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Elliptical distribution is a basic assumption underlying many multivariate
statistical methods. For example, in sufficient dimension reduction and statis-
tical graphical models, this assumption is routinely imposed to simplify the
data dependence structure. Before applying such methods, we need to decide
whether the data are elliptically distributed. Currently existing tests either fo-
cus exclusively on spherical distributions, or rely on bootstrap to determine
the null distribution, or require specific forms of the alternative distribution.
In this paper, we introduce a general nonparametric test for elliptical distri-
bution based on kernel embedding of the probability measure that embodies
the two properties that characterize an elliptical distribution: namely, after
centering and rescaling, (1) the direction and length of the random vector
are independent, and (2) the directional vector is uniformly distributed on
the unit sphere. We derive the asymptotic distributions of the test statistic via
von-Mises expansion, develop the sample-level procedure to determine the
rejection region, and establish the consistency and validity of the proposed
test. We also develop the concentration bounds of the test statistic, allowing
the dimension to grow with the sample size, and further establish the con-
sistency in this high-dimension setting. We compare our method with several
existing methods via simulation studies, and apply our test to a SENIC dataset
with and without a transformation aimed to achieve ellipticity.

1. Introduction. Elliptical distribution is a widely-used assumption for many statistical
and machine learning methods for multivariate data. For example, in sufficient dimension
reduction, the elliptical distribution assumption for the predictor is needed for moment-based
methods such as Sliced Inverse Regression (Li, 1991), Ordinary Least Squares (Li and Duan,
1989), and Iterative Hessian Transformation (Cook and Li, 2002). See also Li (2018). When
this assumption is violated, one needs either to perform data transformation or to modify
the inverse-regression methods as in Li and Dong (2009). Another example is the statistical
graphical model, where a class of methods, such as glasso (Yuan and Lin, 2006) and the
transelliptical graphical model (Liu, Han and Zhang, 2012), require either a Gaussian or an
elliptical distribution. See also Vogel and Fried (2011), which introduces a class of elliptical
graphical models as a robust alternative to the Gaussian graphical model.

There are some existing tests on spherical distributions. For example, Baringhaus (1991)
proposes a test based on the L?-distance between the empirical distribution of the data and
the distribution function partially specified by the spherical assumption. Liang, Fang and
Hickernell (2008) introduces a necessary test by applying the Rosenblatt transformation on
each element. The hypothesis in this test is necessary in the sense that it is implied by spher-
ical distribution but does not imply the spherical distribution. Henze, Hlavka and Meintanis
(2014) introduces a test by checking whether the characteristic function is constant over sur-
faces of spheres centered at the origin. Kariya and Eaton (1977) introduces a robust test of
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a spherical distribution centered at the origin against an elliptical or a noncentered spher-
ical distribution. Koltchinskii and Li (1998) uses the multivariate distribution and quantile
functions to test spherical distributions with unknown centers. All tests above are for the
spherical distributions where the covariance matrix is exactly the identity matrix, and most
of them focus on the case when we know the center is zero. These methods do not yield di-
rect extensions for testing elliptical distributions where both the mean vector and covariance
matrix are unknown.

There also exist some tests on elliptical distributions. Huffer and Park (2007) gives a test
for multivariate normal and elliptical distribution of the data based on a chi-square statistic
after slicing the data. For the multivariate normal distribution, they derive the asymptotic null
distribution of their test; for the elliptical distribution, they propose a bootstrap test without
giving a proof of its consistency and validity. Albisetti, Balabdaoui and Holzmann (2020)
introduces a test based on a Kolmogorov-Smirnov type statistic and uses bootstrap to con-
struct the null distribution. Manzotti, Pérez and Quiroz (2002) proposes a test on whether the
standardized directional vector is uniformly distributed on the unit sphere, which is, again,
only a necessary condition for spherical distribution. Schott (2002) proposes a Wald-type test
based on whether the 4th moments are consistent with an elliptical distribution. So its null
hypothesis is not exactly the elliptical distribution. Furthermore, since it requires estimation
of the 8th moments, it may not be robust. Cassart, Hallin and Paindaveine (2008) proposes a
locally and asymptotically optimal Pseudo-Gaussian test for Fechner-type symmetry, which
is wider than the class of elliptical distributions. Babic et al. (2021) develops optimal tests
for elliptical distributions against some generalized skew-elliptical alternatives. Some of the
existing methods are summarized in Babié, Ley and Palangeti¢ (2021).

In this paper, we introduce a nonparametric test for elliptical distributions based on
Hilbert-space embedding of a product probability measure that characterizes an elliptical
distribution. The basic idea is the following. It is well known that a random vector X follows
a spherical distribution centered at O if and only if

1. its Euclidean norm || X || and its direction X /|| X|| are statistically independent;
2. the direction vector X /|| X || is uniformly distributed on the unit sphere.

See, for example, Anderson (2003); Paindaveine (2012). This converts testing of sphericity
to testing of the two conditions. Since an elliptical distribution can always be transformed
into a spherical distribution by a linear map, we can further develop tests of ellipticity by
testing the two conditions for the linearly transformed data. However, since the mean vector
and covariance matrix need to be estimated, we have to take into account the estimation error
in this step when deriving the asymptotic distribution.

More specifically, let U = || X || and V' = X/||X||. If X has a spherical distribution, then
the distribution P, ,, can be expressed by the product measure P, x P,, where P, is a known
distribution. We embed this distribution into a reproducing kernel Hilbert space as a cross-
covariance operator and compare it against the kernel embedding of the fully empirical dis-
tribution. The norm of the difference should be small if X has a spherical distribution, and
large otherwise. This is the core idea of our method. One side-note is that we may replace
V' by its polar coordinate representation, which will significantly simplify the computation.
This procedure has several appealing features: first, the hypothesis is both necessary and suf-
ficient, that is, X has a spherical distribution if and only if the distance is small; second, it
is rather straightforward to go from spherical distribution to elliptical distribution by replac-
ing X with its centered and rescaled version; third, since the test only involves functions of
sample moments, its asymptotic null distribution can be relatively easily derived from the
infinite-dimensional §-method, or the von-Mises expansion.

Probability embedding (Sriperumbudur, Fukumizu and Lanckriet, 2010, 2011) is a pow-
erful method that has been used in a variety of settings in statistics and machine learning,
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such as test of independence and the two-sample problem. See, for example, Gretton et al.
(2005), Gretton et al. (2007), Gretton et al. (2008), Gretton et al. (2009), and Gretton et al.
(2012). There is another type of tests of independence based on the distance covariance; see
Székely, Rizzo and Bakirov (2007) and Székely and Rizzo (2009) among others. Sejdinovic
et al. (2013) establishes the relation between these two types of tests of independence. Our
test of elliptical distribution goes beyond the test of independence between U and V/, as it
must also incorporate the fact that the distribution of V' is known.

The rest of the paper is organized as follows. In Section 2, we lay out the two character-
izing properties of an elliptical distribution and construct the probability embedding into a
reproducing kernel Hilbert space that embodies the two characterizing properties. In Sections
3 and 4, we introduce the test statistic based on the probability embedding and implement it
numerically through coordinate mapping. In Section 5, for the fixed dimension, we derive the
asymptotic null and alternative distributions of the test statistic via von-Mises expansion, and
in Section 6, we implement the asymptotic null distribution at the sample level, and establish
the validity and consistency of our test. In Section 7, we derive the uniform concentration
bounds for our test statistic allowing the dimension to grow with the sample size, and further
establish the consistency of our test in this high-dimensional setting. In Section 8, we con-
duct simulation studies to demonstrate the usage and effectiveness of the proposed test. In
Section 9, we apply our test to a data example. Section 10 is devoted to some discussions on
the choice of kernel functions.

