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EXPLICIT SPECTRAL GAP FOR HECKE CONGRUENCE
COVERS OF ARITHMETIC SCHOTTKY SURFACES

LOUIS SOARES

ABSTRACT. Let I' be a Schottky subgroup of SLy(Z) and let X = I'\H? be
the associated hyperbolic surface. Conditional on the generalized Riemann
hypothesis for quadratic L-functions, we establish a uniform and explicit
spectral gap for the Laplacian on the Hecke congruence covers Xo(p) =
Lo(p)\H? of X for “almost” all primes p, provided the limit set of I is
thick enough.

1. INTRODUCTION

1.1. Spectral gaps for congruence covers and main result. For all ¢ €

N we denote by X (q) the principal congruence cover of level ¢ of the modular
surface X = SLy(Z)\H? and we let

Mo(q) =0 < Ai(g) < Aalg) <.

be the eigenvalues of the Laplace-Beltrami operator on X (g). In [30], Selberg
famously proved that for all ¢ we have A\(q) > 1%, and he conjectured that
for all ¢ we should have A\;(q) > i. This remains one of the fundamental open
problems of automorphic forms, although notable progress has been made in
[17, 26, 15, 22, 21], see also the expository articles of Sarnak [33, 34].

In this paper, we consider congruence covers of quotients X = T['\H?,
where T" is an infinite-index subgroup of SLy(Z). Such groups, also called
“thin” groups, do not come under the purview of the aforementioned papers.
When I is a thin group, the Hausdorff dimension ¢ of its limit set is smaller
than 1 and X = ['\H? is an infinite-area hyperbolic surface. Moreover, the
L?-spectrum of the LaplaceBeltrami operator Ay on X is rather sparse, see
§2.3 for more details. If § > %, there are only finitely many eigenvalues that
all lie within the interval [(5 (1-19), i], and the smallest eigenvalue is equal to
Ao =6(1—4¢). If § < 3 there are no eigenvalues at all. Borthwick’s book [1]
is a good reference for the spectral theory of infinite-area hyperbolic surfaces.

We focus on the case § > % and we define the multiset

e 1
Q(X) def {s = (5, 5] :A=35(1—s)isan L?-eigenvalue of AX} ,

where each s is repeated according to the multiplicity of A = s(1 — s) as an
eigenvalue of Ax. When I is a subgroup of SLy(Z) and ¢ € N, we define the
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(principal) congruence subgroup of I" of level ¢ as usual by

def
(1) I'(g) ={yeTl:~vy=1Imod q},
and we write X (¢q) = I'(q)\H? for the associated covering.
Building on earlier work of Sarnak-Xue [35] for cocompact arithmetic'

3

16—theorem in

subgroups, Gamburd [ 1] proved the first analogue of Selberg’s
the infinite-area setting:

Theorem 1.1 (Gamburd [11]). For every finitely generated subgroup T' C
SLo(Z) with § > % and for every large enough prime p we have

®) a0xe) n (3.0 200 n (3]

where for any two multisets A and B we write A = B if and only if the
multiplicities of all elements are the same on both sides.

Theorem 1.1 implies that the second eigenvalue of the Laplace—Beltrami
operator on X (p), if existent, satisfies

N(p) > min{;—6,)\1(1)}.

Selberg’s 1%

lows:

-theorem and Gamburd’s %—theorem have been extended as fol-

Theorem 1.2 (Bourgain—-Gamburd—Sarnak [3]). For every finitely generated
subgroup I' C SLy(Z) with 6 > 3 there exists ¢ = ¢(T') > 0 such that for all
square-free ¢ € N we have

(3) QX () N[ —e, 0] ZQX)N[0 —c,d].

Analogous statements in terms of resonances when § < % have been estab-
lished by Oh—Winter [29] and Bourgain—Kontorovich-Magee [15], see also [35].
The disadvantage of Theorem 1.2 (as with the results in [29, 18, 38]) is that
it does not provide an ezplicit gap. Apart from the intrinsic interest of this
problem, explicit spectral gaps have many applications to concrete dynamical
and arithmetic questions, see for instance [23, 4, 24, 14 9],

Recently, Calderén—-Magee [6] improved Theorem 1.1 when T is an arith-
metic Schottky group. Schottky groups stand out, among other Fuchsian
groups, by their simple geometric construction, which we recall in §2.6.

Theorem 1.3 (Calderén—Magee [(]). For every Schottky group I' C SLo(Z)
with § > % and for every n > 0 there exists a constant C = C(I',n) > 0 such
that for all ¢ € N whose prime divisors are all greater than C, we have

(4) Q(X(q))ﬂ[g+§+n,5] gQ(X)ﬂ[g+§+?7,5].

IWe refer to [37] for the precise definition of “arithmetic” in this context
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In this paper we pursue a similar goal as in [6]. We wish to establish
explicit spectral gaps that go beyond Gamburd’s ;—6-result. We are interested
in “Hecke” congruence subgroups of I':

I’O(q)d:ef{vz(ccb Z) el:c=0 modq}.

We write Xo(q) = To(q)\H? for the associated cover of X. Our main result is
the following;:

Theorem 1.4 (Main theorem). Let I' C SLo(Z) be a Schottky group with
o> %. Assume the generalized Riemann hypothesis for quadratic L-functions.
Then for any fixed n > O there exists a density one subset P of primes such
that for every p € P we have

(5) Q(Xo(p)) N an,a] ™ QO(X) N Eam,a].

More precisely, for every e > 0, the number of primes p not satisfying (5) and
not exceeding x is at most O (z1~57+¢).

Clearly, since I'(q) C I'g(q) any eigenvalue of Xy(q) is also an eigenvalue of
X(q). Thus, assuming that I" is a Schottky group, the conclusion of Theorem
1.3 also holds for Xy(p). Note, however, that § < 1 implies

5 5 o 2 5

" <673 %
so our spectral gap (5) is larger than in Theorem 1.3 which in turn is larger
than in Theorem 1.1.

By “quadratic” L-functions we mean the L-functions L(s, x4) associated
to the Kronecker symbol x,4(-) = (¢). The generalized Riemann hypothesis
(henceforth abbreviated to GRH) for the Dirichlet character x is the assertion
that if s € C satisfies L(s,x) = 0 and if s is a not a negative integer, then
s has real part % In fact, our proof only requires GRH for the characters x4
with d =0 or 1 mod 4.

It would be interesting to see if the methods of this work yield interesting
and new results for similar families of lattices in SLa(R).

1.2. Thick arithmetic Schottky groups. At this point the reader may
wonder whether Schottky subgroups of SLy(Z) with § > 2 actually exist.
Since this is not completely obvious we provide some explicit examples. In
fact, we can construct a sequence of Schottky groups (I';;,)men such that 6, =
d(T'y,) — 1 as m — oo in the the following way:

def 4k 16k* —1
L™ (gt 5@, o= (19T

It is not hard to verify that g, maps the exterior of the disk By = {z € C:
|z + 4k| < 1} to the interior of B, = {z € C : |z — 4k| < 1}. Clearly,
the disks By,..., By, B_1,...,B_,, are centered on the real line and have
mutually disjoint closures, so I'y, is a Schottky group in the sense of the
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definition in §2.6. Moreover, F,, = H*\ (B;U---UB,,UB_;U---UB_,,)
provides a fundamental domain for T',,\H?. To see that ¢,, — 1, we borrow
an argument from Gamburd at the end of his paper [11]. The base eigenvalue
of T, \H? equals \g(T',,) = d,n(1 — 6,,). On the other hand, the variational
characterization of the base eigenvalue says that

f;m ‘VU|2d,LL di — dxdy

M(Tn) = inf , = .
o('m) wel(Fr) [ uldp a y?
VueL?(Fm) m
Similarly to [I 1] our fundamental domain F,, is an exterior of mutually disjoint
Euclidean disks of radius one and centered on the real line. Therefore, we
can use suitable test-functions u on F,, similar to those in [!1] to show that

Ao(I'n) — 0. From this we conclude that 6, — 1.

1.3. Outline of proof. We now sketch the proof of our main Theorem 1.4.
The methods in the papers mentioned at beginning of the introduction [36,

, 26, 15,22, 21] do not easily generalize to thin groups and rather new tools
are required here. Our proof uses some of the same basic ingredients as in
[28, 6, 37] which we specialize to our setting. Eigenvalues for the Laplacian on
X are also eigenvalues for the Laplacian on any finite-degree cover X', such as
X" = Xo(p). This is a direct consequence of the Venkov—Zograf formula (20).
We call an eigenvalue for Xy(p) “new” if it occurs with greater multiplicity
than in X. Let )\g be the induced representation of the identity on I'g(p) to T
minus the identity on I':

def
Ag © Indﬁo(p)(ho(p)) o 1r.

