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A (¢=, ¢)-POINCARE INEQUALITY IN JOHN DOMAIN

SHANGYING FENG AND TIAN LIANG

Abstract Let Q be a bounded domain in R” with n > 2 and s € (0,1). Assume
that ¢ : [0,0) — [0, o) be a Young function obeying the doubling condition with the
constant Ky < 25. We demonstrate that Q supports a (¢, ¢)-Poincaré inequality if it
is is a John domain. Alternately, assume further that Q is a bounded domain that is
quasiconformally equivalent to some uniform domain when n > 3 or a simply connected
domain when n = 2. We demonstrate € is a John domain if a (¢, ¢)-Poincaré inequality

holds.

1. INTRODUCTION

Let n > 2 and Q C R” be a bounded domain. Suppose that ¢ is a Young function in [0, co0),
that is, ¢ € C[0, 00) is convex and satisfies ¢(0) = 0,¢(t) > O for ¢+ > 0 and lim,_,, ¢(f) = oco. For
any s € (0,1), define the intrinsic fractional Orlicz-Sobolev space V;"*(Q) as the collection of all
measurable functions « in Q with the semi-norm

- dxd
Il o,y 2= inf /1>0:ff ¢(|”(x) ”(y)l) <1l < oo
’ Q Jhr—yl<Ld(xo0) Ax=yP ) o=yl

Modulo constant functions, V? ’¢(Q) is a Banach space. When s = 1, we usually consider the classical
Orlicz-Sobolev space W'?(Q2), whose sharp embedding has been solved in [11](see also [3] for an
alternate formulation of the solution).

Alberico et al. [4] established an imbedding of V"*(R") into certain Orlicz target space. Recall
that for any Young function y, the Orlicz space L (Q) is the collection of all u € L} _(€2) whose norm

|||y := inf {/1 >0: fw(M) dx < 1} < 0.
o \A4

The following is a more thorough description.

Theorem 1.1. Let ¢ be a Young function satisfying

R S
1.1 = 00
(L.1) fo(¢(7)) T <
and

BT S
1.2 =T = 0o,
(1.2) fo (¢(T)) T
Define ¢» := ¢ o H™', where

to N s
(1.3) H@) = (fo (¢(T))Hd7') Yi>0.
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Then VS/(R™) C L (R, that is, for any u € V> (R™) with |{x € R|Ju(x)| > t}] < oo for every t > 0,
one has u € L%s(R") with ||u||L¢,,/S(Rn) < CIIuIIV:m(Rn), where C is a constant independent of u.

They also showed that L#s(R") is optimal target spaces for the imbeding of VS?(R") in the sense
that if VS/(R") ¢ LA(R") holds for another Orlicz space LA(R"), then L%+(R") c LA(R").

We are interested in bounded domains which supports the imbedding Vf’¢(Q) c LP»(Q) or
(¢=, ¢)-Poincaré inequality, that is, there exists a constant C > 1 such that

(1.4) |l — MQ||L¢g(Q) < C||M||V5¢(Q),

for every u € L'(Q), where up = J% u = % fE udx denotes the average of u in the set of E with
|E|] > 0.

The major finding of this article is to characterize the imbedding VS(Q) c L+(Q) via John
domains under specific doubling assumption in ¢; see Theorem 1.2 below. Remember that a bounded
domain Q C R” is called as a c-John domain with respect to some x, € Q for some ¢ > 0 if
for each x € Q, there is a rectifiable curve y : [0,7] — Q parameterized by arc-length such that
v(0) = x, y(T) = xy and d(y(t),QC) > ct for all + > 0. For further research on c-John domains,
see [36, 38, 8, 37, 6, 7, 9] and references therein. We say that a Young function ¢ has the doubling
property (¢ € A,) if

6(21)
1.5 K, =
(1) 0= S

Note that if a Young function ¢ € A, with K, < 2%, then ¢ satisfies (1.1) and (1.2); see Lemma 2.3.

< 0

Theorem 1.2. Let 0 < s < 1. Suppose ¢ is a Young function and ¢ € A, with K, < 25 in (1.5).

(1) If Q c R" is a c-John domain, then Q supports the (¢=, ¢)-Poincaré inequality (1.4) with the
constant C depending on n, s, c and K.

(i) Assume further that Q@ C R" is a bounded simply connected planar domain, or a bounded
domain which is a quasiconformally equivalent to some uniform domain when n > 3. If Q
supports the (¢=, $)- Poincaré inequality, then Q is a c-John domain, where the constant c
depend on n, s, C, Ky and Q.

Theorem 1.2 extends several known results in the literature; for details see the following remark.
Remark 1.1. (i) For 1 < p < n, c-John domain Q supports Sobolev W'”-imbedding or (%, P)-
Poincaré inequality:

(1.6) ||t — MQ”L”P/("*P)(Q) < C||M||W1’p(9) Yu € Wl’p(Q),

where the constant C depends on n, p and c; see Reshetnyak [38] and Martio [37] for 1 < p < n
and Borjarski [5] (and also Hajlasz [24]) for p = 1. Conversely, further assume that € is a bounded
simply connected planar domain or a domain that is quasiconformally equaivalently to some uniform
domain when n > 3. Buckley and Koskela [7] proved that if (1.6) holds, then Q is a c-John domain.

(ii) For 0 < s < 1 and 1 < p < oo, the intrinsic fractional Sobolev space W.”(Q) consists of all
functions u € L} _(Q) with

l/p
. |u(x) — uy)l”
lleellyysr () == R dxdy < 0.
Q Jx—yl< 5d(x.00Q) |x = y|"*

In the special case ¢(r) = 1” with p > 1, V>?(Q) is exactly WP (Q).
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For s € (0,1) and 1 < p < n/s, Dyda-lIhnatsyeva-Vihikangas [17] for p = 1 and Hurri-Syrjdnen-
Vihikangas [26] for 1 < p < n/s proved that c-John domain € supports the following fractional
(np/(n— sp), p)s-Poincaré inequality (or fractional Sobolev embedding W;”(Q) — Lni_ip(Q)), which
means that for any u € W.”(Q),

(L.7) Il — UQ”LHP/("-SP)(Q) < CH“HW:"’(Q),

holds, where C depends on n, s, p and c¢. On the other hand, additionally assume that Q is a bounded
simply connected planar domain or a domain that is quasiconformally equaivalently to some uniform
domain when n > 3. They [17, 26] also proved that if (1.7) holds, then Q is a c-John domain.

If 1 < p < 2,is easy to see that ¢=(r) = Cti for any t > 0, where C is a positive constant. If
o) =" withp > 1and 0 < s < 1, then the (¢=, ¢)-Poincaré inequality is the classical fractional
(G ~, p)-Poincaré inequality.