Due to space limit, some technical lemmas, most of the proofs, and discussions of some
theoretical results are placed in Appendix A; additional simulation comparisons are placed
in Appendices B and C; further discussions on the choice of kernel functions are placed in
Appendix D; and the scatter plot matrices of the dataset in Section 9 are placed in Appendix
E. All Appendices are in the online Supplementary Material (Tang and Li (2024)). Our pro-
posed method is implemented in the R package KEP TED (Kernel-Embedding-of-Probability
Test for Elliptical Distribution).

2. Elliptical distribution and its kernel embedding. In this section we introduce the
definition of the elliptical distribution and develop two equivalent conditions, one at the level
of probability measures and the other at the level of linear operators. The sufficient condition
at the operator level is the theoretical basis of our test.

2.1. Spherical and elliptical distributions. Let (2, F,P) be a probability space, and
(Q«, Fy) be a measurable space, where ) is a subset of R?, and F is the Borel o-field on
Q.. Let X : Q — Q, be a Borel random vector, and let P, = P-X ! be the distribution of
X. Denote X the Lebesgue measure in R*. We say that X has a spherical distribution centered
at p e R*if

1. Py is dominated by the Lebesgue measure in R* with density fy, = dPy/d);
2. fx(x)is a function of (z — p)"(z — p), that is,

(2.1) fx(@)=h((x—p)(z—pn),

for some nonnegative function A satisfying

(2.2) /w /00 h(z'z)dx, ...dx, =1.

Here, u is necessarily £X if X is integrable. Throughout, || - || will denote the Euclidean
norm (or L, norm). Let U = || X — pf| and V = (X — p)/U. By Theorem 1 of Cambanis,
Huang and Simons (1981), X has a spherical distribution if and only if ULV and V has a



4

uniform distribution on the unit sphere S*~* in R?, where |l refers to independent throughout
this paper. See also Eaton (1986) and Schmidt (2002).

More generally, X is said to have an elliptical distribution centered at p € R* with a
positive definite shape parameter A € R** if

1. Py is dominated by the Lebesgue measure in R* with density fy, = dPy/d);
2. the density of X is a function of (x — p)"A~*(z — ), that is,

Fx(@)= Al 2R ((z — w)"A (2 — p)),
for some nonnegative function h satisfying (2.2), where |A| denotes the determinant of A.

A direct corollary is that Y = A~3 (X — ) has a spherical distribution centered at 0. Conse-
quently, if we let

(2.3) U=V(X—p) A (X —p), V=A""*X-p)/U,

then X has an elliptical distribution with center p and shape parameter A if and only if U1V,
and V has a uniform distribution on the unit sphere S*~*.

According to Theorem 2.7.2 of Anderson (2003), if the components of X are square-
integrable, then

EX=p, var(X)= E;] A.

Let ¥ = var(X). In this paper, we always assume that X has finite mean and variance.
Obviously, neither the dependence between U and V' nor the distribution of V' will be affected
if we replace A by X in their definitions in (2.3). See Paindaveine (2012) for a detailed
discussion. So, for convenience, we reset U and V' to be

2.4) U=V(X -8 (X —p), V=S""(X-p)/U,

for the rest of the paper. The sufficient and necessary condition for elliptical distribution still
applies to the redefined U and V', which we record below formally for easy reference.

PROPOSITION 1. A random vector X has an elliptical distribution if and only if, for U
and V defined in (2.4),

1. ULV,
2. V' is uniformly distributed in S*~*.

2.2. Polar coordinate transformation and equivalent condition. Since the random vector
V' only takes values in the unit sphere S*~* in R?, it is more convenient to transform it into
a d — 1 dimensional vector representing the direction of the unit vector V' via the polar
coordinate system. Specifically, let v = (v,,...,v,)" € S*"* and let

0=(0,,...,0,_.) €(—7/2,7/2] x -+ X (—7/2,7/2] X (—7,71] = Q.

For clarity of the subsequent discussion, we first give a definition of the precise meaning
of the arc tangent function in the range of (—m, 7|. For a real number r € R, let arctan(r) be
the unique 6 € (—m/2,7/2) such that r = tan(é). Then, for (z,y) € R?, let

arctan(y/z), ifz>0,
arctan(y/z) + 7, ifz<0,y>0,
(2.5) Arctan(z,y) = < arctan(y/x) —m, ifz <0,y <0,
/2, ifx=0,y>0,
—7/2, ifx=0,y<0.
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We have written this function as Arctan(z,y) instead of Arctan(y/x) because it is no longer
the function of the ratio y/x. Some useful properties of the Arctan function (2.5) are sum-
marized in the Supplementary Materials. The next lemma, whose proof is also placed in the
Supplementary Materials, gives the explicit one-to-one correspondence between v € S*~* and
6 € Q. In the following, we use S, to denote the Euclidean norm of the vector (v;,...,v,)".
LEMMA 1. The following function from Qg to S*~*
v, =sinf,,
v, = cosf, sinb,,

(2.6)

v,_, =cosf, cosb,...cosf, ,sinb, .,
v, =cosb,cosl,...cosl, ,cosb,_,.

is bijective with inverse

A ) j=1,....d—2,
27 Gj:{ rctan(S;,,,v;) J d

Arctan(v,,v,_,) j=d—1.

We will denote the first function (2.6) as v = p(#) and the second function (2.7) as 6 =
g(v). Then
x=uv=up(0) =71(u,b),
Evidently 7 is an invertible function, and the joint distribution of U, © can be written as

(2.8) foe(u,0) = fx(7(u,0))

According to Anderson (2003), the Jacobian on the right-hand side above is

o1 (u,0)
O(u,0") | -

o7 (1,0)
O(u,07)

Hence, by (2.1), (2.8) and (2.9), the joint p.d.f. of (U, ©) is
(2.10) fre(u,0) =u?"'cos??6,cos’*0,...cos0,_,h(u*), (u,0)€Q, xQs,

d—1

(2.9) =u*"'cos*?0,cos*?0,...cos0,_,.

where 2, = [0,00). This relation implies (i) U and © are independent, and (ii) © has a
known distribution. We summarize this result as the following proposition.

PROPOSITION 2. [f (U,0) =7(X), then X has a spherical distribution centered at 0
if and only if

1. UlO, or equivalently P, o = P, X Ps;
2. P, has p.d.f. fo(0) =ccos?2(0,)cos**(0,)---cos(0,_,), where 0 € Qg and

c=1|{/]_ cos%(0,)cos**(b,)---cos(f, ,)db 71.
(/s cos'=*(01) cos™(8.) -+ cos(0, ) do)

2.3. Kernel embedding of P, x Ps. Let k,:Q, x 2, > R and ke : Qo X Qe — R be
positive definite kernels, and let H,, and H, be the reproducing kernel Hilbert space (RKHS)
generated by k,, and k. Let B be the collection of linear operators { f ® g : f € H,,9 € Ho}-
Thus, each member of B is a linear operator mapping from H, to #, such that, for any
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heHo, (f@g)(h) = f(g,h)x,- Let S be the linear span of B, consisting of finite linear
combinations of members of B with real coefficients. Define in S the inner product

<a1(f1 ®g1) + - +a7‘(f7“ ®g7‘)7d1(f1 ®§1) + - +dr(fs ®§s)>
= 22:1 j‘:laidj <fn fi>HU <gj?gj>7-¢@'

Endowed with this inner product, S is an inner product space; its completion as a Hilbert
space is the tensor product space H, ® He.

Let F, and F, be the Borel o-fields on €2, and (), and let F, x F, be the product
o-field. Abbreviate 2, x Qg and F, X Fo by Q. and F, . Let M(Qy6,Fyo) denote
the class of all probability measures on (€2, o, Fy o). We want to find an injective mapping
from M(Qy .0, Fuo) to H, ® H, so that testing equality of two measures in M (2.0, Fro)
is equivalent to testing the equality of two operators in H, ® H.. Such a mapping is pro-
vided by the following theorem. Recall that a kernel « is characteristic if the mapping
P — [ k(-,X)dP is injective. Here, the dot notation [ (-, X)dP simply means the func-
tion z — [ k(z,X)dP. So k being characteristic means if [ x(z, X)dP, = [ k(z,X)dP,
for all = then P, = P,.