New eigenvalues A = s(1—s) correspond to zeros s of the twisted Selberg zeta
function Zp(s, AJ) in the interval [3,6]. Our goal is to estimate the number of
these zeros in [0, 6] for any 3 < o < ¢. To that effect, we recall the Fredholm
determinant identity

(6) ZF(S, )\2) = det(l - ,Cs,)\g),

where for any representation p of I', the operator L , is the so-called p-twisted
transfer operator, defined in terms of the Schottky data used in the geometric
construction of I', see §2.8. In order to produce explicit estimates, we use
the refined transfer operators L, o, see §2.9. This type of operators was
introduced by Dyatlov—Zworski [3] and can be seen as “accelerated” versions
of the standard transfer operator L yo, where the acceleration is governed by
a (small) “resolution” parameter 7 > 0. One of the key observations of [¢] is
that 1-eigenfunctions of Ly A are also 1-eigenfunctions of L, ;. A9 This implies
that zeros of (6) are also zeros of the refined zeta function

(7) §7(37 )‘10)) = det (1 - ‘672—,3,)\2) :

The key point is choosing the parameter 7 that yields the best upper bound
for our final estimate. Using Jensen’s formula from complex analysis, we
can estimate the number N,(o) of zeros of (7) in the interval [, ] in terms
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of the Hilbert-Schmidt norm £, xollns with s ~ 0. Estimating this norm
for an individual p seems quite difficult. However, it turns out that we can
non-trivially estimate the sum

(8) Z ||‘CT,S,>\2||12{S>

m/2<_p<:v

p prime
which is the main novelty in this paper. Thanks to an explicit formula for
the Hilbert—-Schmidt norm (Lemma 2.4), the task of estimating (8) reduces to
estimating sums of characters of the representation )\2

(9) > (A7)
J:/2<p<x
p prime

for fixed v € I'. We prove that unless v € I" equals £1 modulo p, then

(A7) = (“’”—‘4) ,

b

where <5> is the Kronecker symbol modulo p. Hence, we need to understand
the asymptotic behaviour of

& > ()

:1:/2<_p<m

p prime
as x — oo for fixed d. It is here where we invoke GRH. If d is an integer with
d=0,1,2 mod 4, then x4(n) = (%) is a Dirichlet character of conductor at
most 4|d|. Hence, assuming GRH, we obtain that for all such d, the modulus
of (10) is bounded from above by O (x'/27¢d¢). Inserting this bound into (8)
and using some rather well-known distortion estimates for Schottky groups,
we obtain that for all 7> 272 and s =~ o,

<11> Z ”‘CT,S,)\gHI%IS < 7'20 (7'751»2 + x%+67_725> :

z/2<p<z
p prime

see Proposition 3.9 for a more precise statement. Taking 7 ~ x’%, the right
hand side is Oe(xl’%("’%‘;)“). This means that for a “typical” prime p we
have
_3(y_5
1€ 550 llfis = Oc(p™3175%9),

which is enough to deduce Theorem 1.4.

We point out that all the known unconditional bounds for character sums
over primes (at least those known to the author) have a rather high depen-
dency on the conductor. In our application, we need to estimate the sum
(10) with d as large as d ~ z* for some absolute constant A > 0. Using
unconditional bounds only leads to weak (and actually useless) estimates in

(11).
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1.4. Organization of the paper. In Section 2 we gather the basic defini-
tions and tools needed for our main proof of Theorem 1.4. In particular, we
introduce Schottky groups, refined transfer operators, and we recall the re-
lation between eigenvalues and zeros of refined zeta functions. The proof of
Theorem 1.4 is then given in Section 3.

1.5. Notation. We write f(x) < g(x) or f(x) = O(g(x)) interchangeably to
mean that there is a constant C' > 0 such that |f(x)| < C|g(z)| for all |x| > C.
We write f(z) <, g(z) or f(z) = Oy(g(z)) to mean that C' depends on y.
We write C' = C'(y) to emphasize that C' depends on y. In this paper, all the
implied constants are allowed to depend on the Schottky group I'; which we
assume to be fixed throughout. We write s = o0 + it € C to mean that o and
t are the real and imaginary parts of s respectively. Given a finite set S, we
denote its cardinality by |S|. We use p ~ x is a shorthand for x/2 < p < x.

1.6. Acknowledgments. I thank Irving Calderéon and Michael Magee for
several helpful comments. I am also grateful to Irving Calderén for suggesting
a more compact formulation and a more elegant proof of Lemma 3.6, which
helped improve the presentation.

2. PRELIMINARIES

2.1. Hyperbolic geometry. Let us recall some basic facts about hyperbolic
surfaces, referring the reader to Borthwick’s book [!] for a comprehensive
discussion. One of the standard models for the hyperbolic plane is the Poincaré
half-plane
H?={z+iycC : y>0}
endowed with its standard metric of constant curvature —1,
da? + dy?
ds? = LQ:U
Y

The group of orientation-preserving isometries of (H?, ds) is isomorphic to
PSLy(R). It acts on the extended complex plane C = C U {co} (and hence
also on H?) by Mdobius transformations

_az+b
ez +4d

v = (CCL 2) € PSLy(R), z¢€C = ~(z)

An element v € PSLy(R) is either

e hyperbolic if |tr(y)| > 2, which implies that + has two distinct fixed
points on the boundary OH?,

e parabolic if |tr()| = 2, which implies that v has precisely one fixed
point on OH?, or

e clliptic if |tr(y)| < 2, which implies that - has precisely one fixed point
in the hyperbolic plane H?.
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2.2. Hyperbolic surfaces and Fuchsian groups. Every hyperbolic surface
X is isometric to a quotient T'\H?, where I' is a Fuchsian group, that is, a
discrete subgroup I' C PSLy(R). A Fuchsian group I is called

e torsion-free if it contains no elliptic elements,

e non-cofinite if the quotient I'\H? has infinite-area,

e non-elementary if it is generated by more than one element, and

e geometrically finite if it is finitely generated, which is equivalent with
['\H? being geometrically and topologically finite.

All the Fuchsian groups I' considered in this paper satisfy all the above
conditions. The limit set A of X, which is defined as the set of accumulation
points of all orbits of the action of I' on H?, is a Cantor-like fractal subset of
the boundary OH? = R U {co}. Its Hausdorff dimension, denoted by 4, lies
strictly between 0 and 1.

Furthermore, I' is called convex cocompact if it is finitely generated and
if it contains neither parabolic nor elliptic elements. This is equivalent with
the convex core of X = I'\H? being compact. By a result of Button [5], every
infinite-area, convex cocompact hyperbolic surface X can be realized as the
quotient of H? by a so-called Schottky group I', which we will define in §2.6
below, see also [1, Theorem 15.3].

We also remark that since we only work with torsion-free Fuchsian groups
in this paper, it makes no difference whether we work with PSLy(R) or with
SLy(R), so we will henceforth stick to SLa(R).

2.3. Spectral theory of infinite-area hyperbolic surfaces. Let us review
some aspects of the spectral theory of infinite-area hyperbolic surfaces. We
refer the reader to [I] for an in-depth account of the material given here.
The L2-spectrum of the Laplace-Beltrami operator Ay on an infinite-area
hyperbolic surface X is rather sparse and was described by Lax—Phillips [27]
and Patterson [30] as follows:
e The absolutely continuous spectrum is equal to [1/4, 00).
e The pure point spectrum is finite and contained in the interval (0, 1/4).
In particular, there are no eigenvalues embedded in the continuous
spectrum.
e If 6 < 1/2 then the pure point spectrum is empty. If 6 > 1/2 then
Ao(X) = 6(1 — ) is the smallest eigenvalue.

