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ON CHEN’S THEOREM OVER PIATETSKI-SHAPIRO TYPE PRIMES
AND ALMOST-PRIMES

JingiaNng L1 & FEI XUE &  MIN ZHANG

ABSTRACT. In this paper, we establish a new mean value theorem of Bombieri—Vinogradov
type over Piatetski—-Shapiro sequence. Namely, it is proved that for any given constant A > 0
and any sufficiently small ¢ > 0, there holds

1 T
E E E 1—— E 1
g(a)< p(d) ) < Toga) ™’
d<z® | Ai1(z)<a<Az(z) ap<z ap<z
(d,)=1 (a,d)=1 ap=l (mod d) ap:[kl/’Y]

ap=[k/"]
provided that 1 < Aj(z) < Az(z) < 217° and g(a) < 75(a), where [ # 0 is a fixed integer and
2847 2%

=8 =—3g1" —35 ¢
with
1 18 <y <1
17 S
Moreover, for v satisfying
0.03208 e
PN

we prove that there exist infinitely many primes p such that p+2 = Py with Py being Piatetski—
Shapiro almost—primes of type 7, and there exist infinitely many Piatetski-Shapiro primes p
of type v such that p + 2 = Py. These results generalize the result of Pan and Ding [37] and
constitutes an improvement upon a series of previous results of [29, 31, 39, 47].

1. INTRODUCTION AND MAIN RESULT

The ternary Goldbach problem asserts that every odd integer n > 9 can be represented in

the form

n = pi + p2 + ps, (1.1)
where p1, pe, p3 are odd prime numbers. In 1937, Vinogradov [46] solved that asymptotic form
of the representation of the type (1.1) exists for every sufficiently large odd integer. Recently,
Helfgott [14, 15, 16, 17] completely solved the problem and proved that the ternary Goldbach
conjecture is true. The binary Goldbach problem, which states that every even integer N > 6
can be written as the sum of two odd primes, also remains unsettled. Another central problem
in the theory of prime distribution, namely the twin prime conjecture, states that there exist
infinitely many primes p such that p + 2 is also prime. Although the conjecture has resisted
all attacks, there have been spectacular partial achievements. One of the well-known results is
due to Chen [7, 8], who proved that there exist infinitely many primes p such that p+ 2 has at
most 2 prime factors.

An important approach for investigating the binary Goldbach problem is by the use of sieve
methods, especially for Selberg’s sieve method. As usual, we denote by P, an almost—prime
with at most r prime factors, counted according to multiplicity. In Selberg’s sieve method, the
estimate of the error term is quite crucial. The mean value theorem can be used to achieve this
estimate on average over special arithmetic progressions. Generally speaking, stronger results
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can be derived if a better improvement can be made on the extension of the ‘level’ of the mean
value theorem.

In 1947, by using the large sieve method developed by Linnik, Rényi [41] was the first to
prove that the following estimate

Y x
max max g A(n) — < 1 (1.2)
o VST =1 ? = | o(d) (log x)

n=l(mod d

holds for £ < &, with some fixed &y < 1, where A > 0 is arbitrary. From (1.2), Rényi [41] showed
that there exists an r € N* such that every sufficiently large even integer N is representable in
the form

N=p+P,, (1.3)

where p is a prime number. However, Rényi did not give a quantitative connection between &,
and r. Later, Barban [3] and Pan [32, 34] proved that (1.2) holds for {, = 1/6 and & = 1/3,
independently and respectively. When &, = 1/3, Pan [32] firstly gave a quantitative estimate
of r and showed that (1.3) holds for » = 5. Afterwards, Barban [4] and Pan [33], independently
and respectively, proved that (1.2) holds for & = 3/8, from which they both obtained that
(1.3) holds for r = 4. It is easy to see that, under the generalized Riemann Hypothesis
(GRH), (1.2) holds for £ = 1/2. In 1965, Bombieri [5] and Vinogradov [45] independently and
unconditionally showed that (1.2) holds for {; = 1/2. To be specific, Bombieri [5] proved that,
for any given A > 0, there holds

Yy x
Z e (%?51 Z Aln) = o(d) < (log z)A’ (14)
d<z1/2(logz)~B n<y
n=l (mod d)

provided that B > 3A 4 23. Afterwards, Gallagher [10] give a valuable simple proof of (1.4).
In 1965, by using the result of Barban [4], i.e. { = 3/8, Buchstab [6] proved that (1.3) holds
for r = 3. The hitherto best result in this direction is due to Chen [7, 8] who showed that (1.3)
holds for r = 2 by using the ‘weighted sieve’ established by himself and the ‘switching principle’
constructed by himself. In his famous work, Chen [8] had to prove a result which is a varied
theorem of Bombieri [5] on the distribution of primes in arithmetic progressions. Subsequently,
Pan and Ding [35, 36, 37] formulate a new mean value theorem which is a generalized form of
Bombieri—Vinogradov theorem that incorporates Chen’s case. In [37], Pan and Ding showed

that, for any given A > 0, if 1 < A;(z) < As(z) < 2'7¢, there holds

Y T
An) — 1.5
>, maxmex| 3 f(a)( > A w(d)>|<<(logx),4, (15)
d<a/2(log x)~B A1 (y)<a<As(y) an<y
(a,d)=1 an=l (mod d)

where f(a) < 7%(a) and B > 2A + 22*+2(22%*2 + 1) + 21, 7(a) denotes the Dirichlet divisor
function. Here we emphasize that (1.4) can be deduced from (1.5) by choosing appropriate
function f(a).

For 1/2 < v < 1, the Piatetski-Shapiro sequences are sequences of the form ([n!/7])>>,. Such
sequences have been named in honor of Piatetski-Shapiro, who, in [40], proved that ([n'/7])%2,

contains infinitely many primes for % < v < 1. To be specific, Piatetski-Shapiro showed that,

for v € (15, 1), the counting function
my(x) == #{p <z :p=[n'"] for some n e N*}

satisfies the asymptotic formula

(14 0(1)) (1.6)
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as ¢ — oo. The range of v in the above asymptotic formula, in which it is known that ([n'/7]),
contains infinitely many primes, has been extended many times over the years due to a number
of mathematicians [1, 13, 19, 20, 22, 23, 25, 27, 30, 42]. The hitherto best result which makes
(1.6) work is currently known to hold for all v € (332,1) thanks to Rivat and Sargos [43].
Moreover, Rivat and Wu [44] also showed that there exist infinitely many Piatetski-Shapiro
primes for v € (%, 1) by showing a lower bound of 7, (x) with the excepted order of magnitude.

In 1992, Balog and Friedlander [2] firstly found an asymptotic formula for the number of
solutions of the equation (1.1) with variables restricted to the Piatetski-Shapiro primes. An
interesting corollary of their theorem is that every sufficiently large odd integer can be written
as the sum of two primes and a Piatetski-Shapiro prime of type =, provided that v € (%, 1).
Afterwards, their studies in this direction were subsequently continued by Jia [21] and by
Kumchev [24], and generalized by Cui [9] and Li and Zhang [28], consecutively and respectively.

Based on the above results, it is interesting to investigate the solvability of the equation (1.3)
when p is a Piatetski-Shapiro prime. It is naturally expected that a theorem of Bombieri-
Vinogradov type holds for the Piatetski-Shapiro primes. In the early days, the only result in
this direction, due to Leitmann [26], gives a very low level of distribution which does not allow
us to determine the value of the parameter r.

In 2003, Peneva [39] obtained a mean value theorem of Bombieri-Vinigradov’s type for
Piatetski-Shapiro primes. Namely, she proved that, for any given constant A > 0 and any
sufficiently small € > 0, there holds

S Y )| < (1.7
— ——m(z :
<t p<x gp(d) ! Gng)A’
(dj)mzl p=l (mod d)
p=[k'/"]
where [ # 0 is a fixed integer and
755 331 662 608
c—g(y)= @7 T S form <y S (1.8)
Sy—B—¢, for 88 < v < 1.

