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ABSTRACT: We study null geodesics of the ten-dimensional LLM geometries. In particular,
we show that there are a subset of these null geodesics that are confined to the LLM plane.
The effective dynamics of these in-plane geodesics is that of a Hamiltonian system with
two degrees of freedom (a phase space of dimension 4). We show that these are chaotic. In
the two-coloring of the LLM plane, if they start in the empty region, they cannot penetrate
the filled region and viceversa. The dynamical problem is therefore very similar to that
of a billiards problem with fixed obstacles. We study to what extent LLM geometries
with many droplets may be treated as an incipient black hole and draw analogies with the
fuzzball proposal. We argue that for in-plane null geodesics deep in the interior of a region
with a lot of droplets, in order to exit towards the AdS boundary they will need to undergo
a process that resembles diffusion. This mechanism can account for signals getting lost in
the putative black hole for a very long time.
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1 Introduction

What is a black hole? In the classical theory of general relativity, the notion of a black
hole has a precise definition. Colloquially, it is the region of spacetime situated behind a
horizon from which no information can escape. Usually, there is also a singularity in the
future of any infalling observer.

Once we include quantum mechanics, especially in view of the gauge/gravity duality
[1], describing the notion of a black hole is harder. Noting that semi-classical stationary
black holes have a temperature [2], one can associate black holes with a particular class of
thermal states. This serves us well in equilibrium. Outside of equilibrium, however, it is
very hard to extract in general the notion of a horizon from a quantum field theory dual
computation. Part of the reason is that the notion of a horizon in general relativity is
teleological. It is tied to future infinity: the horizon for an AdS black hole is the surface
that divides the events that a future asymptotic observer on the boundary of AdS space
might be able to see, versus the ones that are invisible to them. The horizon might also
depend on how we choose to act on the quantum system on the boundary later on. This
requires a notion of time in the bulk. We are thinking here of the spacetime being foliated
by Cauchy slices labelled by a parameter that we choose to call the time variable. We want
that time variable to coincide with the time variable on the boundary of AdS. So long as
we can make different choices later on, a portion of spacetime at an instant of time might
be situated behind the horizon or not, depending on some event that has not happened
yet. In that sense, the field theory dual of a classical horizon is not an observable.



Nevertheless, the presence or absence of a horizon can be used as an order parameter
distinguishing two phases of matter: confinement and deconfinement [3]. This is simplest in
a static setting with large black holes where one can Wick rotate the theory to a Euclidean
geometry. The reason to choose large black holes is that they are thermodynamically stable
[4]. Namely, they have positive specific heat. The Hawking-Page first order phase transition
is identified with the confinement/deconfinement transition. The deconfined phase, in this
case, has a different topology of the Wick rotated Euclidean spacetime than the confined
phase. It should be noted that the same Euclidean topology is assigned to small black
holes in AdS space. These are black holes that behave like Schwarzschild black holes in
flat space: they have negative specific heat. Reasoning by similarity, small black holes have
been argued to be a partially deconfined phase [5, 6] (see also the earlier [7]), where only
a subset of the color gauge group is deconfined. Their entropy is of order e N?, with e < 1.
Usually, € is very small but finite, so there is not enough energy in the system to excite most
of the color degrees of freedom (this would require an energy strictly larger than an order
one constant times N? in free field theory). To solve the problem of the thermodynamic
instability of these black holes one needs to work in the microcanonical ensemble: one fixes
the mass, not the temperature. Since the horizon can become arbitrarily small, when these
black holes are sufficiently small they can evaporate rapidly into the bulk. The question of
whether there is a black hole or not becomes harder to analyze. There is no clear dividing
line in the quantum gravity theory between spacetimes with black holes and spacetimes
without them, essentially because black holes can evaporate.

More to the point, there are many examples of geometric solutions of Einstein’s equa-
tions that are horizon free, stationary and have the same asymptotic behavior as a black
hole with the same quantum numbers. These solutions have bubbles (they have different
topologies with many non-contractible cycles with fluxes through them) and many times
only start to differ significantly from a corresponding black hole solution near the region
where the horizon would have been located. These solutions usually arise from states that
satisfy a supersymmetric bound between their charges and the mass (they are BPS states).
The corresponding black hole is extremal and has zero temperature. The fuzzball proposal
[8] (see also [9] for an overview of these ideas) states that the black hole is just a coarse-
grained version of these possible microstate geometries. Moreover, the horizon appears
due to our lack of knowledge of what is occurring on the inside region, broadly speaking.
The proposal states that “horizons and singularities are artifacts of attempting to describe
gravity using a theory that has too few degrees of freedom to resolve the physics” [10].

