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Observation of subdiffusive dynamic scaling in a driven and disordered Bose gas
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We explore the dynamics of a tuneable box-trapped Bose gas under strong periodic forcing in the presence
of weak disorder. In absence of interparticle interactions, the interplay of the drive and disorder results in an
isotropic nonthermal momentum distribution that shows subdiffusive dynamic scaling, with sublinear energy
growth and the universal scaling function captured well by a compressed exponential. We explain that this
subdiffusion in momentum space can naturally be understood as a random walk in energy space. We also
experimentally show that for increasing interaction strength, the gas behavior smoothly crosses over to wave
turbulence characterized by a power-law momentum distribution, which opens new possibilities for systematic
studies of the interplay of disorder and interactions in driven quantum systems.

Complex microscopic behavior of both classical and quan-
tum systems can often be characterized by universal sta-
tistical properties. While such descriptions are more com-
monly associated with thermodynamic equilibrium, far-
from-equilibrium systems, from kicked rotors and chaotic
billiards [1-4] to turbulent fluids [5-7], can also display
emergent universal behavior. A fascinating manifestation of
this is dynamic scaling, which is akin to the scale-invariance
of equilibrium systems close to a phase transition, but gen-
eralized to scaling in both space and time. Such behavior
is known from surface growth [8, 9] and both normal and
anomalous diffusion [10, 11]. Recently, dynamic scaling
was observed in a variety of quantum systems and in dif-
ferent scenarios [12-24], including the relaxation of atomic
gases [13, 14, 16, 18, 21-24] and polariton systems [20],
and the build-up of wave turbulence in a driven interacting
Bose gas [17]. These experiments provide mounting evi-
dence for the hypothesis that such scaling is generic to far-
from-equilibrium quantum systems [25].

Usually interactions are at the heart of the emergent dy-
namics, but naturally present disorder can also play a cru-
cial role. The study of disorder is a vast field, with high-
lights including localization and quantum-Hall phenomena
in 2D electron gases and quantum wires [26—30], coherent
backscattering of acoustic and electromagnetic waves [31,
32], and Anderson localization of cold atoms [33, 34]. More-
over, the interplay of disorder and interactions can result in
new phenomena such as many-body localization in lattice
systems [35-37] and time crystals [38—41].

In this Letter, we explore the dynamics of a 3D box-
trapped Bose gas strongly driven in presence of weak disor-
der. In absence of interatomic interactions the gas shows sub-
diffusive dynamic scaling: its energy grows sublinearly with
the drive time %, approximately as 2-°, and its momentum
distribution at different #; is described by a scaling function
that is captured well by an isotropic compressed exponen-
tial. This behavior is in stark contrast to that expected for a
disorder-free noninteracting gas in our cylindrical geometry
with forcing along the box axis [see Fig. 1(a)]; in that case
the system is effectively 1D and one expects chaotic dynam-
ics with bounded energy growth [42-44]. Our observations
can be explained in terms of a random walk in energy space
(see [45] for our detailed theoretical study) and give credence
to the proposals that such random walks are a generic fea-
ture of thermally isolated driven systems [46—48]. We also
experimentally show, by tuning the interaction strength, that
the energy-space random walk observed in the noninteracting

limit is continuously connected to wave turbulence character-
ized by a power-law scaling function [17, 49-51]. This points
to interesting future studies in the regime where the drive, the
disorder, and the interactions all play a significant role.