By (1.8) and sieve methods, Peneva [39] firstly showed that for every sufficiently large even
integer N, (1.3) is solvable with p = [n'/7] a Piatetski-Shapiro prime, and r being the least
positive integer satisfying the inequality

Using the above level ¢ in (1.8), Peneva [39] proved that (1.3) is solvable for r = 7 with a
Piatetski-Shapiro prime p = [n'/?] and 0.9854 < v < 1. Essentially, from the arguments similar
to that in Peneva [39], one can obtain that, there exist infinitely many Piatetski-Shapiro primes
of type ~ such that p + 2 = P; with 0.9854 < v < 1.

In 2011, by using the same level £ in (1.8), Wang and Cai [47] improved the result of Peneva
[39], and showed that there exist infinitely many Piatetski-Shapiro primes of type ~ such that
p+ 2 = P;5 with % < v < 1. Afterwards, Lu [31], in 2018, reestablished a mean value theorem
of Bombieri-Vinigradov’s type with level £ = £(v) = (13y —12)/4 —¢ for 2 <y < 1. By using
this level, Lu [31] strengthened the result of Wang and Cai [47]. He proved that there exist
infinitely many Piatetski-Shapiro primes of type v such that p + 2 = P, with 0.9993 < v < 1.
Subsequently, Li, Zhang and Xue [29] reconstructed the mean value theorem of Bombieri—
Vinigradov’s type with level

129 255

E=€() = - -

for % < v < 1, by which and the weighted sieve of Richert they proved that there exist infinitely
many Piatetski-Shapiro primes of type v such that p 4+ 2 = P3 with 0.9989445 < v < 1.
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In this paper, we shall firstly generalize the result of Pan and Ding [37] and formulate a new
mean value theorem which is a generalized form of Bombieri—Vinogradov’s type over Piatetski—
Shapiro sequences that incorporates Chen’s argument [8]. After that, by using Chen’s trick,
i.e. ‘Chen’s weighted sieve’ and ‘switching principle’, we shall establish stronger conclusion and
improve the previous result about the topic of shifted prime on Piatetski-Shapiro sequence.

THEOREM 1.1. Suppose that | # 0 is a fived integer, and v is a real number satisfying

18 <v<l1

ST
Then for any given constant A > 0 and any sufficiently small € > 0, there holds

1 xY
g(a) - — 1| < : (1.9)
d; A 2 ( Z< wld) Z< (log x)*
<z 1(z)<a<Az(x) ap<z ap<z
(d,D)=1 (a,d)=1 ap=l (mod d) ap=[k'/7]

ap=[k'/"]
provided that 1 < A;(x) < Ay(z) < x'7° and g(a) < 75(a), where
ST 2

the implied constant in (1.9) depends only on A and €.
In Theorem 1.1, if we take A;(z) =1 and

g(a):{l’ ifa=1, 110)

0, ifa>1.

Then (1.9) becomes

1 7
2 X om X 1'<<(1ogx)A’

d<af P p<x
(d=1 p=l (mod d) p:[kl/w}
p=[k'/"]

so that Theorem 1.1 is a generalization of (1.7) with its enlarged level £ — 1% = 0.473684 . ..
as 7 tends to 1. Thus, one can obtain the following corollary.

COROLLARY 1.2. Suppose that | # 0 is a fived integer, and v is a real number satisfying

18 <v<l1
21y ST
Then for any given constant A > 0 and any sufficiently small € > 0, there holds
1 7
Y 1-— ) 1< (1.11)
A7
= = p(d) = (log )
(d)=1 p=l(mod d) p=[k'/"]
p=[k'/7]
where a8 .8
2°° + 17 2% — 1
§:=¢&(7) = v - — &

38 38
the implied constant in (1.11) depends only on A and ¢.

REMARK 1. Under exponent pair hypothesis, i.e. (g, % +¢€) is an exponent pair, it follows from
Lemma 3.2, Lemma /.1 and Lemma 5.1 that (1.9) holds for

€=§(7)=27—2—6 (1.12)

with 3 < v < 1, from which and (1.10) one can obtain (1.7) with ‘level’ defined as in (1.12)
provided that % <7y <l



ON CHEN’S THEOREM OVER PIATETSKI-SHAPIRO TYPE PRIMES AND ALMOST-PRIMES 5

REMARK 2. By using the method exactly the same as that during proving Theorem 1.1, one
can establish the following mean value theorem with Piatetski—Shapiro type’s shifted product ap
as follows

1 x7
> > g(a)( > -5 S 1>'<<(log:p)A’ (1.13)

d<azf | Ai(z)<a<Az(x) ap<T ap<z
(d,l):1 (a,d):l ap=l (mod d) ap:t2:[kl/'y]
apE2=[k1/7]

where the explicit formula of & = £(v) and the range of vy, which makes the (1.13) work, are
exactly the same as is shown in Theorem 1.1.

THEOREM 1.3. Suppose that v is a real number satisfying
0.03208
238 417
Then there exist infinitely many primes p such that
p+2="P
with Py being Piatetski—Shapiro almost—primes of type .

<y <l

THEOREM 1.4. Suppose that v is a real number satisfying
0.03208

238 417

Then there exist infinitely many Piatetski—Shapiro primes p of type v such that

p—|—2:732

<y <l

REMARK 3. The process of the proof of Theorem 1.4 is essentially the same as that of Theorem
1.3 except replacing Theorem 1.1 with Corollary 1.2. Therefore, we only give the details of the
proof of Theorem 1.3 and omit the proof of Theorem 1.4.

REMARK 4. The key point of improving the number r such that p + 2 = P, with Piatetski—
Shapiro prime or almost—prime is to enlarge the level £ = &(7y), for vy near to 1, of the mean value
theorem of Bombieri—Vinigradov’s type over Piatetski-Shapiro sequence. In order to compare
the result in this paper with the previous results (e.g., see the literatures [39, 31, 29]), we list
the numerical result as follows:

5 1 1
E(y) = 17—1—3—5—:% 6 = 0.1666..., forvy—1;

13y — 12 1
5(7):774 —6—)120.25, for v —1,

129 255 3
5(7)277—?—5—>§:0.375, for~v —1;

238 417 238 —1 9

= - —e— —=0473634. .. — 1;
1

E(y) = gv —2—-e— i 0.5, fory—1. (under exponent pair hypothesis)

NoTATION. Throughout this paper, x is a sufficiently large number; ¢ and 7 are sufficiently
small positive numbers, which may be different in each occurrences. Let p and ¢, with or
without subscripts, always denote a prime number. We use [z], {z} and ||z| to denote the
integral part of x, the fractional part of x and the distance from z to the nearest integer,
respectively. Denote by P, an almost—prime with at most r prime factors, counted according
to multiplicity. As usual, ¢(n), A(n),7.(n) and p(n) denote Euler’s function, von Mangoldt’s
function, the Dirichlet divisor function of dimension r, and Md&bius’ function, respectively. Let
(mq,ma,...,my) and [my, ma, ..., my] be the greatest common divisor and the least common

1

multiple of my,may, ..., my, respectively. We write L = log x; e(t) = exp(2mit); 1 (t) = t—[t] —5.
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The notation n ~ X means that n runs through a subinterval of (X, 2X], whose endpoints are
not necessarily the same in the different occurrences and may depend on the outer summation
variables. f(z) < g(z) means that f(z) = O(g(z)); f(x) < g(x) means that f(z) < g(z) <
f(z).

2. PRELIMINARIES

In this section, we shall reduce the problem of estimating the sum in (1.9) to estimating
exponential sums over primes.
For 1/2 < v < 1, it is easy to see that

1, if k= [m'"] for some m € NT,

0, otherwise.