THEOREM 1. If k., and ke are characteristic, then so is tensor product kernel Kk, ® ko,
that is, the mapping

M(QU,(—)v‘FU,@) — HU X H(—)y PU,(—? — IQU@HU<'7 U) X H(_)(', @)dPU(—)
is injective.

The dot notation (-, U) means the function u — r, (u, U); the same applies to £(+, 9).
So the operator x,(-,U) ® ke(-,©) maps a function f € Ho to f(O)k,(-,U), which is a
member of #,,. Correspondingly, the operator | o ku(+,U) ® ko(+,0)dP, o maps a func-
tion f € He to fﬂUc_) ku(+,U)f(©)dP, o, which is a member of H,. This type of dot nota-
tions will be used throughout the rest of the paper. The proof of Theorem 1 can be found in
Theorem 4 of Szabd and Sriperumbudur (2018). As a result, we only need to guarantee that
both x, and k. are characteristic kernels. In fact, the Gaussian radial basis kernels, which in
our context are

2.11) Ky (U, u,) = exp[—yu(u, —u,)?], Keo(b,60,) =exp(—vell0: — 0.|%),

for some v,,7 > 0, indeed satisfy the condition in Theorem 1: it is shown in Theorem 3.2
of Guella (2022) that a Gaussian radial basis kernel is integrally strictly positive definite, and
it is further shown that an integrally strictly positive definite kernel is characteristic (see, for
example, Sriperumbudur, Fukumizu and Lanckriet (2011); Fukumizu et al. (2009); Sripe-
rumbudur et al. (2010)).

Theorem 1 implies the following equivalence which is the basis of our test of ellipticity.

COROLLARY 1. Suppose

1. X is a random vector in R* with mean 1 and covariance matrix 3;
2. (U,0)=71(2"*(X —p));

3. Ky and ke are characteristic kernels.
Then X has an elliptical distribution with parameters | and 3 if and only if

/QUYG[RU(WU)®ﬁ@(.,8)]dPU‘@:/ KU(.,U)dPU@)/ ol ©)dP,

Qy Qe

where P, is the known true P, with its form given in Proposition 2.
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3. Construction of Test Statistic. In this section we construct our test statistic based on
Corollary 1. Let X,,..., X, be an i.i.d. sample of X. For a function A(z), we use F, A(X)
to denote the sample average of A(X,),...,A(X,). Let i and 3 denote the sample mean
and sample variance; that is, i = E,(X) and 3 = E, [(X — i)(X — /)"]. For any = € 0,
let

W(z)=S"(x—p), W)=5"(x-p),
U(z) =W ()|, U(x) =W ()],
V(z)=W(x)/U(z), V(z)=W()/U(2),
O(x) =g(V(x)), O(x) = g(V(x)),

where ¢(-) is the polar coordinate transformation as defined in (2.6). When no ambiguity is
likely, we abbreviate W (X) by W, W(X,) by W,, and W (X,) by W,. The same applies to
U,V and ©. Let

3.1 Yve = Elky (- U) @ Ko+, 0)] = Elry (-, U)] @ Ey ko (-, O)]

where E, refers to the expectation with respect to P,. Note that ¥, is different from a usual
cross-covariance operator between two random variables, because P, is given the specific
form P,. By Corollary 1, X has an elliptical distribution if and only if ¥, = 0, which implies
U1l© and P, has the form given in Proposition 2. Thus, our goal is to test the hypothesis

(3.2) H,:3,6=0.

Note that this is not merely a test of independence between U and O, because P, has a
known, specific form.
Let

(3.3) Sve = B[k (- U) ® kio(+,0)] — E. [k (-,U)] ® By [k (-, O)],
where, for example, the first term on the right is the sample average of
(ko (- UX) @ ko(-O(X,)):i=1,...,n}.

Since the last term is an integral with respect to the known distribution P,, this operator is
not the usual samplp estimate of the cross-covariance operator Y,,o. That is why we denote it
by Y, instead of $,e. The operator Yoo is a mapping from He to H,: for a given f € H,,
iU@ f is the function

E,[ry (- U)f(©)] = E.[r (- D)IE,[f(O)],

which is a member of H,,.
For convenience, let Fq(+,0) = ko(+,0) — [ko(-,0)dP,(6) denote the centered kernel
function in H. Then, (3.1) and (3.3) can be snnphﬁed as

Yve = Elry (-, U) ® Re(+,0)], iUe =FE,[ku(, U) ® ’%e(>é)]
We use
T, =nlSuell2

as our test statistic for the hypothesis (3.2). The squared Hilbert-Schmidt norm 1506 [5s is
the sum of eigenvalues of the operator ZUOEUO, where E o 1s the adjoint operator of EUO
This is analogous to the Frobenius norm of a matrix.



By our definition, 7', /n is close to || X, 6|} An equivalent definition of || X, ||us 1S

1Xvellns = |E[ku (-, U) @ Ko (+,0)] = Elky (-, U)] @ Ey[ke(,0)][|us
= sup |, o [£1(U) [:(O)] = Er, [ (U)Ex, [£:(O)]]

where F ={f, ® f, € Hy @ Ho : ||f, @ fo]| < 1}, and P, is the true distribution of © as
defined in Proposition 2. In this way, we can interpret ||X,o|ss as a “distance” between
P,o and the “closest” elliptically symmetric distribution P, x P,. Here, “closest” can be
interpreted as keeping the marginal distribution P, unchanged and using it to construct an
elliptical distribution. Therefore, intuitively, T, /n is small if X has an elliptical distribution.
On the other hand, if X does not have an elliptical distribution, then either U and © are not
independent, or the marginal distribution of © is not the one given by Proposition 2. In either
case T, /n will not be small.
As we will see in the next section, 7', /n can be re-expressed as

02, k(UL U) (Fo(0.),Fo(+,0,)) e -

If U and © are independent, then the above is approximately

(n =5 ko (0,0)) (025 (o (0., 7e (0, ) -

If, furthermore, O is distributed as F,, then the second term will be near 0. Hence 7', /n will
be near 0 if and only if both ©1LU and © ~ F, hold; that is, X has an elliptical distribution.

4. Computing the test statistic.

4.1. Coordinate mapping. The implementation of the test at the sample level relies on
coordinate representation of linear operators. Let H be an r-dimensional space with a basis
B =1{b,,...,b,}. Then every member f of H can be represented as ¢,b, + --- + ¢,b,. The
mapping from H to R” defined by C'(f) = (c,,...,c,)" is called the coordinate mapping. Let
G be the Gram matrix {(b,,b,),},_,. Then, for any f,g € H,

(90 = 220205, C(f):C(9);(bis by)o = C(f)'GC(g)-

In other words, if we let R"(G) represent the Hilbert space consisting of the vector space
R" along with the inner product (a,b) = a'Gb, then C' : H — R"(G) is an isomorphism.
Let A:H — H be a self-adjoint operator. An eigenvalue of A is defined by the following
relations

Af=Af, (. fln=1,
or equivalently,
CAC-Cf=XCf, (CfYGCf=1,

where, C* stands for the adjoint operator of C'. Note, again, that x and ~ denote different
concepts. Letting v = G'/2C'f, the above can be restated as

G'*CAC"G"?v=M, vwv=1.

In other words, a number is an eigenvalue of the operator A if and only if it is an eigenvalue
of the matrix G*/*C AC*G~'/?, which can be shown to be a symmetric matrix. In particular,

tra(A) = tra(G'*CAC"G*) = tra(CAC"),
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where tra on the left represents the trace of a linear operator, in the middle and on the right
represent that of a matrix. This identity allows us to express the Hilbert-Schmidt norm of an
operator as the trace of a matrix.