(iii) Analogue results to (ii) were established for the intrinsic fractional Hajlasz-Sobolev space

M:P(Q); see [42] for details.

We also note that the imbeddings of the fractional Sobolev space W*(Q) and fractional Orlicz-
Sobolev space V*?(Q)) were were taken into account in the citations [4, 29, 30, 41]. Define the
fractional Orlicz-Sobolev space V*¢(Q) consisting of all functions u € L} (Q) with

lullyo ::inf{/l>0:ffqﬁ(lu(x)_u(y)l) dxdy S1}<oo.
aJa Ax =y Jlx=y

The V*¢(Q)-(semi)norm is evidently derived by substituting the whole domain Q for the range
B(x, L dist (x, 0Q)) for the variable y in the V! ’¢(Q)—(semi)n0rm. It goes without saying that VS¢(R") =
V:’¢(R"). For general domain Q, one always has V5¢(Q) c V:’¢(Q) with a normal bound, but the re-
verse side is not true necessarily. When ¢(f) = t” with p > 1, V*%(Q) is the fractional Sobolev space
W*P(Q), which consists of all functions u € LllOC (Q) with

u(x) — u(y)|P l/p
nmmWQ::(f Lﬁl—lﬂLdﬂ@) oo,
QJQ

|.X — y|n+sp

Remark 1.2. (i) Let s € (0,1) and 1 < p < n/s. It was shown in [29, 30, 41] that a domain Q
supports the W*?-imbedding

e = ol og ) < Cllitllnsey Ve € V().

if and only if Q is Ahlfors n-regular, that is, there exists a constant ¢ > 0 such that
Bx,r)nQ|>Cr" VxeQ, 0<r<2diamQ.

Note that in he case |QQ = co we set ug = 0.
(i1) Assume that s € (0, 1) and Young function ¢ satisfies (1.1) and (1.2). It was shown in [4] that
Lipschitz domain Q supports V*?(Q)-imbedding

I = gl o ) < Cllllyrecay Ve € VHQ.

But it is not clear whether Ahlfors n-regular domains characterize V*#(Q)-imbedding domains.

The paper is organized as follows. The proof of Theorem 1.2(i) is given in section 2, which
uses Boman’s chain property, the embedding VE(Q) «— LP(Q) for cubes Q C R" and the vector-
valued inequality in Orlicz norms for the Hardy-Littlewood maximum operators. We also give some
property of ¢ € A, with K, < 2 in section 2. Conversely, under the condition (2.1), together with



4 SHANGYING FENG AND TIAN LIANG

the aid of some ideas from [7, 25, 34, 40, 41], we obtain the LLC(2) property of €, and then prove
Theorem 1.2(ii) by a capacity argument; see Section 3 for details.

2. Proor or THEOREM 1.2(1)
First we give the embedding C°(Q2) C V,f’¢(Q). It’s easy to know

" (p) dp
2.1 C,:= —— <
1) 0= e p S

In fact, since for practically all £ > 0 ¢’(¢) > 0 and ¢’ is increasing, we know

o) _ 90 =90 _
p p

Hence

" d(p) dp 1f,
—_— < — do <1
) o0 e ), PR

thatis, Cy < 1.

Lemma 2.1. Let 0 < s < 1, and ¢ be a Young function satisfying (2.1). For any bounded domain
Q c R", we have C*(Q) c V*4(Q) c V>*(Q).

Proof. Yu € Ci(Q), L := ||ullz~q) + [|Dul|r~q), and W C Q such that V = suppu € W € Q, then
B f f (IM(X) - u(y)l) dxdy
- ¢ N n
QJa Alx =yl lx =yl

Llx — L
T T )
wdw \Ax =y ) lx =y vdaw \Ax =y [x =yl
By (2.1), we have

— _ 1l
I =
wdw \Ax—=yl*) |x =y B(x,2 diam W) A lx —yI"

2 diam W 1-s
L d
_nwnff ( p ) P
0

L2 diam W)! =5
1

= nw,—— f f / ¢(.U)—dx
=5 JwJo
L(2 diam W)~ S)IWI.

A

L dxdy L dx
¢ ) n S ¢ N ndy
Vv JO\W Alx=yP) |x =yl vV JO\B(, dist (V,WC)) Alx=yP ) |x =yl
© L \d
< nwnff ¢( )—pdy
dist(VWC) Ap*
Adist VWC d
— ff " oLy

1
< Cyhwy,
¢n(L) 1—S¢(

And
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1 L
< c¢nwn—¢(_—) V.
s\ Adist (V, wlys

If A is so large, we have H < 1,with u € V*9(Q), so C/(Q) c V**(Q). Combining C>(Q) c CH(Q)
and V>¢(Q) c V%(Q), we get the result desired. O

To prove Theorem 1.2(i), we need the embedding V*%(Q) < L?/+(Q) in all cubes Q C R". So
firstly, we give some lemmas we needed.

Lemma 2.2. Let ¢ € A, be a Young function, then V¢ > 1, ¢p(cx) < Ko~ 1p(x).

Proof. By the increasing property of ¢’,
2x

6Q2x)—p(x)= | ¢ @)dt> ¢ (x), Yx > 0.
$ € Ay, p(2x) — P(x) < (Ky — Dp(x), so
(Ing)'(x) =

Py _ Ky -1
$(x) x

For any ¢ > 1,we have

1n(‘i’;(c);)): f x(lnqﬁ)’(t)dts f ) K¢t_1dt:1n(cK¢‘1).

So ¢(cx) < cKemlg(x). O
Lemma 2.3. Let ¢ € A, be a Young function satisfying Ky < 25, then ¢ satisfies (1.1) and (1.2).

Proof. By the definition of the K in (1.5), we get ¢(21) < K,¢(7). Hence

- s i 27 s
—_— dr = 2d
£(¢<r)) ! f (¢<2r>) !
2 2\
2d.
Zf (K¢¢(T>) !

s
s .

