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ABSTRACT

We develop the theory of strong and commutative monads in the
2-dimensional setting of bicategories. This provides a framework
for the analysis of effects in many recent models which form bi-
categories and not categories, such as those based on profunctors,
spans, or strategies over games.

We then show how the 2-dimensional setting provides new in-
sights into the semantics of concurrent functional programs. We
introduce concurrent pseudomonads, which capture the funda-
mental weak interchange law connecting parallel composition and
sequential composition. This notion brings to light an intermediate
level, strictly between strength and commutativity, which is invisi-
ble in traditional categorical models. We illustrate the concept with
the continuation pseudomonad in concurrent game semantics.

In developing this theory, we take care to understand the coher-
ence laws governing the structural 2-cells. We give many examples
and prove a number of practical and foundational results.
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1 INTRODUCTION

Moggi [59, 60] famously observed that the structure of effectful
computation is captured by the category-theoretic notion of strong
monad. This gives a framework for constructing new models and
relating existing ones, abstracting away from any particular effect.
This paper lays the foundations for modelling effects using monads
in 2-dimensional category theory, where one has not just mor-
phisms between objects, but also morphisms between morphisms
(Sections 1.1 and 2). We have two motivations:

(1) Many recent semantic models are not categories but bicat-
egories (e.g. [6, 16, 17, 56]). However, we lack a unifying
framework for these models. The time is right to set up the
proper theoretical foundations for these models.
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(2) Some well-known effects are already 2-categorical (see Sec-
tions 1.1 and 1.3). Making this structure explicit lets us see
them as instances of a larger pattern, highlighting new con-
nections, theoretical insights, and examples.

In this paper we lift Moggi’s foundational framework to the
2-dimensional setting (Sections 4 and 5), and show this is a suitable
setting for modelling effectful programs (Section 5.3). In doing
so, we discover new notions that are invisible in 1-dimensional
approaches (Section 6). Throughout we give plenty of examples
(e.g. Sections 4.3 and 6.2) and take care to mathematically justify
our choice of definitions (Section 7).

1.1 Semantics in 2-dimensional categories

A 2-dimensional category comes with objects (A, B, .. .), morphisms
(f,g,...: A —> B), often called 1-cells, and 2-cells (0, 7,...: f = g)
between the 1-cells. There are various kinds of 2-dimensional cat-
egories. In this paper we work with bicategories, a general notion
in which the associativity and identity laws for the composition of
morphisms only hold up to isomorphism.

Bicategories typically arise when the composition of morphisms
uses a universal property (e.g. a categorical limit or colimit), because
it is then determined only up to isomorphism. There are many exam-
ples from semantics: game semantics [6, 56], recent models of linear
logic based on profunctors [16, 17, 21], and models describing the
Pn-rewrites of the simply-typed A-calculus [18, 31, 71]. These mod-
els come with more structure, and typically provide finer-grained
or more intensional information than categorical ones. (See also
Section 2 for detailed examples.)

In addition to these recent models, many traditional categories
from semantics are already 2-dimensional:

Domain theory: The basic idea of domain theory is to model re-
cursion using a partial order on sets of continuous functions.
This is a simple form of 2-dimensional structure on cate-
gories of domains, but there is a rich theory (e.g. [33, 74, 79]).
Non-determinism: Perhaps the simplest model for non-determinism
is the category of sets and relations, where programs cor-
respond to functions A — #(B). The inclusion order on
relations gives 2-dimensional structure with a natural se-
mantic interpretation in terms of possible returned values.
Concurrency: Maps of processes play a central role in models of
concurrency based on event structures or presheaves [7, 83],
and the abstract framework of concurrent Kleene Algebra is
similarly based on a partial order over processes [32].
Note that 2-dimensional aspects are also relevant on the syntactic
side (see [18, 39, 61]), and other 2-dimensional notions are also
important, e.g. lax 2-dimensional functors for comparing models
[2, 10].
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1.2 The monadic theory of effects

We recall the traditional framework (e.g. [59, 60]). A strong monad
on a monoidal category (C, ®, ) is a monad (T, y1, ) equipped with
natural transformations

tAB SAB
A®T(B) — T(A®B) T(A)® B—— T(A® B)

called the left strength and the right strength, compatible with
both the monoidal structure of C and the monad structure of T
(see e.g. [41, 53]). An effectful program (T + M : A) is then mod-
elled by a Kleisli arrow I' — TA in C.

The strength makes substitution possible even in the presence
of free variables. For example, we can substitute M for a variable
x : A in another program (A, x : A+ N : B) using the strength and
the Kleisli extension operation:

>=N

AM t
AT 22 Ao Ta 24 T(A ® A) 2= TB.

This paper is about a notion of pseudostrength for 2-dimensional
pseudomonads, where pseudo indicates that the equations in the
definition of a strong monad have been replaced by 2-dimensional
isomorphisms. These isomorphisms must in turn satisfy a number
of equations, which we justify in various ways; see Section 7.

1.3 Pseudo monoidality and lax monoidality:
commutativity and concurrency

The theory of strong monads provides a basis for reasoning about
sequential composition. A natural question is whether the order of
execution matters for the two components of a pair: if (I' + M : A)
and (A + N : B) are effectful programs then typically the program

IA+ (M,N):A®B

behaves differently depending on which component is evaluated
first. (We model contexts linearly to remain as general as possible,
since categories with products are instances of monoidal categories.
But this is orthogonal to the topic of this paper.)

1.3.1 Commutativity. An effect is called commutative if the choice
of evaluation order for pairs has no impact on program behaviour.
For example, random choice and divergence are commutative ef-
fects; printing and state are not. Correspondingly, a monad is called
commutative when the equation

TA®TB
T(A® TB) T(TA ® B)
Ttl lTs (1)
TT(A ® B) TT(A® B)
YY)

holds. This is a semantic counterpart to the property that the evalua-
tion order for pairs does not affect program behaviour: commutative
monads model commutative effects. In Section 5 we will define com-
mutative pseudomonads by replacing (1) with an invertible 2-cell,
subject to coherence axioms.

Hugo Paquet and Philip Saville

1.3.2  Monoidality. Kock [40, 41] showed that, for a commutative
monad T, the family of maps

xaB:TA®TB — T(A® B) @)

defined by either of the routes around (1) gives T the structure of a
monoidal monad; and that, conversely, given maps as in (2) satisfy-
ing suitable equations we can recover a commutative strength for
T. In this paper we prove a general 2-categorical version of Kock’s
theorem (Theorem 5.9): pseudomonoidality of a pseudomonad cor-
responds to pseudocommutativity.

1.3.3  Concurrency. By moving to a 2-dimensional setting we can
give a presentation of concurrency. The starting observation is
that a monoidal structure for T could be used to evaluate program
fragments in parallel:

P®Q X
P|Q = T®A—>TA®TB—T(A®B)
By Kock’s theorem, this parallel evaluation is semantically indistin-
guishable from either of the two sequential executions: modelling
concurrency in this way forces the effect to be commutative.

In a 2-dimensional category, however, we can weaken the notion
of monoidality to obtain a setting in which programs with non-
commutative effects can be evaluated in parallel, according to a
2-dimensional constraint:

., TA®TB
T(A® TB) T(TA® B)
Tt\l/ :} X {: \LTS
TT(A® B) TT(A® B)
H i
T(A® B)

The 2-cells above are not invertible in general, and do not make the
pseudomonad commutative. Replacing the equation (1) by a pair
of non-invertible 2-cells, as above, corresponds to replacing the
equation (P || Q); (P’ || Q') = (P; P") ||(Q; Q) relating sequential
and parallel composition of processes by the weak interchange law
for parallel and sequental composition

(PI1Q): (P'11Q") = (P:P)I(Q;Q) ®G)

attributed to Hoare, Moller, Struth, and Wehrman [32]. This law is
a basic feature of maps in models of concurrency. Intuitively, the
program on the left has more dependencies—and so fewer possible
traces—than the right one: see Figure 1 for an illustration with event
structures (made formal in Section 6.2).

The 2-categorical nature of the weak interchange law is already
appreciated (see [57]); in this paper we reframe it in the general
context of 2-dimensional monad theory and computational effects.
We show that the appropriate monadic abstraction for modelling
the parallel execution of effectful programs is a particular class of
lax monoidal pseudomonads, in which certain structural 2-cells
are not required to be invertible. These are a fully 2-dimensional
generalisation of the concurrent monads of Rivas and Jaskelioff [69].
Accordingly, we call these concurrent pseudomonads (Definition 6.1).

Concurrent pseudomonads are always strong (Proposition 6.4)
and, as we explain, in the Kleisli bicategory for a concurrent pseu-
domonad, the premonoidal structure determines a lax functor ®
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(alle); (blld) (a;b)[[(c;d)

— 7 T
» O Od

Figure 1: The weak interchange law of sequential and parallel
composition, as a map of event structures (see Section 6.2).

b d

of two arguments (Proposition 6.5). This corresponds precisely to
requiring a 2-cell as in (3).

1.4 Outline

We begin with an introduction to bicategories and their basic theory
(Sections 2 and 3). We then introduce a new definition of strong
pseudomonads (Section 4), and illustrate this with plenty of exam-
ples (Section 4.3).

We then turn to commutative and monoidal structure (Section 5).
We define monoidal pseudomonads and generalise Hyland & Power’s
definition for commutative pseudomonads [34], then prove a ver-
sion of Kock’s theorem that the two are interchangeable (Theo-
rem 5.9). We also explore the structure of the Kleisli bicategory for
strong and commutative pseudomonads (Section 5.3).

