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Abstract

We consider a coupled Pdélya’s urn scheme for social dynamics on net-
works. Agents hold continuum-valued opinions on a two-state issue and
randomly converse with their neighbors on a graph, agreeing on one of the
two states. The probability of agreeing on a given state is a simple func-
tion of both of agents’ opinions, with higher importance given to agents
who have participated in more conversations. Opinions are then updated
based on the results of the conversation. We show that this system is
governed by a discrete version of the stochastic heat equation, and prove
that the system reaches a consensus of opinion.

1 Introduction

1.1 Statement of Problem and Result

Let G = (V, £) be a simple, connected graph, with each vertex i € V representing
an individual agent. In our model of opinion propagation, agents discuss an
issue with their neighbors, each conversation resulting randomly in either an
agreement on state U or an agreement on state V. If two learners agree on
state U or V, both of the learners increase their propensity to prefer state U or
V', respectively, in the future. We make this precise in the following discussion.

For every vertex i € V and timestep ¢t € NU {0}, let the weights (u},v}) >0
represent the propensities of vertex ¢ for U and V| respectively, at time ¢. For
ease of notation, we write (i, ¥;), where iy, vy € RY have components (u!);cy
and (v});ey. For convenience, we define the total weight of vertex i and the
fraction of that total weight stored in state U to be

gp =y +v;

ui
gt

Ty =
respectively. We consolidate notation with g and Z;, similarly to the above.

We enforce the initial conditions (i, 7y) to be such that u + v§ =: g > 0 for
all 4, and we define 4; to be a vector with ¥ := % for later convenience.
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The dynamics are as follows: at every timestep ¢t > 1 choose a random edge
e = (i,j) € £. Increment (only) each the two g values:

g =9gi-1+1
G =g +1
with all other gF = g¥ | unchanged for k ¢ {i,5}. Define:

i J i 0 J J
e Up Uy TpGy T T10;

= - - N
g + gt g + gl

as the pooled opinion of agents ¢ and j, and let p§_; give the probability of i
and j agreeing on state U at time ¢, given that edge e is chosen at time ¢. If the
chosen ¢ and j agree on state U, increment each of their u values:

ui = ui_l +1

ui = u{fl + 1.
If they agree on opinion V, do not alter the u-values. All other uf = uF_; for
k ¢ {i,7j} remain unchanged regardless of the outcome of the conversation along
edge e.

We show that the dynamics of the system are governed by a discrete, stochas-
tic version of the heat equation, with an ”influence matrix” L driving the prop-
agation of opinions. The influence matrix acts like the graph Laplacian, but
gives higher weight to vertices which have high degree, which have more conver-
sations on average and therefore develop strong opinions more rapidly. Similarly
to the graph Laplacian, the influence matrix has right-eigenvector 1 (the |V|-
dimensional vector with each component equal to 1); let a; be the coordinate
of #; corresponding to T with respect to a fixed, generalized eigenbasis of L
(discussed below). We will refer to a; as the consensus coordinate.

The goal of this paper is to prove the following theorem, which states that
a consensus of opinion is reached in the long-time limit.

Theorem 1.1. There exists a random scalar 0 < aso < 1 such that

E[||Z, — aco1]%] 225 0

1.2 Related Work

A similar class of frameworks for opinion propagation, called voter models, also
feature randomly selected pairs of agents exchanging opinions. For example,
in the Deffuant model, pairs of neighbors interact only when their opinions
are within some threshold of one another, with consensus and/or polarization
being driven by threshold size ([I]). Another example of a voter model is the
Hegselmann-Krause model, in which an agent is randomly selected to have their
opinion replaced by some determinstic function of their neighbors’ opinions ([2]).



The model presented in this paper could perhaps be considered a stochastic
voter model (stochastic in the sense that outcomes of conversations are random).
A unique property of this model, however, is the pooled-experience nature of
conversations, resulting in influences between agents which are random and dy-
namic, but which tend towards a graph-dependent object (the influence matrix).
It should also be noted that this model features continuous opinions (zi € [0, 1])
with discrete actions (agents agree on either U or V); different combinations of
opinion and action spaces are featured throughout the literature.

This model can also be compared to the DeGroot model for learning, in which
updates are made according to some constant 'trust matrix’ T &y = TZ; ([3]).
The trust matrix can represent how much each agent trusts their neighbors as
well as themself, giving a weighted average of their neighbors’ beliefs and their
own prior opinions. Other, similar models of opinion propagation have been
studied, considering the effects of agents’ self-confidence and network topol-
ogy on long-term behavior ([4, B @ [I1]). Yet another related class of models
for opinion propagation are ’probabilistic fuzzy models’ which include agents’
perceptions of some exogenous, albeit 'fuzzy’ (the exact state is unclear) vari-
ables ([12]). We finally note that much of the literature on opinion propagation
focuses on simulation-based studies, while rigorous proofs are less common.

1.3 Outline of Paper

The rest of the paper proceeds as follows. In Section 2, we derive the fact that
the behavior of x; is governed by a discrete-time stochastic heat equation, and
give some important properties of the (stochastic) Laplacian operator driving
the diffusion. In Section 3, we prove convergence of the consensus coordinate of
Zt, and in section 4, we prove the decay of Zr—arl (the disagreement component).
In Section 5, we give a proof of Theorem [I.I] and in Section 6, we provide a
conjecture that may lead to future work.

2 Stochastic Heat Equation

2.1 Preliminaries

At each timestep, an edge is randomly selected to host a ’conversation’ be-
tween its two vertices. The following heuristic is equivalent and useful: let all
edges have conversations, and uniformly at random select one edge to actually
contribute to the dynamics.

