
The density-functional theory of quantum droplets

Fan Zhang
School of Physics, Peking University, Beijing 100871, China and

CAS Center For Excellence in Quantum Information and Quantum Physics, Hefei 230026, China

Lan Yin∗

School of Physics, Peking University, Beijing 100871, China
(Dated: November 30, 2023)

In quantum droplets, the mean-field energy is comparable to the Lee-Huang-Yang (LHY) energy.
In the Bogoliubov theory, the LHY energy of the quantum droplet has an imaginary part, but it
is neglected for practical purposes. So far, most theoretical studies of quantum droplets have been
based on the extended Gross-Pitaevskii (GP) equation obtained by adding the LHY energy to the
GP equation. In this article, we present the density-functional theory of quantum droplets. In
our approach, the quantum fluctuations in quantum droplets, as described by an effective action,
generate the correlation energy which is real and can be determined self-consistently. Using the
density-functional theory, we calculate higher-order corrections to the energy, the quantum depletion
fraction, and the excitations of the droplet. Our results for the ground-state energy and the quantum
depletion fraction are compared with the Monte Carlo results and good agreement is found. The
implications of our theory are discussed.

I. INTRODUCTION

The creation of quantum droplets has been a break-
through in the research on ultracold atoms in recent
years. So far quantum droplets have been realized in
various systems, e. g. in a dipolar Bose gas such
as 164Dy[1–5] and 166Er[6], and in binary boson mix-
ture such as homonuclear 39K [7–9] and heteronuclear
39K-87Rb mixtures[10]. In these experiments, quan-
tum droplets are generated by tuning the s-wave inter-
action by the Feshbach-resonance technique. In these
quantum droplets, the mean-field energy is tuned into a
weakly-attractive energy, and the repulsive Lee-Huang-
Yang (LHY) energy [11] from quantum fluctuations be-
comes equally important. The competition between these
two energies results in the quantum-droplet state which
is self-bound and stable.

Due to the mean-field instability, in the Bogoliubov
theory which describes the Gaussian fluctuations around
the uniform condensate, there are imaginary excita-
tion energies in the long wavelength limit, implying
the dynamical instability contradicting the experiments.
Petrov [12] pointed out that these unstable excitations
have little contribution to the LHY energy and may
be stable after renormalization by integrating out high-
energy excitations. In practice, the LHY energy with its
imaginary part neglected is put into the Gross-Pitaevskii
(GP) equation, which is the so-called extended Gross-
Pitaevskii equation (EGPE)[12, 13] widely used in simu-
lating quantum droplets. The dynamic instability in the
Bogoliubov theory is artificial as found in recent stud-
ies by the Beliaev theory [14–16]. The phonon energy
is stable after the higher-order quantum fluctuations are
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taken into account, for both the nondipolar Bose mixture
[14, 15] and the single-component dipolar Bose gas [16].
In this work, we present the density-functional theory
of quantum droplets, which treats the quantum fluctu-
ations self-consistently without the suffer of imaginary
energies. The essence of this method is including the ef-
fect of higher order fluctuations by renormalizing the s-
wave coupling constants. For the binary boson mixture,
the ground state energy obtained in our approach are in
better agreement with the diffusion Monte Carlo (DMC)
simulation result [17] than the EGPE result [12]. For the
dipolar quantum droplet, our results about the quantum
depletion fit the quantum Monte Carlo (QMC) results
[18] better than the Bogoliubov theory. The implications
of our theory are discussed.