More precisely, these extremal black hole solutions have a well defined throat region
and it is in this throat region where the differences between the different geometries appear.
In this case, the right question to ask is how can any of the typical microstate geometries
seem to us as if it were a black hole?

That question is addressed by throwing observers (matter) into the black hole and
asking what they see (seeing what comes out). The answer to the question becomes phe-
nomenological: can an individual microstate behave qualitatively similar to a black hole?
For example, do signals generally take a long time to get out? Are there large tidal forces
that rip objects apart? If such tidal forces exist, the fuzzballs would appear to destroy



information to an outside observer. These questions are computable: given details of the
microstate geometry, one can throw matter inside and follow its motion in the interior.
One can then wait until the matter comes out again.

Our goal in this paper is to understand a similar set of questions for half-BPS ge-
ometries in AdSs x S°. These geometries, constructed by Lin, Lunin and Maldacena [11],
which we will call LLM geometries, have similar properties to the fuzzball microstates.
They are horizon free geometries, they have bubbles and fluxes and come in large families.
These solutions can have different topologies. Part of their simplicity is that their dual
states in the boundary CF'T are easy to describe. The geometries are dual to a very simple
sector of ' =4 SYM that can be described in terms of 2D incompressible droplets of free
fermions [12]. The droplet picture also arises directly from the supergravity solutions, so
one can actually have a two-dimensional picture of the spacetime that encodes all the data
necessary to recover the ten-dimensional geometry [11]. We will call this two-dimensional
surface the LLM plane.

These solutions do not admit black holes and have no Wick rotated Euclidean geometry
related to them. They can still be coarse-grained. When one does so, the droplets become
grey: they can be a statistical ensemble of filled or unfilled regions of the LLM plane, so
the local droplet density on the LLM plane instead of being zero or one can be any number
in between. The corresponding greyscale supergravity solutions have naked singularities.
Essentially, there are not enough half-BPS states to give an entropy of order N? and
generate a horizon with an area of the right size in geometric units. One can think of these
as incipient black holes [13] and put a stretched horizon around the singular locus. It should
also be noted that in these geometries the topology of the spacetime is not a quantum
observable. The topology of LLM geometries can be changed by the superposition of a
very large number of states [14]. This fact guarantees that the topology is not a quantum
observable [15]. The notion of topology depends on the coarse-graining, but for large
enough bubbles this is not a major issue. This is similar to arguing that the topology of
the Euclidean spacetime is not characterized by a conserved quantum number, as we can
take extreme limits where the small black holes evaporate and change topology.

Armed with explicit solutions of the LLM geometries, we aim to ask to what extent an
individual LLM microstate might behave as a black hole. The whole point is to argue that
being a black hole in the dual theory is more a matter of degree, rather than an expression
of the quantum numbers of the state. Therefore, even in these cases where one barely has
a notion of an incipient black hole, where even the notion of the horizon is not available, it
is interesting to ask if light gets trapped. We also want to come to a simplified picture of
what is responsible for the trapping mechanism and ask about the existence of tidal forces
that might pull objects apart [16-19] (see also [20-23]).

To test if light is trapped, we consider solving for the null geodesics of the LLM
geometries. A particularly useful observation we have in this paper is that there are null
geodesics whose motion is restricted to lie in the LLM plane. The motion is that of a particle
in two dimensions in the presence of non-trivial magnetic fields. These are restricted to be
either in the filled or empty region of the LLM plane.

The picture that appears is very appealing. For geodesics in the empty region, the



droplets are obstacles in the path of the null geodesics that they need to avoid. Essentially,
the geodesics are reflected from the droplets, similar to a problem of chaotic billiards. The
fact that we see chaos in the dynamics can be used as an analogue of strong tidal forces:
nearby null geodesics will separate exponentially fast from each other. A notion of the
trapping mechanism can be extrapolated to the case where there are many droplets. The
null particles in that case are better thought of as moving through a dense medium with
multiple scattering centers. A typical microstate can be argued to have many droplets of
random shapes. If the results of collisions are fairly random, the process of getting outside
a region is analogous to diffusion. This mechanism can explain simply why something that
falls in might take a very long time to get out. Some such geodesics might be completely
encircled so they can never get out. Such modes could in principle become internal exci-
tations of the putative incipient black hole that are very hard to tease out by an outside
observer.