In Section 6 we introduce concurrent pseudomonads and show
they are strong; we also observe their Kleisli bicategory does indeed
model the weak interchange law (3). Section 6.2 illustrates the key
ideas with an extended example in concurrent game semantics.

Finally, in Section 7 we put the definitions in their proper mathe-
matical context—namely, as internal pseudomonads—and establish
a form of coherence result. Together, these give us confidence in the
correctness of our definitions, especially the often-subtle question
of how to choose coherence axioms on the 2-cells.

The appendices contain details and proof-sketches omitted from
the main body for reasons of space.

2 TWO EXAMPLES OF BICATEGORIES

As an introduction to bicategories, we consider two illustrative
examples. First we look at a model based on spans. Spans occur
widely in models of programming languages and computational
processes (e.g. [1, 15, 24, 56]).

ExamPLE. Spans of sets. Consider a model in which objects are
sets and a morphism from A to B consists of a set S and a span
of functions A < S — B. We can compose a pair of morphisms
A« S — Band B < R — C using a pullback of functions:

RoS
sX 7R

Al/ \JB/ \’LC

This correctly captures a notion of ‘plugging together’ spans but is
only associative in a weak sense: the two ways of taking pullbacks

.)(: :&.
.ZVNI . . IZV&. (4)
KON NN KON NN

are not generally equal, but they can be shown to be isomorphic by
the universal property that defines pullbacks. Similarly, the span

A M A , A is only a weak identity for composition, because
pulling back along id only gives an isomorphic set.

To describe the laws of composition in this model, therefore, we
require a notion of morphism between spans. If S and S’ are spans
from A to B, then a map between them is a functiono : § — §’
that commutes with the span legs on each side:

The two iterated composites in (4) are isomorphic as spans, so com-
position of spans is associative up to isomorphism. Similarly, the
identity span is unital up to isomorphism. Because these isomor-
phisms arise from a universal property, they behave well together.
Bicategories axiomatise this situation.

Definition 2.1 ([3]). A bicategory 9 consists of:

o A collection of objects A, B, ...

e For all objects A and B, a collection of morphisms from

A to B, themselves related by morphisms: thus we have

a hom-category % (A, B) whose objects (typically denoted

f,g: A — B)are called I-cells, and whose morphisms (typi-

cally denoted o, 7 : f = g) are called 2-cells. The category

structure means we can compose 2-cells between parallel
1-cells.

For all objects A, B, and C, a composition functor o4 gc :

PB(B,C) x B(A,B) — RB(A,C) and, for all A, an identity

1-cell Id4 € B(A A).

e Coherent structural 2-cells: since the composition of 1-cells
is weak, we have a natural family of invertible 2-cells ar ; , :
(f og) oh = f o (g o h) instead of the usual associativity
equation. Similarly, we have natural families of invertible
2-cellsl¢ : ldgo f = fandrg: foldy = f instead of
the left and right identity laws. These 2-cells must satisfy
coherence axioms similar to those for a monoidal category.

To illustrate further we consider the Para construction, which is a
general way to build models of parametrized processes [20, 30] (see
also [4, 11, 13]). In this bicategory, the 2-cells are reparametrizations,
and the weakness arises because we are tracking extra informa-
tion. We will use this bicategory several times, so we spell out the
definition in detail.

EXAMPLE: the Para construction. Starting from a monoidal cate-
gory (C, ®,I), the bicategory Para(C) is defined as follows:

o The objects are those of C.

e A 1-cell from A to B is a parametrized C-morphism, defined
as an object P € C together with a morphism f : P® A — B
in C. The object P is thought of as a space of parameters.

e A2cellfromf : P®RA - Btog : P®A — Bisa
reparametrization map, i.e. a map o : P — P’ such that
go(c®A)=f.

Composition of 1-cells is defined using the tensor product of pa-
rameters:if f : P® A - Bandg: Q® B — C, thengo f is the



object Q ® P equipped with the map

0eP)eaS0ePes Loesdc

where the first map is the associativity of the tensor product.

If we also have h : RQC — D, then the two composites (hog)o f
and ho (g o f) have parameter spaces (R Q) @ Pand R® (Q ® P),
respectively. Because the tensor product in a monoidal category
is generally associative only up to isomorphism, these 1-cells are
only isomorphic in Para(C). A similar argument applies to the
identity laws, so Para(C) is a bicategory with associativity and unit
isomorphisms given by C’s monoidal structure.

3 PSEUDOFUNCTORS, PSEUDOMONADS, AND
MONOIDAL BICATEGORIES

Many concepts in category theory have corresponding versions for
bicategories. We first summarise the basic definitions of pseudofunc-
tors, pseudonatural transformations, and modifications (Section 3.1),
then discuss the bicategorical notions of monad (Section 3.2) and
monoidal structure (Section 3.3) needed for this paper. For reasons
of space we only give a brief outline and omit the coherence axioms.
For a full overview of the basic bicategorical definitions, see [45];
for the definition of (symmetric) monoidal bicategories, including
many beautiful diagrams, see [73]. Gentle introductions to the wider
subject of bicategories include [3, 36]; a more theoretical-computer
science perspective is available in [66, 67].

3.1 Basic notions

Morphisms of bicategories are called pseudofunctors. Just as bicat-
egories are categories ‘up to isomorphism’, so pseudofunctors are
functors ‘up to isomorphism’.
Definition 3.1. A pseudofunctor F : 38 — @ consists of:
e A mapping F : 0b(%B) — ob(€) on objects;
o A functor Fy g : B(A, B) — G (FA, FB) for each A, B € %;
o A unitor Y4 : ldpa = F(ld4) for each A € &;

o A compositor $5 ., = F(f) o F(g) = F(f o g) for every
composable pair of 1-cells f and g, natural in f and g.
This data is subject to three axioms similar to those for strong
monoidal functors (see e.g. [45]).

We generally abuse notation by referring to a pseudofunctor
(F, ¢, ) simply as F; where there is no risk of confusion, we shall
employ similar abuses for structure throughout. A pseudofunctor
is called strict if ¢ and ¢ are both the identity.

Example 3.2. Every endofunctor F on amonoidal category (C, ®,I)
with a strength t4 g : A® F(B) — F(A ® B) (see e.g. [41]) deter-
mines a strict endo-pseudofunctor F on Para(C). The action on

objects is the same, and on 1-cells F(P ® A L B) is the object P
F
together with the composite (P ® FA LN F(P®A) —f> FB).

Transformations between pseudofunctors are like natural trans-
formations, except one must say in what sense naturality holds for
each 1-cell.

Definition 3.3. For pseudofunctors F,G : %8 — €, a pseudonatu-
ral transformationn : F = G consists of:
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o Al-cellng : FA — GA for every A € &;
e For every f : A — Bin & an invertible 2-cell

Ff
FA —— FB

ml L | (5)

GA —> GB

natural in f and satisfying identity and composition laws.

Example 3.4. Every natural transformation o : F = F’ between
strong endofunctors (F, s) and (G, t) which is compatible with the
strengths (‘strong natural transformation’: see e.g. [53]) determines
a pseudonatural transformation 3 : F = G on Para(C). Each com-
ponent (7)4 is just o4, and for a 1-cell f: P® A — B the 2-cell o7

witnessing naturality is the canonical isomorphism I ® P — P ® I.

Because bicategories have a second layer of structure, there is
also a notion of map between pseudonatural transformations.

Definition 3.5. A modificationm :  — 6 between pseudonatural
transformations F = G : 8 — € consists of a 2-cell mp : np =
0p for every B € 3, subject to an axiom expressing compatibility
between m and each ny and 0.

For any bicategories 9% and & there exists a bicategory Hom(%, €)
with objects pseudofunctors, 1-cells pseudonatural transformations,
and 2-cells modifications.

3.2 Pseudomonads and Kleisli bicategories

The bicategorical correlate of a monad is a pseudomonad.
Definition 3.6 ([50]). A pseudomonad on a bicategory 98 consists

of a pseudofunctor T : BB — P equipped with:

o Unit and multiplication pseudonatural transformations 7 :
id=>Tand,u:T2 = T, where T2 =T o T;
o Invertible modifications m, n, p with components

T°A ﬂ> T?A nTA TA Tna
T PR N
= |
T?A —3 TA T?A — 3 TA <—— T?A
HA HA HA

replacing the usual monad laws, and satisfying two further
coherence axioms.

A simple example is given by the Writer pseudomonad on Cat,
the bicategory with objects small categories, 1-cells functors, and
2-cells natural transformations. The structural isomorphisms a, |
and r are all the identity (giving a 2-category).

Example 3.7. Let (C, ®,I) be a monoidal category. The pseudo-
functor () X C : Cat — Cat has a pseudomonad structure with
1-cell components

E] DxI
no = D5Dx1—>DxC

ip = (DXC)xC 5Dx(CxC) Z& pxc

and 2-cell components m,n and p given by the associator and
unitors for the monoidal structure in C.
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Example 3.8. Every strong monad (T, y1, 17, t) on a monoidal cate-
gory (C, ®,I) determines a pseudomonad on Para(C): the under-
lying pseudofunctor is T and the pseudonatural transformations
are 11 and 7 (recall Example 3.4). This remains true if the monoidal
structure is replaced by an action (as in e.g. [63]).

3.3 Monoidal bicategories

A monoidal bicategory is a bicategory equipped with a unit object
and a tensor product which is only weakly associative and unital. To
motivate the construction, we explain how a symmetric monoidal
category (C, ®,I) induces a monoidal structure on Para(C), with
the same action on objects.

