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FABER-KRAHN INEQUALITIES, THE ALT-CAFFARELLI-FRIEDMAN
FORMULA, AND CARLESON’S 2 CONJECTURE IN HIGHER
DIMENSIONS

TAN FLESCHLER, XAVIER TOLSA, AND MICHELE VILLA

ABSTRACT. The main aim of this article is to prove quantitative spectral inequalities for the
Laplacian with Dirichlet boundary conditions. More specifically, we prove sharp quantitative
stability for the Faber-Krahn inequality in terms of Newtonian capacities and Hausdorff contents
of positive codimension, thus providing an answer to a question posed by De Philippis and Brasco.

One of our results asserts that for any bounded domain 2 C R™, n > 3, with Lebesgue measure
equal to that of the unit ball and whose first eigenvalue is Aq, denoting by Ap the first eigenvalue
for the unit ball, for any a € (0,1) it holds

C B(z, at 0 2
A — s = Cla) mf( sup f oDl alrs) )dH"*(x)),
B\ te(0,1) Ja((1-1)B) (trs)

where the infimum is taken over all balls B with the same Lebesgue measure as Q2 and Cap,,_, is
the Newtonian capacity of homogeneity n — 2. In fact, this holds for bounded subdomains of the
sphere and the hyperbolic space, as well.

In a second result, we also apply the new Faber-Krahn type inequalities to quantify the Hayman-
Friedland inequality about the characteristics of disjoint domains in the unit sphere. Thirdly, we
propose a natural extension of Carleson’s e2-conjecture to higher dimensions in terms of a square
function involving the characteristics of certain spherical domains, and we prove the necessity
of the finiteness of such square function in the tangent points via the Alt-Caffarelli-Friedman
monotonicity formula. Finally, we answer in the negative a question posed by Allen, Kriventsov
and Neumayer in connection to rectifiability and the positivity set of the ACF monotonicity

formula.
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1. INTRODUCTION

The main aim of this article is to prove quantitative spectral inequalities for the Laplacian
with Dirichlet boundary conditions. More specifically, we show that the Faber-Krahn inequality
is stable, where stability is quantified in terms of Newtonian capacities and Hausdorff contents of
positive codimension. Our results hold for subdomains of the Euclidean space, the unit sphere
and the hyperbolic space, and they are sharp up to a constant factor. We remark that Theorem
A, our main result (see below), can be seen as a geometric solution of an issue raised by Brasco
and De Philippis ([BD, Open Problem 7.23]), and it foundamentally rests on the analytic solution
of the same problem by Allen, Kriventsov and Neumayer [AKN1]. Our interest in these versions
of the Faber-Krahn inequality arise also from applications in connection with the Alt-Caffarelli-
Friedman monotonicity formula and with the Carleson e2-conjecture about tangent points for
Jordan domains in the plane. Indeed, in this paper we also propose a natural extension of Carleson
e2-conjecture to higher dimensions in terms of a square function involving the characteristics of
certain spherical domains, and we prove the necessity of the finiteness of such square function at
almost every tangent point. Sufficiency is shown in the companion paper [FTV].

1.1. Quantitative Faber-Krahn inequalities. Given a bounded open set 2 C R", we say that
u € VVO1 2(Q) is a Dirichlet eigenfunction of Q (for the Laplacian) if u # 0 and

—Au = Au,

for some A € R\ {0}. The number X is the eigenvalue associated with w. It is well known that
all the eigenvalues of the Laplacian are positive and the smallest one, i.e., the first eigenvalue \q,
satisfies
Vul|? dx
wew () Jq lul?dz
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Further the infimum is attained by an eigenfunction uy which does not change sign, and so which
can be assumed to be non-negative. We will denote by Aq (or A\(Q2)) the first eigenvalue of 2 and
by ug the associated non-negative eigenfunction, normalized so that [luql/z2(q) = 1.

The classical Faber-Krahn inequality asserts that among all bounded open sets with a fixed vol-
ume, a ball minimizes the first eigenvalue. Following many previous works (see, for example, [HN]
and [Me]), Brasco, De Philippis, and Velichkov proved in [BDV] the following sharp quantitative
version of the Faber-Krahn inequality.

Theorem 1.1. Forn > 2, let Q@ C R" be a bounded open set with H"(Q2) = 1. Then
(1.1) Mo —Ap>c i%fH”(QAB)2,

where ¢ is a positive absolute constant and the infimum is taken over all balls B with H"(B) = 1.

The inequality above is sharp in the sense that the power 2 on the right hand side cannot be
lowered.

The classical Faber-Krahn inequality also holds for subdomains of the sphere S™ or the hyper-
bolic space H"™. In this context one should take the Laplacian with respect to the Riemannian
metric of the space (i.e., the Laplace-Beltrami operator) and one should consider geodesic balls.
That is, for subdomains €2 of S™ or H"™ with a given volume, the minimal value of A\ is attained
again by a geodesic ball among all open bounded domains of the same volume. Further, recently
Allen, Kriventsov, and Neumayer [AKN1] have obtained the following quantitative form.

Theorem 1.2. Forn > 2, let M" be either R™, S™, or H", and let 8 > 0. Let Q be a relatively
open subset of M™ and let B be a geodesic ball in M™ such that H™(B) = H"(Q2). In the case
M"™ = S", suppose also that 5 < H™(Q) < H™(S™) — B, and in the case M"™ = R™ or M" = H"
Just that H"(Q) < B. Denote by A\q and Ap the respective first Dirichlet eigenvalues of —Apm
i Q and B, and let ug and up be the corresponding eigenfunctions normalized so that they are
positive and [luq||L2vny = llupllz2quny = 1. Then

(1.2) Ao — Ap > ¢(B) inf (H”(QABmf + / lug — up, |* d’l—l"),

zeM™ n

where ¢(B) > 0 and B, denotes a geodesic ball centered at x with the same H™ measure as B. In
the case M™ = S™, (1.2) also holds with the infimum over S™ replaced by the evaluation at x equal
to S™-barycenter of Q (possibly with a different constant c(f3)).

In the theorem we have denoted by Apr the Laplace-Beltrami operator on M™. For the defi-
nition of S"”-barycenter of a ball in S™, see Section 2.1. The assumption involving the parameter
[ is necessary to prevent the domain from being too big and, in the case M" = S™, also too
small. Remark that in the case M™ = R" one can get an appropriate scaling invariant statement
by renormalising. This is not case for S™ or H”. Notice the presence of the additional term
Jygn lue — upl? dH™ in the inequality (1.2) when compared to (1.1). In this term we assume that
the functions uq and up vanish outside of 2 and B respectively.

To state our results we need to introduce some additional notation and terminology. For
M" = R™ or M"™ = S". We denote by distyi» the geodesic distance in M"™ and by Oyin A the
boundary of any set A C M". We also write By (x,r) to denote an open ball in M™ centered
in z, with radius r. Given B = By (z,7) and p > 0, we set pB = By (z, pr) and we denote
0p(x) = distyn (z, Ovn B),
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We denote by Cap,,_, the Newtonian capacity of homogeneity n — 2, and by Cap; the loga-
rithmic capacity (see Section 2.2 for the precise definitions).
Our first main result in this paper is the following.

Theorem A. Given n > 2, let M"™ be either R™, S" or H", and let 5 > 0, a € (0,1). Let Q be
a relatively open subset of M™ and let B be a geodesic ball in M"™ such that H"(B) = H™(Q) with
radius rp. In the case M™ = S™, suppose also that B < H™(Q) < H"(S™) — 3, while in the case
M" = R™ and M"™ = H" only assume that H"(Q2) < 3. Denote by \q and Ap the first Dirichlet
eigenvalues of —Ayn in  and B, respectively. Then, there is some constant C(a,3) > 0 such
that in the case n > 3 we have

2
(1.3) Xg—Ap>C(a,B) inf < sup ][ Capy—p(Bur (v, atrp) \ ©) d?—["_l(a;)> ,
Ayn (1—) Bz)

€M™ \ te(0,1) (trp)"—3
where B, denotes a ball centered in x with radius rg. In the case n = 2 we have
2
t
(1.4) Ao —Ap > C(a,p) inf < sup ][ ;fma d’}-[l(;p)> .
M N b€ (0,1) J oz (1-0)B2) 198 T 1B (matr 1)

In the case M™ = S™, (1.3) and (1./) also hold with the infimum over M" replaced by the evaluation
at x equal to S"-barycenter of Q (possibly with a different constant C(a, 3)).

In the theorem we used the standard notation fA fdu= ﬁ fA f dp. Notice that in (1.3) we

have
Cap,,_o( By (z,atrp) \ )

(t TB)"_3
because of the (n — 2)-homogeneity of Cap,,_5. Remark also that, for all a,a’ € (0,1), we have

Stra,

C By t Q
sup ][ apn—2( M (i?_cg TB)\ )dHn_l(ﬂj‘)
t€(0,1) Jayn (1-1)B) (trp)
Byin 't Q
Rqa SUD ][ Ca‘pn—2( M ('Z;;_ag TB)\ )den—l(x)
t€(0,1) Jayn (1—t) B) (trp)

The same happens in the case n = 2 concerning the integral on the right hand side of (1.4). See
Lemmas 2.4 and 2.5.

The estimates in Theorem are sharp up to a constant factor. Indeed, as in [BDV] and [AKNZ2],
we can consider ellipsoidal perturbations of the unit ball, such as

Qe={zeR": 1+e)2? + (1 —e)a3 + 23 +... +22 <1},

with e — 0. As remarked in [BDV] and [BD], letting B. be a ball such that H"(B.) = H"({.), it
holds \q, — Ap. ~ £2, uniformly as ¢ — 0. On the other hand, it is easy to check that the right
hand side terms of (1.3) and (1.4) are also comparable to 2, also uniformly as € — 0.

As far as we know, Theorem A provides the first sharp quantitative Faber-Krahn inequality
stated in terms of the capacity of (subsets of) B\ 2. As remarked above, Theorem A is related to
the open problem 7.23 from [BD], which asks to prove a sharp quantitative Faber-Krahn inequality
with a suitable a capacitary asymmetry of B and 2. Notice however that Theorem A only involves
the capacity of subsets of B\ {2, and not of 2\ B. This is a natural fact because there are domains
such that Cap,,_o(Q2\ B) is large while A\q — Ap is as small as wished. Indeed, for 0 < & < 1/10,
consider an e-neighborhood U, of the planar set B(0,1)U[1,2] and contract it by a suitable factor
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so that the resulting domain Q. has the same area as B = B(0,1). It is easy to check that
Ao, = Ap as € — 0, but Cap,,_»(Q2: \ B’) is large for any given ball B’ with the same area as (.,
due to the fact that [—1,2] C €., for example.

Using the connection between Hausdorff contents and capacities (see Lemma 2.1 below), we
deduce the following corollary from the preceding theorem.

Corollary 1.3. Under the assumptions and notation of Theorem A, for any s > n — 2 there is
some constant C(s,a, 3) > 0 such that, in the case n > 3, we have

(1.5) »

S (Byn Q S 2
Ao — A > C(s,a,) inf < sup ][ <H°°( M (m,airB)\ )> trBd’H"_l(:E)> )

2eM™ \ 1e(0,1) Jyn (1—t)Bx) (trp)
In the case n =2, for any s > 0 we have
2
(1.6) Ao — A > C(s,a,p) infn< sup ][ Zfr X d?—[l(x)> .
2€M” \ te(0,1) J9,2 ((1-1)Bx) log (H (BMHJWB)\Q))

In the case M™ = S™, (1.5) and (1.6) also hold with the infimum over M" replaced by the evaluation
at x equal to S™-barycenter of Q (possibly with a different constant C(s,a,f3)).

In the case when we just quantify Aq — Ap in terms of some integral over a suitable family of
“thick points” we get a somewhat sharper result. To state it, we need some additional notation.
For given ¢y > 0 and a € (0,1), in the case n > 3, we denote

(1.7) Teo(2, B,a) = {z € B\ Q: Cap,_y(Bun(z,adp(z)) \ Q) > c 5B(m)"_2},
and, in the case n = 2,
(1.8) Teo(2, B, a) = {x € B\ Q: Capp(Byn(z,adp(x)) \ Q) > cdp(z)}.

We should understand the condition in the definition of T, (2, B, a) as a thickness type condition.
In particular, if € satisfies the capacity density condition or CDC (see Section 2.2), or 02 is lower
s-content regular for some s > n — 2, then T,,(Q2, B,a) = B\ Q, for ¢y small enough.

Theorem B. Givenn > 2 and 0 < s < n, let M" be either R"®, S™ or H", and let ¢y, 5 > 0,
a € (0,1). Let Q be a relatively open bounded subset of M™ and let B be a geodesic ball in M™ such
that H™(B) = H"(2). For M™ = S", suppose that B < H™(Q2) < H™(S") — B, while for M™ = R"
and M™ = R"™ assume only that H™(Q2) < B. Denote by \q and Ap the first Dirichlet eigenvalues
of —Anr in Q and B, respectively. Then,

zeMn

2
(1.9) Ao — A > Cla,s,B,¢9) inf </ op(x)"—*° d’Hio(a:)> )
Teo (2,Bx,a)

where B, denotes a ball centered in x with radius rp. In the case M™ = S"™, (1.9) also holds with
the infimum over M"™ replaced by the evaluation at x equal to S™-barycenter of 0 (possibly with a
different constant C(a, s, 3,¢p)).

Remark that the integral of a function f : M™ — [0, 00) with respect to the Hausdorff content
HS, is given by

FdHe = /Oo Mo ({w € M : f(t) > t}) dt.
Mn 0
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Observe also that in the case when  satisfies the CDC, from (1.9) we deduce that, for 0 < s < n,

Mo —Ap > ( /B Gk d%go(x)>2 > < /B sl ngo(x)>2.

The example given by the ellipsoidal perturbations of the unit ball mentioned above shows that
this estimate is also sharp. For 0 < s < n, the domain of integration in the middle term cannot
be augmented to BAS2, and the one in the last term to the full 92 because of the same discussion
after the statement of Theorem A.

A basic ingredient for the proof of Theorems A and B is Theorem 1.2 from [AKN1]. The very
rough strategy of the proof of both results is the following. We consider M" embedded in R"+!
and we consider suitable extensions up and ug of the eigenfunctions up and ug appearing in (1.2),
respectively, to some open subsets B , QOc R"*! so that up is harmonic in B and uq is “almost
harmonic” in Q (i.e., Aug is very small). Then we apply apply (1.2) by estimating up — ugq from
below in terms of the harmonic measure for €2, using the fact that ug(z) ~ dist(z,dB) while
tuq(z) = 0 in a large part of BN K. To relate this estimate to the terms on the right hand side of
(1.3), (1.4), and (1.9), we consider an auxiliary Lipschitz domain Qr and we relate the harmonic
measure for ) to the one for Qr using the maximum principle. Lastly we take advantage of the
fact that the behavior of harmonic measure is well understood on Lipschitz domains.

1.2. The Alt-Caffarelli-Friedman monotonicity formula and the Friedland-Hayman

inequality. Given a domain in the unit sphere, Q C S® C R™*! whose first Dirichlet eigenvalue

is A, the characteristic constant of € is the positive number aq such that \g = ag(n — 1+ agq).
Recall that the Alt-Caffarelli-Friedman (ACF) monotonicity formula asserts the following:

Theorem 1.4. Let x € R"™! and R > 0. Let uy,us € WH2(B(z, R))NC(B(z, R)) be nonnegative
subharmonic functions such that ui(x) = ua(z) =0 and u; - ug = 0. Set

1 [V (y) |2 1 / (Vs (y)|?
1.10 J(z,r) = —/ — dy || = 2 _dy
( ) ( ) <T2 B(z,r) ’y - x‘n—l 72 B(z,r) ’y - x’n—l

Then J(x,r) is an absolutely continuous function of r € (0, R) and

OrJ(z,7r) _ 2
- > — .
J(% T) z (oq + o 2)

where «; is the characteristic constant of the open subset 0; C S™ given by

Q, = {r_l(y —x):y € 0B(z,71), ui(y) > 0}.
Further, for r € (0,R/2) and i = 1,2, we have
1 [Vui(y)?

