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The recently introduced topological heavy fermion model (THFM) provides a means for
interpreting the low-energy electronic degrees of freedom of the magic angle twisted bilayer graphene
as hybridization amidst highly dispersing topological conduction and weakly dispersing localized
heavy fermions. In order to understand the Landau quantization of the ensuing electronic spectrum,
a generalization of THFM to include the magnetic field B is desired, but currently missing. Here
we provide a systematic derivation of the THFM in B and solve the resulting model to obtain
the interacting Hofstadter spectra for single particle charged excitations. While naive minimal
substitution within THFM fails to correctly account for the total number of magnetic subbands
within the narrow band i.e. its total Chern number, our method —based on projecting the light and
heavy fermions onto the irreducible representations of the magnetic translation group— reproduces
the correct total Chern number. Analytical results presented here offer an intuitive understanding
of the nature of the (strongly interacting) Hofstadter bands.

I. INTRODUCTION

Since the discovery of the remarkable phase diagram
of the magic angle twisted bilayer graphene (MATBG)
[1, 2], substantial effort [3-32] has been devoted to
understanding its rich physics. The presence of
topological narrow bands within this system [33-36]
provides a novel platform to study the interplay between
strong electron correlations and band topology. The
recently introduced topological heavy fermion model
(THFM) for MATBG [37, 38] bridges the contrary
signatures of localized [39, 40] and delocalized physics[41,
42] reported via STM and transport measurements[43,
44]. Within THFM the low energy electrons are viewed
as a result of the hybridization between heavy p, =+ ip,-
like Wannier states, localized at the AA stacking sites,
and topological conduction fermions, denoted by f and
¢ respectively in analogy to heavy fermion materials[37].
Among its other features, THFM allows for an intuitive
explanation of the charged excitation spectra [37] at
integer fillings hitherto obtained via strong coupling
expansion of projected models[18, 45].

The large moiré period of ~13nm in MATBG has
revealed a sequence of broken symmetry Chern insulators
yielding a plethora of finite magnetic field(B) induced
phases at lower fluxes[43, 46-53] and has showcased,
for the first time, reentrant correlated Hofstadter states
at magnetic fields as low as 31T [54]. Thus it
becomes important to better understand the interplay
of correlations and band topology in the presence of
a perpendicular B field.  Theoretical studies have
previously focused on non-interacting [55-57] and strong
coupling [58-60] regimes. Although exact, each employed
considerable numerical analysis, restricting a deeper
physical understanding of the mechanism for Landau
quantization.

In this manuscript, we show how one can understand

the Landau quantization of the strong coupling spectra
in terms of hybridization amidst Landau levels (LLs)
of ¢ fermions and hybrid Wannier states of f fermions.
We find that only a particular number of f fermion
momentum channels are allowed to hybridize to c¢
fermion LLs, with coupling strength which decreases with
increasing B and increasing LL index m. Moreover,
through our analysis we can clearly understand the
reason why a naive minimal coupling is unable to recover
the correct total Chern number of the narrow bands.
In the flat band limit of THFM, our framework allows
for an exact solution including the dominant interactions
and analytically explains the total Chern number. Even
for cases with a non-trivial Chern number, we explicitly
demonstrate the dependence of total number of states
on the magnetic field as is expected by the Streda
formula[61]. Although going away from the flat band
limit requires numerics, given the simple structure of our
Hamiltonian, we are still able to compute the spectrum
to unprecedentedly small fluxes and find it to be well
captured by the analytical solution in the flat band limit,
M = 0, which can be taken all the way to B = 0 as
shown in Figs.(2),(4),(5) at narrow band filling factors
v =0,—1, —2 respectively.

The formulas we derive are general for any rational
value of ¢/¢g, with ¢ being the flux through the unit cell
and ¢¢ being the flux quantum hc/e, but we focus our
analysis on the 1/¢ flux sequence and low B where the
results become particularly transparent. Our analysis as
well unveils the physical nature of the anomalous low
energy mode which is seen to be almost B-independent,
also observed in previous numerics[58], as the anomalous
zero-LL of a massless Dirac particle, a key ingredient
of the topological heavy fermion picture of MATBG.
Although this work deals directly with THFM, our
methods apply more generally.
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FIG. 1. The spin-valley degenerate non-interacting
Hofstadter spectra for THFM at wo/wi = 0.7 in the flat
band limit M = 0. For illustration, we have fixed m, = 5
so that the B — 0 energies for remote magnetic subbands,
i.e. =, are tractable. The value of parameters used are
v = =39.11meV, v, = 1.624eV.A, v. = —4.483¢eV.A and
A = 0.3792L,,. ‘Total-f character’ color labeling on left,
unlike in the rest of the figures, represents the total f weight
of the flat bands composed of zero modes. We sum over the
f-weights of each zero mode and normalize it by the total
number of zero modes, i.e. 2q. For the coupled modes
obtained using ansitze in Egs.(209)-(211), the f-weight is
obtained as |cé”)|2+|cé”) |2, after normalizing the eigenvector.
The f-weight for the decoupled f-modes is 1, while that of the
anomalous ¢ in Eq.(19)is zero. The remote bands in ‘black’
do not correspond to the above color labeling.

II. RESULTS

Review of THFM and the Key Challenge: The
THFM in momentum space is given by [37]
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Here A, is the momentum cutoff for ¢ fermions while f
fermions, whose bandwidth is negligibly small, reside in
the entire moiré Brillouin zone (mBZ). The tilde on the
fermionic creation and annihilation operators indicates
that they are at B = 0. The parameter A ~ 0.38L,, is a
damping factor proportional to the spatial extent of the
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localized Wannier functions[37], with L,, being the moiré
period; 7 = +1(—1) represents graphene valley k(k’) and
s spin T,]. The c-c and ¢-f couplings are

0 0 vk O v vk
el 0 0 0 wk efa | vk o~y
Ho =k o o o 27 =0 o |
0 vk M 0 0 0
(2)
where k = k, + ik, and k =k, — iky. The explicit

k dependence in H%!(k) and H%/!(k) above has been
suppressed for brevity. The parameters v,, v,, M and
I' were determined from the Bistritzer-MacDonald [62]
(BM) model in Ref.[37]. The bandwidth of narrow bands
is set by 2|M| and the gap between the narrow bands
and the remote bands is |y| — |M|. The couplings at the
opposite graphene valley (i.e. at 7 = —1) can be obtained
by replacing k <> —k in Eq.(2).

In order to illustrate the key challenge to promoting
the model to non-zero B, we consider a simplified
case wherein we set the bandwidth and the spatial
extent of the localized Wannier functions to zero,
iee. M = X = 0 in Egs.(1) and (2). As argued
below and as shown in the supplementary note 8, the
conclusions reached hold even for a general case without
making this simplification. Following a naive minimal
substitution, we promote k, + ik, — —iv/2a/¢[63],
where the magnetic length is ¢ = he/(eB) and
a is the Landau level (LL) lowering operator. The
eigenstates of thus minimally substituted Hamiltonian

Hc,l Hcf,l
(Hcf’” 0 )
be readily verified that the zero modes take the form
(@1,m [m), agm |m = 1), agm |m + 1), as.m [m —2),

b1,m M), bam |m — 1", where |n) denotes n'"-LL and
Qq,m and bg,, are complex coefficients with a &

can be obtained exactly. It can

{1,...,4} and 3 € {1,2}. The LL index m € {0,...,m.}
where m, denotes its upper cut-off. For m = 0,
the non-zero coefficients are azo = —iyf and b1y =

V2v,, while for m = 1 they are az; = 2v2 — 422
bi1 = —2ivlv, and by = 2v/2v,v... For each m > 2,
there are two zero modes whose non-zero coefficients
are as,, = V2y/m(m — 1), ag,m = ivby/m+1,
bam = V2v/m?2 = 1v, and azm = —ivlvm—1, agm =
V2y/m(m+ 1), b1, = vV2vVm? — lv,, respectively.
Including the anomalous zero-LL of the c-c¢ coupling,
(0,0,10),0,0, O)T, we have a total of 2m, + 1 zero modes
within the narrow bands.

These zero modes are well separated from the remote
subbands by a gap that limits to |y| as B — 0. This
gap cannot close in the stated limit even if we relax
the above mentioned assumptions. The value of m, is
typically determined by requiring that the LL spectrum
converges in the energy range of interest. For us this
energy window includes the narrow bands and perhaps
several LLs from the remote bands. However, increasing



m, results in an unbounded increase in the number of
LLs within the narrow band energy range as seen from
our exact result. In other words, since each LL contains
/o states per moiré unit cell, the zero modes would
accommodate (2m, + 1)¢/dy states per moiré unit cell
for each spin and valley. But the total Chern number of
the narrow bands at B = 0 vanishes which means that the
zero modes should accommodate precisely two states per
moiré unit cell for each spin and valley independent of B
[61]. This demonstrates that the naive minimal coupling
is unable to account for the correct number of magnetic
subbands within the narrow bands for an arbitrary m..

In the next sections we introduce the framework for
systematically promoting THFM to non-zero B and
naturally solve the problem illustrated above. Our
approach also provides a deeper understanding of the
nature of the Hofstadter subbands. This framework is
also extended to include interactions at a mean-field
(MF) level. We do so by illustrating the Landau
quantization for the “one-shot” Hartree-Fock (HF)
bands obtained using the MF Hamiltonian for the
parent valley polarized (VP) state[37] at three different
integer fillings of the narrow bands.

Basis states at non-zero magnetic field: As
illustrated in the previous section, the naive minimal
coupling is inadequate. In order to develop a systematic
framework for THFM at non-zero B, we begin by
carefully constructing the basis states in the way that
takes into account the nature of the ¢ and f fermions.
In addition, our construction takes advantage of the
magnetic translation symmetry of the underlying
Hamiltonian[62]. This not only helps us to label our
states using good quantum numbers but also allows us
to transparently keep track of the total number of states
at finite B.

We start by briefly reviewing the magnetic translation
symmetry. In the presence of an out-of-plane magnetic
field, employed via Landau gauge vector potential A =
(0, Bz, 0), the minimally coupled BM Hamiltonian[62],
HEy(p — £A), preserves the translational symmetry
with respect to the primitive moiré lattice vector Ly =
L,,(0,1) but translation with respect to the primitive

moiré lattice vector L; = Lm(g,%) needs to be
accompanied by a gauge transformation. In other words,

if f(r) is an eigenstate of Hp,,(p — SA), then so is
i, f(r) = f(r— L) and iy, f(r) = exp (1552 ) f(x—Ly)

with the same eigenvalue (also see supplementary note
1 for details). These operators do not commute as

tiL2 tL1 = exp ($2m ) tthiL2, where the flux through

the moiré unit cell is ¢ BLi,L,,. However for
®/po = p/q, with p and g being relatively prime integers,
we have the commuting set of magnetic translation(MT)
operators [tf,_,fr,] = 0, which we use to label our basis
states.

We can now proceed to construct the non-zero B basis
for f-fermions by utilizing MT. At B = 0 the basis for

fs is composed of two Wannier functions Wg p,(r) =
Wop-(r — R) in each moiré unit cell which behave as
px £ip, orbitals sitting on the AA stacking sites spanned
by moiré triangular lattice vector R. The highly localized
nature of these states and the trivial topology of their
bands allow us to construct a complete basis for the fs at
B # 0 using the hybrid Wannier method [58, 64]. To this
end we first construct hybrid Wannier states (hWs) out
of Wo - (r) by a repeated application of the translation
operator fr,, (as seen in Eq.(3)). The hWs are Bloch
extended in the y direction, i.e. along Lo, while localized
in the z direction with the localization center at the
origin. Note that A respects the translational symmetry
along y. Moreover, near the origin where A is small at
small B [64], hWs must have a large overlap with the
B # 0 magnetic subbands that emanate out of B = 0
bands of fs i.e. the B # 0 Hilbert space of f’s that we
pursue. The rest of the basis is then generated similarly
by projecting the hWs onto irreducible representations
(irreps) of the magnetic translation group (MTG) as

1 (s P
Morkay () = 75 D ORI B, Wo - (x). (3)
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Clearly, Mbri, ke 1S @ simultaneous eigenstate of tLl and
tL with eigenvalues e=2™*1 and e~27%2  respectively.
Thus k1,2 labels the momentum along the primitive
remprocal lattice vectors g 2, where g; = \[L (1,0) and

g2 fL (—1,4/3). For the fs ko € [0,1) i.e. there
are two fs per moire unit cell; the normalization factor
N = 8101101, Where Sy and ny,; denote the total count
of s and n (see supplementary note 3 for details). The
states with different k; and [ks],/, are guaranteed to be
orthogonal which is apparent through their eigenvalues
under the MTs, where [b], denotes b modulo a. In
supplementary note 3, we prove that the overlap between
states with ko differing by integral multiples of 1/q is very
small i.e. to an excellent approximation, these states
are also orthogonal. This stems from the extremely well
localized nature of the B = 0 Wannier states.

In order to construct the non-zero B basis for c-
fermions, we recall that the B = 0 basis for the cs is
composed of four k - p Bloch states e**Wp,, (r), where
Up,, is the Bloch state at the I’ point in mBZ[37]. We
can extend the ¢s to non-zero B by multiplying Urq.,
by LL wavefunctions, a result obtained when the k - p
method is extended to B # 0 [65]. So as to use the same
quantum numbers as for fs, we also project the ¢’s LL

wavefunctions ®,,, onto the (orthonormal) irreps of the
MTG as

kLR B (r, koga). (4)

Xklkzm( ) \/KTWZe

Agaln Xkikem 18 & simultaneous eigenstate of tLl and
tL with eigenvalues e=2™*1 and e~27%2  respectively.
Here k; € [0,1), but unlike in Eq.(3), k2 € [0,1)

i.e. there are ¢/¢y = p/q states per moiré unit



cell in each Landau level. (see supplementary note
3 for details on orthonormality and the domain of

ki) @j(r kage) = — ko QMQ) the

2mike £
[ m (pj L”L
harmonic oscillator (h.o.)

wavefunctions ¢, () =
e~ /2 H, (2/0)/7%v/2"ml with Hermite polynomials
H,,. The ks induced offset in the h.o. wavefunctions is
27kal? /Ly, = qkoL1,/p. Although the LL wavefunction
®,, is an eigenstate of fiLQ, the function X, kym 1S
not. Instead, tA:tLQXk’lk‘zm(r) = GZFQMIQX[MZF%]lkzm(I‘).
We utilize this identity in the proceeding sections. (see
supplementary note 4B, Eq.s(92)-(94) for derivation).

Since the ¢Ls translations break up the ks domain
into units of width %, from here on we use the label
k = (kl,kg) with k € [0,1) and we fix ky € [0,%)
The original ks domains are then accessed using labels
r" €{0,...q — 1} and r € {0,. — 1}, denoting the
magnetic strip [%, 41y and [2 T;rl) along go for n and
X respectively. We thus relabel the states as -~ (r) and
Xkrm (T), respectively. Having assembled the low energy
basis at B # 0, we now expand the low energy field at a
given spin s and valley 7 as

wT,S(r) = Z (Z Z leﬂw

ke[0,)®[0,5) \b=17

fb'rk'r‘ st

4 Mma,rp—1

>y 2<><>) )

a=1m=0 r=0

where W, (r) \/Atot\ifpm(r) with A;,; being the
total sample area, and fy ks and curgrms denote the
annihilation operators for the B # 0 f and ¢ basis
states, respectively. Anticipating the appearance of
anomalous Dirac LLs for the topological ¢ fermions,
we allow for the a dependence of the upper cutoff on
the LL index at each valley 7, denoted by m, r above,
with my 41 = ma 1 = my + 1, Mg 41 = M1,_1 = My,
Mg, 11 = My, 1 = My + 2 and My, 41 = M3,—1 = My — 1.
As discussed in supplementary note 3, the choice of
my, although arbitrary, needs to be below an upper-
bound to ensure the orthogonality amidst the c-states
Uo7 (r)Xkrm (r). This is because it relies on the fact that
their overlaps are exponentially small in £?g? as long as
the LL index m is held below an upper cutoff m, < ¢/2,
where g is the reciprocal moiré lattice vector.

Non-interacting Hamiltonian at B # 0: The
single particle THFM at B # 0 can be computed using
the low energy fields derived in the previous section (Eq.

5)

AP =Y [ ol s (0= SA) bralr)
~Y HE Y (Hgf + h.c.) : (6)

where the f-f coupling is neglected in the last line

because it is negligibly small (this is also the case at
B =01in Eq.(1)). The ¢-c and ¢-f couplings are

Ma,r Ma’ + p—1

e Y Y Y Y Y
ke[0,1)®[0,1) a,a’=1 m=0 m/=0 r,7=0
B‘[ramr] la’m’F] (k‘)cj;‘rkrmsca/Tk;'m/S? (7)
2 Marp—1g—1
VD SH 5 55 3) 3 B AIN

kE[Ol)@[O}Z)a 1 b=1 m=0r=0r'=0
i
ca‘rkrms-be’W'S' (8)

The matrix element for c¢-¢ coupling h[ ) o m,ﬂ(k) =

(YarXerm|HEp (P—SA)|Warr Xirme) takes the same form
as obtained by the direct minimal substitution in c-
¢ coupling in Eq.(2) and expanding in LL basis, as is
expected from k - p[65]:

ir _ O2x2 P
h’[amr],[a’m"’f](k> =07 ( Uwhz—y;(;nlgw M6 Ox )aa/ 7(9)

where the Pauli matrix o, acts on the ¢ orbitals and

V200 (1 0 (10)
0 \/m(s'rmmurl

+1l,c
hmm/ - /¢

with h ¢ = —o,ht 5, For M = 0, we recover the
LLs of two massless Dirac particles, with two zero LLs
at each valley (see supplementary note 4A for details of
derivation).

As discussed in the previous section, there are two
f-states per moiré unit cell per valley for each spin
projection. On the other hand, for each c¢-LL there are
p/q states per moiré unit cell per valley for each spin
projection. In order to understand the hybridization
between these states that, together with the c-c coupling,
gives rise to an isolated band of states whose total
number is independent of B —because its total Chern
number vanishes[61]- we need to carefully analyze the ¢ f
coupling. Although formidable at first sight, it is actually
possible to find an analytical expression for this matrix
element h’ lamr][br’ ](k) = <\I/aTXk7'm|H£M (p - %A)|nb7k'r">
and thus determine the c-f coupling at non-zero B.
The Methods-A provides the key steps for the derivation
which we omit here for brevity. The result can be cast in
a closed form expression which for p = 1 and for £ > A
reads

Y (kYoo + BT, (k
h[amO] [br’](k) 7 ( ) 0 mr ( ) 7(11)
O2x2 b

with b1l (k) =

m,r’

\[’U 0 \/ﬁ’rm—l,’r’(k)
< vm Terl T’ ( ) 0 ) ’(12)
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FIG. 2. The spin degenerate interacting heavy fermion

Hofstadter spectra (b) contrasted with zero field strong
coupling spectra (a) in flat band (M=0) limit at wo/wi =
0.7 for both valleys at CNP. We fix m. = [%2]. The

B = 0 energies at I, labelled using £+ = :t% + 1/ [1%2 + 42,
are recovered in B — 0 limit of our theory. The value
of parameters used are J = 18.27meV, U = 51.72meV,
v = —39.11meV, v, = 1.624eV.A, v. = —4.483eV.A and
A = 0.3792L,,. Following [37], twist angle § = 1.05° in
this work and L, = 134.218A. We set ki2 = 0, although
inconsequential as magnetic subbands are Landau levels in
this regime and thus do not disperse.

and h;:;fff (k) = —th;ﬁ;ﬁf (k)oy, where o, acts in

orbital space of ¢ and f fermions. The matrix Ty, . (k)
is given as

L .y A, 1
Tm,r’(k) — l%ezmﬂq(k272k1)€zﬂrq('rq—1)%

’ 2
—on2 A2 gy e
€ Lin ( e ) fm (Aa (T; + qu)Llr) ) (13)
where 7, = sgn, (2 — ') min[r',q — '] with sgn (=)
being the usual sign function except at 0 where it
evaluates to 1, and

1 2 __ e
; e 2(£2+x2)
7iy/2mm! V02 + X2

—2$0€ 2)\2
1 . (14
*Hm <£2+>\2’ +€2+>\2> (14)

-Fm(>\7x0) =

The two variable Hermite polynomials[66] are given by
Hon(z,y) = m! Z,EZ& (x™m=2kyk) /((m — 2Kk)'k!), where

T
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FIG. 3. (a) THFM Hofstadter spectrum at valley k' with

M = 3.248meV (i.e. including dispersion of the flat bands)
for m. = [42] and wo/w1 = 0.7. (b) Strong coupling
projected BM Hofstadter spectrum (i.e. in the flat band limit)
at wo/w1 = 0.7 computed using the gauge-invariant basis of
magnetic translation group irreps (see supplementary note 12
for details). The spectra above are spin degenerate.

|m| denotes the floor function at m. Their relation
to the Hermite polynomials used above is H,,(z) =
Hom (22, —1).

_Although we can significantly simplify the form of
HP and gain a deeper analytical understanding of our
solution as we do in next section, one can already use
the above expressions to obtain the Hofstadter spectrum
for THFM numerically.  Such numerical calculation
recovers the correct total number of states within the
narrow band energy window, i.e. 2 per moiré unit cell
per valley for each spin projection regardless of the value
of m,, thus solving the key challenge outlined earlier.
As illustrated in Fig.(1) for M = 0, these zero modes
are well separated from the remote bands by a gap that
limits to |y| as B — 0. The results are qualitatively the
same for M # 0 as shown in supplementary Fig.(10b)
except the zero modes split into a group of states with a
width set by 2| M| as expected. In the following sections,
we elucidate the nature of the Hofstadter subbands by
carefully casting the B # 0 Hamiltonian in terms of
coupled and decoupled modes of f fermions. This not
only helps us to obtain an exact solution in the flat band
limit but also to understand the total Chern number via
straightforward analytical arguments.

Analytical results for the non-interacting
Hamiltonian at B # 0: As mentioned, for M = 0 we
find two isolated zero modes per moiré unit cell per valley



for each spin projection from numerical calculation. In
order to obtain these zero modes analytically, we start by
noting that the general form of our Hamiltonian at B # 0
presented in the previous section immediately implies a
certain lower bound on their number. Within each valley
and for each spin projection, the Hamiltonian matrix at

a given k has the form where C' is a square

C F
FT 0
matrix of dimension 4m, + 6 and F is a (4m, + 6) x 2¢
rectangular matrix; the last 2¢ x 2¢ block is filled with
zeros. This automatically guarantees a lower bound on
the number of zero modes equal to the difference in the
number of F’s columns and rows, as is easily established
by considering the singular value decomposition (SVD)

of F (see e.g. Ref[67]). Moreover, as seen in the
/
Eq.(11), F has the form (O F ) where F’ is
(2m,+3)x2¢q

a (2my + 3) x 2¢ rectangular matrix. Therefore, half
of the singular values of F' are guaranteed to vanish.
This implies that we can readily obtain a (larger) lower
bound of 2¢ — (2m, + 3) zero modes. Physically, these
zero modes are just linear combinations of different fs
which decouple from cs. Clearly they do not account for
the total number of zero modes in the spectrum, i.e. 2¢
at each k or two per moiré unit cell per valley for each
spin projection. As we go forth to show, the remaining
2m, + 3 zero modes are contributed by the coupled
modes, which at M # 0 get split into a group of states
with a width of 2|M| accounting for the bandwidth of
magnetic subbands within the narrow bands. Below we
build a framework for analyzing them.

To that end, we define new fermion fields f by the
canonical transformation

q—1
Z Vfr’fb‘rkr’s: (15)

f_b'rkfs =

where the unitary matrix V is defined via the SVD of

0 0 —1V2%a
0 0 0
ks — 2% 4t 0 0
' 0 —iV/2%a M
v (ata) u/” ( fa)al 0
—iv2%L@la)a  yxata) 0

Here a is a simple h.o. lowering operator with eigenstate
|m) and £(m) = %,,. In the B — 0 limit, up to
the first order in flux, the singular values of T can be
approximated as X(m) =~ 1 — (m + %) 2‘—22. We note in
passing that we do not have to rely on this approximation
and can find the full closed form expression for X(m) as
shown in the Eq.(28).

matrix Yy = > 0570 S0~ Uppny SV . Here U s a
unitary matrix of dlmensmns (mai +1) % (mg,r+1) and
¥ is a rectangular matrix of dimensions (m, . + 1) X ¢
containing the singular values of the matrix T along the
main diagonal and zeros elsewhere, i.e. X, = X 0me-
Moreover, using the closed form expression for Y stated
in the previous section, we find that the matrix U above
is extremely close to an identity matrix at low B (see
supplementary note 5 for details). Substituting the SVD
in Eq.(11) and using U = I, we find that 2¢— (2m.naz +3)
of the f modes decouple from the ¢’s for each valley, spin
and k. For example at 7 = +1, the modes in Eq.(15)
that decouple from the cs are the ones with 7 > m, +
1 and 7 > m, for fllkrs and f21k7~s, respectively (see
supplementary note 6 and 7 for details at 7 = 41 and
T = —1, respectively). We thus recover the 2¢— (2m,+3)
zero modes contributed by the decoupled fs as discussed
earlier.

For the remaining coupled modes, we note that the
sum of the c-c and c¢-f couplings in Eqs.(7) and (8) at
7 = +1 can be rewritten in the f basis as

HES 4 (H +he.) =

zziZMm/

k a,a’=1m=0m'=

msa(k)dm’sa’(k)a
(16)
=m, + 1 and mg = m,,

where ma=1,... 4 = Ma,4+1, M5

t _ (.7 T T T
dmsa(k) = \C11k0ms> €21k0ms> €31k0ms’ C41koms>

fflkms’ fglkms)@ . (17)

The operator hi o/ is defined as

0 72(&“) 22 atsi(ata)
\f”*aT —iv2%aX(ata)  yX(afa)
o 0
o 0 0 (18)
0 0 0
0 0 0

A naive minimal substitution into Eq.(1) with A =
0 would reproduce Eq.(18) with unit singular values.
However, the decoupling of 2 — (2m, + 3)/q modes per
moiré unit cell per spin in each valley is completely
overlooked by the naive minimal substitution. This is
the reason why it fails to recover the correct count of
subbands within the narrow bands as noted earlier.



While the decoupled f modes account for 2¢g— (2m,+3)
zero modes, the remaining 2m, + 3 zero modes of the flat
band limit (i.e. M = 0) originate from the zero modes of
the operator (18). This can be readily verified via exact
solutions, the first of which is a pure c-mode

01 = [0,0,]0),0,0,0]" . (19)
The above can be interpreted as the anomalous zero-LL

of a massless Dirac particle coming from the c-¢ coupling.
The remaining spectrum can be solved using the ansétze:

T
0 = [c710),0,¢” 1), 0,6 J0) 0], (20)

T
05 = [ 1) 6 J0) 12,0, 1) 7 [0)] " (21)

B, = [l m), e fm — 1), ¢ fm 4 1),
T
o) fm = 2) P fm) e fm = 1)| - (22)
where m € {2,...,m, + 1}. ¢ denotes the complex

coefficient of the corresponding h.o state at index «,
and p labels the ansatz index 6, (with a slight abuse of
notation we have p = 6 for ansétze in Eq.(22) Ym). Using
the above, we can set up the eigen-equation for each 0,

which yields a corresponding decoupled p x g Hermitian
(1)

matrix with eigenvectors cq
for details).

The anomalous c-mode 6; offers one zero mode. The
hermitian matrices obtained using ansdtze 03 and 05
offer one zero mode each. The non-zero coefficients
of these modes are c:(f’) = —i2YL, cé?’) = +v/2v, and
Cgs) = ToX1(202 — 424?), cé5) = —2i¥pylv,, céS) =
2v/2v,v. %1, respectively. The hermitian matrix obtained
using the ansatz 0, is bipartite and offers two zero
modes Vm. The non-zero coefficients for these zero

modes are 056’") = V2y/m(m - 1)v.%,, 1, 0516”) =
yly/m + 12,1, céﬁ’") = v2v/m2 — 1v, and c:gﬁ’”) =
—iyl/m — 15, ciﬁ’”) = V2/m(m + 1)v. 3, céG’") =
V2vm?2 — 1v,, respectively. The coupled modes thus
offer a total of 2m, + 3 zero modes. Including the
2qg — (2m, + 3) of the decoupled f modes, at each k
we recover sum total of 2g zero modes in the non-
interacting case for each valley, independent of m,. This
gives the total of 2 states per moiré unit cell per spin
independent of B, i.e. the total Chern number 0. Note
that the magnetic subbands within the narrow band
window remain separated by a gap from the remote
subbands for B # 0 because the remote bands emanate
out of B — 0 energy eigenvalues 4y obtained using above
ansétze, as shown in Fig.(1).

The analysis can straightforwardly be extended
to include interactions using appropriate mean field
parameters. In the next sections we illustrate it by
discussing the strong coupling Hofstadter spectra at
three integer fillings of the narrow bands.