() = [+ 1)7] = {

For convenience, we put D = x¢. In order to prove (1.9), we only need to show that

>, > g(@)( Y A ([~(an)] = [~(an +1)7])
(@)

d<D | Aj(z)<a<Az an<x
(d,h)=1 (a,d)=1 an=l (mod d)
S A (= (an)] ~ [an 4 1)) )| €
- — n)(|—(an)’| — [—(an
p(d) £~ (log )4
Therefore, it is sufficient to prove that
> > g(@)( Y. Am)((an+1)" = (an)?)
d<D | Ai(x)<a<Az(x) an<z
(d,h)=1 (a,d)=1 an=l (mod d)
L Z A(n)((an+1) — (an)") || < il , (2.1)
o(d) 2= (log )7
x’y
X s X A ) v (1)) <€ o (22)
d<D | Ai(z)<a<A2(z) an<x g
(d,))=1 (a,d)= an=l (mod d)
and
1 ol
> — > gla) Y Am)(¥( = (an)") — (= (an+1)7))| < - (23)
a<D SO(d) Ay (z)<a<Az(z) an<z <ng>
(d,l)=1 (a,d)=1

The estimate (2.1) can be obtained from the new mean value theorem of Bombieri-Vinogradov
type, which was established by Pan and Ding [35, 36, 37], by using partial summation to get
rid of the smooth weighted function f(¢) = (¢4 1)” — ¢ and it holds for every v € (1/2,1) and
D = x'/27¢ where ¢ > 0 is sufficiently small. Hence, we only have to show (2.2) and (2.3).
First, we shall give the proof of (2.2) in details, and (2.3) can be treated similarly by following
the processes of the proof of (2.2). Clearly, (2.2) will follow, if we can prove that for X < z,
there holds

> Yo gla) D> Am)(W(—(an)?) =¥ (— (an+1)7)) <<<1o§;>m (2.4)

d<D | Aj(z)<a<Az(x) an~X
(d,))=1 (a,d)=1 an=l (mod d)




ON CHEN’S THEOREM OVER PIATETSKI-SHAPIRO TYPE PRIMES AND ALMOST-PRIMES 7

Let n > 0 be a sufficiently small number. If X < z'7", then the left-hand side of (2.4) is

< ) Yo 9@ Y Am)((an+ 1) (an)7)

R R A et
+ ) Yoogla) > A<n>([—<anm—[—<an+1m)|
(:l{lg)gl A (:1:(25;)<:f112 (:1:) anzaln(;i)(d d)
<L > @Y (an)yr(lan—ih+L > @) Y r(lan—1))
A1 (z)<a<Az(z) an~X Aq(z)<a<Az(z) ail[zfgﬂ

< XEY )+ XE D r(h) < X <2 LA
b X b X
b=[k1/7]
Hence, we can assume that 2177 < X < x. Tt is easy to see that, for £ < (1 —7)/2, there holds
X< D XHE,

Now, we use the well-known expansions (e.g., see the arguments on page 245 of Heath—Brown

[13])

oty =- Y 62(;52 + O(E(t, H)), (2.5)
0<|h|<H
where
E(t,H) := min < H||t||) Z bre(th)
and

log2H 1 H

H A’ WZ)
Inserting (2.5) into the left-hand side of (2.4), the contribution of the error term in (2.5) to the
left—hand side of (2.4) is

> > gla) > Am)(E((an)’, H)+ E((an+1)", H)) = Ey + Ey,  (2.6)

d<D Ai(z)<a<Az(x) an~X
(d,))=1 (a,d)=1 an=l (mod d)

by, < min(

say. We treat F; only, since the estimate of E5 is exactly the same. For E;, we have

Er<LY >  7a) > E((an) H)

d<D A;(z)<a<Az(z) an~X

(dD=1  (a,d)=1 an=l (mod d)
<oy (3 e
(@21 m=1 (miod d) Al(ac(?izagAg(x)

< X0 Z Z Z bre(hm?)

d<D m~X h=—
(d,))=1m= =l (mod d)

< X0 N Z bl D e(hm?)]. (2.7)
d<D h=—oc0 m~X
(d,))=1 m=l (mod d)

Now, we use the following estimate, which is an analogue of Lemma 1 of Heath-Brown [13] for
arithmetic progressions, to give the upper bound estimate of the innermost sum in (2.7).
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LEMMA 2.1. Let 1 <d < X, X < X <2X. Then

S e(hm?) < min <Xd*1, AR IX T d“*z\h\“X“’Y*“”),
X<m<Xy
m=l (mod d)
where (k,{) is an exponent pair.
Proof. See Lemma 2.1 of Li, Zhang and Xue [29].

Taking (k, () = (3, 3) in Lemma 2.1, we obtain

By < X"0Y " <|b0|)<oz1 + ) [bnl (|h|’1X1”7d*1 + |h|1/2X’Y/2>>
d<D h£0

< X 4n/8 pr—1 + X 1-7+n/9 Z d-1 Z |h|_2
d<D h#0

+)(«//2—1—77/9D< Z |h|_1/2+H Z |h|—3/2>

0<|h|<H |h|>H
< XV -1 xi-vt/8 L x/24n/8 [l o va—A’
provided that
H = X' and 7>%+§.
Therefore, it remains to show that

1
S = Z Z 7 Z 73(a)

d<D O0<h<H Al(x)<a<A2(:v)
(d,l):1 (a,d)zl

Define
Pna(n) =1 —e(h((an)” — (an +1)7)).

By partial summation, the innermost sum on the left-hand side of (2.9) is
Y. Am)e(=h(an)")énq(n)

an~X
an=l (mod d)

_ Aa¢h7a(t)d( 3 A(n)e(—h(an)7)>

@ X/a<n<t
an=l (mod d)

2X

¢<—)H S Alw)e(~h(an))

<

an~X
an=l (mod d)
o a(bh a@)
— v >
+/X > A(m)e(—h(an) )‘ L \dt
a X/a<n<t

an=l (mod d)

X1 A — v
< h X X/a1<nt2>2<x/a Z (n)e(—=h(an))|,
X/a<n<t
an=l (mod d)

(2.8)

(2.10)
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where we use the estimate

8<bh,0L <t>
ot

Inserting (2.10) into the left-hand side of (2.9), we obtain

S<x T Y Y Y w@| Y Ame(—hlan))

d<D 0<h<H Al(x)<a<A2 ) an~X
d,l)=1 an=Il (mo
(d)0) (a,d)= I (mod d)

=X Y Y Y w@ddha) Y Am)e(—h(an))

Ona(t) < ha' 1771 and < ha? 7172,

d<D 0<h<H z)<a T an~X
(d,l<):1 <heH A ()a<d)<—A2( ) an=l (mod d)
< X7 x g E A(n E e(—h(an)") E c(d, h,a)
Aq(z)<a<Az(x) an~X 0<h<H d<D
(d,1)=1
dlan—I1

= X7 x Z 73 (a) Z A(n)Gu(n

Aq(z)<a<Az(z) an~X
where
Ga(n) = Y Ena(n)e(—h(an))
0<h<H
and
Zha(n) = Y c(d,h,a) lc(d, b, a)]
d<D
(d,1)=1
dlan—I

Accordingly, in order to establish the estimate (2.9), it is sufficient to show that

2. m@) ) A

Al (z)<a<Az(z) an~X

< XL (2.11)

A special case of the identity of Heath—Brown [12] is given by

¢ _ ¢ :
“=-Su-zgr- 3 (D) vz,

7=1
where Z = Z(s) = Y.  u(k)k™*. From this we can decompose A(n) for n ~ X/a as
k<(X/a)!/3
3 /3 '
A =30 ()0 S )l toghy,
j=1 J ki..koj=n
J 1 25
Thus, we can express >, A(n)G,(n) in terms of sums
n~X/a
D > plkn) - ulky) (log o) Galky - - kay),
oy -kaj~X/a
ki~K;

where 1 < j < 3, K1Ky -+ Koj ~ X/a and Ky, ..., K; < (2X/a)Y/3. By dividing the K; into
two groups, we have

Z Z A(n )| <, X" max Z Z Z Ga(kn)|,
Ar(z)<a<As(z ) n~X/a Al(m)<a<A2(m) kr]z:)[((/a

(2.12)
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where the maximum is taken over all bilinear forms with coefficients satisfying one of

(k) < 1, B <1, (2.13)
or
k)] <1, pn) =1,
or
(k) < 1, B(n) = logn,
and also satisfying in all cases
K < X/a. (2.14)

We refer to the case (2.13) as being Type II sums and to the other cases as being Type I sums
and write for brevity ;; and Xj, respectively. In the following two sections, we shall give
appropriate upper bound estimates for the sums of Type II and Type I, respectively.