In light of these facts, the resolvent operator
Rx(s) == (Ax —s(1 —5)) " : L*(X) — L¥(X)
is defined for all s € C with Re(s) > 1/2 and s(1 — s) not being an L>-

eigenvalue of Ax. From Guillopé—Zworski [13] we know that the resolvent
extends to a meromorphic family
(12) Rx(s): C°(X) — C™(X)

on C with poles of finite rank. The poles of Rx(s) are called the resonances
of X and the multiplicity of a resonance ( is the rank of the residue operator
of Rx(s) at s = (. We denote by R(X) the set multiset of resonances of X
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repeated according to multiplicities. Resonances are contained in the half-
plane Re(s) < §, with no resonances on the vertical line Re(s) = ¢ other
than a simple resonance at s = §. Note that resonances s on the half-plane
Re(s) > % correspond to eigenvalues A = s(1 — s) of Ay. In other words, the
set 2(X) defined in the introduction can be re-expressed as

Q(X) 2 R(X) 1 {Re(s) > 3}

In particular, if § < %, then the set Q(X) is empty.

iR Re =1/2 Re=9$¢

Q(X) = resonances
corresponding to
eigenvalues

FIGURE 1. Distribution of resonances for infinite-area F\H2
in the case ¢ > %

2.4. Twisted Selberg zeta function. Given a finitely generated Fuchsian
group I' < PSLy(R), the set of prime periodic geodesics on X = T'\H? is
bijective to the set [I']pim of I'-conjugacy classes of primitive hyperbolic ele-
ments in I'. We denote by ¢() the length of the geodesic corresponding to
the conjugacy class [7] € [T prim-

The Selberg zeta function is defined for Re(s) > ¢ by the infinite product

(13) defH [] (1—e ),

YNE prim

and it has a meromorphic continuation to s € C. By Patterson—Perry [31]
the zero set of Zr(s) consists of the so-called “topological” zeros at s = —k
for k € Ny, and the set of resonances, repeated according to multiplicity.
Therefore, any problem about resonances and eigenvalues can be rephrased
as a question about the distribution of the zeros of the Selberg zeta function.

Given a finite-dimensional, unitary representation (p, V') of I', we define
the twisted Selberg zeta function by

(14) (s, p) defH [T detv (Iv — p(y)eC+01@) |

[v]€ M prim
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Clearly, if p = 1¢ is the trivial, one-dimensional representation of I', then
(14) reduces to classical Selberg zeta function (13). Furthermore, the product
definition (14) implies that we have the factorization

(15) Zr(s, p1 @ p2) = Zr(s, p1)Zr(s, p2),

where p; @ po denotes the orthogonal direct sum of p; and ps.

2.5. Venkov—Zograf induction formula. The reason we are interested in
twisted Selberg zeta functions is because of the Venkov—Zograf induction for-

mula [10, 39]. Tt says that if IV is a finite-index subgroup of I', then we have
(16) Zri(s) = Zr(s, Arjrv).

where

(17) Aryr 2 Indb (1)

is the induced representation of the trivial one-dimensional representation 1
of T to the larger group I'. See also the more recent paper [10] for a proof of

this formula based on the Frobenius character formula.

Let g1, ..., g, be a full set of representatives in I' of the left cosets in I'/I",
where n = [I' : [] is the index of I in I'. Then the induced representation
can be thought of as acting on the space

def u
(18) Ve = spanc{gi, ..., gn} = {Z QiGi T Q. Oy € C} .
i=1

By definition, for each v € T and for each ¢ € [n| there exists o(i) € [n] and
4 € I" such that vg; = g,3)7. The action of Ap v is then given by

Ay () (Z Oéz‘Qz') = Z XiGo(i)-
i=1 i=1

In fact, o € S, is a permutation of [n| and with respect to the basis {g1, ..., gn},
Arrv(y) acts on Vpyps by the permutation matrix associated to o. Moreover,
the induced representation splits as an orthogonal direct sum

)\F/F’ — 1[‘ @ )\%/F’?

where A2 v 1s an (n — 1)-dimensional representation acting on the subspace

(19) VIQ/I" d:ef {Z 0;0; € VF/F’ : ZO&Z‘ = O} .

Thanks to (15) we have
(20) ZF/(S) = ZF(S)ZF(S, )‘?‘/F’)

We conclude that “new” resonances for X’ = I"\H? (that is, resonances which
have greater multiplicity in X’ than in X) appear as zeros of Zp(s, A} /F,). In

particular, if A is a “new” eigenvalue for X', then we have A = s(1 — s) for
some s € [3,6] with Zp(s, Abyrr) = 0.
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2.6. Schottky groups. Let us now recall the definition of Schottky groups.
e Define the alphabet A = {1,...,2m} and for each a € A define

qef |a+1 ifae{l,...,m}
a =
a—m ifae{m+1,...,2m}
e Fix open disks Dy, ..., Dy, C C centered on the real line with mutu-

ally disjoint closures.
e Fix isometries 71, ... Y2, € SLo(R) such that for all a € A

’Ya(@ ~ DE) = D, and g = ’Ya_l'

(In the notation of [I, §15] we have m = r and v, = S, 1.)
o Let I' C SLy(R) be the group generated by the elements 71, ... Yopm-
This is a free group on m generators, see for instance [, Lemma 15.2].

/\/f\f\//\;%m o
PN

Ds De

Dy Ds

FIGURE 2. A configuration of Schottky disks and isometries
with m =3

Throughout the rest of this paper, I' is a non-elementary Schottky group
with Schottky data Dy, ..., Doy, and 7y, ...,Yem as above. This assumption
will not be repeated in the sequel.

2.7. Combinatorial notation for words. Let I" be a Schottky group as in
§2.6. We will follow the combinatorial notation of Dyatlov—Zworski [3] for
indexing elements in the free group I'.
e A word a in the alphabet A = {1,...,2m} is a finite string a =
ai...a, with ay,...,a, € A. For technical reasons, we also introduce
the empty word (), a string of length zero.

e A word a = ay...qa, is said to be “reduced” if a; # @47 for all
j=1,...,n—1. For all n € N denote by W, the set of (reduced)
words of length n:

Wh={a1---ay,:a1,...,a, € Ast. aj # a5 forall j=1,...,n—1}.
Moreover, put Wy = {0} where ) is the empty word.
o Let W = [],.o W, be the set of all reduced words and write |a] = n

if a € W,. In other words, |a| is the reduced word length of a. Given
m € Nlet Wop, = | |,,5,,, Wh the set of all reduced words whose length
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is at least m, and let W° = W.; be the set of all non-empty reduced
words.

e Given a word a = a;---a, € W° write @ = a;---a,_1 € W. Note
that W is a tree with root () and a’ is the parent of a.

efora=a;---a, € Wand b =1>0---b, € W write a — b if either
a=0,orb=0,ora, # b. Note that in this case, ab € W, that is,
if a — b, then the concatenation ab is also a reduced word.

e Given a word a=a;---a, let a=ay---a, be its “mirror” word.
e Write a < b if a is a prefix b, that is, if b = ac for some c € W.

e We have the one-to-one correspondence
a=a -, EW Y% =%, " Va, €.
Moreover, we have Yap = VaVb, Va & = Va, and v, = [ if and only if
a={.
e Fora=a;---a, € W° we define the disk
Da = 7a(Dy,).

If a < b then D, C Dy. On the other hand, if a £ b and b £ a then
D, N Dy, = (0. We define the interval

(21) I, =D,NR
and we denote by |/, its length which is equal to the diameter of D,.

e Denote

D=||D,and I =| | L.

acA acA

e In the above notation, the limit set of I' may be re-expressed as follows:

A=) || L.cRr

n>1acW,

2.8. Twisted transfer operators. In what follows, let V' be a finite-dimensional
complex vector space with hermitian inner product (-,-)y and induced norm
|lvllv = v/{(v,v)y. Let p: I' — U(V) be a unitary representation. Here, “uni-
tary” means that for all v € I" and v, w € V we have (p(y)v, p(7)w)y = (v, w)y
and in particular |[p(y)v|lv = [|v||v.

We let H?(D, V) be the Hilbert space of V-valued, square-integrable, holo-
morphic functions on D = | |, 4 Dq:

def

(22) H*(Q, V)= {f: D — V holomorphic| || f|| < oo},
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with L2-norm given by

T /D 1F(2)[2 dvol(z).

Here “vol” denotes the Lebesgue measure on the complex plane. On this
space, we define for all s € C the twisted transfer operator

(23) Ly, H*(D,V)— H*(D,V)
by the formula

[43

(24) s pf def Z /Ya a f(%(z)) if z € Db.

acA
a—b

Note that the derivative on the right satisfies 7/ (z) > 0 for all z € I, = D,NR,
so the complex power ~/(2)* is uniquely defined and holomorphic for z € D,
and s € C. More concretely, we define

1o(2)° © exp(sL(74(2))),
where
(25) L(z) = log |2| + arg(z),

with arg: C \ (—o00,0] — (—m, 7) being the principal value of the argument.
When V = C and p = 1r is the trivial, one-dimensional representation,
the functional space H?(£2, V') reduces to the classical Bergman space H*(D),
and (24) reduces to the well-known transfer operator L5 = L1, which can
be found for instance in Borthwick’s book [1, Chapter 15]. The operator (23)
is trace class for every s € C and its Fredholm determinant is equal to the
twisted Selberg zeta function of the Schottky group T, see for instance [20]:

(26) Zr(s,p) =det(1 — Ls,).