The paper is organized as follows. In section 2 we briefly summarize the ten-dimensional
LLM geometries to establish notation. In section 3, we describe the dynamical system of
our interest. We turn the problem of studying null geodesics into a Hamiltonian dynamics
problem in very few variables. The main reason to do so is that the LLM geometries have
multiple symmetries that lead to conserved quantities. In the Hamiltonian formulation,
these constants of motion are angular momenta and can be frozen to reduce the dimen-
sionality of the problem. We will also end up studying a subset of the geodesics that lie
in the LLM plane. In section 4, we describe the geodesic motion in vacuum AdSs x S,
where the LLM data is one round disk case as a warm-up. Part of the purpose is to later
compare with a geometry with more droplets. In section 5 we present numerical results
that characterize the chaotic behavior of the three disks configuration. Because the work
we do is numerical, we study a configuration with three disks as an example, but the main
results are expected to be generic.

2 LLM geometries

In this section, we briefly review the bubbling AdS geometries constructed in [11] to es-
tablish notation.

Motivated by the AdS/CFT correspondence, Lin, Lunin and Maldacena (LLM) ex-
plored asymptotically AdSs x S° half-BPS IIB supergravity solutions. These solutions
preserve an SO(4)xSO(4) x R symmetry. This residual symmetry of configurations is eas-
iest to understand in the dual CFT formulation [12], where only one of the complex scalars
of N' = 4 is excited. The field theory is analyzed in the S3 x R cylinder, whose ground
state is dual to AdSs x S° in global coordinates. The unbroken R-symmetry is SO(4) and
the configuration is also spherically symmetric on the spatial S of the boundary. The BPS
constraint adds one extra conserved charge, identified with R.

The upshot of the field theory analysis is that the half-BPS configurations of the
SYM theory are described in the weak coupling limit in terms of eigenvalues of a complex
matrix (the Gauss’ law constraint turns the matrix variable describing the half-BPS states
into a normal matrix). The real and imaginary parts of the eigenvalues are conjugate



variables to each other. The measure terms from gauge fixing make these eigenvalues
behave like fermions. The effective system describing the dynamics of this reduced set of
states is that of droplets of fermions in the presence of a magnetic field, when reduced
to the lowest Landau level. Correlators in the half-BPS sector can be computed exactly
for these states by combinatorial methods [24]. More recently, other tools have been used
to simplify how these results can be obtained [25] by using coherent state methods and
integral representations that can be evaluated by localization.

With these symmetry considerations Lin, Lunin and Maldacena found the following
general solution, in type IIB supergravity, for the metric,

1 - 1
h2ds* = —(dt 4 Vydz®)? + h*(de? + dzodz®) + (2 — z) dQ2 + <2 + z) Qi (2.1)

The SO(4) x SO(4) x R symmetry is manifest, with all functions being independent of
t and the SO(4) symmetries realized by isometries of the two 3-spheres Q3 and Q3. The
functions z and h depend only on the three variables &, z12.

The h function is related to z by,

1 /1
2= 24/ — 22 2.2
Rt (22)
while the V, functions obey the following equations in terms of z and &,
ab O ab O
DeV, = Cab N* bg A T bg SR (2.3)

This means that the solution is completely characterized by the single function z =
z(&,z,y), where x* = {x,y} and the range of the coordinates is £ € (0,00) and z% €
(—o00,00). That is, the domain of the z function is an upper half space in three dimensions.

Besides the metric, the background is supported by a five-form in the RR sector, which
together with the metric (2.1) is a solution of type IIB supergravity if the following linear
PDE for z is satisfied,

0aOaz + E0c (322) = 0. (2.4)

The solutions are tuned with precise boundary conditions, z — +1/2 as £ — 0, in such
a way that the metric ds? does not contain conical singularities. One gets a 'Black’ and
"White’ colouring xy-plane for each geometry defined by,

1 1
hite: 1 = — Black: L = ——. 2.
White gliI[l)Z(f,x,y) 1 ac élgéz(ﬁ,x,y) 9 (2.5)

The convention of colors can also be thought of as ‘White’ being a region with no fermions
and ‘Black’ a filled region with the maximum density of fermions that is allowed. This
¢ = 0 surface will be called the LLM plane and is parametrized by 2. The smoothness
restriction arises because we need h to be finite in the LLM plane. More precisely, it is
lim¢_0 h™! # 0 that must be non-vanishing. Otherwise, both spheres shrink to zero size
at £ = 0. The boundary between the two saturated color regions is allowed as there the



metric becomes that of a non-singular plane wave [11]. The two coloring of the LLM plane
is that of an incompressible fluid and reproduces exactly the N' = 4 free fermion picture.

Notice that the boundary conditions of z on the £ = 0 plane play an important role as
it describes the size of the two 3-spheres. In the z — —1/2 regions the 3-sphere 3 shrinks
to zero as & — 0, whilst in the z — +1/2 regions the 3-sphere Q3 shrinks to zero as £ — 0.
These are easy to see in (2.1) if h is finite. The radii of the spheres have additional factors
of 1/2 + z in the metric.