3. ESTIMATE OF TYPE II SumMms

We begin by putting the two variables a and k together, i.e. m = ak, and breaking up the
ranges for m and h into intervals (M, 2M] and (J,2J] so that M N =< X and % < J < H. Then,
for the Type II sums X7, there holds

ZH:ZZ< Y 7ia ) (n) Y ®y(mn)e( — h(mn)")

m~M n~N m=ak h~J
MN~X Ay (z)<a<Az(x)
k~K
<X D0 Y Bm)@a(mn)e(=h(mn)")|,
mn~

where

Op(mn) = Y d(d.h), |d(dh)|=
d<D
(dl)=1
dmn—l
Denote by T' a parameter, which will be chosen later. We decompose the collection of available
pairs (n, h) into sets .7, for 1 < ¢ < T, defined by

ATNV(t —1) 4JN%}
- .

%:{(n,h):an,th, < hn? < 7

Hence one has

S XYY

1<t<T m~M

ZZB )@y, (mn)e(—h(mn)?)

(n h)eS
mn~X

which combined with Cauchy’s inequality yields

X1 < X"TM Z Z ZZﬁ )®n(mn)e(—h(mn)?)

1<t<T m~M | (n,h)€%
mnNX

KX'TM Y >3 >N

1<t<T (n1 h1)€ S (n2 h2)€ St

I

2

Z ®p,, (mny)Pp, (mnsy)e ((hm? — hQng)m”)

m~ M
mni~X
mno~X

< X"TM Z Z Z Z Z Oy, (mny) Py, (mng)e(Am?)|,

ni~N na~N hi~J ha~J | m~M

IN|<4JNYT—1 mni~X
mnao~X
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where
A= hl’I’LY — hQ’I’L;
Denote by S the innermost sum over m. By the definition of the quantity ®;(-), we have

S= > > i) Y d(dyha)e(Am?).

m~ M d1 éD da<D
mni~X (dh ) (d27l):1
mna~X dq|mnq— l da|mmna—l

If the system of the congruences

{mm =1 (mod dy)

mny =1 (mod dy)

is not solvable, then & = 0. If the above system is solvable, then there exists some positive
integer g = g(d1,ds, [, 1, n9) with 1 < g < [dy, dy] such that the system is equivalent to m = g
(mod [dy, ds]). In this case, we change the order of summation of S to derive that

S = Z c(dy, hn) Z (dy, hs) Z e()\m'y).
di<D d2<D m~M
(d1,0)=1 (d2,0)=1 z21:§
m=g (mOQd [d1,d2])

Therefore, by Lemma 2.1, we deduce that for any exponent pair (x, ¢) there holds

Sk Z Z Z e(Am”)

di<D do<D m~ M
(dl,l)=1 (dg,l)=1 mni~X
mno~X
m=g (mod [d1,da])

M=
Meldy . d /ifZM/vyf/iJré )
<20 mm(dl,dz] i, 4y TP )

di1<D d2<D
(d1,0)=1 (dz,l)=

In order to compute the contribution of the term |\|*[dy, do]** M ="+ to |S;|%, we need the
following Lemma.

LEMMA 3.1. For 3 <a<1,J>1,N>1,A>0, let #(A) denote the number of solutions
of the following inequality
‘hm?—hgng‘ gA, hl,hQNJ, nl,n2~N.
Then we have
N (A) < AJN?* 4+ JNlog(JN).

Proof. See the arguments on pp. 256-257 of Heath-Brown [13]. O

From the following estimate

(dy, ds)
szl,d2me<<zz<dlld;) Z Z Z rgﬁkﬁnkém

di1<D d2<D di1<D d2<D 1<r<D k;1<D/r k;2<D/

2
< Z Tﬁ—ﬁ( Z kn—ﬁ) < Z TH—E(DT—1)2(5_£+1) <<Dn—£+1’

1<r<D kE<D/r 1<r<D

we know that the total contribution of the term |\|*[dy, do]* *M*®7=++¢ to S |? is

< X”TM( > Z[@,@]”)MI“MWW DIDIDISN

d1<D da<D ni~N no~N hi~J ho~J
[\|<4JNYT-1

< X"TM DS (JNIT D M= A (4TNYT™H)
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< XML DAY (TN NYT 1 A (4TNYT )

< XFrTims Nl DRl g (4 NTTTY. (3.1)
If |\| < M7, then M[dy,ds]™" < M |A|7![dy, dy]™!, and thus the total contribution of the
term M[dy,ds]™" to |Sp]? is

KX'"TM-MLPx Y > 3" 3 1< X"TM?- 4 (M), (3.2)
ni~N nao~N hi~J ho~J
A<M

where we use the elementary estimate
Z Z [di, do] ™ < (log D)°.
d1<D da<D

If |\| > M7, then M[dy,ds]™ > M| \|71[dy,ds]~t. Tt follows from the splitting argument
that the total contribution of the term M'=7|\|71[dy, ds] ™! to |3;7]? is

) 1
< X"TM - MY L3 x M—'ygAIrng](N”/T_l Z Z Z Z W

ni~N nao~N hi~J ho~J
A<|AL2A

< X"TM*7 x max AT (24), (3.3)

M-7<AL4JNYT-1
which covers the upper bound estimate (3.2). From Lemma 3.1, we know that
N (A) < AJN*7 + JNL,
which combined with (3.1) and (3.3) yields
}211‘2 & XFHNPImR R DRt g (g TN
+ X" M*™ x max (JN* 7+ JNATY

M-7<AL4JNYT-1
< X7 (Xn'y—l—QT—/@M—n-l—ﬁ—an—ﬁ-‘rlJ/@—I—Z + vay—l—lTl—/@M—m—i—KDn—ﬁ-l—lJn-‘rl
+TIX* 7+ TMXJ). (3.4)

We choose T such that the first term and the fourth term in the above estimate are equal.
Accordingly, we take

ry+1 —Kk+4—2 r—0+1

T =X+ M =T Dri J]+1. (3.5)
Putting (3.5) into (3.4), we obtain

r(y+1)+2 [

[Sul* < X7 (X FEME D

K— 2(rky+1) 2(¢—1) 2(k—£+1)

mﬁT1J2+X L M et DT oer o J?

+X "l M el D oeil J2+XH7+1M7H+ZDH7£+1JH+1 + JX27’\/+MXJ

2k+3—~ —k4€—2 _ k—L+1 )
)

which combined with J < H = X' and D < X¢/2 for £ < (1 —n)/2 yields

3ntd—(nt2)y | n—ft1 2(m+2—ﬂ/)+2(m—f+l)§ 2(¢—1)

‘211‘2 < X"(X Rl Rl §M£;+11 + X7 w1 1 M =F1

4r+5—(2r+3)y + K—[+l§ —Kk+l—2

+ X 1 s R/ e +X“+2*7+(H*5+1)5M*H+5 4+ X3 4 MXQJY).

According to above arguments, we deduce the following lemma.

