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Abstract

This paper proposes a guaranteed computation method to evaluate the Hadamard shape derivative for re-
peated eigenvalues. The proposed method enables the investigation of the behavior of eigenvalue variations
around repeated eigenvalues, and provides rigorous estimation for the range of the Hadamard shape derivative
in the case of clustered eigenvalues.
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1 Introduction

While numerous studies have been conducted over a century on the Hadamard shape derivative for eigenvalues, the
task of rigorously evaluating its concrete values still remains difficult. For well-separated Laplacian eigenvalues, the
authors have proposed a method that guarantees computation for the evaluation of the first-order shape derivative
[1]. In this context, the recently developed eigenvector error estimation from [2, 3] plays a significant role.

This paper will discuss the Hadamard shape derivative for repeated and clustered eigenvalues. Generally, the
numerical computation of eigenfunctions for clustered eigenvalues poses an ill-posed problem. Instead of rigorously
computing eigenfunctions, we utilize the guaranteed computation of eigenspaces and propose a stable method to
evaluate the Hadamard shape derivative for repeated eigenvalues. The proposed method enables the investigation
of the behaviour of eigenvalue variations around a repeated eigenvalue and provides a rigorous estimation of the
Hadamard shape derivative’s range in the case of clustered eigenvalues.

First, let us quote a fundamental result about the shape derivative from Henrot [4] in Theorem 1.1, which is
originally stated in Rousselet [5]. For an open set € of R?, we consider a family of function ®(t) satisfying

®:tec0,T)— Wheo(R? R?) differentiable at 0 with ®(0) = I,®'(0) =V,

where W12 (R? R?) is the set of bounded Lipschitz maps from R? to itself, I is the identity and V a vector field.
Let @ = @(¢)(Q) for t € [0,T).

Theorem 1.1. [4, Theorem 2.5.1, 2.5.8] Let 2 be a bounded open set with C? boundary. Assume that A (£2)
is a multiple eigenvalue with multiplicity m € N. Let us denote by ui,--- ,u,, an L?-orthonormal system of
eigenfunctions corresponding to Ag. If m = 1, then ¢ — A\ (€) is differentiable at ¢ = 0, and we have

= /em (f((;:”i) (V) de.

If m > 1, then ¢t — A\ (€;) has a directional derivative at ¢ = 0 which is one of the eigenvalues of the m X m matrix

M defined by
ou; ou;
Moo — i) (o : =1 m
f /(99(6n>(8n)(v n) ds. i, , ,m
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The above shape derivative results are depicted through the integration of the eigenfunction across the domain
boundary. Such a formulation requires higher regularities (e.g., H?) of the involved eigenfunctions and poses difficul-
ties in practical evaluation. Additionally, these results persist as a theoretical analysis under the presupposition of
eigenvalue simplicity or multiplicity. However, in addressing practical problems involving clustered eigenvalues, the
simplicity of eigenvalues is usually unknown. Consequently, the results of Theorem 1.1 cannot be directly utilized.
In contrast, this paper introduces a new formulation that only necessitates the first derivative of the eigenfunction
and can be applied to clustered eigenvalues.

The remainder of this paper is organized as follows: In Section 2, we review theorems on eigenvalue and
eigenvector error estimations for the computation of the directional derivatives. In Section 3, we revisit results on
eigenvalue perturbations and analyze the difference quotient of eigenvalues. In Chapter 4, details of the computation
scheme for the first variations are provided. Finally, in Section 5, we state our conclusions.

2 Preliminary

We shape our discussion within the framework of Sobolev spaces. For a triangular domain T C R2, the function
space L?(T) is constructed by all the real square integrable functions over T, and H'(T) is the first order Sobolev
function space that the function has the first derivative to be in L*(T). We further introduce subspace H}(T)
associated with the homogeneous Dirichlet boundary conditions.

Denote by ||v||7 the L?-norm of v € L?(T). Integration (-,-)r is the inner product in L?(T) or (L*(T))?. Note
that due to the boundary condition of the space H}(T), (V-,V:)r is an inner product for Hg(T). Using such
notation, the variational form of the Laplacian eigenvalue problem —Awu = Au reads as

Find w € H}(T)\{0} and A > 0 s.t. (Vu, Vo) = Mu,v) Yo € HY(T). (1)

Here, V is the gradient operator. As the inverse of the Laplacian is a compact self-adjoint operator, the spectral
theorem shows that problem (1) has a spectrum of infinitely many eigenvalues, 0 < A\ (T) < A2(T) < A3(T) < ---.

The finite element method (FEM) will be utilized to evaluate the eigenvalue over triangles. Let us introduce the
FEM approximation to the eigenvalue problem (1). Let T C R? be a triangular domain. Denote by 7" a regular
triangulation of T} that is, any two edges e; and e; of elements of T" satisfy e; Ne; = e; = e; or u(e; Nej) =0,
where p(+) is the 1-dimensional Hausdorff measure. Let h be the maximal edge length of 7.