The idea is that we can combine the parameters using ®. For
l-cells f: P®A — Bandg: P’ ® A’ — B, we set f ® g to be the
object P ® P’ equipped with

PoP)a(Aad) S (Ped) e @ od)Bep

where the first map is defined using the symmetry of ®. On 2-cells,
we use the tensor product of maps in C. This construction does
not strictly preserve identities and composition, but it does pre-
serve them up to isomorphism. Thus, we get a pseudofunctor
® : Para(C) x Para(C) — Para(C).

We examine the sense in which this tensor is associative and
unital, by lifting the structural isomorphisms from C. Every map
f : A — Bin C determines a 1-cell fin Para(C) given by the

object I and the composite (I ® A — A i) B), where = is the unit
isomorphism. If f has an inverse f~!, the composite fo f~ 1 has
parameter I ® I and thus cannot be the identity. But it is isomorphic
to the identity: the pair (f, f~1) is known as an equivalence (an ‘iso-
morphism up to isomorphism’). Thus, although the tensor ® on Cis
associative and unital up to isomorphism, the tensor ® on Para(C)
is only associative and unital up to equivalence. The structural
1-cells are all pseudonatural in a canonical way (Example 3.4).

Following the general pattern of “bicategorification”, the triangle
and pentagon axioms of a monoidal category now only hold up to
isomorphism: one route round the pentagon has three sides and
the other has two, so one composite has parameter I®3 and the
other has parameter I®2. These are canonically isomorphic, so we
get families of invertible 2-cells witnessing the categorical axioms.
All the structure we have defined so far has used the canonical
isomorphisms of C, so these families are actually modifications on
Para(C). Moreover, by the axioms of a monoidal category, these
structural modifications satisfy axioms of their own.

In summary, a monoidal bicategory is a bicategory equipped
with an object I, a pseudofunctor ®, pseudonatural families of
equivalences witnessing the weak associativity and unitality of ®,
and invertible modifications witnessing the axioms of a monoidal
category. We now make this precise, starting with the definition of
equivalences. These generalize equivalences of categories.

Definition 3.9. An equivalence between objects A and B in a
bicategory % is a pair of 1-cells f : A — Band f* : B —» A
together with invertible 1-cells f o f* = Idg and Idy = f* o f.

A pseudonatural equivalence is a pseudonatural transformation
in which each component has the structure of an equivalence.

The definition is now as advertised. To state it, we introduce some
notation for the 2-cell diagrams—known as pasting diagrams—that
we will use in the rest of the paper.

NotaTION 1. To save space and improve readability,

o We use juxtaposition for the tensor product, e.g. (AB)C means
(A®B) ®C;

o We omit the subscripts on the components of pseudonatural
transformations and modifications, e.g. m instead of my;

o We use a subscript notation for the action of a pseudofunctor
T, e.g. Tary meansT(A ® T(B)).

o We write = for any pseudonaturality 2-cell as in (5), and in
equations we omit the arrows showing the directions of 2-cells.
These labels can be inferred from the type.

Definition 3.10 (e.g. [73]). A monoidal bicategory is a bicategory
P equipped with a pseudofunctor ® : % x B — B and an object
I € &, together with the following data:

e Pseudonatural equivalences ¢, A and p with components
aapc : (A®B)®C — A® (B® C) (the associator), A4 :
I®A— A and py : AQ I — A (the unitors);

o Invertible modifications p, I, m and r with components shown
in Figure 2, subject to coherence axioms.

A symmetric monoidal bicategory is a monoidal bicategory equipped
with a pseudonatural equivalence  with components f4p: A®
B — B ® A, called the braiding, and invertible modifications gov-
erning the possible shufflings of three objects and expressing the
symmetry of the braiding, subject to coherence axioms.

For example (see e.g. [73] for full details), the cartesian product
on the category Set induces a monoidal structure on the bicategory
Span(Set) introduced in Section 2. The pseudofunctor ® is defined
on objects as A® A’ = A x A’, and for spans A «— S — B and
A" « §’ — B’ we take the component-wise product to obtain
AXA «SxS§ — BxPB.

We also record the outcome of our discussion above; this estab-
lishes a conjecture made in [4].

Example 3.11. If (C, ®,]) is a symmetric monoidal category, this
lifts to a symmetric monoidal structure on Para(C).

General point. The coherence axioms of a monoidal bicategory
can be difficult to verify directly. However, in many cases of interest
the monoidal structure is induced from a more fundamental con-
struction, as in Span(Set) above. This gives a systematic method
for constructing (symmetric) monoidal bicategories: see [82].

3.4 Coherence theorems

As we have seen, bicategorical structures involve considerable data
and many equations. Much of the difficulty, however, is tamed
by various coherence theorems. These generally show that any two
parallel 2-cells built out of the structural data are equal. Appropriate
coherence theorems apply to bicategories [49] pseudofunctors [27],
(symmetric) monoidal bicategories [25, 28] and pseudomonads [42].

We rely heavily on the coherence of bicategories and pseudo-
functors when writing pasting diagrams of 2-cells: in particular we
omit all compositors and unitors for pseudofunctors, and ignore
the weakness of 1-cell composition. Thus, strictly speaking our dia-
grams do not type-check, but coherence guarantees the resulting



((AB)C)D —*= (AB)(CD) —» A(B(CD))

= pﬂ T4a

(A(BC))D > A((BC)D)

a

N
p AL
mA

(AD)B ——> A(IB)
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(AB)I —% A(BI)

\
P AB

(IA)B —%5 I(AB)

=/
AB A

Figure 2: The structural modifications of a monoidal bicategory

2-cell is the same no matter how one fills in the structural details.
This is standard practice; for precise justification see e.g. [70, §2.2].

4 STRONG PSEUDOMONADS

We follow the categorical setting by first saying what it means for
a pseudofunctor to be strong, then giving the additional data and
axioms to make a pseudomonad strong.

4.1 Strong pseudofunctors

For the moment we only consider strengths on the left. In all dia-
grams below we follow our Notation 1.

Definition 4.1. Let (%, ®,I) be a monoidal bicategory. A left
strength for a pseudofunctor T : %8 — B is a pseudonatural trans-
formation t4 g : A® TB — T(A ® B), equipped with invertible
modifications x and y expressing the compatibility of ¢ with the
left unitor and the associator:

Tja <—— ITy (AB)Tp ———— T(ap)c
\xﬂ \LA Otl :y} \La

T,
. Ta A(BTc) —» ATsc — Ta(so)

These modifications must themselves be compatible with the monoidal
structure, as per the two axioms of Figure 3.

A left strength for a pseudofunctor T can be used to define a
parametrised version of the functorial action: for any map ' ® X —
Y we can now define a map I' ® TX — TY. This suggests the
following (recall Example 3.2 and Example 3.4).

Example 4.2. If (F, t) is a strong functor on a symmetric monoidal
category (C, ®,I) (see e.g. [41, 53]), then the induced pseudofunctor
F on Para(C) is also strong. The pseudonatural transformation has

components {4 g := {4 p; this has parameter I, so x and y are both

of the form I®! 5 1%J for i,j €N.

4.2 Strong pseudomonads

If a strong pseudofunctor T : &8 — & is also a pseudomonad, then
we must ask for additional data to relate the strength and the monad
structure, and this data must be compatible with the modifications
x,y we already have.

Definition 4.3. Let (%,®,I) be a monoidal bicategory. A left
strength for a pseudomonad (T, #, u) consists of a left strength
(t,x,y) for the underlying pseudofunctor, together with invert-
ible modifications

A
AT: —— T ATy

[ 1 |

TAT —> B~ IaB

AB — o ATy

K%l

~

expressing the compatibility of ¢ with the pseudomonad structure.
This is subject to two axioms expressing compatibility with the
monad structure and two axioms expressing compatibility for x
with w and z, respectively (Figure 4), and two axioms expressing
compatibility for y with w and z, respectively (Figure 5).

Extending Example 3.8 and Example 4.2, we obtain the following.
The definitions of w and z are similar to those for x and y.

Example 4.4. A strong monad on a symmetric monoidal category
(C,®,1) determines a strong pseudomonad on Para(C).

4.2.1 Note on related work. Strengths for pseudomonads were first
defined by Tanaka [77, 78] for applications in categorical universal
algebra. We improve on this definition in several ways. We make
conceptual progress by cleanly separating strong pseudofunctors
from strong pseudomonads. Then we show that only 8 axioms
suffice for a coherent definition (Lemma 4.5 below). Finally, in
Section 7 we bring a new perspective on pseudostrengths in terms
of higher monoidal actions (c.f. [23]), obtaining a form of coherence.
In more recent related work, Slattery [72] defines strong (relative)
2-monads on 2-multicategories. An investigation in this direction
is important but seems orthogonal to the work presented here.
The details of the two compatibility conditions in the next lemma
will not appear in what follows, so we leave them for Appendix A.

LEmMMA 4.5. (1) Given the axioms of Definition 4.3, the modi-
fications x and y are suitably compatible with the monoidal
modification 1.

(2) Given the axioms of Definition 4.3, the modifications z and w
are suitably compatible with the monad modification p.

4.3 Basic examples of strong pseudomonads

In this section we show that several important classes of pseu-
domonad are strong in the way one would expect from the cate-
gorical setting. Many of the proofs essentially come down to the
relevant coherence theorem; we give more details in Appendix F.2.