LEMMA 3.2. Assume that (k,{) is an exponent pair. Suppose that % <y <land0 < €& <
(1 —n)/2 subject to the conditions

v > +&+1n (3.6)

K
k—{04+1
and

K+ 2 k—0+1

/i—€+3+/i—€+3

v > E+n. (3.7)
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If there holds

(r+2)A—y)+(r—€+1)¢ _
X 17 +n < M« X7 77’

then we have
Y < X,

4. ESTIMATE OF TYPE I SuMS

As in section 3, we also put m = ak and breaking up the range for m into intervals (M, 2M|
such that M N =< X. According to the definition of the quantity Z(-), one derives that

Sr=> Y @m)Bn) Y e(=h(mn)') > '(d,h),

m~M n~N 0<|h|<H d<D
MN~X (d,1)=1
dlmn—1
where
w(m) = E i (a)a(k) < X7
m=ak
A1 (z)<a<Az(z)
k~K

By changing the order of summation we obtain

<L Y Ha, (4.1)
0<h<H
where
Hy= > (dh)> @m) > elh(mn)).
d<D mn~M n~N
(d,))=1 mn~X

mn=l (mod d)

By Lemma 2.1, we deduce that for any exponent pair (k,¢) there holds

Ho< XT3 S S ehmn))

=1 mn~X
(@) mn=l (mod d)

< X7 33 (WM s e )

d<D m~M
(d,h)=1

< h*1X1*’7+77 + hHXHW*Ii‘FZ‘FWMR*Z‘FlDI{*Z‘Fl. (42)

From (4.1) and (4.2), one has

ZI < Xl—'y—l—n + Hn-l—levy—m—i—KMm—K—i—le—f—i—l
< X 1=+ 4 MR*Z+1X1+Z*’Y+(R7€+1)£+T7.

According to above estimate, we obtain the following lemma.
LEMMA 4.1. Assume that (k, () is an exponent pair. Suppose that M satisfies the condition
M < X e,

Then we have
Y, < X
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5. PROOF OF THEOREM 1.1

As the illustration in section 3 and section 4, during the process of the treatment of exponen-
tial sum estimate, we regard m = ak as one variable and n as another. Hence one can deduce
from (2.12) that

2. m@ 3 A

A1 (z)<a<Az (:1:) n~X/a

)| <, X" max E E F(mn)|, (5.1)
m~M n~N
MN~X

where the maximum is taken over all bilinear forms with coefficients satisfying one of

[ (m)| < 1, B(n)] <1, (5.2)
or
[w(m)| <1, pn) =1,
or
wm) <1, Bln) =logn,
and also satisfying in all cases
M < X. (5.3)

In the argument between (2.11)—(2.13), by dividing the K into two groups in a judicious
fashion, with making a new variable m by bonding a and corresponding k; in one group, we
are able to reduce the range of M from (5.3).

LEMMA 5.1. If we have real numbers 0 < a <1,0<b < ¢ <1 satisfying
2 c

b< - l—c<c—0 l—a< <

3’ c<¢ ) a 5

then (5.1) still holds when (5.3) is replaced by the conditions
M < X* for Type I sums,

and
X< M <XS for Type II sums.

Proof. See Proposition 1 of Balog and Friedlander [2]. O

In order to prove (2.2), we need to take appropriate exponent pair (k,¢) in Lemma 3.2 and
Lemma 4.1, respectively. It is easy to see that, for n > 1, there holds

11 1 n+1
Ar( = 2) = 1— .
(2’2) (2n+2—2’ 2n+2—2)

In Lemma 3.2, we take (s, () = A*(,1) = (55, 12). Then the conditions (3.6) and (3.7) make

307 15
v > é +&+n (5.4)

and 61
7>@+1—3§+n. (5.5)

Hence ¥;; < X177 provided that

61(1

13
1)+5 +7I<<M<<X’Y n

In Lemma 4.1, we take

11 1 37
_ogsef( 1 LY _ ]
(v, €)= 4 (2’2) (238—2’1 238—2)'

Then ¥; < X'~ provided that

38
B—g-n
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From Lemma 5.1, we take

937 _1 93 _ 39
=g 1T T3y ST
61(1—~) +5
- 01— S
1
c=vy—n.

Then one can easily check that the conditions (2.8), (5.4) and (5.5), as well as the inequalities
in Lemma 5.1, hold. Therefore, we show that (2.11) holds, which is sufficient to complete the
proof of (2.2).

For (2.3), we can follow the process from (2.4) to (2.8). Then it suffices to show that

F=Y =Y X ne

d<D 0<h<H Al( )<a<A2({L')

wwl (a,d)=1
Z A(n) (e( — h(an)") — e( — h(an + I)V)> < 2L (5.6)
an~X

Afterwards, for the innermost sum on the right-hand side of (5.6), one can follow the routine
process as is shown in (2.10) to see that

S XT3 o D Y (@) 3 Awe(=h(an))

d<D O<h<H}%(ﬂ<a<Aﬂx) an~X
(d,l)= (a,d)=1
= X771 x Z Z > wa)-c*(dha) > An)e(—h(an)")
ng O<h<H Aq(z)<a<Az(z) an~X
(d,l)= (a,d)=1
1 . y c*(d,h,a)
<X xo Y wa) Y An) Y e(=h(an)) D o
Aq(z)<a<Az(x) an~X 0<h<H (:iil<)D ¥
=X x> 7a) Y An)Gi(n
A1 (z)<a<Az(z) an~X
where
Gi(n)= Y Ej.(n)e(~h(an)")
0<h<H
and ( )
c*(d,h,a
= .(n) = e lc*(d, h,a)| = 1.
" d\;) p(d)
(d,l)=1

Hence, in order to show (2.3), we only need to prove

Z ZA )| < XL™4,

Az (x)<a<Az(z) an~X

which can be treated almost exactly the same as the arguments in dealing with (2.2). Conse-
quently, we omit the details herein. This completes the proof of Theorem 1.1.

6. PROOF OF THEOREM 1.3

In this section, we shall prove Theorem 1.3 according to the result of Theorem 1.1, Corollary
1.2, (1.13), the ‘weighted sieve’ and the ‘switching principle’ constructed by Chen [8]. First, we
list some lemmas which is necessary for proving Theorem 1.3.
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6.1. Some Preliminary Lemmas. Let o/ denote a finite set of integers, &7 denote an infinite
set of primes, & denote the set of primes which do not belong to &. For a given z > 2, we set

“1I»

p<z
peEP

Define the sifting function as
S(, P, z) = Hae% _1}‘

For d|P(z), define «; = {a € &/ : a = 0 (mod d)} Moreover, we assume that |<7| may be
written in the form

w(d) =
where w(d) is a multiplicative function such that 0 < w(p) < p, X is a positive number
independent of d, and r4 is an error term which is to be small on average so that X approximates
to the cardinality of o7. Also, we assume that the function w(p) is constant on average over p

in &, which means that
—1
1
3 ( ——w(p)) 08 = (1+ K ) (6.2)
P = log z log 21

z1<p<z2
peEP

holds for all z5 > 2z; > 2, where K is a constant satisfying K > 1. For details of (6.1) and (6.2),
one can see the arguments (4.12)—(4.15) on page 28 of Halberstam and Richert [11], and the
arguments on page 205 of Iwaniec [18].

LEMMA 6.1. Suppose that the conditions (6.1) and (6.2) hold. Then we have
S(e, P,2) = XV(2)(f(s) + O(log™* D)) — Rp, (6.3)
S(o, P,2) < XV (2)(F(s) +O(log "/* D)) + Rp, (6.4)

where

log D
fp = Z ral, 5= gz’

dIP( )

Vi = et (1+0(1) ) 69

coTI(-)(-)

P
where Cy denotes the Euler’s constant, f(s) and F(s) denote the classical functions in the linear
sieve theory, which are determined by the following differential-difference equation

Fs)= 22 s =0, O<s 2,

q s (6.7)
L(Pe) = fls =1, S(sfle) = F(s—1), s>2

Proof. For (6.3) and (6.4), one can refer to (6), (7), (8) on page 209 of Iwaniec [18], while (6.7)
can be referred to as a special case with > = 1,8 = 2 in (9) of Iwaniec [18]. Moreover, for (6.5)

and (6.6) one can see (2.4) and (2.5) of Chapter 5 in Halberstam and Richert [11]. O
LEMMA 6.2. Let F(s) and f(s) be defined as in (6.7). Then we have
20
F(s) = ‘ : 0<s<3;

S

2e¢0 s~ og(t —1
F(s) = 68 <1+/ %dt), 3<s<5:
2
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20 log(s — 1)

< s <4,

fs) =

2% hdty [ log(t, — 1
f(s) = ¢ <logs—1 / / Og%)dtg) 4 <s<6;
2

where Cy denotes Fuler’s constant.