2 B(x,r) ‘y - ‘T‘n_l

(1.11)

2
S it ||Vu2 HL2 (B(z,2r))"

(1.12)

The Friedland-Hayman [FH] inequality ensures that, for any two disjoint open subsets Q1,9 C
S
o)+ ag — 2 > 07
so that J(z,r) is non-decreasing on r, by (1.11). In fact, more is known. By Sperner’s inequality
[Sp], among all the open subsets with a fixed measure H™ on S", the one that minimizes the
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characteristic constant is a spherical ball with the same measure H". That is to say, if B; is a
spherical ball such that H"(B;) = H™(€);) and &; denotes its characteristic constant, then

o > Q.

Further, if one of the sets {; differs from a hemisphere by a surface measure h, that is,
1
H () = 5H"(ES")| 2 h,

then
al +ag —2 20h2.
In this paper we will deduce other more precise estimates for a; + as — 2 using Theorem B and

Theorem 1.2. To state the precise result, we need some additional notation. Let €2, C S™ be
open and disjoint and let H C R™*! be half-space such that 0 € 9H. Denote

SHJ:SHQH, SH,QZSH\H.
We denote
Veo (1,00, H,a) = Tey (1, Su,1,a) UTe, (Q2, Sup, a).
Notice that if both Q, Qs satisfy the the CDC and ¢y is small enough, then V,, = (21,2, H,a) =

Too(SHa \ ) U T (Sh2 \ Q2).
For fixed ¢y > 0 and a € (0,1), we denote for 0 < s < n,

£s(21,Q2) = inf dist(y, OH)"* dH3 (y),
H Jv,(91,92,H,a)

with the infimum taken over all half-space H such that 0 € 9H. On the other hand, for s = n,
we set

5n(91, QQ) = iII}f'Hn((SH,l \ Ql) U (SH’Q \ Qg))
We will prove the following:

Theorem C. Letn > 2 and 0 < s < n. Let Q1,Q9 C S™ be open and disjoint. For any cy > 0
and a € (0,1) we have

65(91, Qg)2 <s,co,a min(l, a1 + ag — 2)

~

Remark that when H™(€;) — 0, we have ;; — oo, and thus a3 + ag —2 — 00 too. On the other
hand, we always have £5(21,Q2) < 1 by definition. This is the reason for writing min(1, a3 +as—2)
instead of a1 + ag — 2 on the right hand side of the inequality in Theorem C.

1.3. Carleson’s conjecture. Next we introduce the precise notion of a tangent point for a pair
of disjoint open sets in R**!. For a point € R"*! a unit vector u, and an aperture parameter
a € (0,1) we consider the two sided cone with axis in the direction of u defined by

Xo(z,u) = {y c R (y — x) - u| > a|y—:17|}.

Given disjoint open sets Q1, Qs C R*™! and € 991 N O£, we say that z is a tangent point for
the pair 1, Qy if x € 921 NN, and there exists a unit vector u such that, for all a € (0,1), there
exists some 7 > 0 such that

(891 U 892) N Xa(:E,’LL) N B(:E,’r’) =,
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and moreover, one component of X,(x,u) N B(z,r) is contained in ©; and the other in Q.
The hyperplane L orthogonal to u through z is called a tangent hyperplane at x. In case that
Qo = R\ Qy, we say that = is a tangent point for €.

Let €1 be a Jordan domain in R?, and set ' = 9Q; and Qs = R?\ Q;. For z € R? and r > 0,
denote by Ij(x,r) and Iz(x,r) the longest open arcs of the circumference OB(z,r) contained in
2y and Qo, respectively (they may be empty). Then we define

(1.13) e(xz,r) = % max (‘m’ - 7—[1([1(3:,7*))|,

T — 7—[1([2(3:,7*))|).

The Carleson £2-square function is given by

1
d
(1.14) E(x)? ::/ 6(3},7‘)2—T.
0 r
Carleson’s conjecture, now a theorem, asserts the following.

Theorem 1.5. Let Q; C R? be a Jordan domain, let T = 0Qy, and let £ be the associated square
function defined in (1.1}). Then the set of tangent points for €y coincides with the subset of

those points x € T such that £(x) < co, up to a set of zero measure H'. In particular, the set
G={zel: &)< oo} is 1-rectifiable.

Recall here that a set £ C R™ is called d-rectifiable if there are Lipschitz maps f; : R¢ — R**1,
1 € N, such that

(1.15) HI(E\UZ, fi(RY) =0,

The fact that £(x) < oo for H!-a.e. tangent point in a Jordan curve was proved by Bishop in
[Bil] (see also [BCGJ]). The most difficult implication of Theorem 1.5, i.e, the fact that the set G
is 1-rectifiable and tangents to I' exist for H'-a.e. x € GG, was proved more recently by Ben Jaye
and the last two authors of this paper [JTV].

It is natural to wonder about the existence of a suitable version of Carleson’s conjecture in higher
dimensions. There are two natural questions: which coefficients should replace the coefficients
g(x,r) defined in (1.13)? and second, for which open sets ©; C R*! should we expect to obtain
a characterization such as the one in Theorem 1.57 In this theorem, the fact that 2 is a Jordan
domain ensures that its boundary is connected, which plays an essential role in the proof. Indeed,
the arguments in [JTV] are based on the connectivity of the boundary and they do not extend
to higher dimensions (this should not be a surprise, since typically the role of connectivity in the
plane is much more relevant than in higher dimensions for many geometric problems).

Regarding the coefficients £(x, r), in [AKN2] the authors show a very interesting connection with
the characteristic constants of spherical domains and the Friedland-Hayman inequality, which we
proceed to describe. Given two disjoint open sets Q1,0 C R, consider the open subsets
Y1, Y9 C S™ defined by

(1.16) Si={r"'ly—=):yeUnoB(zr)},

and let «a;(z,7) = ax,, the characteristic constant of 3;. Analogously, set \;j(z,7) = Ag,. In
[AKN2] it is remarked that, in the planar case n =1,

(1.17) oy (z,7) + ao(z,7) — 2 > e(z, )2

This is easy to check. Indeed, without loss of generality, assume z = 0, r = 1. Taking into
account that the characteristic of a domain decreases as its size increases, we have o, = ayx, and
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also \;, = Ay, for I; := I;(z,7) as in (1.13). Let v; = H'(I;)/(2r). Since the first eigenfunction
for I; is the function u;() = sin((2y;)7'0) (modulo a translation in the torus), we have a; =
)\3/2 = (27;)~'. Suppose, for example, that e(z,r) = |7 — H'(I1)| and write a; = (2, 7). Let dy
the characteristic of S' \ I;. Since Iy  S'\ T, we have ap > @o. Thus,
1 1 1— 4y (1 — 2(3 —n)? 2
artay—22a1+a—2=—+ 77— 2= i 71): (G =) R e(z.r) 5
2n - 2(1-m) 2n(l=m)  ml-m) ml-m)

which completes the proof of (1.17), since v; € (0,1). Further, in case that I1(x,r) and Is(z,7)
are complementary arcs, arguing as above, one can deduce

min (1, o1 (z,7) + az(z,7) — 2) ~ (=, r)?.

See also [Bi2] for a very related discussion.

In view of the preceding discussion, a possible generalization of Carleson’s conjecture to higher
dimensions may consist in showing that, for a suitable domain ; C R"*! and Qy = R"*1\ Qy, it
holds

(1.18) /01 min(lﬂl(x,r): as(z,r) — 2)

dr < oo & x is a tangent point of 1,

for every x € 0§21, up to a set of zero measure H".

In this paper we prove the implication = in the above equivalence (1.18) for a very large class
of domains. Further, we do not ask the domains 21,29 to be complementary. The precise result
is the following.

Theorem D. Let Q1,0 C R* be disjoint Wiener reqular domains in R*. Then, for H™-a.e.
tangent point x for the pair 1,89, it holds

(1.19) /01 min(1, oy (m,r)r—i— ag(z,r) —2)

dr < oco.

Recall that a domain is called Wiener regular if the Dirichlet problem for the Laplacian with
continuous data is solvable in that domain. This is a property which is implied by the CDC,
which is a strictly stronger condition (see Section 2.3). We will prove Theorem D by integrating
the Alt-Caffarelli-Friedman inequality (1.11) applied to the Green functions u; of €; and using
the fact that the harmonic measure of €; satisfies wq,(B(x,7)) 2 r™ as r — 0 at H"-a.e. tangent
point x € 9€);, which in turn implies that J(z,0) > 0:

0 9 o 8,«:](33,7") J(ﬂj‘,?"o)
— - < BTN = )
/0 r (041(117,7") + as(z,r) 2) dr < /0 J(x,r) dr = log J(z,0) =

Putting together Theorem C and Theorem D, for 21,5 as above and for 0 < s < n, denoting
es(x,r) = e5(21,X2), with 3; as in (1.16), we deduce that

1
dr
/ es(z,7)? — < 00
0 T

for H"-a.e. tangent point x for the pair €q, (s.
Finally, we remark that in the companion paper [FTV] we will prove the converse implication
in (1.18) when ©; U Q9 satisfies the CDC. The precise result is the following.
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Theorem E. Forn > 1, let Q1,Qy C R™ be disjoint open sets. The set of points x € R"+1
such that

1
d
/ en(z,7)? T«
0 r

is n-rectifiable. In case that the set Qy Uy satisfies the CDC, then H"-a.e. x € R" ! such that

/1 min(1, ai(x,r) + ag(z,7) — 2)
0

dr < 0o
r

is a tangent point for the pair Q4,)s.

We insist on the fact that the CDC for 21 U Q29 is a quite mild lower regularity condition. For
example, it holds if' there exist s € (n —1,n+ 1] and ¢ > 0 such that

Hi(B(x,r) N (02 U0N)) >cr®  forall x € 002 U, 0 <1 < 1.

Because of the discussion above, we think that this result can be considered as a natural
extension of Carleson’s conjecture to higher dimensions. Observe that a pair €21,y consisting of
a Jordan domain in the plane and its complementary, as in [JTV], satisfies the assumptions in
Theorem E. In fact, in the case of the plane, the above theorem applies to domains much more
general than Jordan domains and so it is also new.

We remark that in [AKN2] the authors propose another possible extension of Carleson’s con-
jecture to higher dimensions. Let

a(a;,r)2 = |\ (z,r) — n\2 + | Ao (z, 1) — n\2.

Assuming that Qy = R"*1\ Oy, they ask under what minimal assumptions on 9§2; the set of those
points & € 0Q2; such that

1 2
(1.20) / G R,
0 T

coincides with the rectifiable part of €21, up to a set of H™ measure zero. As shown in [AKNI],
one has

(1.21) min(1, a(z,7))? < min(1, oy (z,7) + ao(z,7) — 2).

Thus the condition (1.19) implies that

1 : 2
(1.22) / mm(l’i(x’r)) dr < oo,
0

which is equivalent to (1.20) for “reasonable” domains, for example when both Q; and R\ O
are connected and have diameter larger than 1. By (1.21) and Theorem D, the condition (1.22)
holds for tangent points z € 9§ in the case when both €; and R"*!\ ©; are Wiener regular.
However, the inequality converse to the one in (1.21) does not hold in general, and so it is not
clear to us if the condition (1.22) implies the existence of tangents for domains 21,29 such as the
ones in Theorem E.

I fact, in [Le] it is shown that this is also a necessary condition for the CDC.
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1.4. A counterexample. For n > 2, let u,v : B(0,10) — R be two nonnegative continuous
functions satisfying

—Au <0in {u >0}, —Av <0 in {v > 0} and wv = 0 in B(0, 10).

Define T* := {z : J(z,07) > 0}, where J(0") := lim,_,o+ J(z,7) and J(z,r) is the ACF mono-
tonicity formula defined in (1.10) relative to u,v. In [AKN2], Allen, Kriventsov ans Neumayer
prove the following theorem.

Theorem 1.6 ([AKN2, Theorem 1.2]). Forn > 2, let u,v as above. Then T*NB(0,1) is (n—1)-
rectifiable.

In the same work, see [AKN2, Problem 2.8], the authors pose the converse question: suppose
that £ = 0{u > 0} N d{v > 0} is (n — 1)-rectifiable. Is it true, then, that J(x,07) > 0 for
H"-almost every x € E (under some minimal assumptions on E and u,v)? In the last section
of this paper, we provide an example which shows that, without further structural assumptions
on the domains, the natural converse to Theorem 1.6 is false. More precisely we construct two
Wiener regular domains €2, Qs in R? with 1-rectifiable boundary and such that, if £ = 9Q; N9y,
then H!(E) > 0 and the limit J(x,07) of the ACF functional associated to the Green functions of
Q1,9 equals to 0 for H'-almost every point € E. See Section 9 for the detailed construction.
On the other hand, it is implicit in the proof of Theorem D that J(x,0%) > 0 whenever z is a
(true) tangent point of E and w and v are the Green functions of disjoint Wiener regular domains
(up to a set of H"~! measure zero).

Acknowledgements. This work was initiated while the authors were in residence at the
Hausdorff Institute of Mathematics in Spring 2022 during the program “Interactions between
geometric measure theory, singular integrals, and PDEs”. Other parts of this work took place
during a two weeks visit of M. Villa to Princeton University and during another one month visit
of I. Fleschler to the Universitat Autonoma de Barcelona. I. Fleschler and M. Villa would like
to thank G. De Philippis for some inspiring conversations in some early stages of this work. We
also thank G. David for providing us some information in connection with the Friedland-Hayman
inequality.

2. PRELIMINARIES

2.1. Miscellaneous notation. In the paper, constants denoted by C' or ¢ depend just on the
dimension and perhaps other fixed parameters, such as a, 8 in Theorem A, for example. We will
write a < b if there is C' > 0 such that a < Cb . We write a = bif a <b < a.

Open balls in R"*! centered in z with radius » > 0 are denoted by B(z,r), and closed balls
by B(z,r). For an open or closed ball B ¢ R"*! with radius 7, we write rad(B) = r. Similarly,
open and closed balls in M" are denoted by By (x,7) and By (x,7) respectively. For an open or
closed ball B C M" with radius r, we write rady»(B) = r. An open annulus in R"*! centered in
x with inner radius 1 and outer radius r9 is denoted by A(x,r1,r2), and the corresponding closed
annulus by A(x,r1,72). Similarly, the analogous annuli in M" are denoted by Apn(x,71,72) and
Aypn (z,71,72), Tespectively.

We use the two notations S(z,r) = dB(z,r) for spheres in R"*! centered in x with radius r,
so that S™ = 5(0,1).
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We call open sets in S™ spherical domains, and the geodesic distance in M is written as distyn.
Notice that, assuming S™ to be embedded in R™"*!, the geodesic distance distgn is comparable to
the Euclidean distance in the ambient space R,

Given a set F' C R™!, the notation M, (F) stands for the set of (positive) Radon measures
supported on F. For s > 0, the s-dimensional Hausdorff measure is denoted by H®, and the
s-dimensional Hausdorff content by H3_. Recall that, for any set E Cc R**+1,

Hi (E) = inf { Z:diam(Ai)S :EC UAZ}

We say that E is lower s-content regular if there exists some constant ¢ > 0 such that
Hi(B(x,r)NE)>cr® foralzeFE and0<r <diam(E).
The barycenter of a set £ C R" is defined by

a:E:/Ea:dH"(a;).

On the other hand, the S"-barycenter of E' C S™ is defined by zg/|xg|, with g as above. So this
belongs to S™ and it is defined only when xg # 0.

2.2. Capacities. The fundamental solution of the minus Laplacian in R™, for n > 3, equals
Cn
where ¢, = (n — 2)H"1(S"!). In the plane, the fundamental solution is
1 1
& =— log—.
2(2) = 57 s 1
For a Radon measure 1, we consider the potential defined by
Up—ap(z) = Ep * p(z).
Given a set F' C R™ (or, more generally, F' C R™) we define the capacity Cap,,_s(F) by the
identity
1

2.1 Cap,,_o(F) = - )
( ) 2( ) lnfueMl(F) [n—Q(IU')

where the infimum is taken over all probability measures u supported on F and I,_2(u) is the
energy

(2.2) n-2() = [ &l ~ ) duta) dty) = [ Uan(e) duto).

