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STABLE BLOWUP FOR FOCUSING SEMILINEAR WAVE EQUATIONS IN
ALL DIMENSIONS

MATTHIAS OSTERMANN

ABSTRACT. We consider the wave equation with focusing power nonlinearity. The associated
ODE in time gives rise to a self-similar solution known as the ODE blowup. We prove the
nonlinear asymptotic stability of this blowup mechanism outside of radial symmetry in all
space dimensions and for all superlinear powers. This result covers for the first time the whole
energy-supercritical range without symmetry restrictions.
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1. INTRODUCTION

This paper is concerned with the Cauchy problem for the focusing semilinear wave equation
(=07 + Au)p(t, @) +p(t, ) |9 (t, )P~ =0 (1.1)

for ¢ : R — R, where d € N and p € R-;. This equation is invariant under the scaling

transformation

2
Yyt with Y a) = T4, L), s, = el (1.2)

for any A > 0. The scaling (1.2) determines the critical regularity s. := % — sp, for the scaling

invariant homogeneous Sobolev space H* (R%) x H*~1(R%). Moreover, Eq. (1.1) also admits a
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conserved but indefinite energy

+1
= _H( 8tw )HHl Rd XLQ(Rd) p+1”w( )HI[)}H—I(Rd
which obeys the scaling law
d_o
B0 = 2 Bl (4).

According to the sign of the exponent % — s, — 1, Eq. (1.1) is called

e energy-subcritical ifd=1,2andp>1 or d>3andl<p<l1l+ L

4
e energy-critical ifd>3andp=1+ 19

e energy-supercritical ifd>3andp>1+—— T2

Classification into criticality classes provides a general and useful theme for capturing the ex-
ceedingly rich dynamical phenomena of scaling invariant nonlinear equations. For the basic
well-posedness theory for semilinear wave equations we refer to [58], [67]. In this context, it is
noteworthy that the focusing character of the nonlinearity in Eq. (1.1) may cause solutions to
lose their regularity in finite time. This is demonstrated in the early work [57] by H. Levine,
where it is shown that initial data with negative energy lead to blowup in finite time. An im-
portant role in the description of singularity formation is played by solutions that are invariant
under the scaling (1.2). Such solutions are called self-similar and together with time translation
symmetry it follows that they are of the form

bit,2) = (T—1)¢ (%)

for ¢ : R? — R and a free constant T' > 0. Existence of a countable family of smooth radially
symmetric self-similar solutions to Eq. (1.1) has been proved by P. Bizon et al. [4], [0] in three
dimensions for odd powers. For greater than three space dimensions, this has been further
investigated numerically in [56]. A corresponding existence result of countably many self-similar
blowup solutions in d > 3 and for powers 1+ ﬁ <p<1+ d%‘t?, has been showed by W. Dai and
T. Duyckaerts [12]. The ground state of these families exists throughout all space dimensions
and for all p > 1 and is known as the ODE blowup

1

Ur(t,z) =cp(T—1)7%, ¢y =(sp(sp+1))r-1. (1.3)
This is an explicit example of a solution that evolves from smooth data and loses its regularity in
finite time. By means of finite speed of propagation, one can even prepare compactly supported
smooth initial data that develop exactly the same singularity as (1.3) in a past light cone. This
raises the question of how universal the occurrence of such drastic breakdown of solutions is. In
fact, numerical studies [5] suggest that generic blowup in the large data evolution of Eq. (1.1) is
described by the ODE blowup profile. Towards demonstrating the universality of this blowup
mechanism, the subject of this paper is to establish a robust and systematic stability theory for
it.

In one space dimension, F. Merle and H. Zaag [61] proved indeed that ODE blowup describes
the universal profile for any solution that blows up. In higher space dimensions and for powers
1l<p<1+ ﬁ, their works [59], [60] show that the rate of any blowup solution in the energy
space is the same as the one exhibited by (1.3). Later, they also gave a stability result for the
ODE blowup family in higher space dimensions [62], [63]. However, the underlying theory is
based on the existence of a Lyapunov functional which restricts their results to subconformal
powers 1 < p <1+ d%“l. A different approach was put forth by R. Donninger [14]. Together
with B. Schérkhuber, they studied in [18] the stability of the blowup solution (1.3) for the radial
three-dimensional energy-subcritical semilinear wave equation. Subsequently, they treated in

[19] the nonlinear stability problem in three dimensions for powers p > 3 and were even able to
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remove the symmetry assumptions in [20]. This programme could be implemented in [7] also
for the cubic wave equation outside of radial symmetry for d € {5,7,9,11,13}. Within radial
symmetry, stability of the ODE blowup has been established in [21] for odd space dimensions
and superconformal powers p > 1+ ﬁ. However, the underlying techniques in this work rely
heavily on the radial structure. The first result for ODE blowup stability for the energy-critical
radial wave equation at optimal regularity is due to R. Donninger [15] in three space dimensions.
This has been achieved with Strichartz estimates in similarity coordinates for wave equations
with self-similar potentials. There are generalizations to the critical radial wave equation in
dimensions d € {3,4,5,6} in the works [17] and [68]. Lately, as an application of the functional
setting in [11], E. Csobo, I. Glogi¢ and B. Schorkhuber established non-radial stability of the
ODE blowup for the quadratic wave equation in d = 7, 9.

Still, this leaves open the stability of the ODE blowup, for instance, for almost the whole
energy-supercritical range p > 1+ ﬁ outside of radial symmetry. We will close the gaps in
Theorem 1.1 below.

1.1. Statement of the stability theorem. By action of symmetries, one obtains from (1.3)
a larger family of blowup solutions. Namely, the flow of Eq. (1.1) is also preserved under the
Poincaré symmetry of the underlying Minkowski spacetime RV, This includes, in particular,
time translations and Lorentz boosts A(3) € SO(1,d) whose components are given by

AB)°o =7(B), AB)Y; = —(B)B; ,
i i i i ’Y(ﬁ)2 in.
A(B)'o = —(B)B", AB) = 5j + mﬁ Bj s

with Lorentz parameter 8 € B‘li and Lorentz factor

¥(B) =(1-B8T8)7.

Precomposing the spatially homogeneous ODE blowup profile (1.3) with a Lorentz boost and a
time translation, one obtains an explicit (d+1)-parameter family of blowup solutions to Eq. (1.1)
that is given by

Vs r(te) =g (AB)(t — T,2)) = ey (B) (T —t+ 5 Ta) ™. (1.4)

Observe that this introduces solutions with spatial singularities. Nevertheless, by finite speed
of propagation one can restrict the evolution to past light cones where these solutions remain
smooth for small enough Lorentz parameters. This shows that a stability theory for the ODE
blowup necessarily has to be formulated within light cones. With this, we come to the main
result of this paper, where we show in any space dimension that ODE blowup is nonlinearly
stable under a large class of perturbations.

Theorem 1.1. Let (d,p,k, R) € N x Ryy x N x Rxq with k > 4 and put

2

wp = min{l, s, } where Sp = o1

For all 0 < € < w, there are constants 0 < dqprre < 1 and Cqpr.re > 1 such that for all
0<6<0bdpkRre C>Cquprre and all real-valued (f,g) € C®(R%) x C=(R?) with

1)
1(f, g)HHk(Rd)XHk—1(Rd) < c

there exist parameters * € @ and T* € B}(1) and a unique solution 1) € C* (Q}z’d(T*)) in the
extended past light cone

Q1) = {(t,m) ERY | 0<t<T* |z| < R(T* - t)}
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to the Cauchy problem

(=02 + Do)t ) = Wt )|t z)P (t, ) € QpY(T™),
¥(0,2) = ¢5:(0,2) + f(z), zeR?,
(@o)(0,2) = (Dovg1)(0,2) +g(x), xeR?,
such that the bounds
* —dyg s * Wp—
(T* = £)7 255 |(t, ) — P e ( HHS(Bd o) < (TF — )
fors=0,1,...,k, and
* —a Sp+s * Wp—
(T =)~z | 9pap(t, ) — O 1 (L, )| e By <(T* —t)r—e

fors=1,... k, hold for all 0 <t < T*.

Remark 1.1. The solution converges to the ODE blowup in the following sense. Namely, if we
consider $* # 0 then

~ 1\ Losp—s
Hwﬁ* 7+ ( HHs(]Bg ) (T —t)27%7%,
~ * d_5,—s
Haﬁﬁﬁ* 7 ( HHS I(BR(T* i (T t)2 =%
for all 0 <t < T™, so the bounds in Theorem 1.1 imply
[t ) = w3t
He (B v _y)) < (T* — t)r—s
T :
H ’ 7T( ) H (B e _y))
H@wmd—@%ﬂquﬂykld
A (]BR(T**t)) < (T* _ t)wpfs
a¢ ) ) H ~ )
H t B T Hs I(B (T t))

for all 0 < ¢ < T™. That is, convergence of ¥(t, .) to ¥5. p.(t, .) as t / T* takes place along
shrinking time slices {t} x B4 R(r+—y) and is quantified in Sobolev norms relative to the blowup
behaviour of ¢, 1. (¢, .).

Remark 1.2. Even for non-radial perturbations far away from the center, the evolving solution
remains stable in the sense of Remark 1.1 within the extended past light cone Q}%’d(T*). This
improves the above mentioned stability results within light cones. Also, smoothness of the initial
data persists for the corresponding solution so that the evolution can be interpreted classically.

Remark 1.3. Theorem 1.1 is especially of interest in the much less explored energy-supercritical
case, where it describes the evolution for large data near the ODE blowup without any symmetry
restrictions. Since we do not distinguish for the stability problem any Sobolev space above
critical regularity s, = % — 5p, we state and prove our stability result for any integer regularities
k above %l. In fact, if p > 5 then k£ > % is optimal among Sobolev spaces of integer order above

critical regularity.

1.2. Overview of related research. A lot of progress has been achieved in the study of
nonlinear wave equations, which is preceded by many impressive works and methods. Here,
we only touch upon recent literature that is related to singularity formation in the focusing
semilinear wave equation.

For energy-critical focusing semilinear wave equations, a non-trivial smooth, radial, static
solution is known explicitly, called the ground state. In the work [15], C. Kenig and F. Merle
showed that this solution is at the energy threshold between finite-time blowup and scattering,
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also see [32] for the threshold case. This has led to an intensive study of type II blowup, i.e.,
blowup solutions with bounded energy norm. J. Krieger, W. Schlag and D. Tataru [55] gave the
first construction of radial type II blowup in d = 3 as a rescaled ground state plus a radiation
term. Other solutions of this form were constructed by M. Hillairet and P. Raphaél [10] in d = 4
and J. Jendrej [11] in d = 5. We just remark that by now, many more constructions are available.
Concerning the stability of type II blowup, the solutions constructed in [55], [53] for the three
dimensional quintic wave equation are stable along a co-dimension one manifold of radial initial
data [47], [48]. The global dynamics near the ground state in d = 3,5 has been studied in [50],
[19], [51], [52] by J. Krieger, K. Nakanishi and W. Schlag. A complete classification of radial
type II blowup in d = 3 has been established in a line of research by T. Duyckaerts, C. Kenig
and F. Merle leading to [25], [31], where they showed that any type II solution decouples
asymptotically into a sum of travelling waves and a radiation term. In the non-radial setting for
dimensions d = 4, 5, weaker versions [23], [27] are available. Such dynamical behaviour is posed
under a soliton resolution conjecture. Recently, several works have contributed to proofs of this
conjecture for radial solutions, including the ones by T. Duyckaerts, C. Kenig and F. Merle
together with C. Collot, H. Jia and Y. Martel [28], [29], [30], [24], [L0] in odd space dimensions
and d = 4,6, as well as by J. Jendrej and A. Lawrie [12] for all d > 4.

Moreover, for the energy-supercritical semilinear wave equation, type II blowup is excluded
for radial solutions by results of T. Duyckaerts, C. Kenig and F. Merle [26] for d = 3 and
by B. Dodson and A. Lawrie [13] for d = 5. In particular, what T. Duyckaerts and T. Roy
[33] showed is that radial solutions of Eq. (1.1) in d = 3 for p > 5 either have unbounded
critical norm or scatter. We also mention that among the class of self-similar solutions with
finite energy, O. Kavian and F. Weissler [11] showed that Eq. (1.1) admits no non-trivial, real-
valued, radially symmetric solution if p > 1 4+ ﬁ. In contrast to type II behaviour, solutions,
whose critical norm becomes unbounded as the maximal time of existence is approached, are
characterized as type I blowup. We have already encountered the ODE blowup mechanism as
such an example. C. Collot [9] used concentration of a soliton profile to describe another type
of blowup mechanism for the radial energy-supercritical wave equation in dimensions d > 11
for odd powers above the Joseph-Lundgren exponent. Regarding the construction of solutions
for the energy-supercritical wave equation, some results can be found in [54], [2], also see [410]
for a countable family of finite co-dimensional stable self-similar blowup solutions. Recently
in [39] and [11], new examples of radial self-similar blowup solutions were discovered in closed
form for the cubic and quadratic wave equation in all energy-supercritical space dimensions.
For the cubic nonlinearity in d = 7, I. Glogi¢ and B. Schorkhuber gave a proof of co-dimension
one stability of this solution in a past light cone outside of radial symmetry. Together with
E. Csobo, they established the analogous stability result for the quadratic wave equation in
d = 9. The role of these explicit solutions as a threshold between ODE blowup and dispersion
has been investigated numerically in [38]. Furthermore, in the article [8] on the radial quadratic
wave equation in the lowest energy-supercritical space dimension d = 7, the conditional blowup
stability has been extended beyond the blowup time to a region approaching the Cauchy horizon
of the singularity. This is based on a formulation in a novel coordinate system, see [3] and [16]
for implementations in wave maps and Yang-Mills equations.