(see supplementary note 6

Electron-electron interactions at integer fillings
of narrow bands at B # 0: To understand the
effect of interactions on single-particle Hofstadter
spectra discussed above, we extend our formalism
to illustrate the Landau quantization for “one-shot”
Hatree-Fock (HF) bands obtained using the mean-field
(MF) Hamiltonian for a parent valley polarized (VP)
state. The VP state at B = 0 is given by a product of
valley polarized f-multiplets and the Fermi sea (|FS)) of
half-filled é-electron bands [37]. The narrow band filling
factor v then determines the number of f-electrons to
be filled per moiré unit cell above |FS). The U (4)-flavor
of the f-electrons to be filled is further dictated by the
U(4) Hund’s rule discussed in [37]. Below, we start
with the B # 0 solution for single particle charge +1
excitation at the charge neutrality point (CNP).

v=0: At CNP, the MF interactions for the parent VP
state with 7 = +1 valley occupied by the f-electrons
with respect to the spinor in Eq.(17) are taken to be [37]

0 0 0
vier=t=(0 400 0 . (23)
0 0 -Yo
2 Y0 a,a’

Within this approximation we continue using the B =
0 MF parameters J and U; obtained for the parent
VP state in Ref[37]. The MF parameter U; is the
largest energy scale of the THFM as it corresponds
to the strong onsite Coulomb repulsion amidst the
localized Wannier states of the f-fermions. The MF
parameter J corresponds to the energy associated with
the ferromagnetic exchange interaction between the U(4)
moments of f and ¢ fermions with a = {3,4}.

The decoupled f modes in the valley 7 = +1 now
move to energy —U; /2, while the spectrum of the coupled
modes in the same valley can be obtained by solving the
eigenvalues of the operator h ™15 4V +1:5:v=0 where 1
is defined in Eq.(18). The spectrum for sector 7 = —1
of the MF Hamitonian is the particle-hole symmetric
partner of the spectrum for 7 = +1[37]. Thus for a
given valley quantum number 7, the 2¢ — (2m, + 3)
decoupled f-modes now move to the energy —7U;/2
forming the lower and upper bounds on the strong
coupling energy window for narrow bands as shown in
the Fig.(2b). In order to understand the mode counting
within the narrow band strong coupling energy window,
we first discuss the solutions in the flat band limit
M = 0 which can be obtained using ansétze presented
in Eq.(19)-Eq.(22). The anomalous c-mode ¢ in Eq.(19)
forms the B independent level at —J/2 as shown in the
Fig.(2b). Using the remaining ansétze 6,,, we can set up
corresponding X p hermitian matrices with eigenvectors
ct. The three hermitian matrices in total offer 2m, + 2
modes within the strong coupling narrow band energy
window. This can be understood by noting that these
modes emanate out of the 2m, 42 fold degenerate B — 0
energy eigenvalue —J/2 of the above hermitian matrices.
Using the fact that X, — 1 and /~! — 0 as B — 0,
it can be readily verified that the non-zero coefficients



for these B — 0 2m, + 2 degenerate modes at 7 = +1
are c§3) = 1 for 65, c:(f) = 1 for 05, cgﬁ’”) = 1 for 0s,,
and 0516”’) =1 for 0, . Note that in this limit, we have
three extra modes of a = 3 than the a = 4 c-fermion.
Similarly at 7 = —1, we will have three extra modes
of a = 4 than the a = 3 c-fermion in the B — 0
limit. This can be understood as a direct consequence
of a winding number three at T', reported in [29]. We
present an effective Hamiltonian of these modes in the
next paragraph. By the particle-hole symmetry[37], we
similarly have 2m, + 3 modes emanating out of +.J/2
for 7 = —1 (see supplementary note 7A for details).
Including the 2¢ — (2m, + 3) decoupled fs at energy
—7U7 /2, we have a total of 2¢ magnetic subbands within
the narrow band strong coupling window +(.J/2 to Uy /2),
i.e. 2 states per moiré unit cell per valley per spin. The
remote magnetic subbands on the other hand emanate

out of the B — 0 energies —T% 44/ [{—g + ~2, marked by
+&+, in Fig.(2b). Note that all the B — 0 energies
mentioned above correspond to the zero field THFM
energies at I' € mBZ at CNP, illustrated in Fig.(2a).
The lowest energy single particle excitations at the
CNP at B = 0 reside at the I' point, as can be seen in
Fig.(2a). The Landau quantization of these bands can be
better understood through a simple effective Hamiltonian
obtained by systematically projecting onto the subspace
spanned by a = {3,4} cfermions. It qualitatively
describes the modes emanating from energy eigenvalues
—7J/2. Including both valleys, the effective Hamiltonian
T=1
for each spin projection is Hepy = (Hed‘f HTOZ,l ),
where

~ I hw.ata A Gt

_ hw.a'a 1550

HT—l _ 9 c 73 24
eff ( h.c. — 2 — hweaat > (24)

and H;‘-:Jfl can be obtained by replacing @ < a' and
changing the overall sign of w., A and J in Hgfzfl. Also
h.c. in Eq.(24) represents hermitian conjugate. The
values of coefficient A and effective cyclotron frequency
we ~ €72 are provided in the Methods-C. In the B — 0
limit we can drop the off-diagonal terms in H] ¢ because

they are O (6_3). For each spin, the anomalous modes
(10),0)T and (0,]0))T at 7 = +1 and —1 respectively,
are singly degenerate at energy —7J/2. All other modes
are doubly degenerate (for each spin). The energies of
these pairs are —7(J/2 4+ nhw.) where n = 1,2,3,....
Including the spin degeneracy, this would result in a LL
filling sequence of 0,+2, +6,410,... in the asymptotic
B — 0 limit. As B increases, however, the off-diagonal
terms grow and cause the splitting of these pairs. For
example, the splitting of the first pair, i.e. withn =1, is
visible at ¢/¢pg ~ 0.025 (~ 0.63Tesla) in the Fig.(2b).
Moreover, the B field required for the splitting of a
given pair with an index n decreases with increasing
n because each action of the a is accompanied by a
square root of the LL index making the off-diagonal terms

comparable with the diagonal terms at a lower B. If
we compare the Fig.(2b) with the Hofstadter spectrum
of the BM model in the strong coupling limit at CNP
presented in Fig.(3b), we see a qualitative agreement in
the nature of the LL spectra for low B. Note that the
latter is computed by neglecting the band kinetic energy
and using the gauge invariant formalism introduced in
the Ref.[59] without any recourse to the heavy fermion
model. For example, in the vicinity of ¢/¢g = 0.025
we can see that the anomalous mode is followed by
a nearly degenerate pair of LLs, an isolated LL, and
another two nearly degenerate LLs in both Figs.(2b) and
(3b). Through the effective model analysis presented
above we understand that these features appear due to
the splitting of asymptotic B — 0 degeneracy of non-
anomalous modes by the O (6‘3) terms as B increases.
The splitting amidst the first pair of LLs (after the
anomalous mode) appears to grow faster with increasing
B in Fig.(3b) compared to that in Fig.(2b). Thus
although the LL sequence at CNP from both approaches
is ‘0,42, 4+4’, the LL gap at £4 is significantly smaller
in the M = 0 THFM compared to that in the strong
coupling Hofstadter spectrum of BM model when ¢/
reaches 0.1 (i.e. 2.5Tesla). Interestingly, the LL filling
sequence ‘0,£2,4+4’ at CNP was also reported in the
experiment of Ref.[43], on an MATBG device with a non-
vanishing gap at the CNP at B = 0. We come back to the
experimental comparison at ¥ = £2 in the later section.

For M # 0, the numerically determined strong
coupling Hofstadter spectrum for 7 = —1, is shown in
Fig.(3a) (see supplementary note 7A for details). As
we can see, the lowest mode stays decoupled from the
rest of the spectrum. The effect of finite M can be
included by adding M (1 — 4% (2afa + 1)) 0,¢o to Heyy.
The Pauli matrices o, and (o act in the a = {3,4} ¢
orbital and valley space, respectively. The value of the
coefficient M. is provided in Methods-C. For non-zero M
the double degeneracy of LLs which we saw at M = 0
is lifted even in the B — 0 limit. This results in a LL
sequence 0,+2,+4,... for the parent VP state at CNP
for a general B.

In the case of parent Kramers intervalley coherent
state (KIVC), the effect of finite M is included by

adding M (1— 4 (2a%a+1)) 0., to Hegp.  The

02
coefficient M/ is presented in the Methods-C. The LLs

emanate out of the energy +./J2/4+ M? and are
singly degenerate for each spin projection for a general

B. Similar to the flat band limit (M = 0), the non-
anomalous LLs occur in nearly degenerate pairs in the
asymptotic B — 0 limit (see supplementary Fig.(14b)).
These pairs of LLs split in energy with increasing B.
The splitting amidst the first pair of LLs (after the
anomalous mode) is much weaker compared to other
pairs (see supplementary Fig.(11b)). Thus, although the
resulting LL sequence is ‘0,+2,4+4’, the LL filling gap
44 is much smaller compared to that for 0,42 similar
to the M = 0 case discussed earlier. More details for



KIVC can be found in supplementary notes 9A and 10A2.

v==41: In this section, we discuss the Landau
quantization of the single particle excitation spectra
at the narrow band filling factor of v = —1 (v = +1
is related by particle-hole symmetry). Fig.(4) shows
the B = 0 spectrum and the Hofstadter spectra. We
will show that all features of the spectrum can be
analytically understood within the formalism, as well as
through simple effective models. As in the case of CNP,
we continue to use the B = 0 MF interactions for our
analysis. The considered MF' interactions are computed
with respect to a partially spin- and completely valley-
polarized parent state. For this state, the valley-spin
flavor K 1 for both b = 1,2 (p, £ ip,) f-fermions and
K | for b = 1 f-fermion is occupied (at each unit cell)
above the Fermi sea |F'S) of half filled c-fermion bands
(See also supplementary Eq.(S320) in Ref[37]).

For the sector valley K spin |, the charge +1
excitations occupy Chern F1 bands, which are separated
from each other by a sizable gap: the Chern —1 and
41 bands, marked in red, can be seen in the energy
windows —(30, 50) meV and —(55,100) meV of Fig(4a),
respectively. Below, we elucidate how our formalism
captures the fact that the Chern 4+(—)1 bands gain(lose)
states in presence of magnetic field B, as they must to
follow the Streda formula[61]. The MF interactions at
sector K | for the coupled modes with respect to the
spinor in Eq.(17) read [37] Vof’olé’,i"/:*1 =

W10'0 0 0

— 0 Wsoo+ %0, 0 (25)

0 0 (U1 +6Uz) 00 + o= )
The MF parameter W,c(; 33 corresponds to the energy
associated with the Coulomb repulsion between the ¢ and
f fermions, while Us corresponds to the energy associated
with the next nearest neighbor Coulomb interaction of
the f fermions. The decoupled f-modes, i.e. the fiix.
modes with r € {m, +2,...,¢ — 1} and fglkm modes
with 7 € {my + 1,...,9 — 1}, are now at energies
— (3 + 6U>) = —93.5 meV and —(Z + 6U,) = —41.8
meV, respectively. The spectrum for the coupled modes
can be obtained by solving the eigenvalues of the operator
14 4 yHbbr=—1" yhere ht1s and V*+I4r=—1 are
defined in Eqgs.(18) and (25) respectively. For M = 0,
the spectrum is exactly solvable. The anomalous c-mode
in Eq.(19) is an exact eigenstate which forms the B
independent level at —(W5 + %) = —58.46 meV. The
remaining spectrum can be solved using the anséatze 03,
05 and 6g,,, presented in Egs.(20)-Eq.(22). The mode
count can be understood as follows

1. The spectrum for coupled modes includes m, + 2
magnetic subbands emanating out of B — 0 energy
eigenvalue —(W3 + %). The non-zero coefficients

for these B — 0 eigenvectors are Cgs) =1 for 63,

& (6m)

= 1 for 65 and c4 = 1 for 6g,,. Including

the anomalous c-mode in Eq.(19), we have m, + 3
modes emanating out of —(W3 + 2). Moreover,
accounting the ¢ — (m, + 2) decoupled f modes
at energy —(% — 6U,), we have a total of g + 1
magnetic subbands within the energy window of
—(55 to 100)meV. Recall that the isolated Chern
+1 band resides in this same energy window at
B = 0. We thus see that ¢ + 1 magnetic subbands
emerge from the Landau quantization of the Chern
+1 band.

2. The spectrum for coupled modes includes m, + 2
magnetic subbands emanating out of B — 0 energy
eigenvalue —(W3 — ) = —40.19 meV. The non-
zero coefficients for these B — 0 eigenvectors are
c§6"") = 1 for 6,,. Including the ¢ — (m,. + 1)
decoupled f modes at energy —(% — 6U,), we
have in total ¢ — 1 magnetic subbands in the
energy window of —(30 to 50) meV. Recall that the
isolated Chern -1 band resides in this same energy
window at B = 0. We thus see that ¢ — 1 magnetic
subbands emerge from the Landau quantization of
the Chern -1 band.

Through the above mode count analysis, we see that the
Chern £1 bands Landau quantize into ¢ = 1 magnetic
subbands. Our formalism thus clearly shows that the
total number of states per moiré unit cell for the Chern
41 bands changes with magnetic field as 1 + % =1+ d%’

as expected[61]. The mode count analysis for remaining
MF valley-spin sectors, namely valley k spin 1 and
spin 1/ (degenerate) can be found in supplementary note
6C,7B. The Hofstadter spectrum for each MF sector at
v = —1 is shown in Fig.(4-b,c,d) for M = 0.

To better understand the Landau quantization of the
dispersive (light mass) single particle excitations at v =
—1, i.e. in vicinity of I', below we present an effective
model analysis similar to that at CNP. As can be seen in
Fig.(4d) the sectors contribute magnetic subbands
in the energy window -(30, 50)meV; adding a particle into
any one of these subbands would move the filling towards
CNP. Because we wish to focus on light mass excitations
which move the filling away from CNP, we focus on the
sectors K 1T and K |. The effective Hamiltonian at the
sector K | takes the form

=1L _ (Wi —§ —haata iAat’
eff h.c ~Ws + § — hocaal
M. M.
+M <1 - g aal - peﬁa> oy (26)

where Pauli matrix acts in the orbital space of the
a = {3,4} c-fermions. The coefficients A, M., M, and
cyclotron frequencies @, ~ £72, @, ~ £~2 are provided
in the Methods-C. The magnetic subbands of interest
(the ones emerging from the Landau quantization of the
light mass excitations) emanate out of the energy —Ws —
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FIG. 4. Interacting heavy fermion Hofstadter spectra for
sector (b) Valley k spin |, (c)Valley k spin 1 and (d)Valley k'’
spin 7| (degenerate) contrasted with (a) zero field spectrum
at filling v = —1 at wo/w1 = 0.7, with parameters Wi =
44.05meV, W3 = 49.33meV, Uz = 2.656meV in the flat band
limit M = 0 with m, = [952]. The color on panel-(a) labels
the spin and valley sector (k |, k T and k' 1), while color
labelling for panels-(b,c,d) denotes the f-character. The y-
axis in panels (a) and (b) are aligned.

£/ Jf + M? = —59.03 meV, and are singly degenerate for

a general B.

The effective Hamiltonian at sector K 1 takes the same
form as in Eq.(24). It can be obtained by replacing
f%, w. and A by —(W3 + %), @, and A’, respectively
in Eq.(24). The effect of M is included by adding

M (1 - %é (2ata + 1)) o, to the above obtained effective

Hamiltonian. The coefficients A’ and M/ are provided in
the Methods-C. The LLs emerge out of energies —(Ws5 +
J/2)+M = —55.22 meV and —(W3+J/2)—M = —61.71

10

meV, and are singly degenerate for a general B.

In the B — 0 limit, we can drop the off-diagonal
@) (Z*?’) term in both of the above effective Hamiltonians.
Further taking the flat band limit M = 0, we find that
LL energies take the form —(Ws3 + 5’ + nh.), with
n € {0,1,2,...}. The B independent anomalous mode
(n = 0) is doubly degenerate as it is part of the spectrum
at both sectors. The remaining modes (n > 0) are triply
degenerate each: singly degenerate at sector K | and
doubly degenerate at sector K 1. This results in the LL
sequence of +1,—1,—4,—7,... for M = 0 in asymptotic
B — 0 limit. The +1 gap in the sequence appears due
to the Chern number +1 of the occupied band at sector
K| at B=0.

Relaxing the B — 0 limit above, i.e. including the
O (£73) terms in the above effective Hamiltonians (still
M = 0), we see that the LL energies change to: E,,, E}
and E,,, E1* at sectors K | and K 7, respectively. Here

me€ {0,1,2},n €{0,1,2,...}, B, = —W3—J/2—mh,,
EY = W3 — 3h0./2 — fn — Vud+v,A%2 and
El* = —(W3+J/2) — hwe(n+2) £ /h202 + v, A2, The
coefficients f, = nh(w. + @.)/2, up = J/2 + 3h./2 +
nh(@. — @.)/2 and v, = (n + 1)(n + 2)(n + 3)//5.
Thus apart from the doubly degenerate levels at E,,,
all others levels are singly degenerate.  Since the
LL energies are in the order : FEy > E(T)’+ > FE; >

EI’+ > Ep > Eg’+ > ..., the resulting LL sequence
is +1,—1,—-2,—-4,—-5,—-7,—-8,-9,.... The LL gap at
‘—2’ is the smallest in this sequence, at least up to
®/do ~ 0.1. Upon relaxing the flat band limit, i.e. for
M ## 0, all the above LL degeneracies get lifted. This
results in LL sequence +1,0,—1,... for a general B,
with LL gaps at +1, —1 being the most dominant.

v = = =£2: In this section, we discuss the Landau
quantization of the single particle excitation spectra at
the narrow band filling factor of v = =2 (v = +2 is
related by particle-hole symmetry). Fig.(5) shows the
B = 0 spectrum and its continuation in field. As before,
we will also derive the dominant LL sequence using
an effective model that is simple enough for analytical
solutions while capturing the low-energy features. As
in the previous sections, we continue to use the B = 0
MF interactions for our analysis. The considered MF
interactions are computed with respect to a spin and
valley polarized parent state, for which the valley-spin
flavor K 1 for both b = 1,2 (p, + ip,) f-fermions are
occupied (at each unit cell) above the Fermi sea |FS)
of half filled c¢-fermion bands (See also supplementary
Eq.(S333) in Ref[37]).

Below we discuss the valley sector K of the resulting
MF Hamiltonian, for both spin s =1 and |. The single
particle charge +1 excitations occupy the red band in
energy window —(89.5 to 109.5) meV of the Fig.(5a),
which is part of the spectrum at sector K|. On the other
hand, the single particle charge —1 excitations occupy the
dispersive blue band in energy window —(107.8 to 161.2)



meV of the Fig.(5a), which is part of the spectrum at
sector K1. The MF interactions for spin s, with respect
to the spinor in Eq.(17) reads [37] V. L5 =72 =

W10'0 0 0
_9 0 (Ws+¢%)oo 0 (27)

0 0

’

(£07 + 602 0
where (; = (4+) — 1 for s =(1) |. For the spin s,
the 2¢ — (2m, + 3) decoupled f modes are at energy

_ (%Ulﬂwz), ie. (—~161.17)-109.45 meV for

s =(1) /. The spectrum for the coupled modes can
be obtained by solving the eigenvalues of the operator
s 4 VHLsw==2 where AtLs and VFLsv=—2 are
defined in Egs.(18) and (27) respectively. In the flat
band limit M = 0, the spectrum for coupled modes
is exactly solvable. The anomalous c-mode in Eq.(19)
is an exact eigenstate which forms the B independent
level at —(2Ws5 + (s%), ie. (—107.79)—89.52 meV for
s =(1) /. The remaining spectrum can be solved
using the ansétze 3, 05 and 6, , presented in Egs.(20)-
Eq.(22). The spectrum of coupled modes include
2m, + 2 magnetic subbands emanating out of the B —
0 energy eigenvalue —(2Ws3 + Cs%). The non-zero

coefficients for the corresponding B — 0 eigenvectors
are cg?’) = 1 for 03, c:(f) = 1 for 05, céG"") =1
for 6, and ngm) = 1 for 65,. We thus have a
total of 2m, + 3 magnetic subbands emanating out of
B — 0 energy —(2W3 + Céé) Including the 2¢ —

(2m, + 3) decoupled f modes at — (%Ul + 12U2),
we have a total of 2¢ magnetic subbands in the
energy window (—(2W3 +¢4) to — (%Ul + 12U2)),

ie. —(89.52 to 109.45) meV and —(107.79 to 161.17)
meV for s=| and 7, respectively. Recall that the red
(}) and blue (1) bands discussed earlier reside in the
same energy window at B = 0. We thus have a total
of 2¢q magnetic subbands emerging from the Landau
quantization of single particle charge +1 excitation bands
at valley sector K, i.e. two states per moiré unit cell for
each. The discussion for sector K’ |1 can be found in
supplementary note 7C.

To better understand the Landau quantization of
the dispersive (light mass) single particle excitations
at v = —2, i.e. in vicinity of I', below we present
an effective model analysis similar to that in previous
sections. As can be seen in the Fig.(5c), the sector K|
contributes to magnetic subbands in the energy window
—(89.52 to 109.49) meV; adding a particle into any one
of these subbands would move the filling towards CNP.
Same is true for the magnetic subbands contributed by
sectors K’ 1], as can be seen in the supplementary
Fig.(9). Because we wish to focus on light mass
excitations which move the filling away from CNP, we
focus only on the sector K.

The effective Hamiltonian at sector K1 takes the
same form as in Eq.(24). It can be obtained by

E[meV] E[meV T E[meV] {
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19
—-120 © —120 A\ -120
2 N\
C 0.4
s

—140

—160

o
N
|
=
(=)}
o

~1801 /
0.0
Ky [ My 0.0 [}

(a) (b)

FIG. 5. Interacting heavy fermion Hofstadter spectra for
sectors (b) valley k spin (1) and (c) valley k spin (J)
contrasted with the (a) zero-field spectrum at filling v = —2 at
wo /w1 = 0.7 in the flat band limit M = 0 with m, = [42].
The color on panel-(a) labels the spin sector (1, /) at valley K,
while color labelling for panels-(b,c) denotes the f-character.

replacing —%, we and A by —(2W3 + %), wg) and AM),
respectively in Eq.(24). The effect of M is included by

adding M (1 _ M (2a'a + 1)) o, to the above obtained

[2

effective Hamiltonian. The coefficients wET), AM and
MC(T) are provided in the Methods-C. The LLs emanate
out of the energy —(2Ws5 + J/2) £ M and are singly
degenerate for a general B. In the B — 0 limit, we can
drop the off-diagonal O (6_3) terms in the above effective
Hamiltonian. Further setting M = 0, we see that the
LL energies take the form —(2Ws3 + £ + nhwg)), with
n € {0,1,2...}. Similar to CNP, except the anomalous
mode (n = 0) at energy —(2W3 + 2), every remaining
mode (n > 0) is doubly degenerate. This results in the
LL sequence —1,—3, =5, ... for M = 0 in the asymptotic
B — 0 limit. This asymptotic degeneracy of the non-
anomalous modes is lifted as B increases, as is seen
when O (6’3) terms are included. Relaxing the flat band
limit (M # 0) lifts the double degeneracy of the non-
anomalous modes even in the asymptotic B — 0 limit.
Thus for M # 0, we have the LL sequence —1,—2, -3, ...
for a general B. Contrary to v = 0, the LL sequence
obtained at v = —2 differs from the LL filling sequence
‘—2,—4,—6" reported in the experiment of Ref.[43] at
v = —2 by the appearance of the sizable gap at —1.
Studying the origin of this difference will be a subject of
future work.

III. DISCUSSION

We have put forward a generalization of THFM in
finite B. Although the formalism applies to any rational
value of d%’ the physical nature of hybridization amidst
the heavy f and topological ¢ fermions is particularly
revealing for the % sequence. The finite B analytical



solution in the flat band limit provides an intuitive
picture of the mechanism for Landau quantization of the
strong coupling spectra of MATBG at integer fillings in
terms of the decoupled f modes and coupled c-f modes,
all the way to zero magnetic field. It also provides a
deeper understanding of the nature of the :I:% level at
CNP, observed in numerics before[58], as the anomalous
zero-LL of a massless Dirac particle, a key ingredient
of the topological heavy fermion picture of MATBG.
Although the number of the decoupled f—modes per
unit cell per spin at CNP is dependent on the LL index
upper cutoff, the total number of states in the narrow
band strong coupling window remains pinned to 2 per
unit cell per spin, independent of the upper cutoff, as
expected for a total Chern number 0. Even though
the full M # 0 problem requires numerical analysis, we
are able to probe till fluxes at least as low as 1/700,
which was not possible through the the framework of
strong coupling expansion. We moreover argue that
the overall physical nature of the subbands should stay
unchanged, as M anyways is the smallest energy scale
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in the problem. Although we present the Landau
quantization of one-shot HF bands in order to outline the
theoretical procedure, in practice one can use the same
methodology to Landau quantize the self-consistent HF
bands. We argue that it would not drastically alter any
of the interacting Hofstadter spectrum features because
the one-shot states are adiabatically connected to the
self-consistent states, owing to almost identical band
structure features as the self-consistent state at every v
discussed [37]. Throughout the text we neglected the
spin Zeeman effect as it leads to a much smaller energy
splitting than the orbital effect, the former is only a few
Kelvin at the highest fields considered here while the
latter is several meV, so at least an order of magnitude
larger. The effect of renormalization of mean field
parameters in magnetic field and heterostrain is yet to be
incorporated in our framework. A full analysis for other
integer fillings, translation symmetry broken candidate
ground states and Hofstadter-scale fluxes where reentrant
many-body and topological effects are at play [54, 68-70],
is also left for the future work.
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IV. METHODS
A. Evaluation of the c-f matrix elements at B # 0.

Because mprk(r) is constructed using repeated
action of MT operators on the Wannier state W p,(r)
as defined in Eq.(3), and because the MT operators
commute with Hg,(p — €A), we can reorder them so
that HE,,(p — £A) acts directly on W, (r). Since
HEy (p—SA) is linear in p— £ A, the vector potential A
now acts on the well localized state Wy ;- (r) centered at
the origin where A vanishes. Therefore, even though A
is large at large =, we can safely neglect its contribution
at low B (confirmed numerically in supplementary
note 4C). Moreover, since W! (r) is a Bloch state at
T', it is invariant under the action of the moiré lattice
translation operators. The c-f coupling Al },[br'](k)

[amr
at low B thus reduces to calculating the integral

J P (Ep X (1)) W (1) HE g () Wo e (1),

summed over all integer values of s and n and weighted
by the factor of eQ”i(Sli’"(kQ”l/Q))/\/N as follows
from the Eq.(3). The factor Wi (r)HE,,;(p)Wor(r)
involves the Hamiltonian as well as the ¢ and f
wavefunctions strictly at B = 0. Its Fourier transform
was calculated in Ref.[37] and sets the c-f coupling
at B = 0 in momentum space, e 2% He/7(k),
appearing in the Eq.(1). Therefore, inverse Fourier
transforming it gives Wl _(r)HE,,(P)Wos-(r) =

2

V A%CHCf’T(—in)ef;T /(2mA?). The  factor
tpatn Xkrm(r) can be computed by noting that
Xkrm(r) is an eigenstate of fp, and fgznxkrm(r) =
627Tin(k2+r/q)

X[k14n2]1kam(r).  Finally substituting the

explicit expression of X[k1+n§]1k2m(r) using Eq.(4)
fams, o (K) to sum over integrals of a 2D
gaussian, a plane wave factor along y, and shifted 1D
h.o. wavefunctions along x. We thus have a standard
gaussian integral in y, while the z-integral over the
gaussian and and shifted 1D h.o. wavefunctions can be

reduces h
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evaluated using results in Ref.[66], (see supplementary
note 4B for details).

It is particularly revealing to analyze the case
p = 1, ie. the ¢/¢do = 1/q sequence. Since r ranges
from 0 to p — 1, the 1/q sequence is tantamount to
setting » = 0 in hfamr][br,]. Based on the results
from the above discussion, after

summation over n, we find that h[Tamo

performing the

o] (k) reduces

to [ (i (x haga) ) HIT(—iV) e,
summed over all integer values of j and weighted by the
factor e~ 27" Hioky /T 70/(27)?). For a = b = 1, this
integral can be visualized as an overlap between a 2D
localized heavy state with size A\ sitting at the origin
and a 1D h.o. shifted in the z-direction with a plane
wave phase variation in the y-direction that depends on
the shift (see supplementary Fig.(2)). To understand
for what choice of m,r’,j is this integral significant,
note that the h.o. wavefunction is localized in the =z
direction about (r' + jq+ koq) L1, and its width is
~ 2v/2m + 1,/q unit cells. In addition, the combination

% 4+ j 4+ ko controls the period of oscillation in the

y-direction set by 1/ (%/ + j + k2) times the unit cell size.
The integer 1’ + jq thus determines the unit cell to which
the h.o. is shifted, and, because ko2m¢?/L,, = kaqL1s,
the value of kaq € [0,1) fine-tunes the shift within
the unit cell. The index j then determines g¢-unit-cell
periodic revival of the h.o. states, also illustrated in
supplementary Fig.(2). Consider the case v’ = j = 0.
The h.o. is centered at the unit cell containing the
localized heavy state and the period of oscillations
in the y-direction is long compared to the unit cell,
encompassing at least g unit cells. The hybridization
with the localized heavy state proportional to ~ is thus
significant. The spatial extent of the h.o. state in
the z-direction is ~ 2v/2m + 1,/q unit cells, which at
low B is much longer than the localized heavy state.
Thus unless m is close to my, < ¢/2, even though the
h.o. state oscillates and has m-nodes, the result of the
integration will be approximately given by the value
of the h.o. wavefunction at —koqL1,, up to an overall
phase. If we keep j = 0 but increase 7’ to 1 then the
h.o. 1is centered at the unit cell adjacent to the one
containing the localized heavy state and the period of
oscillations in the y-direction is still long, between ¢/2
and ¢ unit cells. The hybridization with the localized
heavy state proportional to v will still be significant and
the result of the integration will still be approximately
given by the value of the h.o. wavefunction but now
at —(1 + k2q)L1., up to an overall phase. However
for values of 7' past ~ +/2m + 1,/q, regardless of the
value of qko, the contribution from the revival copy
7 = 0 gets exponentially suppressed, due to the large
off-set with the 2D localized state. So for values of
' > q/2, it is the j = —1 revival copy of the h.o.
states which gives the dominant contribution. We
thus neglect all other values of j and only consider the
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contribution from h.o. state centered at the unit cell
' 4 jq — sgn, (% - r') min[r’, ¢ — 1], where sgn () is
the usual sign function except at 0 where it evaluates to
1. The F,, appearing in the compact expression of c-f
hybridization in Eq.(13) comes from the z-integral, i.e.
overlap of the 2D heavy localized state with harmonic
oscillator wavefunction ¢,,. In the limit A — 0, the
2D heavy localized state becomes the Dirac J-function,
and we recover Fp, (A — 0,20) = @m(—xzq) as expected.
We found that keeping the full form of F,, is needed
in order to achieve accurate results even for the low
B range, therefore we do not take this limit when
handling F,(see also Fig.(4) in supplementary note 5).
The exponential suppression factor multiplying F,, in
Eq.(13) comes from the y-integral; its dependence on 7y
is weaker than JF,,, which comes from the z-integral.