Note that these boundary conditions ensure smoothness of the solution (2.1) in the
entire space. If one accepts greyscale solutions, the limit & — 0 has singularities. The
function z is then in the range (—1/2,1/2). These are the only values that are compatible
with causality [26] (other values lead to closed timelike curves). The effective reason for
these bounds in the dual N'= 4 SYM is that the fermions must satisfy the Fermi exclusion
principle. The density of fermions has an upper bound, and similarly, cannot be negative.

2.1 The one disk and multi disks geometries

The simplest configuration is the geometry described by the AdSs x S° spacetime itself.
In the LLM plane, this is described by a single disk. This solution is described by the
following z function,

T2+§2—R2

5 — —% r <R,
2\/(r2+ &2+ R2)? — 4r?’R?’

with  2(¢ = 0) = { .

b T>R,

(2.6)

2 = 22 4 92 and R is the radius of the disk. When we consider more general disk

where r
configurations at the boundary ¢ — 0, the rotational symmetry in the z, plane is lost.
We can easily find generalizations to geometries with n-disks. We do this by summing
solutions for various disks. This is where the fact that we need to solve a linear PDE does
its work: we just superpose (sum) solutions and fix a constant so that the empty region
is at the right value of z. We write these geometries in Cartesian coordinates and the zp

function is obtained as the sum of each individual z; function,
o r2+& - R?
(2 i
2\/(r7 + €2 + R)? — 4r2R2
n 1
1-— —5 R
with zT—Z<zi+n> andzT(§—>0)—{ 2 T

2n % r> R,

z

(2.7)

(2
where n is the number of disks and the subscript ¢ labels the ith-disk. The ith-disk has its
center at coordinates at {z;,y;} and radius R;, and we define r? = (z — 2;)® + (y — v:)°.
The constant factor 15—”” guarantees that the boundary conditions z = £1/2 are satisfied.

The V, functions that solve the equations (2.3) with the zr function given by (2.7)
are,
2 2 2
v, = Qo CPHEHR) 5 ogry). (2.8)
250 e+ R - a2

This way, we have a readily available explicit list of interesting geometries to consider.



3 General dynamics of the system

In order to study the dynamics of the system we compute the Hamiltonian from the metric
(2.1). We call the null geodesic affine time parameter of the dynamical problem 7. We

start from the Lagrangian
1

L= igwa';“dc” (3.1)
and compute the Legendre transform. Null geodesics are interpreted as the geometric limit
of massless particles. In the type 1IB string theory, these massless particles are all part
of the gravity multiplet in 10 dimensions, so they are captured by all the possible super-
gravity modes. Any statement about null geodesics has consequences for wave solutions in
supergravity.

The spherical symmetry in Q5 and Q5 automatically lets us introduce conserved angu-
lar momenta L, L. Also, the time translation invariance in the ¢ variable lets us introduce F
as the conserved conjugate momenta of . The null geodesic constraint will have the Hamil-
tonian function vanishing (H = 0). The Hamiltonian (rescaled by h?) for the dynamics of
the remaining three variables is the following

212 212
W2 H =P2 + (P, + EV,)? + (P, + EV,)? + h* — E? 3.2

where the two coordinates z® have been renamed to x,y and the third coordinate £ of the
LLM metric has remained the same. The P, , are conjugate to x,y and F is conjugate to
£.

We want to study geodesics that reach the incipient black hole region £ ~ 0. One can
check that the geodesics that reach the LLM plane £ — 0 must have an angular momentum
vanishing in one of the two possible spheres. Which angular momentum vanishes depends
on which sphere goes to zero size at the intersection. This mathematical fact generates
an angular momentum repulsion barrier. Also notice that the £ = 0 region is a locus
of unbroken rotation symmetry for one of the two spheres, depending on which sphere
degenerates. This indicates that it is possible to find solutions to the equations of motion
that stay completely in this locus. These will have P; = 0 and £ = 0 and one of the
angular momenta vanishing. Our main computational effort will be to study this subset of
solutions to the null geodesics that are strictly confined to the LLM plane.

In such limit, the system is reduced to a four-dimensional phase space with the following
Hamiltonian,

1

"o = o2

((Pe + EV,)® + (P + EV,)? + W' (L? = E))| . (3.3)
£—0
where both L, E are constants of motion. Therefore, the interesting dynamics takes place
only in the x,y coordinates.
Null geodesics then satisfy the following constraint,

(Py + EV,)? + (P, + EV,)? + h* (L? — E?) 0, (3.4)

‘§—>0 -



which can be expressed in terms of the velocities in a quite simple way as,
E? - L2 =3+ 42 (3.5)

This form of the constraint suggests that the motion should be very simple. The constraint
tells us that £ > L (this is a classical limit of the BPS constraint). When E = L, there is
no motion in the x,y coordinates. There is one of these stationary solutions for any empty
point in the LLM plane .