% promes ans s ﬁ
f(L) dr < -2 f(L) dr.
: \o(7) 2n= Jo \@(7)
By induction, we have

[ o [l
4 \e() T2 Jo 6

om—1

Then

s \m—1

K~ ‘ =
< ¢n I(L) dr
27 : \ (1)
Change m from 1 to co and sum up, we can get
s ym—1
t P > (K= ! s
[s) w=Xla=| [ o) o
o \o(0) 2= | Jo e
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The series convergences because if the range of the K,;,and

ER PN ORRIL0
@m%”‘ #0)

HO-60) _
= —¢'®

¢*(1)
_FO-¢0
P’
where 0 < &€ < ¢, by the convexity of ¢, we know (ﬁ)/ (t) < 0, then (1.1) follows from decreasing
property of %, actually,
f P =
Pl sl 4
6D o)) 2
Similarly,
om % 2mfl %
n—s 2 n-s
f(L) drzf ( . ) 2dr
0o \&() 0 Kyo(7)
2# om—1 n_is
2 [ o)
K™= Jo é(7)
¢
> ...
2| ! =
> |22 f (L) dr, VYm € .
Kf 0 \@(7)
Let m — oo we get (1.2). O

Lemma 2.4. Let ¢ € A, be a Young function satisfying K, < 2%, then

H(A)<C 1 .
AT pA)

(2.2)

Proof. By Lemma 2.3, we have

Lo\ Lo\ 5 ot
—_— dr<C —_— dr < C s —,
,ﬂ@m) T<,£@m) =Go2

h=s n-s A n_is e
A, L s n 4 s oA\ C 2 A
H(A) (fo (%)nsdT) (C((ﬁé))m 5) [ (KL¢¢(A)) 2] 1
- = < <C——.
4 A A A (A

Then

With above lemmas, we proved V¢(Q) < L#(Q).

Lemma 2.5. Let 0 < s < 1 and ¢ € A, be a Young function satisfying K, < 25, then there exists a
constant C; = Cy(n, s) such that
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u(x) — uQ) f f (Clu(x) - u(y)l) dxdy
2.3 1 .
) fQ‘*’f ( PERT y

for all cubes Q C R", u € Vs¢(Q) and A > Cillullyso(g)-

Proof. Denote a cube centered at the origin with sides of length 2 paralleled to the axes by Q(0, 1).
At first we prove that

(2.4) f b0 (M) g < f f ¢(Cl|u(x) - u(y)l) dxdy
Q(0,1) s /l - 000,1) J 00,1 /llx _ y|S |x _ y|n H

where u € Vs’¢(Q(O, 1)), A> CIHMHVS-"’(Q(OJ))'
Ky < 25, by Lemma 2.3 and [4], we have

||M||L¢n(Q(0 ) = C1||u||vv¢(Q(o INE

where
u e Vi%(0(0,1)),Cy = Cy(n, s),

Vi4(Q(0, 1)) = {u € V*(Q(0, 1) : ugq, = 0}.
Replacing u by u — up,1), we have

llu — MQ(0,1)||L¢§(Q(O’1)) < Cillu = ugo,nllvseo.1y)

where u € V5¢(Q(0, 1)). When lleellyssc0(0.1y) = O, u is constant in Q(0, 1), the equality holds. Suppose
that ||u||Vs,¢(Q(()’1)) * O, then
u—u
f ¢n (w) dx < 1.
oo, \Cillullyssco.1)
Fixed uo € V54(Q(0, 1)), let

M ::f f ¢(C1|ﬂo()€)—uo(y)|) dxdy
0(0,1) J0(0.1) lx — y|* Ix =yl

Let ¢ = £, then ¢.(r) = e = C,(n, 5), S0

u-—u n u 5 :
|| ool 7y ooty = Cillllyssg.1)

lu — ug,)
[ = P
0(0,1) ClM" HMHVSE(Q(O,I))

And C1||u0||vv¢(Q(0 1) < 1 Otherw1se

< f f (Clluou)—uo(y») dxdy
Q(Ol) 0(0.1) lx = yI* |x =yl

_ f f (C1|M0(X) - uo(y)l) dxdy
=7 ¢ =1,
M Jow.1y Joo.n) lx = yI* lx =yl

Then we get

we get a contradiction.
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Specially, when u = 1, we have

f é ( |uo — MOQ(0,1)| ]dx
K Cilup(x)=uo)I\ dxdy 3
Q0. (fQ(O,D fQ(O,l) ¢ ( ) )

[x=yl* [x=yl"

luo — MOQ(0,1)|

Sf ¢% ( s ]dx
0(0,1) Ci\M~ ||u0||Vs,$(Q(o,1))

<f f p (C1|M0(X) - Mo(}’)|) dxdy
— Jowo. Joo.n lx = yl* lx =y

By the arbitrariness of u,, we have

lu — MQ((),1)|
fQ(O l)d’% [(f f ¢(C1|u(x)—u(y)|) dxdy )% dx
' 0(0,1) JO(0,1)

[x=yl* [x=yl"

< f f p (C1|M(X) - M()’)|) dxdy
— Joo.n Joo.n lx — y[* lx =yl

Replacing u by 4,

lu — Upoo 1)|
2.5 f ¢ﬂ( ra - |dx
s Hu(x)—u(y)|\ dxdy |3
o0:h /l(fQ(O,l) fQ<o,1>¢( Ax—yf* )ﬁ)
C — dxd
(2.6) < f f ¢( 1|Z(X) Liw) X yn.
00,1 J0(0,1) lx — lx =yl

Let A > Cillullysog.1y)» then

f f ¢(C1|M(X) - u(y)l) dxdy <1
000.1) J0.1) Ax = yl* lx =yl

u-—u u-—u
f & (l /lQ(O’l)l)dx : f 4 ( | CQ(|2(3| u(|\ dxdy s )dx
s N 1 - ) %
oe.1) oe.1) ﬁ(fQ(m) fQ(o,l) ¢( ) )

Alx=yl* [x=yl"

< f f (C\lu(x) - u(y>|) dxdy
< ¢ .
00.1) J0(0.1) Alx = yI* lx =yl

Now we prove the case of general cube Q. Let Q be a cube with a as the center and 2/ as the side
length, then there is an orthogonal transformation T, and T(Q — a) = Q(0,]). Yu € V*%(Q) and u is

not a constant. Let v(x) = w where x € Q(0, 1), then v € V*(Q(0, 1)) and vg(o1) = 2. And

Cilv(x) =v(y)|\ dxdy
¢ /ll _ Ky _ n
0(0,1) J 0(0,1) x =yl lx =yl

T~ -1
B f f ¢ Cllu( l(sx)+a) o l(sy)+a)| d_xdy
0(0,1) Jo(0,1) Alx —yl* Ix =y’