For n > 3 and F C R", Cap,,_»(F) is the Newtonian capacity of F, and for n = 2 and F C R?,
Capg(F') is the Wiener capacity of F. Remark that for n > 3, one also has

(2.3) Cap,_5(F) = sup {j(F) : j1 € My (F), |Un-splloc.r < 1},

where M (F) is the family of all Radon measures supported in F. In the plane, the analogous
identity with n = 2 holds when diamF’ < 1.
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It is easy to check that the Newtonian capacity Cap,,_, is homogeneous of degree n — 2 when
n > 3. The Wiener capacity is not homogeneous. However, the logarithmic capacity Cap; , defined
by

27
CapL(F) — ¢ Capg(¥) ,
is 1-homogeneous.

For n > 2, let 2 C R™ be an open set. We say that 2 satisfies the n-dimensional capacity
density condition (CDC) if there exists some constant ¢ > 0 such that, for every x € 9Q and

€ (0,diam(92)),

Cap,,_o(B(z,7)\ Q) > cr"? in the case n > 3,
and
Capy (B(z,r)\ Q) > cr in the case n = 2.

For subsets F' C S™ and domains 2 C S”, we define Cap,,_o(F') in the same way as for F' C R"
and domains Q C R" (using the fundamental solution of the Laplacian in R™). We define the
n-dimensional CDC in S” by asking the following condition for every x € 9Q and r € (0, diam(£2)):

Cap,,_o(Bgn(z,7)\ Q) > ¢r™? in the case n > 3,
and
Capy (Bsn(z,r)\ ) > cr in the case n = 2.
We will need the following auxiliary results.

Lemma 2.1. Let E C R™ or E C S™ be compact andn — 2 < s < n. In the case n > 2, we have
u
Cap,_5(E) Zsn HI(E)

In the case n = 2, we have

Capy, (E) 2, HE(E)*.

The proof of this result is an immediate consequence of Frostman’s Lemma. See [Ma, Chapter
8] for the case n > 2, and [CTV, Lemma 4] for the case n = 2, for example.

Lemma 2.2. Let ¢ > 0, consider a compact set F C R™, and denote F=Fx [0,¢] c R*L. In
the case n > 3, we have N
Cap,,_1(F) 2 ¢ Cap,,_o(F).
In the case n =2, given Cy > 1, if diam(F) < Cy ¢, we have
14
Capy,(F)

Capl(ﬁ) e

with the implicit constant depending on CY.

Proof. By the n — 1 homogeneity of Cap,,;(F) and of the inequalities stated in the lemma we
can assume diam(F') < 1, so that (2.3) also holds in the case n = 2. Let u € M, (F') be such that
Up—op(x) <1 for all x € F and u(F) = Cap,,_o(F) (it is well known that such measure, called
equilibrium measure, exists for any compact set F'). Denote I, = [0,¢]. Consider the product
measure i = p X HY;,, which is supported on F. For 2/ = (z,2p41) € F, we have

1

/ 1

iz / n(y') %/ / - — dH " (Yn+1)dp(y).
Un- ’x ‘n 1 Yn+1€1 JYer ‘x - y‘n 1+ ’xn-i-l - yn-i-l‘n ! "
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For each x,y € F', we have

1
/ o O ()
Y

n+1€1lp |:E - y|n_1 + |$n+1 — Yn+1

:/ dHl’Ie(yN-i-l)—i_/ dHl’Ie(yn-i-l) :Tl(x7y)+T2(x7y)
|Znt1—ynt1|<|z—yl 2=yl <|Znt1—yn+1|<L
Concerning Ti(x,y), we have
N(wy) < / - dM (1, (yn11) < _
’ |Zn+1—Yn+1|<|z—y| |l‘ - y|n—1 ‘ |$ - y|n—2

Also,

Ty(z,y) < / .

(e y|<|zns1—yns1|<C |Tntl = Yn1
In the case n > 3, it easily follows also that

T dH |1, (Yn+1)-

1
T < — .
Q(xay) ~ |IE — y|n_2
Thus,
- 1
Un—1fi(z") S /yeF w_yp? du(y) = Up—ap(z) < 1.
Consequently,

- (F -
Capy 1(F) 2 (e — 2 (P = u(F) % £ Capy y(F) forn =3
n— oo, F

In the case n = 2, if Th(z,y) # 0, we have

Tr(z,y) < log

|z —y|
Since |z — y| < C1/ for any z,y € F, we can always write Ts(x,y) < log Ifjf/', and so
Cy/ 2014
Ty(2,y) + Ta(z,y) < 1+log —— <log ———.
|z —y| |z -yl
Thus,
~ 204/ 1
Um@@§/§l% 1(M@Fﬂ%@aﬁuﬁﬁ+/ log —— du(y)
yeF "T - y’ yeFl "T - y‘
= log(2C1€) u(F') 4 2w U () < log(2C10) p(F) + 2m.
Therefore,
f(F) pu(F) ¢
Cap(F) > AS > = )
P2 0 = ogGO) w(F) + 2 los200) + 3,
Writing
2 27
= —log 5
u(F)  Capy(F) Capy,(F)
we obtain , ,
Cap, (F)

> =
~Y 1 .
log(2C10) +10g o -y 108 o 7y
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0

Lemma 2.3. Let ¢ > 0, FF C S™ compact, and let I; be an interval of length £ contained in [1/4,2].
Denote

F={2 eR"™ ' 2/ =ta for some z € F and t € I,}.
Then we have
Cap,,_(F) > ¢ Cap,_o(F) in the case n >3,
and, in the case n = 2, if diam(F) < C4 ¢,

4
Cap, (F) 2 ——e T
108 Gap, (7

Proof. The proof is very similar to the one of Lemma 2.2. We assume diam(F') < 1, so that (2.3)
holds in the case n = 2. We take u € M, (F) be such that U,_opu(zx) < 1 for all x € F and
wu(F) = Cap,,_o(F'). Then we consider the “product measure” i defined by

/ fdp= / f(tx)du(z)dt, for f e C(R™™M).
ely JxeF

Notice that p is supported on F.
For ¢/ = sz € F, with x € F, s € I, we have

Cn

T W = | e )

Now we claim that
sz —ty| 2 o —y|+[s — .
Indeed, we have
|s —t| = [[sz] — [ty]| < |sz —tyl.
Also,

lz—y| = lsx — syl < - (!8% —tyl + [ty — sy|) ~ sz —ty| + [t — s| S |sz — tyl.

Adding the last two inequalities, the claim follows. Then we deduce

e / / dpu(y)dt
Un- ter, Jyer 1T —y |"1+|5—75|"1

Notice now the similarity between this inequality and (2.4). Then by the same arguments following
(2.4) in the proof of Lemma 2.2 we obtain the desired estimates. O

In the next lemma we show the equivalence of the statement of Theorem A with different values
of the parameter a in the case n > 3.

Lemma 2.4. Given n > 3, let M"™ be either R™ or S™ and let § > 0. Let Q be a relatively open
subset of M™ and let B be a geodesic ball in M" such that H™(B) = H"(Q2) with radius rp. In the
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case M" = S", suppose also that § < H™(Q) < H"(S") — B, and in the case M"™ = R" just that
H™(Q) < B. For a,ad’ € (0,1), we have

sup

][ Capn—2(BM” (xv atTB) \ Q) d/]_[n—l(x)
t€(0,1) Jun ((1-t)B)

(t TB)"_3

~a,a’ SUpP

][ Capn—2(BM" (m7 a/trB) \ Q) dH"_l(a:).
t€(0,1) Joyn ((1-t)B)

(t TB)"_?’

Proof. To shorten notation, for any a,t € (0, 1), write

Ia,t =

][ Ca‘pn—2(BM" (‘Zv_a:;tTB) \ Q) dHn_1($)
O ((1—t) B) (trp)

Assume a > a’. Then it is clear that, for every t € (0,1), I > I, since Cap,,_o(Bun (z,atrg) \
Q) > Cap,,_o(Bun (z,a'trp) \ Q). So is suffices to show that Iot Saar SUPse(0,1) Lot s-

Denote by zp the center of B. For a given t € (0,1) and r = (1 — t)rp, we consider a covering
of Oyin By (zp,7) by a family of M"-balls {B;}ics. (where I, is just a suitable set of indices)
centered in Oy Byn (x5, 1) with radius b(rg — r) = btrg, with b < da’ to be chosen below, so that
the family {B;};cs, has bounded overlap. Then, denoting by z; the center of B;, we split

/ Cap,,_o(Buyr (z,atrp) \ ) d’H”_l(m)
An (1—t)B)

<> / Cap,,_o( By (, atrg) \ Q) dH" " (z)
icl, n((l—t)B)ﬂBi

< Z sup Cap,, o(Byn (z, atrp) \ Q) radym (B;)"
icl, rEB;

< Cap,_o(Bur (i, (a + b)trp) \ Q) (trp)" .
i€l

Next we wish to cover the annulus A, = Ay (zp,r — atrp,r+ atrp) by another suitable family
of balls. First we let N be the least integer such that N > 2a/b, and then we consider the radii

atrp

r,=r-+k for —N <k <N.

So we have [r — atrp,r + atrg] = Uév:__lN[rk,rkH], and rpy 1 — TR = “t% < bt%. It is easy to
check that there exist covering of A, by a family of M"-balls A;, j € J,, with radmn(A;) = btrpg,
which are centered in U]kV:_ ~N Ovn B(x g, 7y;), and have bounded overlap. We write j € J,j if A; is

centered in dym B(xp,ry). For i € I, we also write B; = Byn (x4, (a + b)trp) to shorten notation.
By the subadditivity of Cap,,_5, then we have

(2.5) Y Cap, o(B\Q)(trp)" 7t <Y D Capyo(A;\ Q) (trp)"
i€l i€l j:A;NB;#o

< Cla,b) Y Cap, 5(8;\ Q) (trp)" ",

JEJr
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taking into account that for each A; there is a bounded number (depending on a and b) of balls
B; which intersect it. Using also that, for any € A;, A; C By (z, 2btrp), we get

> Cap, 5(A;\ Q) (trp)" ! & Z > Cap,_5(A;\ Q) radym ()"

j€Jr k=—NjeJ, i
N
< ¥ / Cap, _o(Bup (x, 2btr) \ Q) dH" ()
k=—N jE€J, i Oy B(z B,k )NA
N
S Z / Cap,,_o (B (z, 2btrg) \ Q) dH" 1 (z)
k—_N Y OunB(zB,K)

Writing t, = T’BT_BT”“ and taking into account that t; =, t, it easily follows that

o ][ Capn_2(BMn (x, CLtTB) \ Q)
a,t —
"(0-09) (trp)n=?
Capn_Q(BM" (z,Cbtprp)\ Q) 04
b) ][ dH"
a Z_ n 1 tk (tk ,,,.B)TL—3 (IE)

gC'(a,b) sup Icyp,s.
s€(0,1)

A1 ()

So choosing b so that Cb < d/, we deduce I,; Sg.0 SUPse(0,1) I s, as wished. O

The following lemma is the analogue of the preceding result for the case n = 2.

Lemma 2.5. Let M? be either R? or S?, and let 3 > 0. Let Q be a relatively open subset of M?
and let B be a geodesic ball in M? such that H*(B) = H*(Q) with radius rp. In the case M? = S?,
suppose also that B < H?(Q) < H?(S?) — B, and in the case M? = R? just that H*(Q) < 3. For
a,a’ € (0,1), we have

trs M (z)

sup ][ 2tarp
1€(0,1) S0y, (1-)B) 198 o 5 Gl )

tTB

dH ().

~ Ssup 2ta’rp

t€(0,1) ]éMQ((l_t)B) IOg CapL(BM2 (z,a’trp)\)

Proof. The arguments are very similar to the ones for the preceding lemma with n > 3. The main
change in the proof is that instead of using the subadditivity of Cap,,_,, we use the fact that, by
Theorem 5.1.4 from [Ral,
1 < 1 < 1
2tarp - 2tar g - 2radg2 (Aj) °
IOg CapL(BMﬂ (wﬂtrB)\Q) jiAjﬂ§i7é@ l 0g CapL(A \Q) jiAjﬁ§i7é@ 0g CapL?AJ‘\JQ)

We leave the details for the reader. O
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2.3. Harmonic measure. A bounded open set Q C R"! is Wiener regular if for any continuous
f : 02 — R there exists the solution of the Dirichlet problem for the Laplace equation. The
Wiener criterion characterizes the Wiener regularity of any bounded open. For our purposes, it
suffices to know that, in the case n > 2, if for any x € 9 there exists some r, > 0 and ¢ = ¢(x) > 0
such that

(2.6) Cap,,_1(B(z,7)\ Q) > c¢r™ 1 for 0 < r <1,

then € is Wiener regular. In the case n = 1, instead a sufficient condition for Wiener regularity
is that Capy (B(x,r)\ Q) > cr for 0 < r < r,, with ¢ = ¢(x) > 0.

Recall that if Q@ € R**! is a bounded Wiener regular open set and f : Q — R is continuous and
of class C? in Q, then

f@) = [ faug~ | A gale)dy,
o0 Q
where gq stands for the Green function for €.

The following result is well known”. See Section 2.1 from [To], for example.

Lemma 2.6. Forn > 1 there exists c(n) > 0 such that, given an open set  C R"* and a closed
ball B intersecting 0S), it holds

w:c(B) > C(TL) Ca‘pn—l(iB \ Q)

rad(B)7 1 for all x € %B NQ when n > 2,

and

w(B) 2 eln) r;ﬂB)

log ————2
Cap,(;B\ Q)

forall:EGiBﬂQ when n = 1.

The following two lemmas are valid for the so called NTA domains. However, we only state
them for Lipschitz domains, which suffices for the purposes of this paper. For the proof, see [JK].

Lemma 2.7. Let n > 1 and Q C R™! be a Lipschitz domain. Let B be a closed ball centered in
Q. Then

(2.7) WP(B) = r(B)" ' ga(p,y) forallp e Q\2B andy € BNQ,
with the implicit constant just depending on n and the Lipschitz character of §Q.

The following theorem states the so called “change of pole formula”. Again, this holds for NTA
domains (see [JK]) but we only state for Lipschitz domains.

Lemma 2.8 (Change of pole formula). For n > 1, let Q@ C R"*! be a Lipschitz domain and let B
be a ball centered in OQ. Let p1,pa € Q such that dist(p;, BN IQ) > ¢ r(B) fori=1,2. Then,
for any Borel set E C BN oA,

wPb1 (E) N pr(E)

wPi(B) ~ wr2(B)’
with the implicit constant depending only on n, ¢1, and the Lipschitz character of §2.

2In some references, it is called “Bourgain’s lemma”.
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3. PROOF OF THEOREM A AND BEGINNING OF THE PROOF OF THEOREM B IN THE WIENER
REGULAR CASE FOR M" = §"

In this section we assume that we are under the conditions of Theorems A and B and that
M™ = S™, and we fix § > 0 as in both theorems. In the proof we will allow all the implicit
constants in the notation “<” to depend on 5. We may assume that the barycenter of €2 is well
defined, because otherwise, by Theorem 1.2, A\g — Ap = H™(QAS™)? > 1 and then Theorems A
and B are trivial. We let B be a ball with the same barycenter as  such that H"(B) = H"(12).

As in Theorem 1.2, we let ug and upg be the corresponding eigenfunctions normalized so that
they are positive and |luq||r2@sny) = |[ullr2@sn) = 1. Let aq,ap be the respective characteristic
constants of 2 and B, so that A\q = aq (g +n —1) and Ap = ap (ap +n —1). Let ug and up
be the ap-homogeneous extensions of ug and up, respectively. That is,

an(y) = [y|*" uallyl ™), aBly) = y1*" us(lyl~y).
Also, denote by Q and B the following truncated conical domains generated by €2 and B:
Q={ycA0,1/41):[y| 'y €Q},  B={ycA0,1/41):]y]""y € B},
and the enlarged versions
Q' ={ycA0,1/82) |y lycQ, B ={yeA0,1/82):y 'y B}.

We also set
S =0A(0,1/4,1).

Notice that S contains some part of the boundary of B. To prove Theorem B, first we will assume
that Q and €' are Wiener regular domains in R"*!. Later on we will deduce the general result
from the Wiener regular case.