We start with a quasi-pure 3*K Bose-Einstein condensate
(BEC) in the lowest hyperfine state, trapped in a cylindri-
cal optical box [52-54]. The condensate is prepared at a
scattering length a = 200a, (where ap is the Bohr radius),
and we slowly (in 5s) tune a to zero by tuning the bias
magnetic field to 350.4(1) G [55, 56]. For a noninteracting
BEC in our box of length L = 50 um and radius R = 15pum,
the frequency of the lowest-lying axial excitation is (ignor-
ing disorder) w, = 3n2h/(2mL?) = 2m x 1.5Hz, where m
is the atom mass, while our variable trap depth Up is al-
ways larger than 2wh x 400 Hz. Weak optical disorder, pro-
portional to the trapping laser power and hence Up, is al-
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FIG. 1. Noninteracting box-trapped Bose gas driven far from equi-
librium. (a) Box geometry and driving force, F = (Us/L) cos(ws t5) Z,
where L = 50 um is the box length. (b) Time-of-flight images, giv-
ing 2D momentum distributions nj (ky, kz), for N = 3.3 x 10° atoms
in a box of depth Up/kg = 90nK, driven at ws/(27) = 10 Hz with
Us/kg = 10.5nK. The scale bar shows 1 um~! and the optical den-
sity (OD) saturates at 3. (c) Energies, Ey, z, and 1D momentum dis-
tributions, 7ix(ky,z), obtained by integrating 2D distributions over
kz or ky; note that Ex = E; at t; = 0. The axial E; initially (in
< 0.1s) rises far above Ey, but at long #; the two energies are almost
equal and grow in unison. The long-time momentum distribution
is essentially isotropic [7ir(kx) = 7ig(kz)], but highly nonthermal.
We show T7ig(ky,z) for ts = 3s, together with the calculated equi-
librium distribution for the same energy per particle, E/ kg = 23 nK
(shaded curve); the experimental distributions show no condensate
peak, even though the condensation temperature is 180 nK and the
equilibrium distribution has 66% condensed fraction (gray) [57].
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FIG. 2.

Semiclassical picture of a driven and disordered nonin-
teracting Bose gas. (a) The drive mixes only states with k, values
up to some k¢ [42], so in absence of disorder the radial momentum
ky (in the ky — ky plane) remains zero, and the growth of a parti-

cle’s energy is bounded by E. = h? kgl (2m). However, disorder-
induced elastic scattering distributes energy into the radial modes,
and allows the drive to populate states above E. (outside the blue
shaded area). (b) This picture implies subdiffusive long-time dy-
namics, with a sublinear energy growth. Here we consider a particle
(red dot) that already has an energy above E¢, and k; > ke, so it does
not interact with the drive. If elastic scattering (solid circle) reduces
its kz to below k¢, the particle temporarily interacts with the drive,
until another scattering event increases its k; above k.. The inter-
action with the drive can either increase or decrease the particle’s
energy, as exemplified by the red arrows. The alternation of scatter-
ing and driving events thus results in an energy-space random walk,
with a characteristic step size Ec.

ways present in our holographically created trap [52, 59, 60],
but is typically irrelevant in interacting-gas experiments [61].
We inject energy into the system along the box axis z, us-
ing a spatially uniform time-varying force [49] of magnitude
F(ty) = (Us/ L) cos(ws ), with wg > w, and hw, <« Us <« Up
(see also [42]). After driving the gas for a variable time £,
we probe its momentum distribution using absorption imag-
ing after 50 ms of time-of-flight expansion [58]; this gives
line-of-sight integrated 2D distributions nx (k), which we nor-
malize such that [ ng(k)dk=1.

In Figs. 1(b,c) we illustrate our qualitative observations;
here Ey , = fhzkﬁlz/(Zm)nk(kx,kz) dk and 1D momentum
distributions, 71 (ky, z), are obtained by integrating rn (k) over
k; or ky. Initially the dynamics is essentially 1D, with the
drive rapidly (in < 0.1s) increasing only E,. This is what is
expected in absence of disorder, in which case the growth of
E; would be bounded [42]. However, at long times Ey = E,
and the energy keeps growing. The long-time momentum
distributions along k, and k are nearly identical, but far from
thermal; they show no BEC peak even though the energy per
particle is far below the equilibrium condensation value.

In Fig. 2(a) we outline a semiclassical picture of how the
interplay of the drive and disorder can lead to isotropic dy-
namics with unbounded energy growth. The drive mixes only
axial modes, with k; up to some k. [42]. The disorder-
induced elastic scattering transfers energy into the radial
modes and allows the drive to increase a particle’s energy
above E. = h?k?/(2m). Alternating scattering and driving
events then lead to an unbounded energy growth.