1.3. Outline of the stability problem. In order to study solutions of the nonlinear equation
(=07 + Da)u(t,2) + F(y(t ) =0

that evolve from perturbations (f,g) of the blowup (¥f,90%5 ) at ¢ = 0, we introduce for
parameters T' € Ry and 8 € B‘f a perturbation variable u through a profile decomposition

V=195 +u.
This suggests to split the power nonlinearity F(z) = z|2[P~! according to

F(?/)E’T(t, x) + u(t, :c)) = F(¢;7T(t, x)) + V. r(t, x)u(t, ) + N r(u)(t, )
5



into a linearized part with smooth potential

Var(t,x) = F'(w§7T(t,x)) (1.5)
and a nonlinear remainder given by
Nﬁ,T(U)(t7 .%') = F(lﬂE,T(t, 1‘) + u(t7 .%')) - F (¢E,T(t= x))u(ta 1‘) - F(l/JE,T(ta 1‘)) : (1'6)

In terms of u, this leads to the Cauchy problem

0 = ( — 02+ Ay + Var(t, :U))u(t, @) + Ny (u)(t, ),
u(o’x) = f(x) +7;Z)6,1(0a$) _¢E,T(0’x)’ (17)
(Gou)(0,z) = g(x) + (0¥ 1)(0,2) — (0¥ 1)(0,2) .

As noted above, due to the spatial singularities of Q,Z)E,T and finite speed of propagation, this prob-
lem has to be reasonably posed within light cones. Employing classical similarity coordinates,
defined via

t=T—-Te 7, xz=Te "¢, (1,€) €[0,00) x B%, (1.8)

allows us to track the evolution of initial data actually in an extended past light cone
QL4(T) = {(t,m) eRM|0<t<T, |z| < R(T—t)} ., T>0, R>1.
The underlying analysis is split into three sections and implemented as follows.

e The free part associated to problem (1.7) is determined by the wave operator —92+A,.
We introduce with Eq. (2.3) a convenient relation for the transition between the classical
formulation of the wave operator and its rescaled incarnation within a first-order for-
malism in similarity coordinates (1.8) as a densely defined linear operator L, i r in the
Sobolev space H*(B%) x H*~1(B%). With this operator, the aim is to generate a semi-
group with good growth properties. We will employ the Lumer-Phillips theorem which
requires two essential ingredients. First, we give a novel and systematic construction
of dissipative inner products on the Sobolev spaces. This delicately exploits structural
features of the wave equation outside of radial symmetry. Unlike previous construc-
tions, we can encompass all space dimensions and all non-negative integer regularities.
Secondly, we need a density result for the range of AXI — Ly, 1, g. This can be reduced
to the construction of a smooth approximate solution to a degenerate elliptic problem,
which can be solved by means of a decomposition into spherical harmonics. This was
first noted in [22] in the context of a cubic wave equation in three space dimensions.
We finish the section with Theorem 2.1, where strongly continuous semigroups for the
free wave flow in similarity coordinates are presented together with exponential growth
bounds.

e The linearized part is composed of the wave operator with a smooth self-similar
potential, —9? + A, + Vg . This operator fits immediately into the functional analytic
setting as a compact perturbation Lg = Ly r + L% which is the generator of the
semigroup Sg(7) for the linearized wave flow in similarity coordinates. Since d,p,k, R
are fixed and do not vary, we omit them in our notation from here on. The Lorentz
symmetry and time translation symmetry of Eq. (1.1) induce the unstable eigenvalues 0
and 1 of Lg. To deal with those instabilities in the wave evolution, we perform a spectral
analysis for Lg. In the spectral theorem 3.1 it is proved that o(Lg) N H,, = {0,1} for
appropriate right half-planes and the geometric eigenspaces and ranges of the associated
spectral projections are computed explicitly. In case § = 0, this follows from analysing
solutions of hypergeometric differential equations. Then, we exploit compactness of
the perturbation L'ﬁ and Lipschitz continuous dependence with respect to the Lorentz
parameter (3 to infer the spectral theorem for small parameter values from abstract
perturbation theory. Having this spectral information at hand, we conclude this section
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with Theorem 3.2 which gives a complete description of the linearized dynamics near the
ODE blowup. Namely, we identify a family of finite-dimensional unstable subspaces on
whose complement the semigroup Sg(7) is uniformly exponentially stable with respect
to the Lorentz parameter. The onset of the Lorentz parameter 8 is a non-radial effect
and the uniformity in the growth bounds with respect to it is crucial for establishing
estimates in the ensuing nonlinear analysis. To accomplish this, we have provided in
Appendix A a generalization of the Gearhart-Priiss-Greiner Theorem for semigroups
that depend on additional parameters.

e The nonlinear part treats the full Cauchy problem (1.7) in similarity coordinates.
Using Duhamel’s formula and the semigroups Sg(7), this problem turns into a fixed-
point problem

11(7') = SB(T)U@T(f) + /OT Sﬁ(T _ T’)Nﬂ(u(q—/)) dq-/’ T2>0,

with a corresponding initial data operator Ugp(f) and a nonlinearity Ng which is
locally Lipschitz continuous in H*(B%) x H*1(B%). Now the task is to find pa-
rameters § and T so that this fixed-point equation has a global mild solution u €
C([0,00), H*(B}) x H*1(B%)). In general, the linear instabilities obstruct the exis-
tence of such a global solution. Therefore, we stabilize the above equation by projecting
it onto the stable subspace which produces in the Duhamel formula a natural correction
term Cg 1 (U@T(f ), u) that is subtracted from the initial data operator. Via this modifi-
cation, the stabilized fixed-point problem becomes well-posed for all parameters 5 and T’
in some open neighbourhood of 0 and 1, respectively. To extract among those solutions
ug  the one to the original fixed-point equation, the idea is to adjust the parameters
and T simultaneously so that the correction term vanishes. This is equivalent to show-
ing that the linear functional, which is obtained from dual pairing with the correction
term, is the zero functional. Using Brouwer’s fixed-point theorem, the existence of such
5* and T* are verified in the proof of Proposition 4.2. Finally, restriction properties
of the semigroup and the structure of the nonlinearity enable us to upgrade the mild
solution to a jointly smooth classical solution u € COO((O, o0) X B%)Q. By means of a
transition relation to the classical formulation, this translates effortlessly into a proof of
Theorem 1.1.

Since we can deal with all linear instabilities in the nonlinear wave evolution at once, our
adaptation of the Lyapunov-Perron method is strikingly simpler than previous approaches via
modulation theory. Also, it generalizes easily to any finite number of linear instabilities. Lastly,
we would like to point out that our functional setting for the free wave equation in similarity
coordinates provides the analytical basis for extensions to other self-similar coordinate systems.
This proposes new and exciting directions for the study of self-similar blowup in other nonlinear
wave equations, e.g., the wave maps equation and Yang-Mills equations.

1.4. Notation. In this paper, Einstein summation convention is imposed.

The set of natural numbers and real numbers is denoted by N, R, respectively. In d-
dimensional Euclidean space R?, the set IB%% C R% denotes an open ball of radius R > 0 centred
about 0 € R?. The respective closed ball is given by @ C R? The (d—1)-dimensional sphere of
radius R > 0 is denoted by S?{l with spherical measure dajlgl(w). The unit sphere is denoted
by S9! with spherical measure do(w).

In the complex plane C, given w € R we reserve the notation H,, = {z € C | Re(z) > w} for
a right half-plane and H,, = {z € C | Re(z) > w} a closed right half-plane. For a € C we denote
by D,(a) = {2z € C | |a — z| < r} the open disk of radius » > 0 and similarly the closed disk
Dy(a) ={z€C||a—z <r}.




Let A be a set and aq, by € R>g for @ € A. We define that the relation a, < b, holds if there
exists a uniform constant C' > 0 such that the inequality a, < Cb, holds for all « € A. As
usual, the relation a,, = b, is defined as a, < b, and a, = b, is defined as a, < by and ay 2 by,

respectively.

If @ ¢ R?is open and f : Q — R is differentiable, we denote by 0;f : © — R the partial
derivative with respect to the i-th slot. For a multi-index o € N& we set 0°f = 9" ... 95 f.
The gradient of f is given by (9f) = (01 f,...,0q4f). For functions f in one variable we write
f! for the derivative. For functions u on Minkowski space R1¢ we denote by dyu the partial
derivative with respect to the time slot, i.e., (Jou)(t,z) = dyu(t,x). For facts about spherical
harmonics Y;!, on S?1 we refer to [20, Appendix A] and the textbook [I]. For hypergeometric
functions oIy we adopt the conventions from [, Chapter 15].

For a domain 2 C R? we introduce with C°°(Q) the set of all smooth functions on € all whose
derivatives are continuous up to the boundary of Q. If © is bounded, we define for k € NU {0}
the classical inhomogeneous Sobolev norm and homogeneous Sobolev seminorm

2

ey = D 10°fl2 and [|fll ey = | D 10%fl720)

0<|a|<k lal=k

=

for f € C>®(Q), respectively. The Sobolev space H¥() is then defined as the completion of

C° () with respect to the inhomogeneous Sobolev norm.

We use boldface notation for tuples of functions, e.g.,

fz(fl,fg)z[“g] or  ult,.) = (w(t, ) uat, ) {Z;Eii]

Linear operators that act on tuples of functions are also displayed in boldface notation. For
instance, when ) = Hy x Hj is a product of Hilbert spaces then L : ©(L) C $ — $ denotes
a linear operator where its domain © (L) C $) is a linear subspace of $). The set £()) consists
of all bounded linear operators on $) equipped with the operator norm. The resolvent set and
spectrum of a closed linear operator L are denoted by o(L) and o(L), respectively. The resolvent
map is given by Ry, : o(L) — £($), z — (2I — L)~!. For spectral theory of linear operators
and underlying concepts we refer to [43], in particular Chapter 3 thereof for results about the
separation of the isolated point spectrum. Theory for strongly continuous operator semigroups

is treated in the textbook [34].

2. THE FREE WAVE EVOLUTION IN SIMILARITY COORDINATES

In the following, a functional analytic framework is implemented for the flow associated to
the wave operator

(Ou)(t,x) = (=0} + Apu(t,z), weC>®([0,T) xRY),
in classical similarity coordinates
xp o [0,00) x RT — RY  (7,8) s (T = Te ™, Te 7€)

Note that the map x, defines a diffecomorphism onto its image [0, T) xR, If v € C* ((0, 00) XRd)
is related to u € C*°((0,T) x RY) via

V=UOXp, then Ouoxp =0, v,
where
e™\?2 i ij iej i
(Oy,0)(7,6) = <?> ( — 02— 26010, + (69 — £¢9) 00y — Dy — 2€ agi)v(f,g) .21
This can be cast in a first-order formalism by defining rescaled evolution variables

uy (T7 g) - (TeiT)sp (u o XT)(T7 5) ) U2 (T7 g) - (TeiT)sijl (8011, o XT)(T7 5) ) (22)
8



where for p > 1 the scaling
2

p—1

Sp =

is motivated by the aim to detect self-similar blowup solutions of a scaling invariant equation.
Utilising the transformations for spacetime derivatives,

T

(Bou 0 X7) (7€) = (95 + 9 (wo xp)(r. ),

e’ .
(8inXT)(T7§) = ?aﬁi(uOXT)(Taé.)a 2:17---7d7
we obtain
aTul (Ta 5) = —Spl1 (T7 5) - §Zagiu1 (T7 5) + ug (T7 5)
and for the wave operator

eT

Sp+2 i
@uoxg) (&) = ()" (= Brus(r.&) — €0eoua(r,€) — (sp + Dua(,€)
+ Aguy (7, §)> :
This leads to the following operation.

Definition 2.1. Let (d,p,R) € Nx Rs; x R>;. For f € C’oo(@)2 we define

e T s i) — E@A)E) + f(6)
Lipf € C(Bf)° by <Ld’pf)<f)‘[<Af1><s>l— (5p+1)f21(£)—£"(<29if2)(£)}'

As a result, the relation

’LL1(7'7 ) _ ’LLl(T, ) _ 0
O L( »] = L L( )] T @em 2 @uo ) ) 23)
holds between the above defined evolution variables.

2.1. Inner products and dissipative estimates. We show that the operation in Defini-
tion 2.1 can be realized as the generator of a strongly continuous semigroup for the free wave
flow in classical similarity coordinates. This requires a dissipative estimate.

2.1.1. Standard energy. The dissipativity will be derived from standard energy estimates for
the free wave equation. On bounded domains, however, the standard energy only provides a
seminorm and will not give rise to a normed space, let alone a Banach space. This can be fixed
by a suitably chosen boundary term.

Definition 2.2. Let (d,R) € N x Ryg. Fix 1 > 0. We define a sesquilinear form on C’OO(@)2

by
_ i ) o -1 F
(f‘g)@(%) = /]B%C}l%(9 f10i91 %-/]B?2 fog2 +2e1R /S‘};l fig1
and set
I8l gy = 1/ (F]F) g

To see that the boundary term ensures positive definiteness, we give an elementary proof of
the following trace inequality.

Lemma 2.1. Let (d,R) € N x Ryg. Then
HfHHl(B‘@ = HafHL?(IBS‘@ + ‘|f‘|L2(§‘}i{1)

forall f € Cw(@).



Proof.  “Z7: The divergence theorem gives
1

[ r@ratt© =g [ oaeirer)

_d / ©Rac+ 2 / Re (€06 /(9 £(€)) de..

Thus Qa1
/ FOR e < L [ e+ R / 0F)(E) de
OB, BY,

R B‘Ii%
“<”: On the other hand, rearranging the equality above yields for any ¢ > 0

2, I 2 4od1(e) _ 2 o (F0.F(E)
[ 1r@ras=5 [ 1s@Past?© -3 [ Re@aT@so)as

R 2 3 d-1 2 2
<, rer i@+ [ e
R2

+ 5 Jyy IODOP dE.

‘We can choose ¢ = % >0 to Conclude

2R 2R
IRGREE [ @raes () /B%\(af)(@?d&- 0

R

It follows that the sesquilinear form in Definition 2.2 is an inner product with induced norm
equivalent to a Sobolev norm.