The derivatives appearing in case of the matrix
elements h[T1(2)m0],[2(1)7-/]’ act on the localized heavy
function to change its spatial symmetry from s to ps .-
like. Moreover an integration by parts and expressing
the derivatives via h.o. raising and lowering operators
allows us to relate these cases to the analysis without
derivatives(see supplementary notes 4B2, 4B3 and 4C for
details).

B. Closed form expression for the singular values
of T appearing in Eq.18

The fact that U is very close to an identity matrix
allows us to obtain an analytical expression for X(m),
which reads

1 1 K0 KO 2 :
Hm = <\/s<7>2mm!”mm (0 & & €<H>)>(2

where k2 = ’27? = (%)27T)\2/(L1sz)a §(r) = (1+ K>+
k(14 k?) and

Honn (2, 3w, 2| B) =
min(m,n) m'n'ﬂk

Z (n—k)!(m—k)k!

k=0

Hon—r(x, ) Hp—r(w, 2).

(29)

Further details of the derivation can be found in
supplementary note 5.

C. Effective Hamiltonian Coefficients

The coefficients appearing in the effective Hamiltonian
at CNP in flat band limit presented in Eq.(24) are
Phw, = 4.00 x 10meV A% and A = 4.27 x 107 meV A3.
The coefficient appearing in the mass term for VP and
KIVC states at CNP are M, = 1.28 x 10*42 and M/ =

2.09 x 104/012, respectively. The coefficients appearing



in the effective Hamiltonian given in Eq.(26) are £?hw, =
6.92x10%meV A, ?hi, = 4.22x10*meV A2 | A = 6.69x
107" meV A3, M, = 1.54 x 10*A% and M, = 2.54 x 10*A2.
The coefficients appearing in the effective Hamiltonian
for sector K 1T at v = —1 are A" = 6.11 x 10"meV A3
and M! = 1.34 x 10*A2. The coefficients appearing in

the effective Hamiltonian for sector K 1 at v = —2 are
2hw) = 8.31 x 10°meV A2, AN = 579 x 107meV A3
and M" = 1.32 x 10242, The derivation of the effective
Hamiltonians and full expressions for the coefficients can
be found in supplementary note 10A, 10B and 10C.
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Supplementary note 1. BISTRITZER-MACDONALD MODEL

The Bistritzer-Macdonald (BM) model of magic-angle twisted bilayer graphene[62] in the valley K(7 = +1) is

B VRO - T(r)etarr
Hi () = ( e*iqu'rTIT)(r) vpo - (p+ haqy) ) 7 Y

where o acts in sublattice space and p = 0 denotes the moiré Dirac point Kj;. The interlayer hopping functions are
3
T(r) =) Tje ', (2)
j=1

where q1 = kg(0,—-1), qa3 = kg(:l:@,%), ko = 3%sing = 34TT:,,’ ap ~ 0.246nm, L,, =
f = 1.05° in this work.

2 2
Tji1 =wols + wy (cos (;r]) 0y +sin <?:Tj> O'y> (3)

where I,, is the n X n unit matrix. We will present results for the case wg/wy; = 0.7. The BM model is invariant

ag . <z .
25in60/2 1S moire perlod.

under translation by integer multiples of moiré lattice vectors L; = Lm(é7 1) and Ly = Ly,,(0,1). Thus if f(r) is an
eigenstate, then so is

TLl,Zf(r> = f(r—Lip) (4)

where Tt,, , are the usual discrete translation operators.

Supplementary note 2. MAGNETIC TRANSLATION OPERATORS

At B # 0 in the Landau gauge A = (0,Bz), the BM model in flux is found via minimally substitution:
HY,, (p — %A) = HX,, (px,py — %x) The finite B BM model at K’(7 = —1) can be obtained similarly by applying
time reversal to Eq.(1) followed by the minimal substitution. However at B # 0, HJ,, is still invariant under the
translation by Lo, but a translation by L; needs to be accompanied by a gauge transformation as

jeB _;eB eB
ete L“’yH]TBM (pgg,py — Tm + CLLT> et e Lizy H]E’M (pzapy — C$> A (5)

In other words if f(r) is an eigenstate of H%,, (Parpy — %m), then so is

f(x) = fr, f(r) = e liay f(r — Ly) (6)

Thus le = (a"PiT]fL”yTL1 is the generator of magnetic translation by L;. Note that £ 1, can alternatively be presented
as

tALl = eiq¢~rTL1 (7)

where the magnetic translation wavevector q4 is defined as

s (oee)
s =~ 581 +82 8)
"= 50 \2 (
where g; o are corresponding reciprocal lattice vectors to L;, and are given as: g; = \/giz(l,O) and go =
\/g‘zm(—%, @) Hence

oL Y o
tr, =€ %0 L2 TL17 (9)



20

where Ly =| Ly |= L,,. Magnetic translation by Ly are generated by fr,, f(r) = f(r — Ly). We thus have

fryfr, f(r) = et =L fr L, — Ly) (10)
fr, e, f(r) = et fe Tad f(r — Ly — Ly) (11)
= tLQtLl = 6_2‘“?02?[‘11?142 (12)

C

where ¢g = h? and the flux through the unit cell is ¢ = BLi,Ls. If ¢/do = p/q, with p and ¢ relatively prime
integers,

(1 .t ] =0 (13)

and
- eB
|:tL1,27HgM (pacapy - c$):| =0. (14)

The simultaneous eigenstates of the magnetic translation operators fy,, and 5%2 can thus be used to produce a complete
and orthonormal set of basis states for solving the B # 0 BM model. As we will see below, depending on whether
they are conduction or heavy fermions there will be p states or ¢ states per momentum point. It will be helpful to
derive an identity for fil which relates it to T .

A. Landau gauge magnetic translation group identities

Using Eq.(9), we have
fil = (eZﬂi%% ALI)S = (627ri¢—<’50% ALI) (eQM%L%TL1> (627‘-1.‘%#21;111) (GQWi%%TL1> (627Ti4%#2TL1) (15)
= (BB ). () (P ) ( ) (16)
_ <62ﬂi%% ALl) (62772%#2 ALl) (627”';)0 3u—2LL12y—L1y AEI) (17)
= (¢EEL) (e, (A ) s)
Now, 1+2+3+ (s —1) = 1s(s — 1). Therefore
f, = e it g (19

where ¢/¢po = p/q. Although the above formula was derived for positive s, it also holds for negative s. This can be
seen by noting that

Liy is(—s—1) -2 “ly eB S
(e—ms(a 1)%T2€1 B SleyTS > <67rzs( s 1)¢0 Ty ¢t CsLmyTITs -1 (20)
1

So, fgll denotes the inverse of fy,,, and fils = (fill)s-

Supplementary note 3. FINITE B BASIS FOR THE ¢ AND f FERMIONS

The B = 0 basis for f fermions is constituted by two AA-stacking localised Wannier states per valley per spin [37].
We denote them as Wy 3. (r), for b € {1,2} and 7 = £1. Using the recently introduced method [64], we can construct
the finite B basis by first building hybrid Wannier states out of the zero field Wannier states followed by projection
onto a representation of magnetic translation group(MTG). For given spin, the hybrid Wannier states read

wor (1 ko) = 3 e LD Wo o (r) = 37 €W (v — L), (21)
nez nez
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where ks € [0,1). These hybrid Wannier states although localized along the x direction are Bloch-like extended in
the y direction and thus eigenstates of t,,

tL,wor (v, kag2) = wor (r — Lo, kaga) = e 2™ 2wy, (r, kago). (22)
We next construct normalized eigenstates of MTG out of the hybrid Wannier states as

27r19k1

Norky ks (T \/» e 1, Wor (v, k2g2)) , (23)

SEZL

where k1 € [0,1) and normalization N' = nyoSt0t. Here sior and nyor denote the total count of s and n. Note that
although these summations should be unbounded, we require these cutoffs for defining the normalization of our states
and intermediate steps. They eventually cancel in the final formulas are are not physical. The normalisation is justified
in Eqgs.(27)-(29). The domains of k1,2 can be understood via noting that ny,k,x, is periodic under ki o — k1,2 + 1.
Under magnetic translations fy,, and f%z, we then have

te, ks = €27 vy (24)

Bl (25)

el —
UL, Morkiky =€

Thus states with ko that differ by 1/¢ have the same eigenvalue under f%z. This is because the gLs translations break
up the ko domains into units of width 1/¢. To make it apparent from the quantum numbers, we relabel the states as

Mo kr! (I‘) = nbrk1k2+%’(r) ) k= (kh kQ) € [Oa 1) ® [07 1/Q) ) = 0,1...q—1L (26)

Thus 7pri (r) with different k& quantum numbers are guaranteed to be orthogonal. Moreover we have g states for
given k, corresponding to 7’ € {0...q — 1} for each b € {1,2}, i.e. a total of 2¢ heavy fermion states for given k. For
same k and different 7’ the overlaps for given valley are

/ern;‘rkr' (r)nb’TkTé (I') =

§ § : 27rz(§2 s1)k1 727rz(k2+ 1)n1 27rz(k2+ 2)77,2 TF’LSl(Sl 1)2’ 2’6 i (82—1)§ s

3132€Z Nnino €L

X /d21‘627ri(s2751)s#2wgb7(1' — 51L1 — nng)ng/T(r — SQLl — 7’LQL2). (27)

Now since the B = 0 Wannier states are well localised and orthonormal, we have

/ere%i(sQ—Sl)%fyZWSbT(r — $1L1 — nlLQ)nglT(r — SQLl — 77,2L2) ~ 5bb/551525n1n2 (28)
and thus,
* T ni StotTto
/d2m7brkr () rhery (1) A 5bb/* Z Z 2oy _ Oyt 4 Oty tj\/t L= Gy Ot (29)
5162 ni€Z

Henceforth we have a complete orthonormal basis for the heavy fermions in finite B, constituted by 2¢ states for given
k, i.e. 2 states per moiré unit cell per valley per spin, which clearly implies that these are total Chern 0 states.

Now let us discuss the basis for ¢ fermions. Remember that at B = 0, the basis for ¢ fermions is constituted by four
k - p Bloch states at the T" point in the moiré Brillouin Zone(mBZ), per valley per spin. We denote them by Wr,, for
ac{l...4} and 7 = £1.

We promote the B = 0 ¢ fermion basis to finite B using a result obtained when the k - p method is extended to
finite B[65], which prescribes the ansatz for finite field k - p states to be Landau level(LL) coefficients on top of the
zero field k - p states. Henceforth, we define the finite B basis for k - p Bloch states as an expansion over product of
LLs and the B = 0 k - p Bloch states at the I' point in mBZ. However in order to use the same quantum numbers
label as finite B f fermion basis we first project the Landau gauge LL onto the representation of MTG as

1 ks 2ml?
Xklkgm( ) MWZ 27rzsk1 <ts 2mik LQ(ID (.’E—kg L2 )) (30)

SEZ
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where k; € [0, 1) and unlike before, ks € [0,p/q) as justified in Eqgs.(33)-(36). The functions ¢,, are mth 1D harmonic
oscillator states that determine the Landau gauge Landau levels

(Pm(fﬂ) = 1 .67:1:2/2Z2Hm(x/£) (31)

where H,, is the Hermite polynomial and ¢2 = hc/(eB). The normalization of the LL MTG states is explained in
Eqgs.(43)-(48). The domains for the quantum numbers k1 > can be understood by noting that X, k,m is periodic under
k1 — k1 + 1 and up to a phase under ks — k2 + p/q as shown below

1 2misks < 2.“(]62_;'_ )L < P 27‘(‘62))
“m i iy, e E m —(k - ’ 32
Xk1ka+2 VL, VN E 2om | @ — (k2 + q) L, (32)

now using the fact, 2”4 q = L1, we have

_ 1 amisky (g5 2milkat2)s 2702
Xkiky+2m = i \F Z 1 (t Tl | @ — Lig — ko I (33)
o Ly . ~ P Y A~ ikoo -2 27T€2
_ 2mika 2misky s 27 2miks
=e 2 — e ty e a2 Ty e Lo, |2 —k 34
A s (e (e (k)

. Ly 1 1 . 2 62 > )
_ 2mika Tt 2misky +1 27!'1]62 = T
e 2 P — E e tI 2 Pm —k 35
ViLa VN {5 < ! ( > Lo (35)

. Ly
= G_QM(kl_sz;)Xklkgm (36)

The domain for ks can also be understood in the context of the fact that xx,x,m are essentially LLs and thus behave
as Chern number +1 states in B # 0. In order to illustrate it, let us discuss the total number of available states for
Xkikom- We start by noting that under magnetic translations ¢r,, and t%@

.Eleklkzm = e_QWikl Xk}lklzﬂ’” (37)
o Xkakam = €772 X0 . (38)

If we have a system size N1L; and gN;Lsg, then
tAngklkgm = Xk?lkzm (39)
= e 2mkiNI _ 1. o | =0, 1 2 1— N (40)

"NyON, Ny
Similarly,
tq ZXklkgm Xk?lkgm (41)
= e 2mikaale — 1 oy =0, L2 e (42)
"qN2 N2 g gV

So, the total number of states is ngqNg = ‘%quNg = %qul\h% = C}%%ﬁ = q%Atot = ‘I;f—;‘. Here

Aue = 2+ (L1 x Ly) denotes the area of moiré unit cell. Thus gA,. is the area of magnetic unit cell and total
area Aypt = N1NogAy,.. This is a well known result for the degeneracy of the Landau level. Let us now discuss the
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orthonormalization for the LL MTG eigenstates. The overlaps amidst the MTG LL are given as:

/ X (O Xy (1) = (43)
ZZ 72ms k1 (k2= )ﬁ) ims(s+1)2 ly 2ms (k f(k'ff)L;;)e—ms’(s’ﬂ)g%
SGZ s'€L

—iu(s® /D = 2 2
/dye A (2 1) ) - () E) a0
q Lo q Ly

L
Z Z —2mis klf ko— E)fly) z7rs(s+1)p Liy 6271'15 (kllf(kgfg) ley)e_iﬂsl(sl‘i'l)g LLl;

SEZ s'€L
ntotL265 s’6k2 K, Eém m/’ (45)
LQN Z 2mis(k1— k )ntotL25k2 kb 5m m/’ (46)
SEZ
1

= mswtékl,k’lntotLZ(;kQ,kéém,m’ (47)

= Oky k) Ok 1ty O, - (48)

where in Eq.(44)-(45), we have used the fact that y-integral implies ko — k) = (s’ — s) 2. £. Now since ko, K, € [0, )7 the

integral evaluates to n¢otL20y, ky0s,s- Moreover each harmonic oscillator function in the z-integral can be shlfted by
the same amount since the arguments coincide. Therefore the x-integral evaluates to £d,,,,/. Eventually in Eq.(46)-
(47), the s summation implies k1 — k] = integer. But since k1, k] € [0,1), we must have k; = k] and the summation
evaluates to Siot0p, ;. Therefore x’s are orthogonal and normalized. To have the same quantum number label as
that of B # 0 f fermion states, we relabel the MTG LLs as

Xkrm(r) = X’C1/C2+§m<r) s k= (k17 kQ) € [Ov 1) ® [07 1/(]) , r=0,1...p—1 (49)

Thus for given k, we have p states, corresponding to r € {0...p — 1}, i.e. ’ql states per moiré unit cell per valley per
spin as expected. Finally we have the finite B ¢ fermion basis states as Wy Xkrm, where

/N A, (50)

with N being the total number of moiré unit cells. The /N A,,. factor is required due to normalization of x. Note
that since ¥, is a Bloch state at T,

Ty, Var(r) = Uor(r) (51)
— tL (Wa‘r(r)Xkrm) (I‘) = \I/arfLiXkrm(r)a (52)

where i € {1,2}. Thus ., Xrrm are MTG eigenstates with same eigenvalue as that of Xgrm. Now let us discuss

the orthonormalization for these states. Since in this work we focus on % sequence, for the following discussion on

orthonormality we set index 7 in Xgrm to zero and work with xkom. The Bloch periodicity for Ur,,(r) allows us to
expand it as

1

Uy, (r) = INA

Z eiG‘rCaTGa (53)
G

where G = n;g1 + n2g2, n1 2 € Z, denote moiré reciprocal lattice vectors and

C, d’re "G T, (r) (54)

1
o= 7=

can be found in [38]. Now using Eq.(50), the overlap matrix can be given as

O(gilnyuffn)a] :/d21‘ (\Ila’TXk’Om/)* \IlaTXkOm = Z C;/TGlcaTGg/d2rei(G27G1)TXI>:’Om/Xk’Om7 (55)
G1,G2
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Supplementary Figure 1. Figures showing the diagonal values of Overlap matrix O

[m/,a

(g;mmazx)
"1[m,a)

and frobenius norm of O(@maz) _

YV Mumaz =0...¢—1 at wo/wr = 0.8 for (a,b) ¢ = 30, (¢,d) ¢ =50, (e,f) ¢ = 60 and (g,h) ¢ = 70 respectively. For higher
(i

values of ¢, the value of Mmyqq for which diagonal values start deviating from 1 have been (i) plotted using e.

where 1/q is the flux per unit cell per flux quantum ®g and M4, denotes the upper cutoff on the indices m and m/'.
The integral can be computed as:

/ d*re" " X g (1) Xiom (T) (56)
— i Z e2milkihie) / (e oz — kf}f))* o] BT (T o (0 — ky 2;52 )
= Ok N Z / r(e S (@ — B 2252 )7 (P o (v — ke Qj.f )
= Opy 11 gz%ﬁ’k;_?zy ezms(kr%e—m(s—nﬁ%/dwm/ (K, 2252 Vit o (2 — (hy + Z)szz)
The delta function constraint implies
Oyt sy L200 = Oba iy B —aga (57)

where go = gy% € Z. Note that getting 0, , k,,

from the overlap is a direct consequence of Eqs.(37)-(38) for %
sequence. The above integral can be evaluated as

2"



o2 2702

)65 (@ = (k= 92) ) (58)

/dacgom/ (x — kg
o 2m 02
g ki 27 L2 /daj(pm/ (334'92 z )

2
19k 2L / A ()e 9= 0 o (2)

ez wha 2Fo- L2 e ZQJ.gy /dxso ( ) C+af+c—a90m($)

= @igm’”%e*%gmgyﬁ <m/| 60+a*+cfa |m> ,

| NM—‘ NM—‘ N\H

where p,, is momentum operator along x direction later changed to harmonic oscillator(h.o.) basis: x = %(a + at),
and p, = ﬁ(cﬂ —a). The h.o. kets are defined as (m | z) = \[me( x), such that (m | n) = 6,, . Eventually we use

the BCH formula, eXe¥ = eX Y +3[X. Y]+ , and
il
cr = —(go £1igy). 59

We also know the identity

e%”cw/%(C+)7l_mLZ;m(—c+c,) for n>m,

(m'| e+ e fm) = ¢ (60)
excte= [ (c_)ymn LM (—cyc) for n < m,
where L "(x) is the associated Laguerre polynomial,
N
(N +m)! i
—x)". 61
ZO m+k)!k!( z) (61)

As shown in Eq.(60), the overlaps are exponentially small in (cyc_), i.e. (¢¢)%, and thus negligible. However, beyond
an upper-bound on m, the orthonormality begins to fail. Supplementary Fig.(1-a)-(1-h) show that the diagonal values
of overlap matrix in Eq.(55) start deviating from 1 beyond some upper-bound on m exactly when the Frobenius
norm of O — I, with I being identity matrix of dimension same as that of O, starts deviating from 0. Thus the
deviation of diagonal values from 1 is a good indicative of the breaking up of orthonormality. In this work we choose
Momaz = qu;gL which is well below the upper-bound as shown in Supplementary Fig.(1-i).

Supplementary note 4. COMPUTATION OF MATRIX ELEMENTS
A. c-c Coupling

The ¢ — ¢ coupling is given as

4 Ma,r Ma! + p—1
ch = Z Z h‘[r [a’m/F](k)c:rszrmca/‘rk”:m/’ (62)
ke€[0,1)®[0 )aa’:l m=0 m’=0 r,7=0
where
2 * * T €B
[am'f] a’m'r’ (kl’ k2> d P\I/ar(r)Xkrm(r)HBM Pz, Py — 7‘1‘ \I’G'T(r)x}’er'm’ (I’) (63)

Since the BM Hamiltonian is linear in p — 2A, we can write it as

Hipr (P A) = M;, (b = A44(0)) + 77 (1) (64)
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where M:{l =vrly ® o, M;l = —vply, ® ¢ with 0 = (0,,0,) and ¢ = (05, —0y). T7 denotes the remaining factors
in BM Hamiltonian. So,

Hipag (P = SA) Warr (0 (1) = M, (b= SA(E) ) War (003, 2 e () + T7 () Warr () (1) (65)
= (M Vars (6) 4 T7 ()Wt (1)) X (6) + MG ars (0) ( (P = S4,(0)) Xt () (66)

e
= 52//a/\11a//7'(r)Xkr’m’ (I‘) + M;\Pa"r(r) (p,u - EA;L(I')) Xkrm/ (r)ﬂ (67)

where the matrix €7 is given in Eq.(76) is k independent because ¥, is defined at T'. So,
B‘[ramT]’[a’m’r’] (k17 kQ) = /d21‘\1127_ (r)gg”a’\Ila”T(r)X::rm(r)XkT’m' (I‘) (68)
2 * T * €
[ P @MW (0 () (P = SAL(E) ) X (1) (69)

Since the factors e, V5 (r)Wor-(r) and ¥y _(r)M] W, (r) are periodic with respect to primitive moiré lattice vectors
L; and Lo, we can perform a Fourier expansion as

. 1 -
el Ve (v)Wanr(r) =00y Z '8 ( /dzr’e_zg'r qf:;_,.(l")‘l’au-,—(I‘I)) (70)
e Atat
o (I‘)MT\IJG.’T(I‘) — Z eig~r i /d2rle—ig'r'\:[/* (I'/)MT\IIQ/T(I'/) (71)
at m Atot at m

g

As shown in previous section, at small B the overlaps of the MTG LL with e’8* are suppressed by a factor of
exp (—g2£2 /4) So at small enough B (large enough ¢) the overlaps with non-zero g components are negligible.
Keeping only the g = 0 Fourier component then gives

W amatmen . 2) (5 [ @00 @ e 0)) ([ Prin e ) +

tot

( A::I‘:ot / dzr‘I’ZT(P)MTu\IJaIT(r)) ( / U DY) (Pu - SA;L(I‘)) Xkrom (r)) + O (exp (—g20%/4))  (72)

T, 4 * 6
=€l O/ Oy + MTE (/ d?rxGm (1) (pﬂ - EA“(r)> Xkrm/ (r)) + O (exp (—g*¢*/4)), (73)
where
1
MDE = / ¥ (r)M] Wy (r) (74)
Atot

The matrices €] ,, and M7/ can be obtained from the zero field cc coupling matrix

c,T o 02><2 U« (TkmUO + ikyaz)
Hoo (k) = ( Vi (Thkyzoo — ikyo) Mo, (75)
as
rx TV« (0 o —_— 0 o _ 00
Maa' - h (0-0 0 )aa/ ’ Maa’ - h <_Uz 0 war y €aar = M 0 Ox aa/' (76)

where the Pauli matrices o act in the orbital space of ¢ fermions. Since [tALl,z,pM — £4,(r)] =0, we have

€ _ 1 omisky [ 7s e 2mi (ka2 A '\ 2mf?
(P = £400)) Xy () = > (th (pn— Cau() 2 0t ) 2, (x_ (mq) - ))
(77)




27

The action of the two components of p, — €A, (r) in Landau gauge can be calculated as

h o 27ri(k2+';)Li2 272 _hl zm(k2+ )L% 0 272
’iafEe ©m/ kQ L - i £ gax ©m/ k2 q L2

:%ew@w%)sﬁ&; m,( ( 7))
A (s o () ) - (1) )

L2 L2

and

SISt /N
=S
Q
Sl

|
‘m
8
~~_
o
(]
<l
S
Eol
M)
Jr
\_/
Sk
S
3\
N
8
|
/N
5
[\v]
X
~_
Do
SIE)
a
S N
I

Qi

h 27r’L(k2+ )La"‘aT ( ( ) 27T€2>
- Z3 o k = 80
‘° V2 v 2t q) L2 (80)

_\/%62“'(’“2%) <Wgom, ! (a:— (k2+ q) 225) + VI + 1o 11 (x— (k:2+ q) 22?)) (81)

Substituting back to y, and using the orthogonality of x’s and Eq.(76), we finally have,

0 0 _7’@ \/W(Sm—i-l,m’ 7 0
2 /20,
o g (1 42) 2 8 i“i”*wgnam,mlﬂ 8 8 ”A}/am:;’m'“ (82)
Z@W5m+l,m/ M6, 0 »

0 0 Z@\/TT/L(an,m’+1 0

M jarmen (K1 R2) = 60 | 0 0 0 P20 S S 1
21* \/’fr75m+1 m 0 0 Mémm'
0 VMO s 41 M6 0 »

(83)

Note that a straightforward canonical substitution in Eq.(75), k, + ik, — v2Ba, would yield us the same finite field
¢ — ¢ coupling, where a denotes the LL lowering operator for the corresponding ¢ fermion LLs.

B. c-f Coupling

The ¢ — f coupling at finite B is given as

2 Ma,r p—1 qg—1
Zf = Z Z Z Z h"[ram'r 1,[br7] aTkrmbekT/’ (84)
ke[0,1)®[0,+) a=1 b=1 m=0 r=0r'=0
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where

h‘[ramr],[br’](klv ko) = [ d*rW} (v)XGrm () HE (P:mpy - ech> Mbrkr (T) (85)
Z 2misky / E)XEy et 2.m (F) H (pa:,py - ef:c) tg, wpr (r, <k2 + Z) 82) (86)
€z
3 [ 0 i M (prop = ) e (ke ) ) (57)
€z
_ Stot /d v (0)xE (0 H Gy (pz,py — ech> Wy (r, <k2 + 7;) g2> (88)
>

2mi (ko2 ) n % * - eB m
O [ o (0 (0 ss (e~ D) i, W ) (59)

e m(szr%/)n/er\I!ZT(r) (fE:LXkrm(r))* HE <P:c,py _ ﬁz

) Wo b (r) (90)

e
i1

_ %%em(’”ﬂ)"/d%m* (v) (P Xirm (1)) Hpar (92, 2y) Woobr (1)

_ Stot Z 2mi kot 57 /er\II* (r) (EL Xrrm ()" (eBxMT) Wopr(r) (1)

nGZ

Note that the B-field term eventually turns out negligible because it acts on a well localized function and so at
small B it is exponentially suppressed in the region where the vector potential is appreciable.