In Fig. 2(b) we explain why at long times this growth
is sublinear, corresponding to subdiffusion in momentum
space. Once the average energy per particle, E, is signifi-
cantly larger than E., most particles have k; > k. and do not
interact with the drive. When a particle is occasionally scat-
tered in and out of the k; < k; space, its temporary interaction
with the drive can either increase or decrease its energy (red
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FIG. 3. Disorder-induced cross-dimensional coupling. (a) Here

we stop the drive with Us/kg = 10.5nK and ws/(27) = 10Hz af-
ter tg = 0.1s [see Fig. 1(b)] and then hold the gas for a variable
time fy0)q in a trap with Up/kg = 90nK. The energies E; and Ex
both relax towards E/3 = (Ez + 2Ex)/3 (by symmetry Eyx = Ey).
(b) The decay of the anisotropy (E; — Ex)/E is initially exponen-
tial, oc exp(—T'q#holq) (solid lines); T'y grows with disorder strength
(x Up) and is independent of the initial anisotropy. (c) As expected
for single-particle scattering, I'q is independent of the gas density
(x N); here Up/kg =90nK. (d) Dependence of I'y on Up. Up to a
small offset of 1s~!, the data are captured by our numerical simula-
tions with rms disorder equal to 2% of Up (solid line).

arrows). This results in an energy-space random walk with a
characteristic step size E; [45]:

dits(Ez)a r(E)E?. (1)
The rate r is energy-dependent, because at any time only a
fraction of particles < hk./v2mE interacts with the drive,
and because the density of states for elastic scattering is o
VE. As shown in Ref. [45], this model predicts E o tsn, with
2/5 <1 < 1/2 depending on the ratio of the elastic scattering
rate and the rate at which the drive mixes k, states.

To isolate and quantify the disorder-induced scattering in
our system, we prepare an anisotropic nj with a short £, stop
the drive, and study the subsequent cross-dimensional relax-
ation for different disorder strengths (o< Up). In Fig. 3(a) we
show an example of how E, and E, both approach E/3, and
in Fig. 3(b) we show how the anisotropy (E, — Ey)/E decays
for different Up. The initial decay is captured well by an ex-
ponential (solid lines), and we use the decay constant I'q as a
measure of the typical scattering rate [62]. At long times, the
anisotropy decay slows down, which we also observe in sim-
ulations of the Schrodinger equation with disorder [42], and
attribute to the quantization of states in a finite-size box [63].
In Fig. 3(c) we show that, as expected for single-particle scat-
tering, I'q is independent of the particle density.

In Fig. 3(d) we show the dependence of I'q on Up. The
solid line is based on our numerical simulations [42], which
give Iy x U2, as expected from perturbation theory. We
match the data well by setting the rms disorder strength to
2% of Up, and adding a small offset to I'y. The 2% disorder
is compatible with = 1% observed in the bench tests of the op-
tical potentials used for our box trap [60] (see also [59, 64]),
and also with the measurements with atoms in Ref. [61],
where the uniformity of the gas density was confirmed down
to energies of a few % of Up. In simulations we assume that
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FIG. 4. Subdiffusive dynamic scaling; here Us/kg = 7.0nK, ws/(27) =10Hz, and T'q = 8.0s"L. (a) Evolution of the atom number N and

the radial per-particle energy E,. For tg <

~

15 (vertical dashed line), N is essentially constant [65], while E; tg with n = 0.46 (solid

line); at longer f; some particles have enough energy to leave the trap, so N drops and E; saturates. (b) Evolution of the radial momentum
distribution ny(kr); each curve corresponds to a point in (a), with the same color coding. The dashed line, kr‘z, is tangent to all the
self-similar curves, and kp is the momentum-space trap depth. (c) For scaling exponents a = —0.45 and § = —0.23 (and arbitrarily chosen
reference time #y = 3 s), the distributions for #5 € [1.1,14.4] s and all k; collapse onto a universal curve. The dotted line shows a compressed-
exponential fit, fee ox exp [— (kr/kO)K], with x = 3.0 (see text). The inset shows the results of numerical simulations with the same drive,
disorder, and scaling parameters (see text and [42]); for comparison with the experiments, the dotted line is the same as in the main panel.

the disorder is uncorrelated down to a lengthscale of 800nm,
set by the simulation grid, which is comparable with the ex-
pected correlation length of experimental disorder, set by the
trap-laser wavelength, A = 532nm. The small offset in I'q
could arise from trap-shape imperfections or magnetic-field
inhomogeneity.