Lemma 2.2. Let (d,R) € N x Ry. Consider the form ||. H@(B%) in Definition 2.2 for a fized
g1 > 0. Then
HfHel(B;;) = H(flva)HHl(B;;)meBdR)

for all £ = (f1, f2) € C®(BL)2.
Proof. The trace inequality in Lemma 2.1 yields
s sty = 1912y + 1ol aquty + 111 paqeisy = 1 £2) st oo
for all f = (f1, f2) € C®(B%)2, O

The next crucial feature of the inner product is that the standard energy estimate for the
free wave equation is incarnated as a dissipative estimate for the wave evolution operation.

Lemma 2.3. Let (d,p, R) € Nx Rs1 x R>y. Fiz e; > 0 in Definition 2.2. We have
d 2 d —1 2
(st [) < (2 g = (2w [

for all £ € C*(B%)2.
Proof. The integrands in the inner product are
@Lap O 1)) = ~(sp + DIOA)OI ~ T @0 [)E)(@ 11)(©)
~ (AR + 0 (0" 1)©OF(0)

and

[Lapfl2(6) f2(6) = (AF)(E) f2() = (sp + DI f2()* = €05 £2)(E) f2(€) -
Using the fact

Re (@M@ 1)(©) = 300 (10MEPE) — S@R)EF.

10



the real part of the sum of the above integrands equates to
Re (G, f©@@ 11)(©) + Tapfl(€)£2(6))
d .
= (5= 5= 1) (1@MOF +1£©F) + 8 Re (RE@ 1))
~ 50 (IO +1REPE).
The real part of the integrand in the boundary term is given by

Re ([Lapfli(©A1(9)) = =5l 4O + Re (RO A(6) - E@MEA(S))
Consequently,

Re (Lugt[£) = (5 -5 1) [ (0R©F + 1) ac

+(—sp+€1 2€1R / |f1(¢ ’2dO'R ()
e /e Re (F(6)€1(0:11)(€) — F@E2e1/1(6) + (€221 /1(6)) do 1 (€)

-r | . = (IEP1@M P + 11 + 4211 (©)P) doth ™€)

1— R?

+2R

L IROP ol ©).

Together with the elementary inequality

Re (¢ (0:1)(€) — E@IN )21 f1(6) + H©2:1£1(9))
< 5 (IEP1OMEOP +1RE)F +4HAEP)

and since R > 1, the estimate

Re (Lagt[£), 0 < (5=5-1) [, (AP +1n()7) ac
(s +el)ze11~r1 / GRS

d d - -
follows. O

2.1.2. Higher energies. The standard energy can be upgraded to higher energies with the fol-
lowing differential operators.

Definition 2.3. Let (d, R) € N x Ryg. For f € C'Oo(@)2 and p=0,1,...,d we define

5,ul:aif1 +0,°fo
6, 0ifa+ 0,°Af1

These operators satisfy an essential commutation relation.

D,f e C®B%L)? by D,f=

Lemma 2.4. Let (d,p,R) € N x Rs1 x R>1. We have
D,Ly,f =Lg,D,f—D,f

for all f € C"x’(@)2 and p=0,1,...,d.
11



Proof. We prove this with a direct computation, namely
| Ot (— spf1(€) — €10 11(€) + £2(6)) ]
(D;iLgf) () = [agi (Agf1(5 — (sp+ 1) fa(&) — £J8§jf2(£))
_ [ —5p0gi [1(€) — & 0¢i O¢i [1(€) + Dei fa(€) ] _ |:8§if1(£)]
Aeei f1(€) = (sp + 1)0ci f2(€) — €100 f2(€) Oci f2(€)
= (LapDif)(§) — (Dif)(§)

and

(DoLq,pf)(€)

[%ﬁ@—@ﬁth—H%h@]
Ae((— spf1(&) — €0ei f1(8) + f2(€))

[ —spfa(€) — &0 fa(€) + Acf1(8) ] - [ f2(8) ]
Acf2(€) = (sp+ 1)Ac f1(§) — €0 A f1(8)) Aef1(€)

(LapDof)(§) — (Dof)(§) - U

Higher inner products are composed recursively by inserting these differential operators in
the inner product from Definition 2.2 and augmenting the result once again with a boundary
term.

Definition 2.4. Let (d,R) € Nx Ry¢. Fixe; >0for 1 <j < g + 1. Based on Definition 2.2,

we define sesquilinear forms on C*(B%)? recursively by

d
2¢e; — . d
ZO <D“f‘D“g>e§kl(BdR)+f S%lﬁm f2<k<5+l,
(t]8) ey = “a
ek (B) d
Df‘D ) +<f‘ ) i1 <k,
MZO< Sl ¢k—1(Bd,) & ek-1(Bd) 2

and set

1€l ex Ba) = <f ‘ f> €k (BY)

These sesquilinear forms are positive definite with induced norms equivalent to higher Sobolev
norms.

Lemma 2.5. Let (d,k,R) € N x N x Ryq. Consider the form | . H@k(]BdR) in Definition 2.4 for
fized g5 > 0, where 1 < j < g—|— 1. Then, the equivalence

HfHGk(]B%) = H(fla fz)HH’“(]BdR)Xkal(]BdR)

holds for all £ = (f1, f2) € C*°(B%)2.

Proof.  “<”: The inequality is valid in the base case k = 1 by Lemma 2.2. To proceed, note
that for each k € Nand 4y =0,1,...,d

IDuf g ga ) -1y S N0F 1w e + 12l o (e )
+ 1A AN gr-1 ey + 12l o1 @y + 10F2ll -1 e

S H(fl’f2)HHk+1(Bg)ka(B%)
for all f € C‘X’(@)Q. Now, assume that for an arbitrary but fixed & € N the bound

HfHGk(]B%) S H(fla fz)HH’“(]BdR)Xkal(]BdR)
12



holds for all f € C*® (@)2. If1<k< % we conclude from this with the trace inequality from
Lemma 2.1

d
1€l k41 By = > IDpfll e gy + /1l 21,
=0 '

d
S Z Dyt e meyx -1ty + 11l 2 g1,
n=0

S H(fl’ f2)HHk+1(]B%)><Hk(]B%)

for all f € Cw(@)? In case k > % + 1 the induction step follows directly from the above
estimate and the induction hypothesis.

“>7: Again, the inequality is valid in the base case k = 1 by Lemma 2.2. By induction,
assume that for an arbitrary but fixed k£ € N the bound

”fHGk (BS) 2 H f17f2 HH’“ (BL,)x HE—1(B%)
holds for all f € C“(@)Z. Then, if 1 <k < 5, we get with 0;,f = D;f the estimate

H(fl’ f2)HHk+1(Bg)ka(B%)

d
~ Z H(aifhaifZ)HHk(]BdR)Xkal(]BdR) + 1Al 2 @a) + fallL2me)
=1

d
= Z H(aifl’aifQ)HH’“(]B%)xH’C—l(]B%) + Hfl”L?(s‘g—l) + H[DothLQ(B%)
i=1

d
S IDut ey -1 () + 11l g2 (-1
u=0 l

d

S IDuf kg + 1f1ll g2 sy
pn=0

~ ||€]l gk ma)

for all f € C*° (@)2. In case k > g + 1 the induction step is again immediate and this proves
the other direction. O

The inner products are by design compatible with the dissipative properties of the wave
evolution.

Proposition 2.1. Let (d,p,k,R) e NxRs1 x NxR>q. Fiz 0 <¢e; < % in Definition 2.2 and

&= <16R2> 1H<__Z_€1> f0r2§j<g+1
in Definition 2.4. We have
Re <Ld,pf ( f) o)
T N R /S AP k< g,

(=sp+ 51)Hf||2@k(153c}%) lf%l +1<k,

for all f € C‘x’(@)?
13



Proof. Lemma 2.4 implies for each k£ € N

d d
> Re (DyLa,f | D,f) oty = > Re (La,Dyf | D,f), . Z 1D 12 s
n=0 n=0
and Young’s inequality yields for the boundary term

Re [ o, @A) ot (©
S

R

=5, [ 1BOF dok©)

+Re [ (Dufii(©) - D) dofy (0

<Csore) [, 1HOFaE©) 5 /S IZ(D f6)] dof ).

We have proved in Lemma 2.3 that the estimate holds in case £ = 1. Let us proceed by induction
and assume that the dissipative estimate holds for an arbitrary but fixed k € N.

Ifl<k< % + 1, we infer from this and the induction hypothesis

d
d 2
Re (Laaf | £) g g < (5 =50 = %) 2 1D les-s o
n=0
2¢e;. _
Fespre [ p©rRl e
8R? d 2ek—1 d-1
-|-< 61€k1__+k_1+61 /SdIZ‘Df ‘dUR 3]

< (§-s5-%) ZHD 20

25k

+(=spre) 5 [ AP dog ()

(g_sp >\|f||€k(ﬂd (- d+k+sl)2R/ 1P dof ' (€),

since

__fl d 0 1y _
6k_16R2€k_1(2 (k—1) €1>>0,

and the bound is proved. Notice that if k = [%—‘ we have k < %l +1butk+1> %l and the
bound reads

Re (Ld’pf ‘ f)@k(]BdR) = (g —Sp T { —DHf”@k(Bd

(Ll )

< (_Sp + el)HfHék(B%) .

14



Finally, if £ > % + 1 we conclude from the induction hypothesis

d
Re (Ldvpf ‘ f) eh(B) ;Re (D“Ld’pf ‘ D“f> ek—1(B%,) e <Ld’pf ‘ f) ek—1(BY)

d d
< (=sp+ ) (D IDufl 1)+ It ) = D DI
pn=0 n=0

< (_sp + 51)HfHék(B%)

and the estimates are proved. O

2.2. Properties of the range. Besides dissipative estimates, we need a density property of
the range of the wave evolution operation. This will be established via the following technical
lemma.

Lemma 2.6. Let (d,k,R) € Nx N x Rsq. For alle > 0 and all F € C®(B%) there is an
f € C>®(BY) such that

IO, )08 T, ) = Flljosggy <2 vlr )= é)f

_ AN
Proof. Let f,F € C*°(B%) and for A € C define vy(7, .) = (%) f. Using Eq. (2.1),

(Oy,v2)(log T, .) — F = ((5@7 — £6)9;0; — 2\ + 1)ED; — A\ + 1)) FoF. (24

So, the task in this lemma is the construction of an approximate solution to a degenerate elliptic
equation.

In the multidimensional case d > 2 we can employ a spherical harmonics decomposition.
Indeed, for n € N and ¢ € B4 \ {0} consider

&)= > Fomll&)Yem():  Fomlp) = | Yem(@)F(pw)do(w),
(=0 meQq 4 54
which, by [20, Lemma A.2], defines a function F,, € C* (@) with

Jim [|Fy = Fl -1 gy = 0.

Hence, given € > 0, there is an N € N such that

H(DXTU)\)(log T,.)— FHH,C_I(B%) < H(DXTUA)(IOg T,.)— FNHH’v—l(]B%) +e. (2.5)
Moreover, consider smooth functions of the form
N
FO=Y > feml€)Yem() (2.6)
(=0 meQy,

notice for (p,w) € (0,00) x S¥! the relations

Opf (pw) = w'(9if)(pw)

02 f(pw) = w'w (8:0; ) (pw) ,

d—1 1 d—1
(Af)(pw) = (3,2) + 7‘% + ?Ai >f(Pw) ,

15



and compute for the wave operator

Oy, vx)(logT pw) — Fi(pw)

B> (a2(0) 7, (P) + @1(0)F7 1 (0) + 60() () = Fom ) Yeom ()

= Omeﬂd[

where the coefficients are given by

az(p) = (1= p?),
d—3 1—p?

alp) =2(57 = A)p+ (- n—",

(l+d—2)
P '
Given the spherical harmonics approximation Fpy as above, it follows that there is an f €

o (IB%TR) such that

ao(p) = ~AA+1) -

(Oy,va)(ogT,.) = Fy in B,
UAT, - - T ’
if and only if for £ =0,...,N and m € Qg there are fy,, € C*°([0, R]) such that
a2 f)m +arfy,, +aofem = Frpm in (0,R). (2.8)
Each of the latter equations has finite regular singular points {—1,0, 1} with Frobenius indices
d 1
{{,—(d+l—-2)}at p=0 and {0,§—A—§}atp:1. (2.9)

By means of the transformation
fem(p) = ' 90.m(p°)
we obtain

a2(p) fom () + a1(p) fr.m(P) + ao(p) fem(p)
= 4p (p (1= 029 m(0?) + (¢ = (@ + b+ 1)p?) g 1 (0%) — abgz,m(pQ)) :
with parameters
_ %(Aw), b= %<A+€+1>, c:gw.