Let e, represent the ith column of the identity matrix I,. Since e, = Cb,, CAC" is simply
the n X n matrix

4.1) CAC*(e,,...,e,) = CAC"(Cb,,...,Cb,) = (CAb,,...,CAb,).

4.2. Test statistic. At the sample level, H, and H, are spaces spanned by the two bases

={ko(U):i=1,....n}, Bo={ko(.0,):i=1,...,n}

respectively. Let K, and K, be the n x n matrices whose (1, 7)th entries are
4.2) (Ko)y =0 (U,0,), (Ko)yy = (Ro(-0.),Fe(50,))ne
respectively. Note that K, is simply the Gram matrix of B,,, and (f( o)., can be expanded as
K6(0,,0,) = [Ke(©,,0)dP,(0) — [r6(©,,0)dP,(0) + [ [ko(8,6")d(P, x P,)(8,6").
Let C : H, — R" be the coordinate mapping. Our goal is to compute
T, =n|[Evell%s = ntra(Xue i, )-
By the discussion in Section 4.1, we have
tra(Spo2r,) = tra(Cpe X5, C7).
The next proposition gives the coordinate of i]U@i*U@
PROPOSITION 3. If K, and K@ are the matrices defined in (4.2), then

C%pod O = if(@KU.
n2

Let ® denote Hadamard product between matrices, and let 1, be the n-dimensional vector
with all entries equal to 1, then we have the following alternative expression for || X, ||74:

oo 1 _
0ol = 11K, © KoL,
The computation of K, is straightforward. However, for computing K, we need

[£6(0,,0)dP,(0), [ [Ko(8,0)d(P, x P,)(8,8").

We propose to compute these by numerical integration. By Proposition 2, the d — 1 compo-

nents of ©, namely, ©,,...,0,_,, are independent with densities
f (9)_ dl] /fﬂ/:/z dljej)dej’ GJG(_W/27W/2Ljzlv"'vd_z
R 1/(277)7 0,€(—m,7m], j=d—1.
Let

0, = {<—7r/2,7r/21, i=1...d-2

(—m, ], j=d—1.

If we choose k¢ to be the product kernel,

(4.3) H Koy (0,,0"),
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of which a typical example is the Gaussian radial basis kernel as in (2.11), then we have

4.4) / ﬁe(éiug)dPO(g):H/ Ke ( i J)f@( ;)do

e j=1 SZ@,‘

4.5) Ko(0,0)d(P, x P,)(0,0') = H / (6,,6))fo,(0,) f,(6")d6,d6!,

RIS e, %%,

where, in (4.4), @7._,. means the j-th element of O,.

The quantities in (4.4) can be computed by the function integrate in R, and the quan-
tity in (4.5) can be computed by the function cubintegrate in the R package cubature
(Narasimhan et al. (2023)).

5. Asymptotic distribution. In this section we derive the asymptotic distribution of 7',
under the null hypothesis (3.2). We use the von-Mises expansion to achieve this purpose; see,
for example, van der Vaart (1998); Fernholz (1983); Li (2018). We first outline the key steps
and notations for the von-Mises expansion, tailored for our current application.

5.1. von-Mises expansion. Let § denote the class of all distributions on (€, Fy). Let
‘H be a generic Hilbert space. Let T : § — H be a mapping — such mappings are known as
statistical functionals. Endow § with the uniform metric, and / with the metric induced by
its inner product. Let F; be a member of §. Then T is Frechet differentiable at F,, if there is
a linear operator A : § — H such that

i TP =T(F) — AF - B

=0.
I F=Follg—0 HF_FOHS

Under the Frechet differentiability, the linear operator A can be calculated using Gateaux
derivative: for any F' € §, A(F) is simply

lim T((1—e)F, +€F) — T(FO)'

e—0 €

Let  be a member of 2, and ¢, be the Dirac measure at x. Then the mapping x — A(d,)
from 2 to H is called influence function of 7. We write A(d,) as T (z). Note that we use
* to indicate influence function and * to indicate the adjoint operator. Both notations will be
used heavily in our exposition. The key result that we use is this: if X,..., X, are i.i.d. from
F, and if T : § — H is Frechet differentiable at F;, then

(5.1) Vn[T(F,) = T(F,)] = N(0,T),
where I' € H ® H is the linear operator
ET(X)T" (X)) —ET" (X))@ E(T"(X))=ET"(X)®T"(X)).

This fact is known as the d-method for statistical functionals. In our case, H will be the
tensor product space H, ® He introduced earlier. From the above discussion we see that the
key to computing the asymptotic normal distribution of \/n(T(F,) — T(Fy)) is to compute
the influence function 7 (x). Next, we define our statistical functional.

5.2. Statistical functional for testing elliptical distributions. Now let us consider the sta-
tistical functional 7T'(F') in our setting. Since it is a simple function of 3 ¢, let us first figure
out the statistical functional corresponding to this linear operator. For any F' € §, let

= [xdF(z), X(F)=[(z — p(F)(x — p(F))"dF(x).



KERNEL-EMBEDDING BASED TEST FOR ELLIPTICAL DISTRIBUTION 11

5, and ©(F,) = . For each z € Q0 let

Clearly, u(Fy) = p, u(F,) = i, 2(F,) =

( F)=3(F)""(x — p(F)),
Uz, F) =W (z, F)l|,

Vi(z, F)=W(z,F)/U(x, F),
F) =

Oz, F) =g(V(z, F)).
It is easy to see that, when evaluated at F' = F,, U(x, F), V(x,F), and ©(zx, F) reduce to
U(zx), V(x),and ©(x), and when evaluated at F' = F,, they reduce to U(x), V(x) and ©(z).
Our statistical functional of interest is the Hilbert-Schmidt norm of the operator
= [k (U )®Ho( ,O(z, F))dF (x)
- f/@U JU(z,F))dF () @ [Ke(-,0)dP,(0).
It is important to note that the last term on the right, [ ke(-,0)dP,(6), does not involve the

unknown distribution F'. This is the true expectation determined by the known distribution
P, in Proposition 2. The operator in (5.2) can be re-expressed via the centered kernel as

(5.3) = [ku (-, U(x,F)) ® fo(-,0(x, F))dF (z).

Clearly, when evaluated at F' = F|, ¥,¢ (F) reduces to >, and when evaluated at F' = F,,
Y o(F) reduces to X,,. Our statistical functional of interest is then defined as

FoR, Fe|Sue(F)

(5.2)

I3
HS*

5.3. Derivations of influence functions. In this subsection we derive the influence func-
tions of statistical functionals involved in ||%, o (F)||%,. Some of these functionals are of the
form F'+— G(z, F'), which already depends on x. To make a distinction with this x and the
argument = in 7 (z) = A(d, ), we denote the argument in any influence function by z. Thus,
we denote the influence function of the statistical functional F' — G(x, F) as G*(z, ). That
is,

G (z,2) =[0G(x,(1 — €)F, + €0.) /O¢]._,.

We will refer to the process of deriving A*(z) from A(F') as the x-operation. The basic rules
for the x-operation are given in Proposition 9.2 of Li (2018). We start with the influence
functions about pu(F'), X(F). The results are given by Lemma 9.1 of Li (2018), and we
reproduce them here for later references.

LEMMA 2. If X is integrable, then the influence function of i is
p(z)=2z—p.
Furthermore, if X is square integrable, then

S(2) = (2 — ) (z — )" — %,

(5.4) () (2) =-X7'8 ()27,
(5.5) vec[(Z7) (2)] = —(2*P @ X+ X @ X*) tvec[E(2)],
where, for a matrix A with columns a,, .. .,a,,, vec(A) denotes the vector (al,...,al ).