We now turn to the study of the long-time isotropic dy-
namics for continuous driving (Fig. 4). Here we take im-
ages along the drive axis z, which avoids the small effects
of the center-of-mass oscillation [42]. The distribution in the
kx — ky plane is always isotropic, ni(ky, ky) = ng(k;), where
ky = (k2 + k}z,)llz. We normalize [2mk,ng(k;)dk, =1 and
define E; = Ex + Ey, so E; = 2E/3 for long £.

In Fig. 4(a) we plot N(t;) and E,(t) for Us/kg = 7.0nK,
ws/(27) = 10Hz, and T4 =8.0s"!. At £ = 155 some atoms
reach the momentum-space trap depth kp = /2mUp/h? =
3.8um™!, at which point N starts dropping and E, satu-
rates. Until then, N is essentially constant [65] and E; shows
power-law growth, E, o t., with = 0.46(2).

In Fig. 4(b) we show the evolution of ny(k;). For £, 2> 1s
the distributions are self-similar, with a well-defined front
moving towards the UV until it reaches kp; for #; 2 15 the
distribution is essentially stationary.

The fact that ny, is self-similar for 1s < #, < 15s, while E;
grows algebraically, implies dynamic scaling:

nelhr, 1) = (£)" ni () kr, o) @)

with f = —n/2, reflecting the subdiffusive energy growth, and
a = 20, reflecting a particle-conserving transport; f is an
arbitrary reference time.

In Fig. 4(c) we show that, for ; € [1.1,14.4] s and all k;,
the distributions can be collapsed onto a universal curve, with
a =-0.45(2) and B = —0.23(1) [42]. The calculations in [45]
predict such scaling with the 3D momentum distribution
captured by a compressed exponential, oc exp |- (k/kj)**"],
with x3p varying between 4 (for n = 1/2) and 5 (for n =2/5),
and kj o 1/¥30 [66]. We empirically find that ng(k,),
obtained by integrating the 3D distribution along k, is
captured by a normalized compressed exponential fee =
[nk(z) r1+2/x)] -1 exp [— (ky/ko)*] with a reduced x = 3.0(2)

[dotted line in Fig. 4(c)] [67]. As shown in the inset of
Fig. 4(c), we reproduce our observations in numerical sim-
ulations; here we show the results of simulations for t; €
{2.9 — 18} s, obtained with the same U, ws, and T'g, and col-
lapsed with the same a, 8, and f as in the experiments.

Repeating our experiments with various drive and disorder
parameters, for Us/ kg € [3.5,10.5] nK, w/(27) € [5,15] Hz,
and Ty € [2.5,15]s™!, we robustly observe dynamic scaling
with n =0.46(2), a = —0.47(4), f = —0.24(2), and x = 2.9(2).
For our parameters, 1 is indeed expected to be in the broad
crossover from 1/2 to 2/5 [45].

We conclude by pointing to an interesting question for fu-
ture study — what happens if the drive, the disorder, and the
interactions all play a significant role? In the noninteracting
(a = 0) dynamics observed here, the rate at which energy is
absorbed from the drive decays as tg_l. On the other hand,
in interacting wave-turbulent cascades [17, 49-51] this rate
is constant and the turbulent steady state is characterized by
ny(ky) o kr_YH, with ¥ = 3.3(3). The two types of dynam-
ics are qualitatively different, but are continuously connected
by tuning a, as we illustrate in Fig. 5(a) for one set of drive
and disorder parameters, and fixed gas density (o N). This
crossover should be controlled by some dimensionless pa-
rameter(s), but from the drive, disorder, and interaction prop-
erties, one can construct many candidates. Moreover, fur-
ther qualitatively different outcomes are possible: for strong-
enough interactions, thermalization should be the fastest pro-
cess, while for strong-enough disorder, localization effects
should prevail. Constructing the full dynamical phase dia-
gram for the driven and disordered interacting gas is thus
a fascinating challenge. As a first step in this direction, in
Fig. 5(b) we show that for our parameters the crossover from
an energy-space random walk to turbulence depends on the
product Na, which suggests that it can be captured within
the mean-field Gross—Pitaevskii framework.