II. DENSITY-FUNCTIONAL THEORY

We study a multi-component Bose gas with its Hamil-
tonian given by

H =

∫
dr

∑
σ

[
ψ†
σ(r)

(
− ℏ2∇2

2mσ
+ Vσ(r)

)
ψσ(r) (1)

+
1

2

∫
dr′

∑
σ′

Uσσ′(r− r′)ψ†
σ(r)ψ

†
σ′(r

′)ψσ′(r′)ψσ(r)
]
,

where ψσ(r) is the boson-field operator for the σ-
component, mσ is the mass, Vσ(r) is the trap poten-
tial, and Uσσ′(r − r′) is the interaction between bosons.
For a BEC ground state, the condensate wavefunction
is given by ψ0σ(r) = ⟨ψσ(r)⟩ =

√
n0σ(r)e

iϕσ(r) where
n0σ(r) is the condensate density, and ϕσ(r) is the con-
densate phase.
We consider the case that the temporal and spatial

scales of variances are much larger than the intrinsic
scales of the system. The local equilibrium assumption
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(LEA) can be applied and the system is described by the
effective action [19]

SEff =

∫
dt

∫
dr
{
−
∑
σ

nσ(r)[ℏ∂tϕσ(r) + Vσ(r) (2)

+
ℏ2

2mσ
(
|∇nσ|2(r)
4nσ(r)

+ |∇ϕσ(r)|2)]− EI(r)
}
,

where nσ(r) is the superfluid density, and EI is the
interaction-energy density of the uniform steady state
with the lowest energy with the superfluid density nσ
and phase gradient ∇ϕσ. In the effective action Seff ,
there is no term containing the time derivative of the
density [20]. From the effective action Seff , the super-
fluid hydrodynamic equations can be obtained [19]. For
the ground state, the superfluid phase is uniform, ϕσ=0,
for simplicity, the interaction energy density EI can be
separated into two parts, EI = EMF + EC , where the
mean-field energy density is given by

EMF (r) =
1

2

∫
dr′

∑
σ,σ′

Uσσ′(r− r′)nσ(r)nσ′(r′). (3)

The correlation-energy density EC as a function of densi-
ties comes from quantum fluctuations beyond the mean-
field and shall be determined self-consistently as ex-
plained in the latter part of this section. The ground-
state energy density E is given by E = EK + EMF + EC ,
where the kinetic plus potential energy density is given

by

EK(r) =
∑
σ

nσ(r)
( ℏ2

2mσ

|∇nσ|2(r)
4nσ(r)

+ Vσ(r)
)
. (4)

The superfluid-density distribution should satisfy the
minimization condition of the ground-state energy E,

−
ℏ2∇2

√
nσ(r)

2mσ

√
nσ(r)

+ Vσ(r) (5)

+

∫
dr′

∑
σ′

Uσσ′(r− r′)nσ′(r′) +
∂EC
∂nσ

= µσ,

where µσ = ∂E/∂Nσ is the chemical potential, and Nσ

is the boson number of the σ-component. From Eq. (5),
the density distribution of a nonuniform system can be
solved, similar to solving EGPE.

The central task is to obtain the correlation-energy
density EC . In the dilute region, the typical treatment
is to consider the Gaussian fluctuations around the con-
densate and study the Bogoliubvov Hamiltonian. How-
ever, for systems such as quantum droplets with crucial
beyond-mean-field effects, such treatment is inadequate,
the effects of higher-order fluctuations must be taken into
account [14–16]. Here we propose that these important
fluctuation effects can be captured by the Gaussian fluc-
tuations in the effective action Eq. (2), as given by

S2 = −
∫
dt

∫
dr

∑
σ

{
δnσ(r)ℏ∂tδϕσ(r) +

ℏ2

2mσ
(|∇δnσ(r)

2nσ(r)
|2 + |∇δϕσ(r)|2) (6)

+
1

2

∫
dr′

∑
σ′

Uσσ′(r− r′)δnσ(r)δnσ′(r′) +
1

2

∑
σ′

χσσ′(r)δnσ(r)δnσ′(r)
}
,

where

χσσ′ =
∂2EC

∂nσ∂nσ′
. (7)

The difference from the Bogoliubov theory is that in Eq.
(6) the Gaussian fluctuations are density and phase fluc-
tuations in the effective action, rather than the fluctu-
ations around the condensate. In this way, the crucial
higher-order effects beyond the Bogoliubov theory are
taken into account. This renormalization to the Bogoli-
ubov theory is equivalent to a local correction to the s-
wave coupling constant given by χ in Eq. (6). For a
uniform system, the correlation energy can be obtained
by integrating out the fluctuating fields δnσ and δϕσ in
the action S2, and thus determined self-consistently. Be-
yond the dilute region, higher-order fluctuations in the
effective action should be also considered, and in princi-

ple, the correlation-energy density can still be obtained
by integrating out all the fluctuating fields.