SO
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_ lzi—zl

by transformation z; = T~ '(Ix) + a,z, = T~'(ly) + a, we have |x — y| = |T(Z‘_“) - T(Zzl_“) 2, 80
f f ¢(C1|V(X) - V()’)|) dxdy _ ff¢(cl|u(21) - M(Z2)|) dzidz,
000,1) J0(0,1) Alx —yl* lx — yI* 0Jo Alzy — 2of* "z — 2|
and
lv — Voo 1)|
f ¢ﬂ[ C - dx
s [u(x)—u@)|'| dxdy \3
0. ﬂ(fQ(o,l) fQ(O,l) ¢ (W) W)”
lv — Voo 1)|
= f ¢g [ C : dx.
s lu(z)—u(zo)|\ _dzid. s
o0.h /1(fo42¢( ) p )i
By transformation y = T (Ix) + a, we get
lv — Voo 1)|
f 2 [ e dx
s lu(x)—u@)|'| dxdy \2
eo.h /l(fQ(O,l) fQ(O,1)¢( lﬂlx—yl“ )W)
) f , [ () - gl ] dy
B 5 Cilu)—uG)l\ dadzm e | 7
0 /1(fQ J;g ¢( lxllzzll—zzlszz ) szizjf”)n !
By (2.5), we have
lu(y) — ugl J
Q¢% /1([ f ¢(C1|u(z1)—u(z2)l) dzidzy )f—1 Y
0Jo Alz1—22 lz1—z21"
< f f ¢(C1|M(ZI) - M(Zz)|) dzidz,
- JoJo Azy — 2ol |21 — 2ol
Let A > Clllu”V“/’(Q)’ then
ff¢(C1|u(X) - M(y)l) dxdy <1
0Jo Alx =yl lx—yl*
Hence,
| — ugl lu — ugl
fgba ( dx < f - |dx
s 1 Cilu(x)—u(y)|'\ dxdy s
Q Q /l(fo ¢( lxllx—yl* )Ix—yl”)
[ ¢(c1|u<x) - u<y>|) dxdy
JoJo Alx =yl x =yl
O

We also need the Fefferman-Stein type verct-valued inequality for Hardy-Littlewood maximum
operator in Orlicz space. Denote by M the Hardy-Littlewood maximum operator,

M(g)(x) = sup J[ |gldx
w0 Jo

with the supremum taken over all cubes Q € R” containing x. The Young function ¢ is in V, if there
exist a a > 1, such that

P(x) < i(zﬁ(ax), Vx> 0.
2a
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Lemma 2.6. If ¢ € A, be a Young function satisfying K, < 25, then ¢z € Ay NV,
Proof. We know

n—s

2t “n
HQp) =
20 ( el )

n

2
HZd = H(p).
(f (K¢¢(r> T) K ®

Letting 2y = H(2t), we have K(;y >H (@) Therefore,

s
n

K
H'Qy) <2H (K y)<22H (K”—) L<omigt (K"

m

=1

K

2 )

=~
RS

Because of the range of K, we get

H'2y) < CH'(y). SoH™' € A, and qb% =¢poH €A,.
By the decreasing property of —

< 1. Let m so big that K”( "’n) < 1. Then we have

¢(T) ’

st
H(z%x): (¢—) d‘[‘)
0
= x( 2i7 ) ZZdT)
P25t
T a
2%d
: fo (¢<T)) T)

=25 H(x).

So2ix < H'2% H(x)), then25H ' (x) < H'(25 x).
And we have

25po H'(x) < ¢ H ' (x)) <po H'25 x).
Lettinga =25 > 1, we have ¢u(x) < 3-¢=(ax) and ¢z € V5. o
Remark 2.1. If K; > 25, there exists ¢ € A, such that ¢% ¢ Ny.[4] Example 6.4: Let ¢ with
o) = {ti(log 1) near zero,
ts(logt)* near infinity,
where ag > 2 — 1,a < % — 1.And connected by a convex function, then

[ Nag+Dn
near zero,

n
| ; —s(a+1 . .
¢u(1) is equivalent 10 """ near infinity, @ < 2 -1,
_n_ p
ern*x

e near infinity, @ = f -1,

50 ¢z & Ay.
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We then propose a few lemmas that might be utilized to support the assertion of Theorem 1.2(i).

Lemma 2.7 ([16]). Let & € A, NV, be a Young function. For any 0 < g < oo, there exists a constant
C > 1 depending on n, q, K, and a such that for all sequences {f;} jen , we have

Ln W ]dx <C(n,Ky,a) . w[[Z(fj)Z )dx.

JjeN
Lemma 2.8. For any constant k > 1, sequence {a } jen, and cubes {Q} jen with 3 x o, < k, we have

> lajlvig, < Clkom) Y [Majxo,) 1
J J

q

D MUA)?

JEN

Proof. By the definition of M, we know

XkQ; < an(XQj)
So

J

Z lajlxro, = Z(ldj|%XkQ,)2 <k Z[M(IajI%XQj)]z.
J J

Now let us begin to give the proof of Theorem 1.2(i).

Proof of Theorem 1.2(i). Let Q be a c-John domain. By Boman [6] and Buckley [9], Q enjoys the
following chain property: for every integer k > 1, there exist a positive constant C(k, ) and a
collection F of the cubes such that

(i) QckQcQforall Q€ F,Q = UperQ and

Z X«kQ < CK,CXQ'
QeF

(i) Q9 € ¥ 1is a fixed cube. For any other Q € ¥, there exist a subsequence {Q j}?’: , CF,
satisfying that Q = Qy C C,..Q;, C,;ileHl <1Qjl £ CeclQjsil and |Q; N Q| > C,:i min{|Qjl, |Q 1}
forall j=0,...,N - 1.

Let k = 5n, by (i) Q ¢ 5nQ c Q for each Q € F,

S5n

-1
[(Q) = 2nl(Q),

d(Q,0Q) = d(Q,d(5nQ) 2 —

and hence

x — y| < Val(Q) < nl(Q) < %d(Q, 0Q) < %d(x, 0Q), Vx,ye Q € F.

Letu € V:’"’(Q). Up to approximating by min{max{u, —N}, N}, we can assume that u € L*(Q), and
by the boundedness of Q, u € L'(Q).
By

1
Yx,ye Q,lx—y| < Ed(x, 0Q),

|u(x) —u()l\ dxdy lu(x) —u(y)l\ dydx
¢ N n S ¢ N n?
0Jo Alx =y ) lx =yl 0 JB(x,Ld(x,00) Ax =y ) lx =yl

we know
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then [|ullyso(g) < ”””Vf%g)’ SO
2.7) A 2 ||ullysog) when A = ||M||V:.¢(Q).