Using the fact tthL1 =¢? thltL , we have

EL " Xhkem (T) = _ Zezmshf_nfs 627ri(k2+§)#2(p (z - (kQ + T) 27r£2) (92)
v () = e 2 T L m 1) T
2
_ 277i(k2+£)n 1 2misky 2misnk Is 27ri(k2+l‘)# ( ( T) 2ml )
=e a e e at] e /L2, | — | ko + — 93
VLN sezz " 7 *Tq) I (93)
_ 2mi(ket 7
=€ Z( q>nxm0d(k1+n§,l)kgrm(r) (94)
Therefore,
h[am7] b r’](kbk? tOt 277171 /d2erod k,lJrnB 1) kgrm( )\I/ZT(r)H (pmpy) WO,bT(r) (95)
nGZ
GB Stot 27rzn * * T
o - Ixmod(k1+n§7l),k2rm(r) \IlaT(r)MywovbT(r) (96)
nE

In order to proceed we use the fact that [37]
—ikr gy * T 1./2,2 =
/d21'6 § Vo (v)Hppy (P py) Wobr (r) =/ Ayce A /QHSZJ: (k/)’ (97)

which is /N A, bigger than in [37] because of choice of normalisation of y discussed in previous section. Using

’
Cf7 (k/) _ [ oo+ vy (mk‘z% + kyoy) ’ (98)
0
2X2 ab
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we have
d’k’

Ve (r)HE s (Do Dy) Wopr(r) = /(27r)2

/ d*r'e” T () H g (0 9)) Wour () (99)

dkik

e N2 el (k) (100)

uc

1 2k
= \/AuCHSZ’T (';1«) / eleme N2 (101)

(2m)?
10 1 2 2
_ cf,r —r?/(2x
= Ay H <Z ar> 7€ /@3 (102)
Moreover since HE,,(p) is linear in p, we can approximate
/ dre= ™ TUE (£)MIWo pr (r) &/ Ayee KN 2MT (103)
where M7, can be read of from Eq.(98) to be
0 1
. w, [—=10
ab — _? 00 = Vab- (104)
0 0/
Thus we have
* T d?K’ —ik’-r 2. —ik’ v\ % / T /
Vo, (o) My Wo pr(r) = (271_)26 d°r'e Vo (x )My Wo b (r') (105)
2k ’ /
~ /A u/ K w2 (106)
= Auce_rQ/(2)‘ )T)\QMQZ). (107)

Therefore,

r StotV Auc rin
h[amr],[br’](klv k2) N = Z 62

10N 1 o
- ) cf T = -7/ (2X%)
\/N /d erod(er?P 1)k2rm(r)H"b (z ar) 27T')\26

ne”z
GB Stot \/ uc 274 2 1 —r2/(22%)
Z in” d rmeOd(kl+np 1)k2rm(r)Mab 27‘()\26 (108)
ne”Z
Stot \/ uc 2min T 2 cf T 1 a " 1 *YQ/(2)‘2)
= d ’ P -
\/* Z / ( ab < i (91‘ mod(k1 +n5,1)k2rm (I‘) 2\2 €
eB Stot \/ uc 2mrinT—=L 2 * 1 —r2/(2)?
c \/> Z d°r (xxmod(k1+n§,1)kzrm(r)) me /t )Mab (109)

neZ

. L . N
—mis(s—1)2 AL 27jsk L
a La e q

N u . .
Using i1, =e L2 7§ , derived in the Supplementary note 2 A, we have

1 2misn2 2misky ;s 2mi(ke+I) 4L r, 2ml?
Xmod(kl—i-n%,l),kgrm(r) = \/m Z e e 1tLle 2T 4/ Ly Om | T — (kz + 5) I, (110)
SEL
2
27msn— 27-msk1 —mis(s—1)2 LL1/ 2mis L 2 s 27ri(k2+£)i ( r. 2ml
e e q Lo q 2T /L2, — (k‘2+7) (111)
\/U/2N % q Lo
s 2
. 2misn2 2misky —'rms(e 1)z Lly 2#193# 27rz(k2+ )y Lly ( r. 2wl
= e ie 1Lz ¢ ze Om |2 —58L1p — (ko + -)—— (112)
\/KLQJ(/ gZ q L2
2
2772577,” 27rzsk'1 727rzs(k2+ )Llu —mis(s— I)Bﬁ 27rz(k2+ +52)# ( . 2ml )
e /L2, | — sLig ko + — 113
£L2 Z ¢ ! ( 2 q) L2 )

SEZ
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Supplementary Figure 2. Schematic representation of the c¢f coupling for ¢/¢o = 1/q discussed in the methods section A of
main text. Each tick represents (the 1D projection of) a moire unit cell, illustrating the overlap between a 2D localized heavy
state with size X siting at the origin (red) and a Landau level (LL) i.e. a 1D harmonic oscillator (h.o.) shifted in the z-direction,
its wavefunctions sketched by blue, with a plane wave phase variation in the y-direction (not shown) that depends on the shift.
The 7’ determines the momentum absorbed by the LL as well as the unit cell to which the h.o. is shifted and k2q fine tunes
the shift within the unit cell. The index j then determines g-unit-cell periodic revival of the h.o. The black parabolas mimic a

quadratic potential to accompany the h.o. wavefunctions.

Substituting Eq.(113) back in Eq.(109), we have

T Stot \/ uc 27-mn 727msnp —2misky 27”5(k?2+ ) Ly mis(s—1)% LLly
h (k k ) qe e q 2
lamr],[br/]\ V15 P2 N /ZL
neEZ s€l

_ o 2m (> 10 1 2 (9x2
2 27r1 k + +5 cf, T —r°/(2X

T = 27762 1 _r2? 2
—7 d2 -2 1<k2+ +sq >L2 TOm (.'L' — Sle — <k2 =+ q> L2 ) Mabme /(2)\ ):|

N StotNtot V Auc 5o —2misky QTFZS(szr ) 2 7”5(5 1)§Lley
S TNVIL ronatert
JEZL s€L

2
2 27rz(k2+ +s= ) T _ _ 2ml cf,T lg 1 _1‘2/(2)‘2)
|:/d 2Pm (m SLla: (kQ + q) L2 Hab i Or 27‘-A26

2
B d2re 2kt it )Liaxpm x— 8Ly — ( ko —|— 2t My ! eT /(227
c Lo 2mA\2

where the sum over n above led to the Diophantine equation

r—r—s

= integer = j.
q

Plugging in the normalization factors results in

hT (k k’ \/le 5 —2misky 27r19(k2+ ) iy ‘n'vs(s—l)% L12y
[amr],[br’]\ V15 2 \[ ' —r,jg+sp€
JEZ sEL

1 —omi(k 272 10\ _2,0.2
Pre mi(ka+Z4s2) £ S gefm (22 r2/(2)2)
2m\2 {/ A ? Jr q) Ly ) ior)

2
d*re —2mifkatfreg )#wm <$ — 8L, — <k2 + ) 2mt > Mape™™ /(2)‘2)}.
q

e Lo

(114)

(115)

(116)

(117)

Note that the y integrals are elementary. At small B and not too large m, the x integrals we be performed by taking
the advantage of the mismatch in length scales i.e. £>> A and Taylor expand the harmonic oscillator functions about
the origin. However at larger B we may need to obtain the integrals with higher accuracy. To this end we will find
it useful to employ two-variable Hermite polynomial H,,(x,y) result from [66]. It will be useful to first discuss the

integrals required for casting Eq.(117) into a closed form.
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We start by defining the two-variable Hermite polynomial as

[%] an Qkyk

0

where [n] denotes the floor function at n. The two-variable Hermite polynomials are related to the Hermite polynomial
in harmonic oscillator wavefunction as H,,(z) = H, (22, —1). The required z integral in Eq.(117) then reads

dre—C /(22%) 7(w7w0)2/2€2Hm((1~ — xo)/ﬂ) (119)

~

Am (X, 20) = / dae "), (@ — 2 W /

Let y = «/¢ and yo = xo/L. Then,

Y4 1
A (N lyo) = E\/W dye 2A2y i H,.(y —yo) (120)
¢ -3 o0 _1(e2 2
- ;;2;7:@! dye ™+ (2 11)v %Y Hy (y — o) (121)
{ e %Y o0 (2 2
- e FE )V oy, (29 — 230, -1). (122)
T 1) oo

Now, using the formula in [66]

oo a2 2

we finally have

1
T4 A2/02 1.2 7092 2 b4 2)\2
Ay (A = —2%/(CHN )y —2 —-1). 124
Wao) = =\ 2 o\ "2 0 prae (124)
Note that
1
1 Ladye _9To ) _ _
Am (A = 0,20) = VIIA e b ’Hm( 22, 1)_\/277A¢m( o) (125)

as expected because in the limit A — 0, the harmonic oscillator wavefunction does not vary significantly within the
spatial extent of the heavy fermion gaussian, which is set by A.

Now, let
1
1 02 _;xQ 02422 V4 2/\2
SV Ee T e (‘2“"%2 P AV v (127)
.Fm()\ — 0,!17(]) = ¢m (— ()) . (128)

The y integrals in Eq.(117) can be performed using

/OO dye‘Qﬂkfyze*yQ/zﬁ — ome 2T RN /LS (129)

— 00

Using the integrals provided in Eq.(127) and Eq.(129), we now proceed to evaluate Eq.(117).
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1. Non-derivative or the zeroth-order coupling v

le —27is 2mis(ko+ L)AL mis(s—1 pliy
I[MT] [7/](k17k2 Vi ZZ(SW—T](I+SP6 cmiskie is( ) RSk e 7

JEL s€L
1 2. —2mwi( ko4 L +s 27‘(62 _r2/(2)2
27r>\2/d ( Do (2= sbre — (k2 + ) . )¢ /0 = (130)
\/Lx ; p L1 _2772 k T 4P 232
- ZZ5T 77‘,JQ+S;D€_27”SI€1 st(kQJr ) 2 ’”S(S Dg L2y e ( 2 gt q) ﬁ2]:m ()\7 <5 + r + kzq) LL’I?)
\/> JEZL s€L D P
(131)
2. ks coupling
L z Tis Liy 7rzs s—1)2 =y
I[mr] [r/](kl,k‘g \/TZZ(ST,iT’qurspe 27r1.sk1 2 (k2+ ) Y ( 1)2 y

\/Z JEZL s€L

1 2 727rz(k2+ +s2) 4 _ _ 2me? 19N w2
271_/\2/d Om | T — sl ko + q I, o e (132)

— L
= S Z Z O —p JQ+sp€72MSk1 27”‘5(1”"' ) T ms(s—l)g%;’
\/z JEZL sEL

1 o T ¢p) u 2 2 2
QWAQ%/dgre 27rz(k2+q+8q>L2 (é({;igpm <1‘— sl — (k‘g q) Zf >) e T /(22%) (133)

V1L, ) . L
_ 1z j :2 :(57-/_7« jq+spe_27”5k1 e?ﬂzs(kg—i- )L—Zyeﬂzs(s 1)%—;
\/Z JEL s€EL

27T€ 2 2
Pre2milkti+st) 4 S —r?/(22?)
271_)\2 f@/ 2 POm X Si 2 + q L2 €
B V6Dig ZZ 5r/,r,jq+spe’2”8k1e%is(k”g)%ye”is(s_l)%%y

\/Z JEZL SEL
1 \/W 2o 2mi(katZ+sE) N
d“r ™ 2 Sq) L m —sL r k r</(2)%) 134
2T \2 / ©m+1 | x — sy o+ q L2 . ( ; )
\/TM Z Z 67' ' —rjqtsp€ —27r'mk'1 27rzs(k:2+ ) 1y ‘ITZS(S 1)§ LL2

f JEL s€L

—27 k2+ +s2
Zﬁ ( )iz ]-"m,l ()\, (s + Iy kzi) le)

\/L el
\/}T Zzér’—r,JQ+ep€72ﬂ25kl 2ms(k2+ ) 273 ms(é 1)§T2y

So, finally

JEZ s€L
—_—e a a 2]:1’71 A; 5+7+k‘* L:E 135
V2l i PR (135)
i Vi —2miski 2mis(k Ly wzs s—1)2 17’ _27" kat+g+st ) A%
I[mr 1,01 (klakZ) ZZ&T ' —r,jq+sp€ 2misk ( 2+ ) ( ) g ( L3

fﬂ \/> JEZ sEL
X <\/7n]-'m1 (A, (s n ; n @Z) LM) M T 1 F ()\, <s + % + szj) LM)) (136)
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3. ky coupling

I[an],[r’](kl,kz \/5?225w—mq+spe2””k1 2mis(kat )7 mis(s=1)g LI;
JEZ s€T.
o ot (oYY (R
\/% Jzé; ;& 1 japepe TR 2T (2t ) T ris(s—1) 8 (kz +-+ s) %7;
xe_2ﬂ2(k2+£+s§)2%fm ()\7 (8 + % + kzZ) le) (138)

4. Minimal coupling

The minimal coupling term, eM, A, /c, can be expressed in terms of the non-derivative coupling I (e, [T,](kl, k2)
and k, coupling I[mr] [r,](kl, ko) as shown in this section. Let us call this term T4, given as

VI 2mis(k Ly ris(s—1)p Lty
Iy= \[z E :E 5r’7rjq+sp€72m5k1 ms( 2ty ) ms(s )q Lo

JEZ s€Z
1 h 2 —27i(ko+L4sB)L 27T€ —r2 /(222
XW?? d’re (kat3 q)Lwccpm T — 8Ly — | ko + 7)o e /A (139)
We can re-express the factor xp(z — x¢) as
1 1 (—z0)2 2
TPm(x —x0) = — e~ (z—z0)7/2¢ xHp ((x — x0) /L)
w1/ 2™m!
1 1 (z—20)2 2, X — X
= E? \/QT ( 0)"/2¢ (T)Hm((x - xO)/E) + x0¢7n(x - .130). (140)
Moreover, using recursion relation for Hermite polynomials
1
xH,,(x) = §Hm+1(x) +mHp,—1(x) (141)
we have
L1 e (1
Tpm(T — o) = Eﬂ_—i \/2Tmle §Hm+1((1: —x0)/0) + mHp—1((x — 20)/0) | + zopm(z — o)
m+1 m
=/ Tgomﬂ(x —xg) + 44/ 5¢m,1(m —x0) + Towm(x — x0) (142)

Substituting Eq.(142) into Eq.(139), we have:

\/le —9mis 2mis(k Liy ‘n'zs s—1 Ll“
fa= Vi ZZ(ST rjgtep€ e (hat) 75 (=13
JEL s€EL
1 h 9 —2mi(kotZ4sP) L m+1 r\ 2mf?
sz/d“ R [ U E e

m 2 l?
[ — sl —
+ 2 Pm 1(3j SLig <k2 q) L2 )

1 20?2 2 f? 2 2
Z(SLM, (]{12 + q) Zz Yom(x — sLyy — (kg + q) 22 )} /(23%) (143)
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Using the fact 2 = %, note that

1 r\ 2mwf? 2T T P
Ly, r _ z £y, 144
zth (k“q) L) "Lty .
Thus we have
Iy = [\f <\/>I[m 1) (B k2) + Vm LG, [rfl(kl’k2)> Tinry gy (s b2) (145)

5. Closed form expression for c-f coupling at finite field

The closed form expression for the c-f coupling at finite B then reads

4 2 Ma,r q—1
LD DD 5 333D

p—1

{ ( e 1 (K)00 + 0 (T o ()00 + Ly 1 (K) ) ) +
ab

k€[0,1)®[0,1/q)] a=1 b=1 m=0 r=0 /=0 0252
(146)
o L 0 0 7Y
< Vs T30 (\/ﬁl[m_n],[rq(k) +vm+ 1I[m+1r]7[r/](k)) oy U*I[mr],[w](k)oy ) :|C¢T17-krmfb7kr‘ (147)
O2x2 b

C. Low field Analysis of c-f coupling

For analyzing the low B structure for ¢-f hybridization matrix, given in Eq.(147), we will find it useful to first
discuss recursion relations for F,,(\, o) defined in Eq.(127). We start by considering the generating function for
Hom(z,y) (defined in Eq.(118))

e =3 D (a,). (148)

Using the generating function, we can derive the following recursion relations

O wriyiz I et =, ¢l

il C o i Z m?ﬂn (z,y) = nz::O M (@) + ; o 2t (2,y) (149)
tn O n
n=0
n= () Hi(z,y) = I’HO (:c y) (151)
n>0: Hprr (2,y) — 2ynHp—1 (x,y) = 2H, (2,9) (152)
Therefore
12

n=20: \/5]:1 ()\,$0) = —2$0mf0 ()\,330) (153)

14
n>0: 2" (n+ 1)IF,41 ()\,;vo)+2< €2+)\2> ny/2n 1 (n — DI F—1 (A, z0) 2%5 /\2\/2”71!}'” (A, o)
)\2 1 \/7 2)\2 o
— \ItE) B\t Qo) + (1= VTt (o) | = =75 Fa (A, o)

A2 + 1 22
— <1 + £2> n ——Fnt1 ()\ IO + (1 — €2> \/Z}—n_l ()\, 330) = —%}"ﬂ (/\7330) . (154)
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From Eq.(138), we have

L z — TiS 21y is(s— Lh r o7
Lo 1) = ﬁZZém,mSPe amisk 2o (krt§) 2 pris(o ) § 2 (k2++sp> Iy
JEZL s€T q q 2
—272 (ko4 L4s2 222
e ( 2+t q) L%]I'm ()\7 <s+r+k2q) le) (155)
p p
_ p 27T€2 \/Tlx —27T1sk: 2mis(ko+ L~ iy 7Tzs(s 1)2@ le 1
T qlLi,Ly I Z Z5T —r.jqtsp€ remis(kat §) T 1 T2 (qko + 1 + sp) p ¢
JEZ seZ
— 272 (kT 452 252 Lia
xe (katiad) 22 Fom ()‘, (sp+ 1+ qk2) 1) . (156)
p
2mpl?

. Now using the fact =1 and the recursion relation given in Eq.(154), we have

qL1z Lo

_1 VL —2mis Tis Zly ‘n'zs s—1)2 Ly
ﬁnr]v[r’](k) - \/Ex 2257'—7,]q+sp6 2misk1 g 2 (k2+ ) =171,
JEZ sEL
—272 (ko4 L+4s2 2>‘—2 )\2 1 L T
xe (hotied) (<1+£ > %fm—kl <)\,(sp+r+qk2) - >
p
Ly
< )1/ —Fm_ 1< (sp+ 1+ qks) p>) (157)
1 o A2 o
— —ﬁ 1 -+ ﬁ vm + 1I[m+1r],[r’](k) -+ 1— ﬁ \/Ej[m—lr],[ﬂ](k) . (158)
where I[ ") is defined in Eq.(131). Using the above derived form for I[ymr] ] in Eq(158), the minimal coupling

term, given in Eq.(145), can be rewritten as
In N

Bz V2 (‘ij 11, (F) = \/mfﬁnﬂr],[rq(k’)) (159)

Note that this is an O(i;—j) term. At low B, i.e A2 < £2, this term is negligible as anticipated. This is confirmed

numerically as shown in Supplementary Fig.(3a). Note that we however still need to keep the full 2 22 dependence
within F,, for accuracy in low B range as shown discussed in Supplementary Fig.(4). Keeping this in mind, let us

now dwell into a low B limit wherein we can drop the 0(72) term in the recursion relation Eq.(154), i.e.

n—+1 n T
\/T]:nJrl (A, o) + \/;]:nl (A, o) = _70]:n (A, o) - (160)

Moreover using Eq.(158), I [mT] -+ in this limit reads

_ 0 0
1Y o (B) = _ﬁ (VI T8 oy () VT 1oy () (161)

Now using the above and Eq.(136), we have

P8 02 (8~ =12 T TG 1 (8 (162)
s

Iy oy (k) = 2If oy (R) = z‘T\/ﬁfﬁn_lr],[w](k). (163)
Then at low field we can re-express the c-f coupling as
.\/ﬁv;
i, 1 (%) U \Ffﬁn 171,671 ()
N

Wt e () = |~ VM A U o (R) Y r) ) (F) : (164)

0 0

0 0
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Supplementary Figure 3. These figures justify dropping 0(2—22) in the prefactor of I%®Y in the c-f hybridization
matrix.(a)Comparison of the unapproximated Hamiltonian spectrum which includes the minimal coupling to the one without
minimal coupling at valley K’ at CNP.(b)Comparison of the unapproximated Hamiltonian spectrum to the one obtained using
low field c-f coupling at valley K’ at CNP. These figures correspond to parameters wo /w1 = 0.7,J = 18.27meV, Uy = 51.72meV,
v = —39.11meV, v, = 1.624eV.A, v, = —4.483eV.A, M = 3.248meV and A = 0.3792L,,. We set k1,2 =0 and mumaz = [‘%3]

VI[O,W],[T/] (k) i‘/i”* vm + 1I§n+17,],[7,/] (k)
_ - V2v, 0 0
himan e 8) = | 7170V 10 gy (F) i, 1 (R) - (165)
0 0
0 0

Supplementary Fig.(3b) shows that dropping O(;‘—;) in Eq.(154) is indeed an excellent approximation. It is thus
justified to study the low field ¢-f hybridization matrix, given in Eq.(164) and Eq.(165), in pursuit of obtaining an
analytical solution.

Supplementary note 5. SINGULAR VALUES FOR I°
In this section, we study the singular values of I7, . (k) = I[Omo] (1 (k), where I[Omo] (1(k) is defined in Eq.(131). As
discussed in the main text, these singular values controls the hybridization strength between the heavy and conduction
fermions in finite B. Let us start by considering the singular value decomposition of I%,r,(k):

Igz,w (k) = Umm’zm’F‘/i‘r/a (166)

where U,V are are (mg » +1) X (Mg, +1) and ¢ X g unitary matrices respectively, and the (m, » + 1) X ¢ rectangular
matrix X contains the singular values along the main diagonal and zeros elsewhere, where summation convention on
repeated indices is implied. The columns of matrix U are the eigenvectors of the following matrix

*

qg—1
A (B) =D 10,0 (B) Iy, (). (167)
r’'=0

Since 7’ is being summed over, we are allowed to shift its range to —| 2], —[2] +1,...,¢—1—[Z] and thus set j =0
in Eq.(131) based on the discussion in main text. Since F,, in Eq.(131) decays exponentially at 4| 2], in the low field
limit, we can replace the bounds of this sum by +oco and have

L T i —4#2% ko )2
A?nm/(k‘) ~ T} Z e L3 ( MK ) Fn ()\, (7“/ + k}Qq) L1$> Font ()\, (’I“l + k’gq) le) . (168)

r’'=—00
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Supplementary Figure 4. These figures illustrate the importance of including the O(?—j) in Fm (A, zo) for obtaining the correct
interacting heavy fermion Hofstadter spectrum. (a) The comparison of numerically obtained singular values for I° with the
ones obtained numerically post setting % =0in Fm(\, xo) . (b) The figure comparing unapproximated Hamiltonian spectrum
with the one calculated using singular values marked in red from the left panel at wo/wi = 0.7 in flat band limit at valley K’
at CNP. myqz is set to 5 for illustration.

Using the Dirac comb identity, > ., 0(p— 1) = >,y e?™P we can convert this summation to an integral as

Ly, 7227 (kat2)?
Amm/ ~ ; Z/ dpeﬁﬂtpe L%( ’ LI) -Fm ()‘7 (P + k2q) le) fm’ ()" (P + kQQ) Lle)
teZ

X 2 2
= et / dpei® P/ bie e~ 3 Fl (N, ) Fo (M, ). (169)
teZ

Because 27t/ L, is a large wavevector compared to the length scale at which the h.o. wavefunctions vary, ~ ¢, i.e.

éjri < { at low field, the overlaps are exponentially suppressed in (QL’T—IM) We can thus set ¢ = 0 in the above sum.

Moreover since the exponential factor contains 42 , the off-diagonal terms can be neglected and thus A%, is diagonal
up to a good approximation. This implies that the matrix U is close to identity and the low B singular values
can be approximated as ¥, = /A%, . Note that the information of magnetic quantum number k gets dissolved
automatically due to the low field limit where the magnetic sub-bands are not k dispersive. We thus have

¢ [ aeEERL O Fa ) (170)
Fm (A, p) defined in Eq.(127) can re-expressed as:
1 1 102)2/(14(2)? -2(2)  2(3)?
fm )\7 = 6_2(1) /(1+(£))Hm 4 )4 -1 171
= | T G ENEYEEENeIE )

Naively one would expect that dropping O(?—j) in F (A 20), i.e. replacing F,, (X, 20) by ¢©(—x0), to be good enough
approximation at low field. However as discussed in main text, the fairly strong m dependence of singular values gets
compromised under such an approximation, as shown in Supplementary Fig.(4a).

Let p/¢ = x and kK = A/{. Then

1 1 1 > (k241 )22 -2 K2 —1
2 _ Kot )T 442
Fm 7\/%2mm!1+/£2/ dee (Hea) Hm<1+m2x’m2+l> (172)

—0o0

Now, using the result from [66], we have

00 R 2 2
dxH,(ax + b, y) Hy (cx +d, e_f“”2+°””:\/?eif7-lmn<b+w, +i;d+ca + = ac) 173
[ detalan £ b (ot d.y) T M (b Gryt S+ S+ 52 1 57) (T
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where

min(m,n)
mln!
Hm,n (-%y;'wvz‘ﬁ) = Z (nik)!(mik)!k!ﬁkﬂmfk<xvy)?-[n7k(w7z)a (174)

and the two variable Hermite polynomial H,(z,y) is defined in Eq.(118), we have

s 1 1 KO ) KO 2
= e O e e e )
where £(k) is given as
E(k) = (1+r2+ Y1+ 5. (176)
Thus
1 1 K5 K5 2 :
a (Mwﬂmmm, £ e | 5(&)’) | )
Note that
W2 A2 _ 2A% p B 2A% ¢ (178)

_62_ Aucq_ Auc ¢)0
where A, is moire unit cell area. Since ¥:2, is an analytic function in k2, we have an expression for the singular values
continuously down to zero flux. Also note that as (% =0 = K2 =0 = &K) =1 = Humml0, %;0, ﬁz) |
ﬁ) — 2™m! = X, — 1, consistent with numerical results. At extremely low flux, we can approximate the
singular values as

lths0Bm (k) =1~ (m + ;) ”27 (179)

i.e. approaching 1 at zero flux with a negative slope slope of (m + ) 2;;)‘2 as shown in Supplementary Fig.(5¢). Note

that even at extremely low flux, the m dependence of singular values grow linearly.
It would prove feasible to dlscuss the asymptote of Y2, for large values of m. Let us start expanding the four
variable Hermite polynomial in Eq.(175).

m

2 mIm!rk
Fm = FQmm' [Z) m—k)!k!Hm*k(O’y)Hmfk(O,y)} (180)
where for brevity we denote ﬁi) and ( ) by y and 3 respectively. Then
1 171
En = 2m Lm! 181
" ER) 2" [ P 09 Hon(0.)] (181)
101 e m! g
om ' m— 9 m— 5 182
VG Q"L[k_l = 01 — it T 09 Mok (0,9 (182)
1 1
" (183)
§(k) 2

where we divided the sum over k into k =0, k =1...m —1 and k = m, shown in Eq.(181), Eq.(182) and Eq.(183)
respectively. Now note that H,,(0,y) is non-zero only if m is even, so

SH

Hm(0,y) = (1 —mod(m,2))m

(184)

— H2,(0,y) = (1 — mod(m, 2)) % (185)
2°2°

@3 |3
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Supplementary Figure 5. (a) The comparison of first 25 numerically obtained singular values with the ones obtained using the
analytical asymptotes for singular values. (b) The comparison of asymptotes with exact expression for singular values. (c)
Comparing 1 — (m + 1)x” with analytically computed singular values at extremely low field.

Using Eq.(185), we have

»2 ( —mod(m, 2)) (g)m ,;'2” + (§>m>
1 m—1 m'ﬁk m—k
+ g(,{)m[; (1 —mod(m — k,2)) ng’%k)'k'} (186)
Now consider
A(m) = @)n'l('?)' (187)
— In(A(m)) = In(m!) — 2In ((%) !) ~ min(2) (188)
— A(m) = 2™, (189)
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where in Eq.(188), we use the Stirling’s approximation for large m, i.e. In(m!) = min(m) — m. Similarly consider

Br(m) = ——— (190)

:¢ZMBMmD_hﬂmD—%n(<m2k0>—imm) (191)

~ min(m) — min <m;k> + Eln (7"2_k> — kin(k) (192)
— min (m2_mk> + kin <m2kk> (193)
— Bj(m) = 2 Femin(wx) thin(5r) (194)

where in Eq.(192) we again have used the Stirling’s approximation. Now substituting back Eq.(189) and Eq.(194) in
Eq.(186) we have the following asymptote:

e If m is even

e If m is odd

Supplementary Fig.(5b) shows that the asymptotic expression for singular values, given in Eq.(195) and Eq.(195)
, exactly matches the analytical singular values, given in Eq.(177), for all m # 0 (since the asymptotic formulation

does not hold for m = 0). In the Supplementary Fig.(5b), m = 0 singular value on the asymptotic branch has been

calculated using the analytical value, i.e. 3¢ = L_
VVEK)

Supplementary note 6. DISCUSSION FOR VALLEY K

In this section we discuss finite B THFM at valley K, i.e. 7 = +1. Note that summation convention on repeated
indices is implied unless explicitly stated. Using the SVD decomposition discussed we can re-write the matrix elements
as

M1, 41 M1, 41

h‘%lmo],[lr’]Cilkomsfllkr’s = ’yzm’,FcilkomsUmm’va,'r"fllkr/s = Z Z ’yzm(smfcilkomsf_llkfsv (197)
m=0 7r=0

where we used the fact that U is an identity matrix and the rectangular matrix 3, ,~ is non-zero only along its main
diagonal.

m2, 41

!
. %
h[12m0],[1r’]C;lkOmfllkT'S = _“/57 E , vm + 1C£1k0mzm+livﬁr'f11kr’s
m=0

ma 1 m2 +1+1

=4 _
:—2\/57 Z Z Vm+12m+15m+1fc;1k0m3fllkfs (198)

m=0 7=0

Because ma2 41 + 1 = mj 11 = Mumas + 1, the upper bound on the 7 summation is the same in (197) and (198).
Similarly

mi, 41 m,41—1

. v, 7
h[117nO],[2r’]CIIkOmslekT/S :zﬁ\/ﬁ? Z Z Efdm—l,FcJ{lkomsf2lszv (199)

m=0 7=0
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M2, 41 M2, +1

h[12m0],[2?"/]Cglkomsfm’“"’s =7 Em5m7FC£1k0mst21kfs- (200)
m=0 7=

|
=]

Because mq,4+1 — 1 = M2 41 = Mypqs, the upper bound on 7 summation is the same in Eq.(199) and Eq.(200). Thus
for a given k, out of the available 2¢ f—modes, only 2m,,q, + 3 couple; recall that M. < q/2.