From the identity in spherical coordinates

1
Af =0 f+ 20 f + = Dsnf
T T

for a homogeneous function f defined in R+ it is immediate that Aug = 0 in B , and so in B.
On the other hand, Aug # 0 in Q' in general, unless ag = ap. Instead, we have

(3.1) Atg(r,0) = 8y (r,0) + g Oruq(r,0) + %2 Asnuq(0)
= 1272 [(ap(ag — 1) + nap)ua(f) + Agnu(0)
=122 (Ap — Aa) ua(f) =1~ (Ap — A) ug(r,6).

We will need to use the following auxiliary result below. This may be known to experts but we
provide a detailed proof for completeness.

Lemma 3.1 (Basic estimates). We have
(3.2) up(y) ~ dist(y, OB’ N A(0,1/8,2)) forally € B
and

(3.3) to(y) <1 forallye (Y.
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Further, wg, and wg are mutually absolutely continuous with ’H"|a§, and ”H"|a§ respectively, and
for z € A(0,1/2,3/4) NQ such that |z|~'z € 1B, we have

(3.4) Wy o 1 indB
. — 3 m
dH" |55
and
dw* ~
(3.5) B ~1 in0BNA®,1/3,4/5).
dH"| 5

Remark that the implicit constants involved in the estimates of this lemma depend on the
constant .

Proof. First we will show that
(3.6) s 5 ~ 1.
By homogeneity and Cauchy-Schwarz, we have
el 5 = lluslleo,s 2 llullL2m) = 1.

To prove ||ugllee,5 S 1, let y € B, consider the (Euclidean) ball B, = B(y,1/2) and extend up

by 0 in R"*1\ B’. Notice that B, may intersect B’ N A(0,1/8,2). It is immediate to check that
up is subharmonic in By. Therefore, using also the homogeneity of up, we get

up(y) = Tpy) < ][

1/2
g da < ( ][ |aB|2dx> < Juplliem < 1.
By By

which completes the proof of (3.6).
Remark that essentially the same argument used to prove that |[up||c,5 S 1 shows that
ltoll a6 S 1,

proving (3.3) (in this case we have to argue with the ag-homogeneous extension of ug in place of

Next we deal with (3.2). Again by homogeneity it suffices to show that
(3.7) up(y) ~ dist(y,dsn B)  for all y € B.

First we will prove that up(y) < dist(y,0snB). Since ||upllco,p S 1, we can assume that
dist(y, dsn B) < lloradgn(B). For a fixed yp € B satisfying this condition, let ¢ € Jsn B be
such that dist(yo, Osn B) = dist(yo, &) and consider a ball Ve € R\ B’ such that ¢ € OVe with
c <rad(Vg) < 1/10, so that V¢ is outer tangent to B’ in €. Let gy be the Green function of the
open set R™™1\ V. Notice that the functions @ and gy (zp,-) are both harmonic in the domain
By = B\ B(zg, Lradgn (B)). It is easy to check that gy (zp,y) ~ 1 for y € 8By N OA(0,1/8,2)
and y € 9B(zp, +5radse (B)). So using also (3.6) we deduce that

up(y) S gv(e,y) sl 5 S gv(zp,y) forall y € OBy,
By the maximum principle, the same estimate holds for all y € EO, and so

Un(y) S gv(zp,y) ~ |y — ¢ forall y € By,
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by the smoothness of gy in £. In particular,

(38) ﬂB(y()) 5 ’y() — f’ = diSt(y(), 8SnB)
Now we will show that
(3.9) up(y) 2 dist(y,0snB)  for all y € B.

To this end, observe first that the condition (3.8) and the fact that ||up|lc,p ~ 1 imply that
the maxp up is attained at a point xg € B such that dist(zg,0sn B) ~ 1. By a Harnack chain
argument, this implies that

(3.10) Up(y) ~1 for all y € B such that dist(y, dB’) ~ 1.

To prove (3.9), let yo and & be as above, and consider a ball Us C B’ such that § € U with

¢ < rad(Ug) < 1/10, so that Ug is inner tangent to B’ in &. Let gy be the Green function of
the ball Ug and let zyy be the center of Us. Notice that the functions up and gy (xy,-) are both

harmonic in B; = Ue \ B(zy, 5rad(Ug)). It is easy to check that, for y € dB(zy, 5rad(Ug)),
gu(zy,y) ~ 1 while ug(y) ~ 1, by (3.10). So we deduce that
up(y) 2 gu(ev,y) forally € 9B

By the maximum principle, the same estimate holds for all y € El, and so

up(y) 2 gu(zu,y) ~ |y — ¢ forally € By,
by the smoothness of gy in &. In particular, up(yo) = |yo — &| = dist(yo, ds» B), which concludes
the proof of (3.9) and (3.7).
Let us turn our attention to the behavior of the harmonic measures w I and w 5 The fact that
they are mutually absolutely continuous with H"| o5 and H"| a5 respectively, is due to the fact

that both B’ and B are Lipschitz domains, and in fact, piecewise C*° domains. To prove (3.4) for
z as in the lemma (i.e., z € A(0,1/2,3/4) N Q such that |z| 'z € %B), we consider an arbitrary
point & € OB’ and we assume that B’ is smooth in a neighborhood of ¢ (this happens for H"-a.e.
¢ € OB'). As above, let Ve C R7FLY\ B’ be a ball such that & € OVe with ¢ < rad(Ve) < 1/10,
so that V¢ is (outer) tangent to B’ in ¢, and let gy be the Green function of R \ V&. Also, let
g be the Green function of B’. Then the function gv(x,-) — g5 /(z,-) is harmonic in B’ and it is
non-negative in B’. So
95 (2,y) < gv(z,y) forallye B,
by the maximum principle. Consequently,

dwt dw””nﬂ A
B () = 0,9+ (2.€) < Bygy (2,) = Ve

where 0, stands for the normal derivative in the inner direction.
The same argument as above shows that

b <1 indB
S m .
dH”|8§

To prove the converse estimate for £ € B N A(0,1/3,4/5), consider again a ball Ue C B’ such
that £ € OUg with ¢ < rad(Ug) < 1/10, so that U is (inner) tangent to B in {. Let gz be the
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Green function of B and gu be the Green function of Ug, and zy the center of Ug. Then the
function g5(7y,-) — gu(wy,-) is harmonic in U and it is non-negative in OUg. So

95(rv,y) > gu(zy,y) forall y € U,

by the maximum principle. Consequently,

M (€)= gl 6) 2 D, =~ (c)
§) = dvgp(zu,§) = dugu(zu,§) = ~ 1.
a5 R ST
By a Harnack chain argument, it follows that
dwV dw
d nB . (5) ~ d nB - (5)7
H ‘83 H ‘8B
and so the proof of (3.5) is concluded. O

Claim 1 (Extension of up and ug). There exists an extension ufy of ug|p to S™ which belongs to
C2%(S™) and such that ||[VIuSF||oosn S 1 for j =0,1,2 and |ATE ||OO7A ©0,1/4,2) S 1, where U is the
ap-homogeneous extension of uf to R™L. Purther, we may construct ug so that it is supported
in an S"-ball By concentric with B such that H™(S™ \ By) > (3/2.

Proof. The arguments are quite standard. Since the function up is harmonic in B’ and it vanishes
identically in E?B: \ 0A(0,1/8,2), which is a C' portion of the boundary, it follows that up €
C%(V), for V.= B'NA(0,1/4,3/2) and that lBllczir < llusll
from [GT]. By Lemma 3.1, HuBHC &)~

f € C%(A(0,1/2,5/4)) which coincides with @iz in V and satisfies 1 le2ca0,1/2,5/4)) S 1Bl o2y

Multiplying f by a suitable bump C* function, we can assume that f|s» is supported in an S™- ball
By concentric with B such that H™(S™ \ By) > /2. Then we set u := f|sn and we let u% be
its ag-homogeneous extension. O

o) . See for example Corollary 6.7

<1. Bya sultable reﬁectlon one can construct a function

Recall that we assume that up and ug vanish respectively in S” \ B and S™ \ Q. Notice that
the estimate (1.2) from Theorem 1.2 may not hold for the extension u%’. Instead, we have

(3.11) Ao~ Ap > C(8) (HHQAB) + /B jugy — g ? dH").

Consider the function v : S — R defined by v = u% — uq and let v be its ap-homogeneous
extension, so that v = u% — ug. Notice that in Q) by (3.1) we have

(3.12) AT = AU — Atig = AuF — (Mg — o) ly| g

Notice also that supp Aufy C (E’ )€.
Recall that S = 0A(0,1/4,1). We can write, for z € Q,

(3.13) v(x) = /anT)dw% — /ﬁA'ﬁ(y) 95 (z,y) dy

:/~ B 5dw%+/~ B 17dwé+/~ T)dwé—/~AT)(y)g§(a:,y)dy
89NB\S 89\ (BUS) a0ns Q

=: 01(x) + va(x) + U3(z) + Vg(x),
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where g (7, y) is the Green function of Q). For the points z € A(0,1/2,3/4) N such that lz| ™1z €
%B , we intend to estimate v(z) from below and to relate this to the terms appearing on the right
hand side of the inequalities (1.3), (1.4), and (1.9), so that then we can apply the inequality (3.11)
to prove Theorem A and Theorem B. To this end, we will estimate |v2(x) + v3(z) + v4(x)| from
above and v1(z) from below.

Lemma 3.2. Let x € A(0,1/2,3/4) NQ and also that |z| 'z € 2B, and let v;, for 1 <i <4, be
the functions in (3.13). Suppose that |A\p — Aa| < 1. Then we have

W2 (2) + T3(z) + Ta(2)] S (Ao — Ap)'/2%

du}x
Proof. Estimate of |v3(z)|. By the maximum principle and taking into account that % R

1 on S, for any set F' C o0 N S, we have

we(F) < wih,a,1)(F) = H"(F).
Therefore, wZ |g is absolutely continuous with respect to surface measure on S, and

T

Q < n_ ~
dHn(y)Nl for H™-a.e. y € 00N S.

Hence, using also the ap-homogeneity of v,
s [ plane s [ fug - ualane
anns Q
Then, by Cauchy-Schwarz and (3.11), we deduce
1/2
/ 0% — ug| dH™ < (/ lug — uol? d”H”) < (= Ap)Y2.
QB QnB
On the other hand, from (3.2), (3.3), and again (3.11), we have

/\ luff —uoldH" < (||lugllc + [uallc) H(Q\ B) SHQ\ B) S (Aa — Ap)'/2.
Q\B

Adding the two preceding estimates we derive
[53(2)] S (Mo — Ap)'/2.
Estimate of [04(x)|. To this end, we use the trivial estimate g5(z,y) < [z —y|'~" and the fact
that by (3.1) and Claim 1,
[Atgll 6 S [Ae—Apl <1 and  [JAuf]

Taking also into account that supp Aujy C (B)¢, we get

aB S

~ _ 1 |AUE (y)| + [Atig(y)]
vg(x S/ AB — gl [ua(y —_dy+/ — dy
2 ﬁmé’ [lia(y)] lyl? [z —y[m~1 0\B |z —ynt

. 1 1
S AB = Aol |t /ﬁmé W dy + /ﬁ\é 7’33 T dy.

To estimate the first summand we use the fact that ||ug||c < 1 and a trivial bound for the integral,
while for second one we take into account that H"t1(Q\ B) < H"(Q\ B) < |Ag — Aa|'/? and the
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fact that dist(z, B¢) > 1, since |z| 'z € 2 B. Using also the assumption that [Ag — Ao| < 1, we
obtain

[54(@)| < s = Aol + [Ap = Aal'? < [Ag — Aol
Estimate of |v2(z)|. Recall that

52(x):/~ i 5dwé:/~ (@5 — Tia) dwt.
26\ (BUS) 20\ (BUS)

Since uq vanishes on Osn €2, we can write
32(2)] < /O wi({y € 9\ (BUS) : @ (y)| > t}) dt.

Since ||[VU% oo, 4(0,1/2,1) = IVUF [|oosn + [[uF loo,sn < 1 and 4% vanishes on OB\ S, we have

55 (y)] < dist(y, 0B \ S) ~ distgn (|y| "Ly, dB) = d5(Jy| " v).

Therefore, recalling also that u$ vanishes in S™\ By (with By defined in Claim 1), for some ¢ > 0
we have

Bala)] < /0 Twr({y e 00N Bo\ (BUS) : 6yl y) = ct}) dt

~ /0 "Wt ({y e 00\ (BUS) : op(lyl'y) > t}) db,

where ty = distgn (0B, 0By). For each t € (0,%g), take the S"-ball By = {z € S" : distgn (2, B) < t}
and the associated truncated conical regions

Bi={ye€ A(0,1/4,1) : [y| 'y € B},  B;={y e A(0,1/8,2) : [y| 'y € B}
Notice that B C B; C By and that
{y €0Q\ (BUS) : distgn(|y| 'y, 0B) > t} = 0Q\ (B, U S).
By the maximum principle, since an Et C Qand QN G(SNNW Et) = ﬁﬂ(‘)ét, for 0 < t <ty we have
WE(0Q\ (By U S)) < w5 (90BN Q).

By the maximum principle and standard estimates (taking into account that the ball By in Claim 1
does not degenerate) we deduce that, for any set ' C 9B, N\ S,

w%mét(F) < w%é(F) ~H"(F).
Therefore, for each t € (0, ),
wE({y € 00\ (BUS) : dp(lyl'y) = t}) < w5, (0B, N Q) SH" (9B, N Q).
Consequently, applying Fubini and using the conical property of ﬁ, we obtain
[72(2)] S /Oto H" (0B, N Q) dt = H™ (2N Bo\ B) S H"(2\ B) £ Ap — dol'/%,

using also (3.11) for the last estimate. O
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Estimate of v1(z). Next we turn our attention to the function v;. Since Ug vanishes in o0\ S
and u% = up in B, for x € A(0,1/2,3/4) N Q we have

v1(x) = /~ o (uF - uq) dwg = /~ up dw.
0N (B\S) ON\S

Observe first that, by the maximum principle, if we let Qg = Q2N B and S~)0 =Qn E, then it holds
(3.14) v1(x) > /~ updws =: fo(z) forallze Qo.
000\ S 0

We extend fjy to the whole B by letting

(3.15) folz) =up(z) forall z € B\ Q.

We claim that fj is superharmonic in Bo. Indeed, first notice that, by the maximum principle,
folz) <up(z) for all € Q.

So fy — up is continuous in B (although it may happen that fy does not extend continuously to
OBNS ), it vanishes in B \ Q, and it is harmonic and negative in 2N B = . This implies that
fo — up is superharmonic in B and so the same happens for fo = (fo — up) + up.

Lemma 3.3. Suppose that |[A\p — Aa| < 1 and that Q is Wiener reqular. Denote 2B={z€ B:
2| 7'z € & B}. Then we have

2
do—dnz 0@ | [ fola) dH™ () |
&BNA(0,1/2,3/4)

Proof. By the Allen-Kriventsov-Neumayer theorem and the ap-homogeneity of v, we have
Ao —Ap 2 / lup — ua|> dH™ ~4 /N lup — ug|* dH™,

9B 9B

10 10
since ap ~ 1. By Lemma 3.2 and (3.14), for all z € BN A(0,1/2,3/4) N Q, we have

up(r) — uq(r) = ug (r) — uo(r) = v(z)
> 01 (x) — [Oa(2) + T3(x) + a(@)| > folx) — C(Aa — Ap)'/%.

On the other hand, for z € %AE N A(0,1/2,3/4) \ Q, by definition

up(z) — ua(z) = up(z) = folz).
Therefore, by Cauchy-Schwarz,

Mo~ Ap 2 / fo(@) — COa — Ap)YV2P dH+ (2)
L BNA(0,1/2,3/4)

2
28 </§v |fo(z) — C(Aa — Ap)"?| dHnH(fL"))
2 BNA(0,1/2,3/4)

2
> (/gv fo(x) dH"H(x)) — ClAa — 2Bl
9 BNA0,1/2,3/4)
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which proves the lemma. O

Lemma 3.4. There exists some constant ¢y € (0,1/4) depending only on n such that the following
holds. Let A, be an S™-ball centered in z € S™ such that A, C B, with distgn(A,,0snB) > p. Let
B. be an Buclidean ball centered in the segment L. = [0,2] N A(0,1/2,3/4) with fradsn(A;) <
rad(B;) < radsn(A;) such that SN B, # @. Then, in the case n > 3 we have

< P Cap,_s(c2A:\ ©)

\ -
(3.16) foly) 2 radn (D)2 for ally € B.NQ,

and in the case n = 2,

p ~
>
(3.17) Jo(y) 2 radge (A) for all y € coB, N .