Let us introduce the following finite element spaces V,°¢ and V,°® over T™:

e The Lagrange FEM space V,”¢:
V,e¢ := {vy, : vy, is a continuous piecewise linear polynomial on 7.}
e The Crouzeix—Raviart FEM space V,®:

Vi .= {v}, : v, is a piecewise linear polynomial on 7™;

vy, is continuous on the midpoint of each inter-element edge e; }.

Let VG and V,°5 be the subspaces of the above finite element spaces defined by
Ve = Hy(T) N Vs,

Vio = {on € V7" : /vh =0 for each boundary edge e of 7"} .

(&

To estimate upper and lower bounds of the exact eigenvalues A\i(T'), the following two eigenvalue problems are
considered:

(a) Find uy, € V75 (T)\{0} and A, > 0 such that
(Vuh, V’Uh)T = /\h(uh,vh)T Yoy, € V}SS’(T)
(b) Find up € Vi75(T)\{0} and A, > 0 such that

(Vuh, Vvh)T = )\h(uh,vh)T Yo, € V;SOR(T)



Let N1 = dim(V,5(T)), N2 = dim(V,75(T")). The eigenvalues of (a) are denoted by
(0 <) ATR(T) < AG5(T) < - S AR W(T)
and the eigenvalues of (b) are denoted by
(0 <) ATH(T) < AGH(T) < -+ <AL u(T)
The energy projector Py¢ : Hy(T) — V,°f is defined by
(V(u— Pyu), Vo) =0 for all vy, € V5.
Also, the projector P : HY(T) + Vio = Vio is defined by
(V(u — Ppu), Voy) = 0 for all v, € Vi7g.
Let Cy¢ and C}J® be the projection error constants defined by

_ pcc _ pcr
Cy%:= sup Ju h CuG”T , CpPf = sup [ h CURHT .
werd(ry [Vu = V(PFu)|lr wemy(ry+ver Ve = V(P u)||r

Remark 2.1. Let h be the mesh size of T". The computable projection error estimation for PC¢ and PC™ has been
investigated extensively. For example, Liu and Kikuchi [6] obtained the estimation C5¢ < 0.493h for a uniform
mesh with right triangle elements. The estimate for C5™ given in Liu [7] is CJ* < 0.1893h.

By using FEM approximation, we can evaluate eigenvalues with rigorous upper and lower bounds:

Lemma 2.2. Let N; = dim V;75(T) and N2 = dim V,5(T'). We have

Aen(T) - :
A= T T (C5™)2ACh (T) S(T) S AG(T) = A for k=1,2,...,min{Ny, Na} .

Proof. The lower eigenvalue bound is provided in Liu [7], while the upper eigenvalue bound is from the min-max
principle since VG (T) C Hy(T). a

The eigenfunction of the eigenvalue problem can also be well approximated by FEM solutions. Let us introduce
distances to measure the error of approximated eigenfunctions. Given two subspaces E and E of H(T), the directed
distances d,, dp, 0, and 9, are defined by

5,(E,E):= max min||Vo—Vd|r, 6(E,E):= max min|v— 0|,
veE  4eF vEE 4eE
[Vollr=1 lvllr=1
SG(E,E) ;= max min |Vv—Vo|r, Sb(E,E) := max min |jv—29|r
veE ’DEA veEE ’DEA
lolle=1 || r=1 lollr=1 )| r=1

The directed distances J, and J, are not symmetric in general, but if the two subspaces are of the same finite
dimension, then d, and J, are symmetric.

For L?-orthonormal systems B := (vi,--- ,v,) and B’ := (v{,--- ,v},), let us introduce the distances 6} and &;
to measure the error between B and B’.

02(B,B) = max |V, = Vvlllr, 8(B.B) = max [lo; v}z,

In order to formulate the bound on eigenfunctions, a notation for clusters of eigenvalues is introduced. Let ny
and N stand for indices of the first and the last eigenvalue in the k—th cluster; see Figure 1. Note that eigenvalues
in a cluster need not be equal to each other. We consider the k—th cluster to be of interest, and set n = n; and
N = Ni to simplify the notation.
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Figure 1: Clusters of eigenvalues

Let E} be the space of exact eigenfunctions associated to kth cluster of eigenvalues:

Ey = span{u,, Unt1,  * ,UN}-
Similarly, approximations uy ; € Hj(T) of exact eigenfunctions u;, for i = n,n+1,---, N, form the corresponding
approximate space: R

Ey = span{ty,, Upt1, - ,UN}-
Let ); := ||Va,|2/||a;||? for i = n,n+1,---,N. Let us introduce measures of non-orthogonality between finite-

dimensional subspaces E and E’ of Hg(T)

(B, E') = max max (Vu,Vv'), &(E,E')= max max (v,v).
vEE v EE’ veE o'cE’
IVoll=1 v ||=1 lvlI=1|jv"||=1

Lemma 2.3. [Theorem 1 of Liu-Vejchodsky [2]] Take p such that A\, < p < An41. Then, we have

p(An = An) + A AWM
AW (0= )
A — A, 6
p—An

62(EkaEk) <

)

