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NON-PARAMETRIC LEARNING OF STOCHASTIC DIFFERENTIAL
EQUATIONS WITH NON-ASYMPTOTIC FAST RATES OF
CONVERGENCE*

RICCARDO BONALLIT AND ALESSANDRO RUDI

Abstract. We propose a novel non-parametric learning paradigm for the identification of drift
and diffusion coefficients of multi-dimensional non-linear stochastic differential equations, which relies
upon discrete-time observations of the state. The key idea essentially consists of fitting a RKHS-based
approximation of the corresponding Fokker-Planck equation to such observations, yielding theoretical
estimates of non-asymptotic learning rates which, unlike previous works, become increasingly tighter
when the regularity of the unknown drift and diffusion coefficients becomes higher. Our method
being kernel-based, offline pre-processing may be profitably leveraged to enable efficient numerical
implementation, offering excellent balance between precision and computational complexity.

Key words. Non-parametric system identification with guarantees, non-linear stochastic differ-
ential equations, discrete-time observation, Reproducing Kernel Hilbert Space.

1. Introduction. Consider non-linear stochastic differential equations of type

(1.1) AX(t) = b(t, X (1)) dt + \/a(t, X (£)) dW,, t € [0,T).

Here, X (t) € R™ denotes the (stochastic) state of dimension n € N of the system
at time t € [0,7], with T" > 0 a fixed time horizon, (W})c[o,r] is a n—dimensional
Wiener process, whereas b : [0,7] x R" — R™ and a : [0,7] x R" — Sym_ , (n) are
regular enough drift and diffusion coeflicients, with Sym, , (n) € R"*" the subset
of symmetric positive-definite matrices. Equations such as (1.1) may be profitably
leveraged to accurately model complex phenomena in a wide range of applications,
such as aerospace, finance, and robotics to name a few [38, 50, 7, 6, 47].

In practice, both coefficients @ and b might be completely unknown, e.g., a might
model external perturbations due to many different physical phenomena which affect
the motion of the system, as it occurs in aerospace and robotics. Therefore, appro-
priate stochastic system identification procedures for both a and b must be devised.

1.1. Related Work. The problem of stochastic system identification has been
investigated for several decades. The earliest methods mainly address either discrete-
time models [23, 33] or continuous-time models that are however linear in the state
variable [18], which thus do not fit the identification setting introduced by (1.1).

More recently, identification of non-linear stochastic differential equations such

s (1.1) have seen an important surge of interest. More specifically, besides some
likelihood-based [27] or Kalman filtering-based estimation methods [44, 5, 41], which
assume continuous-time observation of the stochastic state, the vast majority of the
existing methods leverage more realistic discrete-time observations of X. Efficient par-
adigms range from 1. non-parametric estimation [12, 19, 11, 21] and Bayesian estima-
tion [46, 36], to 2. maximum likelihood and quasi-likelihood methods [15, 51, 30, 45],
generalized methods of moments [17, 16, 37], and online gradient descent-based meth-
ods [20, 32], among others. On the one hand, although Group 1. of these works
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provides learning rates which become increasingly tighter when the number of ob-
servations of the state grows, estimates of the error between the unknown drift and
diffusion coefficients and the learned ones are obtained by assuming diffusion coeffi-
cients are either known or have specific parametric structures. On the other hand,
although Group 2. of the aforementioned works rely on generally milder assumptions
to be implemented, they require working with given families of finite-dimensional para-
metric drift and diffusion coefficients, which might hinder the identification process
in the case the family of parametric coefficients is not rich enough.

Importantly, none of the above works has investigated how to leverage the regu-
larity, i.e., high order continuous differentiability of drift and diffusion coefficients to
improve learning rates. Although such analysis has been recently undertaken in, e.g.,
[1, 35, 2, 28], these studies often work with SDE that are either scalar or perturbed
by constant diffusion coefficients, and they offer learning rates that are often only
asymptotic. Therefore, designing methods for the identification of multi-dimensional
non-linear SDE with non-constant diffusion coefficients under discrete-time observa-
tions of the state remains a challenging open question (note that multivariate settings
are known to generally require very different techniques, see, e.g., [35, 2]). In particu-
lar, a key part of the challenge lies in developing non-asymptotic rates of convergence
that become tighter not only when the number of observations of the state grows, but
also when the regularity of drift and diffusion coefficients is higher.

Finally, from a numerical standpoint, learning-based methods, such as scalable
gradient methods [24] and infinitely deep Bayesian neural networks [49], have shown
remarkable performance on complex stochastic differential equations. Unfortunately,
it seems extremely challenging to endow these latter paradigms with theoretical guar-
antees of convergence, motivating investigation of numerically efficient identification
methods for (1.1) which enjoy guarantees of accuracy under mild assumptions.

1.2. Outline and Contributions. We propose a non-parametric, Reproducing
Kernel Hilbert Space (RKHS)-based learning paradigm for the identification of drift
and diffusion coefficients of the multi-dimensional non-linear SDE (1.1), which relies
upon discrete-time observation of the state. In particular, motivated by classical
likelihood-based methods [37] we propose a two-step, discrete-time observation-based
scheme which entails fitting the Fokker-Planck equation related to (1.1).

Under assumptions of smoothness for the unknown drift and diffusion coefficients,
we provide theoretical estimates of non-asymptotic learning rates which become in-
creasingly tighter when the number of observations of the state grows. In particular,
given the nature of our data set, which essentially depends on observations of the state
process, we consider the error between solutions to (1.1) generated with the learned
drift and diffusion coefficients and the unknown trajectories of (1.1) is a “good metric”
to test the accuracy of our identification method. Importantly, under this accuracy
metric we can additionally prove our learning rates become tighter when the regularity
(in a Sobolev sense) of the unknown drift and diffusion coefficients is higher. Finally,
from a numerical standpoint, our method being kernel-based, offline pre-processing
may be successfully leveraged to enable efficient implementations, offering excellent
balance between precision and computational complexity (details are in Section 6).

Our method is composed of two steps which are informally summarized below.

A. Learning the laws of the stochastic differential equation through inde-
pendent discrete-time observation of the state.

We assume there exist regular enough, i.e. essentially C?™+! m € N, drift
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b:[0,7] x R" — R™ and diffusion a : [0,7] x R™ — Sym, (n), and a stochastic
process X : [0,7] x Q — R™ in some filtered probability space (2, G, F,P), such that
X solves (1.1) with drift b and diffusion a. In addition, we may assume we can sample
X at M € Ntimes 0 =t; < --- < tpy = T, and more specifically that at every time
te, £ = 1,...,M, we have access to N € N samples Xy = Xty w1),..., Xon =
X (tg,wn) of the solution X which have been independently drawn from Px (4, ..

In such setting, as first step we propose to approximate the unknown densities
p:[0,T] x R™ — R of the laws of X through the (random) RKHS-based model:

M

Bit,) 23 co®)ge(a), where G ZpR ~ X0)),

{=1

for appropriate coefficients ¢, : [0,7] — R and radial mappings pr, R > 0. Let ux
denote the probability measure which is generated by the process X. For every tuple
of precision parameters 0 < ¢, < 1, if the unknown drift b and diffusion a are regular
enough, by leveraging RKHS approximation theory we can show appropriate values
for M, N, and R (which depend on ¢ and m uniquely) may be selected so that the
following learning rate holds with probability px at least 1 — §:

- o )
0 [ ) = bl e e =0 <10g(&> ) |

where || - ||z2 and || - ||z denote the norms of the Hilbert spaces L?(R™,R) and
H?(R", R), respectively. Moreover, the higher the degree of smoothness of b and a is,
the lower the values of M, N, and R needed to achieve this precision become.

The main benefit which comes with the model p consists of computing accurate
finite-dimensional approximations of the laws of solutions to (1.1) without a priori
resorting to conservative families of parametric densities. In particular, the model p
being kernel-based, one may considerably reduce the computational effort by resorting
to prior offline computations, which essentially boil down to simply inverting a M x M
matrix. As a byproduct, (1.2) provides a quantitative estimate of the approximation
error which is key to derive theoretical guarantees for the accuracy of our identification
method in the next step.

op Op
Pt~ L,

B. Learning finite-dimensional models for the drift and diffusion coeffi-
cients by fitting approximated solutions to the Fokker-Planck equation.

If the unknown drift b and diffusion a are regular enough, the unknown densities
p satisfy the following Fokker-Planck equation:

dp

(1.3) 5 () = (L) pty), () € [0,T] x R™,

where (£8°)* is the dual operator of the Kolmogorov generator

Lilely) £

.. 2 n
Z““(t’y)aylayj +ZZ ty ), »€C*(R"R).

ij=1

N =

Given the results at the previous step, it is then natural to learn models of the drift
bQ [0,7] x R® — R™ and the diffusion ag : [0,7] x R®™ — Sym_ | (n) which “best”
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match the Fokker-Planck equation when evaluated at p, that is as solutions to the
following finite-dimensional convex optimization problem:

T
(1.4) min /
(ag,bg)eHq JO

where Hg is an appropriate finite-dimensional subspace of a RKHS H with norm
Il - 17, in which the unknown drift and diffusion coefficients lie, whereas A > 0 is a
regularization weight to be appropriately selected. As detailed in Section 6, problem
(1.4) admits a finite dimensional characterization that can be solved exactly, i.e., no
approximation or integral discretization is needed, with reduced computational cost.

Thanks to estimate (1.2), one shows that, for appropriate choices of the subspace

op 2

80,00\ %~ ~ =
E(t,-)—(ﬁt‘? Pt )| dt+ Al (@g, bo) 3,

L2

Ho and the regularization weight A, the solution (ZL\Q,/b\Q) € Hg to problem (1.4)
satisfies the following, with probability ux at least 1 — d:

v/OT L
(1.5) ~0 <10g (é) : g>

By combining estimate (1.5) with energy-type estimates for parabolic partial differen-
tial equations, we may infer theoretical estimates of learning rates for the identification
of drift and diffusion coefficients of non-linear stochastic differential equations, which
we informally summarize as follows.

As we mentioned previously, since our data consists of observation of the state
process, the error between the unknown densities and the densities stemming from
the learned coefficients is a “good metric” with which the convergence of an identifica-
tion algorithm for stochastic differential equations which leverage observations of the

op 2

80,00\ %~ o
() = (LB Al (g, bl =

state process may be tested. To better formalize this metric, let X@@:*@ and Pag o

respectively denote the solutions to (1.1) and (1.3) with coefficients (aQ,EQ) € Hpy.
We thus define the following metric to test the accuracy:

T
B(aq,bq) £ llps, 5, — Pllz= =/0 1Pz, 5, (t: 1) = p(t,)lI72 dt.

By adopting this metric, our main result on the accuracy of our learning method may
be summarized in the following meta-theorem:

META-THEOREM 1.1. Assume the unknown drift b and diffusion a coefficients
are regular enough. The following estimate holds true with probability ux at least

1-94:
LAY
E(ag,bg) =0 <10g (E) 5)

In particular, for every reqular enough function f:[0,T] x R™ — R:

co (1) <)

(16) E VT £ X (1) dt] _E VT F(t, X30ba () dt
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Although the estimates provided in this meta-theorem are informal and need
some clarification (see Section 5 for more rigorous statements), they show the afore-
mentioned two-step identification method enjoys practical theoretical guarantees of
accuracy, i.e., estimate (1.6): an observation/regulation metric f computed at the
unknown state solution to (1.1) with unknown drift b and diffusion a may be rather
observed through the process solution to (1.1) with model drift ZQ and diffusion ag
up to an error O (log (é) 5). Such result has important implications in observation
and regulation of stochastic differential equations [21], and it may represent a good
starting result to develop paradigms for the identification of controlled stochastic dif-
ferential equations, which are crucial for the control of complex autonomous systems.

1.3. Paper Organization. The paper is organized as follows. After gathering
basic notation and preliminary results in Section 2, in Section 3 we summarize both
classical and less classical results about stochastic differential equations and corre-
sponding relationships with the Fokker-Planck equation. To ease the reading of this
section, we moved a more detailed description of the aforementioned results to Sec-
tion 8 and their technical proofs to Appendix A. Similarly, in Section 4 we expose the
results in RKHS theory which we leverage in this work. Our main contributions are
contained in Section 5, which in particular details the methodologies we exposed at
the previous steps 1) and 2) and corresponding learning rates. Precision and compu-
tational complexity of our approach are discussed in Section 6. Finally, in Section 7
we provide concluding remarks and some perspectives.

2. Notation and Preliminary Results. We fix the dimension n € N of the
state space and a time horizon T" > 0 for the identification process. We denote by
Sym, (n) and Sym , (n) the subsets of R"*" of symmetric semi-positive-definite and
symmetric positive-definite matrices, respectively.

We assume stochastic differential equations are defined on a given filtered prob-
ability space (Q,G £ Fr,F £ (Ft)teo, 1, P), which is complete, and the noise is
generated by a F-adapted Wiener process W : [0,T] x Q@ — R" (e.g., we may con-
sider the canonical process in the space Q = C([0,T],R™), equipped with the Wiener
measure). Moreover, we introduce the complete metric space (S,9), where

S2C(0,TLR"), d(wi,wz) = sup [wi(t) — wa(t)],
te[0,T]
and equip it with the Borel sigma-algebra B(S) induced by the metric 0.