III. IMPLICATIONS ON QUANTUM
DROPLETS

Although the quantum droplets are in the dilute re-
gion, the mean-field energy is very small and comparable
to the LHY energy. It is important to determine the cor-
relation energy properly. In the following, we study the
two types of quantum droplets found in experiments, i.e.
the binary boson mixture and dipolar Bose gas.
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1. Binary boson mixture

For a uniform binary boson mixture with short-ranged
interactions, the action S2 in Eq. (6) describing the
Gaussian fluctuations is equivalent to a renormalized Bo-
goliubov Hamiltonian given by

HEff =
∑
k,σ

ϵka
†
kσakσ (8)

+
∑

k,σ,σ′

g′σσ′
√
nσnσ′ [a†kσakσ′ +

1

2
(akσa−kσ′ +H.C.)],

where ϵk = ℏ2k2/2m, akσ is the boson annihlation opera-
tor, g′σσ′ = gσσ′ +χσσ′ , and gσσ′ is the coupling constant
between σ- and σ′-components. Two types of excitations
can be obtained from this Hamiltonian, i.e. phonon and
magnon, and both energies are linearly dispersed in the
long-wavelength limit. The phonon speed c− and the
magnon speed c+ are given by

c± =
1

2
√
m
{g′11n1 + g′22n2 (9)

±
√

(g′11n1 − g′22n2)
2 + 4g

′2
12n1n2}1/2.

In this case, the correlation energy is the renormalized
LHY energy given by

EC =
8m4

15π2ℏ3
(c5+ + c5−). (10)

The speeds c± can be solved from Eq. (10) and (7).
For the dilute binary quantum droplet, c− ≫ c+ and
|gσσ′ | ≫ |χσσ′ |, to the leading order, the correlation en-
ergy is given by the LHY energy in Ref. [12],

EC ≈
√
2m3

15π2ℏ3
(g11n1 + g22n2 (11)

−
√

(g11n1 − g22n2)2 + 4g212n1n2)
5/2.

Its second derivatives χσσ′ can be computed and a pos-
itive phonon speed can be obtained in agreement with
Ref. [14, 15].

From Eq. (11), the equation of state for g22 = g11 is
given by

E

N
=

(EMF + EC)V
N

(12)

=
ℏ2π(a11 + a12)n

m
+

32
√
2πℏ2a5/211

15m
(1− a12

a11
)

5
2n

3
2 ,

where aσσ′ = mgσσ′
4πℏ2 is the s-wave scattering length and

n = N/V is the density of each component. In Fig .1,
we show our results from Eq. (12) for different values of
the interspecies scattering length a12, and compare them
to the DMC equations of state[17] and the MF+LHY
prediction[12]. In Ref. [12], to avoid the existence of
imaginary parts of the LHY energy, |a12| is approximated

as a11. The density-functional equations of state from
Eq. (12) do not contain imaginary parts and are closer
to the DMC result than the MF+LHY prediction in Ref.

[12] as |a12|
a11

increases, especially in the region with den-
sity less than the equilibrium density. This is due to
the fact that the quantum fluctuations are now treated
self-consistently, better than the treatment in the Bo-
goliubov theory. The deviations from the DMC result at
higher densities are probably due to higher-order effects
neglected in our approach.