52 (Ey, Ey,) <

)

where

k-1
(k) _ P=Ani [+ (5 5 =112
N ; o [5a(ElaEk') + 6a(El7El)} ;

k—1

PR o 12
og’“) _ Z(p — ) [éb(El,Ek) + 5b(El7El)}
=1

The following summarizes the results of Lemma 1 and Theorem 1 of Liu-Vejchodsky [3]:

Lemma 2.4 (Estimation for eigenspace approximation). Suppose that Ep C Ve (T). Let £ be a quantity that
satisfies

e <1— [T,

where
A Ai
T :=max max ————, Tj := Iax max ———,
JET HE€NT |\; — N JET ETNT |\; — Ajl
Z:={1, - ,dim(Vy 9}, J:={n,n+1,--- N}, |J|:=N—-n+1.
Let -
P=1z hé

Then, for an arbitrary cluster of eigenvalues, the following estimate holds:
3o(Ex, Ex) < (1+ B)An(CF),

For the distances of subspaces, we have the following properties:



Lemma 2.5. [estimations (19) and (49) of Liu-Vejchodsky [2]] For the distances 6, and &, it holds that

~ 1/2
f _ 52
2. B < 2o, L08R B |
ANAN

gi(EkaEk) < AN —|—:\\N — 2/\n\/ 1-— 5§(Ek,Ek).

Lemma 2.6. For the distance dp, it holds that

52 (Ex, By) < 2— 24/1 — 62(Ey, Ey).

Proof. By the definition of 33 (Ey, E), we have

<2 ~ . . "
0y (Er, Br) = max  min (||ull7 + [|all7 — 2(u, @)r)
ueE GeR
lullr=1ja|r=1

<2—2 max min(u,d)r
uell aeF
llullr=1

=2 —2/1 — 62(Ey, E),).

We will utilize the following lemma to validate the orthogonality of eigenfunctions:

Lemma 2.7. [Lemma 2 of [8]] Let A be a n x n matrix. If ||[A — I]] < 1 for some fixed matrix norm, then we have
det(A) > 0, where I denotes the n x n identity matrix.

3 Main theories

For each p = (r,0) with r > 0, 8 € (0, x], vertices of a triangular domain T? are represented as follows: O = (0,0),
A = (1,0), B = (rcosf,rsinf). In case B = (rcosf,rsinf), let X} := X\,(T?) (k = 1,2,...). Fort > 0 and a
normalized vector e € R?, let p; := p + te be a perturbation of p.

LetVEND := (' — AD)/t be the difference quotient of the k-the eigenvalue at p. If A¥ has the directional
derivative in the direction of the normalized vector e € R? at p € C, denote the directional derivative by VL. For
the simplicity of notations, for e” = (—1,0) and e’ = (0, —1), write

VoA = Ver Al VoAl :=V oAl VIN := VL AL, VAL = VAL,
respectively.

In case of the regular triangle T?° (py = (1,7/3)), note that A\5°, \E® are multiple, i.e., b = A5°; for the part
of such a fact, see [9].

3.1 Perturbation of functions with respect to variation of triangles

Let T be the triangle with vertices O(0,0), A(1,0) and B(a,b). Let us introduce the perturbation of T' by linear

transform ® : 7" — T R .
T T «
(3)-a(3) o-(4 ) o0

For u over T, define @ over T by & = u o ®. The transpose of @ is denoted by QT. Let Vi = (%ﬂ %Q)T be

the gradient of @. It holds that Vi(Z,§) = Q TVu(z,y). Let Amin(-) and Amax(-) denote the minimum and the
maximum eigenvalues of a given square symmetric matrix, respectively.

Below, let us confirm the properties for the perturbation of u; see [10] for a detailed proof.

Lemma 3.1. Given function u over T, define % = uo Q™! over T.



(a) For L?-norm, we have
|1all% = Bllullf -

(b) For H'-norm, we have
Anin(QQT)IVa]1 % < BlIVullz < Auax(QQT)[| V][5 (2)
Let v = o + 2 4+ 1. The eigenvalues of QQT are given by
— /2 —4p2 + /2 — 452
Al’I]ln(QQT) = %5 )\max(QQT) = %'
(¢) For quantities involving the first derivative, we have

( )
( )
(g, )

<

T 6 0 0 (uzauz)T
7 | = —« 1 0 (Uz, Uy)T ) (3)
7 o?2p~1 —2ap71 Bt (Uy, Uy)T

i

)

2 &
@ & &

S
S B o®

Proof. The equality of (a) is evident. Since Vu = QTVa, we have
Amin (QQT) - (@3 +13) < uf +uy < Anax (QQT) - (@F +T3) -

Noting that dZd§ = Bdzdy holds for the integrates over T and T', we obtain (2). The relation of (3) can be shown
with an analogous argument. O

Next, let us consider a concrete transformation ®, 5 that maps 7% to TP: for p = (r,0), p = (f,é) € C, the
transformation matrix is given by

(1 (Fcosé—r;os@)/(rsin@)
o (0 (7sin6)/(rsin ) )

In case p = p + te with |le|| = 1, we shall write S := S, 5.