For any £ € N, r,s > 0, and any A C R’, we denote by H™*([0,T] x R", A)
the Sobolev (Hilbert) space of functions whose image is in A, and whose weak time
derivatives are defined up to order r and whose weak space derivatives are defined
up to order s; in particular, we denote H([0,7] x R™, A) & H""([0,T] x R", A).
Finally, we introduce the following Hilbert space and corresponding positive convex
cone, in which we will assume the unknown drift and diffusion coefficients lie (this
latter requirement will be made more explicit shortly):

Hp 2 H((0,T] x R, R™™) x HA™) ([0, T] x R",R"™),
WA {(a,b) [0, 7] x R — Sym, (n) x R™ : (a,b) € Hm},

for every m € N, where d(m) £ 2(m + 1) + L%J € N is the unique integer greater
than 2m+ 1 such that |d(m) — %| = 2m~+1. The choice of taking the same exponent
d(m) for both the drift and the diffusion coefficients has been made without loss of

generality for the sake of conciseness. The following regularity result will be crucial:

S]]
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THEOREM 2.1. There exists a constant C' > 0, which depends on m uniquely,
such that every (a,b) € H satisfies the following properties:
1. Differentiability:

a € C*"HL([0,T] x R™, R™ ™), b e C*"([0,T] x R",R™).

2. Boundness of functions and their derivatives:

2m—+1

>~ (IDlyallz= + 1Dl bl ) < Cli@, )l
1=0

where DY, Y denotes the differential of order i with respect to (t,y). In par-
ticular, the following refined bound holds:

2
(1D, gy all e + D%, bllz ) < Cll(@, )l a2
i=0
The proof of this result makes use of classical embedding arguments and it is
reported in Appendix A for the sake of completeness.

3. Stochastic Differential and Fokker-Planck Equations. In this section,
we summarize both classical and less classical results about stochastic differential
equations, and corresponding relationships with the Fokker-Planck equation. In par-
ticular, we propose a minimally detailed discussion for the sake of conciseness, report-
ing a more structured exposition in Section 8 for the sake of completeness.

3.1. The Fokker-Planck equation. From now on, we fix m € N (to be speci-
fied later) and a constant o > 0. Since we will need to work with diffusion coefficients
which are never trivial, for every (a, b) € H;}. we will rather replace a with the mapping

a+al:[0,T] xR" = Sym, (n) with a+al =vVa+alva+al.

At this step, we fix a non-negative density po € L?(R™,R) which will serve as appropri-
ate initial condition, and we denote by po € P(R™) the associate probability measure.
Motivated by [43, 14], we recall the following notions of stochastic differential equation
and its solutions (though they differ from the ones in [43, 14]):

THEOREM-DEFINITION 3.1. There exists a measurable mapping X : R" x Q — §
such that each process X, (t,w) = X (z,w)(t) is F—progressively measurable for every
x € R™, and such that the following Stochastic Differential Equation (SDE)

dX,(t) = b(t, X, (1)) dt +\/(a + al)(t, X, (t)) AW,
P(X,(0) =) =1,

SDE,

holds in (2, G, F,P) for pg-almost every x € R™. We then say that X solves or is
solution to SDE (with coefficients (a,b) € H}, ). The solution X to SDE is unique in
the following sense: if a measurable mapping Y : R™ x Q — S solves SDE, then it
holds that X (x,-) =Y (x,-) a.s., for po-almost every x € R™.

For the well-posedness of Theorem-Definition 3.1, see Section 8. Solutions to SDE
share a close relationship with the solutions to the Fokker-Planck equation, which we
introduce next. For every (a,b) € H,\, we denote the Kolmogorov generator by

1 & 0% " dp
L(y) £ = a+al);(t, +5 bt . e C*R",R).
CEORE g::l( Ju(ty) 5 o (y) ; t9)5, @) peCR.B)
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Let X : R" x Q — S be solution of SDE with coefficients (a,b) € H,.. Thanks to
specific regularity properties of X (we refer to Section 8 for these latter), we may
define the curve p : [0,T] — P(R™) of probability measures

(3.1) ut(A)é/ /11{X1(t>€,4} dP uo(dz), A € B(R™),
nJQ

and note that p is narrowly continuous, i.e., for every ¢ € Cy(R™, R), the mapping

te0.1)~ [ el - / ) /Q (X (1)) dP pio(da) € R

is continuous. By combining this latter property with the results in [14], we intro-
duce the following notions of Fokker-Planck equation, its solutions, and additional
relationship between these solutions and the solutions to SDE (see also Section 8):

THEOREM-DEFINITION 3.2. The curve y : [0,T] — P(R™) defined through (3.1)
is the unique narrowly continuous curve satisfying the Fokker-Planck Equation

d b
4 d = Ea” d , c COO ]Rn,R ,
FPE < dt /R Py)p(dy) /R i Pp(W(dy), e CFR"R)

Ht=0 = Ho-

We then say that p solves or is solution to FPE (with coefficients (a,b) € H} ). If X
denotes the solution to SDE, the following representation formula holds:

62 [ ctmtdn) = [ [ olX(0) P pofdo), for t€0.7) ¢ € C(RVR).

3.2. Absolutely continuous solutions to the Fokker-Planck equation.
Thanks to the regularity of the coefficients (a,b) € H,. which is offered through
Theorem 2.1, the solution u to FPE is absolutely continuous, i.e., it takes the form

e(A) = /A p(ty) dy, Ac BR"),

for an appropriate p : [0,T] x R™ — R. To elucidate this property, we first introduce
broader definitions of FPE and corresponding solutions, which encompass Theorem-
Definition 3.2 as a sub-case (see Theorem 3.4 below) and will be useful in our analysis:

DEFINITION 3.3. Let f € L?([0,T] x R",R) and p € L*(R",R). A (regular
enough) function p : [0,T] x R — R is said to solve or be solution to the non-
homogeneous Fokker-Planck Equation (with coefficients (a,b) € H} ), if

%/Rn Sp(y)p(t,y) dy =
o B / (Eg’bW(y)p(t, y)+f (t,y)cp(y)) dy, @€ CX(R™R),
R
p(0,-) = (")

The next theorem gathers important properties of the solution to FPE;, addi-
tionally showing the solution to FPE is absolutely continuous. We refer the reader to
Section 8 for exhaustive presentation and proof of these results.
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THEOREM 3.4. For every (a,b) € H, f € L*([0,T] xR™,R), and p € L*(R",R),

there exists a unique mapping p € C(0,T; L*(R™,R))NH%1(]0, T] xR™, R) which solves
FPEy with coefficients (a,b) € H,\. In addition, the following estimate holds:

t
ot )22 + / ot )20 dt <

(3.3) < (@ )ll,) <IIZ’)II%2+ [ sz ds), te0.7],

where C(||(a,b)||3,,) > 0 is a constant which continuously depends on ||(a, W)l -
Assume f =0 and p = pg. Then, it holds that

pt) 20, [ pleydy=1. te )
and therefore, if for every t € [0, T] we define
p(A) £ /Ap(t,y) dy, AeBR"),

then the curve p : [0,T] — P(R™) is narrowly continuous and solves FPE. Finally, if
in addition py € H*™H1(R™ R), then the function p satisfies

p e H™12m+) ([0, T] x R™, R)

and the following Strong Fokker-Planck Equations (with coefficients (a,b) € H;\ ):

D ty) = (L) plty), ae (Ly) e 0,7] <Y
SFPE
P(0,) = po(-),

where (E?’b)* denotes the dual operator of the Kolmogorov generator L?’b.

Combining Theorem 3.4 with the representation formula (3.2) allows us to intro-
duce criteria to establish satisfactory guarantees for our learning approach in the con-
text of observation and regulation of stochastic differential equations (a more exhaus-
tive presentation is provided in Section 8). More specifically, let f € L?([0,T] x R™, R)
be an observation/regulation integral metric and (a,b) € H;.. By denoting X%* and
Pa,b respectively the solution to SDE and to SFPE with coefficients (a, b) € H,\, we are
interested in studying the accuracy with which the following observation/regulation
metric is approximated by our learning approach:

T T
(3.4) E,.oxp [/0 f(t,X;”b(t)) dt} :/0 . f(t, y)pap(t,y) dydt.

To give precise estimates of the approximation error for (3.4), the following corollary
of Theorem 3.4 will be crucial (see Section 8 for a proof):

COROLLARY 3.5. For every (ai,b1), (az,b2) € H, it holds that

T T
Euoxﬂ?l/o F(t, X300 (1)) df} — Epoxe /0 F(6.X52"%(t)) dt]

(35) < HfHL2||p¢llqbl _pazyb2”L2-
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4. Useful Results from RKHS Theory. In this section, we list classical re-
sults about Sobolev Spaces of functions with scattered zeros and Reproducing Kernel
Hilbert Spaces (RKHS), which will be extensively leveraged in the following sections
and for which we mainly refer to [3, 48, 42].

Let r, s € N such that r > s/2. Every function u € H"(R®, R) satisfies

(4.1) Cllullzee < uller = 1J-()(Fu)()ll L2,

where J.(2) 2 (1+]2]|?)7/2/(27)*/?, 2 € R® denotes the Bessel potential and Fu the
Fourier transform of u, whereas the constant C' > 0 depends on s uniquely.

Let £ € N, D C R® be an open and bounded domain, and u € H"(D,R) be a
function such that u|¢ = 0, where )?g L {ry,...,2¢} C R®is a finite set of £ given
points. For the fill distance, which is defined by

hz, b 2 sup min |z — x4,
xeD

i=1,...,
the following inequality holds true, e.g., [48, Theorem 11.32],
(4.2) |||y < C’h};’jDHuHHT, 0<v<r,

where the constant C' > 0 depends on v, r, and D uniquely. Inequality 4.2 may be
interpreted as follows: if u is zero on a well distributed set of points over D, i.e., h;{l’D
is small, and is very regular, i.e., r is large, then any norm || - ||g+, 0 < v < r, e.g.,
the L? norm for v = 0, is small over the whole domain D.

Given a set D, a RKHS Hp is a separable Hilbert space of functions u : D — R
such that the following reproducing property holds true:

DEFINITION 4.1 (Reproducing property [3]). For every point € D there exists
a reproducing function k, € Hp such that

f@)=(fka)y,, [€Hbp.
We denote Kp : D x D — R, the reproducing kernel associated to Hp, i.e.,
Kp(x1,22) 2 (kpy kay)yy,» 21,22 € D.

The following crucial result holds true, see, e.g., [42]:

THEOREM 4.2. Given a reproducing kernel for a RKHS Hp, by the reproducing
property, the reproducing function k, € Hp for any x € D corresponds to

ks = KD(:Z?, ) € Hp.

We recall that the Sobolev space H"(D,R) is a RKHS for r» > s/2, and D C R® be
either R® or an open domain with Lipschitz boundary and s € N. In this case, the
associated reproducing kernel has a known closed form, see, e.g., [48].

5. Learning Stochastic Differential Equations. In this section, we finally
introduce and study the problem of learning drift and diffusion coefficients of a sto-
chastic differential equation. For this, from now on we assume the following hypoth-
esis, which naturally stems from our setting, to hold true (see also Definition 3.1):

(A) Let m € N with m > 1, a > 0, and py € H*™T1(R",R). There exist (a.,b.) €
H and a (unique) solution X to SDE with coefficients (a.,b.) € H;!.
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Thanks to the results we gathered in Section 3, one readily checks that Assump-
tion (A) yields the following characterization of the mapping X:

COROLLARY 5.1. With the notation L£; = E?*’b*, there exists a unique function
p € HmHL2m+) ([0, T x R™, R) which is non-negative and such that

/ p(t,x) do = u(A) / / Tix,@tyeay dP po(dz), for all A€ BR"),
A k" JQ

and which satisfies:

dp

E(t,y) =Lip(t,y), ae (t,y) €[0,T] xR"

To achieve our goal, we proceed along three successive steps:

1. First, we approximate the unknown curve of densities p from given samples
{Xe,; (te,wj)}e=1,....0,j=1,....n of the unknown solution X to SDE, through a
finite-dimensional RKHS-based model p. Thanks to this, all the quantities
appearing in the learning problems we define in the next steps can be actually
(tractably) computed. As is customary in many applications, we assume our
data are collected by independently sampling X at pre-defined times.

2. Second, we approximate the unknown coefficients (a.,b.) € H; through ad-
ditional coefficients (@,b) € #;;, which “best” match SFPE when evaluated
at p, through an appropriately well-posed infinite-dimensional learning prob-
lem. We then combine appropriate estimates with (3.3) to show the solution
to SFPE with coefficients (ZL\,E) well-approximates the unknown p.

3. Third, we make the learning problem at the second step “tractable” by ap-
proximating the coefficients (@, b) through a finite-dimensional RKHS-based
model (ZL\Q,EQ). We then combine the estimates we obtained at the second

step with (3.3) to show the solution to SFPE with coefficients (ZL\Q,BQ) well-
approximates the unknown p. Finally, this latter property is combined with
(3.5) to show theoretical error bounds in the context of observation and reg-
ulation of stochastic differential equations.