A. CNP

The mean-field interactions for f-fermion modes at CNP in f basis is given as

virsthe— Nyl Lyl (201)

coupled decoupled’
ke[0,1)®[0,%)

U Mmaz+1 Mmaz
=11, Uy
Vc{n:pz:d *= < Z Pl s Fiikms + Z lekmeZIkms> (202)
m=0
U 2 g—1
frr=+1s _ 1 al 3
Vde;rouple; 7 Z Z ) fb1km/sfb1km’s; (203)

where 1(2) = 2(1). Note that there are 2q — (2mmar + 3) decoupled f modes for each k. The coupled modes
The coupled modes can then be described as

Zou;)_l{i; Z Z Z Z Emam’blaldinas(k)dm'o/s(k)y (204)

k a,a’=1m=0m

where ma=1,... 4 = Ma,4+1, M5 = Mpmae + 1 and me = My a4, and

_ [ .F i 1 i i £t
d:nas(k) = <Cllk0ms’ Co1k0ms® C31k0ms> Ca1koms® J11kms> f21kms)a . (205)

We now define an operator

0 0 —iV245a 0 72(&“) i TE(& a)
0 0 0 iv2%al —iv22ax(ata) 72(& a)
i/ Ve gt _J
Pp1 W25a 0 5 M 0 0 9
o 0 —i 2“7*5; M —2 0 0 » (206)
yS(ata) iv/25e ( ta)af 0 0 -4 0
—iv2%%(ata)a 72( a) 0 0 0 -4 o
where @ is a simple h.o. lowering operator in terms of which matrix =, m/o’ can be expressed as
Ema,m/a’ = < |hjx_1a’ ‘m/> (207)

Here |m) is a simple h.o. eigenstate and ¥(m) = X,,. The non-interacting Hofstadter spectrum can be obtained by
solving Eq.(206) after setting the mean field terms J, U; to zero. The spectrum for M # 0 including the 2¢— (2m 4,43
zero modes (contributed by decoupled fs) is shown in Fig.(10) with 2¢ modes at each k, i.e. 2 modes per moiré unit
cell per valley for each spin projection.

We now discuss the exact solutions to the eigenstates of the operator in Eq.(206) in the flat band limit M = 0. The
B field independent —.J/2 Landau level energy shown in main-text Fig.(1) comes from the anomalous c-mode

6, = [0,0,]0),0,0,0]" . (208)
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The rest of the problem can be solved using the following ansétze:

. ) ) T
03 = 10,0, 1),0,¢6 [0) 0], (209)
T
05 = [ 1), &6 [0y, 12,0, 1) 10)] (210)
T
Os, = [cgﬁ’") |m) ,cg6"‘) |m — 1) ,c:(f”“) |m + 1) ,04(16"‘) |m — 2) ,cé6"‘) |m) ,céG’”) |m —1)| (211)
where m € {2,..., Mpmqz + 1}. ch ) denotes the coefficient of corresponding h.o state at index « in the 6-component

spinor in Eq.(205) and $ labels the ansatz index 6. Using the above, we can set up the eigen-equation and solve for

the corresponding coefficients.

(3

The ansétze 63 and 05 yield the 3 x 3 and 5 x 5 Hermitian matrices, whose eigenvectors are cg ) and 6&5), respectively:

0 —iY2e 4%,
hit=| vz 2 o |, (212)
’}/ZQ 0 —%
0 0 =% 9n iR
0 0 (T AELES S H o1
hil = i20e 0 z 0 0 (213)
OONFACES > R B 0
SERELES S S | 0 ~U
Similarly, the ansatz 0g* yields the following 6 x 6 Hermitian matrix for each m, whose eigenvectors are &,
0 0 —1v/2m + 2% 0 Y Z\/Zm Zm 1
0 0 0 iV2m — 2% —iV/2mEE,, 'yEm,l
+im _ | HiV2m 2% 0 -3 0 0 0
he = 0 —iv/2m — 2% 0 -3 0 0 -(214)
Yo iV2m%=¥,, 0 0 -9 0
N oTE S SN 0 0 0 o

The magnetic subbands within the narrow bands from the coupled modes emanate out of the B — 0 energy eigenvalue
of the above decoupled matrices, —%, which is 2 fold degenerate for matrix in Eq.(214)Vm and singly degenerate for
matrices in Eq.(212) and Eq.(213). Including the decoupled ¢ mode, we have 2m,,q, + 3 magnetic modes emanating
out of this 2m,q. + 3 fold degenerate B — 0 energy eigenvalue. Now recall that we have 2q — (2my,q. + 3) decoupled
f modes with energy —%. Thus in total we have 2¢ magnetic modes within the narrow bands, which corresponds to
2 states per moiré unit cell per spin. The spectrum for flat band limit has been shown in the main text Fig.(2). Note
that the B — 0 energies recovered by the decoupled matrices are the corresponding zero field energies of THFM at I
in mBZ.

B. v =41, Spin 1

Here we discuss the finite B THFM for valley K spin 1. The interactions read as [37]

4 Ma,+1 p—1 Ma,—1 p— 1

'r +1,s=1

u_ +1 _VE <§ : § : E :WcalkrmTcalkTmT—’— 2 : 2 : § :2 alkrmTCalkTmT
a=1 —0 r=0 a=3,4 m=0 r=0

q—
Z Z <[2j 6U2> fblkr’belkT/T> (215)

b=1,2r'=0
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The interaction for f modes in the f basis can then be given as

T=+11 _ ,7=+1,1, il ,T=+1,Tv==%1
Vl/f:‘ril - Z ch{);—pled o Vd{BCToupled - (216)
ke[0.1)®[0, 1)
where
3U Mmaz+1 Mmax
+1 +1 _ 1 = - _ _
Vc{)Jpled = ( 9 + 6U2> ( Z fllemsfllka + Z f;rlkvanﬂka) ) (217)
m=0 m=0
2 q—1 3U
T=+1,s,v==%1 1
Vvdfe;rouple(;g ! =v Z Z ) (2 + 6U2) fblkm belkm’T (218)

where 1(2) = 2(1). Yet again there are 2¢ — (2mnq42 + 3) decoupled f modes for each k. Physically this corresponds
t0 2 — (2myas + 3)/q per moiré unit cell. The coupled modes can then be described by

H = =3 Z > Z Bl s (B) st (), (219)

k a,a’=1m=0m’=0

where ma=1,....4 = Ma,4+1, M5 = Mumaz + 1 and me = Mypq., and

d:naT(k) = (CilkOmT’ CzlkOm’N C;lkOm’P Cjukomm ﬂmmm JF2T1km¢) o (220)
with
—trv==%1 7+1,tv==%1
:‘;rnoz,m/o/ = <m|h:;a'T ‘m/>7 (221)
where the operators ﬁ:’lc;,?’”:il are given as
i 0 —iv2%a 0 yS@ata)  iv2iats(ata)
0 le 0 iv2%al  —iv2%aX(ata)  4X(ala)
iv/2% v(Ws + 2) M 0 0
jrltv=El V25 37T 3 2
e 0 —z\f% M v(Ws + %) 0 0 (222)
y2(ata) iv2ex(ata)at 0 0 v(3 4 6U,) 0
—-iv2%¥@ta)a  yE(ata) 0 0 0 v(3 +6U2) /.,

where @ is a simple h.o. lowering operator with |m) being a simple h.o. eigenstate and X(m) = 3,,. The exact
eigenstates for the above operator are exactly solvable in flat band limit, M = 0. The B field independent level
v(Ws3 4+ J/2) is formed by the anomalous ¢-mode in Eq.(208). The rest of the problem can be solved using the
anséatze: Eq.(209)-Eq.(211). The corresponding coefficients c((f), cg) and cﬁf’m) can thus be solved as eigenvectors of
the following 3 x 3, 5 X 5 and mynq, 6 X 6 Hermitian matrices respectively:

v, —i@ X0
i lv=£1 _ i (W 4 ) 0 , (223)
O 0 v(3U; + 6Us)
v Wy 0 —i 20 7% Y2,
0 i 0 BRELE on
ptv=E - 2 0 v(Ws + 2) 0 0 , (224)
D A CU 0 (301 4 6U,) 0

—iY2hs, 4% 0 0 V(33 + 602)
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Wy 0 —iv/2m + 2% 0 YEm INGIIES
0 vW1 0 iv/2m — 2% —z\/% ’yEm,l
prtme=t1 _ | FivV2m o+ 2% 0 v(Ws + ) 0 0 295)
6 0 —iv/2m = 2% 0 v(Ws + 2) 0 0
Y IS, 0 0 V(2% + 6U>) 0
fi\/%%Em_l yzm_l 0 0 0 V(2% + 6U,)

The magnetic subbands within the narrow bands from the coupled modes emanate out of the B — 0 energy eigenvalue
of the above decoupled matrices, v(W3+ %), which is 2 fold degenerate for matrix in Eq.(225)Vm and singly degenerate
for matrices in Eq.(223) and Eq.(224). Including the decoupled ¢ mode, we have 2m,;, . +3 magnetic modes emanating
out of this B — 0 energy eigenvalue. Now recall that we have 2¢ — (2mq. + 3) decoupled f modes with energy
V(% + 6U3). Thus in total we have 2¢q magnetic modes within the narrow bands, which corresponds to 2 states per
moiré unit cell. The spectrum for flat band limit has been shown in Supplementary Fig.(8b). Note that the B — 0
energies recovered by the decoupled matrices are the corresponding zero field energies of THFM at I'' in mBZ.

C. v =41, Spin |

Here we discuss the finite B THFM at v = +1 for 7 = +1 and spin |. The interactions read as[37]

4 Mg, +1 p—1 Ma,+1 p—1 J
+1
e i—vz(z ISP ILIPANIES ol 9p SEIEL ZAS
a=1 m=0 r=0 a=3,4 m=0 r=0
2+ (
+ Y Z ( “u +6U2> Fierr foter ¢) (226)

b=12r'=

Here Wye(1...4y and Uz are mean field coefficients with Wy = W and W3 = Wy [37]. In the f basis we can re-write
the interaction for f-fermion modes as

frr=+1,1 _ § I :+1,¢,V:i1 fir=+1,|,v==%1
Vl/:Til - V::o;—pled Vde;—oupled (227)
kel0,1)@[0,1)

where

fir=+1,l,v= :tl
coupled

N W

Momaz+1 Mmax
_ _ 1 _ _
Ui +6U2> ( mz::o fflkmfnkmi) tv <2U1 +6U2> ( > szmmsfmkm) , (228)

m=0

fir=+1,s,v==%2
Vdecoupled

2 q—1 b+1
24 (-1) - _
v Z Z (2U1 + 6U2> fglkmlifblkm’ia (229)

b=1 m'=mmqaz+b

where 1(2) = 2,1. Note that out of the available 2¢ f modes, ¢ — (Mmaqz +2) are decoupled with energy v (3U; + 6U>)

and ¢ — (Mpqe + 1) are decoupled with energy v (%Ul + 6U2)7 i.e. a total of 2 — (2myn4s + 3)/q decoupled f modes
per moiré unit cell. The coupled modes can then be described by

Hbopr =t =" Z > Z Bl o (K)drar (), (230)

k a,a’=1m=0m'=

where ma—1,....4 = Ma,4+1, M5 = Mymaz + 1 and me = M4, and

i _ (. i i T £t £t
dmal(k) = (CllkOml,’ C21k0ml > €31k0my > €41k0m > f11km¢v f21km¢) o (231)
with
—=ly==%1 +1,0,p=+1
B = (L7 '), (232)
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where the operators ﬁz’l’}’uzil are given as
vW, 0 —iv2%a 0 v (ata) z\[” atx(ata)
0 VW 0 iv2%al  —iv2%aX(ata) v (ata)
iv/2%at 0 v(Ws + £) M 0 0
b=t _ a7 3T 2 2
e 0 244 M v(Ws — %) 0 0 (233)
¥ (ata) zf Z(aT&)“ 0 0 v(3U; + 6U>) 0
—iv2%3(ata)a ’yZ(aT ) 0 0 0 v(5U +6U2) /

The eigenstates of the above operator are exactly solvable for the flat band limit, i.e. M = 0. The decoupled ¢
fermion given in Eq.(208) forms the field independent v(W5 + %) level. The remaining eigenstates can be obtained
using the ansétze given in Egs.(209)-(211). Setting up eigen-equation for these ansitze yield us the following 3 x 3,
5 x 5 and my,qz 6 X 6 matrices:

N VWl —ii\/%v* A/EO
1l,v==+1
Wt = e (w1 2 0 : (234)
')/20 0 V(%Ul =+ 6U2)
VW1 0 —i% ’}/21 Z\/E;L ZO
\/iv;
0 v Wy 0 —i~=X g3
Rt E = 20 0 v(Wstyg) 0 0 : (235)
vy 2y 0 (20 4 6U5) 0
RUALLES YO 0 0 V(4 + 6Us)
vWq 0 —iv2m + 2% 0 YEm Z\/Qm Em 1
0 viV1 0 iv2m — 2% —iv/ 2m Em ’yEm_l
primo=t1 _ | FiV2m 2% 0 v(Ws + %) 0 0 236)
6 0 —iv/2m — 2% 0 v(Ws — %) 0 0
Yo iV2mees,, 0 0 v(2% +6Us) 0
e Y N ) Y 0 0 0 V(5 +6U>)

where m € {2... M4 + 1}. The magnetic subbands within the narrow bands from the coupled modes emanate out
of the B — 0 energy eigenvalue of the above decoupled matrices, v(W3 £ %) v(Ws + %) here is singly degenerate
for each of the above matrices and thus in total my,., + 2 fold degenerate. On the other hand v(W5 — %) is in
total myq, fold degenerate for the matrix in Eq.(236) including all values of m. Including the anomalous ¢ mode
and 2q — (2Mynaz + 3) decoupled f modes, we have a total of 2¢ magnetic modes within the narrow bands, which
corresponds to 2 states per moiré unit cell per spin. The spectrum for flat band limit has been shown in the main
text Fig.(5-b). Note that the B — 0 energies recovered by the decoupled matrices are the corresponding zero field
energies of THFM at I'" in mBZ.

D. v=4+2, Spin 1|

In this section we discuss the finite B THFM at v = 42, Valley K and spin 1] sectors. The mean field interaction
at filling v = £2 for VP state at 7 = +1 for spin sector s reads[37]

4 Mg 4+1p—1 ma+1p1

+1s
=) (Z S 3 Wachsimstatirme #0032 30 3 Gebirucattrn:

a=1 m=0 r=0 a=3,4 m=0 r=0

— (440,
—+ Z Z < 1 U1 +6U2> f};rlk7./sfb1kr’s>7 (237)

b=1,2r'=0
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Supplementary Figure 6. Interacting heavy fermion Hofstadter spectra for valley K (a) spin 1 and (b) spin | at filling v = —2
at wo/w1 = 0.7 in the flat band limit M = 0. Mumaz = [‘%31

where o, = £1 for s =1 respectively. In the f basis we can re-write the interaction for f-fermion modes as

fir=+1l,s _ fir=+1,s,v=%£2 fir=+1,s,v==%2
VV:i2 - E : ‘/coupled + Vdecoupled (238)
kel0,)®[0,1)

where
Mmaz+1 Mmaz
V;{)g;;l,s,u:iQ =V (4 ‘Zas U + 6U2) < 71T1kmsf711kms + Z fglk;mszIkms> s (239)
m=0 m=0
fr=t1,8,v=%2 4+0; : = t =
Vdecoupled =V ( 4 Ul + 6U2> Z Z fblk:?n’sfbllwnl-S7 (240)

b=1m'=mmqaz+b

where 1(2) = 2,1. Note that we have 2 — (2m,q. +3)/q decoupled f states per moiré unit cell for each spin projection.
The coupled modes can then be described by

Ma ’

6 m,,
H b= 2 =3 N N N En o s (B) s (K), (241)

k a,a’=1m=0m’'=0

where ma—1,....4 = Ma,4+1, M5 = Mymaz + 1 and me = Mypq,, and

_ (T i T T et 7t
d;rnas(k) = (CllkOms’ Co1k0ms® C31k0ms® Ca1kOms® 11kms: f21kms)a’ (242)
with
Ear = (AT '), (243)
where the operators ﬁ:;f”’zﬂ are given as
N 0 —iV2%a 0 vS(ata) iv2%atsi(ata)
0 VW, 0 iv2eal  —iv2%aX(ata) v (ata)
frLsv=ta _ iv24al 0 v(Ws +0,4) M 0 0
o 0 —iv2%a M v(Ws +0,9) 0 0
y2(ata) V2% S(ata)al 0 0 v(HE22U; + 6U,) 0
—iv2%S@ta)a  yS(ata) 0 0 0 v(=£22U; + 6U3)

(244)

a,af
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where @ is a simple h.o. lowering operator, |m) is a simple h.o. eigenstate and ¥(m) = %,,. The exact eigenstates for
the above operator are exactly solvable in flat band limit, M = 0. The field independent +(2W3 + 5’) and +(2W3 — %)
levels at fillings v = £2 and 7 = 41 for spin 1| sectors respectively is formed by the anomalous c-mode in Eq.(208).

The rest of the problem can be solved using the ansitze: Eq.(209)-Eq.(211). The corresponding coefficients o )

085) and 0(6 ™) can thus be solved as eigenvectors of the following 3 x 3, 5 x 5 and M4, 6 X 6 Hermitian matrlces
respectively:
" VWl —i@ ’YZO
1,s,v==%2
hy = | i (W +0.2) 0 , (245)
X0 0 v(H2=U; + 6U>)
vWq 0 —222* ’721 ’L@EO
0 vW; 0 —iY2w, %o
hiher=EE = §20 0 v(Ws+o0.%) 0 0 , (246)
v iRy 0 V() 4 6U,) 0
—i Y2y, 720 0 0 V(22U + 6Us)
vWq 0 —iv/2m + 2% 0 YEm iv2m>2e Em 1
0 vW1 0 i2m —2%  —iV/2m%%,, 'yZm,l
plmsy=t2 _ +iv2m + 2% 0 v(Ws + 05%) 0 0 (24h)
6 n 0 —iv2m — 2% 0 v(Ws + USZ) 0 0
Ym iV2me =%, 0 0 V(22U + 6U,) 0
—iV2mE 1 S 0 0 0 V(22U + 6Uy)

The magnetic subbands within the narrow bands from the coupled modes emanate out of the B — 0 energy eigenvalue
of the above decoupled matrices, v(Ws3 + O’S%), which is 2 fold degenerate for matrix in Eq.(247)Vm and singly
degenerate for matrices in Eq.(245) and Eq.(246), for each spin projection. Including the decoupled ¢ mode, we have
2Mynaz + 3 magnetic modes emanating out of this B — 0 energy eigenvalue. Now recall that we have 2¢ — (2m 40 +3)
decoupled f modes with energy V(%%U 1+6Us). Thus in total we have 2¢ magnetic modes within the narrow bands,
which corresponds to 2 states per moiré unit cell for each spin projection. The spectrum for flat band limit has
been shown in Supplementary Fig.(6). Note that the B — 0 energies recovered by the decoupled matrices are the
corresponding zero field energies of THFM at I' in mBZ.

Supplementary note 7. DISCUSSION FOR VALLEY K’

In this section we discuss finite B THFM at valley K’, i.e 7 = —1. Note that summation convention on repeated
indices is implied unless explicitly stated. Using the SVD decomposition discussed we can re-write the matrix elements
as

mi,—1Mm1,-1

h’[_lmO] [1r’]ciflk0msf1—1kr'$ = ’Yzm/,FC]iflkOmsUmm/Vt?’,'r/fl—lkr’s = Z Z 72m5mfc-{71k0m5f1—1kf87 (248)

where we used the fact that U is an identity matrix and the rectangular matrix X, ,~ is non-zero only along its main
diagonal. Similarly

;) M2,—-1
1 _ . Ve T
Riama, [w]cz 1k0ms f1-1krs = =1 27 E , VINCy_1oms om—1.7 Ve f1-1kes
m=0

, M2, —1mz,—1—1

vl _
*1\/57 Z Z \/Ezfém—lfcg_1k0msf1—1kfs- (249)
m=0 7=0
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Supplementary Figure 7. Interacting heavy fermion Hofstadter spectra for (b) CNP at K’ contrasted with (a) corresponding
zero-field spectra at wo/wi = 0.7 in the flat band limit M = 0. Mmmaez = [‘%31

Because mg,_1 —1 = m1,_1 = Mypes, the upper bound on the 7 summation is the same in Eq.(248) and Eq.(249).
Similarly

y Mi,—1

. Uy
CJ{—lkOmsf271kr’s = Z\@? Z vm + 16]{—1k0m32m+1fv?7ﬂ”'f2*1k7“’5

m=0

h71

[1m0],[27/]

myi,—1my,—1+1

Ul =
Zl\/i7 Yoo D Vmid g faikes (250)

m=0 =0
mo _—1 M2 —1
h[12m0],[2r']C£—1k0msf2—1kr’s = Z VZmémw*C;—licOmsf?—lkfs- (251)

m=0 7=0

Because mi 1 + 1 = mg_1 = Myas + 1, the upper bound on 7 summation is the same in Eq.(250) and Eq.(251).
Thus for a given k, out of the available 2¢ f—modes, only 2m,,4, + 3 couple.

A. CNP

The interactions in f basis at CNP [37] can be given as
==l _ fir=—1, frr=-1,
Vf ’ t= Z cho;—pled ’ + Vdecouple;7 (252)
k€[0,1)®[0, ¢
U Mmax Mmaz+1
fir=—1,s __ 1 T = =t _
Vrcmjpled t= 7 ( Z fl—llmnsflflkmfS + Z f2—1kmsf21km5> ’
m=0 m=0
(253)
U 2 q—1
fir=—1s _ Y1 7t 7
Vvde;rouple(;9 - 7 Z Z fb_lkm/sfb—lkm/37 (254)
b=1m'=mmaz+b

Note that there are 2g — (2mpqz + 3) decoupled f modes for each k. Physically this corresponds to 2 — (2mye. +3)/q
states per moiré unit cell. The coupled modes can then be described as
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;—O;;lle; Z Z Z Z =ma,m/ a’dmas(k)dm "a! S(k) (255)

k a,a’=1m=0m'=

where Ma=1,....4 = Mq,—1, M5 = Mmax and mg = Mmaz + 1, and

Jjnas (k) = (CJ{—lkOms’ C;—lkOms’ C;—lkOms7 le—lkOms’ f_;r—lkms’ fg—lkms) a . (256)
The following operator can be defined for 7 = —1
0 0 —ivV2%at 0 ’yE(dT&) iV2%a%(ata)
0 0 0 iv2%a —2\[” at¥(ata) yX(ata)
- V2% 4 0 Z M 0 0
hil, = VT 2 257
o 0 —iv/2%af M z 0 0  (257)
yS(ata) V25 (ata)a 0 0 L 0
—iv2%3(ata)at  yX(ata) 0 0 0 Y e
where a is a simple h.o. lowering operator in terms of which matrix =, m/a’ can be expressed as
Emamar = (mlhg b m'). (258)

Here |m) is a simple h.o. eigenstate and X(m) = X,,. We now discuss the the exact solutions to the eigenstates of the
operator in Eq.(257) in flat band limit, M = 0. The B field independent J/2 Landau level comes from the anomalous
c-mode

6, = [0,0,0,]0),0,0]" . (259)

The rest of the problem can be solved using the following ansitze:
f; = [0 ¥ 10y,0,6 (1), 0,8 |0>} : (260)

T
n 5 5 5 5 5
05 = [ 10) &6 [1),0,¢7 2), e J0) o )]

(261)
_ T
5, = [ fm = 1), e fm) o) fm = 2) ) [ 1) 0 fm = 1) o) fm)| (262)
where m € {2,... ,Mpae + 1} c(’g ) denotes the coefficient of corresponding h.o state at index « in the 6-component

spinor in Eq.(206) and 3 labels the ansatz index 6. Using the above, we can set up the eigen-equation and solve for
the corresponding coefficients.

The ansitze 3 and 65 yield the 3 x 3 and 5 x 5 Hermitian matrices, whose eigenvectors are 0&3) and c((f), respectively:

0 i3 4%,
hyt=| —i¥2e 2 o |, (263)
7o 0o 4
0 0 0 4%, iy
0 0 in* Z\/iev; 721
hyt = 0 § 2y g 0 0 (264)
VS iR, 0 U 0
SURELES N S | 0 U

Similarly, the ansatz 96 yields the following 6 x 6 Hermitian matrix for each m, whose eigenvectors are c((x m),

0 0 —iy/2m — 2% 0 YEm_1 ) Qm%*z
0 0 0 iV2m + 2% —i\/2mv7*2m_1 YEm

h—l,'m _ +i/2m — 2'02 0
6 0 —iV2m + 2%
’yszl 7/\/ E7n 1
—iV2m% %, 'yZm

. (265)

o o ol
o oveo
ovS oo
v o oo
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Supplementary Figure 8. Interacting heavy fermion Hofstadter spectra for (a) valley K’ spin 1] (degenerate) and (b) valley
K spin 1 at filling v = —1 at wo/w1 = 0.7 in the flat band limit M = 0. The value of parameters used are W1 = 44.05meV,

W3 = 49.33meV and Uz = 2.656meV. mmaz = [52].

The magnetic subbands within the narrow bands from the coupled modes emanate out of the B — 0 energy eigenvalue
of the above decoupled matrices, %, which is 2 fold degenerate for matrix in Eq.(265)Vm and singly degenerate for
matrices in Eq.(263) and Eq.(264). Including the decoupled ¢ mode, we have 2m,;,,,, + 3 magnetic modes emanating
out of this B — 0 energy eigenvalue. Now recall that we have 2q — (2m4. + 3) decoupled f modes with energy %
Thus in total we have 2¢ magnetic modes within the narrow bands, which corresponds to 2 states per moiré unit cell
per spin. The spectrum for flat band limit has been shown in Supplementary Fig.(7b). Note that the B — 0 energies
recovered by the decoupled matrices are the corresponding zero field energies of THFM at I' in mBZ.