In summary, we have observed subdiffusive dynamic scal-
ing in a noninteracting Bose gas driven far from equilib-
rium in the presence of weak disorder, which we explain
in terms of an energy-space random walk. The tuneability
of our system opens the possibility to study the interplay of
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FIG. 5. Crossover from subdiffusion to turbulence, for Us/kg =
7.0nK, ws/(2n) = 10Hz, Ty = 15571, and ts = 1s. (a) ny for
N =10° atoms and different scattering lengths a. For subdiffusion,
ny is captured by a compressed exponential fce. For a turbulent cas-
cade, nj o« k;yﬂ (dashed line) for k; = 1/&, where ¢ is the healing
length; here & = 0.6 um ™! for 100 ag. (b) We quantify the crossover
between the two regimes by fitting ny = cfce(kr) + ng k,—YJrl (with
y=3.4)for0.6um~! < k; <2.5um™!, with ¢ and ng as free param-
eters. For various N and a, the crossover from ¢ = 1 (subdiffusion)
to ¢ = 0 (turbulence) depends only on the product Na.

the drive, disorder, and interactions in regimes where they
all play a significant role, which we illustrate by showing
how the energy-space random walk crosses over to turbulent-
cascade dynamics. Our far-from-equilibrium states with low
and tuneable energy per particle also provide a novel start-
ing point for studies of equilibration in closed quantum sys-
tems [24, 25, 68].
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SUPPLEMENTAL MATERIAL

I. NUMERICAL SIMULATIONS

We describe our system using the time-dependent
Schrodinger equation for a particle trapped in a cylindrical
box of radius R = 15pum and length L = 50 um and driven
with a potential Vi(r, t) = Usz/L x cos(wgts). We model the
disorder present in our system as Vy(r;) = V3VoX;, where r;
are the lattice points in our simulation grid, X; are indepen-
dent random numbers sampled uniformly between —1 and 1,
and Vjp is the rms disorder strength. Our simulations always
begin with the system in the ground state at #; = 0.

For Vj = 0, the problem is separable into radial and axial
directions, since the drive is oriented along the box axis z.
We solve the resultant 1D problem by expanding the wave-
function in the box eigenbasis (using the lowest 80 states) and
solving the coupled differential equations for the expansion
coefficients. In Fig. S1 we plot the calculated momentum dis-
tribution 71 (k;) and energy E, versus excitation time f; for
Us/kg =10.5nK and wg/(27m) = 10 Hz (cf. Fig. 1 in the main
text). The drive only couples k, modes up to a characteristic
momentum k. [Fig. S1(a)], and the average E, saturates (with
large fluctuations) after a rapid initial increase [Fig. S1(b)].

To model the 3D dynamics observed in experiments, we
solve the full 3D Schrodinger equation using a pseudo-
spectral method with fourth-order Runge—Kutta time evo-
lution with a 10ps timestep and a numerical grid of size
100 x 100 x 100 um? discretized with ¢ = 0.8 um resolution,
which is on the order of the trapping laser wavelength, 1 =
532nm. This results in Fourier components of the disorder up
to /¢ ~ 4um™", similar to the largest k in the experiment,
set by kp.

Simulating the experimental protocol from Fig. 3 of the
main text, we find that Vj/kg = 2nK reproduces the exper-
imental 'y = 8.0 s71 for Up/kg = 90nK. In these simula-
tions we also observe, as in the experiments, that the decay
of anisotropy slows down at long times.

For the simulations in the inset of Fig. 4(c) of the main
text, we have also extracted the scaling exponents as in the
experiment (see Section III) and found n = 0.46(1), x = 3.2(1)
[x3p = 4], @ = —0.46(1), and B = —0.24(1).
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FIG. S1. Simulations of a strongly driven Bose gas in a disorder-

free box. (a) The 1D 7i(k;) versus ts for Us/kg = 10.5nK and
ws/(2m) = 10 Hz. The dashed lines indicate k¢. (b) The correspond-
ing bounded energy growth. The energy E, shows large fluctuations
around an average value that quickly saturates (see inset).
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FIG. S2. Frequency response of a noninteracting Bose gas. (a) Er
versus ws for a fs = 4 s sinusoidal drive with different Us (see leg-
end) and 'y =8.0s~ L. We show data taken with two different initial
atom numbers (circles: 2.8 x 10°, diamonds: 1.1 x 10°). The inset
shows a typical time-of-flight image taken along 2 for ws < Wpeak-
(b) Evolution of the axial momentum distribution around ' = 4s
for ws < wpeax (Ieft) and ws > wpeqi (right).

