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Abstract

We construct a 4-dimensional quantum field theory on a Hilbert space,
dependent on a simple Lie Algebra of a compact Lie group, that satisfies
Wightman’s axioms. This Hilbert space can be written as a countable sum
of non-separable Hilbert spaces, each indexed by a non-trivial, inequivalent
irreducible representation of the Lie Algebra.

In each component Hilbert space, a state is given by a triple, a space-like
rectangular surface S in R?*, a measurable section of the Lie Algebra bundle
over this surface S, represented irreducibly as a matrix, and a Minkowski
frame. The inner product is associated with the area of the surface S.

In our previous work, we constructed a Yang-Mills measure for a compact
semi-simple gauge group. We will use a Yang-Mills path integral to quan-
tize the momentum and energy in this theory. During the quantization pro-
cess, renormalization techniques and asymptotic freedom will be used. Each
component Hilbert space is the eigenspace for the momentum operator and
Hamiltonian, and the corresponding Hamiltonian eigenvalue is given by the
quadratic Casimir operator. The eigenvalue of the corresponding momentum
operator will be shown to be strictly less than the eigenvalue of the Hamilto-
nian, hence showing the existence of a positive mass gap in each component
Hilbert space. We will further show that the infimum of the set containing
positive mass gaps, each indexed by an irreducible representation, is strictly
positive.

In the last section, we will show how the positive mass gap will imply the
Clustering Theorem.
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1 Preliminaries

Let M be a 4-manifold, with A?(T*M) being the ¢-th exterior power of the cotangent
bundle over the manifold M. Fix a Riemannian metric ¢ on M and this in turn
defines an inner product (-, -), on AY(T*M), for which we can define a volume form

dw on M. This allows us to define a Hodge star operator * acting on k-forms,
x : AB(T*M) — A**(T*M) such that for u,v € A¥(T*M), we have

u A *v = (u,v); dw. (1.1)

An inner product on the set of smooth sections T'(A*(T*M)) is then defined as

<u,v>:/Mu/\*U:/M<u,v>k . (1.2)
See [I].

Introduce a compact and simple gauge group G. Without loss of generality we
will assume that G is a Lie subgroup of U(N), N € N. We will identify the (real) Lie
Algebra g of G with a Lie subalgebra of the Lie Algebra u(N) of U(N) throughout
this article. Suppose we write the trace as Tryy v c), Which we will abbreviate as
Tr in future. Then we can define a positive, non-degenerate bilinear form by

(A, B) = —Tryayw,c)[AB] (1.3)

for A, B € g. Tts Lie bracket will be denoted by [A, B] = ad(A)B.

Let P — M be some trivial vector bundle, with structure group G. The vector
space of all smooth g-valued 1-forms on the manifold M will be denoted by A/ .
Denote the group of all smooth G-valued mappings on M by G, called the gauge
group. The gauge group induces a gauge transformation on Aprg, Anrg X G — Ang
given by

A-Q=A"=Q7dOQ+ Q1 AQ

for A € Apg, 2 € G. The orbit of an element A € A,y under this operation will
be denoted by [A] and the set of all orbits by Ay 4/9.

For A € Ay, the curvature dA + A A A is a smooth g-valued 2-form on M,
whereby dA is the differential of A and AA A is computed using the Lie Bracket of g



and the wedge product on AY(T*M), at each fibre of the tensor bundle AY(T*M) @
(M x g — M). The Yang-Mills Lagrangian is given by

SYM(A):/ |dA+ AN A]? dw.
M

Here, the induced norm |- | is from the tensor product of (-, -)5 and the inner product
on g, computed on each fiber of the bundle A*>(T*M) ® (M x g — M). The integral
over M is then defined using Equation (IL2). Note that this Lagrangian is invariant
under gauge transformations.

The 4-manifold we will consider in this article is R x R® = R*, with tangent
bundle TR*. Note that R will be referred to as the time-axis and R? is the spatial
3-dimensional Euclidean space. We will choose the standard Riemannian metric on
R*, denoted as (-,-). Let {e,}3_, be an orthonormal basis on R* = R x R3, hence

defining the standard coordinates, ¥ = (2°, 2!, 22, 23), with time coordinate z° and

spatial coordinates (x!, 22, x3).

Let AY(R%) denote the fiber of the g-th exterior power of the cotangent bundle
over R*, and we choose the canonical basis {dz°, dzt, dx?, da?} for A*(R*). Let
AY(R3) denote the subspace in A'(R?) spanned by {dz!,dz? dz®}. There is an
obvious inner product defined on A*(R?), i.e. (dz® dz’) = 0 if a # b, 1 otherwise.
Finally, a basis for A*(R?) is given by

{da® Adat, d2® A da?, da® A da®, dat A da?, da® A dat do® A d2P).

Using the volume form dw = da® A dz* A dz? A d2?, the Hodge star operator * is
a linear isomorphism between A2(R*) and A%(R?), i.e.

#(d2’ Ada') = de* ANda®,  x(da® A da?) = da® Adat, x(da® A da?) = dat A dat

We adopt Einstein’s summation convention, i.e. we sum over repeated super-
scripts and subscripts. We set the speed of light ¢ = 1. We can define the Minkowski
metric, given by

3
T-y= —xoyo—l—inyi. (1.4)
=1

Note that our Minkowski metric is negative of the one used by physicists. A vector
7 is time-like (space-like) if ¥-Z < 0 (- & > 0). It is null if ¥- ¥ = 0. When & and
iy are space-like separated, it means that

—@" ="+ (@ =)’ >0

i=1
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A Lorentz transformation A is a linear transformation mapping space-time R*
onto itself, which preserves the Minkowski metric given in Equation (I4]). Indeed,
the Lorentz transformations form a group, referred to as Lorentz group L. It has 4
components, and we will call the component containing the identity, as the restricted
Lorentz group, denoted Li.

1.1 Why should one read this article

At the time of this writing, an online search will reveal that several authors have
attempted to solve the Yang-Mills mass gap problem, which is one of the millennium
problems, as described in [2]. The problem is to construct a Hilbert space satisfying
Wightman’s axioms for a compact, simple Yang-Mills gauge theory in 4-dimensional
Euclidean space. See [3] for a complete description of the axioms. The axioms are
also stated in [4]. Furthermore, this theory has a minimum positive mass gap. This
means that besides the zero eigenvalue, the Hamiltonian has a minimum positive
eigenvalue. The momentum operator is also a non-negative operator, and the dif-
ference between the squares of their eigenvalues, is known as the mass gap squared.
Despite all these attempts, no solution has been widely accepted by the scientific
community. So, why should one spend time reading this article?