B. v =41 Spin 1}

The interactions at v = +1 for valley K’ spin 1/[37] is given as

|
—

4 Ma,—1p—1 Ma,-1p

_ J
T=—1,5=
VV_ N = VZ (Z Z ZWU.CZ 1krmsCa—1krms — 561_1]6Tmsca71krms
a=1 m=0 r=0 a=3,4 m=0 r=0
1
- 305 (300 00) i) (00

b=1,2r'=

Waeqi...ay and Uz are mean field coefficients with Wy = Wy and W3 = Wy [37]. The interaction for f modes in the f
basis can then be given as

for=—1,5 _ fir=—1 £y fr=—1 +1
VV=Ti P = Z ‘/co;—pled e ‘/cle;—o’u,pleé9 v (267)
k6[0,1)®[07a)
where
1 Mmaz Mmazt1
r=—1,s,v==%1 a 7 a z
Viagted ™~ =0 (201 +6Uz) (Z I tkms i=thms + Y fslkmfz_ms> : (268)
m=0 m=0

f,r=—1,s,v=%£1

= = 1 _ _
Vdecoupled =v Z (2U1 + 6U2) fl:r—lkmlsfb—lkm’s- (269)

Yet again there are 2¢ — (2mnq. +3) decoupled f modes for each k. Physically this corresponds to 2 — (2ma. +3)/q
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states per moiré unit cell for each spin projection. The coupled modes can then be described by

Hgoiglle’;’u::tl Z Z Z Z anl(/l n:fzo/dmas(k)gm’a’s(k)v (270)

k a,a’=1m=0m'=

where ma=1,....4 = Ma,—1, M5 = Mpae a0d Mg = Muma, + 1, and

_(.f T T T ) ot
djnas(k) - (cl—lk0m57 C2—1k0ms’ c3—1k0ms7 C4—1k0ms’ fl—llmns7 f2—1kms)a . (271)
with
= +1 2 —1,s,v==%1
15711; ;mlal T <m|h,a70; Y |m/> (272)
7 —1,s,uv==%1

where the operators h are given as

a,af

v, 0 —iv/2% af 0 vS@ate)  iv2ias(ata)
0 vWy 0 iWv2%a  —iv2%a'S(ata)  S(ala)
=l _ iV2%4 0 v(Ws — %) M 0 0
haar 0 —iv2%al M v(Ws — %) 0 0 (273)
y(ata) V2% S(ata)a 0 0 (% +6U>) 0
—iv2%S@ta)at  yX(ata) 0 0 0 v(G +602) /.,

where @ is a simple h.o. lowering operator with |m) being a simple h.o. eigenstate and X(m) = ¥,,. The exact

eigenstates for the above operator are exactly solvable in flat band limit, M = 0. The field independent v(W3 — %)

level is formed by the decoupled anomalous ¢ level given in Eq.(259). The rest of eigenstates can be solved using the

ansétze given in Eq.(260)-Eq.(262). The corresponding coefficients ¢, ) and L™

of the following 3 x 3, 5 X 5 and My, 6 X 6 Hermitian matrices respectively:

can be solved as eigenvectors

VW1 Z@ ’}/EO
hy DT = | ey — ) 0 , (274)
2o 0 V(% +6U>)
nia 0 0 S 2y,
0 VW1 22% —7;@20 ’721
by brEEL = 0 —i%e (W3- 2) 0 0 . (275)
DA C 0 v(L + 6U,) 0
SRELES S Y 0 0 (Y +6U,)
v 0 —iy/2m — 2% 0 vEm L i2mes,
0 vWq 0 1/ 2m + —* —1v2 Zm 1 Y¥m
mw=t1 _ | +ivV2m —2% 0 v(Ws — %) 0 0
o - 0 —iv/2m + 2% 0 v(Ws — %) 0 0 (276)
VEm—1  V2mES, 0 0 V(% +6U,) 0
—iV2m% %, Ym 0 0 0 V(% +6Us)

The magnetic subbands within the narrow bands from the coupled modes emanate out of the B — 0 energy eigenvalue
of the above decoupled matrices, v(W3— %), which is 2 fold degenerate for matrix in Eq.(276)Vm and singly degenerate
for matrices in Eq.(274) and Eq. (270) Including the decoupled ¢ mode, we have 2m,,,, +3 magnetic modes emanating
out of this B — 0 energy eigenvalue. Now recall that we have 2¢ — (2my42 + 3) decoupled f modes with energy
1/(% + 6Uz). Thus in total we have 2¢ magnetic modes within the narrow bands, which corresponds to 2 states per
moiré unit cell for each spin projection. The spectrum for flat band limit has been shown in Supplementary Fig.(8a).
Note that the B — 0 energies recovered by the decoupled matrices are the corresponding zero field energies of THFM
at I' in mBZ.
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Supplementary Figure 9. Interacting heavy fermion Hofstadter spectra for (b) valley K’ spin 1| (degenerate) contrasted with
(a) corresponding zero-field spectra at filling v = —2 at wo/w1 = 0.7 in the flat band limit M = 0. Mmaz = [73]

C. v==2 Spin 1|

The interactions at v = +2 for valley K’ spin 1[37] is given as

4 Mg,—1p—1 ma,flpflj
0 Y 95 3D LT ST S
a=1 m=0 r=0 a=3,4 m=0 r=0
13
+ 5% (G0 602) s ) 17)
b=1,27'=0

The interaction for f modes in the f basis can then be given as

T=—1,8 T7=—1,8,v==%2 ,T7=—1,8,v==42

vaf +1 = Z ‘/c{)upled Vdfecoupled (278)

ke[0,1)®[0,1)

where
3 Mmazx Mmaz+1
T=—1,5,v==% P i = -
V::J:)upledl i -V <4U1 + 6U2) < Z ffflkmsflflkms + Z fglkmszIkms> ) (279)
m=0 m=0

2 q—1 3

Vdfe,;—oz;lt’;,y:ig = VZ (4U1 + 6U2) flj‘flkm/sfb—lkm’s- (280)

Yet again there are 2¢ — (2mq. +3) decoupled f modes for each k. Physically this corresponds to 2— (2mmaz+3) /¢
states per moiré unit cell for each spin projection. The coupled modes can then be described by

Me

Hl oo =2 =% Z > Z S e (k) dmrars (K), (281)

k a,a’=1m=0m'=

where ma—1,....4 = Ma,—1, M5 = Mmaz aA0d Mg = Mypaz + 1, and

_ (T T T T
d;fnas(k) - (0171k0m57 0271k0m57 0371k0m57 C471k0ms’ flflkms7 f271kms)a (282)
with
=s,v==£2 _ 1, +2
:;Z,m’a/ - < |ha o; . | />7 (283)
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where the operators iL;’IC;,S’V:iQ are given as
v, 0 —iv22at 0 yS@ate)  iv2ias(ata)
0 VW, 0 W2ta  —iv/2%atn@ata)  x(ata)
flsw=2 _ iv2%a 0 v(Ws —9) M 0 0 (284)
aaf 0 —iv2%al M v(Ws —9) 0 0
yS@ta)  iv2eX(ata)a 0 0 V(3 4 6U5) 0
—iv2%:x@ata)at  yx(ata) 0 0 0 v(E 1 605) /L

where @ is a simple h.o. lowering operator with |m) being a simple h.o. eigenstate and 3(m) = 3,,. The exact
eigenstates for the above operator are exactly solvable in flat band limit, M = 0. The field independent v (W3 — ZI)
level is formed by the decoupled anomalous ¢ level given in Eq.(259). The rest of eigenstates can be solved using the
ansétze given in Eq.(260)-Eq.(262). The corresponding coefficients c&?’), 0515) and 086’7") can be solved as eigenvectors

of the following 3 x 3, 5 X 5 and My, 6 X 6 Hermitian matrices respectively:

I/W1 ’L@ 'YZO
hy TR = i, — ) 0 ; (285)
%0 0 V(3 + 6U,)
v 0 0 ¥ 2y,
0 Z/W1 12% —i@ZO ’721
by trEE2 — 0 %= (W — ) 0 0 . (286)
¥ 2%y, 0 w( 46l 0
SEACLES S o 0 0 V(3 4 6U,)
v, 0 —iy/2m — 2% 0 V1 iV2mes,,
0 vWy 0 iv2m + 2% fi\/vaT*Em_l Ym
polmov=t2 _ | +ivV2m = 2% 0 v(Ws — 9) 0 0 0 287)
6 N 0 —iv/2m + 2% 0 v(Ws —9) 0 0
Yot V2, 0 0 V(2 +6U>) 0
—iv2m= %, YEm 0 0 0 v(3 4 6U,)
The magnetic subbands within the narrow bands from the coupled modes emanate out of the B — 0 energy eigenvalue

of the above decoupled matrices, v(W3— ), which is 2 fold degenerate for matrix in Eq.(287)Vm and singly degenerate
for matrices in Eq.(285) and Eq.(286). Including the decoupled ¢ mode, we have 2m,;, ., +3 magnetic modes emanating
out of this B — 0 energy eigenvalue. Now recall that we have 2¢ — (2my42 + 3) decoupled f modes with energy
1/(% + 6Uz). Thus in total we have 2¢ magnetic modes within the narrow bands, which corresponds to 2 states per
moiré unit cell for each spin projection. The spectrum for flat band limit has been shown in Supplementary Fig.(9b).
Note that the B — 0 energies recovered by the decoupled matrices are the corresponding zero field energy of THFM

at I' in mBZ.

Supplementary note 8. NAIVE MINIMAL SUBSTITUTION

Including both the ¢-¢ and ¢-f coupling in Eq.(2) of main-text, the zero B field THFM can be written as a 6 x 6
matrix, say at 7 = +1

24,2 24,2 —
0 0 vk 0 e Ty e T
— 24,2 2,2
0 0 0 vk e 3 vl e~ 55 v
= vik 0 0 M 0 0
hi~' = 0 vk M 0 0 0 : (288)
k2,2 _22 -
e 2 v e 2uvk 0 0 0 0
24,2 24,2
e 2 vk ey 0 0 0 0 ,

(289)
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Supplementary Figure 10. The spin valley degenerate non-interacting Hofstadter spectrum for M # 0 at wo/w1 = 0.7 (a)
obtained using naive minimal coupling compared to the (b) spectrum obtained using the formalism constructed in the paper
for B # 0 THFM. The magnetic subbands within the narrow bands are spread in the energy window of |2M|, which also sets
the bandwidth of narrow bands at B = 0 in THFM. The total number of subbands within the narrow bands i.e. in the energy
widow [-M,M] at flux 1/q in (a) is (2m. + 1) while in (b) is correctly 2g. We use mmaez = m. = [ 452]

where k = k, + ik, and k =k, — ik,. Following a naive minimal substitution, we promote k, + ik, — —iv/2a/0,
where G is the Landau level (LL) lowering operator. Although it is completely unclear on how to perform the minimal
substitution on e~ 2%°*" | if we were to Taylor expand it as 1 — KN+ . =1— %%2’5"3/\2 + ... and use the finite B
substitution for k¥ and & mentioned above we get 1 — (afa + %)’}—j + .... If this operator acts on LL state |m), upto
0(2‘—22), we get 1 — (m + %)2‘—22 But recall that this is same as the B — 0 limit of ¥,,, as given in Eq.(179). Based on

this assumption, we thus promote e~ 3N ¢ Yota = Y(ata) at finite B. We thus have

0 0 —iv2%a 0 yS@ata)  iv2iats(ata)
0 0 0 iW2%at —iv2iraX(ata)  42(ata)
. iv2zat 0 0 M 0 0
B 0 —iV2%a M 0 0 0 » (290)
v (ata) V2= Y(ata)al 0 0 0 0
—iv2%3(ata)a  yS(ala) 0 0 0 0 oo

where we assume that the correct way of ordering ¥(a'a) with respect to the operators a and af (coming from the
promotion of k and k respectively) is the one we have in Eq.(206). The Hofstadter spectrum based on the naive
minimal substitution approach can thus be obtained by solving the eigenstates of flgjlm, in the LL basis. The LL
basis [m) used for computing the matrix elements for index o € {1,6} are: m € {0,m,} for index @ = 1 (a = 1
c-fermion), m € {0,m, — 1} for index @ = 2 (a = 2 c-fermion), m € {0, m, + 1} for index @ = 3 (a = 1 c-fermion),
m € {0,m, —2} for index @ =4 (a = 1 c-fermion), m € {0, m,} for index « =5 (b =1 f-fermion) and m € {0, m,—1}
for index @« = 6 (b = 2 f-fermion). The spectrum is shown in Fig.(10a). Although the magnetic subbands within
the narrow bands are well separated from the remote bands, the total number of states within the narrow bands
is (2my + 1)¢/ o per moié unit cell per spin per valley (same as the number of zero modes for M = 0, shown in
main-text), which of course is incorrect as the total number of states should rather be 2 per moiré unit cell per spin
per valley, independent of B.

Supplementary note 9. PARENT KRAMERS INTER-VALLEY COHERENT STATE

In this section, we discuss the Landau quantization of the one-shot Hartree Fock (HF) bands obtained for a parent
Kramers inter-valley coherent (KIVC) state at fillings v = 0 (CNP) and v = —2.
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Supplementary Figure 11. Spin degenerate (b) interacting heavy fermion Hofstadter spectrum for KIVC state at CNP contrasted
with (a) corresponding zero-field spectrum at wo /w1 = 0.7. Mmaz = [4;231

A. CNP

The spin degenerate B = 0 one-shot Hartree-Fock (HF) mean-field (MF) Hamiltonian for parent KIVC state at
v =0 is given as[37]

k2)2

oty 0 vi(kgooTs +ikyo.10) € 2 (yooT0 + Vi (keouT. + kyoyTo))
Hgxive (k) = —Zoymy + Mo, 0 , (291)
h.c. %UyTy

where k = (k, k) €moiré BZ, the Pauli matrices ¢ and 7 act in the orbital and valley space respectively and h.c.
represents hermitian conjugate.

Let us begin the discussion by first analyzing the decoupled f modes at B # 0. Recall that at every k €magnetic
BZ, ¢ — (Mmaz + 2) of fi1gms and fo_1xs modes, i.e. the ones with ' > mypae + 1 decouple from the cs. Similarly
q— (Myaz+1) of f_Qlkr/S and f_lflkr’s modes, i.e. the ones with r’ > m,, ., decouple from the c’s at every k €magnetic
BZ. We see that even for the KIVC state, the decoupled f modes contrib}lte to 2¢ — (2Mmae + 3) B independent

energy levels at +U; /2. Physically, these modes are the linear combination 7 (firkrs £ fa—1krs) With 77 > Mipep+1

and % (fglk,./s + f1—1kr's) with ' > mypnqe, which contribute ¢ — (Mpae +2) and g — (Mypee + 1) modes at U7 /2,
respectively. We thus have 2¢ — (2my,q, + 3) modes at £U; /2 as motivated above.

Before discussing the Hofstadter spectrum for the coupled modes, we first perform a U(4) rotation (ei%iw, where
3,0 is defined in Eq.(4) of Ref.[37]) ) on the zero magnetic field Hamiltonian in Eq.(291) to re-write it in a much
familiar form as

2,2

0t 0 vi(kgooT +ikyo.10) e 2 (yooTo + Vi (keoaT. + kyoyTo))
Hg xive (k) = ~Jogr, — Mo, 0 , (292)
h.C. _710.07_
2 z

If we were to set M = 0 the two valleys in the above Hamiltonian decouple (the model becomes identical to that for
VP state due to the U(4) symmetry in flat band limit [37]). Using the results in Sections.(Supplementary note 6 A)
and (Supplementary note 7 A), we know how to promote each of the valley block to B # 0. The role of M is to couple
both the valleys. Hence the Hofstadter spectrum for the coupled modes of ¢ and f, for the KIVC state at v = 0, can
be obtained by solving the eigenvalues of the operator

R e iL—&-l,V:O il
e = (M i) e
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Supplementary Figure 12. The (b) interacting heavy fermion Hofstadter spectrum for KIVC state at ¥ = —2 spin 1 sector
contrasted with (a) corresponding zero-field spectrum at wo/w1 = 0.7. Mmaz = [452].

The intra-valley operator h™*=9 can be obtained by setting M = 0 in operators given in Eqs.(206) and (257) for
7 = +1 and —1, respectively. The inter-valley part is given as

. 0 0 0
ha = —Mo, O (294)
h.c. 0
The Hofstadter spectrum is shown in Fig.(11).
B. v=-2
1. Spin
For filling v = —2, in this section we discuss the Landau quantization of spin flavor s =1 of the B = 0 one-shot HF

MF Hamiltonian obtained for the parent KIVC state The B = 0 Hamiltonian upto a U(4) rotation ((ei%iw, where
3.0 is defined in Eq.(4) of Ref.[37]) ) can be given as[37]

PN —2W Vi (kyooTs + ikyo.T0) et (vooTo + Vi (kyooT. + kyoyTo))
Hy xrve(k) = —2W30019 — %UoTz Mo, 0 ) (295)
h.c. —(2U1 + 12U2)00T0 - %O’QTZ

where k = (k;, ky) €moiré BZ, the Pauli matrices o and 7 act in the orbital and valley space respectively and h.c.
represents hermitian conjugate. The intra-valley terms in Eq.(295) can be promoted to B # 0 using the results in
Sections.(Supplementary note 6 D) and (Supplementary note 7 C). The two valleys can then be coupled by M. Hence

the Hofstadter spectrum for the coupled modes of ¢ and f, for the KIVC state at » = —2 spin sector 1, can be
obtained by solving the eigenvalues of the operator
SKIVC,tv=—2 ptv=-21 har
ha,oc’ - ( }ALM }AL7171/:72,T ’ (296)
a,a’

where the operator h™*=~2" can be obtained by setting M = 0 and s =1 in operators given in Eqgs.(244) and (284)
for 7 = +1 and —1, respectively. The inter-valley coupling hys is given in Eq.(294). As argued in the previous
section, the decoupled f modes give rise to the 2¢ — (2mmqaz + 3) B independent energy levels at —12U, — 2U; + %,
which physically are linear combinations % (fnk,,/s + fg,lkws) and % (fglkr’s + fl,lkws), with " > mypez + 1 and
" > Munax, respectively. The Hofstadter spectrum is shown in Fig.(12b)
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Supplementary note 10. EFFECTIVE HAMILTONIANS FOR LANDAU QUANTIZATION OF LIGHT
MODES

In order to better understand the Landau quantization of the zero B bands of interacting THFM in vicinity of
I’ emBZ, i.e. where the lowest energy single particle excitations (light modes) reside, we derive an effective low energy
Hamiltonian for THFM at B # 0 in this section. Such an analysis offers us with a deeper qualitative understanding of
not only the low energy but also the low B physics of THFM. As discussed in the main text, the decoupled f modes
are only responsible for forming the B independent higher energy level (heavy modes) and it is rather the coupled
modes of ¢ and f fermions which dictate the Hofstadter spectrum of THFM. Thus the results obtained for coupled
modes in previous sections serves as the starting point for the following analysis.

A. CNP

In the flat band limit M = 0, THFM is U(4) symmetric[37]. The coupled modes at CNP can be described by 6 x 6
operators given in Eq.(206) and Eq.(257) with M set to zero, for 7 = £1 respectively. The magnetic subbands within
the narrow bands emanate out of the B — 0 energy F.J/2, while the remote subbands emanate out of B — 0 energy

—7U1 /4 — \JU?/16 + 4% and —7U; /4 + \/U}/16 +~2, for 7 = £1 and marked by +&+, in main text Fig.(2). These
energies correspond to the eigenvalues of the B = 0 flat band THFM at I" obtained for the parent VP state. Recall

FT:+1 0 0 YO0
that it has the form[37] ( pr=—1 > at ', where F7 = —7J/20y 0 , where Pauli matrix oy
h.c. —TU1/20'0
acts in orbital space. The corresponding eigenstates, labelled by |p, 7, 7) with p € {1,2,3} and j € {1,2} are given as
|1,1,7 = +1) = (0,0,0,1,0,0,06x1)" ; 11,1,7 = —1) = (06x1,0,0,0,1,0,0)" (297)
11,2,7 = +1) = (0,0,1,0,0,0,06x1)" ;  [1,2,7 = —1) = (0gx1,0, 0,1,0 0,0)" (298)
1 T T
2,1, 7 =+1) = (0,X1,0,0,0,1,06%1) ; [2,1,7=-1)= 06><1,0 X_1,0,0,0,1) (299)
Nx1 VNx_1
1 T T
2,2, 7 = +1) = (X1,0,0,0,1,0,06x1)" ; [2,2,7=-1)= 06><1,X_1,O 0,0,1,0) (300)
Nx1 \/
1 T
13,1,7 = +1) = (0,Y1,0,0,0,1,06x1)7;  [3,1,7=—1) = om,o Y.1,0,0,0,1)7  (301)
Ny VNy 1
1 T
13,2, 7 =+1) = (Y1,0,0,0,1,0,06x1)" 5 13,2,7=—-1) = ngl, ~1,0,0, 0,1,0) (302)
VvV Ny1 VNy_1
where (Ogx1) represent 6 zero entries (0,...,0),

— UL /4 + JUZJ16 1 2
x, = - T+ VU6 + 57 (303)
Y
— 4 — 2 /1 2
Y, =— TUL /4 — UE/16 + v (304)

’Y )

The normalizations Ny, = 1+ X2 and Ny, = 1 + Y2, The energy of state |p, j, 7) can be labelled as E, ; -, where

Ele = —TJ/2 = ET, (305)
Eyjr = —1U1 /4 — \JU?/16 + 72 = Ex, (306)
Esjr = —1U1 /4 + /U2 /16 + 42 = Ey,. (307)

As shown in the section(Supplementary note 8), the B # 0 THFM for the coupled modes, upto the ambiguity of correct
ordering of singular values, is the same as having naively minimally substituted in B = 0 THFM. Hence, throughout
the discussion we consider the B # 0 basis to be the finite B k - p basis, i.e. given as |p,j,7,m) = |p, j, 7)|m), where
|m) is the m** LL.
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Supplementary Figure 13. The comparison of (b) LL spectrum obtained using the effective Hamiltonian (-) with the exact
calculation (-) contrasted with the corresponding comparison at (a) B = 0 for valley K’ at CNP. The spectrum at valley K is
related by particle hole symmetry. For the comparison to be tractable we set mmaq> = 26. Note that the above figure is spin
degenerate.

1. Parent Valley Polarized State

Clearly the subspace of interest, for which we want to derive an effective Hamiltonian, is the one spanned by states
lp = 1,7, 7,m), i.e. the a = {3,4} ¢ fermions for each 7 = £1. To obtain the effective Hamiltonian we eliminate
all the terms in operator Egs.(206) and (257) (i.e. at 7 = 41, —1 respectively) which can mix the subspaces using
Schrieffer Wolff Transformation (SWT). We moreover omit the contributions to effective Hamiltonian of order greater
than B3/2 ie. 1 /03. Below, we discuss the SWT scheme followed to obtain the effective Hamiltonian. We first rewrite
the operators in Eqgs.(206) and (257) with respect to the B = 0 eigenstates at ', |p, 7, 7), given in Eqgs.(297)-(302) as

H=Hy+ AV, (308)
where A is an artificial parameter that helps us keeping track of the order in perturbation, to which we compute
the effective Hamiltonian and is later set to 1. Along with M, we treat all the terms in operator in Eqgs.(206) and
(257) (i.e. at 7 = +1,—1 respectively) which can mix the subspaces as perturbation V. The unperturbed part

_(m
Hy = < HI= where

E.op 0 0
H(; = 0 EXTUO 0 (309)
0 0 Ey o9

The Pauli matrix oy above acts in the j € {1,2} space of for each p, and the energies E, Ex,, Ey, are given in

T=+1
Eqgs.(305)-(307). The perturbation is given as V' = ( v 0 VTE*I ), where
\/§ Xqv, -2 Yiv,
0 M r NT)}na f 0 _ZT«/I\;]yla s 0
X104 -2 Yyvu,
o0 A 0 e
r=+1 _ 0 —i22 Xt 0 _jV2 (0
Vet = Mo T VNxivy (310)
0 V2 (aAYv, i 0 ’
T VNxiNy1 © f
b 0 NYl a
.C.

where h.c. represents hermitian conjugate. In above matrix, the terms of O(L,%) have been opted out as they contribute
terms of O(Z%) to the effective Hamiltonian. V™="! can be obtained by replacing X1,Y; — X_1,Y_1, Nx1, Ny1 —
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Nx_1,Ny_; and a ¢ a' in Eq.(310). Let us now consider the SWT, generated by S = S*, such that it decouples the
three subspaces in the transformed Hamiltonian. The transformed Hamiltonian is given as

H' =¥ He ™ (311)

2 Z‘3

— H +i[S, H] + %[s, (S, H] + (S, (S, 1S, H]) + ... (312)

The generator of the transformation can be expanded in orders of A as
S =AS + A252 + ASSg + ... (313)

Substituting Eq.(313) into Eq.(312) gives us
2
H' = Ho+ AV 451, Ho) + A% (1182, Hol + 51, V] + ;151,151 Hal]) + (310

i2 i2 i2 i3
A3 (i[53,H0] +i[Sa, V] + Q[Sz, [S1, Hol) + 5[51, [S2, Hol] + 5[51, [S1, V]Il + 5[51, [S1, [517H0]]> (315)

+O(AY) + ... (316)
= Hy+ AH] + A?H) + AHL +O(A*) + ... (317)

Recall that the generator S is defined by the condition that the SWT decouples the three subspaces. Since the two
valleys are decoupled, for either valley 7, we have

<P7j7 T, mIH;L|pl7j/’ T, m/> = 6/),,0’ <p7ja T, mlHMPJ/, T, m/>' (318)

We thus have, for p # p’ and n = 1 in above

(p, g, 7 m| (V +i[S1, Hol) |p', j', 7,m") = 0 (319)
{p.gymm|Vp' g’ mm”) /
1 for ,
— (pdormlSilelJrm) = L B b7 (320)
0 for p=/p,
Similarly, for p # p’ and n = 2, we have
. . . Z'2 /! /
<p7.777-7m| Z[S%HO]+Z[Sl7v]+§[sla[slaH0]] |p7j 7T7m> =0 (321)
. . 1 . ~ = ~ ~ = ~ .
— <p7.]a T, m|52|p17.7/a T, ml> - 7= o Z <p7]a T, m|51|/77.77 T, m><p,j, T, m‘V‘p/u]/a T, m/>_
Epjr = Eprjrr ~
pEP; M
> Apgsmom|VIp, g, m)(p, g, m|S e 5 T m)
p#P' T3
Eyir +Eyjir . C et~ .
o Z (EﬁjT - PJQPJ) <p7]77—7m|31|pvja7_7 m><p,],7,m|51|pl,]’,7, m/> for P 7é p/a
p#pp’ij
=0 for p=/p, (322)
were j is summed over {1,2}, i.e. the two states constituting each subspace. We further assume that
> 16 d ) (p, g mml = 16, 3, 7) (6, 3 7l, (323)

which is justified in the (k- p) continuum limit, as the upper cutoff on LLs in such a limit is unbounded. The effective
Hamiltonian for either subspace p, can now be deduced in orders of A. The O(AY) contribution to the effective
Hamiltonian in subspace p is trivially E,;+d;;; and O(A') terms are

<p7j7 T7m|H{‘p’jl7T7 ml) = <p’j7 T7m|V|p7j/7T7 m,>' (324)
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The O(A?) terms are found out to be

. . 1 ) _ o~ _ o~ . 1 1
(p, g, msm|Hsp,§',7om!)y = = > {p, . rm|V1p, §, 70, 3, 7IV|p, j', 7o) + (325)
EPjT - Epir Ep}'r - Epj/T

2 .
P#P;J

The O(A3) terms are found out to be

. . Z . ~ = ~ = . . ~ = ~ = .
(p. g, mom|Hjlp, §',mom/)y = = > [(p.j,7oml|S2|p, 5, 7) (5. 3, 7|V |p, ', mom!y = (p. o r,mIV B, 3, 7) (5, 5, 71 Salp 57, 7m) ]

2 .
p#P3J
1 . —_ = —_ = ~ = ~ = .
T S [UpodsmmlSilp, 3. 7). 3, 715116, 3, 7) (B, 5, TIV ] 5 mom )+
p#p;] PFPB3I
<p7jv T,m|V|ﬁ,j,T><ﬁ,j,T|S1|ﬁ,j,T><ﬁ,j,’7’|31‘p,j/,7’, m/> - 2<P,j7 T,m|S1|ﬁ,j,T><ﬁ,j,T|V|ﬁ,j,7’><ﬁ,j,7’|51|p,jl7’7'7 m/>]

(326)

Substituting Eqgs.(320) and (322) in Egs.(325) and (326) and further substituting them and Eq.(309) in Eq.(317),
upto O(A3), the effective Hamiltonian for p = 1 is given as

HZM 0
eff _ VP
where
J 1t A 3 )
= —5 4+ hwe ' aa 155a Me
o= (et ) (1 Mt ) o @29
2 C

where the Pauli matrix acts in the orbital space of a € {4,3} c-fermions. The cyclotron frequency w! and the other
coefficients above are

202 X2 Y2
Bt — 20 T r 329
© T (NXT(ET—EXA " NYT<ET—EYT>>’ (329)

X Y, (X, +Y;) X3 v3
AT = 43/2020) ToT\T T T T T 330
Vi, (NXTNYT(ET BB —Byy) T NEB B T NE(E —Ey2) 330
X2 Y2

M 2 T T , 331
€ U* (NXT(ET - EXT)2 + NYT(ET - EY‘I’)2) ( )

H‘T,;_l can be obtained by replacing ¢ < af, wgl),A(l),Mél) — wé_l),A(’l),Mé_l) and f% — % in

Eq.(328). Substituting Eqs.(303)-(307) in the coefficients, we have (2hw!™” = —r(399586.49352)meV A2, A(D) =
—7(42668446.86852) meV A3 and M) = —12847.14767 A2

The above effective Hamiltonians H™ describe the Landau quantization of the light single particle excitations towards
CNP obtained for parent VP state. Clearly, the LLs emanate out of —7.J/2+ M. For the U(4) symmetric THFM (i.e.
M = 0), in the B — 0 limit, we can the drop off-diagonal O(£~3) terms in H™. Then apart from the mode (0, |0))” and
(|0y, O)T at 7 = +1 and —1, respectively, all other LLs come in degenerate pair of two. This degeneracy at B — 0 limit
gets split as we tune back M. The comparison of the LL spectrum obtained using the above effective Hamiltonian
with the one obtained via the exact calculation for valley sector K’ is shown in Fig.(13). The LL basis used to
generate the plot is (0, |m1),|m1),0)T, (jma), |ma + 3), |ma + 3), |ma))T and (|ms),0,0,|ms))?, where m; € {0,1,2},
ma € {0,..., Mumaz — 4} and m3 € {Minaz — 3, Mmaz — 2, Mimaz — 1} respectively. We use (|m3), 0,0, |ms3))T rather
than (|m3), |ms +3),|ms +3), |m3))T in order to avoid three modes emanating out of spurious B — 0 energy —7.J/2,
for each 7. These three spurious modes are present in the exact calculation, as can be seen in Fig.(13). However,
recall that in practice we use Myq0 = [‘15—31, so these three LLs are lost as B(q) increases(decreases).

2. Parent Kramers Intervalley Coherent State

In the case of the parent Kramers intervalley coherent (KIVC) state, the coupled ¢ and f modes are described by
the operator in Eq.(293). Unlike in previous section, we now break the B = 0 Hilbert space at I' into 5 subspaces.
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Supplementary Figure 14. The comparison of (b) LL spectrum obtained using the effective Hamiltonian (-) with the exact
calculation (-) contrasted with the corresponding comparison at (a) B = 0 for KIVC state above CNP. The spectrum below
CNP is related by particle hole symmetry. For the comparison to be tractable we set mmaee = 11. Note that the above figure
is spin degenerate.

The subspace of interest is the one spanned by states |1,7,7) with 7 € {1,2} and 7 = %1, i.e. the one spanned
by a = {3,4} ¢ fermions at each valley. The remaining four subspaces are spanned by |2, j,+1), |2,7,—1), |3,7,+1)
and |3,7,—1), where j € {1,2}. These states are given in Eqs.(297)-(302). In the following discussion, we refer to
these states and their energies by |e,1) and E, respectively. Here € € {1,...,5} labels the 5 subspaces. The index
le{l,...,4} for e =1 and [ € {1,2} for e = {3,4,5}, labels the states spanning the subspace e. We promote these
states to B # 0 as |e,l,m) = |, 1)|m), where |m) is the m*" LL, i.e. the finite B k- p basis. Using the SWT procedure
introduced in the previous section, we eliminate the terms in the operator given in Eq.(293) which can mix between
these subspaces to obtain an effective Hamiltonian for the subspace spanned by by states |e = 1,1, m).