Because of the convexity of ¢, we have

:f(pg('”@‘”ﬂ')dz
f¢ ( (Zlu(z)_qu|;‘2|uQ_qul))dZ
2lu(z) —u Q0| 2|MQ—MQ0|
3| [ (T o ()|

Qg (2'”9 ”Q") f b (2|M(Z)_MQ°|)dz.
Q

In (i) we have yq < 3 per X0, SO

s [[on [ rel,
<Zf¢ (ZIM(Z) uQ0|)

By Jensen inequality,

vz

QcF
4|u(z)—u| 1 Auo — up,|
Zf ——Ldz+5 > 10| ———2
2 s A
Q€7~ Qe \{Qo}
1 1
==1 +=I.
21T

By the inequality (2.3), (2.7) and

1
Vx,y€ Q,lx -yl < zd(x, 0Q)),

|u(x) —u@)l| dxdy
11<fo (%|X—y|s)|X—y|n

Qe

f f [|u<x>—u(y)|) dydx
Q€¢ Beeddony  \ gelx =" ) k=)l

Using the Y’ per Xxo < Crcxa In (i) above,

nec [ [ oftozm) s
B(x,1d(x,00)) e X =l lx =yl

ff (Clu(x) —u(y)l) dydx
B(x, 1 d(x,00)) Alx — )’|s |x — )’|n'

we know
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For I, for each Q € 7, by (ii) VO # Qo, we have Q = Qy, and
N-1
g = ug,| < Z g, —ug,.,|
=0

N—

—

(|qu - qu+1ﬂQj| + |qu+1 - qu+1ﬂQj|)'
=0

For adjacent cubes Q;, Qj;1, one has

1Q; — Qjil 2 C,:i min{|Q/l, Q+1l},

C,;i|Qj+1| <10l £ CeclQjsrl-
So

1
lup, — g, ,no;l < —f [u(v) — ug ldv
! P TQ N Q4 Jgang, !

2

<
0 0

lu(v) — ug,ldv.

Similarly,

C 2
|qu+1 - qu+1ﬂQj| < — f |M(V) —UQ;, |dV
|Qj+1| Q)1
As aresult, we get
g — g, < 2C,.> Z u(v) — ug,ldv.
Qj
For each O, by the convexity of ¢» and Jenson mequahty,
u(v) — ug)|

uy) —Ug,
—| ( ) jldv)
0; A

dv =g~ o¢ﬂ,(
s s Qj /l

<o (Jgd’g (M)dv).

J

By the inequality (2.3), (2.7) and Yv,w € Q;,|v — w| < %a’(v, 0Q),

f (|M(V) — Ug, ) f f (Iu(v) - u(w)l] dvdw
¢§ A s n
. elv=wl Jlv=wl

J

u(v) — u(w dwdv
S f f o110 = ) dwdv
0; JB.Ldrd) C—llv—w| v —w|

f)dv.
Qj
Hence
W) “ ol ¢! ( f(v)a’v),
Q) Qj

13
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and
N
ool <502y gu ( f(v)dv).
4 j=0 Q;
By Lemma 2.2,

N N
¢:|8C,..> m‘l( fwd )]scm[ m‘l( fd )]

J=0

Applying Q = Qy C C,.Q; given in (ii),

Ol (Z¢ (f f(v)dv)] f 2 (

Using the $ges o < Xoer Xeo < Cucka in (i) above,

nscy [ o [Z¢ (f s p](x>dx

QeF PeF

<C f ¢ [Z¢ (f f(V)dV))(c p]oc)dx

PeF
% 2
n=c [ o [Z {M (M( f f(v)dv)) Xo }
Q PeF p

By Lemma 2.6, ¢z € A, NV, Let Y(t) = ¢%(t2), then ¢ € A, N V,. Applying Lemma 2.7 to g = 2

and ¢, we obtain
L<C f ¢ [ ( 27 f f(v)dv)))(p] (x)dx.
PeF P

Letap = ﬁ)f(v)dv. For each x € Q, we have

(o (Z ((ﬁ%_l(aP))XP(X)] [éiiiig Z (ap) XP(X)]

PeF PeF

N ( f f(V)dV))(c p] (x)dx.

PeF

By Lemma 2.8,

(x)dx.

=¢ [ZPE"FXP( )1;, (aP) XP(X)]
<3 Ay (Coa )
£ 2pey XP(X) e

M

P(X)CGP
PeF

I, < Cf Z apyp(x)dx

PeF

So
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<CY aplPl=C )’ f,, F(v)dv

PeF PeF

Clu(v) —u(y)|\ dwdv
< Cn, Coer Ky) f f ( S .
“ Ja B(v.Ld(v.00) ¢ Alu —w| |t — "

[ < ff ¢(C|u(v) - ugy)l) dwdv ’
o JB.3dw,00) Alu = wl |t — wi"

where C = C(n, 5, Ky), A > 4C1||u||Vj,¢(Q)and C>4C,. Let A > C||M||V;¢(Q), we have [ < 1. O

In the end, we obtain

3. Proor oF THEMREM 1.2(11)

To prove Theorem 1.2 (ii), the most important method is getting the fact which Lemma 3.5 ex-
pressed. We first need to choose a special test function to estimate the relationship between its norms
and its radius.

Letz € Q, d(z,0Q) < m < diam Q. Denote Q_,, by a component of Q \ Bo(z,m). Fort >r>m
with Q_,, # @, define u,,, in Q as

0 yeQ\[Q\ Balz )]
3.1) e (y) = 4 52y € Q. N [BG. 1)\ Bz, 1)),
1 y € Qz,m \ BQ(Z’ t)’
where Bq(z,t) = B(z,t) N Q.
It’s not difficult to know the following property.
Lemma 3.1. u,,, is Lipschitz with the Lipschitz constant i

Proof. We spilt into three cases to prove it.

Case 1. For x € Q\ [Q,,, \ Ba(z, r)], it means that u_,,(x) = 0. Since u,,(y) = u,,,(x) = 0 when
y € Q\ [Q,,, \ Ba(z,r)], we only need to consider y € Q. ,, N [B(z,1) \ B(z,r)]ory € Q,,, \ Ba(z,1).
IfyeQ,,,N[B(z1)\ B(z,r)], we know |x — z| < r. Hence

y—zl-r |y—-z—-lx—z |x-yl
|tz (X) — ()| = < < .
t—r t—r t—r

Ify € Q. \ Ba(z, 1), we get |x — y| > t — r. Therefore,

|x — vl
|uz,r,t(x) - uz,r,t(y)l = 1 < PR .

