arXiv:2305.12631v1 [math.SP] 22 May 2023

INCOMPLETE INVERSE PROBLEM FOR DIRAC OPERATOR
WITH CONSTANT DELAY

FENG WANG AND CHUAN-FU YANG

ABSTRACT. In this work, we consider Dirac-type operators with a constant delay less
than two-fifths of the interval and not less than one-third of the interval. For our
considered Dirac-type operators, an incomplete inverse spectral problem is studied.
Specifically, when two complex potentials are known a priori on a certain subinterval,
reconstruction of the two potentials on the entire interval is studied from complete
spectra of two boundary value problems with one common boundary condition. The
uniqueness of the solution of the inverse problem is proved. A constructive method is
developed for the solution of the inverse problem.

1. INTRODUCTION AND MAIN RESULTS

In the past decade, there appeared a significant interest in inverse problems for Sturm-
Liouville-type operators with constant delay:

—y"(@) +q(@)y(z — a) = My(x), =€ (0,m), (1.1)

under two-point boundary conditions (see [2-3, 7-12, 14, 19, 23-25, 29-30] and references
therein), which are often adequate for modelling various real-world processes frequently
possessing a nonlocal nature. Here ¢(x) is a complex-valued function in Ls(a, ) van-
ishing on (0,a). It is well known that the potential ¢(x) is uniquely determined by
specifying the spectra of two boundary value problems for equation (LI with a com-
mon boundary condition at zero as soon as a € [2?”,77). The recent series of papers
[9-11] establishes, however, that it is never possible for a € (0, %’T) For more details,
see Introduction in [6].

To the best of our knowledge, the first attempt of defining Dirac-type operator with
constant delay was made in ﬂﬁ] They consider the following Dirac-type system with a
delay constant a € (0, 7):

By'(z) + Q(@)y(z — a) = Ay(z), x € (0,7), (1.2)
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where

p=[4 o] ew=[0 ] v [0

while ¢(z) and p(z) are complex-valued functions belong to Ls(0,7), and Q(z) = 0
on (0,a). For any fixed j € {1,2}, denote by L;(Q) the boundary value problem for
equation (L2 with the boundary conditions

y1(0) =0, y;(m)=0. (1.3)

In [5], authors restrict themselves to the case a € [§,7), when the dependence of the

characteristic functions of the problems L;(Q) on Q(z) is linear. For the considered case,
however, they give answers to the full range of questions usually raised in the inverse
spectral theory. Specifically, reconstruction of two complex potentials ¢ and p is studied
from either complete spectra or subspectra of two boundary value problems L;(Q) and
L2(Q). They give conditions on the subspectra that are necessary and sufficient for the
unique determination of the potentials. Moreover, necessary and sufficient conditions
for the solvability of both inverse problems are obtained. For the inverse problem of
recovering from the complete spectra, they establish also uniform stability in each ball
of a finite radius.

In [28], we restrict ourselves to the case a € [2F,Z), when the dependence of the
characteristic functions of the problems L;(Q) on Q(z) is nonlinear. For our considered
case, we study the inverse problem of restoring two complex potentials ¢ and p from
complete spectra of two boundary value problems L;(Q) and Lo(Q). We also provide
full answers for our considered inverse problem: uniqueness, solvability and uniform
stability.

In [13], by constructing counterexamples, authors prove that two spectra of the prob-
lems L;(Q) and Lo(Q) cannot uniquely determine the potentials ¢ and p in the case
a € [3, %”) Therefore, in this case, a natural question is whether it is possible to add
some information of the potential functions so that two spectra of the problems L;(Q)
and Ls(@Q) can also uniquely determine the potentials ¢ and p. This article aims to
address this issue.

In this paper, we restrict ourselves to the case a € |7, %”) For this case, an incomplete
inverse spectral problem is studied. Specifically, when the two complex potentials ¢ and
p are known a priori on a certain subinterval, reconstruction of the two potentials on the
entire interval is studied from two spectra of the problems L1 (Q) and L2(Q) (for details,
see Inverse Problem 1 below). A uniqueness theorem is given for the incomplete inverse
problem (See Theorem below). As well as, a constructive method is developed for
the solution of the incomplete inverse problem (for details, see Algorithm 1 in Section
3). The motivation for studying this incomplete inverse problem comes from the paper
[12], in which a similar inverse problem is studied for the Sturm-Liouville-type operators
with constant delay.
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Additionally, in the classical case a = 0, inverse problems for (L.2)) were studied in [1,
15-18, 20-22] and other works. Meanwhile, it is worth mentioning that the first attempt
of defining operator (LLI]) on a star-type graph was made in [26, 27], which could be
classified as locally nonlocal because the delay on each edge does not affect the other
edges. Afterwards, Buterin suggests another concept of operator with delay on graphs
that can be characterized as globally nonlocal, when the delay extends through vertices
of the graph (for details, please refer to [4]).

