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Abstract. The investigation of adaptive dynamics, involving many degrees of
freedom on two separated timescales, one for fast changes of state variables and
another for the slow adaptation of parameters controlling the former’s dynamics is
crucial for understanding feedback mechanisms underlying evolutionary and learning
processes. We present an extension of the Martin—Siggia—Rose-De Dominicis-Janssen
(MSRDJ) path-integral approach to the study of nonequilibrium phase transitions in
such dynamical systems. As an illustration, we apply our framework to biological
adaptation under the genotype-phenotype feedback: phenotypic variations are shaped
by the fast stochastic gene-expression dynamics and are coupled to the slow evolution of
the distribution of genotypes, each encoded by a gene-regulatory network architecture.
We establish that under this coevolution, genotypes responsible for high fitness are
selected, leading to the emergence of phenotypic robustness within an intermediate
level of environmental noise in reciprocal genetic networks.

1. Introduction

In biological or neural systems parameters that control the dynamics of the state
variables, such as the set of couplings among the system degrees of freedom (dofs),
often change on a slower timescale compared to that of the dofs’ dynamics. Moreover,
such systems become adaptive if these parameters need to adjust to the long-time
state of the fast dofs. Adaptive multiple-timescale dynamical systems include cellular
adaptation [1-4], cell differentiation with epigenetic modifications [5-9], neural networks
with synaptic plasticity [10,|11] or adaptation and synaptic filtering |12}/13], retrieval
of sequences via interaction modulation [14], eco-evolutionary dynamics [I15-17], as
well as extensive adaptive network models [18,/19]. This class of systems has been
analysed mostly in low-dimensional models using tools of dynamical systems |20], while
dynamical mean-field theory (DMFT) [21425], a powerful tool to study a large variety of
systems with quenched disorder [26-51], does not consider adaptively slow changes in the
parameters at all. Previous works on a related class of systems with partially annealed
disorder and two temperatures, one for the fast dofs and another for the slow ones,
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often assume relaxational dynamics toward thermodynamic equilibrium [52-60]. High-
dimensional nonequilibrium adaptive systems have challenged these existing approaches
and been so far much less studied (but see [61] and reference therein for a few exceptions).
Living systems belong to this class of stochastic adaptive dynamics with two well-
separated timescales: phenotypes evolve under noise at cellular and molecular levels
[62-67], while genotypes — the rule of such developmental dynamics — change under
selection and mutation on a slower timescale, depending on the fitness advantage of the
resulting phenotypes. A central question in evolutionary biology is which features of
the genotype-phenotype maps give rise to phenotypic robustness against perturbations
induced by noise and that against mutation [68-{74]. The answer to this question
together with the proof of a hypothesis about the existence of a correlation between
these two different types of robustness under sufficient noise, as suggested by extensive
numerical studies [74-79], nevertheless, remains elusive. A systematic approach is
hence required to address this question. Such an approach needs to bridge a strong
disconnection between the actual nonequilibrium underlying dynamics of development
and their approximate treatment based on (quasi)potential landscape picture [80,81].
In this paper, to account for the slow adaptation of the controlling parameters, we
develop a so-called adaptive DMFT (ADMFT), thus leveraging the original use of DMFT
in quenched disorder systems to adaptive ones. The key point of our approach which
is based on the Martin-Siggia-Rose-De Dominicis—-Janssen (MSRDJ) formalism [22,23]
is to derive effective dynamics for both fast and slow variables in the thermodynamic
limit from the moment generating functional of their joint trajectories. We then apply
our framework to gene-regulatory networks with genotype-phenotype feedback. Here we
find three phases with regard to the phenotypic and genotypic states, among which of
biological relevance is a region called robust phase, where both genotype and phenotype
achieve high values. We show that in reciprocal networks this robust region exists at
intermediate noise strength by describing the transitions leading to the emergence of
robustness as the onset of instability of phenotypes with zero gene-expression levels.

2. Problem Formulation

We consider a system consisting of N units whose states are characterised by a vector x.
The dynamics of x take place on a continuous time ¢ € [0,00). Let J denote the set of
parameters controlling the dynamics of x, such as the set of interaction couplings among
x’s components. Elements of J are assumed to be updated over discrete generations
T =0,1,2,- - Thax- Let J(7) denote a configuration of J at generation 7. Note that
without adaptation, i.e. if there is no dynamics defined over the space of J, one could
interpret 7 as the index of a J(7) configuration in the latter space. Here to stress that
the fast dynamics of x depends on which set J(7) of parameters that is currently applied
to it, we denote x’s state by zx(t;7) = zx(t|J(7)), £ = 1,---, N, meaning that xj is
an explicit function of ¢ only for any given 7. We focus on adaptive dynamics with
time-scale separation:
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e (i) the fast dynamics of x(¢; 7) during which J(7) is kept fized are assumed to relax
toward a non-equilibrium steady state (NESS) with the corresponding distribution
P(x|J(1)) as t — oc.

e (ii) once x reaches a NESS, all elements Ji;(7) of J(7) evolve synchronously to
Jyj(T+1), each follows the direction set by a field hy;(7). In our problem, the fields
hi;(T) represent feedback from the steady-state distribution of x to the adaptation
dynamics of J(7). Therefore, these feedback fields need to be functions of some
fitness W(7) — a scalar that contains the information about x and the derivatives
of W(7) with respect to genetic variables (J; in this case), i.e.,

hieg () = hig; (U (7), V(7)) (1)

We shall consider fitness ¥(7) that depends only on the steady-state distribution
of all the units P(x|J(7)):

— N_l/dNIP(X|J(T))Z¢k(Ik). (2)
k=1

where ¢y, is some (non)linear function. The general framework that we develop in
the next section, however, does not depend on this particular choice of fitness.

To make the presentation clear, from now on we specify the elements of J(7) as the
interactions among x’s components, e.g. Ji;(7) is the influence of j on k. We assume
that positive and negative influences are the most basic forms of interactions among
the system units, so Jy;(7) can take binary value: Ji;(7) = 1 (Jy;(7) = —1) if unit j
activates (inhibits) the activity of unit k. This can be ensured for the adaptation of J(7)
in (ii) by adopting a discrete-time update with the sign function as shown below. When
taking the thermodynamic limit on fully-connected graphs, proper scaling of Ji; will be
considered (detailed information on scaling properties of these interactions is provided
in Appendix A). In summary, the unit-coupling dynamics of (i) and (ii) with hy;(7) and
U(7) given in Egs. and (2), respective, are closed and obey:

(aat+1)xkt7 (Z‘]’W x]t7)+€k(t;7)

T+ 1) = sign |y (7) + 57 (7)]

where Jig(7) = 0, V7, F(+) is a nonlinear function and & (¢; 7) is a mean-zero white noise
with (&(t; 7)&(t'; 7)) = 020k;0,6(t — ¢'). Due to the non-linearity of F(-) the process
x(t; 7) in Eq. (3] does not obey detailed balance (not even for symmetric J(7) [31]). Here
a parameter 8 accounts for the strength of stochastic effects in the J’s dynamics induced
by a set of ‘threshold noises’ {&;}. {&x;} are independent and identically distributed
random variables drawn from a distribution p(€) that fulfils p(€) = p(—=£) [24]. Without
the feedback hy;(7), Ji;(7+1) is a mean-zero random variable due to the term 8~'&;(7).