8 Capy(ca A\ Q)

Proof. Suppose n > 3. By Lemma 2.6 and Lemma 2.2, for all y € %Bz N ﬁo, we have

1 ~
rad(B,)"1 rad(B,)" 2

Qo

for a suitable constant ¢y depending just on n. Then, taking into account that up(z) ~ dist(z, OB ) 2
p for all z € B, and that B, NS = & (recall that S = 0A(0,1/4,1)), from the definition of fj in
(3.14) we infer

~ Cap,,_o(c2A, \ Qo)
> dot > pwl (B) > L MPn2
fo(y) —_ AﬁOmBZ uB wQO ~ prO( ) ~y I‘ad(Bz)"_2

for all y € %Bz N Qo.

On the other hand, for y € %Bz \ Qo, we also have foly) = up(y) ~ dist(z, E) > p.
The arguments for the case n = 2 are analogous. O

Proof of Theorem A assuming Q) to be Wiener regular, for M" = S". Supposen > 3. We
can assume that [A\gp — A\g| < 1, because otherwise the inequality (1.3) is immediate, since the
right hand side of (1.3) is bounded above by some absolute constant. Recall that we denote
rp = rads» (B). We will prove the theorem with a = ¢3/4, with ¢ as in (3.16) and (3.17).

We will show first that

2
(3.18) Ao — A > C(B) < sup ][ Cap,,_o(Bsn(z, Frp) \ ) d’H"_l(y)) .
s€(0,c2/4) J dsn(sB)

To this end, observe that, from (3.16) in Lemma 3.4 applied to A, = %B and to a ball B, as in
that lemma (so that rad(B,) =~ radgn(A,) ~ radsn(B)), we get
radgn (B) Cap,_»(§B\ Q) _ Cap, »($B\)

> =
foly) 2 radgn (B)" 2 radgn (B)"—3

for all y € %Bz N Q.

The same inequality holds for y € %Bz\ﬁ, since for these points it holds fo(y) = up(y) ~ radsn (B),
by (3.2). Consequently, by Lemma 3.3, choosing B, so that ”H"*l(%B NA0,1/2,3/4) N B,) ~
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H"(B) ~ %t ~5 1, we deduce

2
(319) Ao —Ap=C(8) ( /N fo(x) d%"“(sv)) 2 (rj Cap, »($B\ )"
& BNA(0,1/2,3/4)NB.
Notice that, for any s € (0,c2/4) and y € Jsn(sB), it holds Cap,, (% B\Q) > Cap,,_5(Bs»(y, ¥7B)\
Q). Thus,
Cap, (3B \ Q) > ]{) o Cap,,_o(Bs(y, %rB) \ Q) dH"(y).
sn (S

Together with (3.19), this gives (3.18).
We consider now the case s =1 —1t € (c2/4,1) (here t is the parameter appearing in (1.3) and
(1.4)). Let Bs = sB and

By ={y € A(0,1/4,1) : |y| "'y € sB}
and denote
T, = 0B, N A(0,1/4,1).

Notice that B; is a Lipschitz domain with Lipschitz character depending at most on n and S,
since s > ¢z /4.

Let ¢o be a smooth bump function which equals 1 in A(0,1/3,4/5) is supported on A(0,1/4,1).
We define fi : B, - R by

(3.20) fi(z) = /aé . o fodwp = /1“ fo dw .

Since the boundary data g fo is continuous in E?ES, the function f; is harmonic in ES and con-

tinuous in Bg. These are the advantages of fi over fy. Moreover, since fy is superharmonic in By
and fi harmonic in By, fo > f1 in I'y, and

liminf(fo — f1)(z) = liminf fo(z) >0 for all z € OB, \ T,
y—z y—z

by the maximum principle then it follows that fo(z) > fi(z) for all 2 € B, (see Theorem 3.1.5
from [AG], for example).
By the same arguments as the ones for (3.5), we deduce that for = € A(0,1/2,3/4) N B /o
dw% .
— B &1 in 9B, N A(0,1/3,4/5).
d'H"|a§S

Therefore, by (3.20), for these points z,

oz [ oly) dH" (v).

0BsNA(0,1/3,4/5)

On the other hand, for every y € OB, N A(0,1/3,4/5), by Lemma 3.4 applied to an S™-ball A,
centered in z = |y|~!y with geodesic radius $0p(z) = 555 rp = p , we have

foly) 2 p Cap,_s(c2A;\ Q) N Cap,_5(c2A:\ ) _ Cap,,_o(Bs (Jy| 'y, c2(1 — s)rp) \ Q)
0S)~ radgn (A,)"—2 (1= s)rg)n—s (1 =s)rp)n=3 ‘
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Thus,

fO(y) dan(y) Z / Ca‘pn—2(BS"(’y‘_ly7 62(1 - S)TB) \ Q) d/Hn(y)

0B,NA(0,1/3,4/5) (1= s)rp)=?
Cap,_o(Bsn(y,c2(1 = 8)rp) \ Q) 4

~ dH" ™ (y).

Lo (T )} )

So, for all x € A(0,1/2,3/4) N Es/g,

/EJESOA(0,1/3,4/5)

fO(x) > fl(x) ,Z /asn(SB) Capn—2(?(81"(_y7sc)i(;);_§)7’3) \ Q) d']—[n_l(y)_

By Lemma 3.3, this implies

2
ho—As 2 O(9) ( [, e e dH”‘l(y)> ,

for all s > co/4. Together with (3.18), this proves the theorem with a = ¢3/4 and n > 3. The
arguments for the case n = 2 are almost the same. The only essential change is that above we
have to use the estimate (3.17) instead of (3.16). Thanks to Lemmas 2.4 and 2.5, this implies that
the theorem is valid for any a € (0,1). O

4. END OF THE PROOF OF THEOREM B IN THE WIENER REGULAR CASE FOR M" = S"

Notice that the case s = n in Theorem B is an immediate consequence of Theorem 1.2. So we
assume that 0 < s < n. Recall that, for n > 3,

T., (%, B,a) = {x € B\ Q: Cap,_y(Bun (z,adp(z)) \ Q) > codp(z)" 2},
and, in the case n = 2,
Teo(, B, a) = {z € B\ Q: Capp(Bun(z,adp(x)) \ Q) > cdp(z)}.
To shorten notation we write
Teo, =T, (2, B, a).
We will assume a = 1/2, but all the arguments below work with arbitrary a € (0,1). We denote
Vs(Q) = | dp(y)" " dH ().
Teo
So to prove Theorem B we have to show that, for 0 < s < mn,

(41) )\Q - )\B 2 C(CL, 375700)’78(9)2’

To this end, we distinguish two cases:

e Case 1. There exists some point yg € T¢, such that dg(yo) > %radgn(B).
e Case 2. Such point yy does not exist.
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4.1. Case 1. Let yo € T, be as described above. By covering Bsn(yo, 305(y0)) with a finite
number of S™-balls with radius %53(@/0), we find an S"-ball A, = Bsn(z, %53(@/0)) such that
Cap,,_5(A, \ Q) ~ radga (A,)" 2 in the case n > 3 and Capy (A, \ Q) ~ radsa(A,)" 2 in the case
n = 2. Then, by Lemma 3.4, in the case n > 3 the function fy (defined in (3.14) and (3.15))

satisfies den(A) C (A Q)
Tradsn Az ap, o (€22,

>

fo(y) ~ I‘adgn (Az)n_2

for an Euclidean ball B, C %Aé centered in the segment L, = [0,z] N A(0,1/2,3/4) with
rad(B;) ~ radsn(A;) ~ 1. The same estimate holds in the case n = 2, using that Cap; (A, \ Q)
radsn(A). Then, by Lemma 3.3, we deduce that either [Ap — Ag| > 1 or

2y forallye iBzﬂﬁ,

~
~
~
~

2 2
do sz ) [ hwaw @) =) ([ amt@) 2.
& BNA(0,1/2,3/4) .

which implies (4.1) in any case, as 75(€2) < 1.

~

4.2. Case 2. From now on we will assume that 2 € A(0,1/2,3/4) N and also that |z| 'z € iB.
The two conditions and the fact we are in Case 2 ensure that
dist(z, R""\ B) >1 and dist(z,T,,) > 1,
where N
Teo = {y € A(0,1/4,1) = [y "'y € Tp -

Main Lemma 4.1. Under the assumptions of Case 2, for all z € A(0,1/2,3/4) N Q such that
2|~z € 3B, we have
fo(z) Z 7s(2).
By Lemma 3.3 and the preceding result, then we deduce that (4.1) also holds in Case 2 and The-
orem B follows. So to conclude the proof of Theorem B it just remains to prove Main Lemma 4.1.

Let M > 10 be some constant to be fixed below. For each y € Ty, let ' € 9B be such
that dp(y) = distse(y,y’) and let A, be an S"-ball centered in y’ with S"-radius 2Mdp(y) (in
case that 2M0dp(y) > m, then A, = S™). By Vitali’s covering theorem, there exists a subfamily
{Al}ier, € {Ay}yer., such that Ty, C U;er, 5A; and the balls A}, i € Ip, are pairwise disjoint.
We denote A; = ﬁAg Notice that the S"-balls A;, 7 € Iy, satisfy MA; N MA; = @ for all © # j.
Moreover, for each ball A; there exists some y; € T;,, N %Zi such that dp(y;) = %radgn(Ai).

Lemma 4.2. For 0 < s < n, we have
Y5(Q) Sar Y radgn (A)".
i€lp
Proof. Changing variables, we get
> 1
42 @ = [ )y = [ R €T 1 0s0) > 7t

€0

—(n—s) /OOO =513 ({y € Tuy < 05(y) > t}) dt.
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Since the balls 5A! are centered in 0B and they cover Ty, the condition dg(y) > ¢ for y € T,
implies that y belongs to some ball 5A] with radgn (5A) > t. Therefore,

HE ({y € Ty : 0B(y) > t}) < > radgn (5A})%.
i€lp:radgn (5A])>t
Thus, by Fubini,
75(Q) < / sl > radgn (5A})® dt
0

i€lp:radgn (5A])>t

= Z radgn(5A§)s/ "l dt & Z radgn (5A))"™ ~ s Z radsn (A;)".

iclo t<radgn (5A7) iclo iclo

Now we need to define a family of separated balls centered in
L:=08B\S.
For each i € Iy, let z; € S™ be the center of A; and consider the segment
L; =1[0,%]NA0,1/2,3/4).

Next we choose a maximal family of points z; ; € L;, j € J;, which are (Mradgn(A;))-separated,
so that #J; ~ (Mradgn(A;))™! for each i € Iy. It is easy to check that the balls B;; =
B(z,j,radgn (4A;)), with i € Iy, j € J;, satisfy csMB; j N csM By j» = @ for a suitable absolute
constant ¢z > 0 if (4,5) # (¢, 7). Notice that

(4.3) D> rad(Biy)"t =) #Jivads (A)™ T Ry Y rads (M) Zar 7s(9),
i€lp,jeJ; i€l i€l
by Lemma 4.2.

To simplify notation, we denote

{Bi}rex = {Bij}iclo,jeJ;-

We need now to construct an auxiliary Lipschitz graph I" which will play an important role in the
proof of Main Lemma 4.1. First observe that, from the fact that Cap,,_5(B(yi, 305 (y;))NS™\ Q) >
cor™ 2 for each i € Iy in the case n > 3 and the analogous estimate for the logarithmic capacity
in the case n = 2 (since y; € T, ), by Lemma 2.3 we deduce that, for all k € K,

Cap,_1({y € Bx \ Q: dist(y, aé) >y rad(Bk)}) > rad(Bk)"_l,

for a suitable constant ¢4 € (0,1/4). By covering {y € o0 N By, dist(y,@g) > ¢y rad(By)}
with balls with radius c4 rad(By)/10, we infer that there exists some point z; € By \ 2 such that
dist(zg, 0B) > carad(By) and so that the ball B), := B(zy, carad(By)/4) satisfies

(4.4) 4B, C B and Cap,_; (1B, \ Q) > rad(By)" ..

For each k € K, we consider a Lipschitz function ¢y, : L — B supported in %CQM B, such that
Lip(¢r) < (M rad(By))~! and so that z; belongs to the graph of . It is easy to check that such
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a function exists. Then we define p : L — B as follows:

o (y) ify € coM BN L fo some k € K,

o(y) =
0 otherwise.

We assume that the balls coM By, k € K, are pairwise disjoint (otherwise we could replace ¢y by
a smaller constant in the construction above), and then it is clear that the definition is correct.

It is also clear that ¢ is a Lipschitz function whose graph is contained in B. Further, because the
functions ¢y, are cM-Lipschitz and because of the smoothness of L, it follows easily that

(4.5) ¢|p is ¢ M~1-Lipschitz for any set F' C L with diam(F) small enough (depending on M).

We denote by I' the graph of ¢, and we let Fr be the closed set comprised between L and T'.
Next we consider the domain N N
QF =B \ Fr.
Notice that €p is a Lipschitz domain contained in B whose boundary equals I' U (SN aé)
Recall that

foly) = / Updw?  forall y € Qo
800\ S o
and L
fo(z) =up(z) forall x € B\ Qy,
where g = QN B and S~)0 = QN B. Now we define fi: §~2p — R by

(4.6) fl(x) = /é;ﬁ \s fo dw%r = /I:f() dw%r.

Remark that f; is harmonic in Qp and continuous in Qp, except perhaps in I' N S, because the
boundary data fo xr is continuous in OQr. Since fo is superharmonic in Qr and f1 harmonic in
Qp, fo and f; have the same boundary values in I', and

liminf(fo — f1)(z) = liminf fo(z) >0 for all z € QP \ T,
y—z y—z

by the maximum principle then it follows that
(4.7) fo(z) > fi(z) for all z € Qp
(see Theorem 3.1.5 from [AG]).

Lemma 4.3. For each k € K, let I', be the following subset of I':

Ty = {y € pp(caM BN L) : dist(y, L) > 1Olrad(Bk)}
Then

foly) = fily) 2 rad(Bg) forallye'N %B,’C.

Proof. The fact that fo(y) = fi(y) fory e I'n %Blg is an immediate consequence of the definition

of fi(y). _
By (4.4) and Lemma 2.6, for all y € 1B}, N, we have

rad(By)»~t ™

b, B 2
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Then, taking into account that up(z) ~ dist(z,dB) ~ rad(Bj,) ~ rad(By,) for all z € 2B}, we infer
foly) > /~ Updw? > rad(Bp)w? (2B}) 2 rad(By) for ally € 1B}, N Qo.
0%0N2B, o o
On the other hand, for y € B} \ Qo, we also have fo(y) = ug(y) ~ dist(z, B) ~ rad(By). O

From (4.7), the definition of f; in (4.6), the preceding lemma, and the doubling property of
we,. (since Qr is a Lipschitz domain) we deduce that

fo(z) > fi(z) Z Z rad(Bk)w%F(iB,’f) A Z rad(By) W%F(Bk NI) forall z € Qp.
keK keK

Hence the Main Lemma 4.1 is a consequence of the following result and (4.3).

Lemma 4.4. For all z € A(0,1/2,3/4) N Q such that |z| 'z € 1B, we have

> rad(By)w (BeNT) Za > rad(By)"t!.
keK 8 keK

To prove this, we will need the following auxiliary lemma.

Lemma 4.5. Given any o € (0,1/2), suppose that the constant M above is chosen large enougfi,
depending on «. Then there exists some constant C' = C'(«) such that, for all x € A(0,1/2,3/4)NQ
such that |x| "'z € 3B, ally € TN A(0,1/3,4/5), and 0 <r < R < 2, we have

This lemma follows from the local Reifenberg flatness of o0 far away from S, by (4.5) and
taking M large enough. The arguments are essentially the same as the ones for Theorem 4.1 from
[KT] and Lemma 3.7 from [PT1], and so we omit the proof. From now on, we assume M large
enough so that we can take a = 1/4 in (4.8).