Recall that if (M, m, e) is a monoid in a monoidal category (C, ®, I)
then (—) ® M becomes a monad with unit and multiplication given
via e and m (c.f. Example 3.7). This monad is canonically strong,

with strength given by the structural isomorphism A ® (B® M) —
(A ® B) ® M. Also note that every monad T is strong with respect
to the cocartesian structure (0, +), with strength [Tinl o 4, Tinr] :
A+ TB — T(A + B). These facts bicategorify. The bicategorical
version of a monoid is called a pseudomonoid [14, 37], and every
pseudomonoid defines a pseudomonad similarly to Example 3.7.

LEMMA 4.6.

(1) For any pseudomonoid (M, m, e, a,l,r) on a monoidal bicate-
gory (B, ®,1) the pseudomonad (—) ® M has a strength given
by the pseudo-inverse a® of the associator for ®.
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A((BO)Tp) <~ (A(BC))Tp A((BO)Tp) <= (A(BO)Tp

Aa alp Aa 1\“TD
AlTy) 45— (ADT5 A(ITy) < (ADT; < h
A m A(B(CTp)) ’ ((AB)C)Ip A(B(CIp)) At ((AB)O)Tp
At\l/z;& mjg A’l A(Bt)], ‘/\“ )"‘/ ABr)| Ay y ¢
AT A?/l Alp t AT Y t A(BTCD) = (AB)(CTD) A(BTCD) AT(BC)D =
AT,
(| = ] = al sl Jame o= al 2o t
Taa) = |t Tans Taas) ¢ Te— Tans ATp(cp) (AB)Tcp ATp(cp) =Ta(Bc)D) S T(A(BC)D
N N oy 4o, 7 Tap
Tax Tos Tax Tos Tas(cn)) ; Tiaoyp - Tas(cp)) T((aB)C)D
TaB TaB
T(aB)(cp) T(aB)(cp)
Figure 3: Coherence axioms for a strong pseudofunctor.
AT} <_ ATp N s ) The next example covers two cases of importance in the se-
£l \n || AT} Y AT ATy _> ATg mantics of programming languages. The proof follows essentially
Taty ATp t] \j‘” t] AY\ Am \ immediately from the corresponding categorical facts and the par-
Ttl W \Lt TATé w . ATg T urz = ATZ _y> ATg  ticularly strong form of coherence enjoyed by cartesian closed
2 bicategories (see [19, Principle 1.3]).
Tip —)ﬂ TaB Te| . Tf\lr lm J/t g (see [ P )
[ TjTB A Taty = ATB b LEmMMA 4.8. For any cartesian closed bicategory (see e.g. [18])
An 2 - ‘ (%, %,1, =) and objects S,R € B, there exist strong pseudomon-
2 L T = t 2 t
ATp h ATp ;\i/ N TJQ/T T % Tw w ads S = (S X —) (the state pseudomonad) and (— = R) = R (the
o l\% \Lt AP Tip E continuation pseudomonad).
> St m s For our final class of examples, recall that every functor F on Set
Tl 1 T2 ST, 2 or our final class of examples, recall that every functor F on Se
t\l/ d || AB TAB T> TaB . icall ith h . ith
T2 B 1s canonically strong with respect to the cartesian structure, wit
B taB : AXFB — F(AXB) defined by t4 g(a, w) := F(Ab .{a, b)) (w),
In and moreover that the same construction makes every monad on
Tizy <= T4 . Tir, < IT2 My < IA T4 <_ A get strong [60, Proposition 3.4]. A similar fact holds for bicategories;
| . / J}# f/ w n 2 / \L/I \ l the statement for pseudomonads was first proved by Tanaka [77].
= t =
T B T A Iy =T, _> TAI Sia o AT PROPOSITION 4.9. Every pseudofunctor (resp. pseudomonad) on
TN \L\._/ = J//l E‘ J/ EJ/’? * \Ilﬂ (Cat, X, 1) has a canonical choice of strength.
T Ta A X I Tia 73 TA  Ta 73 TA

Figure 4: Coherence axioms for a strong pseudomonad: com-
patibility with the pseudomonad structure, and relating x
with z and w.

(2) Every pseudomonad is canonically strong with respect to the
cocartesian monoidal structure (+,0).

A pseudomonoid in (Cat, X, 1) is exactly a monoidal category, so
Lemma 4.6(1) applies in particular to the Writer pseudomonad (Ex-
ample 3.7). We can also use this lemma to derive a result about pseu-
domonads on spans. For any category C with pullbacks there exists
abicategory of spans Span(C) similar to that defined in Section 2 for
Set. For C := Set, or more generally any lextensive category [5], the
bicategory Span(C) has finite biproducts—bicategorical products
and coproducts which coincide—by [44, Theorem 6.2]. Moreover,
by [29, Corollary A.4], every cartesian monad (monad for which the
underlying functor preserves pullbacks, and such that every natu-
rality square for yz and 7 is a pullback square) lifts to a pseudomonad
on Span(C). So we have the following.

COROLLARY 4.7. Any cartesian monad on a lextensive category C
(such as Set) lifts to a strong pseudomonad on Span(C)

5 BISTRONG, COMMUTATIVE, AND
MONOIDAL PSEUDOMONADS

Categorically, it is often the case that a monad T supports a strength

on both sides, and the two strengths are compatible: T is then called

bistrong (see e.g. [53]). This is the case, for instance, if T has left

strength ¢ and the underlying category is symmetric monoidal,

because we can construct a right strength using the symmetry g:

(6)
For a bistrong monad (T, t,s) it makes sense to ask whether the
two morphisms below coincide:

B t Tp
T(A)®B— B®T(A) - T(B®A) — T(A® B).

T
TA®TBS T(TA®B) —> T2(A® B) 5 T(A®B)  (7)
TA®TB> T(A®TB) -5 T2 (A9 B) 5> T(A®B)  (8)

When they do, T is said to be commutative [40, 41]. Kock showed
that, in this case, the map TAQTB — T(A®B) (defined in either way
above) gives T the structure of a monoidal monad, and conversely
that any monoidal monad is in particular bistrong and commutative.

We now bicategorify these results. We introduce the notion of
bistrong pseudomonad in Section 5.1. In Section 5.2 we discuss the



Hugo Paquet and Philip Saville

(AB)T2 (B S (AB)Te  (AB)T2 (AB)p
O " b <+ AGBp)

AT Tapyte 73 Lapc 7 Tasc  A(BTR) AP0 B

Al oy I = arl Aw Al ¥
ATpt, —t) TA(BTC) Ty T2 = Ty ATpr, ATgc

Al = an M N

2 2
ATie = Tatue 7> Tase) 7 Tawe)  Alse =7 Tatse 37 Taise) 7 Tatso)

s

> (AB)Tc (AB)

AB) T &2 (AR (AB)Te +—22" (AB)C
« A(ZT]) 1= bt F o

A(BTc) <— A(BC) _ A(BI¢) T(AB)C - A(BC)

Az - \
Ty At An n At y Ta n
g “ N

ATpc —7 Tae)  ATge ——— Ta(so)

T(aB)C

Figure 5: Coherence axioms for a strong pseudomonad: relating y with z and w.

equivalence of commutative and monoidal pseudomonads, which
we connect to existing notions due to Hyland & Power [34]. Finally,
in Section 5.3 we show the Kleisli bicategory for a bistrong pseu-
domonad forms a bicategorical version of a well-known model for
effectful call-by-value programs.

5.1 Bistrong pseudomonads

A right strength for a pseudomonad consists of a pseudonatural
transformation s4 g : T(A) ® B — T(A ® B) equipped with four
invertible modifications analogous to x, y, z, w and satisfying corre-
sponding axioms (we give the data explicitly in Appendix B).
Informally, a left strength t4 g : A® TB — T(A ® B) and a right
strength sy g : T(A) ® B — T(A ® B) are compatible if parame-
ters on each side can be passed through T in any order. Categori-
cally, one makes this precise by asking that the two obvious maps
(A®TB) ® C — T(A® (B® C)) are equal. For the bicategorical
definition, we replace this equation by a coherent isomorphism.

Definition 5.1. A bistrong pseudomonad on a monoidal bicate-
gory (B, ®,1) is a pseudomonad T equipped with a left strength ¢
and a right strength s, and an invertible modification

(ATp)C —=» A(TgC)

TagC =2 ATge

" 7

T(aB)C Ta> Ta(Bo)

satisfying the two axioms in Figure 6.

Example 5.2 (Extending Lemma 4.6). If ($,®,I) is a braided
monoidal bicategory and M € 2 has the structure of a braided
pseudomonoid (see [14]), the pseudomonad (—) ® M is canonically
bistrong, with s defined using the braiding  and b defined using
the pentagonator p for 9. The axioms follow by coherence [26, 80].

Definition 5.1 is sufficient to recover the categorical situation:
if (%, ®,I) is symmetric monoidal and (T, ¢) is a left-strong pseu-
domonad, then the composite pseudonatural transformation with
components as in (6) can always be given the structure of a right
strength for T.

PROPOSITION 5.3. Every left-strong pseudomonad on a symmetric
monoidal bicategory is bistrong in a canonical way.

CoROLLARY 5.4 (Extending Example 4.4). If (T,t) is a strong
monad on a symmetric monoidal category (C, ®, 1), the induced pseu-
domonad on Para(C) is canonically bistrong.

5.2 Commutative and monoidal pseudomonads

We now define commutativity for bistrong pseudomonads. Follow-
ing the usual pattern for bicategorification, the definition is in terms
of an invertible 2-cell between the morphisms defined in (7) and (8).
Our definition is a straightforward adaptation of Hyland & Power’s
[34, Definition 5] to the weaker setting of bistrong pseudomonads
on a monoidal bicategory.