Case 2. For x € Q_,, N [B(z, 1) \ B(z, )], then u_,.(x) = =L If y € Q,, N [B(z. 1) \ B(z, )] with

() = 22
x—zl-r |y—zl—-r] Ix—zl=ly—2 _I|x—)l
|uz,r,t(x) - uz,r,t(y)l = - < < .
t—r t—r t—r t—r

IfyeQ\[Q,,\ Ba(z, r)] with u,,,(y) = 0, we have |y — z| < r. Then

x—zl-r ly—z-lx—-2z _[|x=—)l
lutz i (X) — uz (V)| = < < .
I—r r—r t—r

IfyeQ,,\ Ba(z,t) with u,,,(y) = 1, then |y — z| > ¢. Together with |x — z| < 7, we have

x—zl-r

1| -

lx—zl—t] t-|x—12
|uz,r,t(x) - uz,r,t(y)l = — =

t—r t—r
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SW—ZPﬂx—dglx—ﬂ_
t—r t—r
Case 3. For x € Q_,, \ Bo(z, 1), then u,,,(x) = 1. Since u,,(y) = u,,,(x) = 1 wheny €
Q. \ Ba(z, 1), we only need to considery € Q \ [Q,,, \ Ba(z,r)]ory € Q.,, N [B(z,1) \ B(z,r)]. If
y e Q\[Q,,\ Ba(z, r)] with u,,.,(y) = 0, together with |x — y| > ¢ — r, we know
|lx - ﬂ
t—r

|uz,r,t(x) U, ”(y)l =1<

Ify € Q. N[B(z 1)\ Bz, r)] with u,.(y) = 22 then |y — z| < t. Moreover, |x — z| > ¢. Hence

ly—zl-r
s (5) = 1) = jl Uk
t—r
x—z—-ly- X -
Shrod-b-d =yl
r—r r—r
Combining above cases, we know u_,, is Lipschitz with the Lipschitz constant :lr O

Next we provide an estimation of the test function.

Lemma 3.2. Let s € (0, 1) and ¢ be a Young function. For any bounded domain Q C R" and 7 € Q
with d(z,0Q) < m < diam Q. Fort > r > m, we have u,,, € V:’¢(Q) with

1 S|
[zt il 50 SC% ”( » -,
el =\ i A BE ) Gy
where C = C(n, s,Cy) > 1.

Proof. For any x € Q and y € B(x, 1d(x,0Q)) c Q, |u.,.(x) — u.,,(y)| # 0 means that either x or y in

Qz,m \ B(Z, I").
_ f f ¢(|uz,r,t(x) - uz,r,t(y)|) dydx
Q Jr—yl<Ld(xo0) Alx = yl* lx = yI"
Zf f ¢(|uz,r,t(x) - uz,r,t(y)l) dydx
-~ Jasen Alx = yl* lx =y
2[ f (lx—yIl_‘Y) dydx
Qz,m\B(Z r) (Xt r) ﬂ(t - r) |x - yln
1 dyd
+ Zf f ¢( ) yax
Qu\Br) JRNBG—r)  \AX = YI*) [x = yI?

=2H, + 2H,.

IA

Using change of variable and (2.1), we have

1—=r 1-s d
Hl = f f na)n¢(p—) _pdx
Qz,m\B(Z,r) 0 /]'(t - r) p
1
T 1 d
= f f nw,—— () = d
Q. \B(z,7) I-s u
Cynw, 1
f i ( )dx
\B@r) 1~ At —r)*
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Cynw,

1
1—s ¢(a<r - r)s) K \ B2, 7N,

© 11\d
H, = f f nwy,@ (—) —pdx
Q\B(r) %) p
A(t— r)q
f f 7w~ ¢(/J)—dx
m\B(Z r)
Cynw, 1
< f e ¢( )d
Q. \B(z,r) s /l(t - r)s

- ¢(/1(l‘—}’)s)| z,m\ (Z’r)l-

and

N

_1 nw, nw,
Let A = M(¢~! L - where M > max 2y ",4C"’, " 1. We have H, < 1, H, < 1,
Q. \B(z.r)] (- r) 1-s s 4 4
hence H < 1. As a result
1 |

Uy || s < C -1 .

Il (¢ (mz,m VB, r)|)) 1y
O

For xg,z € Q, let r > 0 such that d(z, 90Q) < r < |xg — z|. Define
1
wxo,z,r(y) :=— inf l(yNB(z,7)),¥y € Q,
r y(xo0.y)

where the infimum is taken over all reactiable curves y joining x;, and y.

Lemma 3.3. s € (0, 1) and ¢ be a Young function. For any bounded domain Q C R" and xy,z € Q
and r > 0 with d(z, Q) < r < |xg — 2|, we have w,, ., € V>*(Q) with

AR
”(I‘)Xo,z,rHV:JP(Q) < C ¢ F F’
where C = C(n, s,Cy) > 1.

Proof. For x € Q\ B(z,6r),y € B(x, 1d(x, 0Q)), we have
d(x,0Q) < |x—zl+d(z,0Q) < |x — z| + r,
and

y=—z>Ix=z=1ly—x|

1
> |x—zl - 5(|X-Z|+r)
=zl - =
— x — [RESS—
)
,
>3r—=2>2r.
23r—222r
So B(x,0Q)) N B(z,2r) = @. Let ., be the segment joining x, y containing in B(x, 1d(x,0Q)), then
Yry € Q\ B(z,r). For any y(xy, x), ¥(xo, X) U ¥y, is a curve joining x; and y, with

I((y(x0, X) Uyxy) N B(z, 1) = [(y(x0, %) N B(z,7)).
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Hence wy, ./ (y) < Wy, r(X).

Similarity wy, . (x) < wy,.(y). So for any x € Q\ B(z,6r),y € B(x, 1d(x,0Q)), we have
wxo,z,r(x) = wxo,z,r(y)-

Forany x € Q, [x —y| < %d(x, 0Q), we know I(y,, N B(z,r)) < |x —y|. Since y(xp, x) Uy, isa
curve joining x, and y, we get

1
wxo,z,r(y) < wxo,z,r(-x) + ;|X -yl

Similarity w,, ; (x) < wy, () + %|x =Y. S0 |Wyy 2./ (V) = Wiy 2 (X)] < %Ix -yl
For x € Q N B(z, 6r), we have d(x, dQ) < 6r + d(z,0Q) < 8r.

_ f f ¢(wa0,z,r(X) - w)q),z,r(y)l) dydx
Q Jl—yi<Ld(x00) Alx =yl lx =yl
_ f f s ( |Wscr(X) — wxo,z,r(y)|) dydx
QNB(z,6r) Jlx—yl<Ld(x,0Q) Alx = y|* lx =y
f f‘ nwn¢( - ) dp ,
QNB(.61)

Conw, (417
< ¢ ( ) dx
anB(z,ér) 1 - Ar®

2 1-s

1 -

Let A = M(qﬁ‘1 (i)))_1 r—ls, where M > max{c"’m” 4 6", 41~ S} then H < 1. So

1\ "1
-1
”wxo,z,rHV:-"’(Q) < C(¢ (ﬁ)) F

Lemma 3.4. Let s € (0,1) and ¢ € A, be a Young function satisfying Ky < 25 in (1.5), a bounded
domain Q C R" supports the (¢=,¢)- Poincaré inequality (1.4). Fix a point xo so that ry :=
max{d(x,0Q) : x € Q} = d(xp,0Q). Assume that x,xy € Q \ B(z,r) for some z € Q and r €
(0,2 diam Q), there exists a positive constant by that x, xy are contained in the same component of
Q\ B(z, bor).