5.1. Approximating solutions to SDE via RKHS-based models. We start
by defining our data set. We assume sampling happens at M € N fixed times 0 =
t; < --- <ty = T, which are equally spaced for simplicity, i.e., t, £ T(¢—1)/(M —1).
Then, we assume at each time tp, £ = 1,..., M, we have access to N € N samples
Xo1 2 X, (te,w1), -, Xov 2 Xupy (te,wn) of the solution X to SDE, which have
been independently drawn from the same probability p,, with density p(ts,-) (see
Corollary 5.1). Now, for every t € [0, T] the family of probability measures given by

per 2 ® @ BR X -- xR") = [0,1], keN

k—times k—times

may be extended to a unique probability measure ) : BY — [0,1] thanks to Kol-
mogorov (extension) theorem, and by definition, for every £ = 1,..., M and N € N
the samples { X/ ;};=1,..., v may be seen as independent random variables in the prob-
ability space ((R™)N,BY, ul), with equal density p(t;,-). Finally, by one further
application of Kolmogorov theorem, we extend the family of probability measures
{1l @ ®@pl Yo<s<..<s <7 to a unique probability measure px : (BY)07) — [0,1],
so that, with an abuse of notation, px|s,. . ¢ty = MI?I R MI?M for every M € N,

.....
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and for every M, N € N the samples {Xy ;j}¢=1,.. m, j=1,.,~ may be seen as (not nec-
essarily 1.i.d.) random variables in the probability space (((R™)M)%T1 (BM)OT] 1 y).
Below, the assessment “with probability at least” will be meant with respect to ux.

At this step, fix M, N € N and define the following model (random) density

M

N
~ ~ - 1
plt,z) = Y c(t)ge(x), where go(x) = N > por(x = Xo ;)
=1 j=1

with pr(z) £ R"/?||z||="/?B,,/2(27R||z||), R > 0 and B,, ), is the Bessel J function
of order n/2, while c,(t) £ e/ G~ v(t) with {ei1,...,en} the canonical basis of RM
and we define v(t) £ (Kyuy1(t,t1), ..., Kmy1(t, tar)). The notation G is used for the
Gram matrix with elements G £ Kpt1(tj,tr), where K41 denotes the Sobolev

kernel of smoothness degree m + 1 (see, e.g., [48, Page 133] for an explicit formula).
Finally, for every u € H%?([0,T] x R",R) we denote

L(uﬁ/oT (%0 - G 2

Our result on the approximation of p via p is as follows:

+llp(t, ) — ult, .>||§{2> ar.

L2

THEOREM 5.2. There exists a constant C' > 0, which depends on n, m, and T
uniquely, such that the following learning rate for the random model p holds with
probability at least 1 — 6, for every M, N € N such that M > 2T

L(p) < C(Hprquﬂ + ||p||§{1,2(m+1)) X

X (MQm + R™*™ + R"og <%>N1> .

In particular, up to overloading C, for every € > 0 small enough we have that

1 2
L) < C(plmsrs + P20 <1°g <5—) )

1 2
MN 2 _ 2m
< Ol + Ipln ) <10g (%) @) m> ,

if M =e=1/m/4, N =g~ Ctn/Cm) (45 closest integers), and R = e~/ (2m),
Proof. For the sake of clarity, we divide the proof in several steps.
1) Preliminaries. With obvious notation, fix r,s > 1 and define the operator

M
Py H'([0,T),R) — H™([0,T],R), via (Pyu)t) = co(t)ulty).
=1

For uw € H™*([0, T] x R™,R), we denote by u, the function u,(-) = u(-, z), x € R", and
by @ the function a(t,x) = (Pyrug)(t). Now, note that the function v, := u; — Pprug
satisfies v, (tg) = 0 for any £ = 1,..., M. From the results we recalled in Section 4, we
can bound the norm of functions with scattered zeros as follows: for every 0 < o <r
there exists a constant C, , > 0 such that

(5.1) ue — Pruellae < Cro M7 ||usl
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for almost every z € R". Below, we will often implicitly overload the constant C; ,.
Moreover, we recall that, for a, 5 > 0,

D{Dyi(t,x) = Dj Dy (Pau)(t) = Di Pa(DJu)(t, z),

so that by leveraging (5.1) with 0 = a, for 0 < a <r and 0 < v < s, yields
T
62 [ IDru(e) = Dyate ) o -
= > / / (DS DPu(t, ) — D DPa(t, x))? dadt

|Bl<v

/ / (D2 DPu(t, z) — DX Py DPu(t, x))? dadt
18<v 7 R"

< Z/ IDu(-,2) — P DPu(-,2) |50 da

|Bl<v

Z/ C2 M Du @)y da = CF o M ful3v.
|BI<v

At this step, by decomposing p —p = (p — p) + (p — p) and applying the triangular
inequality to L(p), we obtain that

L(I/)\)l/2 < L(m1/2+A1/2,

(| % - 2

Thanks to (5.2) and p € H™12m+1) ([0, T] x R™, R), we may bound L(p) by

2

+1IB( ) — B, ->||§p) ar.

L2

L(P)Y? < Copgr 1M ™™ ||p|| 1.0 + Crne1,0 M~ |[p|l rmesa.o.

The rest of the proof is devoted to appropriately bounding A.

2) Further decomposing the term A. For this, from the definition of both p and
p, for every 0 < a <m+1and 0 <v < 2(m + 1) we have that

T 1/2
(/0 | DB(t, -) — DEP(E, )2 dt> —
T

)

M
< el mellp(te. ) = Ge()llae-
(=1

2 1/2
dt
Hl/

t)(p(te, ) —ge(-))

In, particular, by applying this bound to the two terms in A, we infer that

M
AR <N (”CZHHl”p(tla ) = GeC)lle2 + lleell 2 llp(te, -) — §e(')||H2)-

=1
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3) Bounding each term ||p(te,:) — ge(*)||lg». Fix £ =1,...,M and 0 < v <
2(m+1). As recalled in Section 4, the norm of any v € HY(R"™,R), with v € N writes

ullere = 190 () (Fu) ()l 22,

where Fu denotes the Fourier transform of u, and J,(z) £ (1 + ||z||?)*/2/(27)"/2,
z € R". In particular, since the Fourier transform of pr is 1 gz ), it holds that

Tiz | i -~ n
(53) ]:gg Z]].BJR"(O 2 Xei = ]]-BD};"(O) (Z)]:gé(z)a z€R )

so that, thanks to the fact that (1 — 1 gen o)) 1 gzn ) = 0 and 1123]]}; 0 = Lpz(0)> by
denoting the function p(-) = p(ts, ) we may compute

Ip(te,) = Ge( v = ||J (Fpe = Fge)ll e

V(1= e o)) Fpe + Tl gn o) (Fpe ]-"ﬁg)Hp

v(1— ]IB};"(O))JQ_(erl)HLOO [ 2(m+1)Fpell L2
® <0>HLOO HﬂB“;"w)(fpf —fﬁl)HLz

gz (o) (Fpe = fﬁf)HL2 :

< R"2" M Ipy || gaemsny + 2R

where we used the fact that Jy(,,41), Ju, and 1 BE"(0) are radial functions, and thus

= sup(1 + R?)~(@m+1D+1)/2 < gr=2(m+1)

(1 — L pun ) g5t
( BY (0)) i

2(m+1) HLOO

|

4) Bounding each term H]len (0)(Tpg — fgg)H ,+ For this, for every integers
R L

¢=1,...,Mand j=1,..., N we define a random mapping ¢ ; : (R")N — L2(R",C)
through the following expression, which holds for every ¥ € (R™)N,

(O)H = sup (1+ Rz)”/2 <2YR”, assoonas R >1.
B Le  0<r<R

iz (N n
(o) (2) & LyEa0) (2) 27 Xes@) zeR™

Note that, for every fixed £ = 1,..., M, since they depend deterministically from
X¢1,..., X m, the random mappings (.1, . . ., (¢, ;v are independent random mappings
in the probability space ((R™)N, BY, ,uﬁ), and they are additionally equally distributed

with respect to pg(-) 2 p(ts, ). In particular, for every j = 1,..., N we may compute

#,Z v [Ceg)(2) = /Rn Lpany(2) € 2miz ! “p(te, ) dz = L gen ) (2)(Fpe)(2), z €R™
We may also compute

Gey(@™) = By [Ges] ||
N

ess sup
Ne(R™)N
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where V,, is the volume of the n-dimensional unit ball. At this step, thanks to Pinelis
inequality, for every n > 0 and £ =1,..., M, we may compute

3(V,R)"/? log (%)
155 “]13%"(0)(-7'—]96 —fgf)HL2 > TN <

2v/2(V,,R)"/2, [log (%)
75 VN

< px | || o) (Fpe — Fe)

n/2 2
o | IS Ced = By [Ceg] 2V2(Vu R)"/? [log (5)
=u | D2 — | > i <.

Jj=1 L2

Therefore, for every § > 0, by taking the union bound with n = §/M, with probability
at least 1 — ¢ it finally holds that

M

~ 3(VaR)"/2log (41)
Z:lﬁ.)?M H]lBllgn(O) (Fpe = JL-ge)Hm = VN

5) Bounding each term ||cg||gv. By construction, each ¢, € H™+1([0,T],R) is
the function with minimum norm that satisfies ¢y, (te,) = ¢, 05, for £1,00 =1,..., M.
In particular, since the function z(t) = sinc(M (¢t — t;)/T) is analytic, and thus 2z, €
H™¥1([0,T],R), and satisfies z¢, (te,) = ¢, 45, for £1,0> = 1,..., M, it must hold that
lcell gm+r < ||ze|| gm+1, for every £ =1,..., M. Therefore, since

t =1, l=1,....,.M
élznll,%.).(,M |C€2( él)l 9 2 3 3 )

by applying the bound for Sobolev functions with scattered zeros recalled in 4 with
h =T/M, we obtain that, for every 0 < v < m+1 there exists a constant Cpy41,, > 0
such that

leell s < Contra ((T/M) ™ 4+ (T/MY™ |zl g ), €= 1,0, M.

To conclude, we note that the Fourier transform of the extension of each z; to
H™(R,R) is the function (T/M)1L{p;ry. Combining this latter result with the

Fourier characterization of the norm || - || gm+1 yields, for every £ =1,..., M,
M 2(m+1)
T [27 M
2 ot 14 22ym+ gr < (22
el < 3 [, e ars ()

where the last step follows from the assumption M > 2T'. Therefore, for every
¢=1,...,M we finally obtain that (we implicitly overload the constant Cy,11.,)

M 1%
ledle < Cnens (1) v =0ucsimet 1

ndeed, under this assumption, 1 < 3/4M?2 /T2, and thus max (14 72) < M?/T2.
0<r<M/(2T)
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6) Gathering the previous bounds together and end of the proof. Recalling
from the results in Section 4 that there exists a constant C' > 0 such that

lul| g < Cllullgr, for every we€ H™TL([0,T],R),
we may compute, for every £ =1,..., M,

lp(tes ) zr2emsn ®n r)y < 1Pl Loe (0,11, R) @ H20m+0 (R0 RY < ClIDI 120010 -
Combining this latter inequality with all the previous bounds finally yields
L(H)YV? < L(H)V? + A2

< Con 1t M7 |pllgrms10 + Congr oM™ [l s 2 + AV2

< C(llplgm+rz + [lpl prreemn ) x

1
4MN\ 2
X <Mm + R 4+ R"?log <T) N1/2> ,

for some appropriate constant C' > 0, which holds with probability at least 1 —§, and
the sought conclusion may be easily inferred. a

The main benefit offered by replacing the unknown density p with the model
density p consists of the fact that integrals of this latter mapping and of its derivatives
can be actually (easily) computed, enabling to correctly instantiate our first learning
problem for (a.,bs) € H;}, which is our next step.

5.2. The infinite-dimensional learning problem and its fidelity. In this
section, our goal consists of instantiating and analyzing the learning problem to iden-
tify the coefficients (a.,b.) € H.\. This problem computes coefficients which “best”
matches SFPE when evaluated at the model density p. Below, we seek those co-
efficients in the whole set H., deferring to a later section the problem of learning
(ax,by) € H;b through finite-dimensional models. In particular, the main result con-
tained herein consists of appropriate learning error estimates which pave the way to
obtaining learning error estimates for the problem of learning (a.,b.) € H,!. through
finite-dimensional models. However, for pedagogical purposes, we present complete
learning rates for the infinite-dimensional learning problem as well.

From now on, we fix 0 < &, < 1, and select M, N € N and R > 0 as claimed in
Theorem 5.2, so that, with probability at least 1 — ¢, it holds that:

(5.4) L(p) < Clax, b) (1Og (5_15) 2€>2

% m 2
< CO(as,by) <log <@) (MN)nu?zmm> ,

where the constant C(a.,b.) > 0 depends on a. and b, uniquely. To compute
accurate learning rates, we leverage classical RKHS approximation theory, which is
essentially well-posed for mappings which are defined on bounded domains. For this,
we will make use of the following additional assumption:

(B) There exists R, > 0 such that the coefficients (a.,b.) € H, satisfy:

supp(ax(t,-),bs(t,-)) € BE"(0), for every t € [0,T].
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Remark 5.3. Assumption (B) plays a key role in computing learning rates which,
on the one hand, leverage classical RKHS approximation theory, and which, on the
other hand, depend explicitly on the parameters defining the learning problem. In
particular, the latter property can not be generally obtained by just (smoothly) re-
stricting to balls quantities which are defined on unbounded domains. That said, our
result can be shown to hold under less restricting assumptions, such as assuming the
coefficients (ax,b.) € H,!, decay to zero at infinity under specific rates [48], although
we opted for Assumption (B) to avoid excessively tedious computations, in turn fos-
tering a smooth exposition. In addition, it is worth mentioning Assumption (B) is
often naturally verified in many applications ranging from biology to robotics, where
the state space is a bounded domain.