In order to construct a smooth solution to Eq. (2.8) we shall employ Duhamel’s principle, for
which we need a fundamental system of solutions to the hypergeometric differential equation

2(1—2)g"(2) + (c— (a+b+1)2)g'(2) — abg(z) = 0. (2.10)
From now on, let us fix

)‘:_7
2

implying
1/d 1
az—(——l—f), b:a—|—§, c=2a.
Then the Frobenius indices of Eq. (2.10) are

1
{0,1—2&} at z =10 and {O,—§} at z=1

and a fundamental system to Eq. (2.10) in R near z = 1 is given in terms of hypergeometric
functions

~ 1
Va1(2) =oF1(a,a+ 3,351 —2), e1(2) = |1 — 2| 22F 1 (a,a— 5,31 — 2),
16



with Wronskian
- 1 o, B o
W (a1,%a1)(2) = 57 a1 —2) 1 — 272

The explicit form of the Wronskian can be computed from Abel’s identity. We also remark
that both 1,1, 14,1 extend analytically to solutions in (0, 00) away from z = 1. The Frobenius
indices at z = 0 are possibly separated by a positive integer and the analytic solution at z = 0
is given by

Ya,0(2) = 2F1(a,a + %, 2a; 2)
and related to ¥q,1, Ja,l through the connection formula

Lear(-y) =~ Tearg) -
T(@l(a—3)"""  T(a)la+3) (2.11)

_ _22a71(2a B 1)¢a,1 + 22a71{/;a71

T;Z)a,O =

on (0,1) and by extension also on (1,00). This formula implies

W (0,0, Va1 )(2) = =22 "W (g1, 1) (2) = =227 227201 — 2) "1 — 2|2

and, in particular, that 140,141 are linearly independent and therefore form a fundamental
system of solutions in (0,1) U (1, 00). From this we obtain a fundamental system of solutions

_ld,gp _ld,gp
Ga00(p) =272 plyy o (p?), ba1(p) =272 gl 4 (p?) (2.12)
to the homogeneous problem associated to Eq. (2.8) with Wronskian
(d— _ _1
Wae(p) =W (a0, bar1)(p) = —p~ D1 - p?) 711 - p? 2.
According to Duhamel’s principle,

Y $ap1(2) Fom(2)
Wd,é(z) 1— 22

dz + ¢a,1(p) /p $a,0,0(2) Fo.m(2)

d 2.13
0 Wd,é(z) 1-— 2’2 i ( )

fem(p) = +¢a0(p)
p

1
1
= —¢d,e,o(P)/ 27N = 2220401 (2) Frm(2) dz
P
p d—1 2,1
~baa(0) [ = 2 b0 Fn(2) s
0

is a smooth solution to the inhomogeneous problem (2.8) in (0,1) U (1, R]. Our aim is to prove
that fr,,, belongs to C°°([0, R]) which yields via Eq. (2.6) a function f € C*°(B%). Note that

the connection formula implies that |1 — 22\%@;7@,0(2) is bounded on (0,1) and thus

1
_ 1
Cd,t;m ::/ 21 = 2%)2 @a0(2) Fiym(2) dz
0
exists and is finite. Additionally to ¢q¢0, ¢ar1, let
Sar1(p) =2 20Nl 4 (p?)
and note that by construction

_ 1~
Pae1(p) = 11— pl2¢qe1(p)
17



defines an analytic function in a neighbourhood of p = 1. By employing the connection formula
and factorizing a zero, we get

1
L
fom(p) = —caem®Pdaei(p) + ¢d,€,1(/0)/ 21— 222001 (2) Fom (2) dz
p
1
~ 1
- ¢d,é,1(ﬂ)/ 2N = 222001 (2) Frm(2) dz
p

1
= —Cdtm®de1(p) + ¢ae1(p) / 2N 4 28001 (2) Fom (2) dz

p

— (1= p)@ae1(p) /1 (wd_l\/ 1+ w¢d,é,1(w)F€,m(w)> ‘ Vzdz,

0 w=1+4z(p—1)

which shows that f,, is smooth at p = 1 and thus f;,, € C*°((0, R]). The other regular singular
point at p = 0 stems from the change of variables in the spherical harmonics decomposition.
Incidentally, the fundamental system (2.12) is known in closed form for p € (0,1), see [64, egs.
15.4.9 and 15.4.18]. For convenience, we make use of the explicit expression for ¢q,; to find
near p = 0 the behaviour

ba,00(p) = p'aco(p)

bapi1(p) = P_(dM_z)sOd,m(ﬂ) if (d, ?)
| —log(p)p2,0,0(p) + w2,0.1(p) if (d,0)

where @g00 and ¢g1 are analytic near p = 0 with ¢40(0), ¢4,,1(0) # 0. Using this, we find
the coarse bounds

(2,0),
(2,0),

[I N

1, =0,
1
P, 6:17
¢d,é,o(P)/ 11— 22201 (2) Fom(z) dz| <
‘ P ‘ —p*log(p), =2,
p2, {>3,
P 2
p’ (d 6)#(2’0)7
bd1(p / (1 -27) ¢d€0 Fym(z
‘ 0 Q p, (d,0)=(2,0),
1, (=0,
! 1 (=1
'1-2% ¢dz1( 2)Fym(2) ’ ’
‘/p _plog(p) ) (= 2,
p’ 623,

r\./ ’

p 1
L a(p) /0 U1 = 223 600(2) Firm(2)

near p = 0. This implies for the solution (2.6)

N
OISY D Ifem(lED S 1

(=0 mGQd’[

N
ONOIS D fbmlEN+ > 3 (16 em Dl + 14 mll€N]) S1
=1 meQq

meQq o

near { = 0. It follows that f € Cm(@\ {0}) N H'(B%). In particular, from Egs. (2.4) and (2.7)
we infer that f is a weak solution to

(69 — €167)(2:0; F)(€) — (d + 2)E 0, £)(€) — L2 f () = Fn(€)

18



in IB%%. Note that the left-hand side defines a uniformly elliptic operator on IB%Ci so that we
2

conclude f € C* (IBT%) from elliptic regularity [35, p. 334, Theorem 3]. Thus, we have obtained
a smooth solution to problem (2.7) which implies with (2.5) the result.

In dimension d = 1, Eq. (2.4) reads
(O o) (og T,€) = F(&) = (1 =€) f"(€) = 2(A + 1EF'(€) = MA +1)f(€) = F(€)

and it remains to construct a solution f € C*°([—R, R]) to

(1=€)f"(€) =20+ DEF() = AN+ DF(§) = F(€) in (-R,R). (2.14)
Note that this equation has Frobenius indices {0, —A} at £ = —1,1. Via the transformation
1-¢

f©=g(), 2=,
we see that
(1=€E)1"(€) =200+ DES () = AN+ 1) f(€)
=2(1-2)g"(2) = (c— (a+ b+ 1)2)g'(2) — aby()
with parameters
a=A\, b=A+1, c=A+1,
i.e., Eq. (2.14) is of hypergeometric type. From this, we infer for the choice

a fundamental system to the homogeneous problem associated to Eq. (2.14) given in closed form

by

1 1
Qb,l(g) - ‘1 — é_‘ ’ ¢1(£) - \/M’
with Wronskian .
W (&) =W(o-1,¢1)(§) = G_e il
Consequently, a particular solution to Eq. (2.14) is given by
<z51 F(z) S ooi(z) F2)
1o = / 1— 3 2 +¢1(£)/1 W) 1= 2%
VI1—=2z|F(z ‘ V1 F(z)d
11— / y1+§y/1 1+ 2 F(z) e
1
- (- s)/ F(1+ 26 - D)Eds = (1+€) [ -1+ 26+ 1)vE ds
0 0
and clearly f € C*°([-R, R]). O

This technical lemma furnishes the link to the following density property.

Proposition 2.2. Let (d,p,k, R) € N x Ro; x N x Rsy. For all e > 0 and all F € C®(B%)>
there is an £ € C>®(B%)? such that

H( — sp)T = Lap)f — FHHk(Bd yx HE=1(Bd) < €
Proof. Let F € Cm(@)? Let A€ C, f; € C'OO(IB%CI%) and define f) , € C’OO(@)2 by

B f1(6)
Brl) = {3+ 5,) 11(6) + €8 f2)(©) — Fu(€)
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A computation in terms of the variable

T\ AMsp
V+sp (7’,5) = <e?> ' f)\,p(g)
B Urtsp,1(T, &) "
0 onie (1,8 + €0t (n) - (F) TR

reveals
(L= Lgy)fry = F = (0 = 5,1 = Ly ) Vs, (7, ) o F (2.15)
. 0 (2.16)
B (DXTU)\—I—SP,l)(lOg T, . ) + F)\,p ’ ’

where F), € C*°(B%) is given by
Fyp(€) = (A + s, + FL(E) + (0 F1) (€) + Fa(€) -

Now by Lemma 2.6 we can choose f; € C* (@) so that we get via Eq. (2.16) the assertion. [J

2.3. Generation of semigroups. The map from Definition 2.1 is a densely defined operator
in Sobolev spaces.

Definition 2.5. Let (d,p,k,R) € N x Rs; x N x R>q. The operator Lg, i r : ©(Lapr) C
H*(B%) x H=1(BE) — H*(BYE) x H=1(B%) is densely defined by
Lapkpf =Lapf,  D(Laprr) = C°(BE).

We obtain in terms of strongly continuous semigroups a precise notion for the free wave flow
in extended past light cones in each space dimension and for all scalings.

Theorem 2.1. Let (d,p,k, R) € N x Ry x N x R>q. The operator Lqp i g is closable and its
closure Lg p . r s the generator of a strongly continuous operator semigroup

Sdpkr: R0 — £ <H "(Bf) x H k_l(BdR)>
which satisfies that for any 0 < e < % there is a constant My p . re > 1 such that
HSd,p,k,R(T)fHHk(Bg)ka—l(ng) < Md,p,k,R,eewd’p’k’ETHfHHk(]B%)ka—l(B%)

for all £ € H*(BE) x H*=Y(B%) and all 7 > 0, where

d 2
Wd,pke = —Sp+ max{§ —k, 5} and Sp = ﬁ .
Proof. The operator Ly, g is linear and densely defined in H*(B%) x H*~1(B%). We fix ey = ¢
in Proposition 2.1 and get that Ly, 1. r —wq p.k 1 is dissipative with respect to the inner product
given in Definition 2.4. The range of \I — (Lgp k. r — Wd p kel) is dense in Hk(IBBCIl%) X Hk’l(IBBCIQ)
for A = %l — max {g — k,&“} > 0 by Proposition 2.2. Hence, we infer from the Lumer-Phillips
Theorem [34, p. 83, Theorem 3.15] the semigroup. Since by Lemma 2.5 the induced norm
from the inner product is equivalent to the classical Sobolev norm on H*(B%) x H¥~1(B%), the
exponential growth bound follows. O

Remark 2.1. If k > g is an integer, the growth estimates for the semigroup Sy, r from
Theorem 2.1 yield the growth bound w(Sgp k. r) = —Sp, see [34, p. 40] for a definition. Indeed,
just note that A = —s), is an eigenvalue of L, . g to the constant function f = [1,0] € ®(Lgp % r)
for each (d,p,k,R) € Nx Ry1 x N x R>.
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3. THE LINEARIZED WAVE EVOLUTION

In this section, we treat the linearized wave operator —87 + A, + Vg (¢, z) with potential

Var(ta) = (sp + D(sp +2) (1= 578) (T4 572)

as it arises in problem (1.7). The transition from the classical formulation of this equation to
our first order formalism in similarity coordinates x, : [0,00) x RY — R4 is based on relation
(2.3) and given in terms of the variable

[ 0] [ @enm@oxn)(m )] L e g o e
0= i = | e ol ] we e xRy, G
by the relation

0

dru(r, .) = Lgyu(r, .) + Lju(r, .) — (Tefr)spw((mu + Vsru) o XT) (7, _)] , (3.2)

where

, B 0
Lou(r. )(&) = [(s,, +1)(sp+2) (1= BT8) (1+87€) “w(r, 5)} ' (3:3)

Eq. (3.2) yields a description of the linearized wave flow near the ODE blowup. We are interested
in the stability of the underlying evolution which is determined by spectral properties of the
perturbed generator. In the following subsections, we specify this within the functional analytic
setting outlined in section 2.3.

3.1. Functional setting. Theorem 2.1 provides a natural choice for function spaces to frame
the linear theory.

Definition 3.1. Let (d,k, R) € N x N x R5y. We define a Hilbert space by
9" (BE) = H*(BR) x H*'(BF), 1€l may = 1115 f2)l e me ) pre—1 (B2 -
We also define for § > 0 a closed ball
D5 (BE) = {f € 9" BE) | [Ifllyeme) < 5}

In these spaces, we employ a unique bounded linear extension to introduce the potential (3.3)
that arises from the linearization around the blowup.

Definition 3.2. Let (d,p,k,R) € Nx Ry; x NXx R>;. Let Ry > R and 3 € Bé,l. Let
. 0
Vs € C*(B%) be given by

Va(e) = (sp + D(sp +2) (1-676) (1467¢)

We define the bounded linear operator
/ k md re | O
Ly o (9" B) by Lif= [Vﬁfl] .

Now, the linearized equation is composed of a perturbation of the free equation.

Definition 3.3. Let (d,p,k,R) € N x Rs; X N x R>y. Let Rp > R and § € B? _,. The closed
linear operator Lg : ®(Lg) C $*(BE) — H*(B%) is densely defined by
Ls=Laprr+Ls,  D(Lg) =D(Lapnrnr)-

Perturbation theory for semigroups yields that this operator is indeed the generator of the
linearized wave flow.

d
Ry
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Proposition 3.1. Let (d,p,k, R) € NxRs1 x NxR>q. Let Ry > R and € IBB%,I. The closed
0

linear operator Lg : ®(Lg) C H*(BL) — H*(BE) ds the generator of a strongly continuous
operator semigroup

Sp:Rsg— £ (ﬁ’f(%)) .

Moreover, let 0 < € < % and Mgprre > 1, Wipke € R be the constants from Theorem 2.1.
Then the bound

ket Mdp ke, R |IL >
HSﬁ(T)HQ(ka(Bd)) < ]\46l7z,7]€,R7£_:e(WUZpk8 dopite e BIIE(YJ’“(B%)) T
R -

holds for all 7> 0 and all § € Bé_l.
0

Proof. The existence of a semigroup with the asserted generator and growth estimate is a direct
consequence of the bounded perturbation theorem [34, p. 158] applied to the semigroup from
Theorem 2.1. O

However, this growth estimate does not account for a desired stable evolution. It is there-
fore indispensable to understand the stable and unstable components of the linearized wave
flow. This will be achieved by characterizing the spectrum of the generator. We approach this
perturbatively and, in a first step, investigate the nature of the perturbation.

3.2. Properties of the potential. Let us record the main features of the potential, i.e., its
compactness and Lipschitz continuous dependence on the Lorentz parameter.