In particular, since £, , depends holomorphically on s € C, this identity shows
that Zr(s, p) extends to an entire function.

2.9. Partitions and refined transfer operators. Now we define refined
transfer operators which were introduced by Dyatlov—Zworski [8]. These are
generalizations of the standard transfer operator L£,. Given a finite subset
Z C W we put

o //={a :aec 7} and

e Z/={a:acZ}.

For all s € C and all finite-dimensional, unitary representations p: I' — U(V)
we define the operator

(27) Lz, H*(D,V)— H*(D,V)

by the formula

(28) L20pf(2) 37 A0(2)p(7a) " F(a(2)) if 2 € Dy
ac(Z)

a—b
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Note that Lz , reduces to the standard transfer operator L, if Z is taken to
be W, the set of reduced words of length two.

A finite set Z C W° is called a partition if there exists N € N such that
for every reduced word a € W with |a| > N, there exists a unique b € Z such
that b < a. In terms of the limit set, a finite set Z € W° is a partition if we
have the disjoint union

A=]]InA).
beZ
Trivial examples of partitions are the sets of reduced words W, of length
n > 2, in which case we have Ly, ¢ = L771.

The fundamental fact about partitions is the following result of Dyatlov—

Zworski [3]:

Lemma 2.1. Let Z be a finite subset of Wxo = | |,29 Wh- If Z is a partition,
then for every f € H?(D) the following holds true:

'Cs,pf = f — LZ,s,p.f = f

In other words, 1-eigenfunctions of L, are also 1-eigenfunctions of L, ,,
provided Z is a partition. When combined with the Fredholm determinant
identity (26), this implies that if s € C is a zero of Zr(s, p), then it also is a
zero of the (holomorphic) function s — det(1 — Lz, ,), provided Z C W, is
a partition.

The partitions relevant in this paper are defined as follows: for any suffi-
ciently small 7 > 0, called the “resolution parameter”, we put

def °
Z(r)={aeW’: |L| <7 <|ly|}.
The set Z(7) is a partition by virtue of the fact that the interval length |/,]
tends to zero as |a|] — oo. This in turn follows from the definition of the
intervals I, in (21) and from the uniform contraction property in Lemma 2.2
below. Finally, we define the 7-refined transfer operator by

def

(29) ‘CT,S,p - ‘CZ(T),s,p-
Using (28) L, is explicitly given for every f € H*(D,V) and b € A by
(30) Losof(2)= D %(2)°p(1a)"" f(1a(2)) if z € Dy,
acY (1)
a—b
where
(31) Y(r) ¥ Z().

Note that the operator (29) is well-defined if and only if Y (7) C W°, or
equivalently, Z(7) C Wx,. This condition is satisfied whenever the resolution
parameter 7 > 0 is small enough.

The reason for using this particular family of operators is that we can
control the size of Y (7) as well as the derivatives v, when a € Y(7), see
Lemma 2.3 below. This is what allows us to obtain an explicit spectral gap
in Theorem 1.4.
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2.10. Some useful bounds for Schottky groups. We now record some
useful estimates for Schottky groups when acting on the hyperbolic plane.
Following Magee—Naud [28], we use the following notation: for every a € A
we pick a point o, € D, and for any a € W° we set

def
Oa = Oq4

where a € A is chosen such that a — a and we put

Ta ® P(0a)]
The following basic estimates are due to Naud [27] and Magee-Naud [25]:

Lemma 2.2 (Basic distortion estimates). The following estimates hold true
with implied constants depending only on I':

(i) Uniform contraction: There are constants 0 < 61 < 0y < 1 and C > 0
such that for all b € A and for all @ € W with @ — b and z € D, we
have

C0" < |ya(2)| < CoY.

(11) Bounded distortion 1: For all b € A and for all a € W with a — b and
21,29 € Dy we have

L )l
[va(z2)|
(11i) Bounded distortion 2: There ezists a constant C > 0 such that for all

bi,bs € A, all z1 € Dy, and all zo € Dy,, and all a € W° with a — by, by
we have

Ya(21)

Va(z2)
(iv) For allb € A and z € Dy with a — b we have |7, (z)] < T,.
(v) For all @ € W° we have T, < T,.

(vi) For all @ € W° we have T3 < T,.

(vii) For all a,b € W° with a — b we have T g < T Ty

(viii) For allb € A, a € W° with a— b, z € Dy, and s = 0 + it we have

a(2)°] < €7,

where C' > 0 and the implied constant depend solely on T'.

The following following estimates concerning the sets Z(7) and Y (7) are
also crucial:

Lemma 2.3 (Estimates for Z(7) and Y(7)). For all 7 > 0 small enough the
following estimates hold true with implied constants depending only on I':

(i) For all a € Z(T) we have YT, < T.
(i1) For all a € Y (1) we have T4 < T.
(i) |Y (7)| < |Z(7)] < 77°.
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(iv) For all @ € Y(T) we have
Iyall = 77172,

where || - || is the Frobenius norm

|| (‘C‘ Z) |I=V@ TR+ 2+ &

Proof. The estimates for Z(7) can be found in [2]. Tt is then easy to deduce the
same estimates for Y (7). Alternatively, Parts (i)-(iii) can be deduced from the
definitions of the sets Z(7) and Y (7) and Lemma 2.2 above. Let us now prove
Part (iv) for which we could not find any reference. For technical reasons we
may assume that zero is not contained in any of the Schottky disks (Dj)pea-
Otherwise, we replace the Schottky group I' by a conjugate ¢~ 'I'g with some
suitable g € SLy(R). Note that this does not affect the statement, since for all
|7al| large enough, we have ||g~*vag|| < ||7al| with positive implied constants
depending only on g and I'. Writing

a b
Va = (c d) , a,bc,deR, ad—bc=1
we calculate x, = 5(00) = —d/a and
1 1
/ _ _ _

Tal2) = (cz+d)?  2(z—xa)?
Now fix b € A, a € W° with a — b, and z € D,. If we write a = ay---a,,
then the condition a — b is equivalent to @, # b. Observe also that z, =
va(oo) € Dg,. Since the Schottky disks have mutually disjoint closures this
implies that for all z € Dy, the difference |z — x,| is bounded from above and
below by some positive constants depending only on I'. Thus we have

1
()] = 5.

If we assume further that a € Y(7) then from Lemma 2.2 we obtain

1

T T, X —
02

and therefore
|e] < 12,

Now, according to our assumption, 0 ¢ D, so both 7,(0) and ~5(0) lie inside
D. Hence, since D C C is bounded, we can find a constant C' > 0 depending
only on I such that

C™" < 1a(0)], Ia(0)| < C.
But since [7a(0)| = 4| and |7a(0)| = |2|, this gives

|a] < [b] < |d]

with implied constants depending only on I'. Finally, combining the relation
ad — bc = 1 with |¢| < 771/ we conclude that

la = [b] = |e| = |d] = 2.
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Therefore,

V]| = Va2 + 2 + 2+ d? < 12

as claimed. O

2.11. Hilbert—Schmidt norm of refined transfer operators. Given a
trace-class operator A: H — H on a separable Hilbert space H, the Hilbert—
Schmidt norm is defined by

def *
[Allfs = tr (A"4),
where A* denotes the adjoint of A. The goal of this subsection is to prove the

following:

Lemma 2.4 (Hilbert—Schmidt norm). For any finite-dimensional, unitary
representation p: I' = U(V'), the Hilbert-Schmidt norm of the operator L, ,
s given by the formula

(32) ||‘CTSp||HS = Z Z tl" p(va ' vs) )I(b)

beA a,beY (1)
a,b—b

where

0 = /D YT Bo (ral2), 18(2)) dvol(2)

Here Bp(z,w) is the reproducing kernel of the Bergman space H*(D). More-
over, for allb € A and for all a,b € Y(7) with a,b— b we have the bound

(33) [Tl < (O e,
where C' > 0 and the implied constant depend solely on T'.