Definition 5.5. A commutative pseudomonad on a monoidal bi-
category (%, ®, 1) is a bistrong pseudomonad (T, y, n, t, s) equipped
with an invertible modification

TaTp —> Tar, ——> T2,

N

TTaB —75 7 Tis o laB

subject to coherence axioms as in [34, Definition 5] (we give these
explicitly in Appendix D).

Example 5.6 (Extending Example 5.2). 1If (%, ®,1) is a symmetric
monoidal bicategory and M € 3 has the structure of a symmetric
pseudomonoid (see [14]), the pseudomonad (—) ® M is canonically
commutative, with ¢ defined using the braiding on M and symmetric
structure on 9; the axioms follow by coherence [28, 80].

Example 5.7 (Extending Corollary 5.4). If (T, t) is a commutative
monad on a symmetric monoidal category (C, ®,I), the induced
pseudomonad on Para(C) is canonically commutative.

With the axioms of Definition 5.5 we can verify those of a
monoidal pseudomonad, and conversely, so Kock’s correspondence
result ([41, Theorem 2.3]) holds at this level. We begin by defining
monoidal pseudomonads. For the definition of monoidal pseudo-
functors, transformations, modifications, see [8, 70].

Definition 5.8. A monoidal pseudomonad on a monoidal bicate-
gory (%, ®,1) is a pseudomonad (T, i, ) with additional structure:
e Alcell: : I — TI, and pseudonatural transformation
x : TA® TB — T(A ® B) with three (omitted) invertible
modifications making T a monoidal pseudofunctor;
o invertible 2-cells making 1 a monoidal pseudonatural trans-
formation:

n AB — s T,Ty

> ,
17 m 1 Te lx
\—)( ’7

! TaB
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Figure 6: Coherence axioms for a bistrong pseudomonad.

e invertible 2-cells making y a monoidal pseudonatural trans-
formation:

By
[y T2 T2 — =5 TyTy
H2
oo 7

T7 I, Ty T){) TjB T> TaB

The pseudomonad modifications (m, n, p) must then satisfy the
axioms of monoidal modifications and the two pseudomonad laws.

THEOREM 5.9. For any pseudomonad T: every monoidal structure
on T canonically induces a commutative structure on T, and every
commutative structure on T canonically induces a monoidal structure
onT.

Note that when constructing monoidal structure there is a choice
between two isomorphic structures, since our commutativity is
only pseudo. The proof is a (long) direct verification; we detail the
constructions in Appendix E.

5.3 Premonoidal Kleisli bicategories

A generalisation of Moggi’s framework, which does not require a
monad explicitly in the syntax, is given by Freyd categories [48, 68].
This includes Moggi’s approach: the functor n o (-) : C — Cr,
which describes the interaction between pure programs (interpreted
in C) and effectful ones (interpreted in Ct), forms a Freyd cate-
gory. In this section we study the Kleisli bicategories associated to
the structures discussed above, and show they form Freyd bicat-
egories [62]. Thus, the categorical interpretation of call-by-value
programs lifts to the bicategorical setting as expected.

Kleisli bicategories. If T is a pseudomonad on a bicategory %,
the Kleisli bicategory Br (e.g. [9]) has the same objects as % and
hom-categories Bt (A, B) := JB(A,TB). The identity on A is the
1-cell ng € B(A,TA) and the composition of f € FB(A, TB) and
g € B(B,TC) is given by

T
alrs e Bre
The structural 2-cells a, I, r in B are constructed using the 2-
dimensional structure of the pseudomonad T.

Premonoidal structure. If & is equipped with a monoidal struc-
ture (®,I), then some of this structure is inherited by %1 when
T is strong. More precisely, if T has a left strength ¢, then for any
object A € & the mapping

f ! A®f 4 t 4
B-—TB +> A®B—5A®TB —T(A®B) (9

can be extended to a pseudofunctor B — Bt denoted A = —.
Similarly, if T is right-strong, then for every object A we have a
pseudofunctor — < A : B — Br.

PROPOSITION 5.10. For a bistrong pseudomonad (T, s, t) on a monoidal
bicategory (A, ®, I) the families of pseudofunctors (—<A) and (A=—)
assemble into a premonoidal structure on %Br. Together with the
canonical pseudofunctor B — B, which regards pure morphisms
as effectful ones, they determine a Freyd bicategory.

Monoidal Kleisli bicategories. When the pseudomonad T is com-
mutative, the premonoidal structure on 9t canonically extends to
a (pseudo) monoidal structure. The only missing ingredient is the
isomorphism ¢ making ® a pseudofunctor of two arguments. One



constructs this using c, yielding the interchange law below:

~B
A®B f—)A’@B

l ~_ l
Axg feg A'wg
1/¢*1 \\

AQ®B T} A’ ®B
This gives an isomorphism in (3). Next we will consider a gener-
alised setting in which ¢ is not invertible.

6 CONCURRENT PSEUDOMONADS

Concurrent pseudomonads illustrate the expressive power of 2-
dimensional category theory. Their definition is unequivocally 2-
categorical because, for the first time in this paper, we make use
of non-invertible 2-cells (and so it would not be sufficient to work
with a category ‘up to isomorphism’, as is commonly done).

6.1 Definition and strength

Definition 6.1. A concurrent pseudomonad on a monoidal bicate-
gory (B, ®,I) consists of the same data as a monoidal pseudomonad
(Definition 5.8), with axioms modified as follows:

o The modification iy is no longer required to be invertible;
e The composite 2-cells

2
nTy

arz 7y pip2 sy o ey TuTy
7 L
Try1s Tx) TjB 7 Tap

ap TA, o TAN, o2 Hp
28 —A%, 7215 A%, 7272 > TaTs

H2
7k
Tr,15 —>TX Tﬁ g~ 1B

are now required to be invertible.

The coherence axioms are the same as for a monoidal pseudomonad.
There are likely many examples of this structure.

Example 6.2. Let Poset be the 2-category of posets and monotone
functions, with 2-cells given by the pointwise order on functions.
The decreasing natural numbers N = (N, >) form a monoid in Poset
under addition, which induces a (strict) 2-monad

N X — : Poset — Poset.

This 2-monad has a concurrent structure: the monotone function
max : NXN — N, induces a natural transformation (N X A) X (N X
B) — N X (A X B), with the 2-cell uy representing the fact that

max(n +m, k + 1) < max(n, k) + max(m,[).
Note that we recover an equality if eithern=m =0ork =1=0,

giving invertible composite 2-cells as required by Definition 6.1.

Example 6.3. For any non-empty set 3 the set of finite strings >*
is a monoid in (Set, X, 1) and so also in the monoidal category of
sets and relations (Rel, X, 1). Now, Rel is a (degenerate) bicategory
with the 2-cells given by the inclusion of relations, and the induced
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writer pseudomonad (—) X £* is strong but not commutative. It has
a concurrent structure with y defined by

(AXZ)X (BXZ") = P((Ax B) x=¥)
(a,u,b,0) — {(a, b,w) | wis an interleaving of u and v}
and pp given by the inclusion, which is in general strict.

A careful analysis of the proof of Theorem 5.9 shows that the
invertibility of pj is not needed, except where it is precomposed
with units as in the definition above. This yields the following:

PROPOSITION 6.4. Every concurrent pseudomonad has a canonical
bistrong structure.

The next result shows that Definition 6.1 does indeed capture
the weak interchange law (3). Lax normal functors are defined like
pseudofunctors, without the constraint that the compositor 2-cell
¢ is invertible (e.g. [22]).

PROPOSITION 6.5. For any concurrent pseudomonadT on a monoidal
bicategory (%, ®,1), the families of pseudofunctors (— = A) and
(A » =) in the premonoidal structure of Bt assemble into a lax
normal functor ® of two arguments.

6.2 Illustration in concurrent game semantics

In this section we illustrate concurrent pseudomonads with the
continuation pseudomonad from concurrent games [6]. (Game se-
mantics plays no role in this paper outside this section.) Our model
is “truly concurrent”, in the sense that programs are represented
as partially ordered sets of computational events, rather than as
sets of possible traces. This makes the concurrent structure of our
pseudomonad clear. The model is a simplified, deterministic version
of [6].

6.2.1 Event structures. A (deterministic) event structure is a partially
ordered set of events related by a partial order modelling causal
dependency. Formally it is a partial order (E, <g) such that every
e € E depends on finitely many events, i.e. the set {¢’ | ¢’ <g e} is
finite. Thus a finite, down-closed subset of E represents a possible
(partial) execution of the concurrent process modelled by E.

A map of event structures (E,<g) — (D, <p) is an injective
function f : E — D such that if x C E is down-closed, then the
image f x is also down-closed. The map f can be understood as
a simulation of E in D, or in terms of possible execution traces.
For example the map in Figure 1 (in which the arrows are a Hasse
diagram for <) is valid because every possible execution of the
domain is also an execution in the codomain.

Event structures support a parallel composition operator E ® D
(sometimes E || D), defined as the disjoint union of partial orders.

6.2.2 Games and strategies. In what follows we use somewhat
informal language to focus on illustrating the concepts. A game is
an event structure A equipped with a polarity function A — {+, -}
assigning “moves” to the program (+) and the environment (—). The
game Al swaps the moves of the program and the environment in
A: it has the same events, with polarity reversed. A strategy over
the game A is an event structure S with a projectionmap p : § — A
satisfying a lifting condition which plays no role in this section [6].
There is a bicategory of concurrent games & as follows:
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e objects are negative games: games whose minimal events are
all negative (“the environment always acts first”).

e 1-cells from A to B are negative strategies over the game
A ® B. Intuitively, these encode a program’s moves as a
function of the environment’s behaviour.

o 2-cells from a strategy p : S — Al ® B to a strategy p’ :
S’ — Al ® B are maps of event structures f : S — S’ which
commute with the projections.