O

Proof. Letb,, := sup {c € (0,1] : x, xo in the same component of Q \ B(z, cr)}. We need prove that
b, ., has the positive low bound independent of x, z, r, that is

b=inf{b,., : Iz € Q. r € (0,2diam Q) such that x, xo € Q\ Bz, 1)} > 0.

then let by = %, we get the conclusion. Because it is a infimum problem, we may assume b, ., < 1—10.
We want to prove

1
é(i —2by.,) < QU7 < 2Chy,,r, C > 1.

then
1

bx r > . 4
S AC )

sob > 0.
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First for fixed x,z,r, we have b,., > 0. By z € Q, then there existing 0 < 6 < 1 such that
B(z,6r) € Q, and xo ¢ B(z,6r). For h = £, and a curve y(x, xo) if

Y(x, x0) N B(z, hr) = @

then x, x; are contained in the same component of Q \ B(z, hr).
If y(x, xo) N B(z, hr) # @, denote 1y := inf {r € [0, 1] : v(x, xo)(¢) € 0B(z, or)},
t; :=sup{t € [0, 1] : y(x, x0)(¢) € B(z,0r)} and A := y(x, xo)(ty), B := y(x, xo)(t;). Then we have

¥ = y(x, xO)lte(O,to) UABU y(x, x0)|t€(t0,l) C Q\ B(z, hr).

and x, xo are contained in the same component of Q \ B(z, hr). So b, ., > h > 0.
Set ¢y = 2b,., < %,then Xo ¢ B(z, cor). Denote by Q,, the component of Q \ B(z, cor) containing

Xo. By b, < %Co < 1, we have x, xj are not contained in the same component of Q\ B(z, %cor). Now
we prove that B(z, cor) N 0Q # @. If not, by z € Q, we have

2
B(z, §CO) C B(z,cor) C Q.

From the above discussion, we get x, x, are contained in the same component of Q \ B(z, %cor), and
we get contradiction. So B(z, cor) N 0Q # @. Then

6
ro = d(xp,0Q) < rg%ax )|Xo -yl < r+cor+d(xy, B(z,r)) < gr + d(xo, B(z,7)).
yeB(z,cor

4
d(x0, B(z, cor)) > |xo — 2| — g = d(x. Bz 1) + <.

So d(xy, B(z, cor)) 2 2 and

(3.2) B(xo, %) cQ, cQ\Q.

Define

1
w(y) := — inf I(y N B(z, cor)), Yy € Q.
CoT y(x0.y)

Since B(z, cor) N 0Q # @ and xy ¢ B(z, cor), we have d(z,0Q) < cor < |xo — z|. By Lemma 3.3, we

know
I\
ooy < Clo™! ,
llle, (¢ (())) —

By the (41, ¢)- Poincare inequality (1.4) ,

SV
lw = wall ez ) < Cllwllyso) < C(¢ 1( )) (cor)s

(cor)”

On the other hand, by (3.2), y € B(xo, 1ry), w(y) = 0. Since Q is bounded, r > 0, we have 19222 < C.

0

Using the convexity of ¢=,

[oetyore [

“wlz

[o] (lwmo,%m) - wal)

lw(x) — wal )
A 275 A

)dx+
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By the Jensen inequality,

lWp(x.1r) — Wal —
|Q|¢%( B( 0,2; )S |Q|JC 925%(Ia)(x)/l wQ')dx
B(x0,470)
< IQI1 f(/)ﬂ(lw(X)—wgl)dx
|B(x0, 570)l Jo * a

sz"c"fm (M)dx.
Q $ A

|O)()C)| |(L)(X) - O)Q|
fg@( ; )deCfg;@(—ﬂ )dx,
and

n < - no.
(3.3) ol ez ) < Cllw = wall e

As a result,

Since Yy € Q,, w(y) > 1, we have

()| 1
fgfﬁ%( ) )dXZ¢§(Z)IQx|,

and
TN
So
-1 1 s -1 1
¢ ((w)ﬂ)(c“r) =% (m)'
By (2.2),
H(A) <C 1
AT g
Let
-t
7 \eon )
we have
-1(_1
¢?1 ((Cf")n) < C(C()r)s.
¢_ ((Cor)”)
So

)= (i)
& ((Co")" =0 o)

By Lemma 2.6, ¢ € A,, and Lemma 2.2, we have

1 1
< T~ 1°
(cor)" €2,

and

(3.4) Q. < Clcor).
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Let cj > c¢j_; for j > 1 such that
1 .
[\ Bz, ¢jn)l = 51\ Bz, cj1m)] = 271Q.

For j > 0 with Q, \ B(z, ¢;r) # @, define v; in Q as

0 y € Q\ [Q,\ Ba(z, cjpi7)]
Vi) =1y € QN [BG, ) \ BG,cjar)],
1 ye€ QX\BQ(Z’ er)’
Let Q.. = Q. r =cjrand t = cjyr, then v;i(y) = U cire;,, /() Where u; ¢ e, /(y) is defined in (3.1).
Applying Lemma 3.2, we have

I T
low < Cla :
villyze (¢ (|Qx \ B(z, er)|)) (Cjrir =)’

Applying (3.2), we have v;(y) = 0 for y € B(xo, %ro). Similarly to (3.3), we have

(3.5) < Cllv;

vill o2 ~Viall oz -

Andv;(y) = 1 fory € Q, \ Bq(z, ¢jr), then we have

1 -1
i n > n -1 .
Willes = ("’s (|Qx \ Ba(z, c,~r)|))
By the (¢, ¢)-Poincaré inequality (1.4) , we have

., 1 NV
" (lﬂx\Ba(z,cjr)l)ZCQ5 (|Qx\B(Z,er)|)(Cj+1r e
By (2.2),
H(A) 1
<C——.
A P(A)
and let
A—¢—1(;)
~ 7\ \ B enl)
then

(cjrir —cjr)’ < CIQ, \ B(z, cjr)lf'?.