Let Q; = {w§}eee € {0,1}¢ be the results of all conversations occuring at
timestep ¢, with wy = 1 if opinion U is agreed on, and 0 otherwise. Similarly, let
Yy € € be the edge chosen at time ¢, and let Sf = 11y,—). Define the filtrations

Hi1 CHy CHzC ...
GiCGyaCGsC...
f1Cf2Cf3C...,



where H; = (4, Q—1,...,1) corresponds to the information received up
to and immediately after discussions in the " round, G; = (Y4, ¥s_1,...,91)
corresponds to the information received given all of the chosen edges up to and
including time ¢, and let F; = o(H¢, Gt, ..., H1,G1). Note that Q; € m(H;), but
Qi1 ¢ m(H,). Since 9, does not care about the previous edges chosen or the
results of any concurrent or previous conversations, we let o (1) be independent
of o(Fi—1 UH,). Furthermore, for e # f, we let w¢ and w! be conditionally
independent given F;_; (they are not fully independent, since they are both
affected by the history of conversations over the network). Define the full sample
space and sigma-algebra to be

Qx 0= ({U,V})" x &N
F = U(UtEN ]:t)

Using the notation established above, we have the following update rule for g
and u:

7 T . e
Ji+1 — 9t = § St+1
e—1

7 T . e e
Uppq — U = E St+1wt+1a

er—1

where e — 7 means that edge e is incident to vertex ¢, and we are summing over
all such edges.
Decompose wy into a F;_i-measurable random variable and a mean-0 o (F;—1, H¢)-
measurable fluctuation:
e _ e ~e
Wy =Pro1 Wy,

so that
Qe — 1—pf ; with probability p§_;
! —pi_1 with probability 1 — p7_;.
Let wi := Y __, w§S¢. From here forward, we will use the notation E,[Z] :=

E[Z|F;] to represent conditional expectation with respect to the sigma-algebra
F:. Note that

B [wf] =Y E[bfSF|Fei]

e—1

=3 E [ DESE |0 (Foy UML) Fo 1]

e—1

= " E[G{EISlo (Fi1 UH))Fi |

er—1

G ZE[@”E ]

e—1i

=0,



where in the second, third, and fourth equalities we’ve used the tower property,
'taken out what was known’, and used that Sy L o(F;—1 UHy), respectively.

For later convenience, we present here a consolidated list of definitions of
important quantities, and the earliest sigma-algebra F with respect to which
they are measurable:

Definition 1 (Important Quantities).

e Total weight: g; € mF;, vi = é
t

e Weight on opinion U: ui € mF;

e Proportion of weight on U: xi = % € mFy
t
e Initial conditions: u%” g(i) >0
e Mutual weight on U: p§ = sz;:f € mF,, where e = (i, j)
t t

e Mean-0 fluctuation of conversation result: w; € mF;
o Result of conversation: wi = p§_; + W € mF;
e Edge to play: ¢y € mF;, S§ = lyy,—c) € mFy

We now define a Hadamard (elementwise) product between a vector and a
matrix. Unless otherwise noted, the symbol || - || will refer to the Euclidean
norm for vectors, and the operator norm between Euclidean vector spaces for
matrices. We carry this convention through the end of the paper.

Definition 2 (Hadamard Product). The left-Hadamard product between an
m-dimensional row vector b and (m x n) matriz A is a (m X n) matriz with
entries given as follows:

(boy A)Y := bl AY.
Similarly, the right-Hadamard product between an n-dimensional column vector
and (m x n) matriz A is an (m X n) matriz with entries as follows:

(Aog b)ii = Alip.

We will omit subscripts L and R when it is clear from the context what is
meant. It can readily be shown that the Euclidean norms are sub-multiplicative
with respect to the right-Hadamard product. For an m X n matrix A and an
n-column vector b,

[ A 00| < [IAll[|]-

and similarly for left-products. Another important property of Hadamard mul-
tiplication is its associativity with matrix multiplication. For an (m X n) matrix
Ay, an n X p matrix Ay, and an n—column vector b,

Al(bT oy, AQ) = (A1 OR b)A2



2.2 Deriving the Stochastic Heat Equation

Fix an arbitrary vertex i € V. We now consider the quantity u,; — uj, which
represents the increase in the propensity of vertex i to play move u after timestep

t+ 1.
7 7 e e e e ~e
Upypr — Up = Z Sipwip = Z t+1 (pt + wt+1>
e—1 e—1i

We use the equation above to write down the change in 2% between timesteps t
and t + 1:

i i
i i Ui w1 i i 9t+1 9 i
Tip1 =T = 7 = 5 = o\ Y1 — U U
' X2 X2 2
9t+1 9t 9t+1 9t

- (Z For (95 + 050) = (910 — 91)at)

9it1 -

Wi 1 ([ zigi + g{xi i i\
= S 1 ] — (9141 — gt)xt)
i1 i Z o gi + 9t

i

1 .
= (wig1 + (Let)"),
9t+1

where L; is defined as follows:

Definition 3 (The Diffusion Matrix). The diffusion matriz Ly € mF;yq is
a |V| x |V| matriz with entries:

.. j
1] 9 . . . .
t+1git gl P FJi~ ]

. B i
L’LJ = SU 9t i — 5
+ — . - = 1=
Z]mz t+1 ngrg{ j
0 else

We also define Ay € mFy41 to be a |V| x |V| matriz as follows:
At :I-f—’ygj,’_l OLt.
Note that L; will have exactly four non-zero entries, and takes the following

form:
HO Y | o

for some a,b > 0.



Although L, is sparse, its expectation given the previous timestep, E;[L],
is worthy of mention. It represents the aggregate effects after many rounds of
conversations:

i Giin]

1 ..
€ 2ivigivgl 1T
0 else.

We also note that each g —gg is a binomial random variable with mean equal
to td'i where d; is the degree of vertex i. We thus expect the leading order terms
of E; [Lt] to look hke times the following influence matriz, a graph dependent
constant, defined below BREAK

Definition 4 (Influence Matrix). The influence matriz L is a |V|x |V| matriz
with entries:

dj/d;

1 i# i ]
pi 0
j~i ditd; J
0 else.