It is known that the set of inequivalent, non-trivial, irreducible representation
{pn : n € N} of a simple Lie Algebra g is indexed by highest weights, hence count-
able. See [5]. Using all the inequivalent, non-trivial, irreducible representations of
g, we can construct a Hilbert space

Hyw(g) = {1} © @) #(p.).

n>1

for which Wightman’s axioms are satisfied. The vacuum state will be denoted by 1
and {1} will denote its linear span. The Hilbert space 7 (p,,) is defined using the
non-trivial irreducible representation p,.

Experiments have shown that quantum fields are highly singular. Hence, we
need to smear the field, which we will represent it as a p(g)-valued vector field, over
a rectangular surface. This will define a state in J2(p).

Each state in J#(p) is described by a space-like rectangular surface S equipped
with a Minkowski frame, and a measurable section of S x [p(g) ® C] — S defined
on it. See Definition This is where the geometry comes in, as surfaces have a
well-defined physical quantity, which is the area. Incidentally, when we compute the
average flux of non-abelian Yang-Mills gauge fields through a surface in [6], we will
obtain a formula for the area of the surface. Further justification for its connection
with the Yang-Mills action will be given in Remark [3.211



But area is not invariant under the action of the Poincare group. To define an
unitary action by the Poincare group, we will consider time to be purely imaginary
and hence define a physical quantity on the surface S, associated with the area of
the surface. See Definition [A.2]

We can now allow a test function to act on this ‘smeared’ field. This test function
will be represented as a field operator, to be defined later in Section [3, and it acts
on a dense subset in the Hilbert space Hyy(g), as required in Wightman axioms.

A non-abelian Yang-Mills measure was constructed in [6]. Using a Yang-Mills
path integral, we will proceed in Section [7] to quantize momentum, which will yield
its quantum eigenvalues, associated with the quadratic Casimir operator. A path
integral approach to quantize the Yang-Mills theory was described in [7]. During
the quantization process, we will use renormalization techniques and asympotic free-
dom. Incidentally, 5 (p,) is the eigenspace for both the Hamiltonian and quantized
momentum operator. We will now list down the following reasons why we think this
is a correct approach to prove the existence of a mass gap.

The quadratic Casimir operator is dependent on the non-trivial irreducible rep-
resentation of the simple Lie Algebra g. It is a positive operator and proportional
to the identity. If our gauge group is SU(2), then the quadratic Casimir operator
is given by j(j + 1), for a given representation p : su(2) — End(C¥*1), j is a non-
negative half integer or integer. Its square root is well known to be the eigenvalue
of total momentum in quantum mechanics.

The square of the Hamiltonian will be defined later to be proportional to the
dimension of the representation times the quadratic Casimir operator. Hence, we will
correlate the Casimir operator directly with the energy levels squared. Large values
of the Casimir operator mean high energy levels. The momentum eigenvalues will be
computed via a path integral. The set containing the eigenvalues will be discrete, and
because the eigenvalues of both operators go to infinity, both are unbounded. See
subsection [Tl By comparing the eigenvalues of the squares of the Hamiltonian and
the quantized momentum operator, we will prove the existence of a mass gap. See
subsection [.3l Note that it is not enough to just show that the Hamiltonian has a
strictly positive minimum eigenvalue, besides the zero eigenvalue. Our construction
will also show that the the vacuum state is an eigenstate of the Hamiltonian and
quantized momentum operator with eigenvalue 0 respectively, implying the vacuum
state is massless.

A successful quantum Yang-Mills theory should explain the following:
1. There is a mass gap, which will explain why the strong force is short range.

2. The theory should incorporate asymptotic freedom, i.e. at high energies and
short distances, the theory is like a free theory.



In the case of gauge group SU(3), which describes the strong force, it must also
explain the following:

3. The theory should demonstrate quark confinement, i.e. the potential between a
quark and anti-quark grows linearly;

4. The theory should incorporate chiral symmetry breaking, which means that the
vacuum is potentially invariant only under a certain subgroup of the full sym-
metry group that acts on the quark fields.

Item 2 was proved in a prequel [6], but we only showed asymptotic freedom in
the context for short distances. In that prequel, we derived the Wilson Area Law
formula of a time-like surface S using a (non-abelian) Yang-Mills path integral. This
will show quark confinement and that the potential energy between quarks grows
linearly, which is Item 3. We also like to mention that the Area Law formula does
not hold in the abelian gauge group case, as was shown in [§].

In this article, our main goal will be to prove Item 1, and also show that asymp-
totic freedom holds at high energies. Item 4 can be demonstrated in Example B.17.
If one assumes that asymptotic freedom holds for non-abelian simple compact gauge
group, then a positive mass gap is implied, which we will furnish the details later in
this article. On pages 541-543 in [9], and also in [I0], the authors gave a qualitative
explanation of asymptotic freedom, using gauge group SU(2). See also [11].

The weak interaction is described by a SU(2) gauge theory. An unification of
the weak and electromagnetic interaction is described by the electroweak theory,
which is SU(2) x U(1) gauge theory, first put forth by Sheldon Glashow in 1961,
then completed later by Abdus Salam and Steven Weinberg in 1967. Mathemat-
ically formulated as Yang-Mills fields, the gauge bosons in this theory have to be
massless. But experimentally, it was shown that the gauge bosons responsible for
weak interaction are massive, hence short range; whereas the photons, responsible
for electromagnetic interaction, are massless, hence long range. To resolve this issue,
the Higgs mechanism was introduced. See page 330 in [12]. But to date, there is no
experimental evidence to suggest that gluons have any physical mass, even though
strong interaction is short range.

A successful quantum Yang-Mills theory that satisfies Wightman’s axioms and
exhibits a positive mass gap, will then imply and explain the short range nature
of the weak and strong interaction, without assuming the existence of a physical
non-zero mass of these gauge bosons. This will be mathematically formulated later
as the Clustering Theorem in Section [8]

This article is focused on a construction of a 4-dimensional Yang-Mills quantum
field theory that satisfies Wightman’s axioms, without assuming the existence of
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a positive mass. However, the proof that a positive mass gap exists, requires a
construction of a Yang-Mills path integral, which is detailed in [8, [6]. An abelian
Yang-Mills path integral was constructed in [8]. The former details the construction
of an infinite dimensional Gaussian probability space using Abstract Wiener space
formalism, developed by Gross. See [13]. The construction of an abelian Yang-Mills
path integral will then allow us to construct a non-abelian Yang-Mills path integral
in [6]. The latter is instrumental in proving the mass gap.