I1. FREQUENCY RESPONSE

Here we experimentally study the frequency response of
our noninteracting box-trapped gas. In Fig. S2(a), we show
for a fixed I'y and three different Us how E, depends on wy
for a t; = 4s sinusoidal drive. At low frequency E;, increases
roughly linearly with ws but above some Us-dependent wpeax
the system stops responding strongly.

As illustrated in Fig. S2(b), we observe qualitatively dif-
ferent behavior below and above wpeak. Here we plot the
evolution of 7 (k;) around ¢ =4s, for Us/kg = 7.0 nK. For
ws/ (27) = 10Hz (below wpear) the distribution shows no con-
densate peak, while for wg/(27) = 25Hz (above wpeak) the
lowest mode remains macroscopically occupied.

In the main paper we always use ws < Wpeak, Which ensures
that our drive uniformly mixes states with k; < k.

III. EXTRACTION OF THE SCALING EXPONENTS

Here we detail our extraction of the scaling exponents
(a, B) from ni(k,,t;). We start by fitting ng(k,) for differ-
ent t; with foe = Agexpl—(k,/ko)¥], with Ag, ko and x as
free parameters, as shown in Fig. S3(a) for three experimen-
tal curves from Fig. 4(b) in the main paper. As shown in
Fig. S3(b), we get essentially constant x for some f; range
(1.1-14.45); this is the scaling range in which the ny curves
are self-similar. We then fix « to its average value in the scal-
ing range and refit the curves to obtain ko and Ay. Finally, as
shown in Fig. S3(c), we extract a and f using power-law fits

of the form ko o< £ P and Ag o t& (solid lines).
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FIG. S3. Extraction of the scaling exponents; here Ug/ kg = 7.0 nK,
ws/(2m) = 10Hz, and Tg = 8.0s~! (as in Fig. 4 of the main paper).
(a) Measured ny for t; = 1.1, 3.6, and 14.4 s (solid lines) together
with compressed-exponential fits (dotted lines). The dashed line is
x kr_z, as in Fig. 4(b). (b) Fitted x (). The dashed lines delineate
the scaling range where « plateaus at 3.0(2) (solid line). (c) Fixing
x =3, we refit ny curves to extract their widths ko (%) and ampli-

tudes Ag(fs), and obtain (a, f) from the power-law fits kg oc 7 p
and Ag o< & (solid lines).
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IV. ROBUSTNESS OF DYNAMIC SCALING

In Fig. S4 we show collapsed n(k;, t;) for different disor-
der and drive parameters (I'q, Us, and ws), keeping the same
reference time fy = 3s. For fixed ws/(27) = 10 Hz (left panel),
over a factor of 6 in I'q and 3 in Uy, we observe dynamic scal-
ing with the same a/2 = f = —0.24(2) and « = 2.9(2). The
collapsed curves are offset from each other because the dy-
namics are faster for larger U or I'q (ny propagates further
in the same time fp). Varying ws (right panel), as long as it is
notably larger than w, = 27 x 1.5 Hz and smaller than wpeak,
we observe the same dynamic scaling behavior. Curiously,
we also observe subdiffusive scaling dynamics for ws = w,,
but with notably different a/2 = f = —0.30(1) and the scaling
function with x = 2.2(1), closer to a Gaussian.
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FIG. S4. Robustness of dynamic scaling. The table shows the extracted 1, x, a, and f values within the scaling ranges of £ for different I'g,
Us, and ws. The plots show the scaled nj with ty = 3s, for fixed ws and varying I'q and Us (left panel), and for fixed I'q and Us and varying
ws (right panel). The uncertainties on 8, a/2, n/2 are typically 0.01, which include uncertainties in determining the scaling range.
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