We next derive the influence functions for U(z, F'), V (z, F), and ©(z, F'). For deriving
the influence function of ©(z, F'), we need the derivative of the polar coordinate transforma-
tion, which is given in the next lemma.
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LEMMA 3. Letv=(v,,...,v,)' €S* " and § = g(v) = (0,,...,0,_,)" € Qo. Let S, be
the Euclidean norm of the vector (v,,...,v,)" fori=1,...,d. Then

S vivs 103 _ V1Vd—2 _ V1VUq—1 _ V104

S2 525, S28y S2S, 5285, 575,

0 $ _ V2vs3 _ V2Ug—2 _ V2Vd—1 _ V2vg

S2 5255 5285 S28; 52855

0 0 i _ V3V4g—1 _ VU3Vdq—2 _ V3Vg

dg(v) 52 T SIS, 523, 525,

a/UT - . . . : .
Sdfl Va—2Vd—1 Vq—204g
0 O 0o ... S, TS .Sii .S
0 0 0o ... 0 ol — =t
S3i1 S3i1

Based on Lemma 2, we next derive the influence functions for the statistical functionals
F—U(z,F), F—V(F), F~—0O(F).

LEMMA 4. Suppose that F— U(x,F), F— V(x,F) and F — ©(x, F) are Frechet
differentiable at Fy. Let

o (z—p)'E
A = e

e —p)'E ez —p)'E
B PRI R T

(5.6) _ S (x—p)A (x) B N-1/2
B,(z) = (x—p) 2 (x—p) [(z—p)S(x— M)]1/27
Byz)= =@ mA(@) @ p)@L)(E 9N+ @)
2 (J? - M)TZ‘l(m — M) [(1‘ _ M)Tg_l(x — N)]UQ ,

Ci(z) = [0g(V(2))/0v"] B.(z), i=1,2,

where 0g(V (x))/0v" is the matrix given by Lemma 3. Then, the influence functions of
U(z,F), V(z,F)and ©(z, F) are

(5.7) U (2, 2) = Ay (2)p (2) + Ay (x)vee[X7 (2))];
(5.8) V*(z,2) = B,(z)n (2) + B, (x)vec[¥"(2)],
(5.9) O (z,2) =C\(x)p (2) + Cy(x)vec[X"(2)].

The next lemma gives the influence function of ¥, (F'). Henceforth, for a kernel function
k(-,t), we use k(-,t) to denote the partial derivative with respect to the second argument,

0k(-,t)/0t.
LEMMA 5. Suppose F — ¥,o(F) is Frechet differentiable at F,. Then
Yhe(2) =ku (-, U(2) ® Re(+,O(2)) — Zue
(5.10) + E{[u (- U(X))U(X, 2)] @ o (-, O(X)) }
+ E{KU(W U(X)) ® ’%6('7 G(X))T@*(X7 Z)}7
where U*(x, z) and ©*(x, z) are given by Lemma 4.
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Even though ¥, is always a member of H, ® H., it does not follow that ¥ (%) must
also be a member of H, ® Ho. However, to facilitate computation of (5.10) at the sample
level, we need X}, (z) to be a member of H, ® H. Fortunately, this can be ensured if

(5.11) Ko € C2(Qy x U), Ko € C*(Q x D),

where, for a set A CR™, C?(A x A) denotes the set of all real-valued functions on A x A
that are twice differentiable with a bounded Hessian matrix. The establishment is placed in
the Supplementary Materials, which requires a special case of Theorem 1 of Zhou (2008).

5.4. Asymptotic distribution of the test statistic. Based on the influence function of
Yy6(F') computed in Lemma 5 and the functional Delta method expressed in (5.1), we can

directly write down the asymptotic distribution of Yro.

THEOREM 2. [f the statistical functional F — Y,o(F') is Frechet differentiable at F,
with respect to the uniform metric in § and conditions in (5.11) are satisfied, then

9

D
Vn(Xpe — 3pe) — N(0,T),
where I' : H, @ Ho — Hy @ He is the operator
['=FE[%,,(X)®%,(X)],
and X%, (z) is given by (5.10).
Note that the assertion that I is an operator from H, ® H to H, ® H, is a consequence of
(5.11), which guarantees that 3!, (z) € H, ® H,. Since, under the null hypothesis, 3, = 0,

we have the following corollary of Theorem 2, which will be important for sample-level
implementation.

COROLLARY 2. Under the null hypotheses H, : ¥.,,o = 0 and the conditions in Theorem
2, we have

(5.12) VnEee 2 N(0,T).
where I' = E [ (X) ® ¥, (X)] and X, (2) as given in (5.10) but without the ¥, ¢ term.

Applying continuous mapping theorem to (5.12) by taking the squared Hilbert-Schmidt
norm, we have the following corollary.

COROLLARY 3. Under the null hypotheses H, : ¥.,,c = 0 and the conditions in Theorem
2, we have

(5.13) nl|Svelze D 37 AZ2,

where Z,,Z,, ... are i.i.d. standard normal random variables, and \,, X, . . . are eigenvalues
of T in Corollary 2.

Note that the null distribution in (5.13) only depends on the eigenvalues of I', which gives
us the chance of not having to save the whole I' on sample-level implement. Based on
Theorem 2, we can also derive the asymptotic distribution of v/72(||Zye]%. — || Zvel|%) under
the alternative hypothesis.
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COROLLARY 4. Suppose that the conditions of Theorem 2 hold. Then, under the alter-
native hypothesis, i.e., Yo # 0, we have

N 2 2 D * 2
Vi([Zvellis = IZvellis) = N(0,4E((E}6(X), Eve)tis))-

Corollary 4 also implies that \/n ||, L, 5 under the alternative hypothesis, which

verifies the consistency of our test.

[
HS

5.5. Local power analysis. In this subsection, we derive the local alternative distribution,
which can be used to compute the local power. The idea of the proof is similar to Theorem
13 of Gretton et al. (2012).

THEOREM 3. Suppose

1. T has spectral decomposition Y > X, (v, @ v,), where v,,v,, ... is an orthonormal basis
inH, @He,
2. X, is a fixed linear operator in H, @ H with expansion ) > o,v, and |3, ||us = ¢ > 0.

Then, under the local alternative hypothesis H™ : ¥, =n~"*%,, we have

9] 'D o ~
n||Xvellns = 2o N Z0

j=17"3"

where Z, are independent N (0,/+/X,,1) random variables.
Using this theorem, we calculate the local power of our test as
P (nuiwugs > s) P (z;;szj > s) .
6. Approximating the asymptotic null distribution.

6.1. Outline of the problem and notations. In this section we approximate the asymp-
totic distribution of T’,, which is Ezl/\iZf, where A, \,, ... are the eigenvalues of I", and
Z,,Z,,...areiid. N(0,1). The operator I" is estimated by substituting, wherever possible,
the expectation E by the sample average E, in the expression F (X  ® X: ). Denote the
estimate of I" as I". We use the eigenvalues A, of I to estimate )\, in the asymptotic distribu-
tion ) = X, Z’. We then use the plug-in estimate ) .~ S\iZf to approximate the asymptotic
distribution of 7',.

In the following, for an integer m, we use [m]| to represent the set {1,...,m}. If Aisa
set and a : [m] — A is a function, we use a,, to represent the vector (a,,...,a,,)". Further-
more, for a function f defined on A, and a function a : [m] — A, we use f(a,,,) to denote
the vector (f(a,),..., f(a,))". This notation also extends to functions involving other vari-
ables. For example, x(-, a,,) represents the vector of functions (x(-,a,),...,x(-,a,))"; and
f(z,y, z.,) represents the vector (f(z,y,2,),..., f(x,y,2.))"