These two prequals are technical in nature. By removing all the technical as-
pects of the construction, we hope that this article, will be more palatable to both
physicists and mathematicians, who only want to understand a construction of a
4-dimensional quantum field, satisfying Wightman’s axioms.

To further convince the reader that the construction of a 4-dimensional quantum
field theory is correct, we will proceed to prove the Clustering Theorem, that will
imply that the vacuum expectation has an exponential decay along a space-like
separation, which implies that the force represented by the Lie Algebra g is short
ranged in nature. Because our construction of a 4-dimensional quantum theory for
Yang-Mills fields satisfies a modified version of Wightman’s axioms, we will give an
alternative proof of the Clustering Theorem, that fits into our context.

2 A Description of Quantum Hilbert space

To construct our Hilbert space, we need a compact Lie group G, with its real simple
Lie Algebra g, of which {E*}Y_, is an orthonormal basis using the inner product
defined in Equation (L3)), fixed throughout this article.

Extend the inner product defined in Equation (L3]) to be a sesquilinear complex
inner product, over the complexification of g, denoted as gc = g ®r C. Hence, it is

linear in the first variable, conjugate linear in the second.

A finite dimensional representation of g is a Lie Algebra homomorphism p of g
into End(C") or into End(V) for some complex vector space V. All our represen-
tations will be considered to be non-trivial and irreducible. The dimension of the
representation is given by N. Because G is a compact Lie group, every finite dimen-
sional representation of G is equivalent to a unitary representation. See Theorems
9.4 and 9.5 in [5].

Hence, we can always assume that our Lie Algebra representation p : g —
End(CY) is represented as skew-Hermitian matrices. Thus, the eigenvalues of p(E)
will be purely imaginary, FE € g.

Suppose each non-trivial irreducible representation p,, : g — End(C"») is indexed



by n, whereby n € N and no two representations are equivalent. We will order them
as described in subsection [7.3]

Introduce state 1, which will be referred to as the vacuum state, and {1} refers
to the linear span of 1, over the complex numbers. Let 7 (py) := {1}, which is
an one dimensional complex inner product space, with a complex sesquilinear inner
product defined by (1,1) = 1.

Define .
Hywi(g) := D #(pn), (2.1)

whereby p, : g — End(CNn), n > 1. The inner product defined on this direct sum

is given by
<Z vn,Zun> = Z(vn,un),

n=0 n=0 n=0

whereby (v, u,) is the inner product defined on .7 (p,,).

We will now give the full description of each Hilbert space #(p), p is an ir-
reducible representation. Later, we will see that J#(p) is an eigenspace for the
momentum operator and Hamiltonian.

2.1 Time-like and space-like surfaces

Notation 2.1 We will let I = [0,1] be the unit interval, and I* = I x I. Denote
5= (s,5), L = (t,1) € I?, d5 = dsd5, dt = dtdt. Typically, s,35,t,T will be reserved
as the variable for some parametrization, i.e. p:s € I — p(s) € R,

Definition 2.2 (Time-like and space-like)

Let S be a bounded rectangular surface in R*, contained in some plane. By rotat-
ing the spatial axes if necessary, we may assume without any loss of generality, a
parametrization of S is given by

{(ao + 0%, at, a® + sb?, a® + tb*)T € R*: st € I} , (2.2)

for constants a®, 0 € R. Now, the surface S is spanned by two directional vectors
(6°,0,0%,0)T and (0,0,0,0*)T. Note that (1°,0,b% 0)T lie in the 2° — 22 plane and is
orthogonal to (0,0,0,6%)T.

We say a rectangular surface is space-like, if [B°] < |b?|, i.e. the acute angle

which the vector (b°,0,0% 0)T makes with the x*-axis in the x° — x*-plane is less
than /4.



We say a rectangular surface is time-like, if |b°| > |b?|, i.e. the acute angle which
the vector (b°,0,b% 0)T makes with the x°-axis in the x° — x>-plane is less than 7 /4.

Let S be a rectangular surface in R* contained in some plane, and TS denote
the set of directional vectors that lie inside S.

Write v = (v9,v) = (02,0}, 02, v3)T € TS, and define |v|* = v1? + 0?2+ 032 An
equivalent way to say that S is time-like is
[o]?

. v

And we say that S is space-like if

o
. Hlf ) > 1. (24)
0£4veTS U™

Remark 2.3 1. By definition, a time-like surface must contain a time-like di-
rectional vector in it. Since under Lorentz transformation, a time-like vec-
tor remains time-like, we see that a time-like surface remains time-like under
Lorentz transformation. Similarly, a surface is space-like means all its direc-
tional vectors in the surface are space-like. Under Lorentz transformation, all
its directional vectors spanning S remain space-like, hence a space-like surface
remains space-like under Lorentz transformation.

2. By a boost, any space-like rectangular surface contained in a plane can be
transformed into a surface lying strictly inside {c} x R3, for some constant c.

3. Recall eq spans the time-axis. By a boost, any time-like rectangular surface
contained in a plane can be transformed into a surface which is spanned by eq
and an orthogonal directional vector v € R3.

4. Any two distinct points on a space-like surface is space-like separated; but two
distinct points on a time-like surface may not be time-like separated.

When we say surface S in this article, we mean it is a countable, disjoint union
of rectangular surfaces in R*, which are space-like, containing none, some or all of
its boundary points.

Definition 2.4 (Surface)
Any surface S = { S, }us1 C R? satisfies the following conditions:

e cach component S, is a space-like rectangular surface contained in some plane;
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e cach connected component S, may contain none, some or all of its boundary;
e S.NS, =0 if u+#wv;
e S, is contained in some bounded set in R*.

Definition 2.5 Let Sy be a compact rectangular space-like surface inside the x® — 23
plane. From Equation (2.2), we see that any rectangular space-like surface S con-
tained in a plane, can be transformed to Sy by Lorentz transformations and transla-

tion.

Recall {e,}?_, is an orthonormal basis on RY. We say that { f,}3_, is a Minkowski
frame for a compact space-like surface S contained in some plane, if there exists a
sequence of Lorentz transformations Ay, --- , A\, and a translation by @ € R*, such
that

e S=A, - ASy+a:
e fu=A,---Ae, €R*, a=0,--,3.

Remark 2.6 Observe that fo 1s time-like and for i =1,2,3, fl 15 space-like, satis-
fying the following properties:

e fu-fo=04ifab; and
o fo-fo=—1and f;- fi=1.