S0 ¢jy1 — ;7 < CIQ \ B(z, ¢;n)F < C277|Q, 7.
Now we prove that sup {cj} > 1. If not, we have Vc; < 1. By x € Q\ B(x,r), then 36 > 0 such
that

B(x,0) c Q\ B(x,r) Cc Q\ B(x, cor).
By the connectivity of the B(x, ¢), we have B(x, 9) C Q,. Then
B(x,06) € Q,\ B(x,r) € Q, \ B(x, c;r),

and
0 < |B(x,0)| < [Q, \ B(x, )| < 1Q, \ B(x, ¢c;r)| = 277|Q,.
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Letting j — oo, we get a contradiction, and hence sup {c j} > 1. So there exists ¢; such that ¢; >

Let]()—lnf{]>1 c; < } then

1
3

Jo—1 Jjo—1
(— —co)r < (e, = co)r = Y (e —er < C Y 27HQF < 2CI0Q,17.
Jj=0 j=0

So L(1 = 2b,.,) < |Q]7. By the (3.4), we have

|
é(i —2b,,,) < |QulF < C2b,,,r, C > 1.
Then
|
X,Z,1 > . 1
S HCE )
which implies b > 0. O

b

Lemma 3.5. Let s € (0,1) and ¢ € A, be a Young function satisfying K, < 25 in (1.5). If a bounded
domain Q C R" supports the (¢pz, )- Poincaré inequality (1.4), then the Q has the LLC(2) property,
that is, there exists a constant b € (0, 1) such that for all z € R" and r > 0, any pair of point in
Q\ B(z,r) can be joined in Q \ B(z, br).

Proof. Fix x( so that ry := max(d(x,0Q) : x € Q) = d(xy,dQ)) and b is the constant in Lemma 3.4.
Then we spilt into three cases to prove it.

Case 1. Forz ¢ B (xo, 8111;%’”)’ we consider the radius r.

If r > M , then Vy € B( we have

0 7')
% T6diama’ )

ro .
- > |z - —|lz=y| > —————r > diamQ.
[y = xol = |z = xol = |z =yl edama’

By Q C B(xy, diam Q), we get Q N B(
joined in Q \‘B(z, er) =Q
Ifr < % and d(z, 0Q) > bf)a’l(; 57 When z ¢ €, then any pair of point in Q \ B(z, r) can be

Z, m({%r) = @. Here, any pair of point in Q \ B(z, r) can be

32di
joined in Q \ B(z, 72257) = Q. When z € Q, then B (z, mo257) € B(z, 5257) € Q. Similar to
the process of proving b, ., > 0 in Lemma 3.4, we know Q \ B (z, 64};0:" 5 ) is a connected set. Here,
. . . F VN . . . bor

any pair of pqlnt 1? Q\ B(z,r) can be joined in Q \ B (z, ool )

If r < 8B 4nd d(z,0Q) < 2oy Lety € Bz, 522 57) N Q. By B(y. (1 - 2)isr) ©
B (z, Sdi;%r) C B(z, r), we know

Vx e Q\ B(z,r),x,x0 € Q\ Bly, (1 -
x € Q\ B(z, 1), x,x € Q\ (y( 2)8d1amQ)

By Lemma 3.4, x, x; are in the same component of Q \ B (y, bo(1 — h")g P Qr) By

bo(1 =b
VWEB(Z,M)

16diamQ
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we have
bo(1 = bo)ry borog by ro
-y <|w=z+]z-yl < + =by|l - = | =1
w=sl<bw=d+k=<Temna Tedama’ - 2\ ™ 2) sdama”
Then
bo(1 =b b
B[z, 2ol =t ) yobol1- 2] —0 ),
16 diam Q 2 ] 8diam Q
and Q\ B (y, by (1 - %") Sdia(;nQr) cQ\B (z, %r). Here, any pair of point in Q \ B(z, r) can be
- . bo(1—bo)r
joined in Q \ B (z, lo(ffiiarg)ﬁo r).
Case2.Ifz € B (xo, Sdi;%r), for any x € Q\ B(z,r),
r— 8(1121%”3 lx —z] — |xo — 2] < |x — x| £ diam Q,
SO diam
r<—" <2diamQ.
- 8 diam Q
Then

"o o o
B B __o B o B o
(Z’ 8 diamQr) “ (XO’ 4diamQr) < (xo’ > ) < B(xp, o) C
Similar to the process of proving b, ., > 0 in Lemma 3.4, we have Q \ B (z, Sdi;%r) is a connected
set. And by

- o
Q\B O\B(z —T0
\ Bz (Z’SdiamQr)’

we know any pair of point in Q \ B(z, r) can be joined in Q \ B (z, M;%r).

O

.. . . R ro boro bo(1=bo)ro
Combining above cases, we get the desired result with » = min { T e s 1600 }

Proof of Theorem 1.2(ii). Let QQ C R" be a simply connected planar domain, or a bounded domain
that is quasiconformally equivalent to some uniform domain when n < 3. Assume Q supports the
(¢, ¢)-Poincaré inequality.

By [7, 8], Q has a separation property with x, € Q and some constant Cy > 1, that is Vx € Q,
Jacurve y : [0,1] = Q, with y(0) = x,v(1) = xo, and V¢ € [0, 1], either ¥([0,1]) c B :=
B(y(1), Cod(y(1), QC)), or ¥y € ¥([0,1]) \ B belongs to the different component of Q \ B . For any
x € Q, let y be a curve as above. By the arguments in [36], It suffices to prove there exists a constant
C > 0 so that

(3.6) d(y(2), QC) > Cdiam ([0, ¢]), YVt € [0, 1].

Indeed, (3.6) could modify y to get a John curve for x.
By Lemma 3.5, Q has the LLC(2) property. Leta = 2 + %, where b is the constant in Lemma 3.5.

For £ € [0, 1]. (1) If d(y(1), Q) > 422 then

ad(y(), QC) .
v([0,t]) cQ C B()/(t), W diam Q).

So
2ad(y(1), Q%) .

diam ([0, 1]) < diam Q.
= et
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and
d(x,Q0)

2a diam Q
(@) If d(y(r), QC) < 22225 \we prove that

d(y(®), QC) > diam ([0, £]).

Y(10.1]) € B(y(0). (a = Dd(y(0),Q0)).

Otherwise, there exists y € ¥([0,1]) \ B (y(0), (a — Dd(y(1), Q0)). By
o — (0] = d(x0, Q%) = d(y(1), Q%) > (a — Dd(y(1), Q),

we know xp,y € Q\ B (y(t), (a — 1)d(y(1), QC), by Lemma 3.5, xy and y are contained in the same

complement of Q \ B ()/(t), b(a — 1)d(y(1), QC). Since b(a — 1) > Cy, then x; and y are contained

in the same complement of Q \ B (y(t), Cod(y(1), QC), which is in contradiction with the separation
property. Hence

(10.1]) € B(y(0). (a = Dd(y(0).Q0)),
then
diam ([0, t]) < 2(a — 1)d(y(?), QC).
So

o
d(y(), QL) > 5@ = diam ¥(10.1).

Let C = min {%, 2(;_ m }, then (3.6) holds. The proof is completed.

O
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