To begin with, let us give the following theorem about the asymptotic relations of
eigenvalues for the boundary value problems L;(Q), j = 1,2, which has been proved in
[28].

Theorem 1.1. For j € {1,2}, the boundary value problem L;(Q) has infinitely many
eigenvalues A, j, n € Z, of the form

) — 1
)\n,j =n- (]T + Kn,j, {’{n,j}neZ S l2- (14)

Throughout the article, we use the symbol f|s for denoting the restriction of the
function f to the set S. Assuming that the delay constant a € [, 2%) is known a priori,
we consider the following inverse problem.

Inverse Problem 1. Given q|(37a x4 ay, p|(37a x,ay and the two spectra {Mn,jtnez,

272" 4 22 ' 4
j = 1,2, find the potential functions ¢(x) and p(z) for = € [a, 7.

Next, we present the uniqueness theorem for Inverse Problem 1, which is also the
main result of this paper. To this end, for j = 1,2, along with the problem L;(Q),
we will consider other problem Lj(@) of the same form but with a different potential
matrix

~ q(z) p(z) ]
r)= |~ N .
Ae) [p@) ~g(x)
We agree that if a certain symbol a denotes an object related to the problem L;(Q),
then this symbol with tilde a will denote the analogous object related to the problem
1;(Q) .

Theorem 1.2. Ifq(z)=q(z), p(z)=p(x) a.e. on (3, 2+2), and A\, 1 an,l, AW:X”,Q,
n € Z, then q(x)=q(z) and p(x)=p(x) a.e. on [a,7]. In other words, if the potentials
q(x) and p(x) are known a priori on the subinterval (37“, 5+%9), then the specification of
two spectra {\p 1}nez and {\, 2}nez uniquely determines the potentials q and p on the
interval |a, .

The paper is organized as follows. In the next section, we introduce the characteristic
functions of the boundary value problems L;(Q) and Ly(@). In Section 3, we prove
Theorem and provide a constructive method for the solution of Inverse Problem 1.
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2. CHARACTERISTIC FUNCTIONS

Let Y (x,\) be the fundamental matrix-solution of equation (L2]) such that

_|yia@A) yra(z,A) 1o
YN = |y ) y;i(x,A)]’ Y (0. = [o 1]

Then, for j € {1,2}, eigenvalues of the problem L;(Q) coincide with zeros of the entire
function

A]()‘) = yj72(7'(',)\), (21)

which is called characteristic function of L;(Q).
When a € 3, F), it follows from the relatlon (12) in [5] that

Y(z,\) =Yo(x,\) + Yi(z, A) + Ya(z, A), (2.2)
where
e[ 2] 5
Vi, A) = B / Yole — £ Q)Y (t — a, N, (2.4)
Yo(z,\) = B ’ Yo(z — t, \)Q(#)Y1(t — a, \)dt. (2.5)

2a

Combining these relations (2.2)-(2.5) and taking the definition (2Z1]) into account, by
a rather tedious computation, we obtain

™

Ar(N)=— Sin)ﬁr—/ﬂq(t) COS)\(F—Qt—I—a)dt—I—/ p(t) sinA\(m—2t+a)dt
/2a dt/ + p(t)p(s )) sin\(m—2t+42s)ds
+/2 dt/ q(t)p(s) —p(t)q(s)) cosA(m—2t+2s)ds,

and

sinA(m—2t+2s)ds

ta
]
2a
t—a
AT
2a

Ag()\)—cos)m/ q(t) sin\(w—2t+a)dt— /p t) cosA\(m—2t+a)dt
>cos)\7r 2t+2s)ds.
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Changing the variable and interchanging the order of integration, we obtain