Note that {fQ,fg} spans S. Later we will let S* be a time-like plane, spanned by
{fo, f1}. Clearly, {f.}3_, is a basis on R*.

Each component Hilbert space .7(p) will consists of vectors of the form
Yoy (Su, fe@ p(E*), {f 2:0), whereby S = (J.~, S, is some countable union of
compact, rectangular surfaces in R?*, f* will be some (measurable) complex-valued

function, which is defined on the surface S,. And {f*}3_, is a Minkowski frame for
each compact rectangular surface S, contained in a plane as described in Definition

Let o : [0,1] x [0,1] — R* be a parametrization of a compact S. The complex-
valued function f,, is measurable on S, if f, 00 : [0,1]*> — C is measurable.

Each of these surfaces is assumed to be space-like, as defined above. We sum
over repeated index a, from o = 1 to N. One should think of f ® p(E®) as a
section of the vector bundle S, X p(g)c — S, defined over the surface S,. In terms
of the parametrization o, the section at o(s) is given by f%(c(8)) ® p(E*).
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Remark 2.7 Another way to view this vector <Su, e @ p(E*), {f. 2:0) is via tak-

ing its Fourier Transform into energy-momentum space. We will refer the reader to
Section [8.

Let S and S be rectangular space-like surfaces contained in a plane. Given
complex scalars A and u, we define the addition and scalar multiplication as

A (8. Fa @ p(E) (o) + 1 (5,90 ® p(E?) ()00
= (5US, (Matnia) @ p(B), 1o - (25)

Here, we extend f, to be f, : SUS — C by fa(p) = fa(p) if p € S; f(p) — 0
otherwise. Similarly, g, is an extension of g,, defined as §,(p) = ga(p), if p € S,
Ga(p) = 0 otherwise.

Remark 2.8 For the above addition to hold, we require that the Minkowski frame
{fa}2_y on S and S to be identical.

Given 2 surfaces, S and S, we need to take the intersection and union of these
surfaces. Now, the union of these 2 surfaces can always be written as a disjoint
union of connected sets, each such set is a space-like surface, containing none, some
or all of its boundary points. However, the intersection may not be a surface. For
example, the two surfaces may intersect to give a curve. In such a case, we will take
the intersection to be the empty set ().

Given a surface S, let o be any parametrization of S. We can define |, ¢ dp using
this parametrization o as given in Definition [A.Dl Now, replace o = (0¢, 01, 02, 03)
with ¢ = (iog, 01,02,03) and hence define [, d|4| as given in Definition [A2 With
this, define the following inner product on J#(p).

Definition 2.9 Given a surface S = J_, S. equipped with a collection of frames

{f;‘ ca=0,---,3}u>1, and a set of bounded and continuous complex-valued func-
tions {fY :a=1,---,N}y,>1 foru>1, defined on S, form a vector

S, <Su, fr® p(EY{ fe 2:0), also referred to as Yang-Mills field. Note that for

each u, fi ® p(E*) is a section of Sy X [p(g) ® C] = Sy, with S, contained in some
plane, equipped with a Minkowski frame {f*}3_,.

Let V' be a (complex) vector space containing such vectors, with addition and
scalar multiplication defined in Equation (2.0). The zero vector can be written

as <S,O, { fa}§:0> for any space-like rectangular surface S contained in a plane,

equipped with any suitable Minkowski frame { J?a}z:o-
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Refer to Definition [A2. Assume that S and S be space-like surfaces, contained
in a plane. Define an inner product (-,-) for <S, fa ®p(E°‘),{fa}§:0) eV, and

(Sa 98 @ P(Eﬁ), {Qa}izo) eV, given by

(S fa @ p(B), {Ja¥ic0) » (5. 95 @ p(E?), {aa}iss ) )

= [ 1533 dif - Tl p(E)o(B) (26)
SnS
N
=320 [ o mlloG)| 3o 46 [aet d5 )] as
a=1 2 0<a<b<3
provided fa = §a, for a =0,...,3. Otherwise, it is defined as zero. Here, o : I* —

R* is a parametrization of SN S and C(p) is defined later in Notation [7.1].
Denote its norm by | - |. Let 7€ (p) denote the Hilbert space containing V.

Remark 2.10 The quantity fs dp was first derived in [8], which motivates the defi-
nition of this quantity fs d|p|. It was obtained from computing an abelian Yang-Mills
path integral, by computing the average square of the flux of a Yang-Mills gauge field,
over a time-like or space-like surface, using an infinite-dimensional Gaussian mea-
sure.

This quantity can also be derived from the Wilson Area Law formula in [6],
computed using a non-abelian gauge group. The reader will later observe that this
quantity fs d|p|, plays an important role in all the 4 Wightman’s axioms.

Using this quantity is one reason why we call the states as Yang-Mills fields, as
the above inner product has its origins from a Yang-Mills path integral. There is
also a second reason for calling them Yang-Mills fields. Refer to Remark[321.

Proposition 2.11 The Hilbert space € (p) is non-separable.

Proof. Consider a compact rectangular surface Sy contained in the x? — 23

plane, with {e,}3_, as its Minkowski frame. Then, we see that
{(So+ @ p(EY),{e.}oy) : @R}
is an uncountable set of orthogonal vectors in .7(p), since

((0+p(B), feaksss) (S0 + B p(E), {eatisy ) ) =0,

if a# b. Hence the Hilbert space is non-separable. [
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2.2 Unitary representation of inhomogeneous SL(2,C)

Given a continuous group acting on R?*, we can consider its corresponding inhomoge-
neous group, whose elements are pairs consisting of a translation and a homogeneous
transformation. For example, the Poincare group & containing the Lorentz group
L, will have elements {a@, A}, where A € L and @ will represent translation in the
direction @. The multiplication law for the Poincare group is given by

{dy, Ay H{da, Ao} = {d; + A1ds, A1 As}.

Associated with the restricted Lorentz group Ll is the group of 2 x 2 complex
matrices of determinant one, denoted by SL(2,C). There is an onto homomorphism
Y :SL(2,C) — L1. Thus, given A € SL(2,C), Y/(A) € Ll ¢ L. See [3].

Instead of the Poincare group, we can consider the inhomogeneous SL(2,C) in
its place, which we will also denote by SL(2,C), and use it to construct unitary
representations. Its elements will consist of {@, A} and its multiplication law is
given by

{ay, My H{as, Ao} = {a@; + Y (A1)ds, Ao}

By abuse of notation, for any A € SL(2,C), we will write A@ to mean A being
represented as a 4 x 4 matrix, acting on @ € R*. This means we will write A;@, =
Y (Ay)ds.