We also define Ay to be a |V| x |V| matriz as follows:

The influence matrix corresponds to the graph Laplacian matrix for the
weighted, directed graph Z(G) := (V,Z(€)), where (i,j) € £ <> (i,5), (j,i) €
Z(€), and the edge weight from j to i is defined to be L% (see Figure 1). Note
that edge weights from j to 7 are high when d; is large relative to d;. We think
of j as having more ’'influence’ than ¢ in this case.

With these definitions in place, we present the Stochastic Heat Equation
(abbreviated SHE), derived above:

Proposition 1 (Stochastic Heat Equation). We present the differential form
of the Stochastic Heat Equation (SHE):

Oy = %T o (L1 + W),

and its solution: ,

Fr=Y [ A (] o W)

7=0

where 0y Ty == Ty — Ti—1 and WQ = 1.
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Figure 1: A graph G and the directed, weighted graph Z(G) associated to G

Throughout the paper, we will use the convention that II- products of ma-
trices have older matrices to the right, for example:

I Ap = AgApot - AoAy.

As intuition may suggest, the steady-state solution to the above heat equa-
tion is consensus: all z¢ will converge to the same (random) constant. At the
heart of this idea is the Perron-Frobenius Theorem, which says that the eigen-
vector 1 of I+ L which represents consensus has strictly dominant eigenvalue 1.
We first state the Perron-Frobenius theorem for nonnegative matrices (Lemma
, along with another necessary technical ingredient (Lemma.

Lemma 2.1. [15, [1]] Let M be a square, nonnegative, irreducible, primitive
matriz (i.e., there exists k > 0 such that M* > 0 elementwise) with spectral
radius p. Then the following hold:

e p is an algebraically simple eigenvalue of M, and the corresponding nor-
malized eigenvector U is unique and positive

o Any nonnegative eigenvecor of M is a multiple of U
o All other eigenvalues of M have absolute value strictly smaller than p

Lemma 2.2. [T5] Let M be an n x n matriz, and define T'(M) to be a digraph
with vertex set V = {1,...,n} and directed edge set & = {(i,7) : M;; # 0}. If
(M) is strongly connected, and every vertex i of T'(M) has a self-loop, then M
18 primitive.

Having stated the above two ingredients, we now apply Perron-Frobenius to
our system in the lemma below.



Lemma 2.3. For all k > 1, 1 is a simple eigenvalue of Ay := I + %L. Fur-
thermore, there exists 0 < X\ < 1 such that for all k > 1, and for all eigenvalues
AF) £ 1 of Ay:

A
B <2,
MO 1=

Proof. First notice that, for each row i and for all times ¢, Y. LY = 3~ (7/,, o

L;)¥ = 0. From this it immediately follows that 0 is an eigenvalue of both
matrices with corresponding right-eigenvector

1

and thus that T is a right-eigenvector of Ay with eigenvalue 1. Next, label the
eigenvalues p; of L such that p; = 0. Notice that for any k > 1, the eigenvalues
/\Ek) of Ay are given by )\Z(-k) =1+ £, numbered such that /\gk) =1 for all k. It
remains to show that 1 is a simple eigenvalue of A, and the bound given above.

We invoke the Perron-Frobenius theorem for irreducible non-negative matri-
ceson A, =1+ %L. Ay is nonnegative since it is clear that all off-diagonal
elements are nonnegative, and for all 7,

deg(j)

deg(1)
Z deg(1) j deg(j Z deg

This gives that A% > 0 and thus that Ay is nonnegative.

In order to show that Ay is irreducible, we consider its associated weighted
digraph I'(Ay), which has vertex set V, a complete edge set V' x V, and weights
W : V. xV — Rs¢. By the definition of L, we have that for all i ~ j in
the original graph, there are edges with non-zero weights flowing from ¢ to j
and from j to ¢. Since the original graph V is connected, this implies that
the weighted digraph associated to Ay is strongly connected, giving that Ay
is irreducible. Also note that since the diagonal elements of A, are all strictly
positive, each vertex in I'(A) has a self-loop, and thus Ay, is primitive by Lemma
Thus Ay, satisfies the assumptions of the Lemma[2.1] Since the eigenvector
1 has components which are all positive, Perron-Frobenius gives that associated
eigenvalue 1 of Ay is simple, that the spectral radius of Ay is 1, and that all
other eigenvalues of Ay have modulus strictly less than 1.

Let A represent the spectral gap of A; (unless the spectral gap is 1, in which
case we can arbitrarily set A = %)

N {1 — max;s1 \)\( )| if max;s1 |)\ )| #0

5 else



This gives that, for all K > 1 and ¢ > 1,

(k) i 1 1 k—1 k—AX A
O

From here forward, we let A\ represent the number guaranteed by the above
lemma. The next lemma shows that L is similar to a symmetric matrix and
hence is diagonalizable, which simplifies the long-time analysis involving prod-
ucts of L.

Lemma 2.4. L is diagonalizable, and can be written L = PDP~1, where the
first column of P is 1, and D1; = 0.

Proof. Let E be the diagonal matrix with diagonal elements equal to the degree
of each vertex:
i _ di i=j _
0 i#]

Note that E has strictly positive entries on the diagonal and is therefore invert-

ible with
1

i )@ v=d
&) _{0 i#j

Then note that ELE~! is symmetric, because

(ELE—l)l] — ZEikLkIZ(E—l)Zj
ke
= Lipis
dj
Now, by definition of L: if i = j, then (ELE~')¥ = (ELE~')7" = 0, and if
i~ j, then (ELE~1)¥ = di%dj = (ELE~')%. Thus (ELE~") is symmetric and
therefore diagonalizable. Since L is similar to a diagonalizable matrix, it is itself
diagonalizable. O

From here forward, we fix P and D as given in Lemma [2:4] The above two
lemmas make a powerful combination, in the following sense. Note that the so-
lution to the SHE (Proposition ) involves a product of the A matrices: HZ,;;A;Q.
In the discussion below, we show that this large product can be approximated

by the following product of constant matrices: ch_:lek, which can in turn is

similar to a product of diagonal matrices: H;;EDk, where Dy, = P~ 1A, P. Now,
while the first entry of each of the Dy is 1 (corresponding to consensus), the
other entries are bounded by 1 — % (due to Lemma . The last ingredient of
this section is an application of the theory of gamma functions, due to Gautschi,
which shows that while these eigenvalues approach 1 from below as k — oo, the
approach is slow enough for their product to approach O.
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Lemma 2.5. [16] For 0 < s < 1:

_s  D(xz+1) _
1-s 11 s
o <I‘(9U-|-s)<(er )

Lemma 2.6. Foralll <j <t and for0 < <1,
1) <me-p<(2)
) <III_.(1—-)< (=
<t+1 <M= 3) = 3
Proof. We write

t A (k=X T() TE+1-))
I (1 - E) N I _; (k) S TG-A) T@E+1)

and apply Gautschi’s inequality (Lemma . O

3 Convergence of the Consensus Coordinate

Let § be the first row of P~!, i.e. the left-eigenvector of L with eigenvalue
0, and let a; := p - x; be the coordinate corresponding to p in the eigenbasis
expansion of L (where the eigenbasis is given by the columns of P). The goal
of this section is to show the following lemma.

Lemma 3.1. There exists a random constant ao such that a; — as in L2

We decompose a; as follows:

t—1
a =ao+ Y (a;41 —a;)
J=0
t—1
=ap+p- Z(fjﬂ - Tj)
=0
t—1
N T = T .
=ap+p- Z%‘H 0 LjZj 4 j41 0 Wit1
=0

= | L
=00+ P ) O o Ly = g I+ g B £ T o

. - 1 S = "
=ao+p- Z(%‘TH olLj— mL)%‘ + Fj 1 0 Wi

where we’ve used the SHE update in the third line, and the fact that 7'is a left
0-eigenvector of L in the fifth.

11



Now, there are two main differences between the dampened diffusion matrix
ﬁ/'jT_H oL; and the dampened influence matrix %L. The first is that the diffusion
matrix only involves a random edge, while the influence matrix considers all
edges. The second is that the g; are random functions of the ¢ variables, while
L is a constant. We separate out these two differences by adding and subtracting
E; [;Yijz':s-l © Lj]:

aty = ag + my¢ + S¢,

where
t—1

’ Z(’YJTJrl oL;—E; ["Y;‘T+1 ° Lj])fj + ’Verl o Wit1

j=0

t—1

Py A

Aj = Ei[7] 11 0 L] =

3
i
Sy

St -

—
Jj+1
We consider each of s; (which stands for ’small’) and m; (which stands for
martingale) separately; in order to show Lemma it suffices to show that
each of s; and m; converge in £2. While s, is nonzero due to the randomness of
g, we show that each term is small in expectation and therefore that the sum
is convergent, while m; is shown to be a martingale, on which we will invoke
the martingale convergence theorem.

Before proceeding, we state a useful lemma which allows us to rigorously
pass from sums to integrals:

Lemma 3.2. Let f(k) be nonnegative on [t1,ts], non-decreasing on [t1,x] and
non-increasing on [x,ts] for some x € [t1,ta]. Then

NG / " F(k)dk + 2f (2)

k=t

Proof. In the below, we take sums with lower endpoint strictly greater than
upper endpoint to be 0. We have:

2 [z] -1 to
Sofky<2f(x)+ D> fR)+ D (k)
k=t1 k=ty k=[z]+1
[z] 2
< fk)y+ [ fk)+2f(2)

t1 [1}]

< [7 s+ 25).

t1

12



3.1 s;: Fluctuations of g,
Recall that

1 g

. N E(gi+1) gi+g? ) 1~ ]

Ei[¥i 0L =< _ 1 9 i —

t[Veg1 © Li] D ki FG D gt =

0 0o .
Now, the random variable g} is equal to g{ plus a binomial random variable
resulting from ¢ trials with probability % of success for each trial. Thus we

expect each gf; to grow like %t, with standard deviation proportional to V.
This gives the heuristic that E[||A,|]] = O(t~2). This idea is supported by the
following concentration inequality for the binomial random variable, which can
be used to show that the probability of g! — g§ deviating from its mean by tate
is exponentially small in ¢.

Lemma 3.3. [T7] Let B ~ Bin(n,p) be a binomial random variable, and let

a>0. Then ,

2
P(|B — np| > a) < 2exp(—%).

The above statement serves as the main tool for showing that A; is indeed
small. In particular, we use prove the following Lemma, which will be used to
show that s, converges in £2. From here forward, we use the notation f(t) < g()
to mean that there exists a constant ¢, independent of ¢, such that f(t) < cg(t).

Lemma 3.4. For sufficiently large s,t:

1 S 2 2
E[|lAs|IIA] S — + — exp(——=5"2) + st exp(—— /2
[” |||| t”] (St)z +3 p( ‘5‘2 ) p( ‘5‘2 )

Proof. Define
Co = {]1€1% % —di| <
5 = €17 1 1€)%2 — dy,

and note that |€|% —d; <81 < |€|(g8 + 1) — d; almost surely. Note also that
using a = % in Lemma produces

2 1
P(CY) < 2\V|exp(—Wt2).

13



Now, for fixed i ~ j, we have that:

ij t+1 gl @
(t+1AY = - _ R L
LG+ D) gi gl ditdy
) .
1+? 5g+dj dj

0 +di+ E ol 4 d; +6i +dp  di(di +dy)
(Ut ) + dy) (6 + dy)d; — d; (6 + ds + 156+ dj + 0} + i)
di(d; + d;) (0} + d; + 1T (6] + dj + 6} + ;)

Almost surely:

c1|67] 4 c2|67| + c51
(di +0)(dj +67)

(t+ 1A <

for some t-independent constants ¢y, ¢, c3. Further, on Cy, |0} < tl% for all 4.
So, on C; for sufficiently large ¢,

- 1

ij

AV 75/

It’s also easy to see that, almost surely (in particular, on Cf),
A7 St

Further, since A; is row-stochastic for all ¢, we can drop the requirement that
i ~ j for the above two inequalities on |A}’| (perhaps at the cost of a larger
constant).