Lemma 3.1. Let (d,p,k,R) € NxRs; x NxR>y. Let Ry > R and ( € IB%%,I. The operator
0
L'B SPY (ﬁk(BdR)) is compact. Furthermore, there is a constant L > 0 such that the bound

”L/ﬁl o L/ﬁQ

holds for all 81,32 € IB%dR,l.
0
Proof. The operator L’ﬁ is given by the composition of bounded linear operators

9*BE) — HYBEL) — HY'(BE) — 9F(BE)

1 0
[fJ = bil > i — Vih

Since the embedding H*(B%) — H*"1(B%) is compact for each d,k € N, the operator L} is
also compact.

The fundamental theorem of calculus yields
' ol
Vi€ = Vau©) = (G- ) | 0pVmiem)|,_, ds
and since the map

BhxBL . 2R, (66) - Va(E),

belongs to C>(B% x B%EI)’ the bound follows. O
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3.3. Spectral analysis of the generator. In fact, the evolution generated in Proposition 3.1
cannot be stable in the whole Hilbert space due to two unstable eigenvalues of the generator
which are induced by the time translation symmetry and Lorentz symmetry of Eq. (1.1).

Lemma 3.2. Let (d,p,k, R) € NxRs; x NxR>y. Let Ry > R and 3 € le%_l. Let o5, f15 €
C’oo(@)2 be given by

ey | spepy(B) (1 +ﬁT§)S”1&]

0.548) = |5, (5, + Deyr(8) 5 (1 + BTE) 26, (3.4)
[spepy(B) P T2(1 + 5T§)S”ﬁl}

[s2e,y(B) (L4 BTE) 15,

| spepY(B) (14 pTE) !

B0 = | (s + D (8) (1 + ﬁT£)‘S"‘2] ’ (3:5)

_l’_

fori=1,...,d. Then
Lﬁf(),ﬁﬂ' =0 and (I - Lﬁ)flﬂ =0.
Proof. Recall that
Vbt x) = epy(B) (T =t + B a) =
defines a (d + 1)-parameter family of blowup solutions satisfying
R P ) Lo
Differentiating this equation with respect to the parameters 8¢, T for i = 1,...,d implies

Daﬁﬂ,[);,:p = —Vﬁ,TaBﬂ,ZJET and D@TW;T = —VB,T(?TT/)E,T-

Here,
Dpitfr(t, ) = —cpsyy(B) (T =t + BTa) =
— cpspy(B) AT — t + BT a) ™ 3,
0105 (t, ) = —cpsp(sp+ V)y(B) (T —t + o)~ 2a
— ey (B) AT — 4+ BTa) v
and
O r(t, ) = —spepy(B) P (T —t + Blz)=s»1,
WDt ) = =sy(sp + Vepy(B) (T =t + BTa) =072,
and an application of relation (3.2) yields the above stated eigenfunctions. 0

In the following, we prove that the two symmetry-induced eigenvalues are the only unstable
spectral points of the generator. As a result, we will formulate a spectral theorem for the
generator that allows us to identify the stable and unstable components of the evolution.

3.3.1. Spectral analysis with parameter value zero. If § = 0, a description of the unstable spec-
trum of the generator follows from ODE analysis.

Lemma 3.3. Let (d,p,k,R) € Nx Rs1 x N x R>q such that % -5, —k <0. Put

d
Wd,p k= Max {—1, 3~ sp — k, —sp}
and let wqpr < wo < 0 be arbitrary but fized. We have
o(Lo) NH,, ={0,1}.
Both points 0,1 € o(Lg) belong to the point spectrum of Ly with eigenspaces

ker(Lo) = (f.0.:)%; and ker(I — Lg) = (f10)
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spanned by the symmetry modes £o.,£10 € C®(B%)? given by

SpCp&; SpC .
f0,04(§) = Lp(sppfl)cp&] and  f10(&) = [sp(spp%—pl)cp] : i=1,....d.

Proof. Due to Theorem 2.1 and Lemma 3.1, we can employ [37, Theorem B.1] to get that _the
set o(Lg) NH,,, consists of finitely many isolated eigenvalues of Ly. Thus, if A € o(Lg) N H,,
then there exists an f, € D(Lo) \ {0} C $*(B%) such that (A\I — Lo)fy = 0. From this equation
we conclude that the first component f); € H k (IBBC}%) is a non-zero weak solution to
0= ((07 = €€7)0:0es — 2\ + 5 + DE s = A+ 5)(A + 5, + 1)) faa(€)
+ Vo(§) fr1(8)
= <(5iﬂ’ — &8)0¢i0 — 2N+ sp + 1) 0 — (A= 1)(A + 25, + 2))1371(5) (3.6)
in B%, where V5(&) = (sp + 1)(sp + 2) is the constant potential. In what follows, we treat the
multidimensional cases separately from the one-dimensional case.

In the multidimensional case d > 2, elliptic regularity implies f); € C*° (B%\Sd_l) nH* (IB%%).
Next, we consider the spherical harmonics expansion

B =3 S Pmoeme)s Frem(o) = L, Fem@iha(pe) dote).

=0 mEQd ¢
From this, the bounds

1
15 By = |,
2

//Sdlzwaafu o) do(w) dp

Z/ /S (07 Fa) (o) 2 dor(w) " dp

lov|=3

2
/d 1 Yom(w)w' .. w (0 ... 0i; fa1)(pw) do(w)| dp
-

<
~ ‘|fA,1‘|Hk(B%)

follow for j = 0,1,...,k and so fy ¢, € C°([0, R) \ {1}) N H*((3, R)). Moreover, inserting the
spherical harmonics expansion into Eq. (3.6) yields that fy ., is a solution to the differential
equation

0= (1= )" () = (20 + 5,5 Dp = —2) 7p)

- (= D0+ 205+ 1)+ =2 1

in (0, R) for each £ € Ny, m € Qg,. This equation has Frobenius indices

d 1
{{,=(d+1—-2)}at p=0 and {0,5—51,—)\—5}&‘5;):1.
To proceed, let gy ¢ € C*((0, R?)\ {1}) N H*((%, R?)) be defined through the transformation
Prem(p) = 0 arem(p?) - (3.7)
Then g ¢, is a solution to the hypergeometric differential equation
21— 2)g"(2) + (e — (a+ b+ 1)2)g'(2) — abg(2) = 0 (3.5)

with parameters

1 1 d
=SU+A=1), b=o(+A+2sp+1), c=g+L
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The Frobenius indices of Eq. (3.8) are

d
i
and a fundamental system near z = 0 is known in terms of hypergeometric functions. Namely,
for each d > 2 and ¢ > 0 the analytic fundamental solution is given by 2F}(a,b,c;2) and the
second fundamental solution by

—9 1
{0,—%—6} at z=0 and {0,—§+ Sp_A}atZ::l

a—2

272 YF(a—c+1,b—c+1,2—¢z) ifdis odd,
oF1(a,b,c; z)log z + z_%_gcpmb’c(z) if d is even,
see [64, p. 395] for detailed formulas. This forces together with Eq. (3.7) and smoothness of

fe,m at the origin that gy ¢, is a non-zero multiple of 2 F (a, b, ¢; z) and it remains to investigate
its behaviour near z = 1.

Case —a ¢ Ny. We use the identity
b
352F1(a,b,c;z) - %ZFl(a+k7b+kac+k;z)7
k

see [64, p. 387, Eq. (15.5.4)]. Since —a ¢ Ny and Re(b) > 0, we have for the rising factorials
(@), (b)r # 0. Now, as Re(\) > wp > % — s, — k,

1 d 1
Re(c—a—b—k):—§+(§—sp—k)—Re()\)<—§,

so [64, p. 387, Eq. (15.4.23)] implies
052 Fi(a,b,6;.2)] = |1 — 2 te(eme070

near z = 1. Hence angl(a, b, c; z) fails to be square integrable near z = 1 which excludes all
possible A € H,,, in the present case as an eigenvalue of Ly.

Case —a € Ny. Then there is some n € Ny such that a = —n, i.e.,
A=-2n—0+1.

As Re(A) > wg > —1 and ¢ > 0, we conclude 2(1 —n) > ¢ > 0. However, this can only hold
for n = 0, which leads to the only admissible pairs (A, ¢) € {(1,0),(0,1)}. By Lemma 3.2, the
symmetry modes fpo; and f; o are eigenvectors of Lo to the eigenvalues A = 0, 1, respectively,
which occupy the spherical moments ¢ = 1, m € Qg1 and £ = 0, m € (g0, respectively.
Since dim Qg0 = 1 and dim Qg = d, see [I, p. 19], there are no further linearly independent
eigenvectors.

In case d = 1, we have that fy; € H*((—R, R)) solves the equation

(1= E)f1(6) = 20N + 55 + DEFL(E) = (A= 1A+ 25, +2) f21(6) = 0
in (=R, R), which has regular singular points at £ = 1 with Frobenius indices {0, =\ — sp},
respectively. Upon performing the transformation
f,\,1(§) = g,\,l(%) )

we find that gy 1 solves the hypergeometric differential equation

2(1=2)g"(2) + (¢ — (a +b+1)2)g'(2) — abg(z) =0 (3.9)
with parameters

a=A—1, b=A+2s,+2, c=A+s,+1.
A fundamental system to Eq. (3.9) in (0, 1) is given by the hypergeometric function o Fi(a, b, ¢; z),
which is analytic at z = 0, and

A F(a—c+1,b—c+1,2—¢2) ifcéN,

o F1(a,b,c;2)log z + 27252, o(2) if ce N.
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However, any of the latter solutions fails to be in H'((0,1)) for any value of A € Hy,, and thus
gx1 is a multiple of 9F(a,b,c;2z) in (0,1). Similarly, another fundamental system in (0, 1) is
given by oFy(a,b,a+b+1—¢;1— z), which is analytic at z = 1, and a second function which
fails to be in H'((0,1)). Thus, gy 1 is also a multiple of 2 Fy(a,b,a+b+1—¢;1—z) in (0,1) and
therefore the analytic solutions at z = 0 and z = 1 have to be linearly dependent. According to
the connection formula relating both hypergeometric functions, this is only possible if —a € Nj.
As above, this yields the eigenvalues A € {0,1} which correspond to the eigenmodes from
Lemma 3.2. U

In order to identify a stable subspace for the linearized wave evolution, we also need informa-
tion about the algebraic multiplicity of the unstable eigenvalues.

Lemma 3.4. Let (d,p,k,R) € N x Ry; X N X R>y such that — k < 0. The algebraic
multiplicity of both eigenvalues A € {0,1} of Lg is finite and equal to the respective geometric
multiplicity. In particular,
ran(P) o) = ker(A\I — Lyg) ,

where Py € £ (H(B})), defined by

1

Pyo:=— Ry, (z)dz,
2771 8]]])r()\) 0( )

is the Riesz projection associated to the isolated eigenvalue A € {0,1} of Ly, respectively.
Proof. Let A € {0,1}. Assume f € ker(A\I — Lg). Then
(AL = Lo)(I =Py o)f = (I—Pyo)(AL—Lo)f =

So (I —Pyo)f € ker(AI — Lo[,an1—p, ,))- But by construction o (Lo [ an1-p, o)) = a(Lo) \ {A},
hence (I — Py o)f = 0. Thus f = P, of € ran(P, ) and we have
ker(AI — Lg) C ran(Py ) .
To prove the other inclusion, we start noting that the algebraic multiplicity of both eigenvalues
A € {0,1} is finite, i.e., ran(Py ) C $H*(B%) is a finite-dimensional subspace, see [37, Theorem
B.1]. By construction, (Lol anep, ,)) = {A} which implies that the operator AT — Lo
is nilpotent, i.e., there is a minimal ny € N such that (AI — Lo [,anp, )™ = 0.

ran(Py o)

First, assume that ny > 1. Then ran(AI — Lol an(p, o)) N ker(AL — Lol anp, ) # {0} and it
follows that there exist F € ker(AI — Lol anep, ) \ {0} and £\ € ran(P) o) such that
()‘I — Lo rran(P%O))fA =F,\.
This yields the equation

(= (07 = €600 + 200+ )60 + (A= D(A+2(s, + 1)) ) faa(©) = FA(),  (3.10)

where F)(§) = (A+sp+1)Fx 1 () +£0 Fy 1 () +Fy 2(€) defines a smooth inhomogeneity. Elliptic

regularity implies fy; € COO(@ \ S471) N H*(B%). To continue, we treat both eigenvalues
A € {0,1} separately.

Eigenvalue A = 0. There is an o € C?\ {0} such that the inhomogeneity reads

F(] = Z ()éif070,i and thus Fo(é) = (28p + 3) Z Oélfi R

see Lemma 3.3. From the same lemma we see that only the first spherical moment contributes
in the spherical harmonics expansion of fg 1, so

Jo(pw) Z Jfoam(p)Yim(w).

mEQd 1
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Plugging this relation into Eq. (3.10) leaves us with inspecting the solution f of the equation

(=102 = (204 100 = =)0, + (25 + 1 = 7)) ) = 25+ 3.

By letting

(0) = 5b s p0(s?)

we obtain the equation

12" )+ (2 (504 5))9 ) = 152

Thus, there is a constant ¢ € C such that

As fo1 € C=([0,R] \ {1}) N H*((3, R)), it follows that ¢ = 0, so
g(zx) =2 (12 / 1 — g ag
:2F1(sp+g,1,di24;z), 0
where we used [64, p. 183, Eq. 8.17.8]. This implies
(1- z)*(%*sl’*k*%)g(k)(z)‘ ~1
near z = 1, which contradicts ¢g\¥) € LQ(%, R?).