To begin with, we re-write the operator in Eq.(293) with respect to the above B = 0 eigenstates at I" as
H=Hy+ AV, (332)
h.c. VT="1

V™=*1 can be obtained by setting M = 0 in Eq.(310). We can obtain V™=~! by replacing X;,Y; — X_1,Y_q,
Nx1,Ny1 — Nx_1,Ny_; and a <> al in V"=*1. The inter-valley perturbation Vj; is given as

Hj=H VTt vy e K : .
where Hy = =1 and V = . H{ is given in Eq.(309). The intra-valley perturbation
0

Mo, 00
Vu=1 0 00 (333)
0 00

The effective Hamiltonian can then be expanded in orders of A, as given in Eq.(317). Following the condition that
the transformation decouples each subspace, we have

(e,1,m|H] |, I",m"y = bc.e (e, l,m|H, e, l',m') (334)
For € # € and substituting n = 1 in H], gives

(e,1,m|(V +i[Sy, Ho]) |€,1',m') =0 (335)
{i<e,l7m|V|e',l',m/) for € # 6/,

Ee’l/ —FEq

= (e,l,m|S1]€',l',m') = (336)

for e=¢,
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For € # € and substituting n = 2 in H], gives

-2
<e,l,m\ <Z[SQ,H0] +Z[517V] + %[Sl, [ShHOH) |6/,ll,m/> =0 (337)
’oqr / 1 ~ 7 =N/~ T = ’oqr /
= <€,l7m|52‘€ al 7m> = ﬁ Z <€alam|S1|€7 7m><€7lam‘v‘€ ?l , M >7
el €'l E;ée;[;ﬁz
e, 1, m|V|& 1, m)(e1,m|S|e, 1", m/
> e lm|VIe l,m) (e 1, m|Si|e, 1,
E;ée/;f;rh

M2

Ee Ee’ 4 ~ 7  ~ T~
a Z E€l~_ l—|_2l> <€7l7m|51|65la ,’I’I’L>< ?l7m‘51|6/7l/aml> for e 7é ela

EF£ee’;l,m

=0 for e=¢, (338)

As in the previous section, we further assume that

> e Lm)(e 1| = [& )& 1], (339)

m

which is justified in the (k-p) continuum limit, as the upper cutoff on LLs in such a limit is unbounded. Substituting
Eqgs.(336) and (338) into the expansion in Eq.(317), we can now obtain the effective Hamiltonian in orders of A. The
O(AY) contribution to the effective Hamiltonian in subspace e is trivially Eqd;r and O(Al) terms are

(e, l,m|Hi|e,l',m"y = (e,l,m|V]e,l",m'). (340)
The O(A?) terms are found out to be
1 1

s 1
(e, L m|Hyle, U m') = 2 §[<e,l,mV6,l><e,l|V|e, U om) (Ed ot T Ed,) . (341)

The O(A3) terms are found out to be

(e,1,m|H}Je, U/, m) = % 3 [(e,l7m|52|€7 D TV]e !, m') — (6,1, m|V]E, 1) (e, l~|52\6,l/7m/>]
E;ée;i
1 I o~ o~
75 Z Z [<E,l,m|51|6,l><€,l|51|6,l><6,l|V|6,l/,m/>+
E#e;[@éﬁg;i
(e,1,m|V &, 1)(& 1| S1[&, 1) (€, 1[Sh]e, I',m)y — 2(e, 1, m|S1|&, 1) (& 1|V [€, 1) (&, 1| S e, l”m'ﬁ
(342)

Up to the O(4), the effective Hamiltonian for subspace e = 1 is found to be

T=41
HeI T = (HKIV+C 1;'_[24_1 ) , (343)
h.c.  Hive

where Hf v can be obtained by setting M = 0 in the expressions for H{,p in Eq.(327). The matrix Hys couples
both the valleys and is given as

M, M,

Hy =M (1 + £2Cl ata + ; aa*) 0. (344)

where the Pauli matrix acts in the orbital space of a € {4,3} c-fermions and

X? Y?

My = v? ( -1 + -1 ) , 345
' \Nx_i(Br — Ex_1)(Ex—1 — E_1) ' Ny_i(E1 — Ey_1)(By_1 — E_y) (345)

X? Y7
Moy = v? ( L + 1 ) 346
*7 "\ Nx1(By — Ex1)(Ex1 — B—1) | Ny1(E1 — By1)(Ey1 — E_1) (346)
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Supplementary Figure 15. The comparison of (b,c) LL spectrum obtained using the effective Hamiltonian (-) with the exact
calculation (-) contrasted with the corresponding comparison at (a) B = 0 for valley spin sector K | at v = —1. For the
comparison to be tractable we set an upper-cutoff of 25 on the LL index. Note that the above figure is spin degenerate.

Substituting Eqs.(303)-(307) above we get My = My = —20880.79644A2. Clearly the LLs emanate out of B — 0
energy ++1/M? + J2/4. In the B — 0 limit, we can drop the O(e%) terms in the effective Hamiltonian. The LL

energies in this limit take the form +EF, where Ef = \/(% + hwg_l)(n + 324+ M2(1+ Mt (2n 4+ 1))2 %, and

n € {0,1,2,...}. For small LL index n, we further have E_ , ~ E;. Thus except the anomalous mode +E, the
leading LLs appear in pairs approaching double degeneracy, as can be seen in Fig.(14) where we compare the LL
spectrum obtained using the above effective Hamiltonian with the one obtained via the exact calculation. Note that
such an approximate degeneracy is absent in the spectrum for VP state (see Fig.(13)).

The LL basis used to generate the plot is (0, |m1), |m1),0)T, (jma), |m2+3), |m2+3), jm2))T and (Jms), 0,0, |ms))T,
where m; € {0,1,2}, ma € {0,...,Mmaz — 4} and ms € {Mumaz — 3, Mmaz — 2, Mmaz — 1} respectively. We use
(Jms),0,0,|m3))T rather than (|mgz),|ms + 3),|ms + 3),|m3))T in order to avoid three modes emanating out of
spurious B — 0 energy +.J/2. These six spurious moges are present in the exact calculation, as can be seen in Fig.(18).

However, recall that in practice we use myqe = [452], so these three LLs are lost as B(q) increases(decreases).

B. v=-1
1. Parent Valley Polarized State

K : In this section we discuss the derivation of the B # 0 effective Hamiltonian for the spin and valley sector |, K
for the case of parent VP state at v = —1. The coupled modes of ¢ and f fermions are described by the operator in
Eq.(233). As discussed in main text and Section(Supplementary note 6 C), for the above mean-field sector in flat band
limit M = 0, the magnetic subbands within the narrow bands emanate out of the B — 0 energy —Ws % The remote

subbands on the other hand emanate out of the B — 0 energy 3 (—Wl — (6U2 + %) =+ \/472 + (Wy — (6U3 + U21))2)

and 3 (—Wl — (60U + 251) & \/472 + (W — (6U; + 32%))2> These energies correspond to the eigenvalues of the

flat band B = 0 THFM at I" at v = —1, for the same mean-field sector. Recall that at T, it has the form[37]
—W10'0 0 YO0
—Ws0¢ — %O’Z 0 , where Pauli matrix o acts in orbital space. The corresponding
h.c. *(6U2 + Ul)O'O — %Jz



eigenvectors can be listed as

1) = (0,0,1,0,0,0)"
12) = (0,0,0,1,0,0)"

13) = \/leix(xooog,m
|4>:\/]1\T,(Y’0’0’0’1’0)
|5>:\/]1W(o,v,o,o,o,1)
|6>:\/]1\TZ(O,Z,O,O,O,1)

where the normalizations are Nx =1+ X2, Ny =1+Y2 Ny =1+ V2?2 and Ny =1+ Z2 and

1 3U 3U-
X = % <W1 — (6U2 + 71) + \/472 + (W — (6U5 + 71)) )

1 3U 3U.
Y = —% (Wl —(6U2+71) \/4’}/2+(W1 (6U2+Tl)> )

[N~}
=)

R <W1 — (6U5 + %) ~ \/472 + (Wy — (6Us + ))2> .

The energy of the state |j) where j € {1,...,6}, labelled by E; is given as

J
i =-W;5— 3
J
=-—-W3+ 5
1 3U 3U
FEs 5 < Wy — (6U2+71 \/4’}/2-{- 6U2+71)) )) = Fx
1 3U 3U
E4 = 5 ( Wy — (6U2 + 71 + \/472 +( — (6U2 + 71)) > =Fy
1 Ui\ _
Es = 5 Wi — 6U2 + — 4’7 + W1 6U2 + 7)) = Fby
1 U U
Eg ( Wy — (6U + 71) \/47 + (Wi — (6Uy + 21))2> =FEy
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(347)
(348)

(349)
(350)
(351)

(352)

(353)

(354)

(355)

(356)

(357)

(358)

(359)

(360)

(361)

(362)

We break the B = 0 Hilbert space at I" into 5 subspaces. These five subspaces are spanned by the states {|1),]2)},
13), [4), |5) and |6) respectively. We can relabel these states by |e, 1), where € labels the subspace and [ labels the state
spanning the subspace, with [ € {1,2} and I =1 for e = 1 and € € {2,...,5}, respectively. We promote these states
to B # 0 as |e,l,m) = |¢,1)|m), where |m) is the m** LL, i.e. the finite B k - p basis. Now using the SWT procedure
introduced in previous section, we eliminate terms in the operator in Eq.(233) which can mix the subspaces, to obtain

an effective Hamiltonian for subspace € = 1.

To begin with, we rewrite the operators in Eqs.(233) with respect to the states given in Egs.(297)-(302) as

H = Hy + AV,

(363)

where A is an artificial parameter that helps us keeping track of the orders in perturbation, to which we compute the
effective Hamiltonian and is later set to 1. Along with M, we treat all the terms in operator in Eq.(233) which can
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mix the subspaces as perturbation V. The unperturbed part is given as

EF, 0 0 0 0 O
0 EFx 0 0 0 O
_ 0 0 Ex 0O 0 O
Ho=1 9 o9 o Ey 0 0 (364)
0 0 0 O Ey O
0O 0 0 0O 0 Egz
The perturbation V' is given as
Xv, You,
0 M ZTQMGT z%mcﬂ \[OV ﬂOZ
- /2 Vi . Uy
0 0 0 —iF \/]\)Tva —Z(T NSO
/2 (X+V)v) /2 (X+Z)vy
V= 0 0 T TNy Nv at % JNXNUZ al | (365)
0 /2 (Y4V)v) af ii(Y+Z)v* +
£ \/NyNV L NYNZ
0
h.c. 0

Following the SWT procedure in Sec.(Supplementary note 10A 2), i.e. the steps from Eq.(334)-(342), upto O(4),
the effective Hamiltonian for subspace € = 1 is found to be

r=—LVP _ ~Ws+ 4+ gw caal i%ad
eff —123 Aaf —Ws — % + hav.ata
M. M.
+M ( + gz aa’ + Ezcﬁa) O, (366)

where the Pauli matrix acts in the orbital space of a € {4,3} c-fermions. The cyclotron frequencies and the coefficients
accompanying M above are

2 2 2
hise = 252* (NX(E)l(— Ex) - Ny(ET— EY>) o
2 2 2
o = 28712* Nv(EZ— Bv) NZ(Ef— EZ)> .
2 2
Me = ; (NZ(EZ - EZ2)(E1 —Ez) * Ny (Ey — g?)(El - EV)> .
~ 2 ’
e = (NX(EI - E).f()(EX — E») " Ny (Ey — E};)(EY - E2)> o

The coefficient for O() term is

= 2V (Xlz_;\i;:rr ((EV - EX;(EQ “Ev) | (By - Ex)l(EX - B) (Ex - El)(Ez - Ev)))
2V20l) (Y12]\}[;j_\f:// ((EV — Ey)l(Eg “By) (B - Ey)l(EY —E)  (By - B) (E2 By) >>
2Vaiel (Xéfé;zz <(EZ - EX;(E2 —E7) " (B - Ex>1<EX —B)  (Bx - E1>2 )>

2V, (Yligvijvzz) ((EZ - Ey)l(Eg “Ey) (B - Ey)l(Ey —B)  (By - El)Q(Ez ~ Ez) )> ’

V2000 XV(X +V) 1 L Ex — BitEv N
NxNy(E1—Ey) \Ex—Ey Ey—Ex (Ex—E)(Eyv—Ex)
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Supplementary Figure 16. The comparison of (b) LL spectrum obtained using the effective Hamiltonian (-) with the exact
calculation (-) contrasted with the corresponding comparison at (a) B = 0 for VP state at v = —1 for sector K 1. For the
comparison to be tractable we set Mmmqz = 25.

V2RYV(Y +V) Lo 1 By- thy N
NyNy(Ey—Ev) \Ey —E1 Ev—FEy (Ey—E\)(Ev— Ey)
Vv X Z(X + Z) 1 R fithz N
NxNz(E1—Ez) \Ex—FE1 Ez—-Ex (Ex—E\)(Ez—Ex)
V202LY Z(Y + Z) 1 1 N Ey — BtBz N
NyNz(Er—Ez) \ By —E1  E; — By ' (By — E\)(Ez — Ey)
V202U XV (X + V) 1 1 By — ExAEx N
NxNy(Ex —E;) \Eyv —Ex Ey;—Ey (Ey—Ex)(E2—Ev)
Vv XZ(X + Z) 1 1 Ey — B2tbx N
NxNz(Ex —E;) \Ez—Ex Ey;—Ez; (Ez—Ex)(Es—Ejy)
V22UV YV(Y 4+ V) L S - Lot By N
Ny Ny (Ey —Es) \Ev —Ey Es—Ev | (By — Ey)(Es — Ev)
V2uRLY Z(Y + Z) L S Ey — EAEr (371)
NyNz(Ey —E;) \Ez —Ey Ey—E; (Ez—Ey)(E:—Ez)

Substituting Eqs.(353)-(362) in the coefficients, we have (2w, = —692364.83538meV A2, (2hi, = —42241.47578,
A = —66946640.13364 meV A3, M, = —15377.73807A% and M, = —25351.1005342. The comparison of the LL
spectrum obtained using the above effective Hamiltonian with the one obtained via the exact calculation is shown in
Fig.(15). The LL basis used to generate the plot is (0, |m1))", (|ma),|ma+3))" and (|ms),0)”, where m; € {0,1,2},
mo € {0,...,Mmaz — 4} and m3 € {Mmaz — 3, Mimaz — 2, Mmaz — 1} respectively. We use (Jms),0)7 rather than
(Jms), |ms + 3))T in order to avoid three modes emanating out of spurious B — 0 energy —(W3 + J/2). These three
spurious modes are present in the exact calculation, as can be seen in Fig.(15). However, recall that in practice we
use Mypar = [%1, so these three LLs are lost as B(q) increases(decreases).

K1 : In this section we discuss the derivation of B # 0 effective Hamiltonian for the spin and valley sector
s =1 K for the case of parent VP state at v = —1. As discussed in Sec.(Supplementary note 6B), for the
above mean-field sector in flat band limit M = 0, the magnetic subbands within the narrow bands emanate

out of the B — 0 energy —W3 — % The remote subbands on the other hand emanate out of the B — 0

energy % (—W1 — (6U; + 3U1/2) + \/472 + (W — (6U; + 3U1/2))2). These energies correspond to the eigenvalues
of the flat band B = 0 THFM at I' at v = —1 for the same sector. Recall that at T, it has the form[37]
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—Wiog 0 Yoo
— (W5 + J/2)oy 0 , where Pauli matrix oy acts in orbital space. The corresponding
h.c. 7(6U2 + 3U1/2)0’0
eigenvectors can be listed as

|1,1) = (0,0,0,1,0,0)", (372)
1,2) = (0,0,1,0,0,0)", (373)

1 T
2,1) = —— (0, X,0,0,0,1)7, 374
2.1) = = ) (374)

1 T
2,2) = — (X,0,0,0,1,0)7, 375
2.2) = = ) (375)

1 T
3,1) = 0,Y,0,0,0,1)7, 376
3.0) = 5= ) (376)

1 T
3,2) = —— (v,0,0,0,1,0)7, 377
3.2) = —5=( ) (377)

where
1
X=-y (W1 = (602 + 3U1/2) + V/A97 + (W1 = (603 + 301/2))?) , (378)
1

Y=g (W1 = (602 + 3U1/2) = V/A9? + (Wi = (6U; + 301/2))?) , (379)

and normalizations Nx = 1+ X2, Ny =14 Y2 The energy of state p,j with p € {1,2,3} and j € {1,2}, E, ;, are
given as

Eyj=—-(Ws+ g) =L, (380)
By = % (=W = (602 + 301 /2) — /497 + (Wi — (6Us + 3U1/2))?) = Ex, (381)
Es ;= % (—W1 — (6Us + 3U1/2) + /472 + (W1 — (6U> + 3U1/2))2> = Ey. (382)

We break the B = 0 Hilbert space at I into 3 subspaces. These three subspaces are spanned by the states |1, j),
12,7) and |3, j), respectively. We promote these states to B # 0 as |p, j,m) = |p, j)|m), where |m) is the m*" LL, i.e.
the finite B k - p basis. Using the SWT procedure introduced in Sec.(Supplementary note 10 A 1), we eliminate all
the terms in the operator in Eq.(222) that can mix the subspaces to obtain an effective Hamiltonian for the subspace
spanned by states |1, j,m), i.e. the one spanned by a = {3,4} ¢ fermions. We first re-write the operator in Eq.(222)
with respect to the eigenstates in Eqs.(372)-(377) as

H=H,+ AV, (383)
where
FEoyg 0 0
Hy=| 0 Exoy 0 , (384)

0 0 Eyoo

where Pauli matrix o acts in the j space for each p. Along with M, we treat all the terms in operator in Eq.(222)
which can mix the subspaces as perturbation V. A is an artificial parameter that helps us keeping track of the orders
in perturbation, to which we compute the effective Hamiltonian and is later set to 1. The matrix V' can be obtained
by replacing X7, Y1, Nx1 and Ny in Eq.(310) by X, Y, Nx and Ny respectively. Following the procedure for SWT
in Sec.(Supplementary note 10 A 1), i.e. from Eq.(312)-(326) and replacing |p, j, 7,m) by |p, j,m) in these steps, the
effective Hamiltonian for p = 1 and spin s is found to be

=1,s=t,v=— — (W3 + £) + hweaa' iAa3 M
et (T ) 5 M (14 Mt 4 ata)) on, (385
. —ifhal® ~(Ws+ 2) + hweata ) F + 5 (aa’ +a'a) Jou,  (385)
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Supplementary Figure 17. (i)Left Panel - a,b : The comparison of (b) LL spectrum obtained using the effective Hamiltonian
(-) with the exact calculation () contrasted with the corresponding comparison at (a) B = 0 for valley K spin | at v = —2.
(ii) Right Panel - a,b : The comparison of (b) LL spectrum obtained using the effective Hamiltonian (-) with the exact
calculation (+) contrasted with the corresponding comparison at (a) B = 0 for valley K spin 1 at v = —2. For the comparison
to be tractable we set an upper-cutoff of 25 on the LL index.

where the Pauli matrix acts in the orbital space of a € {4,3} c-fermions. The cyclotron frequency w,. and the other
coefficients above are

202 X2 Y2
hwc == ’

22 <NX(E — Ex) * Ny (E — EY)> (386)
XY(X +Y) X3 ys >

A =4V 202,
Va2l (NXNY(E— Ex)(E —By)  NZ(E_Ex)  NZ(E_Ey)?

, X2 y?
M, =— .
cT T (NX(E — Ex)? - Ny (E — EY)2> (388)

(387)

Substituting Bqs.(378)-(379) in the coefficients, we have (2hw, = —692364.83538meV A2, A =
—61125292.83865meV A3 and M, = —13387.2664142. For the U(4) symmetric THFM (i.e. M = 0), in the
B — 0 limit, we can the drop off-diagonal O(£~3) terms in in the above effective Hamiltonian. Then apart from the
mode (0, |O))T7 all other LLs come in degenerate pair of two. This degeneracy at B — 0 limit gets split as we tune
back M. The comparison of the LL spectrum obtained using the above effective Hamiltonian with the one obtained
via the exact calculation is shown in Fig.(16). The LL basis used to generate the plot is (0, |m1))%, (Jma), |ma +3))T
and (|ms),0)T, where m; € {0,1,2}, ma € {0,..., Mpmaz —4} and m3 € {Munaz — 3, Mimaz — 2, Mimaz — 1} respectively.
We use (|m3),0)T rather than (|ms), |ms + 3))7 in order to avoid three modes emanating out of spurious B — 0
energy —(W3 + J/2). These three spurious modes are present in the exact calculation, as can be seen in Fig.(16).

However, recall that in practice we use myay = [(1;—31, so these three LLs are lost as B(q) increases(decreases).

C. v=-2
1. Parent Valley Polarized State

In this section we discuss the derivation of the case of B # 0 effective Hamiltonian for the spin and valley sector
s =1, ], K for the case of parent VP state at v = —2. As discussed in Sec.(Supplementary note 6 D), for the above
mean-field sector in flat band limit M = 0, the magnetic subbands within the narrow bands emanate out of the B — 0
energy —2Ws — CS%, where (s = 1, —1 for s =7, | respectively. The remote subbands on the other hand emanate out of

the B — 0 energy % (—2W1 — (12U, + %Ul) + \/472 + (2w — (1202 + 4JggéUl))Q). These energies correspond

to the eigenvalues of the flat band B = 0 THFM at I'" at v = —2 for the same mean-field sector. Recall that at
—2W100 0 Yoo
T, it has the form[37] —(2W3 + (s J/2)00 0 , where Pauli matrix o acts in orbital
h.c. —(12U2 + 4+72C5U1)0'0
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space. The corresponding eigenvectors for given spin s can be listed as

11,1,s) = (0,0,0,1,0,0)" (389)
11,2, s) = (0,0,1,0,0,0)" (390)
1
12,1, 5) = (0, X,,0,0,0,1)", (391)
NXS
1
12,2, s) = (X,,0,0,0,1,0)", (392)
NXs
1
13,1, ) = (0,Y,,0,0,0,1)", (393)
NYS
1
13,2, 5) = (Y,,0,0,0,1,0)" (394)
NYs
where
1 4+ 4+ (s
Xy = 2 <2W1 — (12U + —;C Ur) + \/472 + (2W1 — (1202 + ZC Ul))2) ) (395)
1 4+ (s 4+ (s
Y=o <2W1 — (12U, + ;C Up) — \/472 + (2W, — (12U + J;C Ul))2) , (396)
y

and normalizations Nxs = 1+ X2, Ny = 1+ Y2, The energy of state p, j, s with p € {1,2,3} and j € {1,2}, E, .,
are given as

J
Bijs = —@Ws +(G5) = B, (397)
1 44 (s 44 G
Bajs =1 (—2W1 — (12U, + ZC Ui) — \/472 + (2Wy — (1205 + J;C Ul))2) = Exs, (398)
1 4+ s 4+Gs
Esje=5 <2W1 ~auy + Sy 4 \/472 +(2Wy — (1205 + J;C Ul))Q) = Ey.. (399)

We break the B = 0 Hilbert space at I into 3 subspaces for each s. These three subspaces are spanned by the states
[1,74,s), 12,4,s) and |3, 7, s), respectively. We promote these states to B # 0 as |p, j, s, m) = |p, j, s)|m), where |m) is
the m*" LL, i.e. the finite B k - p basis. Using the SWT procedure introduced in Sec.(Supplementary note 10 A 1),
we eliminate all the terms in the operator in Eq.(244) that can mix the subspaces to obtain an effective Hamiltonian
for the subspace spanned by states |1, j, s,m), i.e. the one spanned by a = {3,4} ¢ fermions.

We first re-write the operator in Eq.(244) with respect to the eigenstates in Eqs.(389)-(394) as

H=H,+ AV, (400)
where
E.op 0 0
H() = 0 EXsUO 0 s (401)
0 0 FEy o9

where Pauli matrix o acts in the j space for each p. Along with M, we treat all the terms in operator in Eq.(244)
which can mix the subspaces as perturbation V. A is an artificial parameter that helps us keeping track of the orders
in perturbation, to which we compute the effective Hamiltonian and is later set to 1. The matrix V can be obtained
by replacing Xi, Y1, Nx1 and Ny in Eq.(310) by X, Ys, Nxs and Ny respectively. Following the procedure for
SWT in Sec.(Supplementary note 10A 1), i.e. from Eq.(312)-(326) and replacing |p, j, 7,m) by |p,j,s,m) in these
steps, the effective Hamiltonian for p = 1 and spin s is found to be

s SAC (s)
r=1,=1,,v=— —(2Ws3 + ¢ J)Jrhw((: )aat A g3 M.
HZhs=hbv="2 (2Ws + G 3 e + M1+ aa’ +a'a) | o(402
VP —iAﬁ)aT?’ —(2W3+CS%)+7M£S)LLM Iz ( ) | 01402)
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Supplementary Figure 18. The comparison of (b,c) LL spectrum obtained using the effective Hamiltonian (-) with the exact
calculation (-) contrasted with the corresponding comparison at (a) B = 0 for spin sector 1 for the KIVC state at v = —2. For
the comparison to be tractable we set an upper-cutoff of 10 on the LL index.

where the Pauli matrix acts in the orbital space of a € {4,3} c-fermions. The cyclotron frequency wé‘” and the other
coefficients above are

202 X2 Y2
he(®) — 20 5 E 403
2 (NXS(ES —Ex.) | Nya(E. - Eys)> ’ 1o
XY (X, +Y3) X3 v3
A(S) — 42 2 sts s s s s 404
fv*v* NXSNYS(ES . EXS)(ES _ Eys) + N}Q(S(Es _ EXS)2 + N)%S(Es _ EYS)2 ’ ( 0 )
X2 Y2
M) = 42 s s . 4
¢ x NXS<ES - EXS)2 * NYS(ES - EYS)2 ( 05)

Substituting Eqs.(395)-(399) in the coefficients, we have Phol? = —831301.40524meV A2, ChotY = —514097.23133

meV A2, A1) = —57864769.72509meV A3, AW = —59278877.34125 meV A3, M{" = ~13211.619444% and MY =
—15952.11343A2. For the U(4) symmetric THFM (i.e. M = 0), in the B — 0 limit, we can the drop off-diagonal
O(£=3) terms in in the above effective Hamiltonian. Then apart from the mode (0,]0))”, all other LLs come in
degenerate pair of two. This degeneracy at B — 0 limit gets split as we tune back M. The comparison of the LL
spectrum obtained using the above effective Hamiltonian with the one obtained via the exact calculation is shown in
Fig.(17). The LL basis used to generate the plot is (0, |m1))T, (|m2),|ma +3))7 and (|ms),0)”, where my € {0,1,2},
mo € {0,...,Mmaz — 4} and m3 € {Mmaz — 3, Mimaz — 2, Mmaz — 1} respectively. We use (Jms),0)7 rather than
(Jms), |m3 + 3))T in order to avoid three modes emanating out of spurious B — 0 energy —(2W3 + (sJ/2), for each
s. These three spurious modes are present in the exact calculation, as can be seen in Fig.(17). However, recall that
in practice we use Mypay = fq;z?’], so these three LLs are lost as B(q) increases(decreases).

2. Parent Kramers Intervalley Coherent State

In this section, we discuss the derivation of B # 0 effective Hamiltonian for the spin sector s =7 for the case of
parent KIVC state at v = —2. The exact B = 0 THFM for the spin sector s =1 at v = —2 for the parent KIVC

state is presented in Eq.(295). The coupled modes of ¢ and f fermions at B # 0 are described by the operator
T=1,v=—2 O

in Eq.(296). In the flat band limit at T, the B = 0 THFM has the form ( 0 r=—lv=—2 ), where

—2Wio9 0 Y00
—(2W3 + 7J/2)0¢ 0 , where the Pauli matrix og acts in the orbital space. The
h.c. —(12U; + *5=U1)oo
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corresponding eigenstates, labelled by |p, j, 7) with p € {1,2,3} and j € {1, 2} are given as

|1,1,7 = +1) = (0,0,0,1,0,0,06x1)" ; 11,1,7 = —1) = (0gx1,0,0,0,1,0,0)" (406)
I1,2,7 = +1) = (0,0,1,0,0,0,06x1)" ; 11,2, 7 = —1) = (Ogx1, 0, 0,1,0 0,0)" (407)
1 T
12,1, 7 = +1) = (0,X1,0,0,0,1,061)" ;  |2,1,7=—1) = 06X1,0 X_1,0,0,0,1)"  (408)
VNx1 \/
1 T
12,2, 7 = +1) = (X1,0,0,0,1,0,061)":  |2,2,7=-1) = OM,X_l,o 0,0,1,0)"  (409)
VNx1 \/
1 T
13,1,7 = +1) = (0,Y1,0,0,0,1,06x1)"; [3,1,7=—1) = om,o Y_1,0,0,0,1)" (410)
v Ny1 \/
1 T
13,2, 7 = +1) = (¥1,0,0,0,1,0,06x1)" ;  |3,2,7=—1) = oﬁxl, ~1,0,0,0,1,0)" (411)
V Ny \/
where the normalizations are Nx, = 1+ X2, Ny, = 1+ Y? and
1 4 4
XT:—Z <2W1(12U2+ +TU1)+\/4’}/2+(2W1(12U2+ +TU1)) ) R (412)
1 4 4
Y=g <2W1 — (120, + ) \/472 4 (2W, — (120, + =& TUl))2> : (413)

The energy of state p, j, 7 with p € {1,2,3} and j € {1,2}, E, ; -, are given as

J
El,j,r = —(2W3 + ’7'5) = E,,— (414)
1 4 4
Eyjr =3 <—2W1 — (2, + ) - \/472 + (2w — (120; + ;TUl)P) = Ex, (415)
1 4 4
Esjr =5 <—2W1 — (120, + ks ") + \/4w2 + (2w — (120 + ;TUl))2> =By, (416)

We break the B = 0 Hilbert space at I' into 5 subspaces. The subspace of interest is the one spanned by states
|1,7,7) with j € {1,2} and 7 = %1, i.e. the one spanned by a = {3,4} ¢ fermions at each valley. The remaining
four subspaces are spanned by |2, j,4+1), |2,7,—1), |3,4,+1) and |3, j, —1), respectively with j € {1,2}. These states
and their energies can now be relabelled by |e,l) and E;, respectively. Here € € {1,...,5} labels the 5 subspaces,
le{l,...,4} for e = 1 and | € {1,2} for e = {3,4,5} labels the states spanning the subspace e. We promote these
states to B # 0 as |e,l,m) = |¢,1)|m), where |m) is the m!" LL, i.e. the finite B k - p basis.