We shall implement the dynamics of Eq. in a nested fashion. Specifically,

(3)

at generation 7, we integrate the first equation under the present interaction matrix
J(7) until it reaches a steady-state solution x(co;7), and then we use this x(oo0;7) to
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compute the feedback fields hy;(7) via Egs. —; once all the hy;(7) are known, we
update J(7) to J(7 + 1) according to the second equation of Eq. (3. This procedure
is again repeated at generation 7+ 1. Underlying this implementation of Eq. is our
assumption that the duration of one generation must be long enough for the subsystem
of fast variables to relax to its asymptotic attractor, which is a steady state defined by
the interaction matrix at that generation. This is indeed the main assumption of many
genetic algorithms [74-79] and has also been used recently in the evolutionary dynamics
of ecological communities [17].

3. Adaptive Dynamical Mean-Field Theory (ADMFT)

The averaged coupling fi(7) is defined as
1
A7) = S (). 4
7)==y 20 (@)
i,

In Appendix A, we derive
a(r + 1) = tanh(Bh(7)) . (5)

Moreover, to quantify the variance and the symmetry level of the couplings, we introduce
parameters & and v, respectively. The latter can be defined, for any pair of 7 and 7, as
the covariance between J;; and J;{f}

v i= ([ = ()]l — i) (©)

In general, v € [—1, 1]. In particular, the specific cases v = {1,0, —1} correspond to fully
symmetric, asymmetric and and antisymmetric interactions. To simplify the analytical
treatment we fix v as a generation-independent constant, i.e. v(r) = v(t + 1) = v,
V7, by imposing an appropriate constraint on the relation between h;;(7) and hj;(7).
While for binary couplings &(7) = 1 — p?(7), in deriving the ADMFT we shall consider
the more general case in which J;;(7) are not necessarily binary, but have continuous
values as detailed in Eq. (0.10). In this case, &(7) is independent of ji(7). Using the
path integral formalism [21H25], we can derive from a saddle-point approximation that
becomes exact as N — oo, an effective process of a single unit z(¢; 7) whose distribution
of trajectories is [see Appendix A for detailed derivation of Egs. (7d)-(9)]

71r1’1a3(71

PanbAe) = [ [ (@ +a - Pin) - ) (70

*

k(t;7) = p(r)m(t; 1) + dl//o dt'G(t, ' m)x(t'; 1) +n(t; 7) (7)

where (-), denotes the average taken wrt this effective measure P({x}|{n},{¢}). The
averaged activity of this variable m(t; 7), its autocorrelation C(t,t’;7), its response

t This average is taken wrt the distribution P(J(7)) over the ensemble of networks at generation 7.
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function G(t,t’; 7) and the effective noise n(t'; 7), all are self-consistently defined from:

m(t;7) = (z(t; 7)), (8)
C(t,t';7) = (x(t; 7)z(t'; 7)), (8b)
ae.tm = (). (8)
(n(t; T)n(t's 7)), = aC(t, th7) (8)

When v = 0, the term associated with the response function drops out, leading to
dynamics similar to that of asymmetric networks [50]. If & = 0, then the system
becomes effectively equilibrium. Once coupling the effective process of Eq. to the
evolution of fi(7), we arrive at the following unit-coupling system:

(1 + 1) = tanh(Sh(7))
Opz(t;7) = —x(t;7) + F(k(t; 7)) + £(47)
In the N — oo limit, the dynamics described by Eq. @D yield exactly the same statistics

(9)

as those of the original dynamics in Eq. , in an analogous manner to what has
been rigorously proven for random neural networks [82]. Numerical solutions to the
second equation of Eq. @ can be found using Monte Carlo methods [83-86]. Once
its asymptotic attractors z(oco;7) has been found, we can update (1) using the first
equation of Eq. @, provided that a specific form of hy;(7) in Eq. (1)) as a function of
U(7) (and hence z(o0; 7)) is given. This set of closed dynamical equations in Eq. (9)
then can be iterated over many generations, in a nested manner, i.e. in the same way
as the aforementioned implementation of the full dynamics Eq. .

4. The evolution of genotype-phenotype relationship

4.1. Model description

We now provide an illustration of how the general framework of Eq. @D applies to
the genotype-phenotype map — a fundamental component of evolutionary theories [73].
Specifically, we consider the model in [74] that represents the genotype by J and
the phenotype by x. In this model J is a gene regulatory network that has an all-
to-all topology, while x are the gene expression levels of N different genes on this
network. Motivated by the observation that the functionality of genetic networks is
often determined only by a fraction of genes, the model introduces the concept of target
genes (units). Their set is denoted by 7 and their number — by NV;. All other units are
called non-target, their set is denoted by O and their number — by N, = N — N;. A
fixed ratio of target to non-target is considered in the thermodynamic limit:

a=N,/N,=0(1), N — o0 (10)

The model assumes that non-target genes do not contribute to the absolute fitness ¥ (7)



and hence defines W(7) just as an average of x;, for i € ’T

W(r) = N /dN‘xszeﬂJ (Zx) (11)

€T
This definition of fitness reflects the fact that the overall expression of some target
(important) genes is a good proxy for the organism’s chance of survival and reproduction.
In the context of neural networks with learning, such as FORCE learning [87], the
readout neurons play the role of target units as their states determine the network
performance in terms of some loss functions. For eco-evolutionary systems, target
units represent the keystone (focal) species, i.e. those that have strong impacts on
the communities in which they reside |15]. The partition into the target and non-target
units results in 4 different types of interactions, namely, J ) for i € T and JjeT; Ji(;)o)
fori € O and j € O; Ji;)forzETandj € 0; Jij forzEOandj € 7. A similar
division into two groups has been formulated for spin-systems, where, under certain
conditions, target spins are in an effective equilibrium, while non-target spins remain
non-equilibrium [8§].
In |74] the gene expression dynamics on continuous time ¢ are given by

(gt + 1) x(t; ) = tanh(Z Jiei (T xj(t;r)> + &t 1), (12)

and, also in a nested manner as explained in the previous section, at each generation 7,
the network adaptation follows a genetic algorithm that, (i) considers a population
of individuals with different networks (genotypes) and (ii) keeps only a fraction of
individuals carrying advanced genotypes J*(7) for the production of offsprings at
generation 7 + 1. Here, according to Fisher’s fundamental theorem [89], J*(7) are
those that can give rise to a relative fitness W, (7)/+1/4(7) larger than the population
average (V(7))p(y(,) [taken wrt the distribution P(J(7)) over the ensemble of genetic
networks at generation 7], where W, (7) is given in Eq. and

1
G(r) = lim W/d tx Py(zper|J(T Zxk t7) (13a)
t—00 [V] et
2(7) = lim [ d™Va P(zper|I(7))2n(t; 7). (13b)

t—o00

Following the definition of the absolute fitness in Eq. , we have the relation:

tkeT
Therefore, such a selection process by the relative fitness (instead of the absolute
one) can be ensured by multiplying x4(7) by a factor 1/4/4(7), for k € T, ie,
z,(1) — 24(7)/1/q4(7). Taking into account the symmetry of the attractors of Eq.
(12) with respect to x — —x, instead of W(7), we shall use its square ¥?(7) from now