Now, for s # t,

E[|As I max|| At [l max) = E[lnjlixg |AijAf€HCs N CP(Cs N Cy)

+ E[max |AY AF||C N1 GIP(CE N Cy) + E[max |AY A CEP(CY)
1,7,k,¢ ,7:R,

1 S 2 1/2 2 1/2
< (st)% + t—%exp(—ﬁs )—&—stexp(—ﬁt ),

where ||A||max := max; j|AY|. Finally, note that |A¢|| < [|A¢llmax- This gives
the desired result for s # t.
When s = t, we have:

E[max |AY *] < E[max |A7 [*[|C:P(Cy) + E[max |A7 P|C{P(CF)
2Y Y 2V

1 2
< = + t2exp(——=t'/?
and again we use that ||A¢]] < [|A¢]lmax- O

14



This allows us to prove the desired convergence of s;.
Lemma 3.5. s; converges in L2.

Proof. Tt suffices to show Cauchy in £2, i.e. that for any € > 0, there exists T
such that for all t1,ty > T, E[(s, — st,)?] < €. Note that

to—1 to—1 J
(st = 56)° S D IAGI20Akl2 £ D0 D 1A l2) Akl
J,k=t1 j=t1 k=t

Taking expectations and using the lemma,

to—1 J
2 1 . 2 a2
El(st, —50)°] S Y Z % eXp(—Wk ) + sk exp(=1755'7%).
j=t1 k= t1
It’s now clear, for example from Lemma that the lemma follows. O

3.2 m;: Martingale Convergence

The goal of the subsection is to prove that m; converges. We begin by stating
the £2 martingale convergence theorem without proof.

Lemma 3.6. [18] Let y; be a martingale with y; € L2 for all t. Further assume
that sup, ||y¢|lz2 < oco. Then y; converges in L.

Lemma 3.7. m; converges in L.

Proof. We first show that m; is a martingale. It is clearly an adpated process.
Next, consider

Eiq[my—my_1] =p-Eiq [’VtT oLi1—Ei 1[5} o Ly_1]] &1 + 7 Ee1[7) o).

The first term is clearly 0. We next note that:

E,_ 1[% o)’ Z]E IDfSe|]:t 1]

e—1

_Z]E Se]E (Welo(Feo1, o(¥e))]|Fer]

€>—>Z
=0.
Lastly, note that
my = a¢ — ap — St,
so that
[mellez < llacllez + llaollc2 + [|sell c2-

ap is a constant, a, is a.s. bounded by virtue of 0 < z; < 1, and ||s¢]| 2
is bounded since s; converges in £2. Thus m; is bounded in £2, proving the
theorem. 0

15



4 Decay of Disagreement

The goal of this section is to show that the component of Z; corresponding to any
differing opinions converges to 0. Let Z; := & — a;1 represent this component
of the opinion vector. We would like to show that

Lemma 4.1.
E[||Z[|*) = 0

4.1 Preliminary Discussion

We develop our approach to a proof as follows. With @ := diag(0,1,...,1), it’s
clear that z, = PQP~'%;, where P is the matrix of eigenvectors of L. Further,
using the sum-product solution of the SHE from Proposition [T we have that

t
Z=) PQP IS A(T] o).
j=0

The intuition for why Z; is small is as follows: at each past timestep j < ¢,
a random ’blip’ ’VJT o w; was introduced. In subsequent time steps & > j, this
blip was smoothed by repeated application of the Ay matrices. Now, as argued
in the previous section (see Lemma , E[A1] ~ Aj. Using PQP~1 to project
out the Perron-Frobenius eigenvalue 1 of A (corresponding to consensus), we
get eigenvalues whose products decay sufficiently rapidly. So, sufficiently old
blips are dampened by products of small eigenvalues with many factors, while
newer blips will be small because the vector norm of ¥; is expected to decrease
as j increases.

An issue with the above heuristic, however, is that random draws of '7»1?4—1 oLy
are not close to %L (even though they approximately agree in expectation). This
is circumvented by noting that the 5"13;1 o Ly are Cesaro-summable with limit
proportional to L: we expand the product ch;lek = Hi;lj (I—&-;y’}f_H o Ly), show
that the leading order terms (i.e. those linear in the dampened diffusion matrix)
are proportional to L due to a law of large numbers effect, and show that the
lower order terms decay sufficiently rapidly because they have many factors of
.

More precisely: we group the ¢t — j factors in the product HZ;;A;C into
subgroups of size 7 := [tl/ 4]. This 7 is large enough for the law of large numbers
to kick in (allowing us to replace the group’s average of the ﬁ'gﬂ o Ly with a
matrix proportional to L), but small enough so that there are enough factors
of L for the decay of the product of the non-dominant eigenvalues to be severe.
Note that j needs to be sufficiently small so that we have enough factors of A to
work with. With this in mind, we will separate the sum defining z; into j < 7
and j > jo (for a value of jy to be specified later). The j < jo sum witnesses
PQP_l[HZ;IjAk] to have sufficiently small operator norm, while the j > jg sum
is small because we expect ¥; to be small at such late values of j. This heuristic
is illustrated in Figure 2.
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Atfl Atfl Atfl Af,fl At—l Atfl Atfl Atfl Af,fl At—l Atfl Atfl Atfl Af,fl At—l Atfl

At—B At—lﬂ At—l} At—3 At—S At—3 At—iﬂ At—l} At—3 At—S At—3 At—lﬂ At—i} At—lﬂ Ve—2

Mg | Aa | Apa | Apa | Apa | Apa | Apa | Apa | A a | A—a | Ag—a | A | Ay—a | 723

Ar Ar Ay A Ar Az A A; 8

AG A[)' Aﬁ A6 A()' AG A()' 7

A5 A5 A5 A5 A5 A5 Y6

A4 A4 A4 A4 A4 V5

A3 A3 A3 A3 V4

Asy Ao Ao V3

Al A1 V2

AO 71

Figure 2: Schematic for the solution to the SHE: #; = Z;ZO[HZ;;A;C](VJT o wj).
k parametrizes the factors in the product, j parametrizes the terms in the sum.