Proof. Similar proofs of formulas for the Hilbert-Schmidt norm for similar
operators can be found in [28, Lemma 4.7] and in [32, Proposition 5.5]. We
now provide an alternative but essentially equivalent argument. We denote by
Bp(z,w) the reproducing kernel of the classical Bergman space H?(D) over
D = | l,c4 Dy, This kernel satisfies Bp (-, w) € H*(D) for all w € D and

/D Bp(zw) f(w) dvol(w) = f()

for all f € H*(D) and all z € D, and is uniquely defined by these two
properties. Hence, using the formula (30), £, can be rewritten as the
integral operator

L:s,f(2) /Kmpzw w) dvol(w),
where the kernel is given for all z,w € D by

Keop(zw) = Y 7(2)°p(3a) ' Bo(1a(2),w), if 2 € Dy,

acY(r)
a—b
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Note that if the points z,w € D are fixed, then K, (2, w) is an element of
the endomorphism ring End(V') of V. The Hilbert-Schmidt norm on End (V')

is defined by
|A|l2 = Vtry (AA*), A€ End(V),

where try is the trace of V. We will drop the subscript V' from the notation,
writing only try = tr. For all 2 € D, and w € D the Hilbert-Schmidt norm
of K. ,(z,w) (viewed as an element on End(V)) is given by

| K s, 0(2w0) |3 = tr (K s (2, 0) Ko (2, w) )
= Y (p(ra ") 1a(2)"%(2)* Bo(3a(2), w) Bp (1 (2), w).

a,beY (1)
a,b—b

Note that for the second equality we used the unitarity of the representation
p (which implies in particular that p(7a)*p(v) = p(72'7)). The Hilbert—
Schmidt norm of £, , can now be computed as follows:

||£T,s,p||12{s :/ / ||K7757p(z,w)||§dvol(w) dVOl(Z)
_Z/ / ”KTSp Z,w ”QdVOl< )dVOl( )
Dy

beA
b
S STVCRERIES
beA a,beY (1)
a,b—b
where
(34)

28, = [ 4 ( [ Boale) ) Bolula) ) dvol(w) ) dvol(a).
Dy D
By the defining property of the Bergman kernel, we have

/DBD(Va(z), w) Bp (b (2), w) dvol(w) = /DBD(%(Z'), w)Bp(w, 1(2)) dvol(w)
= Bp(7a(2), 10(2)),

which when inserted into (34) gives

70) = /D ()T Bo(1a(2), (=) dvol(2),

completing the proof of (32).
Let us now prove the bound in (33). Fix b € A and words a,b € Y(7)
such that a,b — 0. Combining Lemmas 2.2 and 2.3 implies that for all z € D,

[Va(2)°] < (C7)7e M
for some constant C' = C'(I') > 0. Thus, by the triangle inequality

Iz < /D VA (2)* 117 (2)° | B (Fa(2), 6(2))| dvol(2)
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< (C)*e*M sup |Bp(7a(2), 1(2))].

ze€Dy,

It remains to prove that

(35) sup [Bp(7a(2), 1(2))] < 1.

z€Dy,

Note that Bp(z,w) equals zero unless the points z and w belong to the same
Schottky disk Dy, in which case Bp(z,w) = Bp,(2,w). Letting 1, > 0 and
¢, € R be the radius and the center of Dy, respectively, we have the following
explicit formula for the Bergman kernel over D, see for instance [7, Chapter
1]:

;
2 (1} = (2 — &)@ — )"

Using this formula, we deduce that

Bp,(z,w) =

1
dist(z, 0Dy) dist(w, dDy)’
where dist(z,0Dy) denotes the minimal euclidean distance from z to the
boundary 0D,. From the uniform contraction property in Lemma 2.2 we
deduce that for all a — b with a € W° we have dist(7a(z),0D) > ¢ for some
constant ¢ = ¢(I") > 0. Inserting this into (36) we obtain the desired bound
(35). This completes the proof. O

(36) |Bp, (2, w)| <

2.12. Refined zeta function and pointwise estimate. We now define the
refined zeta function as the Fredholm determinant

Co(s,p) Edet (1-L2 ),
which will be crucial in the next section. In particular, we will need the
following:

Lemma 2.5 (Pointwise estimate for (. (s, p)). For all T > 0 sufficiently small
and s € C with 0 = Re(s) > 4,

(07_)2(0—6)
1 — (Cr)200-
where C' > 0 depends only on I' and dim(p) is the dimension of p.

—log [G-(s, p)| < dim(p)

Proof. For every separable Hilbert space H and for every trace class oper-
ator A: H — H with ||A|lg < 1, we have the absolutely convergent series
expansion

(37) det(1 — A) = exp ( Z ktr (A* )

see for instance [12]. Taking absolute Values and logarithms on both sides
yields

(38) —log|det(l — A)| < Z %|Re(tr(Ak))| < Z %|tr(Ak)|.
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Applying this to A = ETS , With o = Re(s) > § gives

=1
(39) —log[¢:(s.p)| < Y Zltr(L2 )]
k=1

From the proof of Proposition 4.8 in Magee—Naud [28], the traces on the right

are bounded by
[te(L3, )] < dim(p)(CT)*7| Z(7)[*,

T,8,0

where C' > 0 depends only on I'. By Lemma 2.3 we also have
|Z(T)| < 77°
Combining the previous two estimates we obtain (possibly with a larger con-
stant C)
tr(£25,)] < dim(p) (€)=,

T,S,0
Returning to (39) and using the geometric series formula we obtain for all
7 > 0 small enough,
(07_)2(0—6
1 — (C1)20-0)’

—log|¢ (s, p)| < dim(p Z (C7)*=9 — dim(p)
k=1
as claimed. O

3. PROOF OF THEOREM 1.4

The goal of this section is to prove our main Theorem 1.4.

3.1. Reducing the proof to counting zeros. We say that A is a “new”
eigenvalue for the Laplacian on Xo(p) = To(p)\H? if it occurs with greater
multiplicity than in X = T'\H? and we define

def

Q"Y(Xo(p)) = {s € F 5] : A =s(1 — s) is a new eigenvalue for Xo(p)} .

2 Y
We denote by N,(c) the number of new eigenvalues A = s(1 — s) with s > o
or equivalently,
def new
Np(o) = #Q2""(Xo(p)) N o, 8].

This section is actually devoted to prove the following theorem from which
Theorem 1.4 follows directly:

Theorem 3.1 (Main theorem, elaborated). Let I' C SLy(Z) be a Schottky
group with 0 > %. Assume GRH for quadratic L-functions. Then, for all x
sufficiently large depending on I' and for all e > 0 we have

(40) 3" N,(0) < Cle,D)at 3l

pPsT
p prime
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It is easy to see that this implies Theorem 1.4. Fix some 1 > 0. The
bound (40) shows that the number of primes p for which N,(26 +7) > 1 not
exceeding x is at most Oe(xl’%”“). On the other hand, by the prime number
theorem there are roughly @ primes below x, so the number of primes p for
which Np(%é + 1) = 0 has relative density one.

Let us now turn to the proof of Theorem 3.1. We use a dyadic decompo-
sition to re-express the sum in (40) as

(41) > N0) =D S(50)

Pz veN
p 18 prime
with
def
(42) S(x,0) = Y Nyo),
p~T

p is prime
where p ~ z is a shorthand for x/2 < p < z. For technical reasons (see also
Remark 3.4 below), it is more convenient to work with the sums S(z,0). We
will prove an estimate of the form
S(z,0) < Cle, T)z' 50 50+e,

Note that the estimate (40) follows directly from this one.
Recall from §2.5 that the the Selberg zeta function Zr ) (s) can be written
as

(43) Zrow) = Zr(8: Ap),
where )\, = Ind}. o(p) (Iro(p)) 1s the induced representation of the identity 1r, )
on the subgroup I'y(p) to the larger group I'. This representation decomposes
as
(44) A =10 ® N,
In view of (15) we have the factorization

Zrom)(s) = Zr(s) Zr(s, y).

Therefore, new eigenvalues A for Xy(p) are related to zeros s of Zp(s, \)) by
the equation A = s(1 — s). So far we have only reformulated the problem in
terms of the zeros of the zeta function:

Ny(o) =#{s €[0,0]: Zp(s,\)) =0} .