Proof of Lemma 4.4. Consider the function hy : OB — R given by

ho(y) =Y rad(By) x,nL(y)
keK

and let h : B — R be its harmonic extension to B:

h(y) = / ho(z) dw'(2) = > rad(By) w(By).

keK

T

dw?, ~ -
By Lemma 3.1, we have d;-)t—n ~ 1 on BN By, for each k and for x € A(0,1/2,3/4) N such that
lz| ™'z € %B . Using also the fact that A is harmonic in B, that x € B N Qr, and that h vanishes
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in L\ Upex %csz =T\ Uper %csz, we derive

rad(B,)" " ~ rad(By) wi(By N L /hdw”i:/hdw?«
D > )= [ g = [ nawz,

keK keK
= hy) dwg (y) = rad(B;) / Wi (B;) dw (y)
< D rad(By)  sup wh(By) wh (By).
j,keK yEgzca BN’

For all j, k € K, we denote
D(Bj, By) = diSt(Bj, By) + rad(Bj) + rad(By).

Claim 2. For all j, k € K, we have

rad(B;)" rad(By)
(49) sup W (Bj) <
yE%cszﬁF B> D(BJ7Bk)n+l

We defer the proof of the claim to the end of the proof of the lemma. Assuming this for the
moment, we get

n+1
it o e BT B L
(4.10) kEEKrad(Bk ]kEEK D(B; By wQF(Bk) : Sp.

To conclude the proof of the lemma we will bound the sum Sy on right hand side above by
> rad(By) wg (Br)-
keK

To this end, we split the sum Sy as follows:

rad(B;)" ! rad(B) iy .
oo ( P > D(B;, Bt wg (Br) =: So.1+ So2-

J,keK: J,keK:
rad(B;j)<rad(Bj) rad(Bj;)>rad(By)

Estimate of Sp 1. Using that rad(B;) < rad(By) in this sum, we write

rad(B;)" rad(Bg)?
< L (B
s j%{: D(Bj, By)" ! “or (i)
rad(B;)<rad(Bj)
B 50 . rad(B;)"
- Zrad(Bk) wﬁp(Bk) Z Z D(B;, By)" 1
keK i>0 jeK:rad(Bj)<rad(By), 7

2irad(By,)<D(Bj,By) <2+ rad(By,)
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Notice that, for a fixed ¢ > 0, the conditions rad(B;) < rad(By), 2'rad(B) < D(Bj, By) <
2t lrad(By) imply that B; C 2°72By. Then we get

rad(B,)" W (L0 B;)
(4.11) Z —jn-i-l < Z B L
jeK:rad(B;)<rad(By), D(Bj, B jEK:Bjc2i+2Bk(2 rad(By))
2irad(By,)<D(Bj,By)<2" trad(By,)
< H”(L N 2i+2Bk) ~ 1
~ (2rad(By))" Tt 2irad(By)’

Therefore,

1
SO,I 5 E rad(Bk)z W%F(Bk) E W(B) ~ E rad Bk) (Bk)
kEK k) kek

Estimate of Sp2. Now we assume that rad(B;) > rad(By). Let A > 1 be the minimal constant
such that By C AB;. Notice that rad(AB;) ~ D(Bj, B). By Lemma 4.5, using also the doubling

property of w% (since Qr is a Lipschitz domain), we have
r

. rad(B;) \"**
WQF(BJ') 2 <m> wﬁF(ABj)
rad(B;) \"" (rad(AB;)\""* . rad(B;)" e i
S <rad(Aéj)> (rad(Bkj)> “or (B~ i Bry=e D(B;. By “or (Br)

Plugging this estimate into the definition of Sy 2, we obtain
n+1 n—o
Sos < Z rad(B;)" " rad(By,) rad(By)" ™ D(Bj, Bg)**

wi (Bj)
jkeK: D(Bj, By)"+* rad(B;)" Qr
rad(B;)>rad(By)
_ Z rad(B;)! =% rad(By )" 12 Wt (B))
jkeEK: D(B]7Bk)n+1 2 QF ”
rad(B;)>rad(By)
Using that rad(By) < rad(B;), we get
2 20,z rad(Bk)n
So2 S Z rad(B (Bj) Z Z D(Bj, By)n+i-2a”
jEK >0 ke K:rad(By)<rad(Bj;),

2irad(B,;)<D(Bj,By)<2!rad(B;)
Arguing as in (4.11), we deduce that for each i > 0

Z rad(By)" < 1
D(Bj, By)t1—2> ™~ (2°rad(B;)) Iz

ke K:rad(By)<rad(B;),
2irad(B;)<D(Bj,By)<2'*'rad(Bj)

Thus, since o < 1/2,

Sop S ) rad(By)**wE (B)) Y 12awzmd Bj).

jeEK >0 (22rad( JEK
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Gathering the estimates obtained for Sy 1 and Sp2, we obtain
< z
SoS ), rad(Bg) wg (Br),
keK
as wished. Together with (4.10), this concludes the proof of the lemma, modulo Claim 2. O

Proof of Claim 2. In the case j = k, we have
rad(B;)" rad(By)

~1
D(B;, By)nt1

and so the estimate (4.9) is trivial.

So we assume that j # k. Let y € %CQBk N T, and let Ej be a ball concentric with B; such
that 2§j N %CgBk = & and 3§j N %csz # . Clearly, by construction, we have B; C Ej and
rad(B\j) ~ D(Bj, By). By Lemma 2.8 and 3.1, we have

wpBy) _wiB)) H™(B;NB)

N <rad(B-)>"
Wi(Bj)  wi(B;)  HMB;nB)  \rad(B)/)
where we took z e A(0,1/2,3/4) N Q suc£1 that |z| o € iB. On the othef hand, byALemma 2.7,
if we let p € B be a corkscrew point for B; (that is, p € B; with dist(p, 0B) ~ rad(B;)), we have
rad(B\j)"_l
dist(y, 0B)"~1

(4.12)

WL (B)) = gy, p) rad(By)" " ~ W (B(y, 2dist(y, 9B)))

By Lemmas 2.8 and 3.1, we also have

~ w (B(y, 2dist(y, OB " = \n
W (B(y, 2dist(y, 0B))) ~ 5By, 2dist(y )))%<d t(yﬁff’))‘

wE(B;) rad(B;)

Therefore,

~ —

rad(B;)
Plugging this estimate into (4.12), we obtain

<rad(Bj)>" dist(y, dB) _rad(B;)" dist(y, dB) - rad(B;)" rad(By)

— —~

v (B)) ~ <dist(y,8§)>" rad(éj)f_l B diS’U(%aE)_
J dist(y,0B)"~1 rad(B;)

=~

rad(B;)

—~

wl(B;) ~ ~
5B) rad(B;) D(Bj, Bg)"*! ™~ D(Bj, B)"+!

5. THE PROOF OF THEOREMS A AND B IN THE NON-WIENER REGULAR CASE

_ In Sections 3 and 4 we have proved and Theorem A and Theorem B under the assumption that
Q and Q' are Wiener regular open sets in R”t!. In this section we will prove both theorems in
full generality by an approximating argument. To this end, for each k > 1, we denote

S = {z € Q:distgn(z,05:Q) <277}, Q) =Q\ S

Clearly, we have H"(QAQ;) = H™"(Q\ Q) — 0 as k — oo. Since we are assuming that the
barycenter xqo of €2 is well defined, it follows easily that the barycenter xq, of 2 is also well
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defined for % large enough and zq, — zq as k — oo. We denote by B and By, the S"-balls with
the same barycenter and H™-measure as ) and €, respectively, so that By — B in Hausdorff
distance as k — co. We also set

Q= {y € A0,1/4,1) : [y 'y € 1},  Br={yc A(0,1/4,1) : [y| 'y € By},

and
=1y € A0,1/8,2) : [y 'y € .}, B ={y € A(0,1/8,2) : |y|"'y € By}.

Lemma 5.1. For each k > 1, if Qi # &, then Qi and ﬁ% are Wiener regular.

Proof. We will show that Q. is Wiener regular. The same arguments are valid for ﬁ; By the

discussion at the beginning of Section 2.3 (see (2.6)), it is enough to show that for all z € 9,
and any r > 0 small enough,

(5.1) Cap,,_;(B(z,r)\ Q) Z """

Clearly this holds for all z € DA(0,1/4,1) N 8y, because B(0,1)° U B(0,1/4) C ﬁz So consider
the case when z € 8y, \ DA(0,1/4,1) = 8, N A(0,1/4,1). Let & = |z| "'z, so that & € dgn Y.
Take n € 952 such that distge(£,7) = distsn (€, 052Q). Notice that distgn(&,7) = 27%, by the
definition of Q. In fact, Bsn(n,27%) € Sp € S™\ Q. Since & € dsnBgn (n,27F), we deduce that,
for 0 < r < 27%, Bsn(£,7)\ Q) contains an S™-ball with radius comparable to r. From this fact we

deduce that for the same range 0 < r < 27%, B(z,7)\ O contains a ball with radius comparable
to r, which yields (5.1). O

Lemma 5.2. We have
lim A(Q) = A(R2) and lim A(Bg) = \(B).
k—oo k—oo

Proof. Let U be the connected component of € such that \(Q2) = A(U), and let Uy, = U \ Sy =
UNQy. Let ug, € WO1 ’2(Uk) be the Dirichlet eigenfunction associated with A(Uy), normalized so
that up > 0 and |ug|r2@,) = 1. We assume that uy is extended by 0 to the whole U. For
any subsequence of {ug}r, there exists another subsubsequence {uy, }; which converges weakly in
Wol’2(U) and strongly in L?(U) (by the compact embedding W12(U) C L?(U)) to some function
u > 0 such that [|ul|z2) = 1. Since {A(Uy,)}; is a non-increasing sequence and A(Uy;) > A(U)
for any j, it also holds that A(Ug;) converges to some a € [A(U),00). Passing to the limit the
equation
—Auyg, = Ag; ug;,
it follows that, in the weak sense,
—Au=au inU.

Since u is a Dirichlet eigenfunction for U, which is connected, and moreover u > 0, it follows that
w is a Dirichlet eigenfunction corresponding to the first eigenvalue for U and o = A(U) = A(Q2).

Consequently,
lim A\(Ug) = A(92).

k—o00

Since Uy C §2, this implies that
lim sup A(Qg) < limsup A(Uy) = A(Q).

k—o0 k—o0
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On the other hand, since Q C Q, we have A\(Q2x) > A(Q2) for any k, and thus
lim A\(Qg) = A().
k—o0
The fact that limg_,oo A(Bx) = A(B) can be proved by analogous arguments. Indeed, since

H"(By) = H"(Qr) < H™(Q) = H"(B), we can assume that By, C B and that they are concentric.
Then the same arguments used for ;. work in this case. O

Proof of Theorem A for M" = S™. Suppose n > 3. We consider ), and By as above, so that
AQ) = A(B) = klg)go (M%) — A(Bg)).
We have to show that, for a given a € (0, 1), for any t € (0,1),

Capn—2(BM" (y7 atTB) \ Q)
(t TB)”_3

2
52 A -AB) = i) ( ] )
Oy ((1—t) B)
Choose a’ such that a < @’ < 1 and fix some ¢ € (0,1). Denote by T} the translation Tj(y) =
y+ (zp, —xp). Since 7—["_1|3M”((1_t)3k) coincides with the image measure Tk#H"_1|3Mn((1_t)B)

n—1 n — .
times ¢ = 7;_[%1(%&”((((113)%)))), we have

][ Cap,, (B (3, atrs) \ Q) dH"(y)
Oyn ((1-t)B)

-/ Cap,_»(Buan(y + (a5 — v,). atr) \ Q) dH"(y).
n((1~t)By,)
Since By, tends to B in Hausdorff distance, it also holds that zp, — xp and rp, — rp. So for k
large enough, Byin(y+ (xp —zp, ), atrg) C Byn(y,a'trp, ). Consequently, using also that Q C €,
Cap,,_o(Bun (y + (x5 — zp, ), atrp) \ Q) < Cap,,_o(Bun (y,d'trg,) \ Q).

Therefore, taking into account that rp, ~ rp for k large enough and applying Theorem A for {2
and By, we deduce

C By t Q
][ apn_g( M (y,a TB)\ )den—l(y)
O ((1-1)B)

(t TB)"_?’
Cap,,_o(Bun (y,a'trg,) \ Q
s/ Pua Bt 4, 5 A ) s ) < o', B) (M) - A(B)
o (1—1) By) (trp)
Letting k£ — oo, we get (5.2).
The arguments for the case n = 2 are analogous. O

For the proof of Theorem B, we denote

e (2 Boa) = / 55 (y)"* dHS(y)-
Tey (92,B,a)

Lemma 5.3. For d € (0,n) and any o’ € (a,1) and c¢j € (0, o), we have

liminf v, oo (., Bg, a') > Ys.60(Q, B, a).
k—o0 0 ’
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Proof. Recall that the condition = € T, (€2, B,a) means that € B\ {2 and in the case n > 3,
Cap,,_o(Bsn(z,a6p(x))\Q) > coép(z)" 2, while in the case n = 2 we ask Cap, (Bgn (z,ad5(z))\
Q) > coop(z). Consider an arbitrary constant 7 € (1/2,1), and let 7B be the S™-ball concentric
with B with radius 7radgn(B). Since By tends to B in Hausdorff distance (by the arguments
at the beginning of this section), we deduce that 7B C By for k large enough (depending on 7).
Therefore,

(5.3) TB\Q C B\ Qi for k> ko(7).
Let us check that
(5.4) TBNT,, (R, B,a) C Tcé(Qk,Bk,a’) for k > ko(r, a,d co, c).

Indeed, for x € 7B\ Q, we have adg(z) < d'0p, (x) for k large enough depending on 7,a,d’.
Similarly, codp(z)"~2 > ¢, 65, ()" "2 in the case n > 3 and codp(x) > ¢} dp, () in the case n = 2
for k large enough depending on ¢y, ¢. Consequently, in the case n > 3, for x € TBNT,,(Q, B, a),

Cap,,_o(B(z,d dp, (x)) NS™\ Q) > Cap,,_o(B(z,adp(z))NS"\ Q) > ¢ 5B(x)"_2 > ¢4 0B, (a;)"_2.

An analogous estimate holds in the case n = 2. Together with (5.3), this yields (5.4).
We split, using the identity (4.2),

Vs,c0(, B,a) = (n — s) /000 sl Hio({y € Te(Q,B,a) : 6p(y) > t}) dt

<(n-—2s) /000 "t HE ({y € B\ 7B : 6p(y) > t}) dt
+(n—s) /OO " HE ({y € TBN T (R, By a) : dp(y) > t}) dt = I + L.
0

Concerning the integral I, all points y € B\ 7B satisfy dp(y) < (1 — 7) radsn (B). Hence,
C(1-7)
L <(n— s)/ "SI HWS (B\TB)dt < (1—7)" %
0

Regarding I, by (5.4) and the fact that 65(y) < a='d’ dp, (y) fory € TB\Q and k > ko(7,a,d co, c}),
we have

H, ({y € TBN T, (2, B,a) : 0(y) > t}) < HS ({y € Tcé(Qk,Bk,a’) 10, (y) > (d') tat}).

Therefore, changing variables,

L <(n—s) / 1S ({y € Ty (U, By d)) < 0, (9) > () at}) dt
0

= (a—la/)n—s ’Ys,c() (Qka By, a/)-

So
Vs,eo(§2, Bya) < C(1—71) + (a=ta/ )8 ’ys,cé(Qk, By,d')  for k > ko(1,a,d co, c).

Since we can take 7 € (1/2,1) arbitrarily close to 1 and a’ > a as close to a as wished, the lemma
follows. .



FABER-KRAHN INEQUALITIES, THE ACF FORMULA, AND CARLESON’S CONJECTURE 39

Proof of Theorem B for M" = §”. From the preceding lemmas and the validity of Theorem B
for the sets 2, we deduce

Vs,co (Qv B, a) < liminf Vs, (Qka By, a/) SB ch.a lim inf ()‘(Qk) - )‘(Bk)) = )‘(Q) - )‘(B)7
’ k—o0 0 o k—o0

for any o’ € (a,1) and ¢, € (0,¢p), so that Theorem B holds for €. O

6. THE PROOF OF THEOREM A AND THEOREM B FOrR M"™ = R" AND M" = H".

The proofs of Theorems A and B for Euclidean and hyperbolic domains are very similar to the
one for spherical domains. For this reason, we just sketch the main ideas of the proofs.