Given a vector & € R*, {a@, A} acts on Z by & — AZ + d@. By abuse of notation,
for a surface S, {@,A} acts on S by S — AS + @, which means apply a Lorentz
transformation Y (A) to every position vector on the surface S, followed by trans-
lation in the direction @. In terms of some parametrization o : I? — R* for S, the
surface AS + @ is parametrized by Ao +a : I? — R%,

In general, the only finite dimensional unitary representation of SL(2,C) is the
trivial representation. See Theorem 16.2 in [I4]. Thus, to construct a unitary
representation, we must consider an infinite dimensional space. See [15].

Definition 2.12 (Unitary Representation of the inhomogeneous SL(2,C))

Let f[(p), p(p) be positive numbers, dependent on the representation p, to be defined
later in Definition[7.13. Let A be in SL(2,C).

There is an unitary representation of the inhomogeneous SL(2,C), {d,A} —
U(d,N). Now, U(d,\) acts on the Hilbert space 7€ (p),

(S fo ® p(E) {FaYino) = U@ A) (S fa @ p(E), { i)
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by

U@ A) (S fa @ p(B), {1120 )
— (AS + &»’ e—i[a(ﬁ(pn)/\fo-f—f)(l)n)/\fl)}fa(A—l(‘ _ &’)) ® p(Ea)’ {Afa 2:0> ) (27)

Here, S is a space-like surface contained in some plane.

Remark 2.13 1. Notice that U(a,A) acts trivially on p(g). In classical Yang-
Mills equation, the fields over R*, are g-valued. The Lie group G describes
the internal symmetry, on each fiber of the vector bundle. See [16]. When
we apply a Lorentz transformation, we expect that G remains invariant under

Lorentz transformation. After all, G acts fiberwise on the vector bundle over
R%,

2. Let us explain the formula on the RHS of Equation (2.7). Suppose o : [* — S
is a parametrization for S. Then Ao+d = Y (A)o+a will be a parametrization
for Y(A)S +d. And, the field at the point & :=Y (A)o(s)+ad € Y(A)S +a, is
given by

=@ H )Y W o+ Plen)Y W] £ 1y (A1) (7 — @)] ® p(E)
= e~ 1@ HPn)Y W fotPen)Y A £ 15(5)] @ p(E*).

3. When there is no translation, the vector field over Y (A)S is the pushforward

of the vector field fo, @ p(E®) over S.

4. When there is only translation, the unitary operator can be simplified to be

U(@1) (8, fa ® p(B*), { LYo
— il (H (pn) fot-P(pn) f1)] ( S+, fol- — @) @ p(EY), {fa §:o> )

directly from Equation (2.7).

It is straightforward to check that this map {a, A} — U(@, A) is a representation,
to be left to the reader.

Lemma 2.14 The map U(d, A) defined on € (p) is unitary, using the inner product
(-,-) as defined in Definition [2Z.9.
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Proof. It suffices to show for S and S, both contained in some space-like plane
respectively. Let {f,}2_o, {9a}?_, be as defined in Definition for AS and AS
respectively.

By Definition 2.9] it suffices to prove when ASN AS has non-zero area. We only
consider the case when f, = §,, a = 0,--- , 3, since the result is trivial otherwise.
Thus,

(U@ ) (8, fo® p(B), {Fu}os) U@ A) (5,950 p(B”), {£uF0) )

/ || €= oA for Pl A1) il (L) Aot Plon)A )
[AS+a]N[AS+a)]

< a3l (A (- = @) - Te{—p(E*)p(E7)
[ AT @) difl - Tep(E ()
A(SNS)+a

— [ U0 i Tl p(E)o )
Sns

after applying Lemma [A.3] |

Remark 2.15 In general, the directional derivative for (S, fa @ p(E*), {fa}2_,

does not exist for arbitrary direction a. Thus, in the computation of the generator
for translation, the derivative does not appear.

The author in [17] also talked about problems when taking the derivative of a
quantum field, at short distances. The differences in fields at different spatial points
actually diverges as the separation gets smaller. The fields become infinitely rough
at small distance scales and it means that it is impossible experimentally to probe
the field at a single point.

We have just described the Hilbert space 7 (p). Now let us focus on the vacuum
state, which we denoted it as 1. Recall our Yang-Mills fields are described by a triple

S <Su, e @ p(B>), {fv ‘2:0), whereby S, is some non-empty surface.

Definition 2.16 The vacuum state 1 is synonymous with the empty set 0, i.e. 1 =
(D). We define (1,1) := 1.

Remark 2.17 1. On the empty set, it does not make sense to have a measurable
function or Minkowsk: frame defined on it.
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2. Recall that {1} is a one-dimensional subspace spanned by the vacuum state.
The Lie Algebra g acts trivially on {1}, via the trivial representation py : g —
C. Refer to Equation (2.1)).

Clearly the empty set is invariant under the Poincare action. Hence, it is invariant

under U(d, A).
Given a Schwartz function ¢ on R* we can define a quantum field operator
»™"(g), acting on the vacuum state and > -, (S, Fe® pu(E*), { f2 gzo) in Section

Bl We will show later that ¢™"(g) is densely defined on Hyy(g). Furthermore,
{¢*"(g) : 1 < a < N} defines a spinor of dimension N. Using this definition and
the definition of unitary transformation, one can prove the transformation law given
in Proposition [4.1l and causality in Section [ using this action.

Remark 2.18 In []|], the function g is interpreted as an observable, which is ele-
vated to be a quantum field operator ¢*"(g). One can also understand it as applying
canonical quantization to a classical field g.

In our description of the Hilbert space containing Yang-Mills fields, nowhere did
we use the Yang-Mills action, so it is not clear if Hyy(g) is a Hilbert space for a
quantum Yang-Mills gauge theory.

The set {H(p,), P(pn)}ns1, indexed by the non-trivial irreducible, inequivalent
representations, will give us a discrete set of eigenvalues. The choices of H (p) and
P(p) will be given later, referred to as the eigenvalues of the Hamiltonian H and
momentum operator P respectively. Indeed, these discrete eigenvalues will give us
a countable spectrum for the translation operator U(d, 1), provided @ = aofo +at fl.
There are many choices of {H(p), P(p)} and it is not clear how we should choose

these numbers.

It is only in Wightman’s zeroth axiom, where the mass of the theory appears.
This axiom requires that H(p)2 — P(p)? = m(p)?, for some mass gap m(p) > 0[
Furthermore, these eigenvalues are required to be unbounded. The mass gap prob-
lem is equivalent to show that mg := inf,enm(p,) > 0, and this is only true for a
compact simple gauge group.