The equations of motion derived from the Hamiltonian (3.3) that satisfy the require-
ment (3.4) are,

. P, +EV,
Ty = ——
a h2 Y
0 . (3.6)
Pry = (B = L)0p, 1? = 55 (P + EV) 00, Va + (Py + EV,)0, V)|
£—0

for x, = (z,y). The h? and V, functions in the ¢ — 0 limit are given by the following
explicit expressions

n R 2 1 n (7“2 + R2)
2 _ B : ‘
h }§—>0 - ; <M> s Va|§_>() = §€ba ;:1 maxb(logn). (37)

One can see that the explicit equations of motion in this limit are somewhat unwieldy,
suggesting that finding analytical solutions to this system of differential equations becomes
a complicated task. The quantities EV,, EV, in equation (3.3) act as an effective magnetic
field potential on the LLM plane. The dynamical system is that of particles subject to a non
trivial metric, a non-trivial potential proportional to L? — E? and a non-trivial magnetic
field that is time independent.

This low dimensionality of the problem makes it easier in the end to visualize the
solutions. In the next section we will show a numerical analysis of our system.

4 The global AdSs x S° geometry

In order to contrast with more elaborate configurations, in this section we present the
dynamics of the simplest case in the LLM geometries: the AdSs x S® vacuum itself. The
main idea is to understand the null geodesics of interest to us in the LLM coordinates, rather
than the more conventional global AdS coordinates. The geometry here is determined by
one disk with radius R. The disk on the LLM plane has rotational symmetry, which is
associated with the conserved angular momentum FPy. There is also the conserved energy of
the particle F in these coordinates. In the plane wave limit geometry [27], the quantity F is
identified with F = A — J, where A is the global energy (the one that measures anomalous
dimensions of operators) and J is the R-charge carried by the LLM geometry. This is a
true statement in general. The LLM geometries satisfy the constraint Ep,er = A — J = 0.

!These are also related to the zero size limit of BPS open strings discussed in [28].



This is the BPS constraint. The geometries have vanishing energy with respect to the LLM
time variable. This is also part of the dual field theory setup [12]. The Py momentum is
the additional amount of R-charge J carried by the null particle whose geodesic motion we
are analyzing.

The general Hamiltonian (3.3) mapped to polar coordinates for this particular case is

1 o, (Pp+ EVy)? 4 (72 2
Ho =573 (Pm > +h* (L* — E?) o (4.1)

The canonical momenta are given by
P.=h%, h’E=1i+Vyh, Py=—EVy+ h*. (4.2)

The additional rotational symmetry on the LLM plane transforms this problem into a
one-dimensional system, as Py is conserved. Furthermore, since the Hamiltonian is time-
independent, then the system is integrable. This result is also true for generic concentric
circle geometries. The integrability is for null geodesics inside the LLM plane, which is the
reduction we are studying in this paper.

In turn, the null constraint (3.4), which is also Ho = 0, can be recast as a condition
over the domain of r, as P, must be real. We can solve for P, as follows:

(Pp + EVp)?
_ § _

P = i\/h4 (E? — L?) (4.3)
All the terms on the right hand side depend on r and the constants of motion. Notice that,
for certain values of the conserved momenta (L, E, Py), the quantity P, vanishes, giving us
turning points for r.

In the £ — 0 limit, one can also determine the explicit form of functions A% and Vjp in
polar coordinates,

R 1/ r*+R?
2 _ —
h ‘£—>0 T 2= R?| Volewo = 2 <\r2 - R?| 1> : (44)

In Figure 1 we show a set of orbits where we consider a disk centered at the origin with
radius R = 5. We consider geodesics with £ = 20 and L = 5, but with different values for
initial positions and momenta.

Notice also that there exist trivial analytic solutions in the LLM plane with £ = L
(the general BPS solutions we argued in the previous section). These solutions have a
nontrivial angular momentum Py = —FVy and P, = 0. In these coordinates, these null
geodesics are all stationary, but they still move in the time direction ¢ on the one 3-sphere
on which they have angular momentum.