Lemma 3.2 (Eigenvalue perturbation; Extension of Theorem 4.2 of [7]). For p = (r,0),p = (7,0) € C, let

B(7 cos 0, 7 sin 0) be a perturbation of B(rcosf,rsinf). Then, for the i-th (i = 1,2,---) eigenvalue, we have
>\min (Spvﬁsg7ﬁ) : Af S Alp S )\max (SpvﬁS;,ﬁ> . Alﬁ

Proof. This result is an extension of the estimation of Theorem 4.2 in [7], where only the first eigenvalue is considered.
The detailed proof for the general i-th eigenvalue is provided in the appendix. O

For ¢t > 0, and a normal vector e € R?, let Pf be the 2 x 2 matrix defined by
Pf = (8,18, T 1) /t.
Let " = (—1,0) and €/ = (0, —1). In case e = €”, we have

. 1 <t00t20 r cot 0)

L (r—t)2 \reotd  2r —t.
In case e = ¢?, we have
e 1 (cos @ — cos(f — t))* (cosf — cos( —t))sind
b tsin?(0 —t) \(cos® — cos(f —t))sinf sin? 6 — sin?(0 — t) '

Note that, with a constant « € [ — ¢, 6] such that cos 6 = cos(§ — ¢) + tsin «, the matrix P¢ can be written as

cos f—cos(0—t) sin O
e _ o sin?(0—t) sin?(6—t)
Pt =Sl - sin 6 cos f4cos(0—t) | *
sin?(6—t) sin?(6—t)




Let P° := lim; 04 P¢. For a 2 x 2 symmetric matrix P, introduce the symmetric bilinear form Fp : H}(TP) x
H}(TP?) — R defined by
Fp(u,v) :== (PVu,Vv)rs. (4)

In case P = P¢, we shall write Fp. as F.. In particular, for e” and e?, we have

2
Fer (u,v) = {(urvvy)T + (Umauy)Tp} + ;(uyvvy)TPa

rtanf

F.o(u,v) (Uy, Vy)r — (Usz, Vy)Tr — (Vg Uy) TP

- tan 6

3.2 Analysis for the differential quotients of eigenvalues

By estimating the error between the eigenfunctions in the perturbed domain and the eigenfunctions in the original
domain using the error estimations in Lemma 2.3, we derive the Hadamard shape derivative formula for simple
eigenvalues and the directional derivative formula for repeated eigenvalues.

For the simplicity of the notations, we shall denote by A; the i-th eigenvalue A at p € C. Let up, -+ ,un
be L?-orthonormal eigenfunctions corresponding to the multiple eigenvalues A\, = --- = Ay(=: A\) at p. Let
B := (un, tnt1,- -+ ,un) and E := span(B).

Let e be a normalized vector in R%. For a perturbation p; := p +te € C (t > 0), we shall denote by A! the

i-th eigenvalue Al Let uf,, -+, ul, be L?-orthonormal eigenfunctions corresponding to eigenvalues \f, < --- < A
respectively. Introduce @; = uf o @, ,, (€ H}(TP)) (i =n,--- ,N).
From the definitions of §, and J;, we can take a system Uy, -+, Uy € E; such that

IVu; = Viglire < 8u(E.Er), Nui =@ llre < 84(B,Ey), |afllre =1 (i=n,---,N).

Let Al := V@[3, (i=n,---,N).
Let M} and Nf be (N —m + 1) X (N —m + 1) matrices defined by

Mt* = (pr,e (ﬂ:7uj))’ Nt* = ((a:’uj>TP)> Z?] =N, 7N'

Assume that the system B} := (@y,, Uy yq,- - ,Uy) is linearly independent. Such an assumption is reasonable when

E(E,Et) is small enough and can be verified by utilizing Lemma 3.6. Then, each @; (i = n,---,N) is uniquely
represented as
Ui = Spilly, + -+ + SNy, Wwhere Sp;, -+, Sn; € R. (5)

Lemma 3.3. Let 0; = (Spi, - ,5n:)T (i = n,---,N) be the coefficient vector. Then, the pair (\! — \)/t,0;)
becomes the (i — n 4 1)-th eigenpair of the following generalized matrix eigenvalue problem: Find g € R and
o € RVN="+1\{0} such that

Mo = uN/o. (6)

Proof. Let us calculate difference quotient ()\5 — AN/t (j = n,---,N). For each j = n,---, N, the following
variational equation holds:
(Vub, Vo) e = Xo(uf, 0)pe VO € Hy(T"),

Note that 6u§ = (S; T)Va,, we have
((S; MV, (S, T)V) ., = A(@y,v) e Yo € Hi(TP) .
Substituting v = u; (i =n,---,N), it follows that
(S71S; TV, Vi) 4, = N (G, i) 7o (7)
Also, for the eigenpair (AP, u;), it holds that
(Vui, Vo)re = Mug,v)pe Yo € HY(TP).
Take v = u; in the above variational equation, then we have

(V'LLZ', Vfbj)Tp = /\(u“ ﬂj)Tp‘ (8)



Recall that the symmetric bilinear form Fpe is defined by (4). From (7) and (8), we have

1 1 T ~ )\2 B )\ ~
t(S Sp Di *I)VUJ‘,V’U,Z‘ = 7 (uj,u,-)Tp,
TP
ie.,
_ A=A
Fpg (05, ui) = ———(t, ui)».
Substituting (5), we have
Z SkjFPf(u;:vui) = ukauz)T for 4 ] =n, 7N' (9)
k=n k=n

Introduce the matrices M, N; and the orthogonal vectors ¢; (j =n,---,N) by
M; = (pr (ﬂz,ul)) s Nt* = ((ﬁz,ui)Tp), O'j = (Skj)a Z,k =N, ,N.