This reformulation holds true for any finitely generated subgroup I' C SLy(Z).
Now we invoke the transfer operator machinery for Schottky groups in §2.9.
By Lemma 2.1, any zero of Zp(s, A)) is also a zero of

(45) G (5,29 %! et (1 — L2, A2) ,

where L, 20 is the refined transfer operator defined in (30). It turns out that
the dyadic sums S(z, o) can be estimated using the Hilbert—Schmidt norm of
this transfer operator:
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Proposition 3.2 (Zero counting). For all 7 > 0 sufficiently small, for all
K > 1 sufficiently large, and for all x sufficiently large we have

46 S K Looroll? 20K
(46) (@0) <K max ; ICrsngllizs | +2°7
[Im(s)|<BK p prime

The implied constant as well as the constants o > 0 and 8 > 0 depend solely
on I

Proof. We use essentially the same argument as in [19, 32]. We exploit Jensen’s
formula for holomorphic functions, or rather a weaker variant thereof, which
we recall now. Let f be an entire function and consider the pair of concentric
disks D; = Dc(og,7;) with i € {1,2} centered at oy € R and with radii
ro > 11 > 0. Assume that og,r1,ry are chosen in such a way that

(47) [0,0] € Dy C Ds.
Define
My(0,6) E #{s € C: f(s) =0, s € [0,0]}.

Then we have

1) 3y(0.0) < s ([ olSon 4 raet) a0~ 0g (a0)] ).

log(r2/m
Applying this to the refined zeta function f(s) = (, (s, )\2) we obtain

1
(19) Ny(0) < s ([ ol + rae™ 910 ~ og G o D) )
0

log(r2/r
For all p large enough we have dim()\g) = p, see Lemma 3.6 below. Thus, if
we assume furthermore that oy > §, then the pointwise estimate in Lemma
2.5 gives

(50)

N,(o) < _ /llo ¢ (00 + r2e*™ X0)|d6 + p (Cryte™
PN Nog(rafry) \Jy om0 RE P (Cryptena )

Next, using Weyl’s estimate

log | det(1 — A)| < [| Al

together with the Cauchy—Schwarz-type bound

[ A1 Az |y < [l Ar | ms]| Azlles,
yields
(51) log [¢r (s, M < I1L7 s s ll < 1m0 llis:

Inserting this into (5()) gives

(52) Ny(o) < (CT) o )

W </ H‘CT oo+rae?™9 ) ”HSde +P (07)2(00_5)
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Summing this inequality over all the primes in (§,z] with 2 large enough
yields
(53)

S(z,0) <

(C'1)*o0=0)
T, < T d@
10g(’f‘2/’f‘1 / z; ||‘CTO'O+T‘2€2 9>\0||HS +l‘ 1_(0 )2(0—0 5)

p prime

Let us now choose appropriate parameters g, r1,ry. For K > 1, we put
oo=0+K,r1=+(0p—0)?+1land ry =7 + 1/K.

One can verify that these choices ensure that the inclusions in (47) hold true.
Furthermore, for K > 1 large, the following estimates hold true with some
absolute implied constants:

(1) TlXTQXO'O—O'XK,

(i) \/1+ Gotop = L+ O0(3);
(iii) m = /(op —0)2+1 (00—0)\/1—1‘@:(UO_U)jLO(%)vand

(iv) 7o = 09 — 0 + O(%).
These estimates imply that for all s = o + 722" with § € [0, 1] we have

1
Re(s) 209 —1ry 20 — O(?) and [Im(s)| < o9 + 12 = O(K).

Therefore, returning to (53), if 7 > 0 is sufficiently small (in terms of I'), we
obtain

2 2K
S(ZL‘, U) < KRe(s)rznoanO(%) Zx ||‘C’T,S,>\g ||HS +a°T
Im(s)|<O(K) p prime
with all implied constants independent of x, 7, K, as claimed. This establishes
Proposition 3.2. U

3.2. The main number-theoretic bound. Recall that for any subgroup
I' C SLy(Z) we let A\, be the induced representation Ind?o(p)(lpo(p)) and we
define )\2 = A\, © 1. Moreover, we endow the space of 2 x 2 real matrices with
the Frobenius norm

b
(& D)i-varerare

and we write [ = (1] ? for the identity.

The aim of this subsection is to prove the following;:

Proposition 3.3 (Main number-theoretic bound). Let I' be a finitely gener-
ated subgroup of SLa(Z). Assume GRH for quadratic L-functions. Then, for
all z large enough (in terms of I') and for every hyperbolic element v € T with

1 2
< _
Il < 55
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we have
(54) > log(p)tr(A(7)) = O(a2 log(x)?)

with some absolute implied constant.

Remark 3.4. We remark that in (54) it is not possible to replace p ~ x by
p < x. This is why we need a dyadic decomposition in (41).

We recall that the Legendre symbol is defined for all integers a and all odd
primes p by

1 if @ =2* mod p for some x € F, \ {0}

(ﬁ): 0 ifa=0 modp
p
—1 else.

There is a standard way of extending the Legendre symbol to a Dirichlet
character in the bottom argument. For p = 2 we define

0 if a is even
a
(5): 1 ifa=+1 modS8
—1 ifa=43 mod 8.

Now we define for all n € N the Kronecker symbol by

-GG

where n = pi' - - -pl™ is the prime factorization of n. Clearly, if n = p is an
odd prime, then the Kronecker symbol is just the Legendre symbol. If either
the top or bottom argument is fixed, the Kronecker symbol is a completely
multiplicative function in the remaining argument. In fact, it is well known
that if d = 0,1 or 2 mod 4, then y4(n) = (%) is a non-principal Dirichlet
character of conductor at most 4|d|.

The crucial number-theoretic ingredient in the proof of Proposition 3.3
is the following bound which can be extracted from the classical textbook of
Iwaniec—Kowalski [10].

Theorem 3.5 (Special case of Theorem 5.15 in [16]). Assume GRH for qua-
dratic L-functions. Then for all d > 1 with d € {0,1,2} mod 4 we have, as
T — 00,

(55) > 1os(p) (%) = Ole? tog(ar)

2<pse
p prime

with some absolute implied constant.

Theorem 5.15 in [10] actually says that for all non-principal characters y
(not just the Kronecker symbol y,) we have

(56) > Am)x(n) = O(a? log(dx)?),

n<x
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where A(n) is the von Mangoldt function

A(n) {log(p) if n = p* for some k € N and some prime p
n) =
0 else.

It is easy to deduce (55) from (56). Informally, this statement says that
the values of x(p), when p ranges over the primes (in increasing order) vary
extremely randomly. The reason we are specifically interested in the Kronecker
symbol will become clear in the next lemma. Before stating it, we define for
all n € N the reduction modulo n map by

T I' = SLo(Z/nZ), v — 7 (mod n).

Lemma 3.6 (Trace formula). Let I' be a subgroup of SLa(Z) and let p be a
prime such that m,: T — SLo(Z/pZ) is onto. Then, writing d(v) = tr(y)* —4,
we have

(57) (A7) = {

p if v ==+ (mod p)

(M) else.
p

Proof. For the rest of the proof we write G, = SLy(Z/pZ). Observe that
To(p) is equal to the pre-image m,'(B,) of the subgroup of upper triangular

matrices
def Xk
5245 1)} <o

Since m,: I' = G, is surjective we have X, o B,\G, = I'y(p)\I'. Therefore,

Ap = ind?o(p)(lpo(p)) is equivalent to the regular representation on the space

(*(X,) of functions f: X, — C endowed with the standard inner product.
This representation, which by abuse of notation we also denote by A, is

defined for all f € (*(X,), v € G, and x € X, by
Ao(7)f () = fay).

In this view, )\g is the restriction of A\, to the subspace (3(X,) consisting of
functions f € £2(X,) with >5 v f(x) = 0. In particular, since A, = A\) @ 1r,
the trace satisfies

In particular, dim(\)) = p.

tr(Ap(7)) = tr(Ap(7)) - 1.
The proof rests on the following two claims:
(i) The map sending a line £ in F; to Stabg, (¢) is a bijection from P(F2) to
the set of conjugates of B, in G);
(ii) The normalizer of B, in G, equals B,, so we can identify to the set of
conjugates of B, in G, with X, = B,\G,.
We proceed in two steps: first we show that for all v € G}, the trace tr(A\, (7))
is equal to the number L(7) of lines ¢ C IFIQ) such that v/ = ¢, and then we
compute L(7).



25

Step 1: Let §, be the function on X, taking 1 at x and 0 elsewhere. Note
that {d, : € X, } is an orthonormal basis for ¢*(X,). Thus, tr(\,(7)) is equal
to the number of fixed points of the action of v on X,. Note that B,gy = B,g
if and only if v belongs to g~ 'B,g. By Claim (i), X,, corresponds to the set
of conjugates of B, in Gp, so tr(A,(7)) is equal to the number of conjugates
of B, containing v. By Claim (i), this is equal to L(v).