Figenvalue X = 1. There is an a € C\ {0} such that the inhomogeneity reads Fy = of; o and
thus F(§) = a(2s), + 3) is constant, see Lemma 3.3. The spherical harmonics expansion in the
proof of the same lemma shows that fi; is actually radial, i.e.

fia(pw) = fi0,0(p)Yo0(w)-
With this, we infer from Eq. (3.10) that a multiple of f; o solves the equation

d—1
(1= %2 = (250 + 200 = == )0 Fp) = a2y +3).
For convenience, we consider the transformation

flp) = 06(28#;3)9(/)2),

which leads to the equation

120"+ (5 (s0+3))d2) =5

Again, this equation can be integrated and it follows that there exists a constant ¢ € C such
that

z
J(z) =cx 5 (1—2) 73 4 dom5(1— 2)3 3 /o (L= Q)3 dC.
As fi0,0 is smooth near z = 0 we conclude ¢ = 0 and so
z
(-9t [(¢Fa-gieria
0

:2F1(8p+ 3717%72)

g(z) =472

Thus,
(1- z)*(%*sl’*k*%)g(k)(z)‘ ~1

near z = 1, which contradicts ¢g\*) € L?(3,R?).
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It follows that the assumption ny > 1 is wrong.
Thus ny = 1. So AI = Lol,anp, ) = 0, i.e. (AL —Lg)Pyof =0 for all f € H*(B%) and thus
we infer the other inclusion ran(P) o) C ker(AI — Ly). O

3.3.2. Spectral analysis with small parameter values. We show that the spectrum of the gener-
ator in a right half-plane is stable under small variations of the Lorentz parameter.

Proposition 3.2. Let (d,p,k, R) € N x Rs; x N x R>1 such that g -5, —k <0. Put

d

Wi,p,l; = Max {—1, 3~ sp — K, —sp}
and let wypr < wo < 0 be arbitrary but fived. There is an Ry > R such that for each \ €
M., \ (D@(O) qu(1)> and f € B,

2 2 0

A€ o(Lg) implies A €oa(Lo).

In particular, Heyy \ (D 1wl (0) UD wy (1)) C o(Lig) and there is a constant C > 0 such that
2 2

IRL, (2l (mr ey = €

holds for all z € H,, \ <Dw(0) U Dw(1)> and all B € Bé_l.
2 2

0
Proof. If z € Hy, \ {0,1} then z € o(Lg) and the identity
Ly = (1— (L — Ly)Ru,(2)) (=1 — Lo) (3.11)

holds. Thus zI —Lg is boundedly invertible if and only if the bounded linear operator I — (L/ﬁ —
Lj)Rur, (2) is invertible. The latter is true if the Neumann series of (Lj; — Lj)Rur, (2) converges.
To achieve this, consider the Riesz projections Pg o, Po1 from Lemma 3.4 and split

Ry, (2)f = Ry, (2)(I — Po)f + Ry, (2)Pof (3.12)

with Pg := Pg o+ Po 1. If we combine [37, Theorem B.1] with [34, p. 55, 1.10 Theorem]|, we get
for each w > wgyp r that Ry, (2)(I — Pyg) defines an analytic map in the whole right half-plane
H, and there is a constant M, > 1 such that

M,

CErE (3.13)

IR, (2)X = Po)llg(semey) < Ra

for all z € H,. On the other hand, using Lemmas 3.3 and 3.4, there are unique gé, . ,gg, g1 €
$H*(B%) such that

d
Pof = > (&
1

1=

f) £0. < ‘f) flo.
ok (BL) 0,0 T (81 ot (@) 1,0

Since this is an expansion in terms of eigenvectors of Ly,

f)ygk(]Bd

®)

d
RLO (Z)Pof = Z Z_l <g6 f0707i + (Z — 1)_1 <g1 ‘ f> f170 (3.14)
i=1

Hk(BY)

follows. From Egs. (3.12) to (3.14) we infer that there is a constant Cy > 0 such that the
resolvent estimate

IR, (Z)Hg(,@k(]ggz)) < Cy
holds for all z € H,, \ <ID)&(O) U D&(l)) This bound implies with Lemma 3.1
2 2
16 = L) RLy (2) | o (grmey) < ITo = Lp) ot () IRLo (2) | o (k8

< LCy|B|
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for all z € H,, \ <ID)M(0) U DM(1)> and all 5 € Bé_l. Consequently, if we fix Ry > R large
2 2 0

enough, then we have for all z € H,, \ (DM(O) U Dm(l)) and all § € IB%dR,1 that z € (L)
2 2 0
implies z € o(Lg) with

-1
Ry, (2) = Re,(2) (I - (L — Ly)Re,(2)) -
From here, the uniform resolvent bound follows. O

Arrived at this point, the fact that the generator depends continuously on the Lorentz param-
eter lets us conclude this subsection with the anticipated spectral theorem for the generator.

Theorem 3.1. Let (d,p,k,R) € N x Ryq x N x R>q such that % — s, —k <0. Put

d
Wi, p k= Max {—1, 3~ sp — k, —sp}
and let wqpr < wo < 0 be arbitrary but fived. There is an Ry > R such that for each 3 € Be_,
0

o(Lg) NH,, = {0,1}.
Moreover, both points 0,1 € o(Lg) belong to the point spectrum of Lg with eigenspaces
ker(Lg) = (fopi)iy  and  ker(I—1Lg) = (fi5)

spanned by the symmetry modes fy5;,f1 5 € C'OO(IB%dJ,%)2 from Lemma 3.2. Furthermore, the
algebraic multiplicity of both eigenvalues A € {0,1} is finite and equal to the respective geometric
multiplicity. In particular,

ran(P)y g) = ker(A\I — Lg)

where Py g € £(H%(BE)), defined by

P)\ﬁ = RL

z)dz,
2mi D (N) ( )

B

is the Riesz projection associated to the isolated eigenvalue X € {0,1} of Lg, respectively.
Proof. According to Proposition 3.2, (D4, \ Hay,) C o(Lg) and the projection

P, = / Ry, (2)dz € £ (9"(B}))
OD14 g \Hag)

is well-defined and depends continuously on the parameter. By [13, p. 34, Lemma 4.10], the
ranges of Pg define a family of isomorphic subspaces. By Lemma 3.4, the range of Py =
Py o+ Po 1 is (d + 1)-dimensional. Furthermore, as ker(AI — Lg) C ran(P) g), the range of Pg
contains the (d + 1)-dimensional subspace spanned by the symmetry modes from Lemma 3.2.
Consequently, there are no further spectral points of Lg contained in Dy \ H,,, other than
0, 1. O

3.4. Linearized flow along the stable and unstable subspace. Now, we use the spec-
tral information from the previous subsection to determine the instabilities as well as a stable
subspace in the linearized wave evolution. Under the assumptions of Theorem 3.1, we set
Ps:=Pos+P1ge £ (H"(BYE)) and get the decomposition

9 (B%) = ran(Pg ) @ ran(Py 5) @ ran(I — Pp)

of the Hilbert space along the Riesz projections. As an immediate consequence of the spectral
analysis, we will see that ran(Py ), ran(Py 5) C $*(B%) are unstable subspaces in the evolution
of Sg(7). Proving that the complementary subspace ran(I — Pg) C $*(B%) is stable uniformly
with respect to the Lorentz parameter g is nontrivial and requires preparation which is carried
out in Appendix A. This gives a complete dynamical portrait of the linearized wave flow near
the blowup as follows.
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Theorem 3.2. Let (d,p,k,R) € N x Rs1 x N x R>q such that % — s, — k < 0. The semigroup
Ss(7), introduced in Proposition 3.1, and the projections Pg g, P15 € £ (.V)k(IB%%)), introduced
in Theorem 8.1, satisfy

P sSp(1) = Sp(7)Pos = Pog, PosP15 =0,
Py 5Ss(1) = Sp(7)P1s =e"Py g, P1sPos=0.

Moreover, for each arbitrary but fived wyy . < wo < 0 there is a constant M, > 1 such that

1Ss(7)(T = Pp) < My eI = Pp

forallT >0 and all 5 € IBB%,I.
0

(9" (B)) £(9*(B%))

Proof. Let Ry > R as in Theorem 3.1. Any strongly continuous semigroup commutes with its
generator and hence also with the resolvent of its generator. This implies that Sg(7) commutes
with the spectral projections Py 5. Using ker(A\I—-Lg) = ran(P} g) from Theorem 3.1, we derive
the differential equation

0-Sp(T)Py pf = ASp(7)P) pf

and get the unique solution Sg(7)P) gf = e’\TPA,gf, which yields the representation of the
semigroup on the unstable subspace.

Lastly, we verify a uniform resolvent bound. By Proposition 3.2 we have

IRz, (g0 (mey) < C

for all z € H, \ (D@(O) U Dw(1)> and all § € B? . Now, the map Ry, (2)(I — Pj) is
analytic in H,, and since ’ ’

Risly, (2) = Ry (2)lg, = Ri, (2)(1 = Pg)ly,
we conclude that there is a C' > 0 such that

|RL, (2)(I—Pg) <C

£(9*(BR))

for all z € H,,, and all 8 € IB%%,I so that Theorem A.1 yields the uniform decay estimate. O
0

4. STABILITY ANALYSIS OF THE NONLINEAR WAVE EVOLUTION

To arrive at the full nonlinear problem in terms of the variables (3.1), we derive from Eq. (3.2)
the nonlinear relation

oru(r, .) = Lgu(r, .) + Ng(u(r, .)) (4.1)

0
(Te_T)SP"'2 <(Du + Vg ru + NﬁvT(u)) o XT) (1, . )] ’
where
0
Natur 0 = (73 + i) - (@) e - FUe)] 42
with
F(z) =227 and  f5(6) = (B (14577
This shows that the Cauchy problem (1.7) is formulated equivalently as an abstract Cauchy
problem

oru(r,.) = Lgu(r,.)+Ng(u(r, .)),
{ u(0,.) = 14+ —fs, o
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with smooth initial data given by

fT(f) = [Ts{iiggggg] ) fg(f) = |:Tsp+?zizz:| )

_ Y (B) " (L + 516~
£5(¢) = [spcp,y(ﬂ)sp(l _i_ﬂTS)spl} )

see section 1.3. With the semigroup from Proposition 3.1 at hand, Duhamel’s principle yields
a strong formulation

u(r, .) = Sg(1)u(0, .) + /OT Ss(T — TI)Nﬁ(u(TI, D)) dr! (4.4)

of problem (4.3). To solve the latter equation, we set up a fixed-point argument in a suitable Ba-
nach space and suppress all linear instabilities at once with a Lyapunov-Perron-type argument.
This will carry the linear decay rate on the stable subspace over to the nonlinear flow.

4.1. Properties of the nonlinearity. Before we set up function spaces for the main fixed-
point argument, we prove useful identities that allow us to fit the nonlinearity properly into our
functional setting.

Lemma 4.1. Let F € C%([a,b]). Let 29 € (a,b) and define
N € C*([a — z0,b — x0)) by N(x) = F(zo+z) — F'(20)z — F(20) -
Then .
N(z) = xz/ F'"(zo+tx)(1 —t)dt
and '

N(m)—N(y):/O /0 (z—y)(sz 4+ (1 —s)y)F"(xo + t(sz + (1 — s)y)) dt ds.

Proof. Indeed, the first identity is the assertion of Taylor’s theorem with integral remainder.
The second identity follows from two applications of the fundamental theorem of calculus,

N(z) = N(y) = F(zo + =) — F(xo +y) — F'(z0)(z — y)

1
= /0 OsF(xo+y+ s(xz —y))ds — F'(zo)(z — y)
1
= (z - y)/o <F/(3Uo + sz + (1 —s)y) — F'(xo)) ds

1,1
:(x—y)/o /0 (sz+ (1= s)y) F" (zo + t(sz + (1 — s)y)) dtds. O

With this and expression (4.2) in mind, let us consider the following power-type nonlinearity.

Definition 4.1. Let (d,p,R) € Nx Ry X R>;. Let Ry > R and 3 € IBB%,I. Consider
0

F(z)=z2I""' [5(&) = e (B) (1 +B8T¢) ™,
and
Ns(£)(€) = F(f5(&) + £()) — F'(f3(£) £(&) = F(f5(6)) ,
for ¢ € @ and f € Cm(@). We define

_ 0
N3(£)(€) = [Ng(fl)(f)] '
for £ € @ and f € Cw(@ﬁ

An application of Lemma 4.1 and an algebra property yields a locally Lipschitz continuous
nonlinearity in the Sobolev spaces from Definition 3.1.
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Lemma 4.2. Let (d,p,k,R) € N xRy x Nx Rsy with k > 4. Let Ry > R and f3 € Bé,l.
There is a 6 > 0 such that the map ’
Njs: 95(Bf) — 9"°(BE), £~ Ng(f),
1s well-defined with
Ns(f) € 97 (BR) € 5" (BR)
for all £ € HE(BL). Moreover,
ING(£) g pe) S 07
ING() ~ No(@) ooty S (1FLgqosy + lseqon) I — &llsess,
for all £,g € HEBL) and all B € le%al.

Proof. Note that |7¢| < RalR < 1 for all g € B%_l and all £ € @. Thus, there is a ¢ > 0
0
such that
f5©) =e(B) 1+ 87" > c
for all g € IBB‘;TI and all £ € @. Ask > g, we can exploit the continuous embedding H* (IB%%) —
0
L*>®(B%) to find a § > 0 so that

o c —
[fllgr@ey <6 implies  [f(§)] < 3 for £ € B

for all f € COO(@). This shows that if f € C'Oo(@)2 N HY(BYE) then Ng(f) € C'Oo(@)2 for all
B e IB%?{_I. Invoking the algebra property of H* (BdR) and Lemma 4.1, we get the estimates
0

INs(E)l s gay = 1N (FO)ll -1 may <INl grag,) < 62

and
INg(f) = Np(@)llgr@e) < INs(f) — Np(g)llgr+181,)
= [INs(f1) = NB(Ql))HHk(BdR)
S il @ay + gl zr@a ) ) = 91l e ey
S (”nygk(Bg;) + HgHﬁk(]BdR))Hf - gHygk(BdR) )
for all f, g € C'Oo(@)2 N HEBL) and all 8 € @. With the latter estimate, we get a unique

extension Ng : H¥(B%) — $*(B%) whose image is contained in $H*+1(B%) and for which the
above estimates continue to hold. O

4.2. Stabilized nonlinear evolution. The delicate part is to prove existence of a solution to
Eq. (4.4) that is globally defined on the unbounded interval. First, we define a Banach space
that is suitable for a fixed-point argument and has the linear decay rate encoded.