§ This corresponds to the choice of ¢(zy) = zx(1 + a)17(k), where 15 (k) is the indicator function:
17 (k) equals 1 if k € T, and zero if k € O.
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on. By excluding the terms with k& = j from W?(7) as they are only subleading correction
of order O(N; '), we arrive at

LS o) (15)

U ktieT

U2 (1) =

4.2. Reformulation of the model in terms of Equation (@

To apply our ADMFT framework we first need to specify how h(7) depends on W(r)
in Eq. (more precisely, on W?(7) in connection with the aforementioned attractor
symmetry). Due to the partition into target and non-target groups, the specific form
of Eq. depends on which groups (7 or O) that ¢ and j belong to. Accordingly,
we denote the feedback fields that act on Ji(;t), Ji(;o), Ji(;o), Ji(;t) by hgt), h§§°), hgo) and
hgj.“, respectively. Since in the model [74] target genes are those that directly contribute
to the fitness U?(7), we expect the feedback fields hg-t) (1) can be cast into such forms
that, once taking the average over all the pairs (i,j) € T, yields ¥?(7) in Eq. (i.e.
U2(r) = N; 2 D ktjeT h,(j)(T)). This leads to

W (1) = an(r)ay(r),  (kj) €T, (16)

This particular form of hl(:;)(T) is definitely not the unique way to implement the
feedback of phenotype on genotype, but it captures the basic fact that to achieve a
given fitness value, these fields need to depend on phenotypic covariances. This form
is also known as the Hebbian learning rule [90], making the genotype-phenotype map
in [74] closely related to a Hopfield model with evolving patterns [91]. For large /5 in
Eq. , this learning rule results in symmetric interactions among target genes, i.e.
J,S.t) (1) = J](,tf) (1), V7. Taking into account the use of relative fitness in [74] [that
corresponds to x4(7) — 74(7)/1/4(7), as mentioned above], we deduce from Eq. :
W (7) = 2lTT) e T (17)

A~ Y

q(7)
Similarly, we can derive the following expression for h\Y(r) and hl%”(7) from the
gradient of the fitness, see Appendix C for the details:
(7)) ¥(7)
B (r) = <1 - “ﬂk(”) (NI @I () (18)
ke q(T) q(T) t ; kL 23 J

In summary, we reformulated the model [74] whose fitness is defined as in Eq. ([14))
in terms of Eq. 1) with F(-) = tanh(-); and hl(ﬁ?)(T) and hl(fgo) (1) given in Egs. 1)
and , respectively. In the N — oo limit, this closed system admits an ADMFT
description in terms of Eq. @D In the following subsection, we will present result

concerning the fitness in Eq. , for which the maximal U2 = 1 can be achieved
if either z, = 1 or z, = —1, Vk € T. The generalisation to those cases, where other

patterns of gene expression levels are the optimal configurations that maximise other
fitness functions shall be discussed in Appendix E.



4.8. Fized-point solutions for fully symmetric intergroup couplings v =1

For any pair of £ € T and j € O, the symmetry of intergroup couplings between the
target and non-target group is controlled by the reciprocity parameter v defined as:

vi= (175 = IR = ) (19)

In this section we only consider the case of v =1, i.e. ka) = J;Zt). We distinguish the
averaged intragroup and mtergroup couplings by introducing

7)== Z T () (20a)

(Z,j VET

xhsz} }:Lﬁ%ﬂ (200)

©ieT,je0

In Appendix A, we shall derive that for the model [74] the variance & of Jgt) equals
to a, i.e. & = . Assuming that at generation 7 the target unit x’s dynamics reach a
stationary state with time-translational symmetry, then Vs > 0, we have

tlhm Clt=t+s,t',7)=C(s,7) (21a)
t/hm Gt =t +s,t',7)=G(s,7) (21b)
Jim G(t,t',7)=0,V({, 1) (21¢)
—00

As well-known from previous studies on static fully-connected networks [38], a large
value of a would drive the system towards chaotic attractor, thus breaking this
assumption that the fast-time dynamics converge to a well-defined stationary state.
We will elaborate on the restriction of o < 0.5 for a fully-connected system to reach a
stable fixed-point solutions in Appendix D. We define the integrated response x (that
should remain finite for fixed-point solutions) as follows

X(1) = /000 ds G(s,T) (22)

When z(¢; 7) fluctuates around a t-independent average at a given generation 7, the
steady-state autocorrelation C(s,7) reaches a positive (possibly) plateau value as
s — oo: (1) := limg_,0o C(s,7). After taking this limit, we take the limit 7 — oo
to identify fixed points of the unit-coupling system Eq. @ that are denoted by
p=lim g(r), z,= lim z(¢t,7), x= lm x(7), ¢= lim ¢(7) (23)
T—00 T,t—00 T—00 T—00
and, similarly, in this limit

A= lim A(7). (24)

T—00
Fixed points of Eq. (9) then satisfy:
o = tanh () + a0 + 1)+ € (25)

This equation, for given distributions of 1 and &, defines the distribution of x,. As
x reaches a stationary state, so does n: limy oo n(t;7) = 1 = Jo\/qZ, where ng is a
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Gaussian random number with mean zero and variance JZq, Jo = v/a and z ~ N(0, 1),
the standard normal distribution. Likewise, at stationary, the effect of the white noise
¢ is equivalent to adding a static random number &, = oz to the dynamics specified by
the first two terms of the last line in Eq. @D, for z ~ N(0,1). Taking these facts into
account, we can rewrite Eq. as

z,(Z, 2) = tanh (umeo + axz. + Joy/q2) + 0z (26)

where my, = (2.).z. In general, Eq. can have multiple solutions [86]. We, however,
assume that z,(Z, z) does not depend on initial conditions, i.e. it is unique for any given
realisation of z and Z. This allows us to obtain the stationary state of the genotype-
phenotype system as a solution to the following set of self-consistency equations for the
averages taken over the ensemble of fixed points:

(1= tanh(Bm2 /q)
Mo = [ Dz [ DZw,(Z,z)

QZ/Z Dz/z Di(x,(3, 2))? (27)

00 0 ~ 1_f02
X:/ Dz/ Dz
\ —oo —00 1 —O(X(l - f(?)

where fy := tanh (,umoo + axr, + Jo\/@%) and Dz := dze_zz/z/\/Qﬂ is the Gaussian
measure; M., is the average of x,; ¢ is the average of 22 ; y is the integrated response of
x,; i is the steady-state mean value of J®). Solutions are obtained as stable attractors

of iterative dynamics started from an initial condition with sufficiently large m.., ¢, X,
. Finally, the steady-state average A of J°) can be computed from [see Appendix C
for detailed derivation]:

A = tanh(BA\°m2, /q(1 —m2 /q)) (28)

Note A = 0 is always a solution of this equation. We are particularly interested in the
transition between this fixed-point solution and the non-trivial solutions that can only
emerge if my, # 0. Therefore, it is important to know when the system relaxes to a
steady state with non-zero activity, ms, # 0. To this end, we need to analyse the local
stability of x = 0 (i.e. x; = 0, Vi € T) that can be quantified using the largest eigenvalue
Ay of the Jacobian matrix at x = 0 (i.e. by analysing the linearised subsystem of target
units). We obtain A; from p and A (see Appendix B for the derivation):

/\4 2
A=y (29)
1
This equation shows that A; depends on the steady-state behavior of the genotypic
values: Ay = 2if p=A=0, Ay =—-1ifA=0butpu=1land Ay =0if u=X=1.