Then the relation (9) is transformed into

Mioj = T (Nioj) . (10)
Since we have (A, = \)/t <,--- , < (A — \)/t, the difference quotient ((A! —\)/t, o;) becomes the (i —n+1)-th
eigenvpair of the matrix pair (M}, N;). O

From (6) of Lemma 3.3, one can evaluate the quantity (Al — \)/t for all ¢ € (0, ] by solving the generalized
matrix eigenvalue problem (6) with the matrices represented by intervals. Since lim;_,o4 (A! — X)/t provides shape
derivative, we can obtain an explicit estimate of this derivative.

Corollary 3.4. For each t € (0,%o], suppose that the concerned cluster of eigenvalues is separated from the
other clusters, i.e., Al,_; < X, A\ < Ay ;. Also, suppose that the concerned eigenvalues are multiple at p, i.e.,
An = Ant1 == An(=: A). Then, the eigenvalues C 3 p— AP (i = n,--- , N) are directionally differentiable with
respect to the normalized vector e € R? at p.

Moreover, the directional derivative V. A; (k = n,---, N) coincides with the (i — n + 1)-th eigenvalue of the
symmetric matrix M defined by

M = (Fpe (u;,u;)), where 4,j=mn,---,N. (11)

Proof. By the continuity of eigenvalues with respect to domain deformations and the estimations in Lemma 2.5 and
Lemma 2.6, the values of 6,(E, E;) and &,(E, E;) converge to 0 as t — 04. Thus, letting ¢t — 0+, the matrices M
and N/ in (10) converge to the matrix M in (11) and the (N —n + 1) x (N —n + 1) identity matrix. Therefore,
the value of (Al — X)/t converges to the (i —n + 1) eigenvalue of M. O

Corollary 3.5. If the i-th (¢ = n,---, N) eigenvalue )\; is simple, then )\; is partially differentiable w.r.t. r and 6
at p. Moreover, we have

o\ dX;
o = F.(u,u), - Fo(u,u).
Proof. Let e = e” (resp. e = €). In case the concerned eigenvalue \; is simple, the matrix M defined in (11)
becomes 1 x 1-matrix. Hence, it follows that Ver Ay = —V-rAp (vesp. Voo = —V.-0Ag). Therefore, )\ is
partially differentiable with respect to r (resp. 6). O
By the following Lemma, we can validate the linear independency of the system By = (W Uy gy, U )

Lemma 3.6. Let N, N* be the (N —m+1) x (N —m+ 1) matrices defined by
N = ((Ui,uj)T)7 ]\7* = ((ul,uj)T) i,j =n,--- ,N.

If 2(N —n+1)-6,(E, E;) < 1, then the system B} = (i, @, w41, ,Uy) is linearly independent.



Proof. Let us compare each element of N and N*. For each i,7 =n,---, N, we have

’U,“’U,] ul,u])T‘

|(ui, uz) —

<|Uz7u3 (s, @) + [(wi, @) = (@, @5)|

U HT + ||uj HT llw; — ;||

Therefore, it follows that

HN* - IHF - HN - NHF <N —n+1)-0,(E, Ey).
Suppose that 2(N —n+1)-8,(E, E;) < 1. Then, we have HN* — IHF < 1. By Lemma 2.7, it holds that det(N*) > 0,
that is, the system gz‘ is linearly independent. O

3.3 Estimation for difference quotients of eigenvalues

In this subsection, we estimate the error between the matrices M;", N/ in the eigenvalue problem (6) and their
approximate matrices calculated by numerical schemes.

Let us continue to use the notations introduced in the previous subsection. Let i,,---,ay(€ Hg(TP)) be
{/ -orthonormal approxmlatlons to Uy, -+ ,un obtained by numerical schemes, i.e., finite element method. Let
Ai i= || Va2 for i = n,--- ,N. Set B := (iU, py1, - ,fn) and E := span(B).

Define matrices M, Mt, My and N; by

My = (Fpg (wi,uy)), M= (Fpe (@i,a5)), M= (Fpe (@;,u;)), N = ((@;,uj)p,), &:j=n,---,N. (12)
Note that ]\Z will be constructed explicitly in the following numerical computation, with other matrices just for

the purpose of theoretical discussion. R
By Lemma 4.1, we can take an L?-orthonormal system B* = (af,--- , 4% ) such that

n
8:(B, B*) < Err’(B, B*).
Define matrices Z\Z* and ﬁt* by
M} = (Fpe(ap,al)), Nf:= (@5 al)r), i,j=n,--,N.
Note that the matrices Z\/l\t* and ]Vt* are similar to M, and the identity matrix I, respectively.