6.1. Domains in Euclidean space. Remark that in this case, i.e. M"” = R", one can state scale
invariant versions of Theorem A and Theorem B, and so we may assume that B = B(0, 1) in the
proofs, with B attaining the infimum in (1.3), (1.4), or (1.9) modulo a factor of 1/2.

For Q, B C R™*! as in Theorems A and B, we let ag = g /2 ag = )\1/ We also let ug and
uq be the respective extensions of up and ug defined by

apt

up(x,t) = up(z)e*B’, o (x,t) = ug(z) e*Bt,

for (z,t) € R"*!. This type of extension replaces the ap- -homogeneous extension used for the case
of spherical domains. We consider the cylindrical domains Q Q’ B B’ in R"*! defined by:

B=Bx(0,1), B' =B x (-1,2), Q=Qx(0,1), Q' =Qx(-1,2).
It is immediate to check that AZig = 0 in B’, while in €/ we have
Aﬂg(x,t) = Bt AR7LUQ(x) + AB et UQ(x) = ()\B — )\Q) ﬂg(x,t).

We should compare this identity with (3.1).

As in Claim 1, there exists an extension u$¥ of ug|p to R which belongs to C?(R™) and such
that ||V7iuss HooRn <1forj=0,1,2 s0 that it is supported in the R™ball By = 2B. Then we
consider the functlon v:R*" =R deﬁned by v = u% — ug and we let

v(z,t) = v(x) e*P?,

so that v = 4% — ug. As in (3.13), denoting S = R™ x {0, 1}, we write, for x € Q,

3(z) = /a i /ﬁmw gz y) dy

:/~ B 'ﬁdw%+/~ B 17dw%+/~ T)dw%—/~AT)(y)g§(a:,y)dy
89NB\S 89\ (BUS) aaNs Q

=: 01(x) + Ua(x) + U3(z) + V4(x),

where gg(z,y) is the Green function of Q. Then we continue in the same way as in the proof of
Theorem A and Theorem B. We estimate [v3(z) 4+ v3(z) 4+ v4(x)| from above as in Lemma 3.2 and
v1(z) from below following arguments very similar to the ones for M = S", first considering the
Wiener regular case, and later deducing the general result from the Wiener regular one. We leave
the details for the reader.
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6.2. Domains in hyperbolic space. As for the Euclidean space, the proof of Theorems A and
B when M = H" is very similar to the case M™ = S". For this reason, we only sketch the
arguments and highlight the main modifications required.

Before getting started, some preliminary remarks: we consider the half-space model of the
hyperbolic space H", which is the upper half space R’} with the metric dxﬁig‘dxi. Unlike the
Euclidean case, and similarly to the spherical one, Theorems A and B are not ‘scale invariant in
this geometry. Hence the constants in the estimates naturally depend on the volume of 2. On
this, see also [AKN1, Remark 1.5].

Let Q, B C H" be as in Theorems A and B (so in particular, H"(Q2) = H"(B) < ), with H"
computed in the hyperbolic metric. We assume that B = B, attains the infimum in (1.3), (1.4),
or (1.9) modulo a factor of 1/2. Since the Laplace-Beltrami operator is invariant by isometries, by
applying a suitable isometry to € we can assume that B is centered at the point (0,...,0,1) € R!.
From the fact that H"(B) = vol(B) < f, it follows that 4B is far away from OR’ in the Euclidean
metric. So inside 4B the Euclidean metric and the hyperbolic metric are comparable, and the
Hausdorff measures H* are comparable when computed with both metrics (with the comparability
constant depending on (3 in both cases).

Let Aq, Ap be the respective first Dirichlet eigenvalues of 2 and B, let ug,up be the corre-

sponding eigenfunctions, and put aq = )\512/2 and ap = )\}3/2. For (z,t) € H" x R, we set

tg(z,t) = ug(x)e'® and up(z,t) := up(x)e .

These are the extensions of ug and u g, respectively, analogous to the ones defined at the beginning
of Section 3 for the spherical case.
We also consider the cylindrical domains in H® x R given by

B=Bx(0,1), B=Bx(-1,2), Q=0x(0,1) and & =Q x (—1,2).

It is easy to check that Agnyrup = 0, where Agn«r is the Laplace-Beltrami operator in H™ x R.
In local coordinates, this is equivalent to saying that

Lip =0 in B,
where L is a uniformly elliptic second order operator in divergence form given by Lu = —div(AVu),
where A is the diagonal matrix with smooth coefficients defined by
(6.1) aij = 2" ; if 1<i,j <n, and a;; = x,"d;; otherwise.
Moreover, note that
(6.2) Liug(z,t) = 2" (Apntin(z,t) + (fua(z)e'?)) = ;" (=Aa + Ap) Ua(z, t),

which is the analog of (3.1) for the current setting. Remark that the multiplicative term x, " is
bounded in 4B and so L is uniformly elliptic on 45.

The proof continues very similarly to the spherical case. We just highlight some of the differ-
ences.

e As far as the definition of Newtonian capacity is concerned, no changes is needed since
the fundamental solution to L is comparable to that of —A in 4B. See equation (2.14) in
[AGMT]. In particular, an open set is Wiener regular for the Laplacian if and only if it is
Wiener regular for uniformly elliptic operator such as L (see [PT2, Theorem 6.21}).
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e Lemmas from Section 2.3: Lemma 2.6 for elliptic uniformly elliptic operators can be found

in [HKM, Lemma 11.21]. For Lemma 2.7 see [AGMT, Lemma 2.8]. Finally, we couldn’t
find a reference for Lemma 2.8, but the proof in the elliptic case is essentially the same to
that for harmonic measure. A key point for these estimates is that we only need to apply
them for subdomains of B” := 4B x [—4,4], where L is uniformly elliptic. Further, we
can redefine the matrix A away from B” so that it becomes uniformly elliptic in the whole
space if necessary.

About Lemma 3.1: the bounds HﬂBHoo,ém ||:(\ZQHOO7§,OE,, < 1 follows from the fact that
ap ~3 1 and the mean value property on balls for subsolutions, see [GT, Theorem 8.17]).
The argument to prove estimate (3.2) relies on a) estimates on the Green functions, b)
the maximum principle and c¢) Harnack inequality. All these are available: see [AGMT,
Lemma 2.6] for the properties of the Green function associated to the operator L; see
[GT, Theorem 8.16] for b) and [GT, Section 8.8] for ¢). As far as the behaviour of elliptic
measures Wy Wy is concerned, that is, the second part of Lemma 3.1, it follows again
from the estimates on the Green functions connected to L. See [AGMT, Section 2.4] for
more information on this.

Claim 1 in Section 3 also holds in this case. More specifically, there exists an extension
u%’ of up|p to H" which belongs to C?(H") and such that ||V/u$|lsomn < 1 for j =0,1,2
and so that it is supported on an H"™-ball By = 2B. The implicit constant in the previous
bound might depend on (.

The representation formula used in the important decomposition (3.13) in the current
case, and assuming Wiener regularity of 2 and so of §~2, reads as

plx) = /N pdwi + /~ A" (Y)Vygg(2,y) - Vyely) dy
i9) Q

See [AGMT], equation (2.6). In our case, the matrix A is symmetric, and thus A* = A.

Here gg(,-) is the Green function of Q associated to L. We consider a smooth function

¥ : R"1 5 R which equals 1 on B’ and is supported on B”. Defining v = usy — ug, and

extending it to H" x R by ¥(z,t) := v(z) ¢'B | we write, for z € €,

W) = [_wdsr = | A Viagle.n) - 9,00 0)

Denoting S = H" x {0, 1} we split (6.3) as

wgdwz,ﬁ + /

o0\ (BUS)

W@ = [

w'ﬁdwx~+/ YU dw? ~
OONB\S Lo LA

a0Ns
+ [ A) Vsl - D00 dy
Q
=: U1(x) 4+ va(x) + v3(z) + Vg(x).

The bounds for the analogous functions v;, i = 2, 3,4, in Lemma 3.2, rest on the behaviour
of harmonic measure, the maximum principle and (3.1). Notice that the multiplication by
1) ensures that the integrands above are supported in B" , where L is uniformly elliptic.
Then the estimates for v and v3 are similar to the ones in Lemma 3.2. Regarding v, this
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can be written as
@) = [ AV, 95)(0.0) - Vody+ [ A0+ (69,05)(2.9) — 9(2.9) V7) dy.

The first integral on the right hand side equals — [ L(?)t) 9g) (7, y) dy and this is estimated
in the same ways as 74 in Lemma 3.2. For the second integral on the right hand side above
we use the fact that suppy Nsuppv C (2 \ B) x (—4,4). Then we obtain the same
conclusion as in Lemma 3.2. The same can be said about the lower bound for v;. The
proofs of Theorem A and B, then, continue in the same way, modulo technical adjustments
which we omit. The extension to the non Wiener regular case is also very similar and we
leave the details to the reader.

7. PROOF OF THEOREM C

Without loss of generality, we assume that H" (1) < H"(€Q2). For simplicity, we assume that
a = 1/2 in the definition of £4(€21, Qs), but minor modifications yield the result for any a € (0, 1).
Let a; be the characteristic of the spherical cap B; C S™ with the same H™ measure as €2;. The
Friedland-Hayman [FH] inequality ensures that a; + ag —2 > 0. Then we write

(7.1) Oél—l-Oég—Z:(041—5[1)4—(0&2—5[2)4—(5&14—5[2—2)20.

By Sperner’s inequality [Sp], among all the open subsets with a fixed measure H" on S™, the one
that minimizes the characteristic constant is a spherical cap with that measure H™. Hence,

a; > Q.
So the three summands on the right hand side of (7.1) are non-negative. Further, if one of the
caps B; differs from a hemisphere by a surface measure hg, that is,

1
ho = max |H"(B;) — 57—["(8") ,

then
(7.2) @y +as —2 > chi.
See Corollary 12.4 from [CS], for example. So to prove Theorem C we can assume that, for i = 1,2,
1 1
) n B;) — = nQny| « _—_ qyn(gn ,
(73) HY(By) — 5H' (8] < 100 H(S™)

because otherwise

o]+ ag — 2 Z 1
and the statement in the theorem is trivial. Observe that (7.3) implies that
(7.4) B<H(Q) =H"(B;) <H"(S")-p

for a suitable absolute constant 8. From this estimate it follows that a; ~ 1 for ¢ = 1,2. So we
can assume that |a; — a;] < %072- because otherwise the theorem follows trivially from (7.1). So
a; ~ @; ~ 1. Then from the identity \; = a;(a; +n — 1) (where \; = Aq,) it follows immediately
that
(7.5) o — 0y RN — )\Bi‘

For i = 1,2, let x; € S™ be the barycenter of {};. We assume that the barycenter exists because
otherwise this means that sz ydH"(y) = 0, while ‘ i) B yd?—l"(y)‘ > 1 for the spherical cap B;
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because of (7.4) (independently of the choice of its center in S™). Hence, by the Allen-Kriventsov-
Neumayer theorem, using (7.4) and (7.5), we would obtain

2
21

)

o — a; = A\ — Ap, = HY(QUAB;)? ‘/ ydH™(y —/ ydH"(y)

which would yield the conclusion of the theorem. The same argument shows that, in fact, we have

/Q i ydH" (y)

From now on we assume that the spherical caps B;, i = 1,2, are centered in the barycenters z;
of the ©;’s. In the case when H"(£2;) + H"(Q2) = H™(S") it follows easily that the barycenters of
Q1 and €2y are opposite points in S”, and By and By are complementary balls in S. When the
preceding condition does not hold, we need to be a little more careful.

Let

~ 1.

0o = H"(S™) — H" (1) — H"(Q2),
and suppose that g > 0. For i = 1,2,
1

Yi = m/ﬂyd?—[”(y),

so that x; = y;/|yi|. Also, let
1

Y2 = e oo / ydH" (y).
2= A ) Jowg, W)
Notice that y5 = vy if 6y = 0 and that

H @)+ HE\ ) = [y () =0

So the barycenter z; and the point x3 = y5/|y;| are antipodal points in S™. We also have

1 1 /
- yl dH" (y
H™(Q2)  H™E"\ Q)| Jsma, v )
e
B N yd?—["y—/ de”y'§9 + 0o = by.
7s\ o) | o, (y) e, ()| < bo+ 6o = o
Also, let B3 be a spherical cap centered in z% with measure H"(B3) = H"(S™ \ ©1). Since
radgn (Bz) — radgn (By)| ~ [H"(B2) — H"(B3)| < 0o,
using also (7.4), we infer that

(7.6) dist g7 (9sn B2, Osn B1) = dist g (9sn B2, 9sn B3) < 0o.
On the other hand, from the definition of 6, it follows that

ly2 — y3| <

1
ho = max [H"(;) — 5 H™(S™)| > = bo.

DO =

Then, by (7.2),
(7.7) aL+ag—22 90 > dlStH(agnt, 8S7LB1) .

To estimate €4(€21,{23) we denote by L be the n-plane that contains ds» By, and we let Ly
be the n-plane through the origin parallel to L;. Then we choose H to be the half-space that
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contains B; and whose boundary is Ly (notice that Bj is contained in a hemisphere because of
the assumption H™(Q1) < H"™(€Q2)). First we consider the case 0 < s < n. In this case, we have

(7.8)

(0, < [ dist(y, Lo)"~* dH3, (y)
Veo (0,1,H,a)
2
< Z/ dist(y, Lo)"~° dH3, (v) +/ dist(y, Lo)" % dH: (y).
5 JVey (0,1,H.a)nB; Sn\(B1UB>)

First we deal with the last integral on the right hand side:

(7.9) / dist(y, Lo)" *dHi (y) < max  dist(y, Lo)" *Hi (S"\ (B1 U B3))
S”\(B1UBs) S™M\(B1UBz)

< max dist 7 (Osn B, S" M Lo)"* HZ(S™ \ (B1 U Ba)).
Regarding dist g (0s» B;, S™ N Lg), for i = 1, since Lg is parallel to Ly and Ly splits S™ in two
hemispheres, we have
(7.10) dist g (Osn B1,S™ N Lo) < [H™(B1) — 3H™(S™)| < h.
Also, for i = 2,
distg (Osn B2, S™ N L) < dist g (Osn Ba, Osn B ) + distg (0s» B3, S™ N Lyo).
Since Osn By = Osn By, from (7.6) and (7.10) we get
distg (0sn B2,S™ N Ly) < 0 + distg (Osn B1,S" N Ly) < 6o + ho < ho.
So, for a suitable Cy > 0,

(7.11) diStH(aSnBi, NR LO) < Cyhy for bothi=1,2.

Plugging this estimate into (7.9), we obtain

(7.12) / dist(y, Lo)" ™ dH2(y) S hg " H3(S™\ (B U By)).
S”\(BlLJBQ)

To estimate HZ (S™ \ (B1 U Bs)), notice that by (7.11), S™ \ (By U B2) C Ucyn,(S™ N Lp). So
S™\ (By U B3) can be covered by a family I of of S™-balls of radius 2C5hy with bounded overlap,
centered in SN Lg. Using that H"~1(S"NLg) = H"~1(S" 1) ~ 1, it follows easily that #I < hj~™.
Hence,

(7.13) H3o(S™\ (B1 U Ba)) < H3, (Uono(S" N Lo)) S by #1 S hy™ "

Thus, plugging this estimate into (7.12), we obtain

(7.14) / dist(y, Lo)"~ dH,(y) S i~ b1 = ho.
S7\(B1UB2)

We turn our attention to the first summands on the right hand side of (7.8). We denote
6n (y) = distgn (y,S" N Lo)

and
V.= {y S VCO(O, 1, H, a) N B; : 5H(y) > 1002h0}.
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Recall we are assuming a = 1/2. Then we split

dist(y, Lo)" ™" dH3,(y) S

~

dist(y, Lo)" ™" dH3, (y)

/VCO (0,1,H,a)NB; /Vco (0,1,H,a)NB;\V;

+ | dist(y, Lo)" " dH3,(y)

=11 + I.