Therefore, apart from being a measure of stability, A; is also a good indicator of the

genotype’s states. In showing results, to separate the effect of external noise on the
system behaviour from that of the self-sustained fluctuations, instead of ¢, we chose to
plot the so-called intrinsic variance qg, defined as

Go=q—0>. (30)
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Table 1. The model steady-state phases and their features

Phases Moo A 0
robust Moo >0 A>0 >0
non-robust, Moo >0 A=0 >0

para-attractor my, =0 A=0 pu=0

We now present results for o = 0.5, similar behaviour is observed for other a > 0.07
(see Fig. 2 (B) below, where a = 0.07 is the minimal value of a for which solution
with non-zero A can be found). The particular value of & = 0.5 is chosen for the sake of
presentation only as in this case one can find a robust region over the largest window of
noise. The steady-state behaviors and, in particular, the emergence of robustness can
be quantified by the dependence of A; computed from Eqg. on Ty =1/ and o.
In figure [1] (A) we find three distinct regions corresponding to different values of A,
namely, A; = —2, A; ~ —1 and A; close to zero. This is because of a non-monotonic
behaviour of A as a function of o at high enough selection pressure. Specifically, upon
increasing o, A first increases from zero to a plateau value close to 1 and then drops
to zero again as observed in figure [1| (B) for f = 10. This figure demonstrates three
possible solutions of Egs. —: the first solution is A = 0 and mq,,pu > 0, the
second corresponds to me., A, it > 0 and the last — to my = A = = 0. We call them
non-robust, robust and para-attractor, respectively. Their characteristics are given in
Table 1. Note that due to a positive feedback between p and m., that is imposed by
the first of Eq. , Meso and p always behave similarly.

Figures|l| (C)-(F) show detailed behaviours of the order parameters as functions of
T; =1/ and 0. While both m, and g only undergo an ordered /disordered transition as
o is increased at fixed Ty = 87!, below some T}A), the robust phase with A = 1 emerges
within an intermediate range o € [O’él)(Tj),U£2)<Tj)]. Importantly, U£1)<TJ) > 0. If
noise is increased beyond O-((;Q)(TJ), a transition from the robust to para-attractor phase
occurs due to the dominant effect of noise. In the para-attractor region, both phenotypic
and genotypic values become zero, indicating the unique state is neither robust nor
functional. These results are in agreement with the model [74] where a loss of the
robustness to noise that evolved at intermediate noise is observed with decreasing noise.

Next, we plot the phase diagrams in terms of o and o in Figure 2] Here again,
three phases are observed. At a given noise level o, the system reaches a state with
non-zero fitness mq, > 0 as o > a.(0). Note that a.(o) grows with o, indicating the
necessity of having a sufficient fraction of non-target genes to achieve high-fitness values
at large noise. This enhancement of robustness with the help of non-target genes is also
observed in the behavior of the genotypic variable A, where the robust region with A > 0
broadens with increasing «. Note that due to our choice of fully-connected networks,
the fixed-point assumption only holds for a < 0.5, as can be shown via a local stability



11

1 1 1 0.6
0.5 0.5
_ 0.25 o5 _ 0.25 0.4
= . —m =
0.167 e 0.167 0.
0.1 ‘ - 0 0.1
0.2 04 0.6 08 1 0 0.5 1 0.2 04 06 08 1
(A) o (B) o ©) o
A 9
1 1 1 1 1
0.4
0.5 0.5 0.5
_ 025 _ 025 _ 025 0.3
- — 05 0.2
0.167 0.167 0.167 :
0.125 0.125 0.125 0.1
0.1 0 0.1 0 0.1
0.2 04 0.6 08 1 02 04 06 08 1 0 02 04 06 08 1
(D) p (E) o (F) o

Figure 1. (A) The largest eigenvalue A; as function of o and Ty = 3~1. Here A; is
computed by Eq. of the linearised subsystem of target genes at x = 0. Three
distinct values of Ay indicate three different phases that we call robust, non-robust,
and para-attractor. (B) Order parameters as function of o for f = 10. In the non-
robust phase mq,, t > 0 but A = 0, while in the robust phase me, A, > 0. In the
para-attractor phase (PA) mo = A = p = 0. (C) Averaged activity of target genes
m. (D) The average of target vs non-target coupling A\. (E) The average of target vs
target coupling u. (F) The intrinsic variance in the target gene’s activity go. In all
panels « = 0.5 and v = 1.

analysis given in Appendix D. We expect that in realistic genetic networks that are
sparse, such a restriction might not be necessary. Therefore, one can consider a« > 0.5
and even « > 1 in that case. Finally, quantifying the system behaviour in terms of A,
in Figure 2| E, we can see the existence of robustness phase corresponding to the values
of Ay very close to zero.

5. Discussion

In this paper, we constructed the ADMFT framework that is applicable to a wide range
of adaptive systems, in which slow adaptation of one type of degrees of freedom occurs in
response to fast changes in the state of the other. We demonstrated our approach within
the context of genotype-phenotype evolution, where we found a transition from robust-
to nonrobust phase with decreasing noise in networks of fully-symmetric intergroup
couplings. This happens due to a trade-off between phenotype and genotype that
leads to a strong non-monotonic behavior of the genotypic value A\. A comprehensive
picture of the model behavior in the full range of v € [—1, 1] with possible limit-cycle
and chaotic behaviours will be addressed in future work. At the moment, we can
speculate that as the intergroup interactions become more non-reciprocal, such non-
monotonicity is reduced, resulting in a robust phase at low noise. In this case, however,
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Figure 2. Order parameters as function of « = N,/N; and o at v = 1 and § = 10.
(A) Averaged activity of target genes mq,. (B) The average of target vs non-target
coupling A. (C) The intrinsic variance in the activity of target genes qo. (D) The
average of target vs target coupling u. (E) A; as function of & = N,/N; and o. The
value of A; is used to distinguish the robust, non-robust, and para-attractor phases.