Lemma 3.7. For the matrices My, N/, we have

| = 32| < Eweuar E), NG I < e, D), (13)
where
Err(M;, M?) := (N — n+ D/ Av || PE2 - { o(E, Ey) + 2Err’ (B, B*)}
Err(N;,I) = (N —n+1)-0,(E, E,).
Proof. Let us compare each element of N;* and the identity matrix I. For each ¢,j =n,--- , N, since we have

[(wiyuy) = (@f, ug)| < llui = @7 llgw lujll 7o < 06(E, Ey),

it holds that
[N = I||p < Err(Ny, ).



Let us compare each element of M;" and ]\/It* For each i,7 =n,--- , N, we have

[Fr (@5 u5) = Fiy (a7,5)

— ‘( PEVE, V) y, — (PEVE;, V).,
< ’(Ptevazv vuj)Tp - (Ptevui7 Vuj)Tp’
n ’(PfVui, V) g, — (PEVU, Vi),

+ ’(PfVui, Vi), — (PEVi, Vi) g,

(14)
<P IVEg = Vil Vgl 7,
HIPE 2 VUil g || Vg = V][,
HIPE 2 (1Vus = Va7 g V35,
< \ANIPEls - {8 (B, o) +20,(8,8Y) }
By the estimations (14), we have
[M; — M || p < Err(M;, My).
U

Remark 3.8. Let (i,5) be an eigenpair of the following generalized matrix eigenvalue problem: Find & € R and
@ € RV="+1\{0} such that

M6 = N} 6. (15)
Note that the matrices ]\/4\,5*, ]\Aft* are similar to M,, I, respectively, where I denotes the (N—-n+1)x(N—-n+1)

identity matrix. Thus, it is easy to see that the eigenvalues of the eigenvalue problem (15) coincide with the
eigenvalues of the following generalized matrix eigenvalue problem: Find & € R and @ € RN "1\ {0} such that

M6 = iN,6. (16)

Denote by ux (k=1,---,N —n+ 1) the k-the eigenvalue of the eigenvalue problem (6). In order to calculate the
value of fix, (k=1,---,N —n+ 1), it suffices to solove the eigenvalue problem (16).

Denote by jix, (k=1,---,N —n+ 1) the k-the eigenvalue of the eigenvalue problem (15). Then, the following
estimation tells us an error bound between p and fiy:

o~

o — el < || M7 = 3 (N7 < Bee(ogy, 37 + | O,

= @07 = non 8 8 an

Note that each term of the error bound in (17) can be explicitly estimated utilizing Lemma 3.7.

3.4 Estimation for the range of directional derivative of eigenvalues

In this subsection, we estimate the range of directional derivatives of eigenvalues when the value of the eigenvalue
of interest is very close to, or coincides with, other eigenvalues.

Let u,,--- ,un be and L2-orthonormal eigenfunctions corresponding to the simple or multiple eigenvalues A, <
- < An at p € C. Let B be an L2-orthonormal system defined by B := (u,,--- ,un), and let E := span(B). For a
normalized vector e € R?, define a (N —n + 1) x (N —n + 1) matrix M by

M = (Fpe(uj,u;)) where i,j =n, -, N. (18)

In case e = e”, ¢’ and all the eigenvalues are simple, i.e., A\, < --- < Ay, from Corollary 3.5, it follows that the
(i—n+1)-th (i = n,---,N) diagonal element of the matrix M coincides with the partial derivative of \; with
respect to 7, 0, respectively.

Let Gy, - -+ ,an(€ HY(TP)) be L*-orthonormal approximations to w,, - -+ ,uy (€ H(TP)) obtained by numerical
schemes. Let \; := ||V, |2, for i =n,--- ,N. Set B:= (i, ,ay) and E := span(B). Define a (N —n + 1) x
(N —n+ 1) matrix M by

—

M = (Fpe(t;, %)) wherei,j=mn,---,N. (19)

10



By Lemma 4.1, we can take an L?-orthonormal system B* = (ar,---, 4k ) such that

§:(B,B*) < Err’(B,B*), 6;(B,B*) < Erri(B, B*). (20)

Since B and B* both form L2-orthonormal system of E, there exists a (N —n+1) x (N —n+ 1) orthogonal matrix
R such that

(4 <, UN)T = R(Gy, - -+ ,an)T.

S
By appropriately taking the sign of approximate eigenfunctions ,,- - , 4y, we can take U, -+, Uy so that the
matrix R becomes a rotation matrix, i.e., det(R) = 1.

By comparing each element of the matrices M and M* utilizing (20), we obtain the following error estimation.

HM#\?*

LS 2N =0+ DAy P2 6B, B7).

Let us summarize the above results in the following Lemma:

Lemma 3.9. For the matrices M, M* and M defined in (18) and (19), there exists a (N —n+ 1) x (N —n + 1)
rotation matrix R such that e . e
M*=RTMR and |M - 0"

< En(M, M*), (21)

where

Err(M,M*) := 2(N — n+ D\ Ax || P¢|l2 - 62 (B, B*).