See the discussion above. We write v instead of v o w to save space.
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For fixed t, define r to be the remainder of ¢ divided by 7, define jy := r+72,
and let Hy ; represent the aggregate effects of the A factors from the 7-window
indexed by k. That is, for 1 < k < t*T’“:

_ +kT
Hy, = [H§:7-+(k—1)7+1Aj]

so that, for sufficiently large ¢ and j < jo,
A = (1,7 i) [T A

4.2 Good and Bad Events

The above intuition only holds on ’good events’ where the long-term randomness
of the 1 variables is close to expectation. In particular, we use this assumption
when we assume 7; to be small for large j, and that the Cesaro mean of o 419l
is roughly proportlonal to L. For the rest of the paper we fix e < 1 5, and for
T4+ 1<k <" we define these good events as follows:

. . dl 1 )
Aps = {\g; — gy — Ekr\ <(kr)zte:VieV,Vse{(k— 1)1 +r+1,.. k7 —|—r}}
kT+r 1
= e T+e .
Bre={I( > S = Tl =T Vee £}
s=(k—1)7+r+1

t—r
B = MZp 1y (Akt N Biy)-

Ay, + corresponds to the event that, for all s in the 7-window indexed by k, gs —go
is close to the expectation of g at the point k7 (which lies in the window). The
event By, represents that, within the 7 window indexed by £, the amount of
conversations each edge hosts is close to its expectation. Ej is the intersection
of the A and B events for all windows 7 +1 <k < t_Tr

We first establish that the union of the bad events have exponentially small
probability in .

Lemma 4.2. Fore < %, there exist positive constants ¢y and co such that, for
sufficiently large t,
P(ES) < ¢ exp(—cam?).

Proof.

=P(( ﬁk“““"mm Ak,t N Br.t))°)
= P((Up2,., (AR U BEL)))
P

Z ) +P(B;,),
k

k=kmin

Kmin

IN

where we’ve invoked a union bound in the last line.
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Now, for all ¢t > 0,k > 1:

P(Bj ;) < 2|| exp(—27%).

This follows directly from Lemma [3.3] with union bound.
Similarly, for ¢ sufficiently large and k > 7:

’ c 1,
P(A5,,) < 4V]exp(——(k7)*) < 4|V|eXp(_ZT4 ).

1
4
The proof of this claim is as follows: Note that

R 1 . ;o dg 1 .
Are = {95, —gé—gkr > —(kr)2* : Vi e VIN{g., —g(’)—glm' < (km)zte : Vie V)

where sg and sy represent the endpoints for a particular 7-window:
so=(k—1)7+7r+1and s; = k7 + r. Now, we have that

o di Lie o e
P({g5, = g6 — gkt > —(k7) 37 : Vi € V}°)

. 4 1.
<|VIP({gs, — 96 — w k7 < —(k7)27})

&
i % dl 1ie dz
= VIP({gh, —gb — 50 < —(k)2* + Sz —r = 1)}))
i % d7« 1 lie
< VIP({gh, — g6 — 50 < —5 (k)3 *})
1
< 2V]exp(— (k7))

Similarly, for the second event,

) . di 1 ]
P({gél - 90— EkT < (kT)2t 1 Vi€ V}C)

, 4 i
< VIP({gi, — 96 — Zhrz (kr)=*})

7 i dz 14, dz
= |VIP({gs, — 96 — 51 > (kr)2te — gr}))
i i i 1 1.,
< IVIP({g, — g — o1 = 5 (k)3 HY)
1
<2V exp(—z(kr)%).

This concludes the proof of the above claim. We now finish by noting that

(P(AF.0) + B(BE.) < 40V + |ED) expl(— 7).
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so that, for sufficiently large ¢:

t—r
T

P(E;) < ) (P(AL,) +P(BE,)

k=141

t 1,
<A4(V|+ |5D; eXP(—ZTQ )

1
< A(V] + [€]) exp(~57*)

4.3 Law of Large Numbers for Iterated Diffusion

We now show that, on good events, Hy, (representing the time-evolution over
the 7-window indexed by k) window is close to Ax. We begin by analyzing the
leading-order terms in the product. The following lemma shows that, on good
events, the dampened Laplacian matrices are Cesaro-summable, with average
close to the influence matrix.

Lemma 4.3. Fiz e < % There exists a constant ¢ such that, for t sufficiently
large, k > 7 and on Ay N By -

kT+z
C

1
=T
”( Z Ti+1 OLj) - ELH < Lrl/2—€
j=(k—1)74+2+1

Proof. Fix vertices ¢ ~ ¢, and consider outcomes on Ay ; N B+ only. In the
below, the constant ¢ may change from line to line, but will never depend on ¢
or k.

kr+2z y kT+r 1 g[
T i » ;
Jj=(k=1)T+2+1 j=(k—1)r4rt1 73F1 9; T 9;
1 %llm' + (kr)2te 4+ g6 krr

S . 1 - . 1 : Sliﬁ-l
%kT — (k)2 + g dzlerldl kr —2(k7)2 "¢ + gi + 9§ j—(k—%;wﬂ ’

_ 1 %kT—F(kT)%“—&—gé (L+7—%+6+1)
gk = (kT) 2+ gh Gtk — 2(kT) T+ g+ gb 1€
< %(L“ - W)(é Frite 1)
— (L + (m;é)(; + kT;E)
1 .
< EL“Z + ]W%
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The opposite-direction inequality can be proven similarly, giving that

kT+r ” 1 c
IC > AfaeL) —ELM\ S T
j=(k—=1)7+r+1 T2
From this the lemma easily follows. O

We now use the above lemma to show that the H product matrix over the
k*h 7-window is indeed close to A, (sub-leading order terms included). Define
the difference Oy ¢ := Hy 1 — Ag

Lemma 4.4. Firz e < % There ezists a constant ¢ such that, for sufficiently
large t, k > 7 and on Ay N By y:

c
”@k,tH < W

Proof. The matrix Hy; = H§;(+l:—1)r+r+1(‘r + 711 o Ly) has 7 factors in the

product. It can be expanded as a sum:

.
Hy = Z Pietn

n=0

where hy, ¢ collects the terms in the expansion with exactly n factors of the
dampened laplacian matrix 47 o L. Now, on good events, and for all s < j < s;
and for all ¢ € V, we have that

gi 2 k.