the system achieves a lower averaged activity than what is obtained for reciprocal
intergroup interactions. In the fully symmetric case, we also found the emergence of
an outlier eigenvalue from the genotype-phenotype feedback. Such eigenmode controls
the long-time behavior of the gene-expression dynamics, which is consistent with the
dimensional reduction of phenotypic dynamics resulting from genetic algorithms .
For a given environment, our work suggests the loss of robustness at low noise and
confirms the beneficial role of noise in the evolution of robustness as previously discussed
in numerical studies . In particular, in the robust phase where m,, > 0, a
proportionality between the response to environmental stochasticity and the response
to mutation G, (7, 7") = 9(x(7))/0j(1") can be expected to arise as a consequence of the
Hebbian-learning in Eq. . Such a proportionality shall imply a correlation between
phenotypic changes due to genetic variation and those in response to environmental
perturbations, as suggested by ,,. It would be interesting to extend our
approach to a fluctuating environment where a nonlinear dependence of the fitness on the
expression patterns due to a trade-off between the cost and benefit is expected .
In comparison to other recent extensions of DMFT for neural dynamics that focus
on local learning rules, such as activity-dependent plasticity and pattern-based
learning , our approach derives the adaptation rules for the coupling matrix J
from a global fitness function. Nevertheless, persistent fluctuations are observed in the
robust phase of the presented GRN model are similar to chaos with retrieval in .
In this regard, the ADMFT suggests the relevance of noise to shape robust memory by
maintaining a finite overlap with the stored patterns.
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Appendices

A. Deriwvation of the effective dynamics in Equation (9)
We use an integral representation of the probability P({) of the mean zero white noise
§(t):

P~ oxp |- [dnreice @) ent) = (6w = oot 1)
to rewrite any SDE of the form 0,z = F(t) 4+ £(t) as [ is the imaginary unit i* = —1]

- / DaDi exp {—% / ddt’ 3(t)Ce(t, t)2(t') + i / dt #(8) O —f(t)]} (1)

Let (-) denote the average taken wrt the measure P({x}or,,.) — the distribution over
an ensemble of trajectories of x(¢;7) for ¢ € [0,00) over Ty, generations:

P({x}otn) = B {x(0. 1), 7 = O}, {x([0, 8], 7 = D} ([0, 7], 7 = T}

Since at each generation 7 € {0,1,- -+, Thax}, X(t;7) obey the first of Eq. (3), we can
represent P({x}o.7,..) by rewriting the dynamics of x in the presence of an external
field O(t; 7) with the help of Eq. (.1)) as an identity:

Tmax N

1_/D zi f f] exp ZZ/dt (0.2a)

Oz, 2, f, f] = & [(@ 4 1)z — F(fk)} +flfe — 6] +io%2/2  (0.20)

ty—o0

Z Ty (T fk (t; 1) (t;7) (0.2¢)

where D[zz f f] := Htf/m Hk 1 HTma" D (nAt, 7)Diy(nAt, 7)D fr,(nAt, 7)D fr.(nAt, 7),
for At — 0, denotes the functional measure over all possible paths. The moment gen-
erating functional of P({x}r,...) with {¢(¢t;7)} for 7 =0, -+, Thax is:

Z[)] <eXp{ fz/dwk ka)}> (0.3)

7=0 k=1
When the distribution of noise is p(€) = [1 — tanh?(€)]/2, we can rewrite the second
dynamics in Eq. as a master equation for the distribution P(J(7)) of configurations
J(7) [24):
Bhk(T)Jk(T + 1)
. _ Pk j
P(J 1)) = P(J 0.4
a0 = 3 PO [ S (0.4

I} k#j
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This means the actual choice of value of Jy;(7 + 1) is probabilistic and drawn from a
distribution over two possibilities, namely, J;(7 + 1) = 1 and Jy;(7 + 1) = —1, with
probability oc exp {Bhy; (1) Ji; (T + 1)}. Without loss of generality, we take P(J(0)) as
a uniform distribution. In order to separate the feedback fields at any generation, let
us introduce hy;(7) as the value that hy;(7) admits at the 7-th generation. This can be
done by inserting the following identity to Eq. (0.4):

Tmax—1

- / Dlh]esp {i Z Zh,w )l () — iy ()]} (0.5)

For example, in the case of the genotype-phenotype model in Section 4, fzkj (1) is given
by Equation if (k,j) € T and Equation if ke T and j € O. As seen from
that example, in general, Bkj (1) depends on the joint distribution of the fields x and J.

Let E[-] denote the ensemble average wrt the joint distribution of trajectories in the
combined space of x and J. This measure can be obtained by inverse Fourier transform
of the moment-generating functional Z[¢, W], obtained by plugging Egs. —,
altogether into Eq. '

Z[, ®] = /Dg::rffhh Z Sy e (0.6a)

{I(Tmax)}
TII]BX
L = ZZZ / At~ 1]+ 3 Uy + T 00 (0] (0.60)
7=0 k=1 k#j

where

S,(Cw) = S,EO) + U (t; )k (t;7)
Lij(7) = ihij (7) [ (7) = haj (7)] — In (2cosh [Bhy; (7))

T‘Inaxf1

By = > {Lu(r) + Jylr + )W + 1) + B (7))}

7=0

Denoting the J-independent and J-dependent part of £ by Ly and £; := ), £ El(;j].),
respectively, the exponential in Z[¢, ¥] can be written as:

L =Lo+ Ly (O?CL)
Tmax Tmax—1

L =iy Y [asPEn e Y Y Lue) (0.70)
=0 k =0 k#j

L = + J;(0) [\ykjm) i / dtfi(t,0)z;(t, 0)]

Z Jiej (T {\I/kj + Bhyi(t—1) — i/dtfk(t; T)Ij(t,T)} (0.7¢)

In the following we shall present a derivation for ADMFT in the general setting of N
fully-connected units with 2 groups of units: target (i € 7) and non-target (i € O).
From now on by x we mean only x;, for ¢« € 7. To avoid confusion, the state vector of
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all non-target units x;, for © € O, is denoted by y. The partition into the target and
non-target units results in 4 different types of interactions, namely, Jg’t) for ¢ € T and
JET; Ji(;-m) fori € O and j € O; Jgo) fori € T and j € O; Ji(ft) forie OandjeT.
We have

9 N N, )
j=1,j#k =1
The presence of a non-target unit ¢ € O with its dynamics
0 al
oo ot)
ayk:_yk—tF( Z J]S;j yJ+Z J )—tﬁk, (0.9)
i=Lj#k

modifies the dynamic of those target units k € T connected to it. Therefore, to derive
a closed set of dynamical equations for the subset of target variables exclusively, we
consider the following ansatz for the effective interaction between any pair of target
variables k € T and j € T

Ji3 (1) = I (1) + Ady(7) (0.10)

where, apart from their direct interaction J,i;t)(T) (J,gj-t) (1) € {—1,1}), AJy;(7) is the
part of the effective coupling that is induced by all their common non-target neighbors
¢ € Ovia JI(7) and Jgt) (7). As we consider fully-connected networks, if Ny — oo, the

couplings J,E? should be rescaled by 1/4/N, to ensure a sensible thermodynamic limit.