Strategies are composed using a pullback construction in the
category of event structures and maps. (This is only determined
up to isomorphism, and therefore is only weakly associative.) The
identity on a game A is the copycat strategy on A1 ® A, in which
every environment move is copied by the program.

6.2.3 A double-negation concurrent pseudomonad. We can turn a
negative game A into a positive game —A by appending a single
minimal positive move. Similarly we can append a negative move
at the beginning of a positive game A’ to get a negative game —A’.
The induced operation =— is a pseudomonad on &, as shown below.
(In each diagram, moves of the strategy are positioned underneath
the game to which they project. For each strategy we only display
the initial portion of appended —-moves; the rest follows a copycat
strategy.)

———=—A —  —a-A

J

The effect of the pseudomonad —— is to track the sequential order
of function calls or argument calls. This may be unsurprising: dou-
ble negation, and game semantics in general, are strongly related
to continuation-passing style. This pseudomonad has a strength
t. It also has a transformation y showing that we can represent
calls being made in parallel, using the true concurrency of event
structures:

A®--B - -~(A®B) ~A® =B 25 —==(A®B)

O—po

However, =— is not commutative: it is only concurrent. Indeed,
one can calculate that the 2-cell gy : po—-=yoy = yo(p®py)
is the following non-invertible map of strategies:

-WA®-¥B - -~(A® B) -WA®-¥B - -~(A® B)

This makes plain the constraints of a midway synchronization point
as in the left-hand side of (3), and generalizes the basic example of
Figure 1 to a polarized setting.

In summary, game semantics gives a very concrete illustration of
a concurrent pseudomonad, in which concurrency is modelled by
the true concurrency of event structures. There are more abstract
semantics, which we will explore in further work.

7 FORMAL ASPECTS OF STRONG AND
MONOIDAL PSEUDOMONADS

A central challenge in developing higher-categorical definitions is
to identify suitable axioms on 2-cells to ensure coherence.

In this technical section we justify the definitions in this paper
in two ways. First, we lift a correspondence between strengths and
certain actions from the categorical setting (see e.g. [53]) to the
bicategorical one. This is important from a semantic perspective,
but also yields a form of coherence result. Second, we show our defi-
nitions arise naturally from higher-categorical considerations. This
is a standard approach to verifying the correctness of a definition:

cf eg. [23,51].

7.1 Strengths as actions

Moggi’s monadic metalanguage [60] extends the simply-typed A-
calculus with explicit monadic types. It is modelled by a strong
monad on a cartesian (more generally, monoidal) category. His com-
putational A-calculus, on the other hand, has the same types as the
simply-typed A-calculus. It is modelled by a Freyd category, which
can equivalently be defined as an action extending the monoidal
structure (see [46, B.3]). We can see these capture the same notion of
program, because giving a left strength for amonad T on (C, ®,I) is
equivalent to giving a left action of (C, ®,I) on the Kleisli category
Cr which extends the monoidal structure (e.g. [53, Proposition 4.3]).

This correspondence also holds bicategorically. For the definition
of bicategorical actions, we use [62, Definition 19]. We first observe
that every strong pseudomonad induces an action.

ProposITION 7.1. Every strong pseudomonad (T, t) on (5B, ®,1)
induces an action of & on the Kleisli bicategory B, where the pseud-
ofunctor> : B X Bt — B is given on objects by A» B=AQ B,
and on morphisms as

®
frg = (Achu)A’@TB’ —t>T(A'®B'))

forf:A— A’ andg: B — TB’, with the same action on 2-cells.

The action > : B X Bt — Br of Proposition 7.1 extends the
canonical action ® : B X B — P given by the monoidal structure.



Indeed, we have a pseudonatural transformation

%’xKT 6’/ TK (10)

where K : B — 9Br is the identity-on-objects pseudofunctor
sending f : A — A" tona o f : A - TA’. Moreover, the two
actions > and ® agree on objects, and the 1-cell components 64 g
of the transformation are all the identity. Such a transformation is
known as an icon [43]. The 2-cell components of 0 are nontrivial:
for each f : A— A’ and g : B — B’ we have an isomorphism

Oy f>K(g9) = K(f®9)

derived from the modification z, satisfying the coherence laws.

We now prove an equivalence between left strengths and left
actions. Our correspondence theorem uses the following two cate-
gories for a pseudomonad T on (%, ®,I):

o LeftStr(T), the category whose objects are left strengths for
T, and whose morphisms from ¢ to t” are modifications which
commute with all the strength data;

o LeftExt(T), the category whose objects are extensions of
the canonical action of 8 on itself, in the sense they are a
0-strict morphism of actions as defined in [62], and whose
morphisms from (>, 0) to (»’,0") are icons » = »’ which
commute with 6 and 6.

THEOREM 7.2. For any pseudomonad T on a monoidal bicategory
(B, ®,1), the categories LeftStr(T) and LefRExt(T) are equivalent.

This theorem gives a slick way to prove Proposition 5.10, because
constructing an action is easier than constructing the strength.
Moreover, Section 5.3 suggests the following extension. For closely-
related results proven using sophisticated strictification techniques,
see [?77?].

THEOREM 7.3. For any pseudomonad T on a monoidal bicategory
(B, ®,1), there is an equivalence of categories between monoidal
structures on B and commutative structures on T, where in each
case morphisms are defined analogously to Theorem 7.2.

7.1.1  Coherence. Because they are degenerate tricategories, coher-
ence for monoidal bicategories is a subtle matter. While it is true
that in certain freely-generated monoidal bicategories all diagrams
of structural 2-cells commute [27, Corollary 10.6], one must take
care about the basic data one is using. Indeed, in any monoidal
bicategory (%, ®,I) with non-equal endo-1-cells a,b : I — I there
exist diagrams of structural 2-cells involving a and b which the
coherence theorem does not require to commute (see [27, §10.3]).

Accordingly, because the identity pseudomonad has canonical
strong, monoidal, commutative, and concurrent structures, one can-
not hope for every diagram involving such structures and the un-
derlying monoidal bicategory (%, ®,I) to commute for any choice
of (%,®,I).

Nonetheless, Theorems 7.2 and 7.3 may be seen as showing both
strong and monoidal pseudomonads are as coherent as one would
expect. Roughly, the argument for strong pseudomonads is as fol-
lows. By Theorem 7.2 every strong pseudomonad is isomorphic to
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one induced by an action. But such actions are equivalently ‘triho-
momorphisms’ between degenerate tricategories (see [62, §4]); ac-
cordingly, Gurski’s coherence theorem [27, Corollary 10.15] applies.
It follows that this coherence applies likewise in the induced strong
pseudomonad, and hence in the starting strong pseudomonad. Sim-
ilar remarks hold for the monoidal case.

7.2 Strengths as internal pseudomonads

We now place our definitions in a wider mathematical context.
We shall show the axioms for strong and monoidal pseudomonads
(and hence also for concurrent pseudomonads) arise from stan-
dard higher-categorical definitions. It follows that our choice of
coherence axioms is canonical.

We first recall the 1-dimensional situation. The axioms for strong
monads and monoidal monads both arise from the definition of a
monad internal to a 2-category €. This is defined by taking the cate-
gorical definition and replacing the underlying functor T by a 1-cell
and the natural transformations p and 5 by 2-cells (see e.g. [75]). Tak-
ing € := Catrecovers plain monads. Taking the 2-category MonCat
of monoidal categories, lax monoidal functors, and monoidal natural
transformations recovers monoidal monads. For a monoidal cate-
gory (V, ®,I), taking the 2-category V-Act of V-actions, equivari-
ant functors, and equivariant transformations (as defined in e.g. [52])
recovers strong monads.

Just as one can define monads in any 2-category, so one can
define pseudomonads in any weak 3-category (known as a tricate-
gory [25]): see e.g. [42]. Our definition of monoidal pseudomonads—
and hence concurrent pseudomonads—was carefully chosen to guar-
antee the following.

THEOREM 7.4. A monoidal pseudomonad such that 1 and y are
equipped with the structure of an adjoint equivalence is exactly a
pseudomonad internal to the tricategory MonBicat of monoidal bi-
categories [8].

To justify strong pseudomonads we need to work a little harder,
because we cannot rely on a pre-existing tricategory of actions.
However, for any monoidal bicategory (7", ®, I) we can define a tri-
category 7"-Act by small adjustments to the definition of MonBicat.
We sketch the definitions, reserving more details for Appendix C.

The objects of 7"-Act are left 7 -actions. The 1-cells (>, a”, A") —
(%, a*, A*) are equivariant morphisms, which consist of a pseudo-
functor F : 38 — € between the bicategories acted on, a pseudonat-
ural transformation y with components yx p : X x FB — F(X» B),
and invertible modifications w and y with components as shown
below, subject to an associativity law and two unit laws:

I*FA\

F(I>A) = FA

(X®Y) % FA D> X a (Y % FA) X X % F(Y 5 A)

{ o Ix

F(X®Y)»A) T} F(X»(Y»A))

The 2-cells (F, y, w,y) = (F/, ', @', y’) are equivariant transfor-
mations, consisting of a pseudonatural transformation o : F = F’
and an invertible modification I’ with componentsT : y’o(X*0) =
o o y subject to an associativity law and unit law. The 3-cells
(0,T) — (0’,I") are equivariant modifications, which are mod-
ifications q : ¢ — o’ subject to a law relating T and I"’.
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Because the data and axioms is similar to that for MonBicat, it
is relatively easy to show 7"-Act forms a tricategory (c.f [8]).