To deal with I; we take into account the fact that dist(y, Lo) < ho in the domain of integration,
and thus together with (7.13) this gives

Iy < hy ™ HE (Ucn, (S™ N Lo)) < ho-
To estimate I we take into account that for y € V;,
dist(y, Lo) ~ dg(y) ~ dist(y, Osn B;).
Thus,
% [ distly. 000 B dH )

Next we plan to apply Theorem B, under the assumption (7.3). Taking into account (7.5), this
implies that, for a given c5 > 0,
2
(715) </ diSt(y, aSnBi)n_S d%&(y)) SJ )‘7, — )\Bi ~ o — Q,
T.
with 7; defined by
T, ={y € B;\ Q; : Cap,_5(B(y, 365,(y)) NS™\ ) > c50p,(y)" "},

and, in the case n = 2,
T; = {?J € B\ Q; : Capy(B(y, %5&- (¥) NS"\ Q) > ¢c5 5Bi(y)}-

We claim that, for a suitable constant cs,
Vi CT;.
Indeed, for y € V; N B;, by definition we have dz(y) > 10C2h and consequently, by (7.11),
. . 1
08, (y) — 0n (y)| < 2disty (9sn By, 8" N Lo) < 2C2ho < R on(y),

which readily implies that %(531. (y) > %(5H(y), or equivalently, B(y,%&H(y)) - B(y,%éBi (y))-
Then we derive

Cap,_o(B(y, 105,(y)) NS™ \ Q) = Cap,,_5(B(y, 50 (y) NS" \ ) = o m(y)" ™" = dp, ()",

as well as the analogous estimate for logarithmic capacity in the case n = 2, which yields our
claim. Then by (7.15), we have

2 2
135( / dist(y,agan—Sdeo(y)) < ( / dist(y,asmi)"—w%zo(y)) < oi— .
Vi T;

This estimate, together with the one obtained for I, gives

2
(f disly. Lo)"™ a2 (0)) S o = i + 13
Ve (0,1, H,a)NB;
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Plugging this inequality into (7.8) and using also (7.9) and (7.2), we obtain

2 2
(7.16) es(Q,2)° S (i — @) +hg S (0 — @) + (@1 + 8 —2) = o + g — 2.
=1 1=1

In the case s = n, the arguments are easier. We write S; = S" N H, Sy = S"\ H, and then
similarly to (7.8), we write

2 2
en (1, Q) SH™(S1\ Q) +H"(S2\ Q) <D H (B \ %)+ Y HY(S:AB;).
i=1 1=1

By the theorem of Allen-Kriventsov-Neumayer, recalling the assumption (7.3),
HY(Bi \ Q) S i — .

On the other hand, H"(S;AB;) < hg by (7.11). Thus, again the same estimate as in (7.16) holds,
with s = n. 0

8. EXISTENCE OF TANGENTS IMPLIES FINITENESS OF THE CARLESON SQUARE FUNCTION

In this section we prove Theorem D. Given two disjoint Wiener regular domains €,y C R,
denote by g; the Green function of the domain §2;, for i = 1,2. Let p; € Qq, pa € Q9, and consider
the functions

ur(y) = g1(y,p1),  wa(y) = g2(y, p2).
We extend u; by 0 in 2, and abusing notation we still denote by u; such extension. The Wiener
regularity of (2; ensures that u; is continuous away from p;.
Let d = § min; dist(p;, 901 U 9€Qs). For all z € R™T1\ (Q; Uy) and all r € (0,d), by the ACF
monotonicity formula, we have
O (z,7)
J(x,r)
with J(z,r) and o;(z,7) = «; as in (1.10) and (1.11). Integrating on r, for any p € (0,d) we
derive

2
>
or

(oq(:z:, r) 4+ ag(z,r) — 2),

/d ay(x,r) + ag(z,r) — 2 dr < log J(z,d)
P r ()
Thus,
/d ag(z,r) + ag(z,r) — 2 dr < log J(z,d)
0 T = Tinfoc,<q J(z,p)
Hence, in order to show that (1.19) holds for x € 9Q; N 99s, it suffices to show that
J(z,d)

. < .
infoc,<q J(z, p)

Notice first that, by (1.12),

Tz, d) < ][ Va2 dy ][ Vs ? dy.
B(z,2d) B(z,2d)
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By the Caccioppoli inequality and the subharmonicity of u;, for each 4,

1 1 2
][ |Vui|2dy§—2][ |Ui|2dy§—2<][ uidy> -
B(z,2d) " J B(z,3d) r B(z,4d)

So the continuity of u; ensures that J(z,d) < co.

To estimate J(z, p) from below, let ¢, , be a C°° bump function such that xp(;,p/2) < Pu,p <
XB(z,p)s With [[Voz pllee S p~1. Then, denoting by w?* the harmonic measure for ; with pole at
p;i, by the properties of the Green function, it holds

wy (B(z,p/2)) < /%,p dwP? = —/V%,p Vui dy < [Vepll2 |Vuillz,Ba,p)
n—1 2 1/2 2 1/2
n—1)/2 P" Vi nf 1 |V, |
S oV (/ WC@ =0 <—2 o)
B(x,p) Yy P” JB(x,p) 1T —Y

J(ZE )1/2 > w;:ll)l (B(‘Ta p/2)) X ng(B(.Z', p/2))
7p ~y pn pn
Hence, to prove the proposition it suffices to show that

w;' (B(z,p/2))

(8.1) lim inf =
p—0 pr

Therefore,

>0 for H"-a.e. tangent point x € 921 N 0Ng,

for ¢ = 1,2. To this end, consider a subset E of the tangent points for the pair 1, {5 such that
H(E) < co. Since the set of tangent points is n-rectifiable, we have

(8.2) lim 74 (B@.0) N E)

limy o) =1 for H"-ae z € E.

By standard arguments, using that the tangent points for the pair {21, 29 are cone points for
Q; (for i = 1,2), it follows that H"|g is absolutely continuous with respect to wPi|g for i = 1,2
(see [AAM, Theorem III], for example®). Then, by the Lebesgue-Radon-Nykodim differentiation
theorem, we have

L H(Blr.p) N1 E)
p—0 W (B(x, p) N E)

< oo for wPi-ae. x € FE.

Since null sets for w!" are also null sets for H"|g, we infer that

(8.3) lim <4 (B@:p) N E)

oS 7 (B(z,p) N E) >0 for H"-ae. x € E.

Multiplying (8.2) and (8.3), we deduce (8.1) and we complete the proof of the proposition. O

3Actually7 in Theorem III from [AAM] it is assumed that 9 is lower n-content regular in order to prove the
mutual absolute continuity of H"|g and w”i|g. However, a quick inspection of the arguments shows that for the
absolute continuity H"|r < wf “|E one only needs €; to be Wiener regular.
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O

o1

o2
95

FIGURE 1. The figure depicts (0,1)%\ F} U Fy U F3, and its reflection through the -
axis. The intuition behind the example is that, while total length of the segments
{I]’} goes to zero, overall U;F; is sufficently scattered around so to obstruct the
random walk leaving at p; from reaching E (the segment [0,1]).

9. A COUNTEREXAMPLE TO A QUESTION OF ALLEN, KRIVENTSOV AND NEUMAYER

In this section we show that there are two Wiener regular domains ¢, Qs C R2 with rectifiable
boundary such that E := 91 N 92, satisfies:
(a) H'(E) >0,
(b) wi'(E) = wP?(E) = 0, where w!" stands for the harmonic measure for €; with pole at
some point p; € £;, and
(c) the Alt-Caffarelli-Friedman functional associated with the respective Green functions ¢ (-, p1),
g2(-,p2) of Q1, Qg satisfies J(x,0+) = 0 for Hl-a.e. x € E.

The domain Q4 is defined as follows:

[e.e]
0 =(0,1)*\|JF,
i=1
where each F; is a union of IV; equispaced closed intervals {I;}lgjg ~; which are contained in the
segment L; := [0,1] x {277}, so that the leftmost point of the leftmost interval Ii is (0,279) and
the rightmost point of the rightmost interval Iy is (1,27"). The intervals I; have length N%_2_’,

so that H'(F;) = 27%. The numbers N; tend to oo as i — oo and will be chosen below.
We let Q9 be the domain symmetric to €; with respect to x axis, so that £ = [0,1] x {0}. We
choose p1 = (1/2,3/4) and ps = (1/2,—3/4). See Figure 1.
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By Wiener’s criterion, it is immediate to check that 2; and (2o are Wiener regular. Further,
H(001) = H'(0Q2) = 5 and H'(E) = 1, and both 9Q; and 9, are rectifiable.

Next we will check that wi"(F) = 0 (by symmetry, we will have wb?(E) = 0 too). To this end,
for each i > 1 we consider the auxiliary domain U; = Q1 N ((0,1) x (27%,1)). That is, U; is the
region of €2y which is above the segment L;. We denote

u(z) = Wi (E).

Obviously w is harmonic in §; and in each domain U;. Notice also that it vanishes in 9; \ E (in
a continuous way in its relative interior with respect to 921 ).
We will prove the following.

Claim 3. There exists some a € (0,1) such that for all i > 1 we have

sup u(z) < a sup u(z),
x€L; IGLi+1

choosing N; = 2%,
From this claim and the maximum principle (applied to Uy) we get, for any m > 1,:

WPH(E) = u(p1) < sup u(z) < a sup u(z) <--- <™ ! sup u(z) <a™
zely z€Ls T€Lm

So letting m — oo, we derive w!' (E) =0

Proof of Claim 3. For any given ¢ > 1 and all € L;, we have
u@ = [ w©de (©O= [ u©det,, (0.
OU;4+1 Liy1

taking into account that u vanishes in OU; 41 \ L;11. Thus,

(9.1) u(r) < sup u(§)wy,,,(Liv1) forallz € L;.
§€Lit

We write
Wiy (Lit1) =1 = wiy,, (OUis1 \ Liy1).
Since OU; N B(x,27""1) C (Liy1)¢ (because = € L;), by Lemmas 2.6 and 2.1, we have
(9.2)
wiyy (OUi1 \ Liv1) > wi,, (0Uip1 0 B(z,27771)
1 1
1 2_2'_1 ,Z 2—i—l
0g i .
Capp (9Ui41 N B(x,27173)) (HL2(0U;1 N B(z, 2--3)))2
Notice that Hééz(@UiH N B(z,2773)) > ’Hééz(FZ N B(z,2773)). Moreover, we will show below
that
(9.3) HY2(Fin B(w,277%) 2 27772,
Assuming this for the moment, plugging this estimate into (9.2), we deduce that
Wiy, (OUi1 \ Li1) 21,

and thus wj, | (Li+1) < o, for some fixed a € (0,1). Together with (9.1), this proves the claim.

2

log
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Now it remains to prove (9.3). To simplify notation, write r = 27¢=3. By Frostman’s lemma,
it suffices to show that there exists some measure p supported on F; N B(x,r) with total mass
||| = /2 such that u(B(y,t)) < tY/2 for all y € F;NB(z,7), t > 0. To define p, we let {I]Z:}jer,r

be the family of intervals I]Z: which are contained in B(z,r) and then we set
1

L D
h==—"777m Ii-
Zjejx,r Hl(l;) jeJac,r' !

Clearly ||u|| = /2 and so it remains to check that u(B(y,t)) S t'/2 for all y € FyN B(x,7), t > 0.
Since the number of segments I]Z- contained in B(z,r) is comparable to rN;, we have
S HNI) ~rH (F) =r27
j€Jzr

and recall that

. 1 1 .
1/710 1 —1
I = — F)=—2T"
So we have
. /2 1 . 1
r
N~ — — 27 = ———.
'u( ]) r27t Nz NZ 7"1/2
Observe first that, by the choice N; = 2%,
. 1 1 1 N\ 12 .
AR ~ = (=2 — HL(1H1/2
/‘(IJ) N; r1/2 N; 2—1/2 <Nz 2 > H (I]) :

From this estimate, we deduce that, for y € I]i- and 0 <t < 7-[1([;-),

W(B) < 20 DT

< ¢ < ¢ < /2
HI(ID) HI(ID)

From the fact that H!(F;) < 1/4, it easily follows that dist([j, I;+1) > 1/(2N;) (we assume that
IJZ: and I}H are consecutive intervals in Fj). So for y € I; and 7-[1(131) <t < 1/(2N;), it follows
that B(y,t) N F; = B(y,t) N I; (i.e., B(y,t) does not intersect any interval I} different from IJZ)

Then we have
u(B(y,t) < u(I}) < H(IHY? < 12,
Finally, for 1/(2N;) <t < 2r,

t trl/2
n(By,)) < ~ llnl = —— < t1/2,

So u satisfies the desired growth condition and then (9.3) holds. O

Next we will show that J(z,04+) = 0 for H'-a.e. z € E. Recall that, for such = and for
0<r<1/4, J(x,r) = Ji(x, )2 Jy(x,7)"/2, where

1
Ji(x,r) = 7“_2/3( )Ing(y,pz)de-
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We assume that the Green functions g;(-,p;) are extended by 0 away from ;. By Caccioppoli’s
inequality, since g;(+, p;) is subharmonic and non-negative in B(z, 8r),

1 1
94)  Ji(zr) & ][ Vaily,pi)* dy S — lgi(ypi)Pdy < = sup  gi(y,pi)>.
B(z,r) " JB(x,2r) " yeB(z,2r)

Pi

To bound g;(y,p;) in terms of the harmonic measure w;*, we appeal to the following lemma:

Lemma 9.1. Let Q C R? be a bounded, Wiener reqular open set. Let B be a closed ball centered
at 0. Let w be the harmonic measure for Q and g its Green function. Then,

- Cap(B) ? = 15
(9.5) 9(z,y) S w?*(8B) <log — forall z€ Q\ 2B and y € BN Q.
Cap,(;B\ Q) °

For the proof of the lemma, see [PT2, Chapter 7]. In the case when Q) is a domain satisfying
the CDC condition, the right hand side of (9.5) is comparable to 1. In this situation, the result
above appears in [AH]. However, in the generality stated above, it is difficult to find the lemma
in the literature.

The domains €3, 23 above do not satisfy the CDC condition (roughly speaking, because the
holes between the segments I} are two big). However, any closed ball B with radius at most 1
centered in F satisfies

Capr(3B\ ;) > Capy (BN E) ~rad(B) ~ Cap (D).
Thus, applying Lemma 9.5 to §; and the ball B = B(x,10r), we get
9i(piyy) S wfi(B(x,SOT)) for all y € B(z,2r),

assuming 7 small enough so that p; ¢ B(x,20r). Plugging this estimate into (9.4), we obtain

o0 o & (F10EDY;

for all x € E and r small enough. Consequently, by Fatou’s lemma,

/ J(z, 00)Y* dit (z) < liminf [ J(z,r)Y* dH (z)
E E

r—0

< lim inf [ < /E Ty (2, 7) 2 d?—[l(:n)>l/2 ( [E o, )12 d’l—[l(x)>1/2].

Observe now that, for i = 1,2, by (9.6) and Fubini,

/Ji(g;,r)l/?d%l(g;)g/ Wl (B@,80r) a1 ()
E

E T
1

_ / 1 / M () du? (y)
yed:dist(y,E)<80r T Jxe ENB(y,80r)
S wi(Usor (E)),

where Uy (F) stands for the closed t-neighborhood of F. So we deduce
/ J(x,04) 4 art (z) < lim Wi (Usor (E)) - lim Wb (Ugo, (E)) = WP (E) Wh?(E) = 0,
E T— T—

using the outer regularity of the measures w?’. Thus, J(z,0+) = 0 for H'-a.e. x € E, as wished.
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Remark 9.2. We already mentioned that the domains 4, 29 defined above do not satisfy the
CDC. However, they can be modified suitably so that the CDC holds. For example, we could
define ; = Q; \ K, where K is the union of a countable family of homothetic copies of the 1/3
Cantor set located between all consecutive intervals ;», 1 ; +1- That is, in the “hole” in L; between

the intervals Iji», I;» 41, We put a homothetic copy of the 1/3 Cantor set with diameter comparable

to the size of the hole. We could also replace the 1/3 Cantor set by a suitable approximation by

intervals, in case we wanted the boundary of Q; to be made up of a countable family of intervals.
We leave the details for the reader.
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