However, due to a low-rank structure that can emerge from the adaptation dynamics of

J,g;t), a proper scaling of J,Ej) is Ji(je) — Ji(je)/Nt. To determine AJy;(7) in Eq. (0.10)), we

assume that the steady state solutions of the following approximate dynamics for the
subset of target units:

) o
San(ti7) = —aul(ti7) + F(J %k T (7)ay (1 7)) + &t T) (0.11)

is the same as those of the original dynamics Eq. . As at generation 7, both x and
y reach their corresponding attractors defined component-wise from Eqs. — as

(1) = hrn x(t;T) (Z Jk Jxi () + Z JIS;O) (T)yg(7)> (0.12)

JET leO

w(r) = F(¢O+ ), (0= 3 a0 @elr => 50 (r)ay
reo JET
where (lfo) and Cét) are the contributions of ¢/ € O and j € T, respectively, to y,(7). If
there is no feedback of phenotype on the couplings among the non-target units, then
hgjf) ) (1) = 0, V7, and as a result, Jézo) remains random over generations. Therefore,
we have CEO) < Qt < 1, and y,(7) ~ Ct Substituting this ye(7) into Eq. (0.12)), we
get the condition for the asymptotic attractor of Eq. (0.11)) equals to that of Eq. .

(7)) = F (D et [kat (1) + AJy;(7)]x;(7)), if and only 1f

Adii(m) = a3 ()7 (7). (0.13)
LeO



16

From now on, we shall compute Z[t, ¥], for the above dynamics of Eq. (0.11)).
This means that we need to insert Ji;(7) = J,gj) (1) (with AJy; from Eq. (0.13))) into
the expression of I[x, f] in Equation 1) We define the order parameters:

W (7) ]\1]t / dt fo(ts 7 (1) (0.140)
1

m(tT) = jGZij(t; 7) (0.14b)

gtr) = Nit > hlti7) (0.14¢)
keT

q(t,t'.7) Zwk (t; )t 7) (0.14d)
t ke

Qt.t', 1) = ka () fult, ) (0.14¢)
t ke

K(t,t',7) Zxk (t;7) fu(t',7), (0.14)
k:E'T

Let [a];» denote a(t; 7). We remark that 3°, . wy;(1) = Ny [ dt m(t; 7)g(t; 7). Thus,

1= / D[miggpw] exp { 4 / dt [u( 3w —mgNt>]

k#jET

tr
X exp z/dt [ (mNt Z%) +§<9Nt—2fk>]
JET keT tr

Using this identity to perform the sum over {J(7)} in Eq. (0.6d), we can write the
moment generating functional Z[i, W] as follows:

Z[p, ®] = /D[x:effhi}] exp {ﬁ0+ mz_ [B(7) +D(T)]} (0.15)
Lo = Lo+ Y In2cosh(W;(0) — iwg;(0)) (0.16)

k#jET
where B(7) and D(7) shall be obtained by summing over the respective parts J,E;t)(T)

and AJ; () of J,E? given in Equation ((0.10)). The sum over {J,g;t) (7')} is straightforward
to be carried out and yields

) (tt) . .
S P (= ERE

k#jeT

+ln{exp (iﬂ(7+1)/dt[ (mNt Zxk) +m(9Nt ka)]tr+l)}

keT keT
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To compute the sum over {Aka(T)}, for AJ; (1) =3 1co J(to)( )Jl(] )( ) we introduce:

exp( Z ij> —exp{—— Z Z/dt kaj ‘]l(]Ot)( )LT}

kAj€T k€T IgT
~end X | A f] e
1¢T keT Ny tr Li€T Ny tr
_ /HDleZleifdtzl(t,T)yl(t,T)
12T
(to) 7 (ot) ..
Sk Jij %
x/dt [(5<Zz—zkl—)5<yl—2]—)
ier VIVt JET VN tr

The delta functions in this expression can be represented using the conjugate fields g,
and Z; as follows

/D Yyzz exp{ Z/dtN/ 2120+ yith) — 2 Z /dt J,SO fr +Jk xkyl] }

12T keT 1ET

Substituting g, = 2z;/v/ Ny and 2, = y;/+/N; that are obtained by varying the exponent
wrt y;(t; 7) and z(t; ), respectively and denoting

Xu(r) = N80 @) [@n(r) + B0 (7 = D] + I (7)) + Bhi (= 1]}

we have

D(r) =In 3y exp< Y X+ Y ij) (0.17a)

{149 (),500 ()} keTIET k£jET
ng
where we introduced
¢ = ——Z/dtdt G, t', m)ap(t, 7)p(t', 7)
keT

- —Z/dtdt Q. 7) fult, T) [t 7) + K (t, ¢, 7) fu(t', 7w (t, 7)}

keT

+/dtdt’ {q(t,t/,T) [(j(t,t/ﬂ') + Q_Nt ZTZl(tQT)ZZ(tluT)]}

+/dtdt'{@(t7t,77>[QttT 2N Zyztryzt T]}

gT

—l—/dtdt’ {K(t,t/,T) [K(t,t’,r) —l—VNL Zzl(t;7>yl(t/,7)]} (0.18)

teT
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Q= % > (Tl + 1)+ BR (1) + V(7 + 1) + ﬁh&?’*)(f))z

tokeT 1gT

N2 Z |:\I}kl + ﬁh,(d o) + \Ijlk + ﬁhl(k )] /dt[ylfk -+ lek]t,r (019)
b okeTlgT

We can now have write Z[t, ¥] in Eq. (0.15) in terms of an action S
21, %) = [ Dlwif fhbjiumgysqiQQI Rjesto bz aiQ Q16

where

S=Wot+ > Wi+ > Wu+iy (/ dtS\"Y (t;7) — Mk(7)>(0.20)

kAjET kET IET keT
Wy = [ dtdt t,t t t t t
dtdt t,t t v t t
+/ {Q(7 ,T) [Q ,T) 2Nt;yl STy T]}
+/dtdt’ {K(t,t’,T) [f((t,t’,r) +u% > alt; T)yz(t’,T)”
t gt
—{—Z'Nt/dt,&(r)m(t; T)g(t;T) (0.21)

My,

) / dtlg(t, 7Yt 7) + mlts ) fult: )

i
/ ddt Gt ) (t: )aa (7))
/dtdt’ [Q(t,t,,T)fk(t;T)fk(t/,T) +K(t,t/,T)fk(t/,T)xk(t;T)](O.QQ)

Wiy = i 1)~ )~ [2cosh (305 ()30
oy < ki (T 1) + Bl (1) — iw (7) (0.23)

1
+In N,

< (W SR Wy 4 BRI

Wi = 2N, o hkl (h hkl)
(to) (o)
: (of) Bhy, B Bhy,
+ihyy (h — hy) —In [2cosh ( N )] In [2cosh ( N >]
o Rt L plot) .
_ Y + Bhy ; ik + Bhy /dt[ysz + 2], (0.24)
t
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Setting ¥ = 0, saddle-point conditions wrt h,(:lo), h,glo), hl(zt), hgzt), h(tt) and h(tt) yield
N _ to
Mr+1) = \/Nt<J,£l )(T+ 1)> = <\£1£n>0 a‘l’kl) = tanh ( Al ( ))
A7 +1) = \/Nt<J (T + 1)> <hm > ( hl(,‘;t G ))

T—0 OWpy
Z
0= ) ) o ()
J

Next we introduce a measure for the effective dynamics of a single unit x that, for an
observable O = O(x, z, f, f, hs, hs, ws, [1.), can be defined as