Remark 3.10. When the length of the concerned cluster is 1, and the concerned eigenvalue is well separated from
the other clusters, i.e., Ap—1 < A, < A\p41 and n = N, the rotation matrix R in Lemma 3.9 becomes R = (1).
Therefore, in this case, it is possible to calculate the value of the derivative without the influence of computational
instability caused by the closeness of eigenvalues.

4 Computation scheme for the first variation of the eigenvalues A9, A3
over triangles

Recall that the second and third Dirichlet eigenvalues coincide over the equilateral triangle, i.e. A5° = M for
po = (1,7/3). Let TP be a perturbed triangle of the equilateral triangle 7P°. In this section, we will explicitly
estimate the range of the difference quotient VIAY, VHAY (k = 2,3), as well as the range of all possible values of the
directional derivatives V, A\¥, VgAY (k = 2,3).

4.1 Estimations for the errors § and ¢;

We formulate the error estimations to bound the error between systems of eigenfunctions and approximate eigen-
functions.

For p € C, Let B := (ug,u3) be a system of L2-orthonormal eigenfunctions corresponding to A5 < A%, respectively.
Let E :=span(B). Let E" be a 2-dimensional subspace of HZ(T?). Let

v [Vl
v EOCHL(TP) veED  ||[v]3,

for i = 2,3,

where E() denotes an arbitrary (i — 1)-dimensional subspace of E". Let &, := 6,(FE, E").

Lemma 4.1. Suppose that d, < 1/2, which is reasonable since ¢, is regarded to be small. Then, there exists an
L?-orthonormal basis B" := (vs,v3) of E" such that

85 (B,B") < Err’(B,B"), 6;(B,B") < Err}(B,B"),

where 05.(5 — §
Erry (B, Bh) = %, ErrZ(B,Bh) = {)\g . ErrZ(B,Bh) + /\Q — /\5}5 .
— 20y

11



Proof. Let Py : E — E" be the orthogonal projector defined by
(u— Pyu,v)rs =0 forallu e E, ve E
Let us inductively define orthonormal system vy, v3 € E" by the following relations:
vg := Prug/sa, $o:= || Pruz|rs,

1
Vg = g(PhUB — (PhUg,UQ)T:DUQ), S3 1= ||Phu3 - (Phu3vv2)TpU2||Tp .

Note that
1 — 89 < lug — s2vaf| < 6p, i, 1 -8, <sp <1

By the Schwarz inequality, we have

|(Phua, Pyus)re| = |(Prus — ug, Prug)re + (ug, Phus)re|

u2 PhU3)Tp|

2, Prug)rr — (Prug, Pyug — us)re — (U2, u3)7e|
ug — Ppua, Pyus — us) |

(
(
(u
(

IN

| Ph’LL2||Tp||PhU3 - USHTP < (53
From the estimations (22) and (23), it follows that
|(Phus, va)| = |(Pyus, Phuz/sa)| < 67 /(1 — &)

Thus, we have

1-— S3 S ||U3 — $3U3|| S ||7.L3 — PhU3|| + ||PhU3 - SgUg” § 5[; + (52/(1 - (5{,)

By the estimations (22) and (25), we deduce
1—6,—02/(1—6) <s; <1 fori=2,3.
Therefore, from the estimations (24) and (26)

lui = villze < llui — 57 usl| + 87 s — 577" Pawall + 157" Paus — vil|
< st L= sl sy 0y + 57165 /(1 B)
< 2(51,(2 — 51,)

_— (= * h
_ 1_25b ( Era(B7B ))'

for ¢ = 2,3. That is,
87 (B, B") < Errj (B, B").

By the following fundamental formula (see e.g. [11, page 55]), for i = 2,3, we have

IVui = Voillze = I Vuillzo lus = vill 7o = (IVuill7e = 1V0illZ0) il 70

< Mllui — villF + A5 = XD
From the estimations (27) and (28), it follows that

55 (B,B") < Err%(B,B").

(23)

O

In the numerical results reported in the rest of this section, the FEM spaces are set up over a uniform triangula-
tion of the triangle domain. Denote by N the subdivision number of the triangulation along the base edge. Below

is the detailed setting for the FEM spaces:

Ve : N =512, DOF = 261121; V" : N = 512, DOF = 785408 .

12



4.2 Estimation for the difference quotient VIN!, VI (i = 2,3)

Let e be either of the normalized vectors e” or e?. Utilizing Algorithm 1, we aim to estimate the value of the

difference quotient VIN, VA, (i = 2,3) for t € (0,¢], ¢ = 1077, The values of several quantities are also

T

provided in Table 1 and Table 2.

Algorithm 1 Estimation for the value of the difference quotients over (0, £]
Data: Interval (0,¢]

Result: [F;, F;] as the estimation of range of VI over (0,¢] (i = 2,3)
Procedure:

1. Evaluate \® (i = 1,2,3,4) for triangular domain 7% (p. = po + ce) by Lemma 2.2.
2. Evaluate the range of Al (i = 2,3,4) over (0,¢] by Lemma 3.2.