Step 2: Note that the discriminant of the characteristic polynomial of v is
equal to d(v) = tr(y)* — 4. If d(vy) = 0, then v has a double eigenvalue A,
namely A = £1. The eigenspace F) has dimension either 2 or 1. If dim(FE,) =
2, then v = +1, so v fixes every line in IP(IFIQ)). Thus, in this case we have

L(y) = #P(F2) = =L = p+ 1, 50 t1(A(7)) = L(7) — 1 = p. If dim(E)) = 1,

then 7 only fixes the line Ej, whence tr(X)(y)) = L(y) —1=0= (?)

Now suppose alternatively that d(vy) # 0. If d(v) is a square in ), then
it has two distinct eigenvalues. In this case L(y) = 2, since v fixes exactly its
two eigenspaces (which are different lines). If d(v) is not a square in F);, then
7 has no eigenvalue in F, in which case L(y) = 0. In both cases, we have

by -1 (1)

p
This completes the proof. O

Remark 3.7. There is an alternative proof of Lemma 3.6 based on the Frobe-
nius induction formula (also known as Mackey formula). Letting s,t € G,

denote the elements
(0 -1 ‘o 11
=\t o) "“\o 1)

one can verify by direct computation that the p 4+ 1 elements

(58) IT=8¢ ¢, ...t s

provide an explicit set of representatives for the (left or right) cosets of B
in G,. If m,: I' = G, is onto, then the representation A, is equivalent to

Indgi (1p,), so we may express its trace in terms of these representatives as
follows:

(59 HOy() = 15, (799) + 3 15,159,

where 1, is indicator function of B,. A somewhat tedious calculation then
leads to the formula claimed in Lemma 3.6.

Also crucial is the following result:

Lemma 3.8. Let ¢ > 2 be an integer and let v € SLa(7Z) be a hyperbolic
element such that v = +I mod q. Then we have

2

q

> —.
Il > %
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y = (‘CL Z) € SLa(Z).

Proof. Write

We use the following observation due to Sarnak—Xue [35]: if v = £1 mod ¢,
then the trace tr(y) = a + d satisfies the congruence
(60) tr(y) =42 mod ¢*.

To see this, note that v = I mod ¢ implies that there are integers o', V', ¢, d’ €
7 such that

a=adq+x1,b=10Vq c=q and d=dq=£1.
Furthermore, the relation ad — bc = 1 gives
(61) 1= (dd - V)¢ £ (d +d)g+1,
which forces
a+d =0 modq.
But this implies that
(62) tr(y) =a+d=(a +d)g+2=%2 mod ¢

as claimed. Now since v is hyperbolic by assumption we have [tr(y)| > 2,
which combined with the congruence in (62) implies that for all ¢ > 2

(63) la+d| = Jtr(v)] = ¢* =2 > ¢*/2.
We deduce that for all ¢ > 2
P = a® 40+ c* + &
=(a+d)?*+(b—c)? -2

> (a+d)* -2
>q'/4 -2
> q'/8.
Thus, |[7]| = /4*/8 > ¢%/3, as claimed. O

We are now ready to finish the proof of Proposition 3.3:

Proof of Proposition 3.3. Fix a finitely-generated subgroup I' C SLs(Z) and
a hyperbolic element

*y:(z Z)EF\{I}, a,byec,de Z, ad—bc=1

such that

IL‘2

64 < .
(64) i< &
Recall that p ~ 2 means p € (5,z]. Note that (64) implies that v # £I
mod p for all p ~ z. If not, then Lemma 3.8 would imply that

p2 l‘2

> — > —
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contradicting (64). Furthermore, we know from Gamburd [! 1] that for primes
p large enough the reduction map m,: I' = SLy(Z/pZ) is onto. Hence, once x
is sufficiently large, Lemma 3.6 implies that for all primes p ~ x we have

a(ge) = (7).

p
Thus,
S log) ) = 3 log(n) (@)

Now we invoke Theorem 3.5. Since v € I' is hyperbolic we have tr(y) # £2,
so d(7y) = tr(vy)? — 4 > 1. Moreover, it is easy to verify that d(y) is either 0 or
1 modulo 4 and that d(v) < ||v||* < z*, so we obtain

5 toutp) (“0) = (et og()

p~T p
p prime

completing the proof. O

3.3. Finishing the proof of Theorem 1.4. Let us now complete the proof
our main result. The main technical estimate in the proof is the following:

Proposition 3.9 (Sum of Hilbert-Schmidt norms). Assume GRH for qua-
dratic L-functions. Write s = o + it. Then there are positive constants
%o, ¢, To, C, depending only on T, such that for all x > xy and for all cv™2 <
T < 19 we have

(%) D sl < eM(Cr)* (7_6952 + a3 1og(x)27_26> :
p~z
p prime

The implied constant depends solely on T'.

Let us show how we can use this proposition to deduce Theorem 3.1. (Re-
call from the discussion in §3.1 that our main theorem follows from Theorem
3.1.) Recall that it suffices to bound the sum

(66) S(z,0) = Y Ny(o).

p~zx
p prime

By combining Propositions 3.2 and 3.9 we obtain that there are constants
¢ > 0 and C > 0 such that once x and K are large enough and 7 > 0 is small
enough, we have

S(x, (7) < K max Z HET,S,)\O ”%{S + z*r
Re(s)}a—O(%) pz P
[Im(s)|<O(K) p prime

(67) < GO(K)(CT)ZO_O(%) (7'_6:102 N log(x)27_26> + 22K
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provided 7 > cx~2. It remains to choose K and 7 optimally. This may be

done by taking K = (logz)'/?, say, and

F=Clym,
Observe that the required condition 7 > cx~? is satisfied as long as § > % and
x is sufficiently large. Inserting these choices into (67) we obtain that for any
x large enough and for any ¢ > 0

S(z,0) < Cle, F)xl_%((’_%‘s)JrE.

Note that we have used the trivial bounds z27% < 1, log(z)? <. 2¢, %) <«
x€, and 770Ge) <, 2¢. This establishes Theorem 3.1. Now we give the proof
of Proposition 3.9.

Proof of Proposition 3.9. By Lemma 2.4 we can write down the following for-
mula for the Hilbert—Schmidt norm of the operator L VR

"‘CT,S,)\ZO,”%‘IS Z Z tr )‘0 7a )) Ie(lbbu

beA a,beY (1)
a,b—b
where
78 = [ A& Boa(a). w(2) dvol(z)
Dy
Multiplying this formula by log(p) and summing over all primes in (§, z] gives
(68) > Lranglliis < Y log(p)lILr s
pll;;fne pg;fne
=) Z Y- logp)tr (Ap(va ")) | Zh.
beEA a,beY (1 p~z
oy \p prime

Clearly, for the diagonal terms a = b we have tr (A)(y; ")) = tr(A(1)) =
p, so by the prime number theorem we obtain

(69) > log(p)tr (A)(va' ) = > log(p)p = O(a?).

b~z pvT
p prime p prime

Now we focus on the non-diagonal terms a # b. Here we appeal to
Proposition 3.9. Recall from Lemma 2.3 that for all a € Y'(7)

Il < C771/2
for some constant C' = C(I') > 0. Thus, using the fact that the Frobenius
norm is sub-multiplicative, we obtain for all a,b € Y (1)
vl < llalllmll < €%~
Therefore, taking 7 > 200?272 gives

1
(70) 172 | < 2—0962
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Note further that a # b implies that the element 7, 73, is not the identity.
Hence 7, ' is hyperbolic since the only non-hyperbolic element in T is the
identity. Thus, conditional on GRH for quadratic L-functions, Proposition
3.3 gives

(71) > log(p)tr (A(v2 ")) | < 2% log(x)?.

p~x
p prime

Inserting this back into (68) yields

S Lrsnglis <2y Z 2O+ 3T 1Y tog(p)tr (A(va ) | 17

p~z beA acY (r beAabeY(r)| P~
p prime aﬁb ab—sbh |P prime
l
<2y 3 T b arlog@)?y ] Y T
beA acY (r beA a,beY (1)
aﬂb a,b—b

To estimate the remaining terms we use the bound in Lemma 2.4: for all

be Aand a,b € Y (1) with a,b — b
7® < (C7)20CH
| a,b
for some C'= C(I') > 0. Furthermore, by Lemma 2.3 we have
V()| < 77°

Inserting these bounds above gives

S rnglis <2230 Y (C1)F et 4 atlog(a)? Y Z (Cry e

e A5
< Y (r)|(CT)% e + 2 log(x)Q\Y(T)|2(C’T)2”ec|t‘
< (CT)Q"eCM (sz 42 log(z)1 26)
The proof of Proposition 3.9 is complete. U

REFERENCES

[1] D. Borthwick, Spectral theory of infinite-area hyperbolic surfaces, 2nd edition ed., Basel:
Birkh&user/Springer, 2016.