For each eigenstate in 7 (py,), H and P will be multiplication by scalars H (p,,)
and P(p,) respectively. Then H? — P? = m? translates to

~

Plon)® _y _ _mlen)” (2.8)
H{(py)? H{(p,)?

1See Remark
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To prove that the Hamiltonian and momentum operators are unbounded, and there
is a positive mass gap my, it suffices to show that for all n > 1,

P(p,)?
0> Llen) —1—0,

H(pn)?
as n — oo, and lim,,_,,, m(p,) = co.

To show that the operators are unbounded and the existence of a positive mass
gap, we need to make use of the Yang-Mills path integral to quantize, so that we will
obtain Equation (Z8]). During the quantization process, we will use renormalization
techniques and asymptotic freedom. Note that asymptotic freedom only holds for a
non-abelian gauge group. The compact simple gauge group will give us a quadratic
Casimir operator, dependent on the representation p,. As the set containing all
Casimir operators, each corresponding to a non-equivalent irreducible representation
of g, is countably infinite and unbounded from above, the Hamiltonian will be shown
to be an unbounded operator.

The existence of a positive mass gap is a consequence of Equation ([4]), first
proved in [6]. To prove this equation, we need
e renormalization techniques,

e asymptotic freedom,

e the compactness of the gauge group allows us to represent the Lie Algebra as
skew-Hermitian matrices,

e the structure constants and the quadratic Casimir operator of the simple Lie
Algebra, and

e the quartic term in the Yang-Mills action,

all of which are collectively responsible for the existence of a mass gap. We also
need to impose the Callan-Symanzik Equation to prove the existence of a mass gap
mg.

Remark 2.19 The idea that the quartic term in the Yang-Mills action might be
responsible for the mass gap was suggested in [18].

Using a Yang-Mills path integral to define the Hamiltonian and momentum op-
erator eigenvalues justify our construction as a 4-dimensional Yang-Mills quantum
gauge theory. In Section 8 we will show how the positive mass gap, will imply the
Clustering Theorem.

As for the rest of the axioms, we see that it does not make use of the Yang-Mills
action. We will postpone the proof of the mass gap till Section [{l For now, we will
move on to the remaining Wightman’s axioms.
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3 Quantum Field Operators

We will now begin our discussion on the field operators that act on the Hilbert space
@D, 7 (pyn), which contains our Yang-Mills fields.

Now, every irreducible finite dimensional representation of SL(2,C) is denoted
by DU*  j k are non-negative integers or half integers. This representation is
known as the spinor representation of SL(2,C). Under this representation, one sees
that DUF(—1) = (=1)20+%) Incidently, when restricted to SU(2), A € SU(2) ~
DUO(A) is equivalent to an irreducible representation of SU(2). See [3].

Recall we have a Minkowski frame { fa}‘zzo defined on a rectangular space-like
surface S in Definition Now, f, = Ae, = Y(A)e, for some A € SL(2,C).
Suppose we have another Minkowski frame {§,}3_, on S such that f, = j, for all
a. Then, we have that Y (A)e, = Y(A)e, for some A € SL(2,C). Hence, Y(A) =
Y (A), which can be shown that A = £A. When j + k is an integer, we see that
DU (£1) = 1, thus DU is a representation describing vector bosons.

Definition 3.1 (Test functions)

We let & denote the Schwartz space consisting of infinitely differentiable complex-
valued functions on R*, which converge to 0 at infinity faster than any powers of
|Z|. We will refer f € & as a test function, which is bounded.

Notation 3.2 For k = (k°, k*, k2, k%), k* € {0} UN, we will write

e () () () () - erer e

And [k = Y0_o k).

Definition 3.3 (Norm on &)
Let r, s be whole numbers. Suppose f € &2. With the above notation, define a norm

|- [lrs on & as
Ff =D sup 2D f(Z)].
e

k| <r |l<s

3.1 Creation operators

Definition 3.4 (Time-like plane)
Refer to Definition[2.3. Let S be a connected space-like rectangular surface contained
in some plane.
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Let S be a time-like plane spanned by {fo, fl}, parametrized by
§=(s,5) > 0(s,5) =sfo+5f, s,5€R. (3.1)

And we will write ds = dsds.

Refer to Definition [A2 Define using a Minkowski metric, 7 : ¥ € R* s 7 -
(H(pn)fo + P(pn)fl) e R. Suppose we are given a f € P. We will define a new
function ffof1} 1 R4 5 C by

F(@+) dlf

e RY s fohY( : 7 e
7€ R fYOM(H (pn), P(pn))(T) :=
S

/ o—ilo()-(H (o) fot Ploa) 1)) _
3€R?

- QW F@E+o@) 116 ds, (32)
integration over a time-like plane S°, using the parametrization given in Equation
(31)), for representation p,,.

Remark 3.5 1. Note that ftfof1} ¢ P, unless f = 0.

2. Even though we compute the integral using a given parametrization o, it is
actually independent of the parametrization and only depends on the time-like
plane span by {fo, fl} Because we are doing a Fourier Transform on time-like
and one space-like variable, evaluated at H(p,)fo + P(pn)fi, we see that the
transformed function depends on {fo, fl} not just S”.

3. If ¥ = 2220 2% f,, then

FUTH(H (p,), Pp))(2)
= =il H o) = Plow)] fIo Y (F (), P(pn)) (23 s + 25 f3).

Hence, H(py) (P(py)) is the generator for translation, in the fo (fi) direction.

Definition 3.6 Let A == {F* : 1 < a < N} C g be a finite set, and define

recursively for n > 2, A" := [A"" 1 A], A' := A, such that g can be spanned by
Ui A7 for some n > 1.

Given f € &, we now wish to describe the field operator gba"(f), 1<a<N.
Suppose we have a spinor representation A : SL(2,C) — End(C¥). For each n € N,
the field operator {¢®"(f): 1 < o < N} transforms like a spinor under the action
of A(A), for any A € SL(2,C). Hence, a Schwartz function f will be ‘promoted’
to be some spinor Zaﬂzl ca®™™(f). But first, how does ¢*"(f) act on 1, for some
Schwartz function f?
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Definition 3.7 (Creation operators)

Recall we indexed our non-trivial irreducible representation by a natural number n.
Fiz a connected space-like plane Sy C R*. We will choose Sy to be the x? —x® plane.
Using spatial rotation, we can rotate Sy to be the x* — a7 plane, for i,5 = 1,2, 3.
Together with translation and boost, we can transform any surface contained inside
So, to be any space-like surface, using the unitary representation of SL(2,C). By
Definition 2.3, we will choose {e,}3_, to be a Minkowski frame for Sy.

