqsσ,ρξk´2πΩn,ρ ,

MQ,Rpk,n, σ, ρ, jq “ 1

|Λi|
ξ´k,σA

pjq
n rQpjq

ψ pk,nqsσ,ρψk´2πΩn,ρ ,

(A.6)

and each one of them can be represented as in Fig. 6 by associating a dashed line to each
ψ variable and a solid line to each ξ variable. To compute each of the expectations on the

Mψ Mξ MQ,L MQ,R

Figure 6. Vertices associated to monomials in (A.4), (A.5) and (A.6).

r.h.s. of (A.3) we use Wick theorem (A.1) and therefore EξpM#1
¨ ¨ ¨M#qq reduces to the

sum over permutations of products of expectations of pairs of ξ variables. Each of such
summand has a graphical interpretation obtained as follows. First, one draws the vertices
in Fig. 6 corresponding to the monomials M#1

, . . . ,M#q . Second, one connects the solid
lines corresponding to a pair pξkj ,σj , ξpi,ρiq whenever the expectation Eξpξkj ,σjξpi,ρiq appears
in the product of expectations of the summand. In this way one obtains a graphical object
that we define as unordered graph. As a consequence of this correspondence, one writes
EξpM#1

¨ ¨ ¨M#qq as the sum over all unordered graphs obtained by contracting all solid lines
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of the graphical elements associated to M#1
, . . . ,M#q . Note that there are two types of

unordered graphs: connected and disconnected.
We now write truncated expectations in terms of expectations. Let us consider S “

t1, ¨ ¨ ¨ , su and let us denote by Pp the set of all possible partitions of S into p pairwise
disjoint subsets. Define for any I Ď S

E
T pMIq “ E

T pMi1 ; . . . ;Mirq , I “ ti1, i2, . . . , iru , (A.7)

where each of the Mi’s is one of the monomials in (A.4), (A.5) and (A.6).
One can prove (see eq. 2.100 in [54]) that the following formula connects expectations and

truncated expectations:

E
T
ξ pM#1

; . . . ;M#sq “ EξpM#1
¨ ¨ ¨M#sq ´

sÿ

p“2

ÿ

tI1,¨¨¨ ,IpuPPp

pź

j“1

E
T
ξ pMIj q . (A.8)

Using this formula, one can prove inductively that the truncated expectations are obtained
as the sum over connected unordered graphs only.

Using multilinearity of the truncated expectations, one has

E
T
ξ pV ; qq “

ÿ̊
E
T
ξ pM#1

; ¨ ¨ ¨ ;M#qq , (A.9)

where the
ř˚ is the same as in (A.3) and the dependence on all parameters is understood.

From (A.9) and the observation after (A.8) we obtain a representation of ET pV ; qq in terms
of connected unordered graphs.

When q “ 1, ETξ pV pψ, ξq; qq “ S
pψq
int pψq which gives the first term in the sum (3.5) with WΓ

given by the definition (3.3) in the case q “ 1.
For the case q ě 2, one notices that with the vertices in Fig. 6 one can make only two types

of connected graphs: either one picks q vertices of type Mξ, or one picks two vertices of type
MQ,L, MQ,R and q ´ 2 vertices of type Mξ.

In the first case, the value of the associated truncated expectation does not depend on ψ
and it contributes to Eξ.

In the second case, one first notices that each of the entries of the truncated expectation on
the r.h.s. of (A.9) is a quadratic monomial in the Grassmann variables, and then it commutes
with the monomials on each other entry. Fixing an order of the entries in the truncated
expectation produces a q! in front and restricts the sum over the graphs of Definition 3.1.
Last, the relation between E

T
ξ pM#1

; ¨ ¨ ¨ ;M#qq and (3.5) (with WΓ defined as in (3.3)) follows

from (A.4), (A.5), (A.6), (A.1) and (A.2) after noting that each unordered connected graph
has the same sign. Indeed, it is sufficient to take the sign appearing in Wick’s theorem (A.1)
and to note that to keep the graph connected one must always exchange an even number of
Grassmann variables.