5 Numerical results and graphs for one example: three disks

Now we are ready to study a more general case. In general, black holes are expected
to lead to chaotic behavior in the dynamics [29, 30]. One would expect that for an LLM
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Figure 1: The disk of R = 5 centered at the origin is represented by a black circular
region. The rest of the circles with different colors represent geodesics with different initial
conditions. Each orbit has a circle-like shape, but are not exactly circular orbits. Some of
the geodesics (brown and yellow) do not orbit the central black disk.

geometry to behave similarly to a black hole, a prerequisite is to have the geodesic solutions
be chaotic. Given the high degree of symmetry of the solutions, this is not guaranteed in
general. The results of [31] suggest that most LLM geometry solutions will lead to a non-
integrable system, even for null geodesics. These arguments are based on the separability
of the associated Hamilton-Jacobi problem. Here we verify explicitly that there is chaos.
This fact by itself does not mean that a system behaves as a black hole, but it serves as a
prerequisite for that statement to be true. For example, in the AdSs x T1! geometry, there
is chaos for string motions [32], but the geodesic problem itself is integrable. Clearly, there
is no black hole. In this section, we want to verify explicitly the claim of the existence of
chaos in one simple configuration with multiple disks.

Because we expect chaos, we will verify the presence of chaos numerically. We choose
one example of a geometry with enough features to be interesting, but with the expectation
that some of the features of motion are generic.

We consider one example of a configuration with three disks of the same radius R = 5,
whose centers are located at the following positions in the LLM plane

(xlvyl) = (07 0)’ (x27y2) = (20)0)7 ($3,y3) = (10720)‘ (51)
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Our initial setup considers geodesics of energy £ = 20 and angular momentum L = 5.
These are chosen to be of order one. The only parameter that physically matters is L/E, as
solutions of null geodesics have a rescaling property: the Hamiltonian is a purely quadratic
function of momenta. The null geodesics with momenta all rescaled by the same factor
will follow the same trajectory in the position coordinates, but they will evolve faster or
slower in the affine parameter 7.

Figure 2 shows an orbit plot for a given generic initial condition in position and mo-
menta. We see the location of the three disks demarcated in the plot by the region that
the null geodesics are avoiding. Comparison with Figure 1 shows that this new orbit is
significantly more complicated than in the one disk case. The rotational symmetry on the
zy-plane from before is now lost due to the additional disks. We see that the motion is
highly irregular: the orbit spends most of its time circling around a single disk, but jumps
occasionally to motion around the other disks. Less frequently, the orbit travels far outside
of all of the disks, as seen in the figure.

Figure 2: The orbit followed by a single null geodesic in the three disk geometry projected
to the LLM plane.

The orbits are prevented from reaching the inside of the disks by the angular momen-
tum L. As we explained earlier, the two 3-spheres degenerate in the LLM plane and there
is an angular momentum repulsion from the filled disk region. In that sense, we can think
of the disks as impenetrable obstacles that the trajectory must be reflected from. This is
similar to a billiards problem. The main difference is that there is also an effective magnetic
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field present. This effective magnetic field arises because the metric is not static in the ¢
coordinate.

The trajectory appears to bounce off these disks. Some parts of the trajectory also
travel far out in the radial direction, closer to the boundary of AdS. Since the trajectory
only has angular momentum in the SO(4) rotational group of the S® on the boundary,
these can in principle reach infinity if they stop carrying angular momentum with respect
to the U(1) charge of rotations in the LLM plane. That is, if Py becomes very small
(the angular momentum Py is not conserved, but should become an adiabatic invariant in
trajectories of the region very far from the disks). The rotational breaking of symmetry
makes it in principle possible to do this (we can have jumps in Py between different portions
of a geodesic).

Since the rotational symmetry on the plane is lost, the system that was originally
integrable for one disk becomes chaotic for three disks. Due to the low effective dimension
of the problem (a two-dimensional phase space), we can visualize chaos with the aid of
Poincaré sections. In Figure 3, the Poincaré sections with the y variable fixed are shown.
They clearly display chaos.

The main characteristic of chaotic dynamics is the butterfly effect [29]: exponential
sensitivity to initial conditions. This is checked by demonstrating that the system has
a non-trivial Lyapunov spectrum (Lyapunov exponents that don’t vanish). To compute

Lyapunov exponents, we choose the following initial conditions (z(®,3©) = (10,3) and

(0) p0)y _ (152785 251695
(Pz", Py ") = (3550860 ~616

the three disks configuration has a four-dimensional phase space, we report the four Lya-

), so that we can have arbitrary precision if necessary. Since

punov exponents associated with the configuration, checking that they are numerically in
accordance with the following pattern numerically Ay > As > —As > —Aq, and that Ay ~ 0
due to there being a constant of motion. The pattern arises because the chaotic motions
respect the symplectic structure of phase space. Computing the exponents numerically, we
find that

{\i} = {0.4484,0.02104, —0.02109, —0.4483}. (5.2)

The maximum Lyapunov exponent is positive and A4, ~ 0.4484 is represented by
the blue data in Figure 4. We can use the difference from zero of the Lyapunov exponents
as an error bar. This method would indicate that one expects the largest exponent to
have an error of order 5%. We expect two of the Lyapunov exponents to vanish. This is
supported by our analysis with two of the exponents slowly converging toward zero. The
slow convergence comes from the form of the differential equations we are integrating. The
equations become stiff near disk boundaries, setting limits as to how far we can integrate
up to.