Aj(N)=— sin)\ﬂ—l—/ﬂ_avl (x) sin)\xdaz—i—/ﬂ_avg (x) cosAzdz, (2.6)
and _ _
Ag(N) :cos)\ﬂ+/7r_avg(x) sin)\xdaz—/w_avl(a:) cosAzdz, (2.7)
where _ _
$(H575) 3 [Funams [a(0)a(2557)
vi(z) = —i—p(t)p(m%)} dt, ze(2a—m,m—2a), (2.8)
p(FH=L) g€ la—m,2a—7] U [m—2a,T—a],
~30(T40) 4] [T [a(6)p(22557)
Vo) = —p(t)q(m%)] dt, x€(2a—m,m—2a), (2.9)
| —3q(THEE), 2€ [a—7,2a—7] U [r—2a, m—a].
Using Euler’s formula, the relations (2.6) and (2.7) take the forms
A1(N\) = —sinA\w + /ﬂ_a uy (z) exp(i\x)dz (2.10)
and _
Ag(N) = cos At + /W_a ug(x) exp(i\x)dz, (2.11)
where B
i () = 2 _2;)1(_33) 1 @ +21)2(_x), (2.12)
() = vo(7) —va(=7)  vi(w) + vl(—x). (2.13)

29 2
The following lemma has been obtained (see Lemma 3.3 in [28]).

Lemma 2.1. The characteristic functions A1(X) and A9(\) are uniquely determined
by specifying their zeros. Moreover, the following representations hold:

A =701 -0 TT 242 exp (2)). .14

n
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Ag(N) = H An.2 _1)\ exp (n A l) : (2.15)

neL n 2

2

From Lemma 2.1l we immediately obtain the following lemma, which plays an im-
portant role in proving Theorem

Lemma 2.2, If \,; = Xml, An2 = Xng, n € Z, then uy(z) = uy(z) and uz(z) = uz(x)
a.e. on [a—m, ™ — al.

Proof. Since A\, 1 = Xn,l, An2 = Xng, n € 7, according to Lemma 1], we have
AN =A1(0),  Ax(N) = Ay(N),
which yields
AN +sin Ar=A;(A)+sin A, Ag(X)—cos A= Ay(N)—cos Ar.
From (2.10) and (2I1)), one has

/;_a u(z) exp(idz)dr = /ﬂ_a w1 (z) exp(idx)de,

/ ug(x) exp(i\x)dx = / ug(x) exp(i\x)dx.

Taking A = n € Z in the above two equations, we have

/i_a up(x) exp(inz)dr = /i_a u(x) exp(inz)dz, (2.16)
/i_a ug(x) exp(inz)dr = /i_a uz(z) exp(inz)dr. (2.17)

Since the system {exp(inx)},ez is complete in Lo[a — 7, — a], the relations (2.16) and
(ZI7) imply ug(x)=u;(z), uz(z)="us(z), a.e. on [a —m,m — a. O
3. PROOF OF THEOREM 1.2

Before proceeding directly to the proof of Theorem [[.2] we fulfil some preparatory
work. Let

wi(x) = —(ug +dug)(m + a — 2x) — (w1 —iuz)(2z — 7 — a), (3.1)

wa(x) = (iug — ug)(m + a — 2z) — (iug + uz)(2x — ™ — a), (3.2)

then the functions u; (x) and uz(x) in Ly(a — 7, ™ — a) uniquely determine the functions
wi(z) and wo(z) in Lo(a, ).
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When z € [a—7,2a—7| U [r—2a, m—a], according to ([2.8))-([29) and (2.I12)-(2.13]), one

can calculate

(o) + ina(e) = (g +in) (T2

2
~2ur(o) ~ ina(e) = lg-in) (T4
The changes of variables t = % and t = ”+‘21+x, respectively, lead to
(+ip)(1) = —2(m + i Xrta—20), 1€ fa, SIU[r— 2,7],
(4-ip)(t) = ~2(u1 — iwa)2t—7—a), 1€ [a, 2] Ur— 7]

Summing up two equations above and subtracting one from the other, and taking (3.1I)-
(B:2) into account, we get

ot) = wi®), plt) = walt), 1€ la, 2]Ufr— o,
Thus, we have proved the following lemma.
Lemma 3.1. The following relations hold:
Al 321027 = Wilia 22 )0im-2.7) Plla220pr—g.m = W2l Sjupr-g .7 (33)

When z € (2a—7, 7—2a), according to (Z8))-([2.9) and (ZI2))-(2I3]), one can calculate

—2(u1(x) + iuz(x)) = (q+ip) <7T+a_$>

2
_/#(Q(t)+ip(t))(iq+p)<x+2%> at.
—2(u1 () — ius(z)) = (q—ip) <7r+;z—|—:17>

—/W (Q(t)—ip(t))(—iq—Fp)(%_#) dt.