Thanks to Assumption (B), we may restrict ourselves to the closed subspace:
Hm . {(a,b) € M1 ¢ supp(af(t,-),b(t,-)) C BR "(0), for every t € [0, T]} CHE,

We are now ready to define our infinite-dimensional problem for learning the coeffi-
cients (a,bs) € H;)R*, which writes as follows:

DEFINITION 5.4. For every positive real A > 0, the (random) infinite-dimensional
Learning Problem to learn stochastic differential equations is defined as:

2

P min Ly(ab) 2 H (o pie || e+ Af(a, b2

+
(a,b)EH], 7.,

L2
The well-posedness of problem LP is proven in the following proposition:

PROPOSITION 5.5. For every A > 0, problem LP is well-posed and has a unique
solution, which, is denoted by (a,b) € H

Proof. Since the mapping
2
(L) Bl )

T
(55)  (a.b) € Hy s / dt + A|(a, b))%,

L2

is strictly convex when restricted to the closed convex subset ’H+ C Hyn, we just
need to prove the existence of a solution to LP. For this, if (ag, bk)keN € Hm R, 18
any minimizing sequence for LP, there must exist some constant C' > 0 such that
[ (ak, br) |4+ < C for every k € N, and therefore, since H r, is in particular a closed
and convex subset of the Hilbert space H,,, up to extractlng a subsequence there
exists (@,b) € HE g, such that (ak,bk)ren converges to (a, b) for the weak topology
of H,,. Now, thanks to Theorem 2.1, it is clear the mapping (5.5) is in addition
continuous for the strong topology of H,,. Thus, we infer that the mapping (5.5) is
in particular weakly lower semi—continuous, and therefore we finally obtain that

/

2

op adyes =3
57 (B = (CE Bt )| dt+ (@ b)[3,, <

at L2
p ?
< liminf 2o (t,) = (L8P B, || A4 M| (an, i) |13,
k—)OO 0 8t L2
T 2
op a,byrsy
= / o7 () = (CEVPE)| it A, b)R,,.
(ab)e'HmR* 0 L2

and the sought conclusion follows. a
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We now investigate the fidelity of the learning problem LP. More specifically,
through the estimates of Section 3, under appropriate norms we compute bounds for
the approximation error between solutions to SFPE, associated with the drift and
diffusion coefficients solutions to LP, and the unknown mapping p. In turn, these
bounds will endow our learning procedure with well-posedness and high fidelity.

We start with the following technical lemma:

LEMMA 5.6. For every A > 0, with probability at least 1 — &, it holds that:

1 2
~ 1\ 3
L)‘(a’ b) S O(a*vb*) )\ + <10g (E) 5)
MN\ 2 2
< Clag, by) [ A+ <1og <T> (MN)‘r%M)

where the constant C(a,bs) > 0 depends on a, and b, uniquely.
Proof. Thanks to Theorem 2.1 and Corollary 5.1, a routine use of Holder and
Young inequalities allows us to compute

L@@, b)=A|(ax, b3, <

T ~
g/ o
0

ot

2

(ta ) - ‘Crﬁ(tv ) di

L2
2

T (91/7\ ap T )
< P y_ Py i Nt
_2/0 ot )~ ) L dt+2/0 1£3 (= p)(t, )72 dt

b o, I

T
)= 20| e+ 20 [ pe) ot e

T
2
0

182
< Clax, b:)L(p) < Clax, by) (log (é) 5) :

L2

where the (overloaded) constant C'(ax,bs) > 0, which depends on a, and b, uniquely,
comes from the constant in (5.4), and the conclusion follows. O

We are now ready to compute error bounds between solutions to SFPE, associated
with the drift and diffusion coeflicients solutions to LP, and the unknown mappings
p. It is important to note that, given the nature of our data set, which essentially
depends on observations of the law of the state process, the error between the unknown
densities and the densities stemming from the learned coeflicients is a “good metric”
with which the convergence of an identification algorithm for stochastic differential
equations which leverage observations of the state process may be tested.

We better formalize this metric as follows. For every (a,b) € H., let p,p €
H™+120m+1) ([0, T] x R™,R) denote the unique solution to SFPE with coefficients

-~

(a,b) € H,\,. Note that the existence and uniqueness of the regular mapping p,, €
H™+120m+1) ([0, T] x R™, R) as non-negative solution to SFPE, of unitary mass and
with coefficients (a,b) € H;\. is immediate consequence of Theorem 3.4. We define the
following metric to test the accuracy of our method:

T
E(a,b) 2 lpas — pll%e = / Ipas(t, ) —plt, )|2a dt,  (arb) € H.
0
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Among other benefits, we will see this metric is also particularly well-suited to estimate
the error which is done when computing the observation/regulation metric (3.4).
Our main result on the accuracy of our learning method writes as follows:

THEOREM 5.7. Let the coefficients (8,3) € H:@,R* be the unique solution to LP

1 2
with A = (log (%) 2 5) . With probability at least 1 — &, it holds that:

1 2
E(a,g) < C(ax, by) (log (5—15) a)
MN\? 2
< C(ax, by) <log <T) (MN)M%> ,

where the constant C(a,bs) > 0 depends on a, and b, uniquely.

Proof. We define
p2p.;—DECOT;L*R",R)NH"([0,T] x R",R),
and R
A 8]) E,B * N 2 n
f(ta')__ a(tv)_(ﬁt ) p(ta) €L ([OaT] x R aR)
It is readily seen that

% /Rn e(y)p(t,y) dy =

= | (ﬁf’gw(y)p(t,y) + f(t,y)cp(y)) dy, ¢ € C(R™,R),

p(oa ) = Oa
and therefore, thanks to Theorem 3.4, we may apply the estimate (3.3) to p, which
10\2
in combination with Lemma 5.6 with the choice A = (1og (5—15) 2 a) yields

1 2
sup ||pa,g<t,->—p<t,->||i2sC<Il<avb>||ﬂm>0(“*’b*)<1°g<£> )

t€[0,T]

where the constant C'(ax,bs) > 0 depends on a, and b, uniquely, whereas the constant
C(||(@,b)||%,.) > 0 continuously depends on ||(a,b)]|3,, uniquely. Up to overloading
these constants, combined with (5.4) this latter inequality readily yields

T R 1\?
56 [ st -l dtsc(||<a,b>|Hm)cJ(a*,b*)(log<5—1E) )

At this step, from Lemma 5.6 in particular we obtain that
Cla.,b LAY
~ 2
61 l@IE, < 24t (g <1og () ) —2C(a.,b.),

1\2
as soon as A = (log (5%) 2 5) . Therefore, up to overloading the constant C(a.,b),

the conclusion follows from combining (5.6) with (5.7). O
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5.3. The finite-dimensional learning problem and its fidelity. The learn-
ing problem we introduced in Section 5.2 (see Definition 5.4) remains difficult to nu-
merically solve. Here, we discuss appropriate finite-dimensional approximations of LP
and error bounds ensuring the fidelity of this latter approximation, ultimately making
our learning approach for stochastic differential equations accurate and tractable.

We start by recalling and adapting the approximation tools we introduced in

Section 4 to our framework. Let D = [0, T] x BE"(0), and consider the RKHS Hp =

H d(m)(D, R) with associated kernel Kp. Without loss of generality, we may assume
Kp and all its derivatives equal zero on [0, T] x 8B§t (0). For any set of @ € N points

Xp2 {(tl,xl),...,(tQ,xQ)},

we consider the following coordinate-wise finite dimensional models to approximate

~

the candidate drift and diffusion coefficient solutions (@, b):

Q
a(t,y) 2 Y A Kp((t,y), (te,20) Kp((t,y), (e, 20)),

0,6'=1
(t’y)eD’ i?je{]‘""’n}7
Q
b(t.2) 23" BeKp((ty), (tewe)),  (ty) €D, i€ {l,....n},
=1

with Ay, € R™*" By € R". Note in particular that, by defining ®¢g : D — R"*@" to
be the map Pg(t,y) = (KD((t,x), (t1,21)) Inxnl - - | Kp((t,y), (tq, xQ))Ian), then

(58) d(ta y) = (I)Q (tv y)A(I)Q (ta y)Tv B(tv y) = (I)Q (tv y>B7

with B £ (Bi,...,Bg)" € R¥" and A € RO"X@" i5 the @ x Q block matrix with
block entries Ay . Therefore, we define the finite dimensional convex subset of 7—[;;7 R.

in which the tuple (@, b) is approximated to be (zero is imposed as value outside D)

Y%, 2 span {(@B): AR, A= 0and BER | CHY .

Before moving to the core of this section, by leveraging the facts we recalled in
Section 4, we provide a crucial approximation results for coefficients (a,b) € H; R,
Specifically, by combining the bounds for Sobolev functions with scattered zeros we
listed in Section 4 with Theorem 2.1, we obtain the following:

THEOREM 5.8. Denote the fill distance between )N(D and D with

A

ho = sup - min [[(te, z) = (&)l

(ty)eDp =1

There exists a constant C > 0 such that, for every (a,b) € 7-[;; r. with a(t,y) = BI,
(t,y) € D, for some constant B > 0, there exists a tuple (Pg(a), Po(b)) € 7{;’%* :

I(a, b) = (Pa(a), Po (b)) w2 < C(IVallfracm + 1]l gaen 5",

1(Pa(a), Po(0) 3., < CUIVallFacm + [1bll gracm)-
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Proof. First, by combining the bounds for Sobolev functions with scattered zeros
(4.2) in Section 4 with Theorem 2.1, we may readily claim the existence of a constant
C > 0 (implicitly overloaded below) and Pg(b) £ b in the form (5.8) such that

||b — BHWZ,OO <4 ||b||Hd(7n)h€2m_l.

We now turn to the construction of Pg(a) = a. This is slightly more elaborated
and is taken from [40, 31, 39, 29], in particular, adapting the construction of [31]. Note
that the matrix square root /- has uniformly bounded derivatives of any order on the
set {A € R"*"|A = BI}. By assumption, it thus follows that v/a € H ™ (D R**"),
and in particular that the element-wise functions (v/a); ; = e; v/a e; € HY™ (D, R).
Now, we can build our approximation a as follows

a(t,r) = U(t,y)Tv(t,y) =0, (t,y)eD,

where v : D — R"™*" is obtained by element-wise applying the bound for Sobolev
functions with scattered zeros (4.2) in Section 4. In particular, we obtain that

1(Va)i; —vijllw2e < ClIVa jllgaen by, d,5 €{1,...,n}.

Therefore, since \/ET\/E —vly = \/ET(\/E— )+ (Va—v) Va—(va—v)T(va—v),

and W2 is in particular a Banach algebra, we may infer that
la = allwz < 2[va—vlwze[Valwze + [Va = vlfya.e.
At this step, the inequalities
n
IVa = vlfyee < Y I1(V@)is = vijlfan
i,j=1
and || - [[wz.e < C| - || geemy may be combined to readily derive that
la = allwe. < Cn?||Vallfae hg" ™,

that is the first inequality claimed in the theorem. In particular, note that

Q

’U(t,y) = ZRE KD((tvy)a (tz,:tg)), (tay) e D,
=1

for some Ry, ..., Rg € R™*". By denoting R = (R1,..., Rg) € R"™ " we have that
a(t,y) = Po(t,y)APo(t,y) ",  (ty) € D,

with A2 RRT € RO"*Q" semi-positive-definite. We thus infer that (a,b) € 7—[:;’%*.

To conclude, according to the results we gathered in Section 4, it holds that
b =Tlg(b) and v = Tl (v/a), where Tl denotes the corresponding projection operator
of each involved RKHS, and thus @ = Il (y/a) "o (y/a). This implies that

T ()| gracmy < [0l gaemy and [T (va)|| gaemy < IV/all gracm).