2. Dipolar Bose gas

For a uniform dipolar Bose gas with all the dipoles
aligned in z-direction, the renormalized Bogoliubov
Hamiltonian corresponding to the quadratic action S2

is given by

HEff (13)

=
∑
k

ϵka
†
kak +

∑
k

U ′(k)n[a†kak +
1

2
(aka−k +H.C.)],

where U ′(k) = U(k)+χ, U(k) = g[1+ϵdd(3 cos
2 ϕk−1)],

g is the s-wave coupling constant, ϵdd is the strength of
the dipole-dipole interaction, and ϕk is the angle between
k and the z-axis. The correlation energy is given by [21]

EC =
64

15
√
π
g′n2

√
na′3Q5(ϵ

′
dd), (14)

where g′ = g + χ, ϵ′dd = gϵdd/g
′, a′ = mg′/(4πℏ2),

Q5(x) =
(3x)5/2

48
[(8 + 26y + 33y2)

√
1 + y

+15y3 ln
1 +

√
1 + y

√
y

],

and y = (1 − x)/3x. χ as a function of density can be
solved self-consistently from Eq. (14) and (7). In the
dilute limit, g′ ≈ g, the correlation energy is given by the
LHY energy,

EC ≈ 64

15
√
π
gn2

√
na3Q5(ϵdd), (15)

where a = mg/(4πℏ2). The effective correction to the
s-wave coupling constant is approximately given by

χ ≈ 16√
π
g
√
na3Q5(ϵdd), (16)

as found in Ref. [16].
For the quantum droplet, ϵdd > 1, the function Q5(ϵdd)

has a small imaginary part, which is neglected in the
EGPE[13, 22]. As found in Ref. [16], the renormalized
parameter ϵ′dd is less than one, and this imaginary-energy
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FIG. 1. For the binary boson mixture droplet[17], equations of state as predicted by our density-functional theory, DMC and
the MF+LHY with |a12| = a11[12], for different values of the interspecies scattering length a12. The green dots are the DMC
results[17]. The blue line shows our results from Eq. (12), and the red line shows the MF+LHY prediction with |a12| = a11 as
done in Ref. [12]. The definitions of energy units E0 and density units n0 are consistent with Ref. [17].

problem is artificial. Here we adopt an improved approxi-
mation scheme for the dilute limit to avoid the imaginary-
energy problem from the start. The correlation energy
from Eq. (14) is not approximated by Eq. (15), but given
by

EC ≈ 64

15
√
π
gn2

√
na3Q5(ϵ

′
dd), (17)

where the density dependence of Q5(ϵ
′
dd) is much weaker

than the prefactors. Thus the correction to the s-wave
coupling constant is approximately given by

χ ≈ 16√
π
g
√
na3Q5(ϵ

′
dd), (18)

and the renormalized s-wave coupling constant g′ can be
obtained self-consistently

g′ = g +
16√
π
g
√
na3Q5(ϵ

′
dd). (19)

Here we check the accuracy of this approximation by
computing the quantum depletion fraction and compar-
ing it with the Monte Carle result [18]. For a uniform
dipolar Bose gas with density n, in Bogoliubov theory,
the quantum depletion fraction is given by[21]

fBd =
8

3

√
na3/πQ3(ϵdd), (20)

where

Q3(x) =
(3x)3/2

8
[(2 + 5y)

√
1 + y + 3y2 ln

1 +
√
1 + y

√
y

],

y =
(1− x)

3x
.

Using the renormalized s-wave coupling constant g′, we
can obtain the corrected quantum depletion fraction
given by

f cd =
8

3

√
na′3/πQ3(ϵ

′
dd). (21)

In Fig .2 we show the comparison between the corrected
depletion fraction f cd with the quantum Monte Carlo
(QMC) calculation [18] and Bogoliubov theory. Our re-
sults agree well with the QMC, especially in the inter-
val with a larger quantum depletion fraction, and both
deviate from the Bogoliubov theory as the density in-
creases. This suggests that the dipolar quantum droplet
have stronger quantum fluctuations than the Gaussian
fluctuations described by the Bogoliubov theory.

FIG. 2. For the 162Dy droplet[18], depletion fraction as pre-
dicted by our density-functional theory, QMC and the Bogoli-
ubov theory, for a scattering length of a = 60a0. The green
dots are the QMC results[18]. The blue line shows our results
from Eq. (21), and the red line shows the Bogoliubov theory
results from Eq. (20).