+2a+x
2

The changes of variables & = ”+g_m and £ = %ﬂ, respectively, lead to

—2(u1 + iug)(m + a — 28) = (g+ip)(§)
—/5 (Q(t)+ip(t))(iq+p)(t—€+g)dt,

+3

—2(u1 —1up) (2§ — 7 — a)=(qg—ip)(S)
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—/£+;(Q(t)—ip(t))(—iQ+P)<t—§+g>dt

for £ € (37“, 7—%). Summing up two equations above and subtracting one from the other,
and taking ([B1)-(B-2) into account, we get

wi() = q(6)- /5 + lap(t—¢+5) —p(a(t—¢+3)] d. (3.4)
wa(©) =p(6)~ [ [o0a(t-e+5) +ptom(1-¢+5)] (35

for {e(%‘l,ﬂ—%).

When ¢ € [r—a,2a] U [5+32 71— %), it is easy to find that

IS

a a 3a
< — <t < <t - - << —
g Stfgstsm ast-{+35<5

Hence, according to Lemma B.1], the relations (3.4) and (B3] yield

q(6) = w1(£)+/ [wl(t)wg <t—£+g) —ws()uwr <t—£+g)] dt,

&+5

|

m —

™

s

P(E) = wa(E) + /

» (w1 (tywn (t=6+5 ) sz (1-¢+5 )| at

Thus, we have proved the following lemma.

Lemma 3.2. The following relations hold:

{q|[7r—a,2a]u[g+3f,7r—g) = (w1 + 71)|[w—a,2a}u[g+%f,n—g)a (3.6)
p|[7r—a,2a]U[%+%,7r—%) = (w2 + 72)|[w_a,2a]u[g+%,w_g)a
where
@) = [l o [wiws (t—2+§) —wa(tywr (t—2+5)] dt,
. 2 . . (3.7)
(@) = [Ts [wr(wr (t-2+§) Fws(tyws (t-2+4)] d

forz € [r—a,2a) U[Z+32 7—2).

Let I) = [a, 2] U [r — a,2a] U [Z4 22, 71]. Since a € [Z, 2F), three subintervals [a, 32],
[r — a,2a] and [3+32 7] are not intersecting with each other. By combining Lemmas
2.2, BT and B2l and taking (3.1))-([3.2]) into account, we can obtain the following lemma.
Lemma 3.3. If \p1 = M1, A2 = A2, n € Z, then q|1, = q|r, and p|r, = plr1,-
Thus, the specification of two spectra {\n 1}nez and {An2}tnez uniquely determines the
potentials g and p on the interval I.
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Proof. Since A\, 1 = Xn,l, An2 = Xng, n € Z, according to Lemma 2.2, we have

ui(z) = up(x), we(x)=1z(z), a.e.onla—mm—al (3.8)
In view of (B1), (B:2) and (B.8]), we get
wy(z) = wi(x), wo(x)=ws(x), a.e. onla,n]. (3.9)

According to Lemma 3], it follows from (B3.9)) that

q(z) =q(z), plx)=p(x), a.e. onla, 37(1] Ulr — %,77].
According to Lemma [3.2], it follows from (B3.9) that

q(z) = q(z), plx)=Dpx), ae. on[r—a,2a.
So, we have ¢|r, = ¢|1, and p|;, = D1, - O

Next, for simplicity, we denote
fi= Q|[g+%,ﬂ]7 p|[ 432 q)> (3.10)
When ¢ €15 := (2a, F+32), it is easy to find that
z—l—%ﬁ&—l— <t<m, a<7§—£—|—g 3;

Hence, according to Lemma [3.J] and the equation (3.I0), the relations ([3.4) and (B.5)
yield

o =@+ [ [A(t-6+5) o (1-€+5)

+3
s a “
p(&) = "1)2(§)+/€+g [fl(t)wl (t—€+§>+f2(t)w2 (t—€+§>} dt
Thus, we have proved the following lemma.