The proof is concluded considering that H?(™) is in particular a Banach algebra. 0O
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In the rest of the manuscript, we adopt the notation we introduced in Theorem
5.8. We are now ready to define our finite-dimensional problem for learning the
coefficients (a., bs) € ’H:; R.> which writes as follows:

DEFINITION 5.9. For every positive real X\ > 0, the (random) finite-dimensional
Learning Problem to learn stochastic differential equations is defined as:

2

dt + All(a, b) 13,

LPg min _ Ly(a,b) H — (L3")*p(t, )
L2

(a,b)eHTD

m, Ry

Since ’7'-[,Jr k. 1s a finite-dimensional convex set, the well-posedness of LP¢ may be
proven sunllarly to the well-posedness of the original problem LP, i.e., by replicating
the proof of Proposition 5.5. We thus report this result below Without proof:

PROPOSITION 5.10. For every A > 0, problem LPq is well-posed and has a unique
solution, which is denoted by (ag,bg) € 7{;’%*

Remark 5.11. Thanks to Assumption (A), up to re-scaling o and overloading a.,
one may always assume that a.(t,y) > al, (¢t,y) € D. This property would enable
applying Theorem 5.8 directly to (a,b.). Unfortunately, the setting a.(t,y) > oI,
(t,y) € D, does not fit Assumption (B), and in turn the problem formulation of

LPg. Nevertheless, one may appropriately tailor the definition of HIL’%* to allow for
a.(t,y) = al, (t,y) € D. Indeed, in such setting Assumption (B) would rather require

that supp(a(t,-) — ol,b(t,-)) C BR"( ), for every ¢t € [0,T]. Therefore, we should
consider a larger domain D in which learning is pursued, e.g., D £ [0,7] x B§Z+l’
selecting Kp to equal 1 on [0, 7] x 8B§:L +1(0) and such that all its derivatives equal
zero on [0, T] x 8B§Z +1(0) (this selection is always possible under mild assumptions).
Thanks to this choice, H:{%* may be replaced by the following subset

span {(XZL + (1 —x)ad,b): AcR"™@" A= al, and B e RQ"} C H,J;yR*H,

where the definition of ’H,;rl R.+1 corresponds to ’H,:,rl g, s with updated requirement
supp(a(t,-) — od,b(t,-)) € BE",1(0). Here, x € C>([0,T] x R™,[0,1]) is some fixed

cut-off function satisfying x|z~ = 1 and supp x C B%’: 4+1(0). One readily check

BE" (0)
this updated definition does not affect the validity of Theorem 5.8, and in turn of
the rates of convergence we will develop shortly. From a numerical po1nt of view,
the computational cost of solving LPg with this updated definition of 7{ R remains
unchanged (see Section 6). Therefore, without loss of generality, frorn now on we
assume we may apply Theorem 5.8 to (a*, b.) € H:L g, Without further ado.

The next result is a natural extension of Lemma 5.6 to the setting of problem
LPg, and it represents the main result of this section.

LEMMA 5.12. For Q € N with hg < 1, with probability at least 1 -9, it holds that:

2
- 1\? -
L)\(ZL\Q,bQ) < Claw,be) | A+ <log (E) g) + hé(z 1) ,

where the constant C(ax,bs) > 0 depends on a, and b, uniquely.



22 R. BONALLI AND A. RUDI

Proof. Thanks to Lemma 5.6 (actually, its proof), we may compute

L@, bq) — M (Pa(a.), Po(b.) 13, <

llop P Po(b 2
< [ B - (€T )| ar
0 L2
T ~ 2
Ip
gz/ (L) = LIp(t, - dt
g —cine)|
T 2
2 PQ(ax),Pq(be)yx — LX) p(t. - dt
2 [ (el ;- c) o )|

< C(a*,b*)< <log (é) : g>2

+ lI(ax, 0.) = (PQ(a*),PQ(b*))Hivz,m/o 12(t, )17 dt>,

where the constant C(a,b.) > 0, which we will overload below, depends on a, and
b, uniquely. Theorem 5.2 and the choice 0 < £, < 1 readily yield

T
/0 1Bt )% dt < Clan,b).

By combining this inequality with Theorem 5.8 (and Remark 5.11), we infer that

T
I, b) = (PQ(G*)vPQ(b*))||12/V2’°°/O 1(t, 132 dt < Clau, bk,
yielding that
(5.9)  La(@o,bq) — Mll(Pq(ax), Pa(bs) I3, <

1 2
< C(ax, by) ()\ + <1og <5—1€) 5) + hé@m_l)>_

Finally, observe that Theorem 5.8 additionally provides that
1(Po(ax), Pa(b)) I3, < Clax, b,

which combined with (5.9) leads to the conclusion. O

Thanks to Lemma 5.12, Theorem 5.7 may be straightforwardly extended to the
context of the finite-dimensional learning problem LPg (just by replicating its proof).
We thus report this result without proof in the proposition below.

THEOREM 5.13. Let the coefficients (ZiQ,BQ) € ’H;;’%* be the unique solution to

2 ST
LPq with A = (log (£)¥ <) and Q € N so that hq = (log (£)¥ )™ < 1. With
probability at least 1 — ¢, it holds that:

1 2
E(ag:be) < Clan,b.) (1og ((%) )

1 2
< C(as, by) <1og<@> (MN)r%%) ,
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where the constant C(ax,bs) > 0 depends on a, and b, uniquely.

We conclude this section with a result which summarizes our essential contri-
butions, showing how our learning approach may be leveraged for efficient observa-
tion/regulation of stochastic differential equations. First, we recall the setting intro-
duced at the end of Section 3. Specifically, for every coefficients (a,b) € H.., we
denote by X*® and Pa,p respectively the (unique) solutions to SDE and SFPE with
coefficients (a,b) € H;-. By combining Theorem 5.13 with Corollary 3.5 (in partic-
ular, compare with (3.4); more details about this remark are provided in Section 8),
we readily obtain the following summarizing result:

THEOREM 5.14. Let m € N, a > 0, R, > 0, pg € H*" 1 (R",R), and (a.,bs) €
H;)R* satisfy Assumptions (A) and (B), and denote by X and p respectively the

(unique) solutions to SDE and SFPE with coefficients (a.,b.) € H." r.- There exists
a constant C(as,by) > 0 which only depends on a, and by, such that by choosing the
following learning parameters for the fized precision parameters 0 < e,§ < 1:

o M =cVm/4 N == (2+n/Cm) (45 closest integers), and R = ¢~1/(2™)
2 T
° )\ = (log (5—16)% 5) , and Q € N so that hg = min (1, (log (5%)% 5)2 1),

with probability at least 1 — §, the following estimate holds:

1
1 2
5100 =y lee < Clebion () e

1
MN\?2 m
< C(ax, by) log (T) (MN)*m,

where (EQ,EQ) € ’H;’%* is the unique solution to the finite-dimensional learning
problem LPg, where the learning parameters have been selected as above. Therefore,
for every f € L*([0,T] x R™,R) the following observation/requlation estimate holds:

By xp <

T .
/ £(t, X35 (1)) dt]
0

T
/ ft, X, (t)) dt] —E, xp
0

1
2 MN\?2 m
e < C(a*,b*)log (T) (MN)7n+2(22m+1)'

1
< Clax,bs) log (65)

Remark 5.15 (On the optimality of the learning rates (5.10)). To the best of
our knowledge, the learning rates (5.10) have not yet appeared in the literature on
non-parametric learning of SDE. Specifically, although in recent works, see, e.g.,
[1, 35, 2, 28], learning rates that improve as the regularity of the drift and diffu-
sion coefficients increases are proposed, for the first time our method offers non-
asymptotic learning rates when considering estimation of multi-dimensional SDE with
non-constant diffusion coefficient, under discrete-time observations of X.

For the sake of completeness, one may want to compare (5.10) with existing
learning rates, e.g., the rates offered by [1, 35], though as we mentioned the estimation
methods provided in these works apply to less general settings. If we were to do such
comparison, we would infer that, up to a log factor, (5.10) would be “almost optimal”

in that their would be sub-optimal by a factor (NM) D However, this factor
exponentially converges to 1 when m tends to infinity.
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6. Computational Considerations. From a numerical viewpoint, we can solve
problem LPg exactly in closed form. Indeed, such a problem amounts to a finite semi-
definite program in the variables A € RO"*®" B ¢ R?"*! subject to A > 0.

Problem reformulation. Recall that we are naturally, though implicitly ex-
tending the mapping ®¢ to zero outside D, smoothly. Thanks to the characterization

form (5.8), which is valid for every (a,b) € ’H,m ®.» one easily shows that
LyB(t,y) = r(V(E,y) A) = U(ty)B +r(t,y),  (ty) € [0,T] x R”,

where o
r(ty) 2 SAR(L.Y),

and U : [0,T] x R?® — RX*Qm and V : [0,T] x R® — R¥"X®" are defined as

0
ox

Vi

Il
l\DI}—l -

Uf(tvy) £ [ﬁ(tvy)ez—'rKD((tvy)v(tfaxf))} ER"? &El: 17'“7@7

ISh

@
2

2 Gy D00 )

x Kp((t,y), (te, ze))ese, | € R™™,

Ve (t,x)

~

0
Therefore, by denoting ¢ £ a—lt),

the cost in LPg thus writes
Ia@b) = [ (alt) — 6(V(E5)A) + U)B — rlt,) de dy
(0,T] xR™
= / (1, BT, vec(A) YW (t,y)(1,BT,vec(A)T) dt dy
(0,T] xR™
= (1,B",vec(A)"YH(1,BT,vec(A)")T.

where, by denoting § £ ¢ — r, we define W : [0, T] x R" — RITQn+Qn*x1+Qn+Qn’ g

(t,y) —q(t,y)U(t,y) —qt, y)veC( (t,y)"
W(t,y) £ q( y)U(t,y) U(t,y)U(t,y)" U(t,y) "vec(V (t,y))"
—q(t,y)vec(V(t,y)) vec(V(t,y))U(t,y) vec(V(t,y))vec(V(t,y))T,

whereas H € RIHQn+Q°n*x1+Qn+Q"n” iy defined as
H2 W (t,y) dt dy.
[0,T]xR"
Summing up, LPg equals the following semi-definite program
min v' Ho.
A € RY"XQ@n B ¢ RO"
v 2 (1, B,vec(A)) € RIFQn+Q%n?
Ax0

Such semi-definite programs enjoy a particularly simple form. They can be efficiently
solved via damped Newton methods, with computational cost O((Qn)3-®) [34].
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Computing the integral H. The computation of each entry of the matrix H
can be done in closed form, given that they correspond to the integral of products
of functions, that are linear combinations of elementary functions. As a matter of
example, below we explicitly compute the first element of H, i.e., Hy;, the same
argument holding for the other elements. We have that

/ Wi (t,y) dt dy = / (a(t.y)? — 2q(t, y)r(t,y) + r(t,y)?) dt d.
[0,T]xR"™ [0,T]xR"™

Due to their similarity, we proceed with computations only for the integral of the first
term in the right-hand side of this equality. For this, we may compute

M N 1
=> > = / co(t)eo (0)pr(y — we,)pr(y — e jr) dt dy
) ; [0,T]xR"

M N ayory [T )
:.,Z Z N /Okm(t—ti)km(t—ti/)dtx

X / Pr(Y — Tej)pr(Y — Ter ) dy.

Above we used the definition of p, and the fact that ¢, are minimum-norm kernel
interpolators [48], i.e., they are given by ¢,(t) = Efil a; ok (t — t;), where a; ¢ =
(K=1);.0, whereas K € RV*N is given by K; i = ky, (¢, tir). By denoting

T
Ry & /O ke (t = ti)km (t — i) dt,  Spjey0 = / pr(Y — Tej)pr(Y — e ) dy,

n

the computations above thus amount to

M N
/ g(t,y)’ dtdy= > > (K 'RK )ewSeje
[O,T]XR" 0,01=17,j5'=1

Assuming that the computational cost of analytically computing such integrals of el-
ementary functions is O(1) per integral, the total computational cost to compute Hi
is thus O(M?3 + M?N?). Under the same assumption and iterating the same argument
for all the elements of H, since U is the linear combination of Qn? elementary func-
tions, whereas V is the linear combination of @?n* elementary functions, the total
computational cost to compute the whole matrix H is thus O(M? + M2N? + Q*n8).

Considerations on the computational complexity. Since to achieve a de-

sired value for the fill distance Q = O(hé(nﬂ)) number of centers are required, taken,
_ n+1

e.g. on a grid of stepsize hg [40], we thus need Q = O (¢~ m==D74 ) to meet the

rates of Theorem 5.13. In particular, by dimensioning M and N according to Theo-
rem 5.13 to achieve the desired precision ¢, it is required that Q* < M?N?2. Therefore,
the proposed algorithm enjoy the following performance:

1. Approximation error of (a*,b*): O(e),

2. Total number of required samples: O(e ™2~ 2m ),

3. Total computational cost: O(e™*~ 2;;1718).
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In particular, under regular enough settings, i.e., m > n+1/2, we infer that our iden-
tification method achieves approximation error O(g) by requiring O(¢~2-%) samples
and a total computational cost of O(e~°n8).

7. Conclusion and Perspectives. In this paper, we propose a Reproducing
Kernel Hilbert Space-based learning paradigm for the identification of drift and dif-
fusion coeflicients of non-linear stochastic differential equations, which relies upon
discrete-time observation of the state. Under assumptions of smoothness for the un-
known drift and diffusion coefficients, we provide theoretical estimates of learning
rates which become increasingly tighter when both the number of observations of the
state and the regularity of the unknown drift and diffusion coefficients grow.

Some possible improvements and perspectives are in order. Since our learning
rates essentially apply to the laws of the state process, it would be interesting to un-
derstand whether and under what conditions our method may be extended to derive
stronger LP norm-based learning rates. Finally, it would be interesting to investi-
gate extensions of our work for the identification of controlled stochastic differential
equations: although these models are crucial for the control of complex systems, e.g.,
in aerospace and robotics, methods which offer relevant guarantees of accuracy and
efficiency of the identification process still require extensive investigation.

8. Details on Stochastic Differential and Fokker-Planck Equations. In
this section, we provide a more structured exposition of the concepts we previously
introduced in Section 3. For this, we chronologically retrace in more details every
definition and result of Section 3 step by step.

8.1. The Fokker-Planck equation. We recall we fixed m € N and a constant
a > 0, and since we worked with diffusion coefficients which are never trivial, for
every (a,b) € H}, the coefficient a has been replaced with the mapping

a+al:[0,T] xR" = Sym_ (n) with a+al =vVa+alva+al.