Definition 4.2. Let (d,p,k,R) € N x Ro1 x N x R>y with k& > £. Put
wp =min{l,s,} >0

and let —w, < wy < 0 be arbitrary but fixed. We define a Banach space (X*(B%), ||. | 4 (B%)) by
x*(BE) = {u € C([O,OO),ka(Bﬁl%)) ‘ Hu(T)Hﬁk(]BdR) < e all 7 > 0} ,

Ihallen gg) = i‘;%’ (ei ’ ||u(7')\|ﬁk(183f§)> -

We also define for § > 0 a closed ball

xE(BY) = {u e X(BY) | |ul g, < 0.
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The directions spanned by the symmetry modes induce instabilities in the nonlinear wave
evolution, obstructing global existence on the unbounded interval [0,00). By considering the
projection of the Duhamel formula (4.4) onto the stable subspace, one is led to introduce a
modification of the initial data into unstable directions.

Definition 4.3. Let (d,p,k,R) € N x Ry; x N x R>1. Let Pyg, P15 € £(H%(B%)) be the
spectral projections from Theorem 3.1 and set Pz := P 3 + Py 3. We define a correction term

Cj : 5" (BR) x X5 (B) — " (BR)
(f,u) — Paf + Poﬁ/ Ng(u(r))dr’ + Pl,g/ e " Np(u(r'))dr’ .
0 0
Note that the correction term belongs to the unstable subspace ran(Pg) C ﬁk(BdR). Subtract-

ing it from the initial data in the Duhamel formula stabilizes the nonlinear wave evolution.

Proposition 4.1. Let (d,p,k,R) € Nx Rs; x N x R>q with k > %l. Let —w, < wo < 0. There
are 0 < g < 1, Cyp > 1, Ry > R such that for all 0 < § < oy, C > Cy, all B € IB%%,I and all
0

f € H*(BY) with HfHﬁk(]BdR) < % there is a unique ug € X*(B%) such that Hug”xk(]BdR) <0 and

s(r) = S5(r)(E = Colts)) + [ S5(r = 7 Na(us(r) a (45)
for all T > 0. Moreover, the data-to-solution map
95 (BR) — X" BE), £ ug,

18 Lipschitz continuous.

Proof. Fix Ry > R from Theorem 3.2. For now, let § > 0. For u € X¥(B%) and 7 > 0 we define

Ko(f,u)(r) = 85(r)(f — Co(fw) + [ Sy(r — 7)Ny(u() dr'.
0
Exploiting the semigroup identities provided in Theorem 3.2, we note that the decomposition
Koe.0)(r) = (1= P3) (S50 + [ 85(r = )Ns(u() a')

(e e]

—Poﬁ/ Ng(u(T/))dT/—PLg/ eT*T,Ng(u(T'))dT'

along the stable and unstable subspace holds. Using the uniform bounds on the semigroup and
nonlinearity from Theorem 3.2 and lemma 4.2, we get the estimate

woT 4 wo(T—1" 2
Il 0) (e oty S & ey + [0l g, 7

+ / Hu(TI)H.%k(]B%) dTI —+ / eT*T’Hu(T/)H%k(B%) dTI

J i /
T T+T 2 !
< aewo +/0 ool )Huka(B%) dr

0o 00
2o’ 2 / —7/4+2wo T’ 2 /
+/7— e2woT HuH%’“(B‘}{) dr +/r o7 T H2woT Huka(]BdR) dr

0
g EGWOT + 52€w07
for all u € %g(ﬂ%%), all 7> 0 and all g € B%_,. Thus, if 0 < § < §y with dy > 0 small enough,
for each f € $H¥(B%) the map

d
Ry

Ko(f, ) : X5(BY) - X5(BE), urs (70 Ka(f,w)(r),

is well-defined.
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In order to show that this map is a contraction, we also note the decomposition

K (£, )(7) — K(£,v)(7)
= (1=Ps) [ Satr =) (Nofu(r) = No(v(7) a
~Pos [ (Nau(r)) - Na(v(r) dr
Pus [ (Np(u(r) - Na(v(r)) d

and estimate as before

K (£, w)(7) = Kp (£, v)(7) [l e,

< /0 e [Ng(u(r')) = Na(v(r)) e ag, A7’
+ /TOO T [Ng(u(r) = Na(v(r)) e g A7’
+ / e N () - Na(v(T)Dlor zg,) d7’

S (1l or ey + [Vl )l = Vil s /oT (T +T) gt
o (Iraleegagy + IVILe gyl = Vlle e /TOO e

[e.e]
+ (Huka(BdR) + HV”xk(BdR))Hu - Vka(Bc}%) /T e 20T 4!

S 007 lu — VHaek(]BdR)

for all u,v € %Ig(BdR), all 7 > 0 and all g € B%_,. Upon possibly choosing dy > 0 smaller, we

infer

d
Ry

1
IKs(f, ) = Ks(f, v) @y < Sl = vilxemg)

for all u,v € X¥(B%) and all 3 € B%al.

fixed-point theorem yields a unique fixed point ug € X%(B%) of Kps(f, .).

So Kp(f, .) is a contraction mapping and Banach’s

Lastly, let f,g € .leg(IBBCI%) and let ug,vg € %?(B%) be the unique fixed point of Kj(f, .),
Kj(g, . ), respectively. Then

ug(7) — vp(r) = Kp(f, up)(r) — Kp(g, vg)(7)
= Kp(f,up)(r) — Ks(f,vg) (1) + Sp(r)(I - Ps)(f — g).

Applying previous estimates yields

1
K5 (f,up) — Ko(f, ve)llxe@g) < 5lus = valleemg)
1S5(r)(X = Pp)(f — )llgrmey S 7 IF — gllgr g, -

for all 7 > 0 and S € IB%?%_I. This shows the Lipschitz continuous dependence on the initial
0
data. (]

4.3. Stable flow near the blowup solution. The initial data for our abstract Cauchy prob-
lem (4.3) are introduced as follows.
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Definition 4.4. Let (d,p,k, R) € N x Ro; x N x R>1. Let Rg > R and 8 € Bf{,h T > 0. We
0

define the operator

Ugr: C°RY? - 9*BE), £+ £] —f5,
where 7, f] f5 € C"x’(@)2 are defined by
Tiey_ | T A(TE) T (e — T*rep
f (5) - |:Tsp+1f2(T£) ) fO (5) - T5p+15pcp ;

£5() = [ e 1(B) (1 +5Ts>—ﬂ .
Spcp'Y(ﬂ)iSp(l + 5T§)75p71
To guarantee a stabilized evolution for such data, we need a smallness property of the initial
data operator. This is ensured by the following lemma.

Lemma 4.3. Let (d,p,k,R) € NxRs1 x Nx Rsy. Let Ry > R and 3 € IBB%,I, T eBi(1). We
0 2

have
Usr(f) =7 + (T = Dfi g + B'fop: +r(8.T),
for any £ € C®(R%)?, where f1,, 10,3, are the symmetry modes from Lemma 3.2, and

e (8, Tl gy S 1T =117 + [

for all 5 € IB%%,I and all T € BL (1).
0 2

Proof. For fixed & € IB%%, Taylor’s theorem applied to the components of the map
By xBL(1) > R*, (B,T) = £ (¢) —£3(9),

yields
£1 (&) — £5(&) = (T — D)f10(&) + Bo,0.4(&) +Tp7(€)

with remainder

ﬁhﬂ@h=(T—U2A O, 67" (€)]s (1-2)ds

T'=1+2(T—1)

(1-2)dz, =12

- ‘3 3/18/jf/
Zw/ﬁ 100 £ (€]

ij=1 p==p
Thus
£l —f5 = (T — V)i g+ B3 +rpr
with
ror =Tgr — (T = 1)(f1,5 — f1,0) = 8'(fo,81 — fo,04)
and the bound follows. O

It remains to remove the correction term in Eq. (4.5) to obtain a global solution to Eq. (4.4).

Proposition 4.2. Let (d,p,k,R) € Nx Roy x Nx Ry with k > 4. Let 0 < & < w,. There

are constants 0 < 6. < 1, Cc > 1 such that for all 0 < § < 6., C > C. and for all real-valued

f € C°(RY? with €]l gk Ry < % there are parameters * € BL , T* € BL (1) and a unique
c C

ugs 7+ € C([O,oo),.V)k(IBBCf%)) such that |jug« 7= (T)Hﬁk(leR) < §ewpt)T gnd

ug (1) = Sp+ (1) Ups 1+ (£) + /OT Sp- (1 — 7' )Ng«(ug- 7+ (7)) dr’ (4.6)

for all T > 0.
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Proof. Let ¢ > 0 so that wg = —w, +¢ < 0. For such wg < 0, pick 69 > 0, Cp > 1 from
Proposition 4.1 and let 0 < ¢’ < §p and C" > Cp. Let

6/
0<6§5€:M and C>C. = M,C'

w
for M, > 1. Let f € C®(R%)? with €[] 5y (mey < % If M, > 1 is large enough, we get from
Lemma 4.3
U826 aty < I ety + 1T — 1l sl o
d
+ 518l ag) + s rllscat
i=1
0
< —
S @
for all g € IB% and all T € Bl (1). Hence, we can fix ¢’ > 0 and ¢’ > 1 for now so that

Ugr(f) € ﬁk(Bd) satisfies the assumptions for the initial data in Proposition 4.1 and we
conclude the existence of a unique solution ugr € X* (IB%%) with ||ug 7| ¢« (BY) <4 to

us (1) = Sp(7)(Upr(f) — Ca(Ugr(f), usr) + /0 T Sp(r — 7" )Ng(ugr(r'))dr’,

for each 3 € IB%C% ,T'e Bl (1). Now, the task is to determine parameters such that the correction

term Cg(U@T( ),u@T) € ran(Pg) from Definition 4.3 is equal to 0. By Theorem 3.1 we
have that ran(Pg) C $*(B%) is a finite-dimensional sub-Hilbert space spanned by the linearly
independent set {fy 1,...,fy5.4,f1 3} of symmetry modes. Therefore, it is sufficient to prove
that there are parameters for which the linear functional

lpr:ran(Pg) = R, g (Cﬁ(UB,T(f)a us,7) ‘ g) .
H*(BR)
is identically zero on a basis of ran(Pg). Note with Lemma 4.3 that

lar(g) = <PBfT ‘ g)ﬁk(]ﬂac};) + (T - (fl 3 ‘ g> ‘@) +p <f0,5,¢

g)mBs;)

+ (Por(s.T ‘g>sak(ﬂa%d>
+ (Poﬁ/ Ng(ugr(r ))dTl‘g)ﬁk(Bd)
+ (Pis /OOO T Na(ugr () ar'|g) B

To achieve vanishing of fg7, choose the dual basis {g};, . ,gﬁ,ggﬂ} for the basis
{fo.81,---,f0,84,f1 3}, which is obtained by letting I'(3)"™" for m,n = 1,...,d,d + 1 be the
components of the inverse matrix of the real-valued Gram matrix composed of entries

R R
I'(B)ar1; = (flﬁ ‘ fo,BJ)ﬁk(Bd)’ L(B)arrav1 = (fm ‘ flﬁ)qu(ﬂaad)’
R R
fori,7 =1,...,d, and putting
d
gh = T(B)™"f5m+(B) "4, n=1,...,d,d+1.
m=1
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Then

0.5 j) — (f . d+1> _
< 0,8, | 83 (B ) 0,8 | 83 (B )
< 15 |85) suma 151857 ) o

for i,j = 1,...,d and the components of each element in {g%,...,gg,gg“} C ran(Pg) are

smooth functions which depend smoothly on the Lorentz parameter by Cramer’s rule. Next,

define the continuous map F = (Fy,..., Fy, 1+ Fyiq) : B3 x B (1) — R4 by
C

C

Fo(B,T) =~ (P4f” | €5) ey, ~ (Povar 3)

_ > / 1 on
(Pos /o Ns(usr()a| gﬁ)ﬁk(B%)

a (Pl’ﬁ/o ° NB(HB’T(T/))dT/‘gg)fak(ﬁd)’
R

We use Cauchy-Schwarz and Lemmas 4.2 and 4.3 to get the estimate

Hk(BY)

n=1,...,d,d+ 1.

|1Fn(8,T)| < HfTHJ'j’“(BC}{) + s rllgrme) + HuB,THi;k(BdR)

s 2,
§ 1 § 0 §
S + = + =C'¢

~CM,C' T CM2C T C
for all 8 € @, all T € BY (1) and all n =1,...,d,d+1. Now, upon choosing §' > 0 smaller and
e} e}

C'">1, M, > 1 larger, we can fix the above values of d, C; so that F' becomes a continuous
self-map on B% x B (1) for any 0 < 6 < §. and C' > C.. According to Brouwer’s fixed-point
[e] e}

theorem, F has a fixed point (*,T*) € @ x B (1) which, by construction, satisfies
@] C

B =F (B, T%) = B = lger(gh-), T*=1+4Fg1(8"T") =T — g 1-(g5"),
for i =1,...,d. Thus {g« 7+ = 0, as desired. U
The just obtained mild solution is in fact a jointly smooth classical solution.

Proposition 4.3. Let (d,p,k,R) € N xRy x N x R>q with k > %. Let 0 < e < wp. There
are constants 0 < d. < 1, Cz > 1 such that for all 0 < § < ., C > C. and all real-valued

f € C°R%)? with £l gk (ray < % there are parameters B* € BL , T* € BY (1) and a unique
c c

Ug+ 7* € Cm(m)z such that ||u5*7T* (1, ')H.Vj’“(IB%C}@ < Sel=wpt+e)T 4nd

87-115*,’1"* (T, . ) = Lﬁ*llﬁ*;]"* (T7 . ) + N[—}* (Uﬁ*ﬂ"* (T’ . )) s (47)
115*7T*(0, ) = fT* + fO - fﬁ* ,

for all T > 0.