For any f € P, we define an operator ¢°""(f), a=1,2---,N, neN, which
acts on the vacuum state 1 by

™" ()1

(0. 70 © pu(F2), {eainy)
(S0, S0 (). Plp2) @ pa(F™), Aea¥ino ) € #(p2)

for F* € A C g.

In the notation above, it is understood that fleoer = fleoeiy(F(p,), P(p,)). And
we restrict the domain of i} (H(p,), P(p,)) : R* = C to be on the surface Sy.

Remark 3.8 The field operators can be indexed by a countably infinite set. See
[19].

3.2 Domain and continuity

Definition 3.9 Let . denote the set consisting of countable union of space-like
rectangular surfaces in R*, each component surface is compact or a plane. For
S e .7, let Ps denote the set of Schwartz functions defined on S.

In particular, if o : I? — R* is a parametrization of a compact space-like surface
S, we say f is a Schwartz function on S when f oo is an infinitely differentiable
function on I?, and is compactly supported in the interior of 12, i.e. it decays to
zero at the boundary.

If S is a space-like plane, then for some parametrization o : R? — S, we say f
is a Schwartz function on S when f o o is a Schwartz function on R2.

Definition 3.10 (Domain of field operators)
Define a domain 2 C @, , 7 (pn) as

{aol + Z (SM, o @ pn(E), {f;““}izo) cag€C, fi, € Ps,., Snu € Y} .

n,u=1
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Given a parametrization o : I? — R* for a surface S, we say that f € L2(S) if f
is measurable on S and

[ ook

By construction of J#(p), we only consider space-like surfaces, equipped with a
Minkowski frame. For any surface S € ., &5 is dense inside L?*(S). So we see that
2 is actually a dense set inside Hyy(g), and it contains the vacuum state.

ds < oo.

>0 6 [der Jo(3)]

0<a<b<3

Remark 3.11 In the proof of Proposition [3.20, we will show that Ps is dense
inside L*(S), when S is compact.

From Equation (Z2)), a compact space-like surface in the 22 — z® plane can be
transformed to any compact space-like surface under translation, spatial rotation or
boost. Hence, . remains invariant under the action of SL(2,C). From Definition
2.5l a Minkowski frame associated with a rectangular surface, is generated by Lorentz
transformations of {e,}3_,. Hence U(d,A)Z C 2.

We can now define the field operator, whose domain is given by 7, as follows.
Recall from Definition B.4] how we can define a new function f (o1} from f € 2,
using { fo, f1} contained in a Minkowski frame, associated with a space-like surface

S.

From the opening paragraph in Section B, we saw that { fa}3:0 uniquely deter-
mines A € SL(2,C), up to +1. When j + k is an integer, we see that DR (£A) =
DUR(A).

Definition 3.12 Let > o7, (Su,gg ® p(EP), {fv gzo) e A (p), whereby each S, is
a connected rectangular space-like surface contained inside some plane, and g €
Ps,. Refer to Definition [3.4. For each Minkowski frame {3, let Ave, =

a=0>

fi for some A* € SL(2,C). The adjoint representation ad of p(g) is defined as
ad(p(E*))p(E”) = [p(E*), p(E7)].

Recall from Definition [3.8, we defined a set A C g with cardinality N. Suppose
we have a spinor representation A : SL(2,C) — End(CY). This representation
can be written as a sum of irreducible representations of the form @, DUaska)
DUaka) s an irreducible representation of SL(2,C) as described earlier. We will
further assume that for each 1 < o < m, j, + ko s an integer.
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For A € SL(2,C), let A(A)? denote the entry at the B-th row, a-th column.
Given a test function f € &2, define a field operator ¢*"(f) as

e}

(1) Y (Sur g8 @ pm(E), L1210

u=1

S (Su £ A - g8 @ p (P EP) A f2Yia) o =
0, m#n.

There 1s an wmplied sum over ~y from 1 to N, and over 8 from 1 to N. Here,
FIOIY = (BB (] (p,), P(py)) and the restricted vector field f,i0 71} AA")T ®
s

u

pu(F7) acts on g4 @ pu(E”), by ad <fifg’f%}\guA(A“)$ ® pn(F“/)), over the surface
Sy fiberwise, ad(p,(FE)) is the adjoint representation of p,(F).

Remark 3.13 1. The alpha in ¢*"(f) is referred to as the spinor index. Indeed,
for each n € N and f € &, we have that

{o“™(f): 1<a < N}

is a spinor of dimension N. If A = D9 then we must have that s is an
integer, i.e. the spinors are vector bosons in this case.

2. By linearity, we define

)Y vm =D 6" (f)om
m=0 m=0

= ao (S0 £ @ pa (), {ea}icg) + 67" (f)on,

vo = aol is a scalar multiple of the vacuum state and v, € H(pn). The
domain for ¢*"(f) will be Z. Note that it is a bounded operator.

3. Suppose gg is measurable, or L* integrable on a space-like rectangular surface

S, contained in some plane. Since f{f“fl} 15 bounded and continuous, we see
that flfofi}t. gp is measurable and L* integrable. So,

(1) (8,95 © pu(B”) {fu¥ims)
= (S £ 00 - AN 95 © pul(F7 E]). {fuY o)

and féfo’fl} - gg 15 defined almost everywhere on S. But we will run into

problems later, when proving Proposition [3.22. This is because multiplying

23



a measurable function with a tempered distribution, may not be a tempered
distribution. It is thus necessary to restrict the domain for the field operators
to be on 9, to avoid technical difficulties later on.

We showed how ¢*"(f) is defined on 2. We can now define its adjoint.

Definition 3.14 (Annihilation operators)
Using the inner product in Definition[2.4, we define the adjoint ¢*™(g)* on a space-
like surface S contained in some plane, as

" (9)" (S, 5 @ pu(B), {fuFo)
- <S, g{fmﬁ} (A)g/ ) fﬁ ® pn([Fya Eﬁ])? {fa 2:0>

+ <(S f5 @ pu(E?), { fa 2:0) ,<b°""<g)1> L

whereby fa = Ae, fora =0,---,3, and we sum over repeated indices vy from 1 to
N, and over 8 from 1 to N. This is because

(ad(p(E*))p(E%), p(E")) = — (p(E"), ad(p(E*))p(E")) .
And
o 0" (g)* will send (S, f5 @ pm(EP), {fa 2:()) to 0if m # n;

° ¢"(g)"1=0.
Remark 3.15 Clearly, we can choose the domain to be &.