Also, we fixed a non-negative density po € L*(R™,R) which served as appropriate
initial condition, and we denoted by pg € P(R"™) the associate probability measure.
We recall the following notions of stochastic differential equation and its solutions:

DEFINITION 8.1. A measurable mapping X : R™ x Q — S solves the Stochas-
A

tic Differential Equation with coefficients (a,b) € H} if each process X, (t,w) =
X(xz,w)(t) is F-progressively measurable for every x € R™, and

dX,(t) = b(t, X4(t)) dt +/(a + al)(t, X, () AW,
P(X.(0) =2) =1,

SDE,

holds in (Q,G, F,P) for uo-almost every x € R™. A solution X to SDE is unique if,
for every measurable mapping Y : R™ x Q — S which solves SDE with coefficients
(a,b) € H, it holds that X (x,-) =Y (x,-) a.s., for ug-almost every x € R™.

The well-posedness of Definition 8.1 is contained in the following theorem, to-
gether with other useful properties on solutions to SDE:

THEOREM 8.2. For every (a,b) € H,\., there exists a unique measurable mapping
X : R" x Q = S which solves SDE with coefficients (a,b) € H}. In addition, the
following properties hold true for the mapping X :
1. The following mapping is measurable:

(z,w,t) ER" x QA x [0,T] = X, (t,w) € R™.
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2. For every ¢ € Cy([0,T] x R™, R), the following mapping is continuous:

te[O,T]>—>/ /go(t,Xm(t)) dP po(dz) € R.
nJa

Proof. Thanks to Theorem 2.1, for every x € R™ there exists a unique (up to sto-
chastic indistinguishability) F—adapted process X, : [0,T] x © — R™ with continuous
sample paths which solves SDE,, and which satisfies the following inequality

(8.1) E[0(Xe,, Xua)?| < C(11@,)lly) 21 — w2l

where the constant C(H(a,b)HH;) > 0 depends on (a,b) € H;\ uniquely (see, e.g.,
[22])%. Therefore, we define the mapping X : R® x Q — S by X (z,w)(t) = X,(t,w).
From the continuity of the sample paths of each X, one may show that

X(e) ™ (BSwo)) = () X (BE(wo@)), =eR",
t€[0,T]NQ

from which, by leveraging a routine monotone class argument, we easily infer the
measurability of the process (X (x,+))zern.

To prove the measurability of X : R® x Q@ — S, we rather build a measurable
mapping X : R” x Q — S such that the process (X (z,-))zern is a modification of
(X (x,))zern. In particular, such property would imply for every 2 € R™ the existence
of a subset N, € Fr with P(N,) = 1, and such that

(8.2) Xo(tw) = Xp(t,w), te[0,T], we N,

From (8.2), together with the completeness of F, we would infer each process X, is
F-adapted and has continuous sample paths (the latter property being trivially true
by definition). Moreover, thanks to Theorem 2.1, a routine application of Burkholder-
Davis-Gundy inequality, and the fact that each process X, satisfies SDE,, one may
straightforwardly compute, for every = € R",

B| sup. ’Xm(t)—x—/o b(s, Xa(s)) dr—/o Via+al)(s, Xa(s)) dW, ]g
S CE sup ”Xm(t) - Xﬂa(t)Hz

t€[0,T

+CE ( / " bt %) — bt Xa ()] dt) }
+CE (t

2
dt]

for some (overloaded) constant C' > 0, and therefore by combining (8.1) with (8.2)
yields that each process X, satisfies SDE,, x € R”. In turn, we showed the existence of

V(a+al)(t, X, 1) — o+ o)t X, (1)

i

< CE[a(Xm,XI)ﬂ,

2Here, we use the fact that the mapping y — \/m is Lipschitz, for every t € [0, T]. This
is a straightforward consequence of Theorem 2.1 and the fact that the mapping A € Sym | (n) — VA
is Lipschitz on {4 € Sym_ , (n) : ||A|| < |lallee + a, yT Ay > a|ly||?,y € R"}. Indeed, the latter
set is compact and the mapping A € Sym_ , (n) — V' A is continuously differentiable.
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a measurable mapping X : R"xQ — S which solves SDE with coefficients (a,b) € H,}.
By leveraging the same argument (and a routine application of Gronwéll’s inequality),
one also shows the uniqueness of this mapping as in Definition 8.1.

At this step, we build the aforementioned mapping X : R" x Q — S via Kol-
mogorov’s lemma. More precisely, combining (8.1) with Kolmogorov’s lemma yields
the existence of a modification (X (z,-))zern of (X (z,-))zern such that, for every
w € Q, the mapping # € R — X,(-,w) € S is continuous. Therefore, the mapping
X :R" x Q — S is Caratheodory, and thus measurable (see, e.g., [4, Lemma 8.2.6]).

At this step, note that the mapping

m:[0,T] xS = R": (t,w) — w(t)
satisfies
[ (1, w1) — m(t2, wo)|| < Jlwi(tr) — wi(t2)]| + (w1, wa),

for every t1,t2 € [0,T], w1, w2 € S. Hence, 7 is continuous and property 1. follows
from X,(t,w) = 7(t, X(z,w)), for (z,w,t) € R™ x Q x [0,T]. Moreover, if ¢ €
Cy([0,T] x R™ R) and (tx)ren C [0,T] satisfies tx — ¢, from what we just proved:

go(tn,w(tn,X(x,w))) — cp(t,w(t,X(x,w))), a.e. in R"™ x Q,
and a routine application of the dominated convergence theorem yields property 2.0

At this step, for every (a,b) € 7—[;;, we denote the Kolmogorov generator by

n

2 n
Z(a+o¢])ij(tya (9y] +iZb ), @€ C*R",R).

ij=1

N =

Lite(y) £

Fix (a,b) € H;}, and assume we are given a measurable mapping X : R" x Q — §
which solves SDE with coefficients (a,b) € H,,. For ¢ € C>°(R™, R), a straightforward
application of It6’s formula to SDE,, yields

(8.3) /QQD(X (t)) dP = p(z /Q/ Lp(X,(s)) ds dP, t € [0,T],

which holds for pp-almost every x € R™. Thanks to Theorem 8.2, we may define the
curve i : [0,7] — P(R™) of probability measures

/Lt(A)é/ /]l{Xm(t)eA} dP po(dz), A€ B(R"),
nJQ

and note that p is narrowly continuous, i.e., for every ¢ € Cy(R™, R), the mapping

€10,7T] — y) e (dy) = / / ) dP po(dz) € R
Rn "

is continuous. By combining this latter property with (8.3) and Theorem 8.2, one

readily checks that the curve of probabilities u satisfies:

DEFINITION 8.3. A narrowly continuous curve p : [0,T] — P(R™) is said to solve
the Fokker-Planck Equation with coefficients (a,b) € H. if
d b
— dy) = L d C®(R".R
rpE @ / (Y (dy) / i e@u(dy), ¢ € CF(R"R),
Ht=0 = Ho-
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Importantly, thanks to the regularity of the coefficients (a,b) € H,}!, FPE can
have one narrowly continuous solution p at most, as we state in the following:

PROPOSITION 8.4 (Propositions 4.1 and 4.2 in [14]). Given any tuple of coeffi-
cients (a,b) € M}, at most one narrowly continuous curve p : [0,T] — P(R™) can
solve FPE with coefficients (a,b) € H,.

Our previous computations show that solutions to FPE may be obtained from
solutions to SDE, and we now establish this process may be inverted. Specifically,
motivated by the results in [43, 14], we prove that any narrowly continuous curve
w0, T] — P(R™) solution to FPE with coefficients (a,b) € H,!, is associated with a
unique (in the sense of Definition 8.1) measurable mapping X : R™ x Q — S which
solves SDE with coefficients (a,b) € H;,. We gather such result in the following
theorem, which is a natural extension of [14, Theorem 2.6] to our setting:

THEOREM 8.5. Let a narrowly continuous curve p : [0,T] — P(R™) be solution
to FPE with coefficients (a,b) € H (which is unique thanks to Proposition 8./).
There exists a unique measurable mapping X : R™ x Q — S which solves SDE with
coefficients (a,b) € H, and which satisfies the representation formula:

m’

| etwmtan = [ [ o(xa(o) P ofao). for 10T, peCurnR)

Proof. Thanks to Theorem 8.2, we already know there exists a unique measurable
mapping X : R™ x Q — S which solves SDE with coefficients (a,b) € H;!.

To conclude we just need to show the representation formula holds true. For this,
we define the curve fi : [0,7] — P(R") of probability measures

ﬂt(A)é/ /]l{XI(t)eA} dP po(dz), A€ BR"),
n JQ

which is well-defined and narrowly continuous thanks to Theorem 8.2. In addition,
by combining this latter property with (8.3) and Theorem 8.2, we see that the curve
i :[0,T] = P(R™) solves FPE, and thus Proposition 8.4 yields

| etwmtan = [ etwmtan = [ [ o0 a® pofan)

for every ¢t € [0,7T] and ¢ € C.(R™,R), and the conclusion follows. O

8.2. Absolutely continuous solutions to the Fokker-Planck equation.
From what we showed, solutions to SDE may be found by solving FPE. In this section,
we show the existence of narrowly continuous curves p : [0, 7] — P(R™) of type

() = /A p(t.y) dy, A BR"),

for appropriate densities p : [0, T] x R™ — R, which are solutions to FPE. Note that, if
such solutions to FPE exist, then they are unique thanks to Proposition 8.4. Although
such existence result is classic (see, e.g., [14, 8]), we retrace its proof in Appendix A
to characterize the constants appearing in some appropriate estimates and regularity
properties which have been paramount to derive the results in Section 5.

For this, let us first recall the broader definition of solution to FPE, which in
particular encompasses Definition 8.3 as a sub-case (see also Theorem 8.7 below):



30 R. BONALLI AND A. RUDI

DEFINITION 8.6. Let f € L?([0,T] x R",R) and p € L*(R",R). A (regular
enough) function p : [0,T] x R" — R is said to solve the non-homogeneous Fokker-
Planck Equation with coefficients (a,b) € H, if

%/]Rn Sp(y)p(t,y) dy =
o N /Rn (L?’b%’(y)p(t,y) + f(t,y)w(y)) dy, ¢ € CP(R™R),

We gather results on the existence, uniqueness, and energy-type estimates for
solutions to FPE¢, and therefore for solutions to FPE, in the following:
THEOREM 8.7. For every f € L%*([0,T] x R*,R) and every p € L?>(R",R), there
exists a unique mapping p € C(0,T; L2(R",R)) N L2(0,T; H'(R™,R)) which solves
0
FPEy with coefficients (a,b) € H,!, and with a—lt) € L*(0,T; H*(R™,R)). In addition,
the following first parabolic estimate holds:

t
lot, )22 + / ot )20 dt <

(8.4) < (@b ) (|p|%2+ [tz ds), te0.7],

where C(||(a,b)|%,,) > 0 is a constant which continuously depends on ||(a,b)]|3,, -
Finally, if f =0 and p is a non-negative density in L?(R™ R), then

pt) 20, [ plendy=1. te 7]
and therefore, if for every t € [0, T] we define
pu(A) £ /Ap(t,y) dy, AeB(R"),

then the curve p : [0,T] — P(R™) is narrowly continuous and solves FPE.

Remark 8.8. The regularity of the mapping f may be weakened (see, e.g., [25, 8]),
although the requirement f € L?([0,T] x R",R) already fits our purpose.

The proof of Theorem 8.7 is reported in Appendix A and is based on the classical
Lions scheme (see, e.g., [25, 10, 13]). Among straightforward benefits, we recall The-
orem 8.7 enables introducing rigorous criteria to establish satisfactory guarantees for
our learning approach in many circumstances. Let us better introduce this concept
below. As a matter of example, when dealing with stochastic differential equations in
applications such as observation and regulation, one must often manipulate metrics

T T
85) By l/ [ 0) dt}— L ([, 700 Px. @ wfan) a,

where the measurable mapping X : R” x 2 — S solves SDE for some coefficients
(a,b) € H}, and the mapping f : [0, 7] x R™ — R is regular enough. In the case the
coefficients (a,b) € H,!, of SDE are to be learned, one does not have perfect knowledge
of (8.5), and therefore the error between (8.5) and its counterpart in which (Xg)zern
is replaced with the solution to SDE stemming from rather learned coefficients must
be estimated. This gap is filled with the following:
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COROLLARY 8.9. For any coefficients (a,b) € H}, let X** : R" x Q — S denote
the unique measurable mapping which solves SDE with coefficients (a,b) € H;, (see
Theorem 8.5). There exists an operator

O: Hf — L>(0,T; L*(R",R)*) = L>°(0, T; L*(R",R))
(a,b) = O%°(.)

which, for every t € [0,T] and every p € C.(R™,R), satisfies

01" (9) = [ | 0) Py () ol

In addition, if pap € C(0,T; L*(R",R)) denotes the unique solution to FDEy with
coefficients (a,b) € H} and p = po (which uniquely exists thanks to Theorem 8.7),
for every f € L*([0,T] x R*,R) the mapping

€[0,T]— 07 (f(t,)) €R

is measurable and in L*([0,T],R), and it satisfies, for every (ai,b1), (az,ba) € H},

T
(86) }O?hbl (f(tv )) - Of2ﬁb2 (f(tv ))} dt < ||f||L2||pa1,b1 - pazyb2”L2-
0

=

Remark 8.10. Thanks to the previous Corollary, we may provide (8.5) with a
rigorous meaning by defining, for every f € L?([0,T] x R, R),

[I>

T
/ OFP(f(t,-)) dt.