Proof. Pick 0 < 6. < 1 and C. > 1 from Proposition 4.2 and let 0 < § < 6. and C > C.. Let
ug- 7+ € O([0,00), H*(B%)) with [Jugs (7, ')Hﬁk(B%) < de(=9r+e)7 be the mild solution to

lwaT%T%=SmCﬂlhmT%ﬂ-%%;Sﬁ%T—TﬂNﬁ%umgwﬁU%hJ7 >0,

accordingly. We notice with Lemma 4.2 that Ng(ug- 7+ (7)) € H*1(B%E) C H¥(B%). Using this
with [36, Lemma C.1] and the above fixed-point equation, we conclude ug- 7+(7) € .V)k“(IBBCI%).

For all 7 > 0, induction and Sobolev embedding implies ug- 7+ (1) € C*°(B%)%. Quoting [65, p.
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189, Theorem 1.6], we have that our mild solution is a classical solution to the abstract Cauchy
problem, hence

Oruge7+(7)
= Sp(T)LgUpg-7-(f) + / Sp(r — 7 LgNg(ug: 1-(7')) d7’ + Ng(ug: (7))
0
is satisfied for all 7 > 0. So ug- - € C*([0,00), $H*(B%)) and the above equation also implies

for each 7 > 0 that d-ug-7+(7) € C*(B%)?. Inductively, for all m € N we have ug- 7+ €

C™([0,00), H5%(BE)) and 9T ugs (1) € COO(IB%d )2, for each 7 > 0. By Sobolev embedding, all
derivatives hold pointwise and Schwarz’s theorem [66, p. 235, Theorem 9.41] yields (7,§)

ug- 7+ (7)(€) is a jointly smooth map on [0, 00) x B%.

To see uniqueness for smooth solutions, suppose that ug: 7+ € COO((O,OO) X B%)Z with
lag~ 1+ (7, .)HN(B%) < del=w» )™ for all 7 > 0 is another solution to the abstract Cauchy
problem with the same initial data. Then ug- 7+ is also a mild solution and

Ugs 7+(T, .) — ugs7=(T, .)
_ /O S (r — 7/) (N (g 1+ (7)) ~ No (g (. ) .
Theorem 3.2 and lemma 4.2 yield the estimate
e T||ugs < (T, .) —ugs 7= (T, .)HM(B%)
S [ T s () = e (7 ey 47
for all 7 > 0, so Gronwall’s lemma, implies uniqueness in the class of smooth functions. O

4.4. Proof of stability of the ODE blowup. All that remains is to unwind Proposition 4.3.

Proof of Theorem 1.1. Fix 0 < ¢ < wp. From Proposition 4.3, we pick 0 < Jp < 1 and
Cop > 1. Then, for any 0 < § < &y, C > Cpy and real-valued (f,g) € C>®(R%)? with

1Cfs DI e (mayx rrr—1 (ray < % there exists a unique (ugs 1+ 1,ug71+2) € C*((0,00) X IB%%)Z
that is a Jomtly smooth classical solution to the abstract Cauchy problem (4.7). The nonlinear
relation (4.1) implies that u € C*° (Q}%d(T*)) given by

ult,2) = (T = ) e e (10g 757 725

is related to ug« 7+ o via

Orult,z) = (T* = 1) g -2 (1og 7257, 72
and is precisely the solution to the Cauchy problem (1.7). Thus,

is the unique solution to the Cauchy problem posed in Theorem 1.1. Moreover, by scaling of
the homogeneous seminorms, we infer from Proposition 4.3 the bounds

* —dyg +s *
(T = )50 () = e e Mogas .y = loa (log 755, ) lzoqu

< 5 (T"—t)“’ﬂfE

R(T* — t)
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for s =0,1,...,k, and

* —dyg +s *
(T = )72 0p(t, ) — Bfge e (s )| romr (e )

R(T*—t)
= Jluz (1og 757, - )l j7o-1 e
T* _$\Wp—€
<5 ()™
fors=1,...,k. O

APPENDIX A. UNIFORM GROWTH BOUNDS FOR SEMIGROUPS

In order to keep the line of reasoning self-contained, we study uniform growth bounds for
semigroups that are generated by a family of compact perturbations of a given generator of
a semigroup. Our conclusion in Theorem A.1 below is an adaptation of the Gearhart-Priiss-
Greiner Theorem to this situation. Throughout this section, we assume that

(al) $ is an infinite-dimensional Hilbert space with £(§)) the set of all bounded linear oper-
ators on ) equipped with the operator norm,

(a2) L:O(L) C $H — $ is the generator of a strongly continuous semigroup S : R>g — £(£)),

(a3) L'ﬁ € £($) is a compact linear operator for each parameter § € B in some non-empty
compact set B C R™ and the map B — £(9), 8 — L’B, is continuous.

To begin with, let us briefly recall some facts about strongly continuous semigroups and per-
turbations thereof. Every strongly continuous semigroup S : R>o — £(9) is automatically
exponentially bounded on R>g, i.e., there exist w € R and M > 1 such that

1S(T) ey < Me*”
for all 7 > 0, see [34, p. 39, Proposition 5.5]. Thus, the quantity
w(S) ==1inf{w e R |IM, >1:[S(7)|lgs) < Moe*" forall 7 > 0} (A1)

is well-defined and called the growth bound of the semigroup. Moreover, the Bounded Pertur-
bation Theorem [34, p. 158] asserts that for each 5 € B the operator

Ly =L+L;, DL =9(L),

is the generator of a strongly continuous semigroup Sg : R>o — £($)) which satisfies for each
fixed w > w(8S) the estimate

1S5(7) | ae) < MueletMallLhlle)r (A.2)

for all 7 > 0 and all 8 € B. In practice, however, perturbative arguments usually require
improved versions of (A.2) that are uniform with respect to the parameter 8 € B. This can be
achieved by a separation of the spectra of the generators Lg. In this respect, let wg > w(S) be
arbitrary but fixed. It follows from [37, Theorem B.1] that for each 5 € B, the sets

Y5 :=o0(Lg) NHy,
are finite and each A € ¥j3 is an isolated eigenvalue of Lg with finite algebraic multiplicity.
Consequently, the spectral projections Py g € £(§) given by
1

P,g=— R d AEX
M8 27 oDy 5 (V) Lﬁ(z) = =6

with 75 > 0 chosen such that D,.; () C o(Lg) are disjoint for different A, have finite rank. We
remark that since wq is fixed and does not vary, we can omit it in our notation. With this, we
define the total projection.
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Definition A.1. Fix wp > w(S). For 8 € B we define
Ps = Z P,s € £(9).

)\Ezg

Since Sg(7) commutes with its generator Lg, the linear subspace $g = ran(I — Pg) C 9 is
Ss(7)-invariant. Hence the subspace semigroups

RZO —)Q(.ﬁﬁ), THSﬁ(T)fﬁB :Sﬁ(T)(I—PB)fﬁB, (A3)

with generator Lg [ﬁﬁ, are well-defined. We recall from [13, p. 178] the property o(Lg [ﬁﬁ) =
o(Lg) \ ¥ and that the map

o(Lsly,) = £(9), 2= Ry, (2) = Ri, (2)15, = R, (2)X = Pp)l, (A4)

is analytic. In particular, H,, C o(Lglg B). Our aim is to prove a criterion for an exponential
growth bound in 7 > 0 uniformly with respect to the parameter 5 € B for the subspace
semigroups (A.3) in terms of a uniform bound for the subspace resolvents (A.4) in a right
half-plane. We quantify this with a uniform analogue of (A.1).

Definition A.2. Fix wy > w(S). For § € B let
Srﬁ : RZO — S(ﬁﬁ) ) Srﬁ(T) = einTSB(T) fygﬁ s

be a family of rescaled subspace semigroups with generator L[z := Lgl 5 wol. We define the
uniform growth bound by

w(SI) = inf {w € R| 3My > 11 [[ST5(r) lasy) < Maue™”
forallﬁeBandallTZO}.

Note with (A.2) and assumption (a3) that w(S|) < co. The uniform growth bound is char-
acterized by the following formula.

Lemma A.1. We have

. -1 : -1
w(SI) = inf 7 10g§1€1]g\\3f5(7)“£(%) = lim 7 10g§1€12 15T5(T)le(ss) -
Proof. We adapt the proof of [34, p. 251, Proposition 2.2] to our situation. First, note that
w(S]) = inf {w ER|TM 2 1 5up [S15(7) et ) < Moc®” for all 7 > o} (@A)

The map 7+ log supgep [[S15(7)|le(s,) is well-defined on [0, 00), bounded on compact intervals
and sub-additive. Thus [34, p. 251, Lemma 2.3] asserts that

P -1 1 -1
woo := Inf 77" log sup 1ST5(m)lle(s,) = lim 77" log sup 1S15(7)l2(5) (A.6)
exists. From this we get for all 7 > 0
Woo <7 M logsup [S15(7) ey, Len  sup [SIa(n)|legy) = €T
peB BeB

It follows from Eq. (A.5) that ws < w(S]).

Conversely, let w > weo. From Eq. (A.6) it follows that there is a 79 > 0 such that for all
T >1T0
-1 : wT
7~ log sup [|ST5(7)] ¢ <w, ie., sup [[S15(7)|le <e
beB B ($95) beB B ($95)

By Proposition 3.1, (7, 3) = [|S[3(7)|le(s,) is bounded on [0, 7] x B. From this we conclude
that there is an M > 1 such that

sup ||ST5(7 < Me*"
BGBH s(T)|le(s)
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for all 7 > 0. So w > w(S[) and since w > ws, was arbitrary, also we > w(SV). O

Adapting the steps from the proof of the Gearhart-Priiss-Greiner Theorem [34, p. 302] to
the present situation leads to a practical criterion for the existence of an improved exponential
growth estimate for the subspace semigroup (A.3) in 7 > 0 that is uniform with respect to the
parameter [ € B.

Theorem A.1. Assume (al)-(a3). For fized wy > w(S) and for f € B let Pg € £($) be the
spectral projection as in Definition A.1. Then, there exist w < wg and a constant My, > 1 such
that

185(T) (T = Pg)lle(s) < Mue*" [T = Pglles)
for all 7 >0 and all B € B, if and only if there exists a constant C, > 0 such that the analytic
maps o(Lg) \ X5 — £(9), z = Rp,(2)(I — Pg), satisfy
IRL; (2)(I = Pp)lles) < Cu
for all z € Hy, and all 8 € B.

Proof.  “=": Put gg = wg—w > 0. In terms of the rescaled subspace semigroups from Defini-
tion A.2, we get from the assumption that there is a constant M, > 1 such that [|S[5(7)||¢(g,) <

M,e~ 7 for all § € B and all 7 > 0. Then [34, p. 55, Theorem 1.10] yields the bound
M,
R < —
H L(g(Z)HS(ﬁ,B) = Re(z) + 0
for all z € H_., and all § € B. This implies with Ry, log (2) = Ry, (—wo + 2) the uniform
resolvent bound

M
“ S _W:: Cwo
—wp + €0 €0

HRLBrﬁﬁ (Z)HS(.%,B) < Re(z)
for all z € H,, and 3 € B.
“<": Fix w’ > |w(S])| + % and define a rescaled semigroup by
Tp(r) =e “7S[4(7).
As w' > w(S) + 3, by Eq. (A.5) there is an M > 1 such that

sup [ Tp(7)lle(sn,) < Me™2
peB

for all 7 > 0. Again by [34, p. 55, Theorem 1.10], this rescaled semigroup is related to the
resolvent via the formula

Ry, (W +iNf = Riyj,—w1(iMf = / e A Tg(r)fdr
0
for all f € $3. Now, Plancherel’s theorem yields
[ IRuy, @+ IR ax =2 [T ITp(elf ar < 2m0a?e]f
R 0

for all £ € $g. Using the first resolvent identity

Ry, (iA) = Ry, (W' +iA) + w'Rep, (iINRLy, (W +13)
and the assumption that

IRL; ((Mle(9s) = [IRLg1,, (wo + 1N g(55) < Clg

for all A € R and all § € B, we get

IRLy, IVl < (14w Cyp)[IRrp, (W' + N5
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for all f € $3 and all A € R, 8 € B. These estimates imply

/R\\Rw(iA)fM% dr< (1 +w’Cw0)2/RHRLrB(w'Jri)\)fH% d\

< (1+w'Cyy)?2nM?|£]3

(A7)

for all f € 3 and all B € B. The same applies for the adjoint semigroup T(7)* with generator
L%, ie.,

/R IRy (N)gl2 A < (1 + /'y )22 M2 g (A.8)

for all g € $H3 and all f € B. Now, the inversion formula [34, p. 234, Corollary 5.16] applies
and asserts

11 : wiin 2T 2
Sls(T)f = == lim "Ry, (2)°fdz

T 2min—o0 J sy,

for all f € D(L [%) and all 7 > 0. This implies with Cauchy’s integral theorem

11 . " W' HN)T . .
<Sf6(7')f ( g)ﬁ = o Jim [ (RLrB(w' FINE ( Ry s (w - 1)\)g>5 dA
11 [ o . .
_ ;%/Re <Rmﬁ(1)\)f‘RLF;(—l)\)g)ﬁd)\

for all f € (L [%) and all g € 9. Applying the Cauchy-Schwarz inequality, using the estimates
(A.7), (A.8) and density of D(L[3) C § yiclds

11
< Z__ ! 2 2
(815 |) | < 2501 +/Cu)?2mM? €5 ]

for all f, g € Hz and all 7 > 0, § € B. Consequently,

1
(1+W/'C,y)* M?

T

1STa(T) e, <

for all 7 > 0, g € B. It follows that for large enough 7 > 0,

sup ||ST5(7 <1,
5€BH 5(T)ll e

so Lemma A.1 yields w(ST]) < 0. O
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