Appendix B. Derivation of (3.7)

The value of a graphWΓ is product of complex valued scalar functions An and matrices of the

form

ˆ
anpkq bnpkq
b˚
npkq ´a˚

npkq

˙
such that anpkq “ ´a´np´kq P C and bnpkq “ b´np´kq P iR. The

same is therefore true for WΓ. This follows by induction. For the graph with three vertices
we have to consider the product of three matrices AnApkq, gχpk ´ 2πΩnAq, BnB pk ´ 2πΩnAq.
Here A and B can be either P pjq or Qpjq. The following explicit computation yields

AnApkqgχpk ´ 2πΩnAq “
˜

a
pAq
nA pkq b

pAq
nA pkq

pbpAq
nA pkqq˚ ´papAq

nA q˚

¸ˆ
apξqpk ´ 2πΩnAq bpξqpk ´ 2πΩnAq

pbpξqpk ´ 2πΩnAqq˚ ´papξqpk ´ 2πΩnAqq˚

˙

“
ˆ

βpk,nAq αpk,nAq
´α˚pk,nAq β˚pk,nAq

˙
.
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where, explicitly,

αpk,nAq :“ a
pAq
nA pkqbpξqpk ´ 2πΩnAq ´ b

pAq
nA pkqpapξqpk ´ 2πΩnAqq˚ ,

βpk,nBq :“ a
pAq
nA pkqapξqpk ´ 2πΩnAq ` b

pAq
nA pkqpbpξqpk ´ 2πΩnAqq˚ .

It follows now from the symmetry properties of a and b that αpk,nAq “ ´αp´k,´nAq and
βpk,nAq “ βp´k,´nAq.

Computing the value of the graph, one has

AnApkqgχpk ´ 2πΩnAqBnB pk ´ 2πΩnAq “

“
ˆ

βpk,nAq αpk,nAq
´α˚pk,nAq β˚pk,nAq

˙˜
a

pBq
nA pk ´ 2πΩnAq b

pBq
nB pk ´ 2πΩnAq

pbpBq
nB pk ´ 2πΩnAqq˚ ´papBq

nB pk ´ 2πΩnAqq˚

¸

“
ˆ
anpkq bnpkq
b˚
npkq ´a˚

npkq

˙

with

anpkq “ βpk,nAqapBq
nA pk ´ 2πΩnAq ` αpk,nAqpbpBq

nB pk ´ 2πΩnAqq˚ ,

bnpkq “ βpk,nAqbpBq
nB pk ´ 2πΩnAq ´ αpk,nAqpapBq

nB pk ´ 2πΩnAqq˚ .

From the symmetry properties of a, b, α and β it follows that under the exchange tnA,nB ,ku ÞÑ
t´nA,´nB ,ku one has that anpkq “ ´a´np´kq and bnpkq “ b´np´kq. This completes the
proof for the graph with two vertices. By inductive hypotesys we assume that the property
holds for the product of the matrices associated to the sub-graph of the first q´ 1 points, and
repeat the argument.

We note now that, calling ValpΓtnvupkqq the value WΓ with Γ P Gn,q

ÿ

kPDα

ψ´k ¨ V0pkqψk “ 1

4

ÿ

kPDα

ψ´k ¨
ÿ

ΓtnvuPGξ0,q

”
ValpΓtnvupkqq ´

`
ValpΓt´nvup´kqq

˘T `

`ValpΓt´nvupkqq ´
`
ValpΓtnvup´kqq

˘T ı
ψk

(B.1)

We start by computing

Val Γtnvupkq ´ Val Γt´nnup´kqT “
˜ź

vPΓ

pApjvq
nv

¸
Gtnvupkq ´

˜ź

vPΓ

pApjvq
´nv

¸
`
Gt´nvup´kq

˘T

(B.2)

It is convenient to call fn :“ ś
vPΓ

pApjvq
nv . Then, using that f´n “ f˚

n , we have

Val Γtnvupkq ´
`
Val Γt´nvup´kq

˘T

“ fn

ˆ
anpkq bnpkq
b˚
npkq ´a˚

npkq

˙
´ f˚

n

ˆ
a´np´kq b˚

´np´kq
b´np´kq ´a˚

´np´kq

˙

“ fn

ˆ
anpkq bnpkq
b˚
npkq ´a˚

npkq

˙
´ f˚

n

ˆ
´anpkq b˚

npkq
bnpkq a˚

npkq

˙

“
ˆ

pfn ` f˚
nqanpkq fnbnpkq ´ f˚

nb
˚
npkq

fnb
˚
npkq ´ f˚

nbnpkq ´pfnpkq ` f˚
nqa˚

npkq

˙
“

ˆ
αnpkq βnpkq
β˚
npkq ´α˚

npkq

˙

(B.3)

with

αnpkq “ pfn ` f˚
nqanpkq βnpkq “ fnbnpkq ´ f˚

nb
˚
npkq . (B.4)
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With those explicit expressions at hand, it is clear that βnpkq P iR and αnpkq P C, in general.
Finally