Proof. See (7.51)—(7.54) on page 127 of Chapter VII in Pan and Pan [38]. O

6.2. Weighted Sieve Method. Let x be a sufficiently large number and set
42%:{a:agx,a:p+2,a:[/€lm]}a P ={p:p>2}.
Denote by 1 4(n) the characteristic function of set A, i.e.,

1, ifne A
]1 — b )
Al {o, itnd A

H{ataced, a=P}| > Z 1p,(a).

acd/
(a,P($1/10‘92)):1

T
S owe Y Leddn

Then one has

Trivially, we have

acd 21/10.92 <1 /2
(a,P($1/10‘92)):1
m(a)=0
Hence one gets
{oraed, a=P} > > pAa)lp,(a) + Oz m%), (6.8)

acdf
(a,P(ml/lo‘QQ))zl
(a,2)=1

Now, we claim that, for given integer a with a < = which subjects to (a, P(z'/109%)) = 1, (a,2) =
1 and p(a) # 0, there holds

() > 1~ 501(0) ~ 50(0) — 5(a), (69)

2
Ql(a) = Z 1

x1/10A92<p<1.1/3A29
pla

o) = 41 e =pipaps, 202 <y <alPE <y <y, (0.2) = 1,
? 0, otherwise;

where

(a) = 1, if a = pipaps, /3% <p1 <p2 <ps, (a,2) =1,
o\ = 0, otherwise.

Actually, by noting the fact that g;(a) > 0, g2(a) > 0 and ps(a) > 0, if 2(a) < 2, then obviously
we have 1p,(a) =1 > 1 — 20i(a) — 302(a) — 03(a). Now, we always assume that Q(a) > 3,
then 1p,(a) = 0. If g1(a) > 2, then Ip,(a) =0 > 1—101(a) > 1 — S01(a) — 302(a) — o03(a).
If 0i(a) = 1, then a must not be represented as the form a = pypapsps with z/1092 L p; <
/32 L py < py < py. Otherwise, one deduces that a = pypopsps > x1/109243/3.29 5 o which is
a contradiction. Hence a must be written as a = ppops with /1992 < py < 21320 < py < pg so
that gs(a) = 1 and g3(a) = 0. In this case, there holds 1p,(a) = 0 = 1—10;(a) — L02(a) — 03(a).
If 01(a) = 0, then gy(a) = 0, and thus every prime factor of a is not less than z'/32° which
combined Q(a) > 3 makes a = pipops with /3% < p; < py < ps, ie., o3(a) = 1. At this
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time, we also have 1p,(a) =0 =1— 10(a) — 302(a) — 03(a). Above all, (6.9) holds under the
conditions given as above.
On the other hand, one has

2 (1 - %Ql(a) - %@2((1) - Q3(a)) < Y Z<aom,

ace/ 21/10.92<pp1/2
(a7P(x1/10A92)):1
11(a)=0
(a,2)=1

which combined (6.8) and (6.9) yields

foeeaa=l> ¥ (1300 je0 - 6w)+ 0@

2
acgf
(a,P(ml/10‘92))=1
(a,2)=1
1 1 9.92
25_551_552_534_0(;510492), (610)

where

S = > 1; S; = > oi(a), i=1,23

acd/ acs/
(a7P($1/10‘92)):1 (a,P(x1/10'92)):1
(a,2)=1 (a,2)=1

Now, we shall give the lower bound estimate of S and the upper bound estimates of S; (i =
1,2,3).

6.2.1. Lower Bound Estimate for S. We use (6.3) to give the lower bound of S. Hence we take

d
——, if (d,2) =1 and u(d) # 0,
X =my(z), D =zt w(d) = < »(d) if (d,2) and p(d) 7
0, otherwise.

Then we have

o D(-2)(-3) ) e

say. It follows from (1.13) with (1.10) that

1
me X | X gy X

d<xzt p<T—2 p<r—2
d| P (x1/10:92) PE;;(I[Z??W?) p+2=[k1/7]
p =
3D N D DI T |
b d<at p<z »(d) p<z (logx)A'
(d,2)=1 PE;;(I[Z??W?) p+2=[k1/7]
p =

Then (6.3) gives
S = m (x)V (2/1%%%) (£(10.92¢) + O(log™*z)) — Rp

4 10.92¢—1 dt t1—1 1 to —1 Y
2?6<log(10.92£ —1) +/ ! o8t >dt2) v
3

?2 ta

—(14+0(1)). (6.11)
log” x
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6.2.2. Upper Bound Estimate for S;. By the definition of S;, we have

R YD SIE T SR

aco 21/10-92 ¢y :1/3.29 21/10.92 <y p1/3.29 acd
(a,P(:Bl/IO‘QQ))Zl p\a (a,P(ml/lo‘QQ))zl
(a,2)=1 pla, (a,2)=1
< > > 1= > S(at,, P, x1/1092) (6.12)
21/10.92 gy qp1/3.29 611/61%792 21/10.92 gy qp1/3.29
(a,P(z/10-9%))=1
pla

say. First we use (6.4) to give the upper bound of S(«7,, 2, x%/1092). Hence for 2/1092 < p <

/32 one has

1 log(*/p) -
1/10.92 1/10.92 1/3
Slet, 2,a10) < Wﬂm)v(z " <F<logx1/1092 +O(log™*x) | + Rp(p)
_ 1 10.92logp\ 27
< 21.84Ge % . —— . F( 10.92¢ — 1 1 R ) 6.13
o (10926 - TEEEL) L1 4 of1)) 4 ) (6.13)

where Cj is Euler’s constant and

RD(P) = Z ’po}-

d<xt/p
d|P(ml/10‘92)

It follows from (1.13) with (1.10) that

1
> B =Y > i 2. oy 2!
21/10.92 < 1/3.29 21/1092<pq1/329  gegt/p g<z—2 plap q<z—2
d|P(z1/10:92) g=—2 (mod dp) q+2=[k'/]
q+2=[k'/7]
< D> >ooa- (1d/) S 1‘<< (lox;> - (6.14)
d'<af q<z—2 ¥ g<z—2 g
(d,,2):1 qu2(mod d/) q+2:[k1/w]

g+2=[k'/7)
It follows from (6.12)—(6.14), prime number theorem, and partial summation that

10.92log p
log x

v 1
Si < 21.84Ge @ —2_ (14 o(1)) x > - F(10.92£ -
log x 1/10.92 1
21/10.92 <ppgp1/3.29
1

:46(1+0(1))x_;>< (/m dov

log” x 3 oz(f — a)

7 10.92

- 1 10.92(6—a)—1 log(ﬁ ) )
+/1 7{1(5_&) (1+/2 3 ———=dp (6.15)

10.92

6.2.3. Upper Bound Estimate for Ss. By the definition of g5(a), we have

= > > !
acd a=p1p2p3
(a,P(21/10-92)) =1 21/10-92 ¢ 1/329 < o

(a,2)=1

=) 2. 2. L

21/10.92 <y <21/3.29 £1/3.20Cpo (2 /p1)L/2  P=p1p2p3—2
p2<p3<z/(p1p2)
p1pep3=[k'/7]
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Define
& {e: e = pipa, V1092 < py < V3 L py < ($/p1)1/2}’

fz{ﬁ:ﬁzep—Q,eeéa,epgx},
%:{6:663,6—1—2:[#”] forsomekéN*}.

Obviously, there holds

1/2 1/2+1/6.58
T T
&l < E < 0.652.
} ‘\ ( ) < log x !