/ DyDzD[wfcff]OeS*

~

<O(‘r7j:7f7 f. h*,h*,w*,ﬂ*)>* =

(0.26)
/DyDzD[a:iff]eS

where S, denotes the value of the action S evaluated at the saddle point

M* = (m*7 g*7 q*7 q*v Q*a Q*v K*? K*) fOI‘ ¢ = 0
The saddle-point conditions are:

( 0S
g 0 7 meltr) =G
0S L ia ,
by =0 @bt T) = = et )t )
(0.27)
oS . , i | /
0w~ @) = = byt 7))
oS .
R ry = Y 7 Rt = ivale( ()
( 0S )
g~ 0 79T = )
oS
Gt t1) 0, —aq(tt,7)= ()2, 7)),
08 : (0.28)
W =0, —Q.(t,t,7)={f(t;7)f(t', 7))
oS , o
\ W =0, — K.(t,t,7)={x@t,7)f(t, 7))«

Additionally, from the normalisation Z[¢) = 0, ® = 0] = 1, we have (f(¢; 7)), = 0 and
(f(t;7)f(t', 7)), = 0. These imply that

g:(t;7) = Qu(t,t',7) =0
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The final step consists of integrating out y and z to find ¢, Q*, K, as follows

Gu(t,t',7) =——<<ZJ“’ fgtT)(ZJto fgt’7'>>
veT LeT *

= =S (R iae ) )
eT
Ly (0.29)

Q.(t,t',7) ———<<ZJ‘” )(ZJ(“ Vot r>>
reT LeT *

= S I el Tyt 7))

L

- —%C(t, t,7) (0.30)

K.(t,t,7) = —ive < (Z I8N fot, T ) (Z J (7 ) >
eT LeT *

— —iva (z’G(t’, t,7‘)> (0.31)

*

where K(t',t,7) = < Folt, Tzt T)> and G(¢,t,7) == x(t', 7)), /90(t, ).
The effective single-unit dynami*cs is generated by the following path probability:

Pz}, ) / DmeTlrifexp{ / [ (at+1)x+z%2;ﬁ2—:z-F(f)” (0.32)

<exp{i [auf(s = maitr) -0}
X exp {—a / dtdt/[c(t’;/’T) Pt F(E ) + G )t f(E ) }}

We can further perform integration over the auxiliary fields { f }, using a Gaussian noise
n(t; 7) with correlator (n(t;7)n(t', 7)) = aC(t,t',7), to rewrite this path probability as

PUlah ) = [ Dfew{=§ [dwir ceenfsnie.n +i [ afeomen}]

Tm ax

X /Dgp(g)Dn H {5[(@ + Dz — F(f) —5}

) (f —m (1) — av / dt'G(t, t', m)x(t',7) —n — 0) } (0.33)

Finally,
Tmax

Pz}, {f}) = / DEPE)DyP() [] 81000 + 1)x — F(f) — €]

7=0
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x 5( f— map(r) — av / d'G(t, ¢, 7)) — 17— 9) (0.34)

The above equation results in the equivalent SDE form of the x’s dynamics in Equation
@D. We note that the single-unit effective measure now can also be defined as

O({x}). / D [/ DEP(€)DnP( >P<{x}|{n},{5}>} O({z}) (0.35)
- / DEP(€)DnP(m)O{x} {1}, {€}) (0.36)

where the conditional average O({z}|{n},{{}) is taken wrt the conditional probability

Tmax

P({z}{n} {€}) HH< @p(t,7) + 2t 7) = F(f(57)) = €(57)) )

f=k

*

k= m(t, 7)(T) + av / dt'G(t,t', )z (t',7) +n(t,7) 4+ 0(t, )

B. Deriwation of Equation (@) for the outlier in the spectrum of the target-gene
effective dynamics’ Jacobian around the zero fired point

In this section we consider only the coupling matrix J that is achieved at the infinite
generation 7 — oo. So all the 7-dependence can be dropped out in considering the
x’s dynamics as well as in the notation of J. We have (1) := (J-(?t) (1)) = /Ny and

ij
A(T) = (Ji(,zo)> (JkOt)> — M\V/N; as 7 — oo. Denoting by J® the set of effective

interactions Jz(je as defined in Eq. (0.10]), we can consider Ji(je) as as Gaussian random

variable whose mean is y/N; and variance is A\*/N; with a covariance between Ji(je) and

(e) - — 2 :
Jj;" quantified by a symmetry parameter I' = v € [0, 1]:
4 4
© oA ey _ A
where we have used [ - |; to denote the average taken with respect to the ensemble of
random realisations of J® and [a, b] ; to denote the covariance of a and b. In order to

compute the outlier of spectrum of J® we follow the approach described in [43], which
shows that the outlier of J®_ for u # 0, needs to satisfy [105,/106]

RO + wouttir) = i Rw) = Nit > Ryt (0.38)

where R;; are the entries of the resolvent R(w) = (wly, —2)~", 2 = Jl] — p/Ny and

Iy, is the Ni-by-N; identity matrix. Using the Neumann series for R, we have
1 1 1 0ij  Zij ZikZkj
R(w) = N [z; (Wdi;—2i;) L =N [z; (U +5+ zk: ot ]| (039)
(2 2, J

We introduce the moment generating functional Z[¢| for the dynamics of Eq. (0.11)):

/Dm:ff exp Z/dtS(O) iy /dt Oy (125 (1) + I 5 (1) o))}

keT k.jeT
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where g,go)(t) = lim, S,go) (t;7) with S,go)(t; 7) given by Eq. 1) When taking the

average [Z [¢]| , one needs to compute the average of the second exponent

Hlp| = [exp {_Z Z /dt i ()21 () + Jlgj)l‘]( )fk( )]}]
k.jeT J
X exp {_2/\_]\71; Z [/ dt(¢i; + xjﬁ)} }

X exp{ N, Z / dtdt % )+ ;(t) filt )] : [m(t’) +xi(t’)fj(t’)]}

Denoting

i((ig)) _ _)\ﬁi {/dt’ [%(t’) +xjfi(t’)} +F/dt’ |:¢ji(t,) +17i(t,)fj(t/)] }(0‘40)

we can express the moments of z;; via the derivatives of H[¢] averaged over the

Vij =

dynamical realisations of x (this kind of averages is denoted by (-)) as, for example,

0 /oInH )

This allows one to rewrite Eq. (0.39) as
R(w) = ﬁt; [U+_2 U 3Z< VikVij + 5¢k]>

; 0V 5Vzk
_ v <VikalVlg + Vins—— S 5¢kz VE]> " $=0

We remark the two properties of Vi (terms that are of order O(N 1) are neglected),

namely

(1 <6V-k> D%
~ : =5y 6;=-1A
N i.gk 00k; / g0 N Z ’

t ik
(0.42)
5Vkl> 't
-~ Z ik = __Z<‘/ij>|¢:0
2,7,k,l < 5¢lj =0 Nt .J
After some calculatlons following the procedure detailed in [43], we find
R(w) = u(w) + v(w) (0.43)

where

1 1 5‘/§k> 1 <5V§k Vi 0Vi 5VZm>
u(w) = — — + == +
() w  Nw? ”Zk <5¢kj oo Nw° ”;m 0Pkt OPmj  0Pmj 0Pkt [ 4