One of the advantages of the RKHS is that we can use the representer theorem (see, for
example, Scholkopf, Herbrich and Smola (2001)) to turn an infinite dimensional problem
into a finite dimensional problem. Let 7 be the RKHS generated by a kernel x: A x A — R.
Suppose our statistical procedure relies on functions in H only through f(a,),..., f(a,.)
for a,, ey @y, € A. Then we can, without loss of generality, restrict our attention to 7:{; H;
where H is spanned by x(+,a,), ..., k(+,a,,). This is because there is always a function f € H
such that f(a,) = f(ai) fori=1,...,m. In fact, let

A~

f=tk(a) + -+ t.6(a,) =t K(a).
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Up on solving the equation f(a,,,) = f(a,.), we have ¢, = K=" f(a,.,), where K is the
Gram matrix {(a,,a;)} _, . For this reason, in this section, we will reset H,, and H, to be
the RKHS spanned by

By ={r,(U):i=1,....,n}, Bo={ro(-,0,):i=1,...,n}.
A basis for H, ® He is
{ko(-,U) @ ke(-,0,):4,5=1,...,n}.
Let Cpeo : Hy ® Ho — R be the coordinate mapping that takes (-, U,;) ® ff@(-, (:)j) to
e, ®e, in R"*. Then, it is easy to see that C,, = C,, ® C\, where C,, takes £, (-, U,) to e, and

O, takes ko(-,0,) to e,. Let K, be the R"**** Gram matrix whose ((4, ), (¢, j'))th entry
is

i,j=1"

(Kve)wn.arsn = (Ko Uz) ® Ko ", éj), Ko U/) ® Ko, é;)>HU®H@
= 1 (0., U)5a(0,,0]) = (Ky ). (Ko),-
Thus, in matrix notation,
Kyo = Ky ® Ko,

where ® is the Kronecker product between matrices. As discussed earlier, the eigenvalues of
T" are the same as the eigenvalues of

6.1)  K2C,I'C; K = (K, @ Ku)*(C, @ Co)(C, @ Co) (K, @ Ko) 72,

[(C
So it all boils down to computing the coordinate (C,, @ Co)T(C,, @ Co ).

6.2. Estimation of I'. By Corollary 2, under UlO, I is of the form
Yie(2) =hu (- U(2)) ® Fo (-, 0(2))
(6:2) R (@,2) ® kol O@)dE (@) + [5 (- U(2)) @ ki (2, 2)dF (@)
= S0 (2) T 506,(2) + X0, (2)-

Let A, () and A,(z) be as defined in (5.6) with 1 and 3 replaced by /i and 3; let B, ()
and B, (x) be as defined in (5.6) with p(z), £(z), A,(z), and A, (z) replaced by fi(z), %(x),
A, (x),and A, (2); let C,(z) and C,(x) be as defined in (5.6) with B, (z) and B, () replaced
by B,(z) and B, (). Let ii* (2) and $*(2) be as defined in Lemma 2 with z and 3 replaced
by /i and . Let U*(z, z) and ©*(z, z) be as defined in (5. 7) and (5.9) with A, (), A;(x),
C\(x), Ca(w),  (x), and 3 () replaced by 4, (), 4. (x), €, (x), Cs(x), i (), and 5 (x).

To approximate X (z) in (6.2), we replace U(z) and O(z) by U(z ) and O(z), and
replace ko (+,0) by

Ue,1

RO (0) = ol 0) =00 kol 0,),

where the superscript in £ indicates the word “empirical”, as we use the sample average
n'Y " Ke(-,0,) instead of the population average Ekq (-, ©) to center the kernel ke. So
DI ¢ ) is approx1mated by

Ue,1
Si0.(2) = ro( U(2)) @ RS-, 0(2)).
To approximate X7, ,(z) and ¥;

Ue,3

B (x,2) = ko (U ()0 (2,2),  RL( 1, 2) = fio(-,0(2)) 70 (z, 2).

(z) in (6.2), we replace (-, z,z) and k% (-, z, z) by



16

We replace [ ---dF,(x) by E,(---). So ¥}, ,(2) is approximated by
Siea(2) =070 R (XL, 2) ®ES (4, 6,).
Similarly, ¥ ,(2) is approximated by

Shas(z) =07 20 k(5 U) ® R (X, 2).

Combining the above results, we approximate X, (z) by
)

£ha(2) =0, (2) + 810 (2) + Eia (2

~

(6.3) =k, (-, U(2) @R (,0(2)) + n ' k(L X 2) @ RD(,6,)
+n S k(L U) @ RG (L X 2).

To approximate I, we replace X _(z) by 2: (z) and [---dF,(xz) by E,(--), as follows

F=n" ?:1[2*119(Xi) ® i;@ (X,)]

6.3. Approximating the asymptotic distribution of n||%,. Our goal is to find the
eigenvalues of I so as to form the approximation of » A\, Z?. Recall that I" is a self adjoint
linear operator from H, ® H to H, ® He, where, as mentioned earlier, 7, and H, can be
regarded as the finite-dimensional RKHS’s spanned by 5, and 5,. As mentioned at the end
of Section 6.1, we need to compute the matrix (6.1).

We need to review a coordinate mapping rule in a tensor product space. Suppose H,
and H., are finite-dimensional Hilbert spaces of dimension m, and m,, with bases B, =
{60,080} and B, = {b,...,b2 }, respectively. Let C, : H, — R™ and C, : H, — R™
be coordmate mappings with respect to 5, and B,, respectively. Let G, and GG, be the Gram
matrices for B, and B,. A basis of the tensor product space H, ® H., is

812:{1)1.].:bil)®b;2)ii:1,...,m1,j:1,...,m2}.

For f, € H, and f, € H., the tensor product f, ® f, can be viewed in two ways: as a member
of H, ® H. or as an operator from H, to H,. As a member of H, ® H.,, the coordinate of
fi1 ® f, with respect to B, is

(Cl ® CZ)<f1 ® f2) - (lel) ® <C2f2)7

where ® on the right is the Kronecker product between matrices. As a linear operator from
H., to H.,, the coordinate of f, ® f, with respect to the bases {8,,B,} is

Ci(f:® f.)C;
By Li and Solea (2018), we have
(6.4) Ci(fi® £:)C; = (C.f.)(C..f)G..
Applying (6.4) to H, =H, =H, @ Ho, we have
(Co ® Ca)[856(X.) @ 23, (X)](Cy @ Ca)*
= [(Cy ® Co) 23 (X)](Co ® Co) i (X)](K, @ Ko).

Therefore, we can reexpress (6.1) as
(6.5)

(K, @ Ko)'?(Cy @ Co)T(Cy @ Co)' (K, @ Ko)™'/?

=n" 3 (Ko © Ko)'*(Cy ® Co) 8,0 (X)][(Ky ® Ko)'*(Cy ® Co) 2,0 (X,)]'-

e
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Let

~

m(X,)=n"*(K,® Ky)"*(C, ® C@)ZA];@(X,&), M=(m(X,),...,m(X,)).
Then the matrix in (6.5) can be rewritten as
(K, ® Ko)"*(C, @ Co)T(C, @ Co) (Ky @ Ko) /> = MM,
It remains to calculate 77(X,), where the key is to calculate (C,, ® C,)3: . (X,). By (6.3),

this is
(Cu ® Co)Zia,(Xi) + (Cu ® Co)Ee o(Xa) + (Cu @ Co) i o(Xa).
Reading off ZUO ,(z) from (6.3), we have

(Co ®Co)Ei0 (X)) =(Co ® Co) k(- U) @ 5 (,0.)]

where
Coku(U)=e, Coil(-,0,)=e,—1,/n.
Reading off EUO ,(z) from (6.3), we have
(Co @ Co)Sha (X)) =07 227 (Co @ Co) Ry, (+, X,, X)) © RS (+,0,)]
=030, [Cokyy (4 X, X)] @ [CoRE (-, 0,)):
To calculate C, &7, (-, X, X.), we now give an expression for Cy,(f) for any f € H,,.