Val Γtnvupkq ´ Val Γt´nvup´kqT ` Val Γt´nvupkq ´ Val Γt´nvup´kqT

“
ˆ
αnpkq βnpkq
β˚
npkq ´α˚

npkq

˙
`
ˆ
α´npkq β´npkq
β˚

´npkq ´α˚
´npkq

˙

“
ˆ
αnpkq ` α´npkq βnpkq ` β´npkq
β˚
npkq ` β˚

´npkq ´α˚
npkq ´ α˚

´npkq

˙

“
ˆ
αnpkq ´ αnp´kq βnpkq ` βnp´kq
β˚
npkq ` β˚

np´kq ´α˚
npkq ` α˚

np´kq

˙
.

(B.5)

Remark B.1. In the case of layered disorder constant in one direction, say e0, the theory
is translation invariant in one direction and one has to the additional property that an P iR,
implying that the velocities are real. Indeed only P p1q matrices are present and, as we are
interested in the case k0 “ k1 “ 0 with ω1 ‰ 0. This implies that also the entries of the
propagator are purely imaginary, and the product of an odd number of imaginary numbers is
imaginary.

Remark B.2. With respect to the simmetries of Section II.D in [30] we break manifestly sym-
metries 1)-3) (which are, in order, parity, diagonal reflection and orthogonal reflection). More-
over, note that all kernels Knpkq appearing in Section 2 are such that Knpkq “ rK´np´kqs˚

which is nothing but the symmetry by complex conjugation (i.e., the symmetry 4) in Section
II.D of [30].

Appendix C. Action of the R operation

In this appendix, for j P N, we denote by Rj the set of resonant clusters strictly contained

in Rj´1 and not in any other resonant cluster. (We also denote by R :“ Ť`8
j“1Rj .) Denoting

with R2 the set of maximal resonances contained in R1, the value of renormalized resonant
cluster can now be estimated as, if T̃ is a resonance

›››RW ph
T̃

q

T̃
pkT̃ q

››› ď sup
tPr0,1s

››››
d2

dt2
W

ph
T̃

q

T̃
ptkT q

›››› (C.1)

One has now to analyze what happens when a derivative acts on a renormalized cluster.
If two derivatives corresponding to a resonance T̃ acts on the value of some renormalized

resonant cluster T̃ 1 Ă T̃ , recalling that kT̃ 1 “ tk ` q for suitable q, one has

d2

dt2
RW

ph
T̃ 1 q

T̃ 1
ptk ` qq “ d2

dt2

”
W

ph
T̃ 1 q

T̃ 1
ptk ` qq ´W

ph
T̃ 1 q

T̃ 1
p0q ´ ptk ` qq ¨ BkW

ph
T̃ 1 q

T̃ 1
p0q

ı

“ d2

dt2
W

ph
T̃ 1 q

T̃ 1
ptk ` qq .

(C.2)

If one derivative acts on a renormalized cluster, we have instead

d

dt
RW

ph
T̃ 1 q

T̃ 1
ptk ` qq “ k ¨ BkW

ph
T̃ 1 q

T̃ 1
ptk ` qq ´ k ¨ BkW

ph
T̃ 1 q

T̃ 1
p0q

“ k ¨ Bk
ż 1

0

d

ds
W

ph
T̃ 1 q

T̃ 1
psptk ` qqq ds “

ż 1

0

d

dt

d

ds
W

ph
T̃ 1 q

T̃ 1
psptk ` qqq ds .

(C.3)

Whence we get the two bounds››››
d2

dt2
RW

ph
T̃ 1 q

T̃ 1
ptk ` qq

›››› “
››››
d2

dt2
W

ph
T̃ 1 q

T̃ 1
ptk ` qq

›››› , (C.4)

››››
d

dt
RW

ph
T̃ 1 q

T̃ 1
ptk ` qq

›››› ď sup
s,tPr0,1s

››››
d

dt

d

ds
W

ph
T̃ 1 q

T̃ 1
psptk ` qqq

›››› . (C.5)

So, summarising, for the estimate we have the following:
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‚ if two derivatives corresponding to a resonance T̃ act on the value of some resonance
T̃ 1 Ă T̃ , one can replace with 1 the R operator;

‚ if one derivative corresponding to a resonance T̃ acts on the value of some resonance
T̃ 1 Ă T̃ , one can replace with d

ds
the R operator and take the supremum over s P r0, 1s;

‚ if no derivatives act on a resonance, one can replaceR with d2

ds2
and take the supremum

over s P r0, 1s.
These remarks permit us to iterate this procedure considering the action of derivatives on

resonances inside resonances. Proceeding in this way, we see that the R.H.S. of (C.1) can be
bounded in the following way. We denote by f either a line or a vertex and with TR P R a
resonant cluster.