1 u? jut
vw) = D Vi)l go — N D ViVii) g — N D ViViaVig) o + -

Y] .5,k 1,5,k
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The function u(w) can be obtained as a solution to the equation [43]

w— Vw? — 4T\

u(w) = ST (0.44)
while for v(w) we have
211+ F)mf* + Tu(Q.m?* + q*ff - 2)(mf*)
v(w) = 0.45
) 1= (1 +D)xu+Tu?(x* — ¢.Qx) (049)
Since f, := Dok fi/N =0and Q, =0, v(w) = 0. Therefore,
R(1 Woutlier + - \/(woutlier + 1)2 - 4F)\4 1 0.46
( + woutlier) — 2F)\4 - E ( . )
The solution to this equation, for I' = 1 (i.e. fully symmetric interactions), reads
/\4 2
Woutlier = i a —1 (047)
I

This equation shows when p = 1, Wougier = A%, Since the Jacobian for the dynamics
of target genes around the zero fixed point x = 0 is J;; = —6;; + ig-t). The largest
eigenvalue of J is hence A\* — 1. In the case of fully symmetric interactions, the zero
fixed point thus becomes marginally stable in the robust phase where both pu, A — 1.
As a final remark, while it is possible to extend the above computation of the outlier to
the more general case of non-zero fixed point, we leave it for future work.

C. Derivations of Equation (@ and Equation (@

From the Appendix A, the evolution of the averages of the intergroup couplings can be
described by the following equations:

A7) == Z J (to) A(T + 1) = tanh(8h1) (7)) (0.48a)
ZGTJEO

A(r) = NlN S ), A +1) = tanh(B (7)) (0.480)
tY0 GeT jeo

For k € T and j € T, provided that all J,St)(T), i # 7, are fixed, then x(7) changes to
xk(T) + Ax,(f) as J,g.t) (1) = J,S-t) (1) + AJy;. To the first order in AJy;, using Eq. (0.12
with F' = (-) we have

A:pg) ~ 1y, (J,g-t) (1) + Aka> — T (J,gj.t) (7’)) (0.49q)
al‘k 2
- Ay +O((Aky)) 0.49b
OJkj lay=I0 () i+ O((B) ( )
= (1 - 22(1)) 2;(1)Ady; + o((Aka)Q) (0.49¢)
Let U2 denote the total change of the fitness W?(7) given in Eq. , we have then
2U ; ;
su2 = 2¥() Az ifa(r) = @) + Azl (0.50)

Ny
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Plugging Egs. (0.49d) and (0.13)) into Eq. (0.50]), we obtain

20
SW2 ~ ]\;:)x]( Y1 — 23 (7 (ZJ(to) JKJOt ))

LeO

Following similar arguments in specifying h(tt) from the fitness ¥?(7) in Eq. , here

we can also consider W% as the average of some feedback field h( °) over all the pairs

(¢,7) such that £ € O and j € T, ie. 692(1) o (N;N,)~ Z(&j j °)(7)). This means

hgto) can be defined as:

) = (1= D) 2 (5090 (1) (0.51)

where we have used zy(7) — xx(7)/+/q(7) to make use of the relative fitness.
Substituting this form of h,(:;)@') into Eq. (0.48ad) and then taking the limit ¢,7 — oo,

we arrive at Eq. .

D. Linear stability of the fixzed point in Equation (@) in the absence of noise

Here we follow the approach of [29], where we perturb the fixed point x, by some small
Gaussian white noise and check how the system responds to it. To this end, we linearize
the ADMFT second Eq. @ around x, and perform a Fourier analysis as follows. For
o =0, with z = N(0,1), Eq. then becomes

2.(2) = fo(x,) := tanh (,umoo + Jov/qz + Xuoza:*> (0.52)

where mo, = (), and ¢ = (22),. For p = 0, z, = 0 is always a fixed point.

Perturbations around any fixed point z, can be described by z(t) = x, + ex1(t) and

n(t) = Jo/qz + €z (t). We have (z1(t)z1(t')) = a(x1(t)x1(t')) from the self-consitency

relation Eq. . Adding a term e¢(t) into the effective process Eq. @D for o = 0,

where ¢(t) is a white noise of unit variance, the Fourier components Z; (w) of 1 (t) satisfy

oo 1R 053
iw+1—vall — f3(z,))G(w)

Solving this equation for the square modulus of & (w), i.e. Ro(w) = |71 (w)|* gives us

. 2
(iw + 1) — vaG(w)[1 — f5(z.)]

1 — f5(z.)
The stability of the steady-state solution in Eq. (0.52)) is only determined by w = 0. In
this case, G(w = 0) = x and the above equation simplifies to

[Ro(w = 0)] " = - vax(1 - )| - (0.55)
T - R@)P |

Ryl(w) = -« (0.54)
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If Ro(w = 0) diverges, perturbations do not decay to zero, signalling an instability of
the fixed point. This means the fixed point x, loses its stability at > = 0, while remains
stable at ¥ > 0, for

£() = [1—vax(1 - ()] — all - R (0.56)

For the paramagnetic fixed point with x, = ¢ = 0, so that fy(z.) = 0, this condition
simplifies to

Y(z, =0) = [l —vax]* —a (0.57)
For v = 0 this reduces to the well-known result a,. = 1 for static random networks 27,
while for v # 0 we can proceed with the definition of x

=l Te) e ). 059

that, around the critical line where z, ~ 0 and hence m., and ¢ are small, satisfies the

following quadratic equation:
X(1—xra)=1 (0.59)

The physical solution to this equation reads

B 1—+vV1—-4va

2va
Substituting this y, into Eq. (0.57)), we arrive at

Sz, = 0) = }l[l—kx/mr—a (0.61)

It is easy to check that this reduces to a.(1 + v) = 1 and hence a, = 0.5 for v = 1.

X (0.60)

E. Generalisation of Eqs. (@, and to environments whose optimal
phenotypes are given by quenched binary patterns

Suppose in a given environment a, the optimal phenotype is S® with Si(a) e {-1,1}.
The definition of fitness Eq. then can be generalised in this case as follows:

1 a

ma(T) = =Y wi(r), wilr) =8 wi(r) (0.62)
Ny
€T

For SZ-(G) = 1, Vi, we recover ¥(7) from m,(7). Next since F'(-) = tanh is an odd-
symmetric function, by multiplying both sides of Eq. , we arrive at

a a a a

(E + 1) wi(t; 1) = tanh(X:S,(~C )Sj(» )ka(T)wj(t; 7')) —i—S,g 6, (t;7) (0.63)
J

Now introducing Ji; (1) = S,ga)Sj(-a)ka (1) and ((t;7) such that (Cu(t,7)¢(t, 7)) =

UQS,ga)S](.a)ékj(STT/é(t — t'), we have the Eq. (0.63) becomes exactly the same as Eq.

but for the new variable wy(¢; 7). Finally, it is rather straighforwards to see that in

this case the learning rule for J;; can be similarly obtained by replacing x(7) by wy(7)

and () by §u(7) := N2 deth(wi€T|j(T))(ZieT wi)2 in Eq. .
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