Lemma 3.4. The following relations hold:

Q|12 = (wl + 51)|127 p|12 = (w2 + 52)|12’ (3'11)
where
51(3)) = f;_,'_a [fl(t)ZUg(t—:E—l-%)—fQ(t)wl (t—:l?—l—%)] dt, (3 12)
52(3)) = f;+a [fl(t)wl (t—$+%)—|—f2(t>l£)2(t—$+%) d , ’
forx € Is.

Using Lemmas 2.2] 3.3 and 3.4 we immediately obtain the following lemma.
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Lemma 3.5. If \p1 = M1, A2 = A2, n € Z, then q|1, = q|1, and plr, = pl1,-
Thus, the specification of two spectra {\n 1}nez and {An2}tnez uniquely determines the
potentials g and p on the interval I.

Proof. Since A1 = Xml, A2 = Xmg, n € Z, according to Lemmas and [3.3] and
taking the equations (31)), (3:2) and (310) into account, we have

wi(z) =wi(x), wa(zr)=ws(z), a.e. ona,nr], (3.13)
and
@) = Ai), fae) = Fle), e on 3+ ] (3.14)

Using Lemma B4, it is from B.13)) and (3.14]) that
q(z) = q(z), plx)=px), a.e. only,
i.e. qlr, = ql1, and p|r, = pl1,. O
For simplicity, we denote

g =dlaz+e), 92 =Dlez+2), (3.15)
When €l := [§+7,m—a), it is easy to find that

T e Cct<n a<t-er 2Ty

2 4 2 272 4
Hence, according to the equations (B.10) and ([B.13]), the relations (B.4) and (3.3 yield

™

0 = 0@+ [ [AOn(t-6+5)~2On (t-c+5) |

e+

™

p(§) = w2(£)+/ [fl(t)gl (t—£+g) + fa(t) g2 (t—g+g)} dt.

§+5
Thus, we have proved the following lemma.

Lemma 3.6. The following relations hold:

Q|I3 = (wl + 771)|I37 p|13 = (w2 + "72)|I37 (3'16)

where

(3.17)

for x € I3.
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Now we are in position to give the proof of Theorem
Proof of Theorem According to Lemmas [3.3] and B.5] the conditions A, =

>\n,17 )\n’Q = )\n’Q, n e Z, imply that

wy(x) = wi(x), wo(x)=ws(x), a.e. onla,n], (3.18)
and
q(x) =q(z), pz)=p(x), a.e. onlyUls. (3.19)
Since q(z)=q(z), p(z)=p(z) a.e. on (3£, Z+4%), it follows from (BI5) and (BI9) that
g1(x) = q1(z), go(x) =g2(x), a.e. onla, g+%). (3.20)
Additionally, the relations [B.I0)and (3.19) yield
fi@) = Fi@), fola) = Pae), aeon [+ 7] (321)
In view of (BI7)) and (3:20)-(3.21]), we have
m(x) =m(z), mn(zx)=m(z), a.e. onls. (3.22)
According Lemmas along with the relations (3.I8) and ([3.22]), we obtain
q(z) = q(z), p(x)=p(x), a.e. onls. (3.23)
Note that [a,7] = I; ULy UI3 U (22, Z+2). The relations (319) and (3:23)) arrive at the

assertion of Theorem O

Based on the above discussion process, we have the following algorithm for solving
Inverse Problem 1.

Algorithm 1. Let the two spectra {A,;j}nez, 7 = 1,2 and partial potentials

q|(37a’%+%), p|(37a’%+%) be giVeH.
(i) Construct the functions Aj(A) and Ax(\) by (214]) and (2.I5);
(ii) In accordance with (2.10) and (2.I1), find the functions ui(x) and ug(z) by the

formulae

ui(z) = % Z Aq(n)exp(—inx),
ug(z) = % <A2(n) - (—1)") exp(—inz);

(iii) Construct the functions wy(z) and wy(z) by the formulae (B31]) and ([B.2);
(iv) Construct the functions q|[a737a]u[ﬂ_%m] and p|[a’37a]u[ﬂ_%7ﬂ by the formula (3.3));
(v) Construct the functions Q|[w—a,2a}u[g+%,w—%) and p|[w—a,2a}u[g+%@,w—g) by the for-

mulae (B.6) and B.71);

(vi) Construct the functions q| o, = | 30) and p| (9, = | 3, by the formulae (F.10), E.II)and
72 4 72 4
B.12);
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(vii) Construct the functions q|[%+%,ﬂ_a) and p|[%+%,ﬂ_a) by the formulae (310,

BI5), BI6) and BIT).
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