For dipolar Bose gases, the excitation energy in the
Bogoliubov theory is given by

ϵB =
√
ϵk(2nU(k) + ϵk). (22)

In the quantum-droplet region with the strength of the
dipole-dipole interaction ϵdd > 1, there is an imaginary
part in the excitation energy for ϕk = π/2, implying
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dynamical instability. In our density-functional theory,
the renormalized strength of the dipole-dipole interaction
ϵ′dd can still be less than 1, thus stabilizing the excitation
spectrum, which is given by

ϵ′B =
√
ϵk(2nU ′(k) + ϵk). (23)

In Fig .3, we show the stable region of the renormalized
excitation spectrum for different droplet densities and
ϵdd.

FIG. 3. For the 162Dy droplet[18], the stable region of the
excitation spectrum as predicted by Eq. (23). The blue line
shows the stable boundary of the excitation spectrum.

IV. DISCUSSION

It is worth mentioning that the density-functional the-
ory was used to study 4He droplets [23] where the in-
teration parameters were treated phemenologically. In
the density-functional theory of quantum droplets, the
quantum fluctuations renormalize the s-wave coupling
constants, which can be determined self-consistently in
the dilute region. For these experimental systems, the
results from our approach are consistent with the EGPE
but do not suffer from the imaginary-energy problem.
Our results for the ground-state energy and the quan-
tum depletion fraction are in good agreement with the
Monte Carlo results. For systems with significant quan-
tum depletion, our approach should be better as it treats
quantum fluctuations self-consistently.
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L. Santos, and F. Ferlaino. Quantum-fluctuation-driven
crossover from a dilute bose-einstein condensate to a
macrodroplet in a dipolar quantum fluid. Physical Re-
view X, 6(4):041039, 2016. I

[7] C. R. Cabrera, L. Tanzi, J. Sanz, B. Naylor, P. Thomas,
P. Cheiney, and L. Tarruell. Quantum liquid droplets
in a mixture of bose-einstein condensates. Science,
359(6373):301–304, 2018. I

[8] P. Cheiney, C. R. Cabrera, J. Sanz, B. Naylor, L. Tanzi,
and L. Tarruell. Bright soliton to quantum droplet tran-
sition in a mixture of bose-einstein condensates. Physical
Review Letters, 120(13):135301, 2018.

[9] G. Semeghini, G. Ferioli, L. Masi, C. Mazzinghi, L. Wol-
swijk, F. Minardi, M. Modugno, G. Modugno, M. In-
guscio, and M. Fattori. Self-bound quantum droplets of
atomic mixtures in free space. Physical review letters,
120(23):235301, 2018. I

[10] C. D’Errico, A. Burchianti, M. Prevedelli, L. Salasnich,
F. Ancilotto, M. Modugno, F. Minardi, and C. Fort. Ob-
servation of quantum droplets in a heteronuclear bosonic
mixture. Physical Review Research, 1(3):033155, 2019. I

[11] T. D. Lee, K. Huang, and C. N. Yang. Eigenvalues
and eigenfunctions of a bose system of hard spheres
and its low-temperature properties. Physical Review,
106(6):1135, 1957. I

[12] D. S. Petrov. Quantum mechanical stabilization of a
collapsing bose-bose mixture. Physical review letters,
115(15):155302, 2015. I, III 1, III 1, III 1, III 1, 1

[13] F. Wächtler and L. Santos. Ground-state proper-
ties and elementary excitations of quantum droplets in
dipolar bose-einstein condensates. Physical Review A,
94(4):043618, 2016. I, III 2

[14] Q. Gu and L. Yin. Phonon stability and sound velocity
of quantum droplets in a boson mixture. Physical Review
B, 102(22):220503, 2020. I, II, III 1



6

[15] Y. C. Xiong and L. Yin. Effective single-mode model of
a binary boson mixture in the quantum droplet region.
Physical Review A, 105(5):053305, May 2022. I, III 1

[16] F. Zhang and L. Yin. Phonon stability of quantum
droplets in dipolar bose gases. Chinese Physics Letters,
39(6):060301, 2022. I, II, III 2, III 2
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