(6.6)

LEMMA 6. Suppose H is a finite-dimensional RKHS generated by a kernel k, with basis
K(a,), ... k(- a,,), fisa member of H, and C' is the coordinate mapping. Then

C(f)=K"f(aw),
where f(ay,) is the vector (f(a,),..., f(a.))", and K is the Gram matrix {k(a.,a;)}"

i,j=1"

PROOE. Since f € H, we have f = C(f)"k(-,a,,) where (-, a,,) represents the vector

of functions (x(-,a,),...,k(+,a,))". Evaluate this equation at a,, ..., a,,, we have
flaw)=KC(f).
Solving this equation, we have the desired result. 0

Applying Lemma 6 to (6.6), we have
(Co ® Co)Ei0 (X)) =0 20 K, oo (U, U) U (X, X)) @ (e, — 1 /n)
=n')00, {KJ%U(U[,L],Uj)[fh(Xj)ﬂ*( )+ A (X )vee(S (X))} © (e, — 1./n).
Reading off ¥ _ . (z) from (6.3), we have
(X) =072 [Coru (- U)] @ [Cohy (X, X))
=n""Y " e, @[Cohy(, X, X,)].
Applying Lemma 6 again to (6.7), we have
(Co®Co)Eha (X)) =" e, @ [K o Fo(01,,0,)0°(X,, X,)]
=000, ® (Ko e (01, 0,)[CL(X))ir (X)) + Ca(X, Jvee(3*(X.))]}-

Ue,3

(C ® Co)

Ue,3

(6.7)
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To summarize, we have
m(X;) =n""*(K, ® Ko)'"*[e; ® (e, — 1,/n)]

K @ Ke) Y K (0, U0 (X, X)) @ (6, = 1,/n) §
+n (K, @ K, )1/2{ ny e @Ky “O(@[n]véj)é*(X”Xi)]}'

We need to calculate the eigenvalues ;\1, e ,5\ﬂ, of the matrix M M. Since this is n? x n?,
its eigenvalues are expensive to compute if computed directly. However, it is equivalent to
calculate the eigenvalues of MTM, which is an n x n matrix. We then use ijlj\,;Zf to
approximate the asymptotic null distribution in (5.13). We apply the function imhof in the
R package CompQuadForm (Duchesne and de Micheaux (2010)) to compute the p-value of
the distribution of > " \,Z?>. If the p-value is smaller than some prespecified significance
level «, then we reject Hy.

6.4. Validity and consistency. Since we have plugged the estimated eigenvalues ;\1, ey A,
into the asymptotic distribution of 72||X,e||% ., we want to show that this step preserves the
validity and consistency of the test.

Notice that T is a consistent estimator of I, Suppose that Zj’;l A}/? < oo, then, by Theo-
rem 1 of Gretton et al. (2009), we have
A, /s 2, DN

j=1"" 179550
which indicates the validity of the test. The consistency is straightforward since, under the

alternative hypothesis, Yoo i Y6 Which is nonzero, indicating that nHiU@ 1%, < LN (see,
for example, Section 12.4 of Kokoszka and Reimherr (2017)).

7. Uniform concentration bounds. In this section, we develop the concentration
bounds for ’HZV]U@HHS - HZU@HHS’ in two cases: we first considered the simple case where
1 and X are known, and then considered the general case where 1 and X are unknown. These
bounds also allow us to establish the consistency of our method when the dimension d goes
to infinity with the sample size n.

7.1. Case for known p and 3. We first consider the case where p and > are known,
which would be true, for example, for testing a spherical distribution, where y =0 and X =
1. In this case U and O are replaced by U and ©, and our test statistic reduces to

(7.1) Yoo = E,[ku (- U) ® ko (+,0)] — E, [k (-,U)] ® Elro(-,0)].
The next theorem gives the concentration bound for ||, ||us, which is similar to Theorem 7

in Gretton et al. (2012).

THEOREM 4. Suppose that v and 3> are known and Yoo is defined as (7.1). Furthermore,
suppose the kernels k, and ke are bounded: 0 < ry(u,u') < My, and 0 < k(60,0") < M,
for all u,u’,0,0'. Then,

o t°’n
72) P <|||2U@||HS — [ Svollus| > ¢ +4(MUM@/n)”2) < exp <_1OJ\/L,M@> .

The proof of Theorem 4 is placed in the Supplementary Materials. Let u = m Then,
(7.2) is equivalent to

73) P (]uimnm ) >

> (10M, Mou/n)"* + 4(My M, /n)”"’) <e.
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7.2. Case for unknown p and ..  Since we would like our concentration bounds to reflect
the behavior with respect to both the sample size n and the dimension d, we need to separate
out d and n from any constants in our derivations. To make this explicit, we call a constant
that doesn’t depend on d or n an absolute constant. We first make the following assumptions.

ASSUMPTION 1. There exist absolute constants ¢, > 0 and ¢, > 0 such that

¢ < Ain(2) S A(X) < e

ASSUMPTION 2. The random vector X has a uniform sub-Gaussian distribution in the
sense that, there is a constant o that is independent of d such that, for all v € S,

E(eAw,X—p)) < 60%2/2_
ASSUMPTION 3. The density of W is bounded by ¢ for some absolute constant c.
ASSUMPTION 4. The kernel functions «, and x, are bounded and Lipschitz continuous:

0<ry(u,u’) <My, Vu,u', 0<ke(0,0)< M, V0,0,

and
(7.4) ko (- u) = ko ()| < Lolu—2|,  Vu,,
(7.5) Ko (- 9(v) = Ko, g <d ' Lyllo =2'|l,  Yov,'.

In the subsequent discussions we will carefully track the indices of the absolute constants
as they will eventually appear in the same expression. Let

d[log(2d) + u]

1 ada =G\
filn,d,u) =c -
d 1/4 d 1/2
fQ(TL,d,U):CQdmaX{< +U> 7< +u) }4‘03\/&7
mn n
(7.6)
d+u

f3 (na d7 U) = C4d )

n
10

f4(nau):CQ\/g+c \/Ev

where ¢, c,, ¢, ¢4, Cy, C1, are some positive absolute constants.

THEOREM 5. Suppose X satisfies Assumption 2, and X, ..., X, are i.i.d samples of X.
Further suppose X satisfies Assumption 1, the density of W satisfies Assumption 3, and the
kernel functions k., and ke satisfy Assumption 4. Then, for any € > 0, we have

P(‘HEU@HHS - ||ZU®||HS‘ 2 [07 + 268/(6d)] X
[fo(,dyu) fo(n, dyu) + ¢, fo (0, dyw)] + fo(nyu)) < nlcee)® +Te ™,

where f, f., fs, fi are as defined in (7.6), and c,, . . . , c,, are some positive absolute constants.

The tail bounds in Theorem 5 allows us to establish the consistency of the test even when
d goes to infinity with n, as shown in the next theorem.

THEOREM 6. Suppose all conditions in Theorem 5 are satisfied. If logn < d < n'/*, then

= P
||ZU6||HS — ||2U6||HS'
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8. Simulations. In this section we present some simulation results of using 7, to test
ellipticity under both the null distribution and the alternative distribution. In all the simula-
tions, we use Gaussian radial basis kernels for both U and © as given in (2.11). To select the
tuning parameters, we use the criterion in Section 6.4 of Li and Solea (2018):

==(3) Exm-ul ==(3) X166l

i=1 j=i+1 i=1 j=i+1

8.1. Results under the null distribution. In this subsection we perform simulations under
the null distribution. We consider scenarios consisting of different sample sizes and dimen-
sions:

(8.1) (n,d) € {500,1000} x {3,4,5,6,10,15,20}.

For each (n,d), we generate 7' = 100 datasets as follows. We first generate the mean vec-
tor p from N(0,021,), where 02 = 100, and the covariance matrix ¥ using R function
genPositiveDefMat in the package clusterGeneration (Qiu and Joe. (2020)) un-
der its default settings. We then simulate X, ..., X, as i.i.d. samples from N (u, ).