It’s also to see that, almost surely, we have that ||L;|| < 1. Then, using the
submultiplicativity of the operator norm with respect to the Hadamard product,
we have that, on good events,

T c
770 Lill <

for some constant c. So, collecting all terms with n such matrices as factors in

the binomial expansion (there are (7) of them), we have that

T C \n 1 ,¢c\n
sl < (7) )" < 2 (5)

n!

So, using the previous LEMMA (which says that || 0+ b1 — Akl < #/2_6
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for some constant ¢’:

T

c C\n
1 Hie = Akl < = + D —(7)

c ) C\n
<ot ()2 (G)

n=0
¢
= krl/2me 1 — T
< c 2¢2
= krl/2—¢ + ferl/2—€
_d+ 2¢2
T krl/2—€’

where we’ve used that 7 is large, for example, enough to have £ < %, and that
k> O

4.4 Decay of Operator Norm

Now, recall that

t—r .

Hi::jAk = [Hk;TJrlHk,t] I:H{q[):jAk]-
The late (k > jo) A matrices in the product are encapsulated in the H matrices,
while we ’chop off’ the early (k < jy) Ap matrices. We remove them because
t—j may not be divisible by 7 (and thus that we cannot successfully partition all
A into groups of equal size). Note, however, that in the above decomposition,
we chop off more than the remainder of ¢t — j divided by 7; this is for later
convenience.

The next Lemma guarantees that these extra, ’loose’ factors of A have
bounded norm. We present a straightforward proof which makes use of some
simple matrix calculations. It can be noted, however, that this lemma can also
be proven by noting that a discrete dynamical system driven by the A matrices
(with no random blips W) represent a version of the heat equation where the
only randomness is in the edge selection, rather than in the outcome in the
conversation, and long-term solutions must be bounded.

Lemma 4.5. For all0 < j <t,

M Al < VIV

almost surely.

Proof. We first aim to prove that Ay is nonnegative. The offdiagonal elements
are obviously nonnegative, so we focus only on the diagonal. Let k be arbitrary.

For any 1, ‘
b_1-———3 8y k__
k k+1",
Jis1 ; 9k + 9
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Now, if S,i{rl = 0 for all j ~ 4, then it’s clear that A? = 1. Otherwise, let
Silyy = 1 for some j ~ i. Note that this will be the only nonzero term in the
sum. In this case, we are guaranteed that 9£+1 =gt +1> 1. So:

U L 9% >1779i

T i I
Ir+1 gj, + Gy, 9 T 9k

This gives that Ay is nonnegative.
Fix j,t as above, arbitrary. Note that

Aj,t = Hiszk

is row stochastic, as it is the product of row stochastic matrices. It’s also
nonnegative. So, let ¥ be an aribtrary unit vector. Note that for all j, [v7]| <1

SO:
(A )il = 1) (A0 0 | < (A40)% = 1.
k j

where we’ve used that A is nonnegative. Thus for arbitrary unit vector, || 4;v||? =

Yk ((Aj,tv)k)z < 3, 1=1V|. This proves that, for arbitrary 0 < j < ¢, almost

surely, [ Azl < v/[VI- O
Before tackling the main lemma of this section (Lemma [4.7)), we note the

useful fact that for a square matrix A, the £y operator norm is equivalent to the
max of the vector norms of the rows.

Lemma 4.6. Let A be an nxn matriz, and let A* represent the ith row of A.
We then have the following two inequalities, for arbitrary 1 <i < n:

1A% < || All

Al < \/ﬁm;LXIIAJII

Note that for 1 x n matrices, the matriz norm coincides with the vector norm.

Proof. Let 1 < ¢ < n be arbitrary. We prove the first inequality. If Af' =0, we

. - : ij
are done. Otherwise, define the vector Z to have components z7 := ﬁvu' Then
we have

1Al > |AZ] > [| A",
where the second inequality follows because the it entry of AZ is equal to
Alg = | Al
Next we prove the second inequality. Let & be an arbitrary unit vector. We
have
AzZ||* = Al 7?2 < AT||? < nmax || A72.
| AZ]| zj:( )_Zj:H I < nmax | A7)

Taking the square root of both sides, we have the desired inequality. O

23



We now add the main ingredient in the proof of Lemma 5.1, which says that
for sufficiently small j and on good events, the product of diffusion matrices
(with consensus projected out) decays with t.

Lemma 4.7. There exists o > 0 such that, on E;, and for all j < jo :=r+ 12,

_ 1
QP T, AP S .
Proof. Define kpin == 7+1, kmax = 55, O}, := P7'0; 1P, and Dy, = P~' A P

(the diagonal matrix consisting of elgenvalues of Ai). Now,

[Ty | Hie] TG A].

IQP~ I} Ak] P|| < QP [IT}_j, 1 Ax] Pl P~ THL; Ax] P

S QP Iy 41 AkIP|
= QP [IIfmy:  Hy )P
= QP (A + Or )P
= QI3 (Dx + 64l

Kmin

S max H[Hk““" (Dr + 65 'l

Kmin

= 00X [ R it

where we’ve used Lemma [4.6] in the second to last line and we’ve defined

Rigy ko = T2 (Dg + O7 ).