0

E,oxP [/T f(t, X2 (t)) dt}

As we showed in Section 5, the estimate (8.6) enables the control of any estimation
error occurring during the computation of the metric (8.5). Note that more refined es-
timates than (8.6) may be easily obtained by requiring more regularity on the function
f (e.g., see the proof of Corollary 8.9 below).

Proof. Fix any (a,b) € H\,. For t € [0,7] and ¢ € L*(R",R), we define

07" (¢) = lim Pk () P oy (dy) po(da),

k—o0 R2n

where (pr)reny € C.(R™ R) is any sequence which converges to ¢ for the strong
topology of L?(R"™ R). This definition is well-posed thanks to Theorem 8.5: indeed,
the limit above uniquely exists, given that if (¢} )ken, (¢3)ken € C.(R™,R) are two
sequences which converge to ¢ for the strong topology of L?(R™,R), we may compute

‘ / @i (Y) Pyos oy (dy) po(da)— / P (Y) Pyosqy(dy) po(da)| <
R2n R2n
< pap(t, )ezller — eille = 0, k= oo

Similarly, one may easily prove that O®°(-) € L%(R",R)* = L2(R™,R) for every
t € [0,T]. In particular, note that thanks to (8.4), for t € [0,T] and ¢ € L?(R",R),

(8.7) 08" ()] < Ca, b)lpoll 2 [l 2,
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for some appropriate constant C'(a,b) > 0.

Finally, let g € L?([0,T] x R™,R) and let (gx)ren C Ce([0,T] x R, R) converge to
g for the strong topology of L2([0,T] x R™ R). In particular, up to some subsequence,
we infer that each sequence (gi(Z, -))keN C C.([0,T] x R™ R) converges to g(t,-) €
L?(R™,R) for the strong topology of L?(R™,R), for almost every t € [0,T]. Hence,
the definition of Of’(-) and Theorem 8.5 yield

(8.8) Of’b(g(t, ) = lim 9k(t, y)pap(t,y) dy, for almost every ¢ € [0,T].

k—oo Jrn

On the one hand, combined with Theorem 8.7 and Pettis’ theorem, (8.8) yields the
Bochner-measurability of the mapping ¢ € [0,T] = O®*(-) € L2(R",R)*, and there-
fore from (8.7) we deduce that O*°(-) € L*(0,T; L*(R™,R)*). On the other hand,
(8.8) yields the measurability of the mapping ¢ € [0,7] — Of’b(f(t, -)) € R, which
together with (8.7) makes the mapping t € [0,7] — (’)?’b(f(t, 1)) € R measurable
and in L'([0,T],R). The conclusion of the proof follows from the fact that (8.6) is a
straightforward consequence of (8.8) and Fatou’s lemma. O

8.3. Additional regularity of solutions to the Fokker-Planck equation.
In Section 5, we dealt with solutions p : [0, 7] x R™ — R of FPE( which enjoy higher
regularity properties, and specifically for which p € H™*TL2(m+1 ([0, T] x R™ R),
and for which FPEq holds pointwise. Below, we are going to show such additional
attributes stem from the properties of coefficients (a,b) € H;! listed in Theorem 2.1.
First, for every (a,b) € H,!, and almost every ¢ € [0,T] we introduce the notation:

ERNIREEDS -3 %

,j=1

32au

uwe L?(0,T; H*(R",R)),
Do ( (R",R))

which denotes the dual operator of ﬁf’b. This operator is well-defined with image in
L?([0,T] x R™,R). Indeed, thanks to Theorem 2.1, one readily shows that

biu € L*(0,T; H'(R",R)), with 8((;’;:‘) = big—; + ugZ: € L*([0,T] x R™,R),
a(aiju) _ aijﬂ T Daj
Oyr Oy Oy
9? (a”u) _ g o%u 8@% ou
yr0ys Y 0y 0ys  Oys Oy,
8&% ou 0%a 0‘

oy a_ys T 8yrays

aiju € L*(0,T; H*(R"™,R)), with € L*([0,T) x R™,R),

and

€ L*([0,T] x R™,R),

for u € L2(0,T; H*(R",R)), i,4,7,5 = 1,...,n, thus the well-posedness of (£L**)*.
Thanks to Theorem 2.1, the following higher regularity result holds:

THEOREM 8.11. Under the setting and notation of Theorem 8.7, if furthermore
p € H*™FL(R™ R), then the unique solution p : [0,T] x R* — R to FPEy with
coefficients (a,b) € H is additionally such that

p e H™H0,T; HXmTY(R™, R)).
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In particular, the mapping p additionally satisfies the following Strong Fokker-Planck
Equations with coefficients (a,b) € H,} :

op
SFPE ot

Remark 8.12. This result is classically proved under either time-independent co-
efficients or bounded domains (e.g., [13, 26]). Although in classical reference which
consider time-dependent coefficients such as [26] it is explicitly mentioned therein
that their results may be extended to unbounded domains, we found such extension
non-straightforward. We therefore decided to revisit and extend the regularity results
for parabolic equations which are contained in [13, Section 6.3] to time-dependent
coefficients and unbounded domains, and to report the proof in Appendix A.

(t.y) = (L") 'plt,y), ae (ty) €[0,T] x R",

Appendix A. Proofs of Sections 2 and 8.
A.1. Proofs of Section 2.

Proof of Theorem 2.1. The first and second statements in Theorem 2.1 stem from
Morrey theorem as soon as we show the existence of a linear and bounded operator:

E:HY([0,T] x R",R) — H'(R"™! R),

for which there exists a constant C' > 0 such that:

o Euljrxrn = u, for every u € H'([0,T] x R",R),

o ||Eu| 2 < Cllullp2 and ||Eul| g < C|lul| g, for every u € HY([0,T] x R™,R),
for instance, see [9]. For this, we may follow the proof of [9, Theorem 8.6]. More
specifically, let n € C*°(R, [0, 1]) be such that

T
L t<,

n(t) = 3
0, t> ZT’

and for every u : [0,7] x R™ — R define the mappings

_ u(t,y), 0<t<T, u(t,y), 0<t<T,
u (t,y)é{ (oy) t<0 and u+(t7y)é{ (oy) t>T.

If u e H'([0,T] x R™",R), one sees that nu™ € H*([0,00) x R",R) with

onut [ ou + +On onut ou\" o
e —n<a) +u N and 9 =n , 1=1,...,n,

and that (1 —n)u~ € HY((—o0,T] x R™,R) with, for every i = 1,...,n,

oL Btn)u_ == <%)+u‘% and W—(l—n) <g;>

At this step, since u = nu+ (1 —n)u, we first extend nu™ by reflection at ¢t = 0 through
a mapping v! € H'(R"*! R) which thus satisfies

[v' |22 < Cllullze and o' |l < Cllullan,
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and then we extend (1 — n)u~ by reflection at ¢ = T through another mapping
v? € HY(R" R) which thus satisfies

[0*[[2 < Cllullz2 and  [[v*|| g < Cllullg,

where the constant C' > 0 only depends on 7. The conclusion easily follows if we
define the linear and bounded operator E as Eu £ v! + v?. a

A.2. Proofs of Section 8. Below, we will make use of the notation a® £ a+al.

Proof of Theorem 8.7. The proof is standard and based on the classical Lions
scheme (see, e.g., [25, 10, 13]), therefore we mainly focus on deriving the constant
C(|Il(a,b)||3,.) = C (e, [|(a,b)||%,,) in (8.4) and the properties of p when f =0 and p
is a non-negative density in L?(R™, R). For this, consider the Gelfand triple

V 2 H'(R",R) = H}(R",R) — H 2 L*(R",R) — V* = H'(R",R)
and define the t-measurable bilinear form

AP0, T]xV xV =R

(t; u,v) Z/ ags( ()g;()dy

1,j=1

3& v
+ Z/ 1 (t, y) — bi(t,y) gyz (y)u(y) dy.

Thanks to Theorem 2.1, one may prove that the form A*%? is continuous and semi-
coercive (see also the computations for the estimate (8.4) below). Therefore, thanks
to a straightforward modification of the proof of [10, Theorem 11.7], there exists a
unique solution p € C(0,T; H) N L?(0,T; V) to the variational problem

d

E(p(ta ')7 SO)H + Aa,a,b(t;p(ta ')7 QO) = (f(t7 ')7 SO)Hu p e ‘/7
(A1)

0
which in addition satisfies 8_1159 € L?(0,T;V*). At this step, thanks to Theorem 2.1
d(a$p) oaf: op
a%(t,)p(t,-) € HY(R",R), with (L) = p(t, ) =2 (t, ) + afy(t,
(0, o) € H (R B) S ) = () 5 () + (1) (L),

for every ¢, = 1,...,n and almost every ¢t € [0,T]. Therefore, for every ¢ €

CP(R™R), i,j = 1 ,n, and almost every ¢ € [0, 7], it holds that

/n ag; (t,y)p(t, y)%(y) dy =
3&0‘
= —/n ( agy(t, y)gj (t,y) +p(t,y) 9, L(t, y)) g; (y) dy,

showing that p solves FPE; with coefficients (a,b) € H, o > 0.
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0
Next, since p € L?(0,T;V) and 8_215? € L?(0,T;V*), from (A.1) we may compute

NE
i (0000 )) = (Dbl = A, ()

V*

and therefore Young’s inequality yields

LN < 1, e, s = SN )y

—l—C’abZ/

3yz

,y)‘ dy

LD eI o >
< - = .
< 1M | WO 2 gy,
= e P Ve )lE
+nMC(a,b) 5 + i
~ p(t, - ? f l,- ? o
< (1 naaC(a, by O WO @y 2,

where M > 2/« is some large enough constant which stems from applying Young’s
inequality, whereas C(a,b) > 0 is a constant which stems from Theorem 2.1 and
continuously depends on the L> norms of b and of the derivatives of a uniquely, and
a routine application of Gronwéill’s inequality together with Theorem 2.1 yield (8.4).

Finally, assume f = 0 and that p is a non-negative density in L?(R", R). Thanks
to the fact that u™,u= € H'(R",R) for every u € H'(R™,R), with V(uT) =
Vulyy,soy and V(u™) = Vul,coy, and that v~ = (—u)T, leveraging the notation
we introduced previously and applying [10, Lemma 11.2] with u = —p yield

LGH T <‘2§< )att))
- —Z [ gast 6;jp)<t,y>8(g£><t,y> dy
+Z/ 18& (fay) = bi(t, y) %y:p_)(t,y)p(t,y)‘ dy
< - SIvG)t- ||H+cabz/ pt.y)| ay

< —%Hv(p_)(t,.)”%{ +nMC'(a,b)2Hp( 7'2) i N pr;i\(/[t’.)”%{
< nMC(a, py2 ) N

2 )
and thanks to a routine application of Gronwill’s inequality, the fact that p(z) > 0
almost everywhere yields p(t,z) > 0 for every t € [0,T] and almost every € R™.
At this step, for every k € N choose a cut-off function ¢ € C°(R",[0,1]) such

that ¢r(z) = 1 for every z € BR"(0), supp(pr) C B5, (0), and whose first and
second derivatives are uniformly bounded. For every ¢ € [0,7T], from the definition
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of FPE; and the monotone and dominated convergence theorems (here, we leverage
both Theorem 2.1 and the fact that p(t,-) € L*(R™,R), t € [0,T]) we may compute

/ p(t,y)dy = Jim p(t,y)ox(y)dy
n — 00 R

. _ ~ 1, 92
= lim </ PWer(y) dy+ > /R §aij(t7y)—aygz‘(y)p(t,y) dy
n n VY3

k— oo s
1,j=1
+ En / bi(t y)—awk (y)p(t,y) dy
. - K3 b ayz I
=1
= / p(y) dy = 1.

To conclude, it is clear that we just need to prove that the curve u : [0, 7] — P(R™)
defined in the statement of the theorem is narrowly continuous. For this, let ¢ € [0, T
and (tx)ken C [0,T] such that t; — ¢ for k — co. Note that p € C'(0,T; H) implies
that ||p(tn, )—p(t, )|z = 0 for k — oo. In particular, for any function ¢ € C.(R™, R),
as soon as k — oo we infer that

/n o(y)p(tn,y) dy — /n o(y)p(t,y) dy‘ <|lellczllp(tn, ) — p(t,-)||L2 — 0.

We conclude from the fact that the narrow and weak* topologies coincide in P(R™).0

Proof of Theorem 8.11. Given that the proof is substantially long, for the sake of
clarity we divide it in several step. Below, we adopt the notation we introduced and
used in the proof of Theorem 8.7.

1) A second parabolic estimate. In this section, we provide computations by
rather considering SFPE; with 0 # f € L*([0,7] x R™,R). Let (v;);en be a countable
basis of H2(™+1)(R™ R) (and in turn of H*(R",R), for £ =0,...,2m + 1), such that
(vi)ien is orthonormal in H!(R™, R). Therefore, there is (Z;);en C R such that

J
. o — . 1 n
(A.2) Jlg]élo E,TZ’UZ p, in H'(R™,R).