5.1 Geodesics trapped in the interior region formed by the disks

The goal of our analysis is to observe trajectories that are almost trapped and take a very
long time to escape to infinity. One way to create this behavior is to make the exits of
some regions very narrow by placing our disks close to each other. Due to the angular
momentum repulsion effect, this causes a trajectory to bounce back and get trapped for
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(b) Poincaré section for y = —8.

Figure 3: Poincaré sections, x vs P, for some values of y. The exterior white regions
represent the region disallowed by the null constraint, where the position x is roughly
inversely proportional to the momentum P,. The points fill out completely the allowed
region in the phase space as we expect for chaotic motion. In the first plot, the two vertical
white strips represent the locations of the two disks at y = 0, which are forbidden. In the
second plot, the two vertical white lines are gone since the cut is moved to y = —8.

an extended period. For our setup, we choose the same center locations for three disks
as before (see (5.1)), but we increase the radius of the disks such that they are almost
touching each other. This causes a geodesic starting in the interior region formed by the
three disks to get effectively trapped. We choose R = % for each disk. The energy is
kept the same at E = 20, but the angular momentum is changed to L = 19. This is close
to the BPS limit. The initial condition of the representative trajectory is (xo,yo) = (10, 3)
and vz, = 1, vy, > 0. We only show some points for a very long time trajectory. If we

filled the points of the trajectory, the region where the null geodesic is trapped would seem
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Figure 4: The maximum Lyapunov exponent A,,q; = 0.4484 is represented by the blue
line.

filled.

The evaluated trajectory is shown in Figure 5. We see that the geodesic gets effec-
tively trapped. In order to clarify how the motion looks for small time periods, we have
highlighted short intervals with separate colors. These oscillations look like a particle in
the presence of a magnetic field, and it is clear that these motions are repelled from the
black disks. More precisely, the characteristic oscillation period of the trapped geodesics
is very small with respect to the total time of numerical evolution T'. Given the numerical
evolution T, the geodesic has many oscillations that look as if they are filling the interior
region. These show how the trajectory appears to be drifting slowly between different,
almost integrable magnetically trapped orbits. The total time evolution of the geodesic is
represented by the blue color in Figure 5.

We remark that the plot does not have the same scale in the z and y axes in order to
better display the orbit of the geodesics. Because of this, the black regions that represent
the locations of the disks are distorted. The Lyapunov exponents of this trajectory are all
small and in our tests are consistent with values of zero. See the Appendix A.

To more easily see that this orbit is actually chaotic, in Figures 6 and 7, we present
three-dimensional projections of the dynamics where we can see that the system is slowly
filling the available phase space. This is accomplished by coloring different portions of the
evolution in different colors and superposing them on top of each other. If the system were
integrable, the trajectory would only fill a 2-torus, rather than a 3d volume. This would
be readily apparent. The long trajectory has not had enough time to fill its available phase
space in 5. Because of this, our Lyapunov exponent computation does not make complete
sense: in the numerical limit defining the Lyapunov exponents, one assumes that the orbit
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Figure 5: In this plot, we can see how the geodesic is trapped in the interior region
formed by the three disks. Segments of trajectory associated to very short periods of time
evolution have been marked with different colors. The blue dots are the positions of the
particle sampled at long intervals.

has approximately explored all of its available phase space before one believes that the
numerical value of the exponent has converged.

102

X 104

Figure 6: 3d projection of the phase space x, Py, P,.

In these 3d plots, we see that the null geodesic is filling out the phase space. Hence, we
conclude that the system is chaotic, but with a small Lyapunov exponent (we deal with this
in the Appendix A), as the system seems to be quasi-adiabatically exploring the available
phase space.
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Figure 7: 3d projection of the phase space y, Py, P,.

6 Conclusion

In this paper, we have studied a special set of null geodesics in the general LLM geometries.
These null geodesics are restricted to motion in the LLM plane. The reason that such
geodesics stay in the LLM plane is that the LLM plane is a degeneration locus of symmetry
(one of the two 3-spheres goes to zero radius) and this fact guarantees that solutions
that preserve the symmetry must stay confined to the LLM plane. Because we are at a
degeneration locus, the angular momentum associated to the shrunken sphere vanishes.
The null geodesics are allowed to carry an angular momentum L with respect to the
remaining SO(4). In our case, we have focused on situations where the angular momentum
that is turned on is associated to the spatial symmetry of the boundary S3, rather than
the R-charge. After the conserved quantities are taken into account, the effective motion
is in two-dimensions and the corresponding phase space is four-dimensional. The motion
is restricted to the region where the R-symmetry sphere is of zero size (the white region
in our black and white coloring of the LLM geometries). There are some special solutions
of LLM geometries that preserve an additional U(1) symmetry of rotations of the LLM
plane. In these cases, the null geodesics restricted to the LLM plane are integrable.