We have, for a constant ¢, for € < %, and for all ¢ # 1 (dropping primes on

Theta for ease of notation),

—1,t + |)\(kmax)|Rl
A

m)ll Fominsmax — 1ot

7 o 7
R in et = Ol t Bk

min>Kmax Emin,kmax—1,t

+(1-

I ;fmm,kmmt” < FnaxT1/2€

where A(¥) £ 1 is an eigenvalue of Ay, and we’ve used Lemma [4.5, Lemma [4.4]
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and Lemma By iterating the above, we obtain

(RS —

kmax A c o 1 kmax A
S H’f:kmin(l - E) + Tl/2—£ Z }Hk:]"l‘l(l - %)

J=kmin
k .
Kmin \ A ¢ N~ 1+ 1a
o) 2 56D
< (kmin)k+ c kid:x A—1
— kmax kélale/Q—e_ J
J=Fkmin
Erin \ A c
S (kmax) 7-1/2—6
1 1
S /2 + t1/8—¢/4’

where in the second and fourth inequalities, we used Lemma [2.6] and Lemma

respectively, and the value of ¢ can change from line to line. Setting € = %
(for example) concludes the proof of the lemma. O
Our final ingredient is the summability of E[||7:||?].
Lemma 4.8. The sum -
> E(7)?]
t=0
converges.
Proof. For sufficiently large ¢:
E{17:1%) = E[I7l*| Ay, 1z IP(A, =) + E[I17:]*Af e JP(A] or )
S E[IFl?14, =] + P(A7 o)
1 1 4
< 5 +esp(- 37
1
O

4.5 Proof of Lemma 4.1

In the proof of Lemma 4.1, we make use of the following simple comparison
between a nonnegative random variable’s conditional and total expectation:

Lemma 4.9. Let X be an almost-surely nonnegative random wvariable with
E[X] < oo, and let E be an event with P(E) > 5. Then

E(X|E) < 2E[X]
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Proof.
EIX|E] = g (EIX] - E[X]EP(E)) < 2E[X].

Proof of Lemma 4.1: We aim to show that

E[| Z41]1%] = 0,

where
t+1
Zp1 = ZPQP A AT o 1.
Expanding the square:
t+1
IZea? = ZHPQP A]7; o @y

+2 Z <PQP_ [ k1= ]1Ak1] _“1 © u_jjl ’ PQP—l [Hi&z:jQAﬁ]’qu; ° u_jj2>
0<j1<ja2<t+1

We now take the expectation of the cross-terms. For 0 < j; < jo <t + 1:

E[<PQP_ [ k‘l lekl},yjl © w.]l ’ PQP [ k‘z jQA‘]Q},?}; © u_j.]2>]

- E[EKPQP [ kl—]lAk1]731 © wjl ) PQP [ k2=j2Aj2:|’?}; © wszO-(‘sz—la gt-ﬁ-l)”
:E[(PQP_I[ kl_ﬂlAkl}’yjl Owh) PQP™ [ kzzjzAjz](’?jj; OE[U_}'j2|O‘(‘Fj2*1’gt+1)}
=0,

where we’ve used independence of o(v;) and o(F;—1,0(2;)) as well as the fact

that ]Et_l[lf)t] =0.
We now deal with the expectation of the ’diagonal’ elements:

t+1

E[||2]*) ZIIPQP A]7 o ;|

t+1
S Y E[[PQP [T Ax]I(17;11%]
j=0
r+472 t+1
= Y E[IPQP I A IPI90P] + DY E[IPQP [T ;A 711751%]

J=0 j=r4r2+1

We show that each of the above two terms goes to zero. Let a > 0 be the
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number guaranteed by Lemma [£.7] The first term:

r472
3 E[IPQP [T A P1711%)
7=0

7‘+72

S Y E[I1PQPT W Al IP15,11° 1 Be] + B[ PQP™ [The; Ak] 1 117,11° | B P(EF)
j=0

E[||9;1%|Ee] + P(EF)

where in the second inequality we used Lemmas and in the third in-

equality we used Lemma and in the fourth inequality we used Lemmas
and .21

And in the second term of the expansion of the diagonal sum:

t+1 41
Y E[PQPTMIAJIPITIZI S Yo ENFIP)
j=r+712+1 j=r+72+1

where we've used Lemma The right-hand side goes to 0 By Lemma
since the lower bound of the sum goes to co.

O

5 Proof of Theorem

Proof of Theorem 1.1. Let as be the limit of a; = p'- ¥4, established in Lemma
[B:1] Using the triangle inequality, we have:

E[l7 — a1 = Elll# — a:l + arT — a1
< ElllarT — acoT|*] + E[|IZ: — arT|*] + 2E[|# — a;T] [l T — aco 1|l
We now show that each term goes to 0. In the first term, we have that
la:T = ace T|I* = (ar — ace)?[IT]1%,

the expectation of which goes to 0 by virtue of Lemma[3.1] Similarly, the second
term goes to 0 due to Lemma [{.1]
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To see that the last term goes to 0, note that ||Z; — atf|| is almost surely
bounded, so that

E[||Z: — T lla:T — asoT|] S Ella:] — aceT[] = ITEllac — acol] < llae — asollzr-

Finally, since a; — as in £2, convergence also holds in £!, so that this term
goes to 0 as well. O
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Figure 3: The blue curve represents the average of 1000 trajectories of ||Z; —
a¢1)|3, for g =1 and 7y = (1,1,0,0,0) for the graph Is.

The red curve is tz*&%

(note: for I, X = 13-YT ~ 0.185667).

6 Future Work

Future work might consider the rate of convergence, for example of the disagree-
ment component Z; to 0. Simulations inspire the following conjecture:

Conjecture 1.
o AS
A>

E[l 2] < {

N N~

In the case of parallel updates (i.e. all edges converse with all of their
neighbors simultaneously in each time step), the above conjecture can be proven
readily using the techniques from Lemma With the appropriate choice of
7(t), bounds on the decay rate can be proven for the present case (though these
bounds seem loser than what simulation demonstrates). This discussion has
been omitted because the bounds do not seem empirically tight, and the choice
of 7(t) = [t'/*] is convenient.

Figure 3 shows the decay of disagreement, averaged over 1000 runs for the
interval graph I = (V, &), where V = {1,2,3,4,5}, and (i, ) € £ if and only if
li—jl=1.
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