[2] J. Bourgain and S. Dyatlov, Fourier dimension and spectral gaps for hyperbolic sur-
faces, Geom. Funct. Anal. 27 (2017), no. 4, 744-771.

[3] J. Bourgain, A. Gamburd, and P. Sarnak, Generalization of Selberg’s 15 theorem and
affine sieve, Acta Math. 207 (2011), no. 2, 255-290. MR 2892611

[4] J. Bourgain and A. Kontorovich, On representations of integers in thin subgroups of
SLy(Z), Geometric And Functional Analysis 20 (2010), no. 5, 1144-1174.

[5] J. Button, All Fuchsian Schottky groups are classical Schottky groups, The Epstein
birthday schrift, Geom. Topol. Monogr., vol. 1, Geom. Topol. Publ., Coventry, 1998,
pp. 117-125. MR 1668339

[6] I. Calderén and M. Magee, Explicit spectral gap for Schottky subgroups of SL(2,7),
(2023), arXiv preprint: 2303.17950.



30

[7]
8]

[9]

[10]

11]
12]
13]
14]
15]
16]
17]
18]
19]
20]
21]
22]
23]
24]

[25]

[26]
[27]
28]

[29]

L. SOARES

P. Duren and A. Schuster, Bergman Spaces, Providence, 2014.

S. Dyatlov and M. Zworski, Fractal Uncertainty For Transfer Operators, Int. Math.
Res. Not. 2020 (2018), no. 3, 781-812.

M. Ehrman, Almost primes in thin orbits of pythagorean triangles, IMRN 2019 (2017),
no. 11, 3498-3526.

K. Fedosova and A. Pohl, Meromorphic continuation of Selberg zeta functions with
twists having non-expanding cusp monodromy, Selecta (2020), no. 1, 649-670, Paper
No. 9.

A. Gamburd, On the spectral gap for infinite index “congruence” subgroups of SLa(Z),
Israel J. Math. 127 (2002), 157-200. MR 1900698

I. C. Gohberg, S. Goldberg, and N. Krupnik, Traces and Determinants of Linear
Operators, vol. 116, Springer Basel AG, Basel, 2000.

L. Guillopé and M. Zworski, Scattering asymptotics for Riemann surfaces, Ann. of
Math. (2) 145 (1997), no. 3, 597-660. MR 1454705

J. Hong and A. Kontorovich, Almost prime coordinates for anisotropic and thin
pythagorean orbits, Israel J. Math. 209 (2015), no. 1, 397-420.

H. Iwaniec, The lowest eigenvalue for congruence groups, Topics In Geometry (1996),
203-212.

H. Iwaniec and E. Kowalski, Analytic Number Theory, vol. 53, A.M.S Colloquium
Publications, 2004.

Henryk Iwaniec, Small eigenvalues of Laplacian for T'o(N), Acta Arithmetica 56
(1990), no. 1, 65-82.

A. Kontorovich J. Bourgain and M. Magee, Thermodynamic expansion to arbitrary
moduli, J. Reine Angew. Math 753 (2019), 89-135, Appendix.

D. Jakobson and F. Naud, Resonances and density bounds for convex co-compact con-
gruence subgroups of SLa(Z), Israel J. Math. 213 (2000), no. 1, 443-473.

D. Jakobson, F. Naud, and L. Soares, Large covers and sharp resonances of hyperbolic
surfaces, Ann. Institut Fourier 70 (2020), no. 2, 523-596.

H. Kim, D. Ramakrishnan, and P. Sarnak, Functoriality for the Exterior Square of
GL4 and the Symmetric Fourth of GLg, J. Am. Math. Soc. 16 (2003), no. 1, 139-183.
H. Kim and F. Shahidi, Functorial Products for GLs x GL3 and the Symmetric Cube
for GLg, Ann. of Math. (2) 155 (2002), no. 3, 837-893.

A. Kontorovich, The hyperbolic lattice point count in infinite volume with applications
to sieves, Duke Math. J. 149 (2009), no. 1, 1-36.

A. Kontorovich and H. Oh, Almost prime pythagorean triples in thin orbits, Crelles
Journal 2012 (2012), no. 667.

P. Lax and R. S. Phillips, Translation representation for automorphic solutions of the
wave equation in non-EBuclidean spaces, I, Commun. Pure Appl. Math. 37 (1984), no. 3,
303-328.

W. Luo, Z. Rudnick, and P. Sarnak, On Selberg’s eigenvalue conjecture, GAFA 5
(1995), no. 2, 387-401.

F. Naud, Density and location of resonances for convex co-compact hyperbolic surfaces,
Invent. Math. 195 (2014), no. 3, 723-750. MR 3166217

F. Naud and M. Magee, Ezplicit spectral gaps for random covers of Riemann surfaces,
Publ. math. THES 132 (2020), no. 1, 137-179.

H. Oh and D. Winter, Uniform exponential mixing and resonance free regions for
convex cocompact congruence subgroups of SLa(Z), J. Amer. Math. Soc. 29 (2016),
no. 4, 1069-1115. MR 3522610

S. Patterson, The limit set of a Fuchsian group, Acta Math. 136 (1976), 241-273.

S. Patterson and P. Perry, The divisor of Selberg’s zeta function for Kleinian groups,
Duke Math. J. 106 (2001), no. 2, 321-390.

A. Pohl and L. Soares, Density of Resonances for Covers of Schottky Surfaces, J.
Spectr. Theory 10 (2020), no. 3, 1053-1101.



33]
34]
35]
36]
37)
38]
30]

[40]

31

P. Sarnak, Selberg’s eigenvalue conjecture, Notices Amer. Math. Soc. 42 (1995), no. 11,
1272-1277.

P. Sarnak, Harmonic analysis, the trace formula, and Shimura varieties, Clay Math.
Proc., vol. 4, Amer. Math. Soc., Providence, R.I., 2005, pp. 659—-685.

P. Sarnak and X. Xue, Bounds for multiplicities of automorphic representations, Duke
Mathematical Journal 64 (1991), no. 1, 207-227.

A. Selberg, On the estimation of Fourier coefficients of modular forms, Proc. Sympos.
Pure Math., vol. VIII, Amer. Math. Soc., Providence, R.I., 1965, pp. 1-15.

L. Soares, Improved fractal weyl bounds for convex cocompact hyperbolic surfaces and
large resonance-free regions, (2023), arXiv preprint: 2301.03023.

, Uniform resonance free regions for convexr cocompact hyperbolic surfaces and
expanders, (2023), arXiv: 2101.05757.

A. Venkov, Spectral theory of automorphic functions, Proc. Steklov Inst. Math. (1982),
no. 4(153), ix+163 pp., A translation of Trudy Mat. Inst. Steklov. 153 (1981).

A. Venkov and P. Zograf, Analogues of Artin’s factorization formulas in the spectral
theory of automorphic functions associated with induced representations of Fuchsian

groups, Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no. 6, 1150-1158, 1343. MR 682487
Email address: louis.soares@gmx.ch




	1. Introduction
	1.1. Spectral gaps for congruence covers and main result
	1.2. Thick arithmetic Schottky groups
	1.3. Outline of proof
	1.4. Organization of the paper
	1.5. Notation
	1.6. Acknowledgments

	2. Preliminaries
	2.1. Hyperbolic geometry
	2.2. Hyperbolic surfaces and Fuchsian groups
	2.3. Spectral theory of infinite-area hyperbolic surfaces
	2.4. Twisted Selberg zeta function
	2.5. Venkov–Zograf induction formula
	2.6. Schottky groups
	2.7. Combinatorial notation for words
	2.8. Twisted transfer operators
	2.9. Partitions and refined transfer operators
	2.10. Some useful bounds for Schottky groups
	2.11. Hilbert–Schmidt norm of refined transfer operators
	2.12. Refined zeta function and pointwise estimate

	3. Proof of Theorem 1.4
	3.1. Reducing the proof to counting zeros
	3.2. The main number-theoretic bound
	3.3. Finishing the proof of Theorem 1.4

	References