In the 1-dimensional setting a V-action on a C is equivalently
a strong monoidal functor V. — [C,C] into the strict monoidal
category of endofunctors on C. We verify our definition of 7"-Act
with a bicategorical version of this result. To state the proposition,
we restrict to equivariant data that strictly preserves the base bicate-
gories: write LAct(2) for the bicategory with objects 7 -actions on
AB, 1-cells equivariant morphisms with underlying pseudofunctor
idg, and 2-cells equivariant transformations of the form (id, T').

PROPOSITION 7.5. For any monoidal bicategory (7', ®,I) and bi-
category 9B, the currying biequivalence of [76, §1.34] lifts to a biequiv-
alence between LAct(9%) ~ MonBicat(?7", Hom(%, %)).

We can now see that strong pseudomonads have a canonical
status:

THEOREM 7.6. A strong pseudomonad on 7" is equivalently a
pseudomonad on the canonical action of 7" on itself in 7"-Act.

8 CONCLUSION

In this paper we have laid a method for modelling effectful programs
in 2-dimensional categories, using bicategorical versions of strong
and commutative monads (Sections 4 and 5). The extra structure
available in this setting can be used to capture phenomena that
are otherwise invisible (Section 6). In doing so, we have brought
together observations in concurrency theory (c.f. [32, 57]) with new
kinds of models motivated by entirely different concerns (e.g. [6,
11, 17]). Our definitions arise as expected from purely category-
theoretic concerns (Section 7).

Moggi’s framework paved the way for understanding effectful
programming from various new perspectives (e.g. [35, 38, 55, 64]).
We see this paper as the beginning of a fruitful line of future work,
mirroring these developments. Syntactically, it would be natural to
develop the internal languages of the various pseudomonad struc-
tures presented here (c.f [18]). Semantically, the development of
Section 6 suggests making explicit the 2-dimensional structure im-
plicit in long-standing models such as those detailed in Section 1.1.

The precise structure of the Kleisli bicategory of a concurrent
pseudomonad remains to be understood (c.f- [22]), as are the con-
nections between “graded pseudomonads”, strong pseudomonads,
and pseudo-distributive laws (e.g. [81]). In another direction, strong
monads are induced by strong adjunctions [12, 47, 55], which should
also be generalized to a 2-dimensional setting, to provide a finer
setting for studying concurrency. An important (and simpler) spe-
cial case is the class of dialogue categories [54, 58], which includes
examples based on games.
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Strong, commutative, and concurrent pseudomonads

A TWO REDUNDANT AXIOMS FOR
LEFT-STRONG PSEUDOMONADS

The two equations below are derivable from the 8 presented in the
main body.

I(ATp) (L (IATg  I(ATp) +——— (IA)Ts

L |

1Ty ~ ITyp Yy t
N
Tr(aB)* t T(14)B TraB) < I T(14)B

TaB

, AT,
AT <—"— ATy

L e

\ 7 /
Tx Trs
TaB

5 AT,
AT <"~ ATy

1 ol

T
TATy ATg = Ty 2 Tyup
e
LT ]
x P
2 2
T T TaB T,g 7 TaB

B THE DATA FOR RIGHT-STRONG
PSEUDOMONADS

The data of a right-strong pseudomonad is shown below. The 8
axioms are essentially those of a left-strong pseudomonad, with the
action of parameters on the left replaced by the the corresponding
action on the right so that, for example, IT4 is replaced by T4I and
A is replaced by p.

(TaB)C —"— T4(BC) ——> Ta(s0)
sl Ak

TagC < > T(AB)C
TiB —— T, LR

SN

TaB ————— 1as

C THE TRICATEGORY OF 7-ACTIONS

We give the coherence axioms for the tricategory 7”-Act. Through-
out this section we fix a monoidal bicategory (7', ®,I) with left
7 -actions (», ", A") : ¥ X B — B and (x,a*,1*) : ¥ xC — €
defined as in [62]. Composition and identities are defined using the
definition of composition of pseudonatural transformations and
modifications. Similarly, the structural transformations and struc-
tural modifications are all defined by endowing the corresponding
structure in Bicat with equivariant structure in the obvious way.

In each case, most of the work lies in showing the coherence con-

ditions still hold; the various axioms hold because they hold in
Bicat.

Definition C.1. An equivariant morphism (>, @, 1”) — (*, a*, 1*)

consists of:
(1) A pseudofunctor F : B8 — G;

(2) A pseudonatural transformation yx g : X * FB — F(X » B);
(3) Invertible modifications w and y as shown below, subject to

the associativity law and two unit laws in Figure 7:
IxFA \

F(I>A) o FA

* X
(X®Y) % FA L5 X % (Y % FA) =& X % F(Y » A)
i |- lx
F(X®Y)>A) ———Fo——— F(X>(Y>4))
o

Definition C.2. An equivariant 2-cell (F, y,w,y) — (F/, ¥, @’,y")

between action morphisms of type (>, a”,A”) — (%, a*,A*) con-
sists of:

(1) A pseudonatural transformation o : F = F/;
(2) An invertible modification T’ with components as shown:

X*o, X F;‘
X T
4
Fxa —— F§
subject to the following unit and associativity laws:

Ixo IF;‘ Ixo IFA

1
Xl/ r X )(\L
&

(1) Fla—o F, v |»» = Fgu v = a*

Fpl = F, FA;»\L

Fp —— F;‘ Fo —— F;}
* Xy
(XY)Fa —%— X(YF4) — XFya
(X®Y)*U\l/ = X*()I/*O') X*T Xilm X
v ~
(2) XNF) — X(YF)) 5= XFyy T Fx(ra)

x| o

/
Fixy)a w7

1
.
el

> Fxova)

I
(XY)Fx —Z5 X(YF4) X5 XFyy

(X®Y)*ol x ® X

(XY)F, 1t Fixy)a For > Fx(va)
X,l / N /
Fix)a 7 * Px(yay

Definition C.3. Let (F, y,w,y) — (F/, Y, o',y") : (0,0, A7) —
(%, a*,A*) be equivariant 1-cells related by equivariant 2-cells
(a,1),(o’,T’) : (F, py0,y) — (F/,x,@",y"). An equivariant 3-

cell (6,T) — (¢’,I’) consists of a modification g : ¢ — ¢’ such
that
X*o X*o
/N /N
XFy  |xxa_ XF,  XFx . XF,
~_ "
)(l Xxo’ )(l/
S
Fxa r F)I(A Fxa ﬂq F),(A
v \/
o’ o’



((XY)Z)Fa
a*/a*FA\L \X
(XY)(ZF4) o (X(YZ))Fa = Fxyv)z)a
* * ™~
Vel ey e
X(Y(2Fa)) &2 X((YZ)F4) Fix(vz))a
B saran) ool

X(YFza) XFiyz)a F,»
x| g%vf x\,x {
XFy(za) = x((vz)a)

Fx(y(za))
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(XY)(2En) & ((XY)2)E4

Ny ~

(XY)*y ® Fixy)z)a
5 \L X Fo» \LFO»A
X(Y(ZFn)) (XY)Fza - X> Fixy)(za) Fix(vz))A
S
Xx(Yxy) a* Fp For
v )
X(YFza) Fx((yz)a)

X T

XFy(zay —7 Fx(yv(za))

The following two diagrams are equal to the canonical structural isomorphisms:

Id

m*

e
(XI)Fa —“— X(IFa)
A*JFA/ |
XFy X 4]

X>Fje
| !

X*A*
X*X\L Xxy R

-

(2)

I

<

Faoa
v Fine

F,
XA i

XFipg ———> XFa

X Fixna ——> Fxaa) X

Id

- |

XFa <25 1(XFa) <% (IX)F4

(3)

Fxa <

Figure 7: Axioms for equivariant morphisms.

D COHERENCE AXIOMS FOR COMMUTATIVE
PSEUDOMONADS

We collect the axioms for the commutativity modification ¢ of a
commutative pseudomonad. These are obtained from Hyland &
Power’s axioms [34] by explicitly adding in the structural isomor-
phisms of the monoidal bicategory and the bistrong pseudomonad.
The axioms are shown in Figures 8 and 9. We have numbered them
so they match [34, Definition 5].

E RELATING COMMUTATIVE, CONCURRENT
AND MONOIDAL PSEUDOMONADS

We outline the construction of a commutative pseudomonad from
a monoidal pseudomonad (Appendix E.1), and the construction
of a monoidal pseudomonad from a commutative pseudomonad
(Appendix E.2). In doing so, we see how to construct a bistrong
pseudomonad from a concurrent pseudomonad (Appendix E.1).
Here we just show how to construct the data. The axioms are all
checked directly: this is long-winded, but relatively straightforward.

E.1 From monoidal to commutative

Fix a monoidal pseudomonad as in Definition 5.8, with the three
modifications of the underlying monoidal pseudofunctor denoted
by y,d and @ as in [8].

We give the data for a commutative pseudomonad. In doing so
we need to construct bistrong structure; because we only use the
invertibility of pp in the definition of ¢, this also shows how to
construct a lax bistrong pseudomonad from a lax monoidal pseu-
domonad. A short check then shows that the invertibility conditions
of a concurrent pseudomonad (Definition 6.1) suffice to make all
the modifications for the induced bistrong pseudomonad invertible.