When we studied particular cases where the rotational symmetry is broken, we found
that the null geodesics exhibited chaotic behavior. Also, in general, we found that solutions
that minimize the LLM energy after fixing the angular momentum satisfy the constraint
E = L, stay at a fixed position in the LLM plane, and can be located arbitrarily on the
allowed locus of the LLM plane (the white region). These are associated with states that
satisfy a BPS constraint. This degeneration is similar to that of a classical particle in the
lowest Landau level in a magnetic field. When we increase the energy, the orbit precesses.
In some situations, the orbit’s center moves slowly in the LLM plane, as depicted in Figure
5, where (E — L)/E is small.

Let us consider what are the possible consequences of our observations. First, null
geodesics are a geometric optics limit of massless wave equations on the LLM geometry. We
expect that there should a large class of BPS modes of supergravity fluctuations associated
with these geodesics that do not move. The fact that they are classically soluble suggests
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that they may also be found analytically in the ten-dimensional geometry.

Secondly, the fact that these in-plane geodesics are chaotic is indicative that the non-
BPS protected modes in the LLM geometry can only be solved numerically. The modes
associated with chaotic motion should display level statistics typical of chaotic systems.
It becomes interesting to ask to what extent they display the eigenstate thermalization
hypothesis properties. Solving these issues can provide interesting thermalization dynamics
on these geometries.

More generally, we explored to what extent a generic LLM geometry might start looking
like an incipient black hole. The interesting observation we have made is that the problem
of solving these null geodesics becomes similar to a problem of chaotic billiards scattering
in two dimensions. We expect that as we add more droplets the classical problem of getting
out of the black hole region should resemble a problem of diffusive dynamics. Considering
that we will eventually want to solve wave equations in these systems, one should try to
understand to what extent other phenomena like Anderson localization due to the effective
random potential might make certain modes much harder to probe than others.

These questions, once all symmetries are taken into account, should correspond to an
eigenvalue problem of partial differential equations in three dimensions (the LLM plane
variables z, y plus the extra £ direction) that seem more tractable than other similar prob-
lems associated with fuzzball geometries, [33—42]. Moreover, it would be interesting to
study more elaborated frameworks, for instance the simplest nontrivial LLM geometry:
the annulus, or configurations that involve geodesics outside of the LLM plane. We hope
to tackle some of these problems in the near future.
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A Small Lyapunov exponents

In this Appendix, we study numerically the effectively trapped geodesic discussed in section
5.1. Our goal is to measure the Lyapunov exponents. The maximum Lyapunov exponent is
measured by taking an infinitesimal deformation ¢ in phase space and checking how quickly
it grows. The Lyapunov exponent is defined as

. 1
)\ma:c = Tlglgo Tlog(‘(s(T”/‘&(O)D (Al)

The natural question to ask is if the total time T is long enough to see that the maximum
Lyapunov exponent is different from zero.
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In an integrable system, the growth of the maximal stretching direction is linear in time
T (the angle variables evolve linearly). The growth would therefore behave for large times
as log(aT) and the Lyapunov exponent would only vanish in the 7" — oo limit, decaying
as log(T")/T. We contrast the system we have with an integrable system by testing with a
fit to log(7")/T in Figure 8.

100 200 300 400 500 600

Figure 8: We plot the logarithm log(|6(7)|/]6(0)|)/T with respect to time. We show a fit of
the corresponding quantity given by 0.00707+4.1227/T +log(T") /T where Ajq. =~ 0.00707
is interpreted as the maximum Lyapunov exponent. The other parts of the fit serve to
correct for the quasi-adiabatic almost integrable behavior for short time scales.

It is clear that since the fit to an integrable system is fairly good, we cannot yet distin-
guish the system from an integrable system: the Lyapunov exponents have not converged
yet. The infinite time limit of the fit would go to zero and this is indicated by the max-
imum numerically evaluated Lyapunov exponent decaying slowly due to the logarithmic
contribution. The fit gets worse at later times, indicating that there is a small Lyapunov
exponent that will remain nonzero in the infinite time limit. However, this exponent is
much smaller than what we were able to compute with this extended trajectory.
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