Based on the samples X, ..., X, we compute the test statistic 1|/, ||%, and compute
the p-value based on our test. One side-note is that we add a small number, ¢ = 107, to
the diagonal of a matrix whenever we compute its inverse, square-root or eigenvalues. This is
done to avoid numerical instability that can happen in some extreme samples. Figure 1 shows
the boxplots of p-values under different combinations of (n,d) in (8.1), and the empirical
type-1 errors among 100 experiments at o = 0.1 are summarized in Table 1.

n=500 n=1000

o | o ]
< - - - - - - = S - - - - - - -
@ | : @ | : ‘ ‘ :
o o
© ©
N H N
< : : 1 3 1 : < ;
e 1 : : : ; ! ! o : : ; :
U U
S 1 ‘ o 1 1 : 1 ! : :
° R e =) P e i
S S

T T T T T T T T T T T T T T

d=3 d=4 d=5 d=6 d=10 d=15 d=20 d=3 d=4 d=5 d=6 d=10 d=15 d=20

F1G 1. Boxplots of p-values under the null hypothesis. The red line represents 0.1.

TABLE 1
Empirical type-1 errors (in percentage) at ov = 0.1.
n d=3 d=4 d=5 d=6 d=10 d=15 d=20
500 6 4 5 4 5 1 2
1000 7 6 3 8 2 7 7

As we can see from Figure 1, the bulk of the p-values are quite large for all combinations
of n and d, indicating the elliptical distribution hypothesis is not rejected in the great majority
of cases. In Table 1, the empirical type-I errors are all below the significance level, which is
consistent with the validity of our test.
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8.2. Results under alternative distributions. We consider alternative distributions with
different degrees of departure from the elliptical distribution. We first generate Z, inde-
pendently from N(0,4), and set Z = (Z,,...,Z,)". We then randomly select a subset .J
of {1,...,d} of cardinality [d/3] and, for each k € .J, we replace Z, by W, — df, with W,
generated from x?*(df). We denote the resulting random vector by Z. We then construct X

b -

y X — /vL + 21/2 Z,
where ¥ is generated in the same way as it was in the null distribution case, and p =
(fay .., pq)" is generated from

1, =408, —20, k=1,...,d,

where each 3, is independently generated from Beta(0.5,0.5). That is, each p, is a rescaled
and centered Beta variable. We take the degrees of freedom df to be 2 or 4, with df = 2
representing stronger departure from ellipticity.

We then perform our proposed test on the i.i.d. samples X, ..., X, from X. The boxplots
in Figure 2 show p-values for df = 4 with (n,d) in the range (8.1); those in Figure 3 show
p-values for df = 2 with (n,d) in the same range. The numerical values of the empirical
powers among 100 experiments at « = 0.1 are summarized in Table 2.

df=4, n=500 df=4, n=1000
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FIG 2. Boxplots of p-values under the alternative hypothesis with df = 4. The red line represents 0.1.
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FIG 3. Boxplots of p-values under the alternative hypothesis with df = 2. The red line represents 0.1.
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TABLE 2
Results under the alternative hypothesis

n df d=3 d=4 d=5 d=6 d=10 d=15 d=20

500 4 100 100 99 99 94 78 73
500 2 99 99 100 100 100 94 88
1000 4 100 100 100 100 100 100 95
1000 2 100 100 100 100 100 100 100

According to Figure 2 and Figure 3, the bulk of the p-values are smaller than 0.1, indi-
cating strong evidence that X does not have an elliptical distribution. This, together with the
empirical powers in Table 2, implies the consistency of our test. More specifically, in each
figure, when the sample size n is fixed, the boxplots becomes slightly higher as d increases,
and the empirical power is lower when d is high, indicating it is more difficult to detect non-
ellipticity in higher dimensions. This is reasonable because the skewness might be masked
by higher dimensions. If we fix the dimension d and the skewness as represented by df, an
increase of sample size n from 500 to 1000 makes the p-values more concentrated around
0. Furthermore, comparing Figure 3 with Figure 2, we see that the p-values for df = 2 are
smaller than those for df = 4, indicating that an increase of skewness makes non-ellipticity
more detectable.

9. Application. In this section we apply our test to a dataset concerning a Study on
the Efficacy of Nosocomial Infection Control (SENIC Project), which is used in Haley
et al. (1980). We download the dataset from https://users.stat.ufl.edu/~rrandles/sta4210/
Rclassnotes/data/textdatasets/KutnerData/Appendix %20C%20Data%20Sets/ APPENCO1.txt.

This is one of the datasets from the book Kutner et al. (2005).

According to Kutner et al. (2005), the data of 113 hospitals during the 1975-76 study
period are sampled from the original 338 hospitals surveyed. For a single hospital, there are
11 variables:

length of stay, age, infection risk, routine culturing, routine chest x-ray, number of beds, medical
school affiliation, region, average daily census, number of nurses, available facilities.

For detailed information about these variables, see Kutner et al. (2005).

We treat the variable “length of stay” as the response variable, and check whether other
predictor variables are elliptically distributed. We remove the two categorical variables,
“medical school affiliation” and “region”. We carry out our test on the dataset where n =113
and d = 8 at a significance level « = 0.05, and obtained the p-value 0.0014, which leads to
rejection of the elliptical distribution hypothesis. The original data is as shown in Figure 1 in
Appendix E of the online Supplementary Material (Tang and Li (2024)).

We then perform the Box-Cox transformation on the dataset. Using the method presented
in Chapter 7 of Li (2018), we find the optimal A for the Box-Cox transformation as

1.158,0.737,—-0.105,0.947, -0.316, —0.105, —0.316, 0.947.

The transformed variables are shown in Figure 2 in Appendix E of the online Supplementary
Material (Tang and Li (2024)). We carry out our test on the transformed data, and obtain the
p-value 0.2454. This is much larger than 0.05, leading us to accept the elliptical distribution
hypothesis after the Box-Cox transformation.

10. Discussion. For our method, the choice of kernels are indeed important. In general,
the kernel functions x, and x should satisfy the following three conditions.


https://users.stat.ufl.edu/~rrandles/sta4210/Rclassnotes/data/textdatasets/KutnerData/Appendix%20C%20Data%20Sets/APPENC01.txt
https://users.stat.ufl.edu/~rrandles/sta4210/Rclassnotes/data/textdatasets/KutnerData/Appendix%20C%20Data%20Sets/APPENC01.txt
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1. Both k, and k. should be characteristic kernels. This is to guarantee that >, = 0 if and
only if X follows an elliptical distribution. If either of them fails to be characteristic, then
there will exist cases when X does not follow an elliptical distribution and yet >, = 0 is
satisfied, which leads to non-consistency of the test.

2. Both x, and x, should be C?-smooth kernel functions, i.e., the conditions in (5.11) should
be satisfied. This is to guarantee that 3} _(z) is a member of H, ® He. Also, we need the
derivatives f, (U,,U,) and £ (©,,©,) in the implementation, which requires differentia-
bility in k., and k.

3. From a computational perspective, a product-type kernel for k. is preferred. This is be-
cause, otherwise, we will need to compute n numerical integrals of dimension (d — 1) in
equation (4.4) and one numerical integral of dimension (2d — 2) in equation (4.5). The
product-type kernels allow us to replace these high-dimension numerical integration by 1-
or 2-dimensional integration.

Clearly, the Gaussian kernel satisfies all three conditions above, so it is preferred. It also
works well in our simulation studies. However, many other kernels also satisfy the three con-
ditions. We can construct a broad class of product kernels that are computationally feasible
for our method.

Specifically, for any d — 1 kernel functions on R x R, say ke,,...,kKe, ,, their prod-
uct given by (4.3) is still a reproducing kernel. Furthermore, by Theorem 1, the product of
characteristic kernels is still characteristic. For example, we can use the product-type inverse-
quadratic (P1Q) kernels defined as follows:

1 - 1
= T N, (S] 079, - )
T+ (u—u) " 0.0) H1+7@(9j—9§)2

j=1

(10.1) Ko (u,u’)

which also satisfy the above three requirements. In principle, all such kernels can be used
for our purpose. This gives us broad choices for kernels.Further discussions on the choice of
kernels are given in the Supplementary Materials.
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