£1/10.92 <y <:1/3.29 P1
In addition, for e € &, one has

€ = pipy > 3V/3241/1092 5 103955
e = pipy < p1<x/p1)1/2 _ x1/2p}/2 < p1/2+1/6.58 - 4.0.652
We claim that the number of the elements in %, which are not exceeding z%3%%, is less than
29552 Virtually, for such ¢ € . satisfying ¢ < 2% 3955 , then there exists e € & and prime p such

that
0<ep—2=1(<L " (6.16)

If we fix the element e € &, the prime p which satisfies the inequality (6.16) must be unique.
Otherwise, if there exist two primes p and p’ with p # p’ such that

0.3955 9 0.3955
Y

O<ep—2<ux and O<ep —2<x
then we deduce that
%3 > |(ep — 2) — (ep/ — 2)| = elp — p'| = 2e > 229%%,
which is a contradiction. Consequently, we obtain
Sy < S(B, P, 10395) 1 O(2°62)
< S(B, P, 2) + O(x%?) (6.17)

holds for z < 2939, Let B, = {(:( € #,{=0 (mod d)}. Then it is easy to see that

‘%d‘_ X—i-% -l—%f,

1
¢(d)
where

X =" ((t+3) = (t+2)),
e
BV = S (37— (42— —— S ((e+37—((+20),  (6.18)
ez old) i
£=0 (mod d)
2P = > (w(=e+3p) —w(-(+2)). (6.19)
e
¢=0 (mod d)

In order to apply (6.4) to give upper bound estimate for S(%, &, z), we need to show that

3 )92(“ il i=1.2. (6.20)
d<zt ‘ (1Og x)A’ 7
(dE)x:l

We shall prove (6.20) by two following lemmas. For convenience, we put D = 2°.
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LEMMA 6.3. Let ,%C(ll) be defined as in (6.18). Then we have

> || < o
d<D log x)
(d,2)=

Proof. By the definition of the set .Z, we only need to show that

> Z( > (et () 2 <<ep+1>”—<ep>”)> < o (621)
d<D | ecé& p<z/e ¥ p<afe og )
(d,2)=1 ep=2(mod d)

On the left-hand side of (6.21), for the sum over e € &, we decompose the sum into two parts
according to whether (e,d) = 1 or (e,d) > 1. If (e,d) > 1, by noting the fact that (d,2) =1 ,
we always have ep Z 2 (mod d) for all p < z/e. Thus the first inner sum in the brackets on the

left—hand side of (6.21) vanishes in this case. Hence the left-hand side of (6.21) is < Ry + Ra,
where

Ri= > | Y < > ((6p+1)”—(6p)”)—ﬁ > ((ep+1)y—(6p)”)>',

d<D ecé p<z/e p<z/e
(d2)=1 (ed)=1  ep=2(mod d)

Ry = Z Z Z (ep+1)" — (ep))].

d<D ecs p<:r/e
(d,2)=1 (e;d)>

and

In view of 293%° < e < 29552 for e € &, by setting 1¢(a) the characteristic function of &, i.e.,

1o(a) = 1, ifaed&,
A0, ifag s

we can write

1
Ri= D | w( > (1) = (@) - o Z<<ap+1>v—<ap>v>)l,
d<D | 303955 ¢ g 0652 p<z/a ¥ p<z/a
(d,2)=1 (a,d)=1 ap=2 (mod d)
and |
Ra= Y. = Yo 1s(a) Y ((ap+1) = (ap)?).
d<D 90( )IOA3955<G<$0A652 p<z/a
(d,2)=1 (a7d)>\$1/1092

In order to prove the result of R; < 27(logx)~*, by partial summation we can reduce the
matters to considering the case where there exists no weight on the prime variable p, and only

need to show that
1 T
> o T g )| <

d<D | £0-3955 ¢ 4,0.652 p<z/a p<z/a

(d,2)=1 (a,d)=1 ap=2 (mod d)

By the theorem of Pan and Ding, i.e. (1.5), the above estimate follows immediately. For the
upper bound estimate of R, one has

x

e >y X Tt Xy 5o [
2

d<D £0-3955 < 40652 p 3 /g d<D £0-3955 < g ,0.652
(d,2):1 (a,d)>x1/10-92 (d,2)=1 (a,d)>x1/10-92

x7 1 1 x7 1 1 1
< — - < — — —
fogz 2 (@ Z g7 2 50 % w2

(a7d)2x1/10.92 m>m1/10A92
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z” 1 1 1
< Z Z — Z — & g T2 562 o
logz 21/10.92<mep mw(m) di<D/m (,O(d1) a1 <20-652 /m a1

This completes the proof of Lemma 6.3. O
LEMMA 6.4. Let ,926(12) be defined as in (6.19). Then we have

> |2 <

d<D
(d,2)=

log x)

Proof. By the definition of Q?d , it suffices to show that, for X < z, there holds

S Y (v wsy) —u(-+2)))| <

d<D le?
(d,2)=1 £=0(mod d)
i~ X

If X < 2'77, then the left—hand side of (6.22) is

< Z' > (437 =(+2y Z| S o([=@+2]=[=(c+3)7])

d<D I~ X d<D I~ X

7
(logz)4

(6.22)

(d,2)=1 £=0 (mod d) (d,2)=1 £=0 (mod d)
<Y 4370+ >0 Y 1< X <Y (logx)
~X d<D ~X
(d,2)=1 £=0(mod d)
242=[k1/7]

Now, we assume that #1777 < X < z. By (2.5), the contribution of the error term in (2.5) to
the left-hand side of (6.22) is

< Z Z (E((¢+2)", H) + E((t+3)",H)) = Ef + Ej, (6.23)

(d 2) 14= O(mod d)

say. The treatment of E} and FEj is exactly the same as that of (2.7) by using Lemma 2.1 with
exponent pair (1, 1), prov1ded that (2.8) holds. So we omit the process herein.
The contribution of the main term in (2.0) to the left-hand side of (6.22) is

h(¢ +2) —h(l+3)7
-2y e

d<D te¥  O<h<H
(d,2)=1 ¢=0(mod d)
~X

<2 2.5

Z (e(—=h(€+2)) —e(=h(t+3)"))| =T,

d<D 0<h<H le?
(d,2)=1 £=0 (mod d)
X

say. Define
fn(l) =1— e(h((f +2)" -+ 3)V)).

It follows from partial summation that

DND DI I SR G AR D AT

d<D O<h<H tes
(d,2)=1 £=0 (mod d)
~X

>y %/zxfh(u)d< > e(—h(uz)v))'

d<D O0<h<H e’
(d,2)=1 £=0 (mod d)
X<t<u
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< Z Z (’thX" Z e(—h(€+2)v)

d<D O0<h<H

(d,2)=1 £=0 (mod d)
I~ X
0
/ ' Z e( —h(t+2)7) fg(U) du)
u
(= 0 mod d)
X<€<u
v—1 _ v
< X7 x Z Z nggx' Z e(—h(l+2)7)],
d<D 0<h<H le?
(d,2)=1 ¢=0 (mod d)
X<tl<u

where we use the estimate

0
|fn(uw)| < hu”™t and '% < hu'72,
Therefore, we obtain
”
[ —— X! 5(d, h)e( — h(f +2)
d<D ’ ! (log )4 f;’%l%% le:) 0<;H ;zﬂ | )6( ( ) )
(d,2)=1 sus d2)=1 zz)o((;;id d)
7
e Xt Oy ( h(l+2 6.24
< (log x)4 +$1513§<a: ;g ozh;H w(Oe( = h(e+2) ) (6.24)
X<u<2X £EZ, 0
where
On(l) = Z d(d, h), and }(5(d, h)‘ =
d<D
¢=0 (mod d)
(d,2)=1

For { € £ and £ ~ X > 2'™" we have £ + 2 = p1pops € [217", z] with p; and p, satisfying
2\ 172
ZV1092 < ) 1329 ) (_) 7
b

and we claim that there must be a subproduct of p;pops which lies in the interval [ X %“’, X o=,
where