To begin with, we re-write the operator in Eq.(296) with respect to the above B = 0 eigenstates at T" as

H=Hy+ AV, (417)

T=+1 T=+1
where Hy = (HOKIVC re—1 ) and V = ( Virve —Yi{l ) Hy%ve can be obtained by replacing (s by 7
Hogrve he. Vgve

in Eq.(401). The intra-valley perturbation VIQIVC can be obtained by setting M = 0 in Eq.(310) and szfvcl' can
be obtained by replacing X1,Y; — X_1,Y_1, Nx1,Ny1 =& Nx_1,Ny_1 and a < a’ in V™=11. However note that
the values of Y, and Y, are changed for v = —2 and given in Eq.(412) and Eq.(413) respectively. The inter-valley
perturbation V) is given in Eq.(333). Following the SWT procedure in Sec.(Supplementary note 10 A 2), i.e. the
steps from Eq.(334)-(342), upto O(4 ), the effective Hamiltonian for subspace € = 1 is found to be

T=+1l,v=-2 v=—2
Helf — <HKIVC Tgyl,y:_2 ) ’ (418)
h.c. Hyrve

where

H‘r +1l,v=-—2 __ 7(2W3 + ) + hw(l)aa’T ZAﬁ(;) a3 (419)
- (1) 3 .
KIve —1q AE3 f —(2W5 + 2) 1wtV
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I-IIT(I:V_CL":_2 can be obtained by replacing a + a' and wgl), A, 51 — wgfl),A(_l), —% in Eq.(419). The cyclotron

frequency w) and coefficient A™ are

202 X2 Y2
holr) = == u u 420
© 02 (NXT(ETEXT) +NYT(ETEYT)> ’ ( )
X, YA (X, +Y;) X3 v3
AT = 4202, T T T a a : 421
fv*v* NXTNYT(ET - EXT)(ET - EYT) * N)2(7-(E‘r - EXT)2 * N}%T(E‘r - EYT)2 ' ( )

The matrix Hjy; couples both the valleys and is given as

M. M.
Hy =M (1 + =Lata+ ;aaT> 02 (422)

£2 4

where the Pauli matrix acts in the orbital space of a € {4,3} c-fermions and

M 2 ( X2, N Y2 ) (423)
cl = v J
' \Nx_i (B — Ex_1)(Ex—1 — E_1) | Ny_i(E1 — By_1)(By_1 — E_y)
X2 Y2
M,y = v? ( L + L ) 424
7 T\ Nx1(Ei — Ex1)(Ex1 — E—1) | Ny1(Ei — Ey1)(Ey1 — E_y) (424)

Substituting Eqs.(412)-(399) in the coefficients, we have (2hw’" = —831301.40524meV A2, 2hw ™" = —514097.23133
meV A%, A1) = —57864769.72509meV A3, A = —59278877.34125 meV A%, M., = —12902.68825A% and M, =
—25550.93059A42. The comparison of the LL spectrum obtained using the above effective Hamiltonian with the one
obtained via the exact calculation is shown in Fig.(18). The LL basis used to generate the plot is (0, |m1), |m1),0)7,
(|ma), |ma + 3), |ma + 3), |m2))T and (|ms),0,0,|m3))T, where m; € {0,1,2}, ma € {0,..., Mz — 4} and m3 €
{Mumaz — 3, Mimaz — 2, Mumaz — 1} Tespectively. We use (|m3), 0,0, |m3))T rather than (|m3), |ms +3), |ms +3), |m3))T
in order to avoid three modes emanating out of spurious B — 0 energy —2Wj3 4+ J/2. These six spurious modes
are present in the exact calculation, as can be seen in Fig.(18b) and (18c). However, recall that in practice we use
Minaz = [952], so these three LLs are lost as B(g) increases(decreases).

Supplementary note 11. REVIEW OF MAGNETIC BLOCH’S THEOREM AT 27 FLUX

In the following two appendices we detail the gauge-invariant technique of calculating the strong-coupling spectrum
of TBG in flux. We first review our technique of calculating the band structures and topology of twisted bilayer
graphene with 27 flux per unit cell, as derived in [59, 60], with the eventual goal of extending the 27 formalism to
rational flux ¢ = 27p/q. Compared to other techniques, our method explicitly defines gauge-invariant momentum
eigenstates |k, m) that are simultaneous eigenkets of magnetic translation operators with the same formal properties
as Bloch states. By keeping the full momentum quantum numbers and manifestly preserving the lattice symmetries,
we are able to leverage the machinery of band topology, such as Wilson loops and the quantum metric tensor as will
be explored in future work, in Hofstadter systems at rational flux.

To add nonzero flux to the BM model, we perform canonical substitution: —i0 — @, with 7 the canonical
momentum yielding the operators

T, = —i0, —eA,, Qu=m,—eBe,x,. (425)

where A is the vector potential V x A = BZ, and @, is the guiding center operator obeying (7, Q,] = 0. We define
the Landau level operators a, b as

Ty + 1Ty t Ty — Ty ¥
a=———>, a' = ——=, [a,ad'| =1, 426
NGT: g (426)

(L —iLs) - Q b (Ly +iLy) - Q

V2 V29

In magnetic flux, the translation operators Tg which commute with the Hamiltonian are

b= , b =1. (427)

tr = ¢®Q (428)
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where R is a lattice vector. Because at 27 flux the magnetic translation operators 71,,, 71, commute with each other
and the Hamiltonian Hgy, one can label the eigenstates of Hgy by the momentum carried by the operators 11, , Tt., .
A gauge-invariant definition of the momentum eigenstates was given in [59] as

[k, m) = B2 my, (k,mlk,n) =0k — K )pm, (429)

1 .
Z e*QﬂZlVRTI}Zl TL2
Ny ) 4

Here momentum is k = k1g1 + kogo, ks = k- L; € [0,1), and R = R1L; + RyLs is summed over all integers Ry, Rs.
The ket |m) is the mth Landau level

m) = —=a™ ) (430)

and N (k1, k2) is the normalization factor, worked out to be [59]

Nk, ko) =0 <k1,k2

@) = V2o (KiTks = 2ikika) g <ik1 + ks

i) (1 + ik

72k M -k42mik- i1 4
ﬂ(k|M):Z€2 k- M-k+2mik R q)_2[i 1], (432)
R

z) . (431)

Here 9 denotes the Siegel theta function and ® the Riemann matrix given by

In Eq.(431), we have simplified the Siegel theta into a product of Jacobi theta functions 8. There is a zero in the
normalization at k = (w,w) which is protected by the Chern number of the Landau level states |k, m).
Within this basis, one may calculate the matrix elements at momentum k. The matrix elements read [59]

(k,mlatalk’,n) = d(k — K )ndpn (433)
(k,mle” 7|k’ n) = 6(k — k' — q)e“a®Ond, | (434)
where the form factor matrix and phases are defined as
i ((kl — q/22,k2 +iq/2) ’q)>
. iy .
eitall) — , = q1+1iq, ¢ =q-L; (435)
9 (k1, ko) o) (k1 —q1, k2 — q2) ®
27 27
ygatigal  — i) - L.
M = (e’ Y ), vy = egaizy, 2= L (436)

o

with = |a; x ap| the area of the unit cell. These matrix elements have been worked out in detail in [59], and
the momentum Landau levels form a complete orthonormal basis. To evaluate the band structure of the BM model
in flux, one simply evaluates the matrix elements of the Hamiltonian with respect to this basis at any momentum.
Being able to block diagonalize the Hamiltonian by momentum allows for efficient calculations as well as access to
the Wilson loop and quantum geometric tensor.

Supplementary note 12. RATIONAL FLUX

To solve the Bistritzer MacDonald model (or other continuum models) at rational flux ¢ = 2wp/q, we will create new
momentum eigenstates that reflect the projective representation of the translation group in flux. At flux ¢ = 27p/q,
we generalize Eq.(427) to the following raising and lowering operators

Ty + 1Ty b Mg — My

a = 7" qQ' = — 437
V2B V2B (437)
(Li/p+iqLs) - Q

(Li/p —iqle) - Q bt —

b= 5
Vamr Vamr

(438)
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The a,a’ operators are unchanged and obey [a, a'] = 1, and we verify that [b,bf] = 1 holds:

.1 gq 1gq
1 — 2 . . = — I =
[6,b7] 2247Tp[L1 Q,L: - Q] eBQ2ﬂ_p 1 (439)

since eBQ) = ¢. The translation operators Tr = '®'Q now obey

lesz = 6_[L14Q’L2'Q]fL2£L1 = €i¢fL2£L1. (440)
These magnetic translation operators commute with the Hamiltonian, but do not commute with each other. However,
the operators fy,,, 4L, form a commuting subgroup, [tr,,%,1,] = 0 and so label the magnetic Brillouin zone (MBZ):

k € MBZ, MBZ = {k|k = 2rkig1 + 2rkaga, k1 €[0,1), ko € [0,1/q)}. (441)

We will now provide a complete basis of states which carry the momentum quantum number k € MBZ. This is
accomplished by adapting the basis states in 27 flux in Eq. (429) The completeness and orthogonality of the basis in
Eq.(429) is an algebralc property that relies on the fact that tL1 and tL2 enclose 27 flux and therefore commute. So in
rational flux ¢ = T we consider the operators ta1 /p> tqL, Which also enclose 27 flux and commute. Notably, tL1 /p 18
not a symmetry of the Hamiltonian because it is a translation by a partial lattice vector (although it is a well-defined
operator). Thus we are led to consider the orthonormal states

1 - 1
Y= B BRI G ) ) = ™ 0) (142

~ - Li/p“qLa /
\/N(k‘l,kg) R1,R2€7Z ? m!

which are parameterized by k € [0,1) x [0,1). To understand the physical meaning of k in terms of the momentum
quantum number k € MBZ, we compute

> = fgl/p )f(,m> = 2rivky l~<,m> , — pky =k; mod 1 (443)

> = ¢2mika l~{,m> , — ky =qko mod 1 (444)

(445)

and thus we identify ky = kl;r“, k=0,...,p—1and ko = gko. Plugging into Eq.(442), we arrive at the following

basis of magnetic translation group eigenstates

1 x
|kaliam> = 6727”( — R1+qk2R2)t€11/pth2‘2
\/N((kl + H)/p, qk2) Ri,R2€Z
keMBZ, k=0,...,p—1 modp. (446)

Im),

We see that the basis of states are labeled by k in the MBZ and an additional flavor index x = 0,...,p — 1. This
index has a simple physical interpretation: consider the Landau level limit of zero crystalline potential so that each
momentum in the MBZ is p-fold degenerate due to k. This means there are p states per magnetic unit cell a; x gas,
leading to an electron density of p/q = ¢/2m per unit cell. This is expected because Landau levels have a density of

v=np/q= ¢ . For later reference, we remark that the eigenstates Eq.(446) obey the embedding property
1 1
k+—gi,6m)=|k,c+1,m), k+-—gskm)=]k,k m) (447)
27 2mq

over the MBZ. These eigenstates are similar to the light fermions used to describe the conduction electrons in flux,
Eq.(30). The orthonormality (k,m|k’,n) = 6(k—k’)d,,, of the states Eq.(442) is used to calculate the orthonormality
of the new states |k, k,m) by employing the previously derived identification

~ _kl—f—ﬁ

ky = L k=0,...,p—1, ko= qko, (448)

ki +rk K +Fx

. . )3(gks — qkl) = p5(k1 k)8 (ks — kb)O e, (449)

3(ky — K9)6 (ks — ky) = 6(
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giving overlap
(k,k,m|k',k",n) = 6((k1 — k1) /P)0kr 0(q(k2 — k5))pmn = gé(kjl — k)6 (ko — k5) 0w Ormn (450)

where the factor of p/q = ¢/2m shows that the density of the states changes with flux. This dependence of density of

states on flux is equivalent to the Streda formula v = C% with C' =1 for the Landau level state |k, s, m).
Given a periodic Hamiltonian in magnetic flux,

H = h(m)+V(r), V(r+a;) =V(r) (451)

where h is the kinetic energy, a function of canonical momentum, and V is the lattice-periodic potential energy, one
can compute the matrix elements of this Hamiltonian H? (k) in the basis Eq.(446):

(i, m|H(x)|K & ) = Z6(ky — K4)5(ks — K)HD, ., (). (452)
q ,
The kinetic term h(m) has a simple action on the |k, k, n) states because it is k-independent:

0
', k' mlat|k, k,n) = Lolky — K)8(ks — k) v/t T L S, (454)
q

h(r) = hupV2B [2 “T] (453)

calculated by observing that af commutes with the magnetic translation operators:

1 (k127K
t ‘k > = —Z(?Rr'qugRg)TRl TR2 T| > (455)
@ e € a'|m),

\/N((kl + 2”“)/?7 qu) Rl%;ez Li/p~qLe

1 —i(MR +qkoR ) R R
— e b 1+aka Rz ) Ry TL2\/W|m+1> (456)

\/N((kl + 2”“)/?7 qu) Rl%;ez Li/p~qLe
=), (457)

2mib-r

We now move on to the an explicit expression for the potential term V(r) containing e operators. Let us first
focus on the case where p = 1, where many of the formulae simplify greatly. We recall the formula at ¢ = 27 [59]:

(k, m|e"2 Pk n) = (27)26(k — K') exp{ (—imbibs — ies;bik;) }[exp (ieimbizy)}mn, (458)

where the matrix Z on the Landau level indices (derived for all ¢ in [59]) is

5. at
zZja + zja

V26
21

Note that Zj is a sparse matrix since a,a’ are sparse (each row has only one nonzero element). At ¢ = o we take
as — gas in Eq.(458), again employing our identification k1 — ki, ko — gka, G1 — G1, G2 — ¢G2 to obtain

- (T +19) - a;
Zj = s Zjlmn = (m|Zj|n), 2z = W : (459)

—iG-ry,/ _ (27‘—)2 / / .q 1 ie;;GiZ;
(k,m|e |k 7n> - q 5(k1 - kl)(s(lﬁ - k2) €xXp _Z%(§G1G2 + EijGikj) [6 S J}mm
keMBZ, G-a;, =0 mod 27 (460)
= (2@2%5(1@ — k})6 (ko — Kb) exp <‘¢(2G1G2 + eijGikj)) [eleiGiZi], (461)

Note that from Eq.(460), H?(ky, ko) = H?(k1 + 1,ko) = H®(k1, ko + 1/q) is explicitly periodic across the magnetic
BZ, and additionally H?(k;,ke) = H?(k; + 1/q, ko) which proves immediately that e, (k) = €, (k + %bi) as follows
from the properties of the magnetic translation group [71, 72].

The simple form for the potential for p = 1 becomes significantly more complex when p # 1. One replaces the
formula Eq.(434) as Ly — Ly /p, Ly — gLo, to yield the overlap
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Supplementary Figure 19. Band structures of the BM model at flux ¢ = 27/3, calculated with our momentum eigenstates.
Left. The Hofstadter bands show significant flattening over the MBZ, leading to pronounced peaks in the density of states
(Center). Right. Zoom-in of the Hofstadter splitting of the flat bands.

(I, K mle ™7k, k,m) = Zo(ky — Ky — q1/27 4k — 1) (ks — K — g2/27)
q

« i€ /pians (1+0)/D.ak2) g (ieijqi Zj) . (462)

)

q)) 9 ((kl + K —q1/27)/p, q(k2 — q2/27)

where the phase factor is

e~y ((k1 +K)/p— q/4n, qks +iG /4w
\/19 ((kl + K)/p, gk ‘P)

In practice, we will not need to full expression for the phase in Eq.(462). To evaluate the Hamiltonian, we only
need an expression for the overlap at q = G, a reciprocal lattice vector. In this case, the expression simplifies to

et€ar /ptiqay (k1+r)/P.akz) — 4 =q1/p+iqq.

(463)

K, K, m|e= S|k, k, n) - ga(kl — B})O iy O (R — KD

x %661 /p+iaGy (k1K) /P.ak2) oy, (ieij GiZj) (464)

mn
To calculate the matrix elements of the BM model, we first perform a gauge transformation to recast the Hamiltonian
into an explicitly translation-symmetric form. Because qi, qs2,qs are not reciprocal lattice vectors, the BM model

is only periodic up to a gauge transformation. Conjugating Hpy by e 998" restores translation symmetry, giving
Hamiltonian

- —riqs- —ihvpo -V — Thupqs - Tt(r)
H — T Ty TiqQ3 T _ VR ~ FUY3 465
BM =€ e [ T(r) —ihwpo -V + thupqs 0]’ (465)
- 3 ) ) 27j 21y
T(I‘) _ Z 62w2g1~rT1 + 627rlgz'l'T2 o ,Tj-&-l = Wo0op + W1 <0’1 cos ?‘7 + 09 sin 3‘7> . (466)
j=1
. Upon canonical substitution, the Hamiltonian in flux reads
~ hwpo - — Thupqs - 0 Tt(r)
H = N 467
By (9) [ T(r) hvpo -+ Thopqs - o’ (467)

An example band structure at flux ¢ = 27/3 calculated with our technique is depicted in Supplementary Fig.(19).
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A. Groundstate Charge Density

A key feature of the HF model of TBG is the concentration of charge at the moiré unit cell center in the non-
interacting model. This is one indication that the Wannierization must contain orbitals at the 1a position. To check
the validity of the HF approximation in small flux, we will compute the charge density of the groundstate in flux
¢ = 27”, for this section restricting to p = 1 for convenience. We will compute the quantity

(GSIn@IGS) = S (GSIe] o (D)t ams(1)|GS) (468)
l,am,s
1 2l ei(a+Gq)r
-5 / / B T (GS|pgrc,|GS) (169)

where |GS) = [T, [Tk .0, s, Vltv"wj,s,- |0) is the Slater determinant state filling all the 2¢ Hofstadter flat bands and

n(r) =232 ans c}a 1.5 (T)Clan,s(r) is the local charge operator summed over layer [, sublattice «, valley 7, and spin s.

The vectors G, = 2nZg1 +2nZg2/q are the reciprocal lattice vectors of the MBZ (note that G, -as can be fractional).
The momentum space density operator p is defined as

Pa+G, :/clzre*i(quG‘?)"r Z cza,n7s(r)cm7n7s(r). (470)

Lan,s

We first find the matrix elements of this operator in terms of Landau levels. Define the creation operator z/;lt ol s

as the operator that creates the state |k, m,a,l,7n,s). Following the calculations from Ref. [59] gives the following
relations:

<k/a O[, lv m7 T]a S|Cg7a,77)s (r)cl,a,n,s(r) ‘k7 O[, l7 nv 777 $> = <O|/¢)k/7a7l77n77]7302.7a71778(r)cha,n’s(r)¢£7a)l7n)n)s |O> (471)
= (011 0.5 37,2 (O 0)01€t,07,5 ()8, 11 £10) (472)
= ¢klaavlv””ﬂ77s(r)¢lt,o¢,l,n,n,s(r)7 (473)

where Y/ 1.mn,s(r) is the real-space wavefunction corresponding to the momentum ket |k’,a,l,m,n,s). These
wavefunctions are orthonormal, and integrating over r gives

/dgre_iq'rwk’,a,l,mm,s(r)wlt,a,l,n,n,s(r) = <kl7 Q, la m,n, S|e_iq.r|ka Q, l7 n,n, S> (474)

The density operator becomes

kd?K i o
Pa+G, /d2 Z Z/ 1/¢? e atGy

a,l,m,s mn

X <k/ a,l,m )1 S‘Cl a,n, s( )Cl,am,S(r”kv a,ln, 1, 3>wch’,a,l7m,n,swk,a,l,n,n,s

d2kd2k/ —i(q+Gq) T T
- Z Z 1/q m,O[,l,T],Sl@ B |kﬂn7a7lvnaS>’(/}k’7a’l7m’n’5wk7a,l,n,n,sa (475)

a,l,m,s mn

where the form factor (k,m|e~atGa)*|k n) has been defined in Eq.(462). The factor of 1/¢? in the integrand arises
from the fact that working at ¢ = 27 /q, the Brillouin zone size has reduced by a factor of g.

We project into the flat bands, defining the eigenoperators 71T< Mp,s 85 the operators that create the Mth energy
eigenstate at momentum k, with M ranging from 1 to 2¢. To do this, expand the eigenoperators as

Vk,N,n,s = Z [U(m )}a l, m(k )wk,a,l,m,n,& (476)

a,l,m

SO upon projection

wk,almméwkaznnﬁz O P (0 | LEAX A PN S EAP R W (477)
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The projected form factors read

Ak
_ s T
pq = P Gq—/ > MG (K, q+ G g s Ve Nomyss (478)
q q+ 0.1)x[0.1/a) 1/q e 9/ k—q/2m,M,n;,s; K

where M (%) (k, q) are the form factor matrices given by

MUP(ka+ Gy = > efarca®umal |1 LG (k)] yy,  (479)

a,ln
a,l,n,s,mn

1 ) )
=6(k1 — ;)6 (ky — kj)etarGaYATCa = (K m|e~(aTGa) T Kk n) (480)
q

with [U (’7’3)]2{ 1.m (k) the wavefunction of the N'th energy band in the mth Landau level, with repeated indices summed.

We have suppressed the indices o, [, 7, s in the ket |k, m) as they are unchanged by the operator e~‘aT,

When computing many-body overlaps, it is more convenient to discretize the magnetic BZ and work with Kronecker
delta normalized fermion operators instead of Dirac delta normalized operators. To do so, we discretize according to
the normalization

1 1
i
{\/N’Vk,mmjxsw\/NVk’,n,nj/,sj,

where N — §2(0) is the number of unit cells. Equivalently, N is the number of magnetic unit cells which is equal to
the number of k-points in the magnetic BZ. Working in momentum space, we discretize the momentum

11
} = N;(S(k — k’)émnéjj: — 6kk:6mn6jjf (481)

&’k (1,5) t
Pa+G, :/ My (69/27 + GV iom M s kN s,
! 0.0%[0,1/0) 1/91\% o YA T

- Z MI(\Z}SI)(kv q/27r + G‘I)’yltfq/Qw,M,nj,sj Yk,N,n;,s; (482)
kM N

where M, N sum over all the Hofstadter bands and the arrow indicates a discretization of the the magnetic BZ.

Supplementary Figure 20. Real space cuts along the L; lattice vector. All fluxes have many-body charge densities that are
peaked at the la location, but the 0 flux is the most peaked while the 27 is the most spread. As flux is increased, the
wavefunction weight is increasingly spread, but remains strongly localized at la. This validates the use of the HF Hamiltonian
in flux.

Acting on the groundstate, we have

(GSlpatra, |GS) = dq0(GS|pa,|GS) = dq0 Y Tr M(k,Gy) (483)
k
27)? d’k
(GS|pg+a, |GS) = (27) (5(q1)(5(q2)/ — TrM(k,Gy) (484)
q 0,1)x[0,1/q) 1/4
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switching back to the continuum normalization in the second line. As q ranges over the MBZ, the continuum delta
function §(q1)d(g2) appears with a prefactor of (27)?/q, so that the following integral over the MBZ is normalized to
1:

&g (2n)? -
/[02w>x[ozﬁ/q Gr2q g Ol)dle) =1 s5)

We now prove that only (GS|pg, |GS) is nonzero, for G, a reciprocal lattice vector of the zero-flux (non-magnetic)
BZ: that is, (GS|pa, |GS) is nonzero only if G, = 277Zg; + 2nZg,. This follows from the periodicity of the form
factors:

M (k +b1/q, Gq) = equ.aszn(k, Gq) (486)
which is derived from the form factor definition:
1 . )
55(1@1 — k)8 (ky — Kb )eCcakter/2m0 9 Ga — (k 4 g /97, m|e 2" CaT K 4 g1 /27q, n) (487)
= éd(kl — k))(ky — Kb)e(m(Ga)1(Ga)ztess (Ga)iks =2m(Ga)2/a) [eiez‘ﬂﬂ(Gq)iZj]mn (488)
— 2miCaLa () | 2mCa T/ ), (489)
or
(k + g1/27q, m|e” ™G T |k + g1 /2nq,n) = TG L2 (k m|e"2TCaT|K p) (490)
so that
d2k a dkz
1/ Tr M(k, Gg) TrM(kG ) (491)
1/q 1/q dko
= liG-az / k;l/ —T M(k, G) (492)
1/q dk, 1/q dks
=90 / / — Tr Mk, G 493
Sy Vah T g 199)

because Z;;é eGaaz — ¢ if G, - Ly € Z, and otherwise vanishes: that is, only if G, is a reciprocal lattice vector.
This observation allows significant speedup in numerical calculations, as G, vectors that are not reciprocal lattice
vectors do not need to be calculated in the expression for the many-body charge density. The integrals in Eq.(483)
will appear throughout the many-body calculations, so we find it convenient to define

d’k 1
ng = / —-Tr Mk, G), G € 2nbyZ + 2mbsZ (494)
[0,1)x[0,1/q) 1/qq

which is the average of the form factor over the magnetic BZ and (the 2¢q) occupied Hofstadter bands. Physically, ng
are the Fourier modes of the charge distribution, which we see from plugging into Eq.(468):

d’k 1 d*k 1
iG-r iG-r - zGr
(GS|n(r)|GS) = Ee /27r2(2/ ~Tr Mk, G) Ee / TMkG QE e . (495)

By proving that ng vanishes if G is not a reciprocal lattice vector, we have shown that the charge distribution at
rational flux is periodic over the physical unit cell, not just over the (extended) magnetic unit cell. A figure illustrating
the expectation value over a slice in real space along the L; direction is depicted in Supplementary Fig.(20). We see
that even in the presence of flux, the charge density remains localized at the la position, though the spread does
increase slightly with flux.

B. Many-body Charge Excitations

It was realized in [58] that the double commutator calculation could be extended to TBG in flux. In this appendix,
we detail a variation of this calculation using our gauge invariant formalism [59, 60], which makes the derivation of
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Supplementary Figure 21. Charge +1 excitations above the v = 0 VP state in flux, calculated via the strong coupling technique.

the charge excitations very simple. First we recall some basic results from the strong coupling theory of TBG: the
double-commutator technique of [18, 25] will be used extensively in this section, along with results from [24, 59].
Starting with a filled-band groundstate ansatz [10, 17, 19] at filling v (v = 0 is the charge neutrality point) given by

v+4

=TI 11, 10) (496)

k,n j=1

in spin-valley flavors {s;}, {n;}, we compute the excitations of the Coulomb Hamiltonian projected into 2¢ flat bands
(per spin-valley) defined by

1 [ d%q _ 19 dq Via+%b +G) _
Hine = 5 [ 53 V(@)Pap-a =5 92 Q Pat2miby 4 GP—(qt 2mib, ) (497)
(2m) &0/ (0.2m)x(0.27/q) (2T) ’ ‘
19 (k) (] 1
Z MMN ( 7q)(7k7q,M,n,s’yk7N;7hS - §5q706MN)- (498)

k,M N,ns

Working at p = 1, the equation breaks up the momentum q by restricting q into a vector in the MBZ, then adding a
multiple of g2/q, and a reciprocal lattice vector G, so that the total momentum q + 2 g2 + G.

At charge neutrality, v = 0, |¥,) is a groundstate of H;,; because H,,; is positive semi-definite and

_ v (2m)?
Par2zjbara W) = 5 0(g1)0(42)d;.09nG |¥y) (499)
and thus H;,: |V,—9) = 0. This convention justifies the choice of the projected interaction Hamiltonian. More

generally, we observe that

qg—1
zntl\lj Z /

2 6520 0,27)x (0,27 /q) (270)

= (2m)?6%(0) (VS Z V(QG)|nG|2> |U,) (501)

G

2, V(q+ Ziby+ G) ,
dq2 & a : )(5)2((27T)25(6h)5((12))25j,0|nc|2|‘I’V) (500)

(502)

where (27)262(0) is the total number of unit cells. Thus the many-body energy density of |¥,) is given by the quantity
in parentheses in Eq.(500).
A double-commutator calculation [18, 25] gives the charge +1 excitations in terms of the following 2¢ x 2¢ effective
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Hamiltonians (the ¢ = 27/q dependence is suppressed in M (k,q) and ng):

R =+ 3 L9 S i g 4 @)+ Gl + 4 5 S 0k, @)l — pnin (503
q,G G
Ry n(k)* = % > %%[MWK a+G)M(k,q+ Gy — o > @[M(k, G)lmnng + pdun (504)

2
a,G G

(505)

where q sums over the N states in the full Brillouin zone, and the chemical potential g = (Epin,+1 — Emin,—1)/2
is chosen so that the minima of the charge £1 spectra at p = 0, denoted E;5 4+, are the same. Physically, this
choice of p corresponds to setting zero energy in the middle of the excitation gap. We refer to the first term in
R*(k) as the Fock term. Since V(q) > 0 and MM is a positive-semi-definite matrix, the Fock term is positive
semi-definite. It also does not depend on the filling v. Note that the phase e®a(¥) in the form factors M (k,q) cancels
in the M*M product, and so does not need to be evaluated. To further speed up the numerical calculations, ng
can be precomputed since it does not depend on k. Most importantly, the computation of M (k,q) can be carried

out with sparse matrix multiplication of %% on U(k). We find that even for very large ¢, the computations of
R* (k) are feasible taking the Landau level cutoff to be 30q and truncating the G sum after three shells. A plot of the
many-body charge excitations calculated with strong coupling is shown in Supplementary Fig.(21); this is compared
to the spectrum obtained via heavy fermions to excellent agreement in the main text.

Supplementary note 13. NOTATIONAL CHANGES

e The notation I [gn,r/] is used in the supplementary to represent the c-f hybridization matrix (see Eq.(131)). In

the main text, we use the notation Y, ,, for the same. It is defined in Eq.(13) of main-text.

e The notation 7,4, is used in the supplementary to represent the upper cut-off on c-LL index. In the main
text, we use the notation m, for the same.
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