‚ There is one term for each ordered pair pf1, f2q, with f1, f2 P TR, not necessarily
different (i.e. it may happen that f1 “ f2).

‚ If f1 P T̃0 and T̃ is a cluster contained in TR, then T̃ “ T prq Ă T pr´1q Ă ¨ ¨ ¨ Ă T p1q “ TR
is the chain of clusters associated to f1 containing T̃ and contained in TR. Similarly,
if f2 P T̂0 and T̂ is a cluster contained in TR, one constructs the chain of clusters
associated to f2 containing T̂ and contained in TR.

‚ At this point we replaced theR operator acting on the cluster TR with two derivatives.
‚ If a resonant cluster belongs to both the chain of clusters (the one associated with f1
and the one associated with f2), then its R operator is removed.

‚ If instead there is a cluster (say, TV ) belonging to only one of the chain of clusters,
then there is one term for any f3 P TV . If f3 P pT 1

V q0 Ă TV , then one considers the
chain of cluster associated to f3, containing T

1
V and contained in TV . One replaced

the R operator acting on TV .
‚ This construction is repeated until all R operators are replaced. At this point each
cluster inside a resonance belongs to two chains of vertices.

‚ From their explicit expression, it is also obvious that one can estimate the action of
a derivative on a vertex with the action of a derivative on a propagator on the same
scale.

‚ Last, the number of terms that are generated in this procedure is estimated by 9q

(that is the number of terms generated when each vertex or each line can be derived
zero, one or two times without any constraint).

Note that, an adaptation of this argument permits to treat the terms Bsk appearing in (3.6)
and (4.30).
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180401 (2015)
[50] V. Mastropietro, Localization in the ground state of an interacting quasi-periodic fermionic chain

Comm. Math. Phys. 342, 1, 217-250 (2016)
[51] V. Mastropietro, Localization in Interacting Fermionic Chains with Quasi-Random Disorder Comm.

Math. Phys. 351, 283–309(2017)
[52] V. Mastropietro Vanishing of Drude Weight in Interacting Fermions on Zd with Quasi-Periodic Dis-

order Journal of Statistical Physics (2022) 186:36
[53] V. Mastropietro Stability of Weyl semimetals with quasiperiodic disorder, Phys. Rev. B 102 (2020),

045101
[54] V. Mastropietro , Non-Perturbative Renormalization, World Scientific, Mar. 2008.
[55] B.M. McCoy and T. T. Wu, Theory of a two-dimensional Ising model with random impurities. I.

thermodynamics, Physical Review, 176 (1968), pp. 631–643.
[56] B.M. McCoy and T. T. Wu. The two-dimensional Ising model. Harvard University Press, 1973.
[57] J. Moser, J. Poschel: An extension of a result by Dinaburg and Sinai on quasi-periodic potentials.

Comment. Math. Helv. 59, 3985 (1984)
[58] L. Onsager, Crystal statistics. I. A two-dimensional model with an order-disorder transition, Physical

Review, 65 (1944), pp. 117–149.
[59] H.H. Perk, Nonlinear partial difference equations for Ising model n-point Green’s functions, Proc. II

International Symposium on Selected Topics in Statistical Mechanics, Dubna, August 25-29, 1981, (JINR,
Dubna, USSR, 1981), pp. 138-151.

[60] D. Poland, S. Rychkov, and A. Vichi The conformal bootstrap: Theory, numerical techniques, and

applications, Rev. Mod. Phys. 91 (2019), 015002
[61] T. Spencer, A mathematical approach to universality in two dimensions, Physica A: Statistical Mechanics

and its Applications, 279 (2000), pp. 250–259;
[62] H. Pinson, T. Spencer, unpublished preprint.
[63] K.G. Wilson and M.E. Fisher, Critical exponents in 3.99 dimensions, Physical Review Letters, 28

(1972), pp. 240–243.