B 18
=T gw oy
Virtually, since p; > /1992 p, > 2/32 and pipops € [2177, 2], we have p; < X077 If

there exists some p; € [X %Jr", X071 then the conclusion follows. If this case does not exist,
we consider the product pips. Trivially, there holds pips < p2 < z/p; < glmwe < g,
If pipo € [X 7617, X071 then the conclusion follows. Otherwise, if pips < X%, then py =
(0+2)(p1p2) ™ > X (X76+7)~L = X 7% > x5, and hence pyps > z5m 5 > X7+, In addition,
paps = (L +2)p;t < zl-me < X1, Above all cases, there must exist some subproduct of
p1p2ps which lies in the interval [X %t X 0=,

For 79 < v < 1 and the definition of &, it is easy to see that

SOt < Xt < X0 L XV,
which combined with (6.24) and Lemma 3.2 with exponent pair (s, ) = A3(3,3) = (55, 12)
yields
> |7 <

d<D (log x)
(d,2)=

Y
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This completes the proof of Lemma 6.4.
Taking z = 2¢/% in (6.17), it follows from (6.4), Lemma 6.3 and Lemma 6.4 that
S(B, P, 25%) < XV (23 F(3)(1 + o(1)).
Next, we compute the quantity A definitely. We write

X = 27671—1-2(6—1-3 (0+2) fyﬁ_l).

les e’

For the second term in (6.26), one has

Z ((f—l— 3 — (0 +2) — fyﬁ*l) < ZW*Q

e? ey
< Z (P1p2p3 — 2)%2
a1/10:92 <y < 1/329 o < (/1) /2
p3<z/(p1p2)

< Z (p1p2) 2 Z p’
@1/10-92 <y < 1/3-29 <y (o /py )1/ 2 p3<z/(p1p2)

2 2
(2 Y e( x ) cmmn g,
x1/10A92<p<$ $1/10~92<m<x

For the first term in (6.26), we have

DA =) Y (eps—2)7!

let e€s ps<z/e

=7 Z Z Z (p1paps —2)7

21/10.92< ) <1/3:29 £1/3.29<po < (3 /p1 ) 1/2 2<p3<z/(p1p2)
21/3.29 = )1/2

(titots — 2
y(1+ o / / / i thots =2 atdi
1/10.92 417329 log t1)(log tg)(log ts)
d

o l—a1—a2 (xoé1+042+043 . 2)'y—1

35 d ==
= 7(1 + 0(1)) / dar —— . xa1+a2+a3da3

1 (e7] 1 Q9 log2 Qs
log x

10.92 3.29

_1 1-ag 1—a1—as (a1+a2+a )"/
329 doy 2 das T 3

=y(1+o0(1)) / — — —das.

1 aq _1 (6] log2 Q3
log «

10.92 3.29

For the innermost integral in (6.28), we have

l—-a1—a a1 +as+a l—oa1—a
1—a2 g.(ar+az+t :a)vda3 _ 1 / 1—a2 idx(a1+a2+a3)v
log 2 Qs vlogx Jios2 o
log = log =
1 y 2
= ol
vylogz \1 —a; — as log x
1 z”
= . (1+0(1)).

1l—a;—ay ~logzx
From (6.26), (6.27), (6.28) and (6.29), we obtain
Y- V(14 o(1)) /3129 day /12&1 day
2 o

log x L« 1—a; —as)
g 10.92 1 3.29 2 1 2)

Combining (6.17), (6.25), (6.30), we derive that
1 1—oq
4 329 d d v
S, < 6(/329 (e %1 2 Q9 ) 1‘2 (14 o(1)).

£ oo Jioo a(l—ap—ae) ) logiz

10.92 3.29

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)
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6.2.4. Upper Bound Estimate for Ss. By the definition of p3(a), we have

Ss= D > 1
acqf a=p1p2p3
(a,P(x1/10-92))=1 /329 <p1 <pa<ps3

(a,2)=1

S0 D SENED D!

21/329<p1 <x1/3 py<po<(z/p1)L/2 P=P1P2p3—2
p2<p3<z/(p1p2)
pip2pa=[k/7]

Define
& = {e s e=pips, P <pr < py < (ﬂf/pl)l/?},
3:{6 l=ep—2,ec &, x},
B = {g le L (+2= [kl/n for some k € N+}.
Obviously, we have
1< Y <£)1/2 <« s
= D1 log

21/3-29Cpy <z1/3

In addition, for e € &*, one has

{6 = pip2 > pi = 2%,

e =pips < pr(x/p1)/? = 2'/2p)?

p/° < 2?3

Similar to the illustration in (6.16), it is easy to see that the number of the elements in £~
which are not exceeding %07 is less than 2%/. Accordingly, we obtain

53 < S(%*’y’$0.607) +O(l‘2/3)
< S(F, 2, 2) + O(2*?) (6.32)
holds for z < 2%, Let % = {¢:( € #*,{ =0 (mod d)}. Then it is easy to see that
1

=—x+ 2" + %,

7l = @

where

Xt =" ((e+3) = (+2)),

e L+
a2 — Z (643 — (L +2)) ﬁ S ((C+3) — (C+2)), (6.33)
(mod ) tesr
2P = 3 (v(=+3y) —w(-(+2)). (6.34)
le L
=0 (mod d)

Moreover, one can follow the same process of Lemma 6.3 and Lemma 6.4 to establish that

Z ’%*(z

d<acE
(d,2)=

Y

i=1,2. (6.35)

(log z)A’

Now, we describe the quantity A* with explicit coefficient and definite magnitude. We write

DY (£+3 (0 +2) —wfl). (6.36)

le Le L+
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For the second term in (6.36), one has

2 (@ +3)7 = (+2)" - ’W‘l) <Y o

le L leL*
< S e < > ) > A7
21329 <p) <po<(x/p1)/? z1/329<p) <pa<(x/p1)t/? p3<z/(p1p2)
p3<z/(p1p2)
2 2
< < 2 P”Q) < ( 2 m”) < 2?02 — o(1). (6.37)
21/3-29 <p<ar z1/3-29<m<z

For the first term in (6.36), we have

DA =) Y (eps 2!

le L e€&* ps<z/e

= Z Z Z (p1paps —2)7"

x1/3-29<p <x1l/3 py <p2<(:v/p1 )1/2 2<p3<z/(p1p2)

' (trtats — 2)7
1 + 0 / / /tth 1273 ) dtgdtgdtl
1/3.29 (10g t1 log tg)(log tg)

1

3 d d l—aj—as ajtagtaz 2 7-1
= (1 + o / e / - @ ) cpertertesda,

. g .

1

L dOzl T dOéQ l—a1—a2 x(a1+042+043)7
:7(1+o(1))/1 — T S eyt

ghp M Ja X2 Jel s
_ 27(1+0(1)) /% day =t das (6.38)
— og « g Jy, (i —ay) .

which combined with (6.37) gives

(14 of da1
X* = 6.39
logx 1—a1—a2) (6.39)
Taking z = 2¢/% in (6.32), it follows from (6.4), (6.35) and (6.39) that
Sy < S(B*, P, 283) + O( 2/3) <XV (23 F(3)(1 + o(1))

46 da1 ol
< — . 1+o0(1)). 6.40
13 ( 1—a1—a2)> log2x( o)) (6.40)

6.2.5. Proof of Theorem 1.3. It follows from (6.10), (6.11), (6.15), (6.31) and (6.40) that

Ha:aeﬂ, a:PQ}}
_ &27(1+o(1)) {é(]og(10.92§ —1)+ /10'9%_1 dn, o7 Md@)
3 3 t

log? x 1 Jo 2

B 7% da 105 1 1092(6=0)=1 159(5 — 1) )
2</ et a(f—a)(”/ g )

7 10.92 10.92

) arte) e L )}

10.92 3.29
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By simple numerical calculations, it is easy to see that, for
0.03208
BECES T
there holds £ > 0.47284 and the number in the above brackets {-} is > 0.000109508, which
completes the proof of Theorem 1.3.
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