3. Calculate g, 3(€ HE(TP)) as L*-orthonormal approximations to ug,us and construct an approximation
matrix My = (Fpe (1, 15)) to M7 = (Fpe(ay,uj)) in (12).

4. Estimate upper bounds of the errors Err(M}, ]\Z*) and Err(N;, I) over (0,¢] in the estimation (13).

5. Estimate an upper bound of the error n(M;, ]\/4\,5*, N;) over (0,¢] in the estimation (17).

6. Evaluate the range of the eigenvalue uy over (0,¢] as the output [F;, F;] utilizing the estimation (17).

Table 1: The obtained range of VEAL®, VEAE® and Table 2: The obtained range of VAL, VEAE® and
related quantities related quantities

[Fy, Fo] [59.425,110.46] [Fy, Fo] [12.525,53.538]

(F,, Fs) [135.18, 186.23] [F,, Ty [88.287, 129.30]
s ~ 84.943 2 ~ 33.032
Qs ~ 160.71 i3 ~ 108.79
n(M;, My, Ny) < 25517 n(M;, My, N;y) < 20.506
Err(M;,M;) < 25.466 Err(M;, M) < 20472

Err(N;, 1) < 1.5658 - 1074 Err(N;, 1) < 1.5658 - 1074

Let us consider the case e = e”. Since we have VENE® < VEIA® it follows that A5* < AL* for ¢ € (0,¢]. In case
e = ¢’ we similarly have \5* < A5t for t € (0,e]. The range of A4 is estimated utilizing Theorem 2.2 and 3.2.
Indeed, we have \;* < 124.078 < 210.04 < A;* (¢ € (0,¢]) for both cases e = e” and e = e?. Thus, the eigenvalues
ABt ALt are simple for ¢t € (0,¢]. Note that, from Corollary 3.5, the values of directional derivatives V AP (i = 2, 3)

coincide the value of the diagonal elements of the matrix M = (Fpe(u;,u;)) (i, = 2,3).

4.3 Estimation for the directional derivatives V,\*, VoA (i = 2,3)
Let e be either of the normalized vectors e” or e?. For the perturbation p. = py +ee (¢ = 1077), we aim to estimate
the range of all possible values of the directional derivative V A (i = 2,3). Recall that, we can evaluate diagonal
elements of the matrix M = (Fpe(u;,u;)) (i, = 2,3) utilizing the estimation (21):
HM - RTJ\/ZRH < Err(M, M),
F

where M is an approximation matrix to M, and R is an 2 x 2 rotation matrix.
By taking FEM solutions iy, 43(€ Ha(TP¢)) as L?-orthonormal approximations to ug,u3, we can construct an
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approximation matrix M = (Fpe(t;,%;)). Then, in case e = e, we obtain

- 89.1793  17.4075
~ \17.4075 156.4683

) , Err(M, M*) < 20.1898.

0

In case e = ¢”, we have

= (53.5043 —33.6434

M= —33.6434 88.3205 ) , Err(M, M) < 16.2295.

5 Summary

In this paper, we proposed a method for estimating the range of the first-order variations of eigenvalues, based
on eigenvector perturbations with respect to domain deformations and the corresponding error estimations. This
approach enables us to establish the simplicity of the second and third Dirichlet eigenvalues over nearly regu-
lar triangles. Moreover, we evaluated the range of all possible values for the directional derivatives of clustered
eigenvalues.

6 Appendix

Denote by 7' a triangular domain in R?, by S an invertible linear transform on R2. Let (2,9) = S(z,y) for (z,y) € T,
and T' the triangle obtained by applying S to T". For v over T', define vover T by 0(Z,9) := v(z,y). For V.= H}(T),
let V' := S(V) be the space obtained by applying S to the functions of V.

Denote R(T;v) and R(T;v) by
e - Vo2

R(T;v) =
T = T

R(T50) = e

Lemma 6.1. Denote by Apin(SST) and Apax(SST) be the minimum and maximum eigenvalues of SST, respectively.

Then, we have _ _
/\min(SST) . /\k(T) < Ak(T) < )\max(SST) : /\k(T)

Proof. Since we have Vv = STef), it holds that
Amin (SST) - [Vo|? < [V0[? < Amax(SST) - [V[2.
Therefore, we have
Amin (SST)[VD]|% - | det ST < [ Vol < Anax(SST)|IVO 5 - [ det S77.
Note that [|v[| = [[0]|% - | det S~'|. Hence, for any v € V/(T),
Amin(SST) - R(T; %) < R(T;v) < Amax(SST) - R(T; ).

The mapping S : V(T) 2 v — v € V(ZN“) is injective; see, Theorem 3.41 of [12]. By applying Lemma ?? and the
above inequality, we have

Amin (SST) - _ min maXR(f;f))S min  max R(T;v),
VECV(T) 5eVFk VECV(T) veVk

and
min = max R(T;v) < Apax(SST) - _ min _ max R(T; 7).
VECV(T) veVk VkCV/(T) veVk
where V* and V* are k-dimensional linear subspaces of V(f) and V(T), respectively. Thus, by the min-max

principle, we have _ _
Amin(SST) - Ae(T) < Ae(T) < Amax(SST) - A (T).
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