For the two strengths, we take:

T
tAB = ATp U—B> TaTg 1) TaB

T,
sap = TaB b TyTp 25 Tap

We give the structural modifications making the pseudomonad
(T, p, n) left strong; the ones for the right strength are very similar.
First, the unit laws:

ITy 3
nTa g@)ﬁ AB U
= TnI v T, e m

x| - ATy > TaTs —p> Tas

Tia
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T(AB)T L) (AB)C —> T(aB)c
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Figure 8: Axioms (1)-(5) for a commutative pseudomonad.
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\ T2 73 y T2 2 3
Tty v TATB > Tip > Tip T, 15 > TATB > T

” “AB

y T2 2

Tary > Targ »Tip m Tip T2 TaTs T; > Tip
SRR O N S
2 \ \ \ T2 \ TAT2 i th > TaB

TaTy = TaTs — o — 7 Tap —7 1as B o ATe
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S

Figure 9: Axioms (6) & (7) for a commutative pseudomonad.

Next, we give the two associativity laws. Note that if T is con- For the bistrong structure:
current, w is invertible even though y» is not.

A(Ty A
(ATp)C —C3 AT50) 2T A1) — X ATy

nlc ~N ~N =
(4B)Tc (UTB)C\L Tg)n = n(Tsn) J/’?(TBTC) = l’ITBC
al Tt mTe b= S R-
~ ¥Te = (TATB)C(WU(TATB)TC —— Ta(TsTc) Tog TaTse
A(BTc) = (TaTp)Te —— Taglc l
~ xC = xTc @ X
Y= A(nTc)l r7(r7Tc)$ la lx
= TupC ——— TapT; > T, > T,
A(TBTC) W TA(TBTC) [0 T(AB)C AB Tasn ABiC x (AB)C T, 7 1A(BC)
A X\L = \LTA X J/“ Finally, for the commutative structure we take the following.
AT T - Note that this is the only pasting diagram that uses both py and its
Bc nTsc ABC X A(BC) inverse.
T, Ty
TaTp 1 TAT§ LS TaTy B T, Ty
Ap N
2
AT? > AT \ T,T: = X/( Ty
= Id pn ~ e ~+
272 2
, s by TiB
nTa 1d TATy nTs c= np
5 = BHE H2 H
W= PTé ”Té = TA‘U v T2T m ~
- ~ 2 AN 272
TiTg —— TiT; ——— Talg — X T,
TATg N TjTPZ, Hp S TuTs 11B 15 AlB — :4\3
nTg -
N { - -7
2 h N 2
TATB Tr/T a TTATB TX > TAB I > TAB TTAB TTAr] TTATB T)( 7 TAB
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E.2 From commutative to monoidal

Fix a commutative pseudomonad as in Definition 5.5, with right-
strong data denoted as in Appendix B. We define a monoidal pseu-
domonad structure by taking : to be the identity and

T H
X = (TATB i) TATB —[> TE\B bad TAB)

We may therefore take 79 to be the identity. The modifications @, y
and ¢ making T a monoidal pseudofunctor as in [70, Definition 2.5]
are then defined as follows.

nTa Tan
Iy — " 3 11y Tl —27 5 1,1y

Sl
t 4 N1,
Tia = TiTy Tar Taty
N \ 7
Y= n lr, §:= p T, % \LT;
N x N
2
=\ Tia W P Lar
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- A
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2
TaTge =5 Tarz, T, > T ATBC (AB)C m T<AB)C
Tzl / Tl
Tap = T Tv - Tisey = Tiapyc Ta
~ ~ Tﬂ\l/ A -
TaTpc —57 TaTpe T, s Tj(BC) m > Tase)
Finally, for the modifications 72, o and pz we take:
A T
AB 24 ATy T8 T, TR
\z' ls
z
U T,
AN TaTy S22 T?
N2 = B th Ho = P l“
n 2 Id
Tap — Thp

L
Id
TaB
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N Y
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2
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F SKETCHES OF PROOFS OMITTED FROM
THE MAIN BODY

F.1 Proofs for Section 4.1

LEmmA 4.5. (1) Given the axioms of Definition 4.3, the modi-
fications x and y are suitably compatible with the monoidal
modification [.

(2) Given the axioms of Definition 4.3, the modifications z and w
are suitably compatible with the monad modification p.

ProoFr. The first of these axioms is proved using that [ is com-
pletely determined by the other structural data of a monoidal bi-
category (see [27, p. 64]). For the second axiom, while p is not
determined by the rest of the data, the composite 1o pr is uniquely
expressible using n and m. This suffices for the proof. O

F.2 Proofs for Section 4.3
LEMMA 4.6.
(1) For any pseudomonoid (M, m, e, a,l,r) on a monoidal bicate-
gory (%, ®,1) the pseudomonad (—) ® M has a strength given
by the pseudo-inverse a® of the associator for Q.
(2) Every pseudomonad is canonically strong with respect to the
cocartesian monoidal structure (+,0).

Proor. For both claims, one constructs the data by following the
corresponding 1-categorical argument and filling the commuting
diagrams with the appropriate 2-cells; the equations hold by coher-
ence. For (1), for instance, the structural modifications x and y are
given using [ and p, respectively, while w and z are given using r and
p, respectively, together with the pseudonaturality of «®. The ax-
ioms hold by the coherence of pseudomonoids [42]. Similarly for (2):
the strength has components [Tinlo g, Tinr] : A+TB — T(A+B)
and the structural modifications are given by taking the categorical
proof and filling in the commuting diagrams with the appropriate
2-cells. The equations hold by coherence for bicategories with finite
products [65] and the fact all the structural 2-cells are invertible. O

PROPOSITION 4.9. Every pseudofunctor (resp. pseudomonad) on
(Cat, X, 1) has a canonical choice of strength.

Proor. Similarly to the categorical proof, for any pseudofunctor
F : Cat — Cat,and a € A one has F(Ab .(a, b)) : F(B) — F(AXB).



However, since F is now a pseudofunctor we also have a natural
transformation F(Ab .(f, b)) for each f : a — a’ in A, with com-
ponents F(Ab .{f, b)) : F(Ab .{a,b)) — F(Ab .(a’,b)) in F(A X B).
We may therefore define a functor t4 5 : A X FB — F(A x B)
sending a pair of objects (a, w) to F(Ab .(a, b))(w) and a pair of

morphisms (a i) a,w 3, w’) to the composite F(Ab.(a’,b))(g) o
F(Ab .(f, b))+ This is functorial because F is functorial on natural
transformations and F(Ab .{(a, b)) is a functor, and pseudonatural
via the compositor for F.

Then x and y are defined using the compositor and unitor for
F, and the coherence of pseudomonads ensures the axioms hold.
Finally, if T is a pseudomonad then one defines w and z using
the pseudonaturality of 7 and y: this is similar to the proof in the
categorical setting, where one uses the naturality of the unit and
multiplication to show the two compatibility laws hold. Again, the
axioms follow from coherence. O

F.3 Proofs for Section 5.3

PROPOSITION 5.10. For a bistrong pseudomonad (T, s, t) on a monoidal

bicategory (%, ®, I) the families of pseudofunctors (—<A) and (A=—)
assemble into a premonoidal structure on Br. Together with the
canonical pseudofunctor 8 — B, which regards pure morphisms
as effectful ones, they determine a Freyd bicategory.

Proor. We use Theorem 7.2. The binoidal structure is as in (9).
Then, the proof consists in constructing a compatible pair of a left
action and a right action, where “compatible” means that the two
associators coincide on 1-cells, and the structural 2-cells p and m
coincide. All of this is verified directly, based on the construction
of the actions in Theorem 7.2.

The only remaining difficulty is the pseudonaturality of « in its
middle argument, since this is not required for either of the actions.
This is where the 2-cell given by the bistrong structure is used. O

F.4 Proofs for Section 7.1

PROPOSITION 7.1. Every strong pseudomonad (T,t) on (%, ®,I)
induces an action of % on the Kleisli bicategory RBr, where the pseud-
ofunctorv> : B X Br — RBr is given on objects by A» B=A® B,
and on morphisms as

®
frg = (A0B % A eTE T4 @B))

forf:A— A" andg: B — TB’, with the same action on 2-cells.

ProoF. The action on 2-cells is the same as that on morphisms.
The compositor and unitor for > are given by the modifications w
and z that come with the strength. We use x and y to construct the
strength data X and & from the monoidal data A and a, and finally
we use z again to lift p, m, [ to p, ﬁT The strength axioms ensure
that this forms an action. O

THEOREM 7.2. For any pseudomonad T on a monoidal bicategory
(%, ®,1), the categories LeftStr(T) and LefRExt(T) are equivalent.

Proor. The proof follows the categorical construction (see [53,
Prop. 4.3]). For every left strength ¢ for T, the induced action
> 1 B X Br — Bt extends the canonical action of % on it-
self, by construction. Conversely, any extension (>, §) induces a
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STRENGTH AcTION

Modification axioms
for the 2-cells m,[,p
determined by the action extension

Axioms for a strong
pseudofunctor (Fig. 3)

Pseudofunctor axioms
for>: B X Br — Br

Compatibility between
m,n,pandzw

Pseudonaturality of

Compatibility between the transformation
x and z, w =~ . . i
A determined by the action extension
- Pseudonaturality of
Compatibility between Y
the transformation
yandz, w

a determined by the action extension

Table 1: Relating the data and equations on each side of the
correspondence in Theorem 7.2.

strength t4 g = id4 > id7, where id7p is regarded as an element of
BT (TB, B). These constructions are inverses, up to isomorphism,
as we verify directly. We then verify the axioms. In each direction,
there is a tight match-up between the equations of the given struc-
ture and the equations for the required structure; for an outline,
see Table 1. O
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