Moreover, by revisiting the proof of [10, Theorem 11.7], one easily see that for every
k € N there exists ¥ € AC(]0,T],R*) such that the function

k
prlt, ) £ ak(t)v; € C(0,T; L*(R™,R)) N L*(0,T; H'(R",R))
=1

is the unique solution to the variational problem

d

(A.3) E(pk(t, Vyvi)pe + APt p(t, ), v) = (f(& ), v)m,  i=1,...,k,
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which in addition satisfies (see also [10, Page 197])

B L
p’“ Zd_ tyv; € L*(0,T; HY(R", R)),
A4 k
(4.9 gp’“ Z a”l L€ AC(0,T; L*(R™,R)), j=1,....n,
Yi

Pk =D strongly in L2(O,T; H(R" R)).

Moreover, from the proof of Theorem 8.7, it is clear that each pj satisfies (8.4).

d
At this step, by multiplying each equation in (A.3) by Exf (t) and summing those

over i =1,...,k, thanks to (A.4) for almost every ¢t € [0,T] we may compute
T (t) N (pk(sv ')7 ’Ui)LZ
e = o) .

i=1

- i (%xf(to ((f(ta Dyvi)pe =AYt pr(t, ), vl))

6]% apk 6pk
(A8) < 7 e | 5 (& ) le/ a6 y) 3y, (& y)dt (a )(t,y) dy
2 " 10a%
- ;/n ;% yzj (t,y) — bi(t,y) 88 (%ﬁk) (t,y) pr(t,y) dy.

We are going to bound the last two terms in (A.5). Specifically, for the first to the
last term, thanks to Theorem 2.1 and (A.4) for every ¢t € [0,T] we obtain that

// Z ”Syapk( )%@pf)(say)dyds:

1,j= 1
d (9pk apk Op, Opx
/ /" i]zl ( ( 7’] 8y 8y (S y) az] (S y) 8y3 (S7y) 3yz (S, y)
d (Opy 0
Sl W dy d
CL’L] (57 y) dS <ay] > (S; y) ; (S7 y)> y ds
and since af; = af; for every 4,7 =1,...,n, we may compute

' - Opk, d [ 9Opk
— o —F i <
/0 / Jz:: @i (#:9) dy; (1) 35 <8yi) (s,y) dy ds <

<=2 l/Rn <a%(tvy>%(t,y)apk (t,y) —a%(O,y)%(O )8p’“ (0, y)) dy ds

=2 Ay, 9y Ay; Ayi
HallLoo// 8pk Ok }
S, dy ds.
P 6% (s;y)| dy
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Therefore, the convergence (A.2) and (8.4) finally yield

/ /n _Zaw )5 On )% @p’f( ,y)) dy ds <
(A.6) < —%vak(t, N2+ Cla, ||(a, b)) (|p|§p +/O 175, )12 ds) 7

where C(a, [|(a,b)|%,,) > 0 is a constant which continuously depends on a and

[[(a,b)|%,, uniquely. Below, we will implicitly overload the constant C(a, ||(a,b)]|3,,)-
We now focus on the last term in (A.5). For this, first thanks to Theorem 2.1 one

obtains that, for every i = 1,...,n, p € C(R™,R), and almost every t € [0, 7],

[ Xz,

~i00) ) 5 el )y =

0 ", 10a3
- 5 —bi | pr | (&, dy.
/Rn Jy; ; 2 Oy, k| (6y) oly) dy

Since from (A.4) we infer the existence of a sequence (¢g)reny € C°(R™, R) such that

0
H pk - — 0, for £ — oo, again Theorem 2.1 and (8.4) yield

H1

(4

- / > 55 = i) | o () (0 o) iy s =

Ol

_ =1 9%ag; 0b; Opr
_/ /n Z 2 9y;0y; (5,9) = 0y; (5,9) Os s (S YIpk(sy) dy ds

1 5a 8 8
+/ / (Z_: (Say) = bi(s,y) azlj (s,9) ;k (s,y) dy ds

<Clo, ||<a,b>|Hm)/0t/W <|pk<, I+ ‘Z%’“(@D o] s

%( ) 2 ds + C(a, [|(a,0)ll2,,) | 17117 +/t|f( iz d
Ds S, S a, ([la, Hom Pligt o S, 2 4ds |,

= 5 L
for every t € [0,7]. By summing up this latter inequality with (A.6) and (A.5), via a
routine Granwill’s inequality argument we infer that, for kK € N and ¢ € [0, T,

2
%(S,.)

(A7) =

t
ds < Clon (@)l ) (|p|%p NI ds) |

L2

2) First-order-in-time and second-order-in-space regularity. In this section,
we provide computations by rather considering SFPE; with 0 # f € L?([0, T|xR", R).

We first show the inclusion % € L*(0,T; L*(R",R)) = L*([0, T] x R™,R), this latter
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identification being true since L?(R™, R) is a separable Hilbert space. For this, we show
the existence of £ € L?(0,T; L*(R™,R)) such that the following holds in L?(R", R):

T T
(A.8) /()g(t,-)w(t)dt:—/o o(t, )(i;f()dt, for all € C°([0,T], ).

For this, we first note that, thanks to (A.7) there exists £ € L?(0,T; L?(R™,R)) such

0
that < ap;k> C L*(0,T; L*(R™,R)) weakly converges to £, up to a subsequence.
keN

Now, for any 1 € C([0,T],R) and any ¢ € L?(R™, R), thanks to the last (conver-
gence) property in (A.4) we may compute

(/ 80 Jule) d, 90) L /OT (&, ), 90(0)p) . At =

L Opr o T Opy
= lim ; (W(t,-),w(t)go) dt = lim (0 E(f,-)w(t) dt,go)

L2 k—o0
T T
. d , e
=1 t,)—(t) dt =-1 t,), —(t dt
kglolo (/0 pk( ) )dt() 7<P>L2 kglolo 0 <pk( ) )7 dt()¢>L2

= [ (e ) - (— [ 0 a w)

and the equivalence (A.8) readily follows.

Next, we prove that p € L?(0,T; H*(R™,R)). For this, we first note that, from
Theorem 2.1 and the variational problem (A.1), thanks to our previous computations
the following variational equality holds true for almost every ¢ € [0, T:

(A.9) /Z wty ( )g;"()dy for e H'(R",R)
+ = — bi(t,y) (y)p(t,y) dy = (t,y)e(y) dy,
;/n 22 Y) | 7,-@pty) dy /ng y)e(y) dy

where

(A.10) = f— — e L2([0,T] x R™,R).

Therefore, Theorem 2.1 and the classical elliptic regularity theory (see, e.g., [13,
Section 6.3]) imply, for almost every t € [0,T], both that p(¢,-) € H2(R",R) and that

(A1) () < O @B, (et s + gt )13 ).

At this step, from our choice for the countable basis (v;)ieny € H2™*D(R™ R), for
almost every t € [0,T] and every ¢ € N, in particular there exists z;(t) € R such that

k
(A.12) p(t,") = lim zi(t)vi(-), in H*R",R),

k—oo “
=1
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for almost every t € [0, T]. But, up to extracting a subsequence, (A.4) yields

k
p(t,-) = lim =X (t)v; (1), in HY(R",R),

k—oo 4 v
=1

for almost every ¢t € [0,7], and from the orthonormality of (v;);en in H'(R",R) we
obtain that z;(t) = 2¥(t), for every k € N, i = 1,...,k and almost every ¢ € [0,T].
Hence, (A.12) yields that the mapping p : [0,7] — H?(R",R) is strongly Bochner
measurable. In addition, combining the elliptic estimate (A.11) together with the
estimates (8.4) and (A.7) finally provides that p € L*(0,T; H*(R™,R)) with

t
/0 (s, )% ds <

(A.13) < C(a ll(a, b)) (Ilplffl +/0 1£ (s, )72 dS) , tel0,T].

Before moving on with additional regularity properties, we note that, thanks to
Theorem 2.1 and the fact that p € L2(0,T; H?>(R",R)), integrating by parts the
variational problem (A.1) with f = 0 readily yields

/OT/n (%(tay) - (ﬁg’b)*p(t,y)) o(y) dy dt =0, ¢ e CX(R™R),

and SFPE( follows from the previous regularity properties and a density argument.

3) Second-order-in-time and fourth-order-in-space regularity. We now turn
to the original setting SFPEy, i.e., SFPE; with f = 0. The first step to further
improve the regularity of p consists of formally differentiating (A.1) with respect to
time and studying solutions ¢ : [0, 7] x R™ — R to the new variational problem

d

79 9)e + APt g(t, ), )+

(A.14) +AYER(tp(t, ), 0) =0, ¢ € H'(R,R),

9(0,) = (£5")"p(-)-
Problem (A.14) is well-posed. Indeed, since p € L?(0,T; H*(R",R)), thanks to The-
orem 2.1 one easily shows that

AR pt, ), ) = —/n(ﬁg’d’i’)*p(t,y)w(y) dy,

for every ¢ € H'(R",R) and almost every t € [0,T]. Therefore, since (E?’d’i))*p €
L2([0,T] x R™,R) and (£§?)*p € H'(R™,R), problem (A.14) fits the setting of
Theorem 8.7, thus from our previous computations there exists a unique solution

q € L*(0,T; H*(R™,R)) to (A.14), which additionally satisfies % € L*([0, T]xR™ R).
At this step, we define the function

w: [0, T]xR" =R

(t,y) = ply) + (/Ot q(s,) dS) (y) =ply) + /Ot q(s,y) ds,
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where the Lebesgue integral in the last equality stems from the properties of the
Bochner integral for functions in L?([0, 7] x R™, R). Clearly, w € C°(0,T; H*(R",R)),
and Fubini theorem yields, for every ¢; € L2(R™,R) and ¢ € C=°([0,T],R),

/n (/OT (/th(s,y) ds) (i;f()dt—i—/Tq(t,y)w(t) dt) ©1(y) dy =0,

and, for almost every ¢ € [0,T] and every 3 € C°(R™, R),

D2 / (319 * oq ) ,
w(t,y)—(y) dy = — —(y) + —(s,y) ds dy, =1,...,n
/ i (t,y) 7y, (y) dy . ayj(y) ; ayj( Y) pa(y) dy, j

In particular, from such properties we readily deduce that, for every j =1,...,n,
ow 0 [ow a [ ow

A15 — =q € L*0,T; H*(R",R)), with — (= |=—=(=—).

(A.15) ar 1€ L (R,R)),  with = (at) 3t(3yj)

Thanks to Theorem 2.1 and the properties listed in (A.15), for every ¢ € C°(R™, R)
and almost every ¢ € [0,T], we may compute

" 8a9‘- w
v (E 5o (s0) - bz-<s,y>> 2—S<s,y>>ds> 52 ) dy

- [ A0 0= w0 @
Therefore, from [10, Theorem 11.5] and the fact that
/n (L5") Py)e(y) dy = —A“ (059, 0),
we conclude that w solves the following integro-differential variational problem

—(w(t, "), )Lz + AV (Hw(t, ), )+

(A.16) /Aoab (p—w)(s,-),p) ds =0, ¢ € H' (R"R),
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19)
Clearly, p = w is solution to (A.16). In particular, if so we would obtain that 8_215? €
2

L*(0,T; H*(R",R)) and gT € L*([0, 7] xR"™,R), and thanks to the choice of the basis
(vi)ien € H 2(m+1)(R", R) and to a higher order elliptic regularity argument applied
o (A.9)-(A.10) with f = 0, we would also obtain that p € L?(0,T; H*(R",R)), that
is the sought second-order-in-time and fourth-order-in-space regularity.

Hence, to conclude we need to prove that the integro-differential variational prob-
lem (A.16) may have one solution at most. For this, let z1, 20 € L2(0,T; H*(R", R)),

such that %—t %—t L*([0,T] x R™, R), satisfy (A.16). By defining the mapping

h:[0,T] — L*(R™,R)
! O’d’5*z—zQs~ s
0o [0y = 2)s)

it is readily checked that h € L?([0,T] x R™,R), in particular satisfying

/0 (s, Y2 ds <
A1) <C(l@blh) / ([ 161 =)0l ar) as. e .11

and that

(e = 20) (1 s + At o1 — 22) (1)) =
= (h(tv')vw)sz S Hl(anR)a

(Zl — 2’2)(0, ) = 0

Therefore, we are in the setting of Theorem 8.7 and of our previous computations. In
particular, we may combine (A.13) with (A.17) to obtain that, for every ¢t € [0, T],

/ 121 — 22)(s5, )% ds < C (o (@ b)) / 1h(s, )12 ds
0

< C(a (@ b)l,) / (/ 1(ea = ), ) dr) ds,

and a routine application of Gronwéll’s inequality allows us to conclude that z; = z5.

4) Conclusion. Given Theorem 2.1, the regularity of the initial condition p €
H?*"+1(R" R), and the choice of the basis (v;)ieny € H?(™TD(R™ R), one may eas-
ily iterate the previous computations by induction to define successive time deriva-
tives of p via iteratively considering formal differentiation-in-time of the variational
problem (A.14). In particular, it is clear how to extend properties (A.15) and de-
fine updated integro-differential variational problems (A.16) by induction, which,

thanks to iteratively higher order elliptic regularity arguments applied to (A.9)—(A.10)
¢

and the elliptic estimate (A.13), provide that % € L*0,T; HQ(mH*Z)(R”,R)), for
¢=1,...,m+1,and p € L?(0,T; H2 ™+ (R™ R)). The conclusion follows. d
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