Example 3.16 Consider the Lie group SU(2). Its Lie algebra can be generated
by the three Pauli matrices. Suppose A as described in Definition s linearly
independent. Hence, 2 < |A| < 3. If A = DU® then j =1, k=0, since j +k
must be an integer. Thus, the Pauli matrices, which represent W= and Z bosons
responsible for weak force interactions, transform like spin 1 vector bosons.
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Example 3.17 Consider the Lie group SU(3). Its Lie algebra can be generated by
the Gell-Mann matrices

0 10 04 0 i 00
M=|-100]|, =|i00], M=[0 =i 0],

0 00 000 0 0 0

00 i 0 01
M=|000], =0 00],

i 00 ~10 0

000 0 0 0 L (10 0
N=|00i], =0 0 1], x=—[0i 0 |,

0 0 0 -1 0 V3\0 0 —2i

each representing the gluons responsible for strong force interaction.

Observe that {\1, A2, A3} is the Lie algebra of a subgroup Hy C SU(3), isomorphic
to SU(2). Furthermore, \g generates an abelian subgroup Ho, such that the elements
in Hy commutes with elements in Hs, because Ag commutes with {A1, Ao, A\3}. Let
H be a Lie subgroup in SU(3), generated by {\i, Ay, As, A}

Suppose the vacuum state 1 is invariant under this unbroken subgroup H and A
as described in Definition 38 is linearly independent. This means that 3 < |A| < 4
and cannot contain any elements that are linear combination of {1, Ao, A3, Ag}, also
referred to as unbroken generators. Therefore, this SU(3) gauge theory is sponta-
neously broken. Furthermore, if A = DU*) then either j =1,k =0o0rj=k=1/2.

Choose A = {4, A5, A7}, A direct computation shows that

A7, M) =Xa, A7, As] = A1, ad(Ag)ad(As) A7 = =g,
ad(A7)ad(A)ad(As) A7 =X3 — V3As,  [As, A = A3 + V3.

Thus, we see that U?:1 A7 spans su(3). In this case, we can choose A = DY) as an
irreducible representation and the vectors in the span of A are called spin 1 vectors.

If we choose A = {4, X5, A6, A7}, which are the broken generators in su(3), then
A = DW21/2) s equivalent to Y, and the vectors in the span of A transform like
4-vectors.

3.3 Cyclicity

Notation 3.18 Let S = [0,1] x [0,1] = I? and Ps(n) C Ps, whereby g € Ps(n)
if g=fif2- fn, ach f; € Ps.
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Let C.(S,C) and C(S,C) denote the set of compactly supported continuous func-
tions and the set of continuous functions on S respectively.

We also write || - || 2 to denote the L* norm on S, i.e. || f ||12= [ [ |f(5)]* d }1/2.

Lemma 3.19 We have that P is dense in L*(S). Let G(n) be the smallest algebra
containing Ps(n), n € N fived. Then, G(n) is dense in Pgs using the L? norm.

Proof. Now Zg is a complex algebra and clearly it separates interior points in
S. Unfortunately, it does not contain the unit 1 on S = I?. Let € be the smallest
algebra containing 1 and Hs.

By complex Stone Weierstrass Theorem, &g and € are respectively dense in
C.(S,C) and C(S,C). Furthermore, since continuous functions are dense in L?(S),
we see that € will be dense in L?(S). To show that the space containing polynomials
of functions in Zg will generate L?(S), we will show that we can approximate 1 via
the L? norm, using a sequence of functions in Pg.

Define @5 : [0,1] — R by

£t 0<t<d;
@s(t) =<4 1, §<t<1-—2¢;
s(1—t),1-6<t<1.

Then, t = (t,1) € I? — ¢5(t) := B5(t)@5() is continuous. Let e > 0. We can find a
d > 0 such that || g5 — 1 || 12< €/2.

Since ¢5 € C.(5,C), we can find a g. € Pg such that || g5 — g ||12< €/2. Thus,
| 1 — gc ||z2< €. This completes the claim that Pg is dense in L*(S).

To prove the second statement, let f € 5 and let € > 0. There exists a M > 0
such that |f](3) < M for all § € S. Choose a § > 0 such that || 1 — g5~ ! || z2< ¢/M,
gs € Ps. Let §. := gy ' f. Then,

=gl = [ [ g P ]

<M|1-g 1HL2<e.
Thus, §(n) is dense in Pg using the L? norm. ]
Because &g is an algebra, we see that
P (gr) T (gr) D C D,
whereby 1%Fi(g;) = ¢@*i(g;) or its adjoint ¢®iFi(g;)*.

Let 2y be a subspace inside Hyy(g), generated by the action of U(a, A) and
polynomial containing ¢“"(f1),- - ¢*"(f,), on the vacuum state 1. Clearly, %, C
2.
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Proposition 3.20 The set %, is dense inside Hyy(g).

Proof. Under U(ad, A), we can transform any space-like rectangular surface, into
other space-like rectangular surface, via translation, spatial rotation and boost. See
Equation (Z2)). Thus it suffices to show that for any compact space-like rectangular
surface S C R* contained in some plane, we can approximate any measurable section
in S x p(g)c — S, for each fixed n, using the field operators. Without loss of
generality, we assume that S is I2, lying inside the 2? — 23 plane.

Refer to Definition B.6l First we assume that the span of A is g. In this case,
we see that N > N. Recall ad(F)F = [E, F] € g. Since g is simple, we see that for
a fixed k > 1,

span {ad(F“l)-~-ad(F°‘k)F5: 1<B<N,1<o;<N,i=12--,k} =g

Therefore, for each 1 <~ < N, we can write
N() . 5 5
EY =Y djad(F*") - - -ad(Fom=t) P
B=1

for real coefficients dg and natural numbers 1 < a?’ﬁ < N.

Let p.(z) = \/%e*””%Q/ 2 be an one-dimensional Gaussian function, mean 0, vari-
ance 1/k*. Its Fourier Transform is p.(q) = kpi/x(q). Let ¢, = m(H(pn)) # 0,
dy, = p1(P(pn)) # 0 be fixed.

For a given set of Schwartz functions {fi,- -, f;,} defined on S, extend each one
to be a function

1 1
FFeZ:.7cR — —pl(xo)d—pl(xl)fi(;ﬁ,x?’), i=1,---,m.
C’I’L n
We also have
ep,e 2 - 1 A ~ 1 N A
FZ{ v 1}(H(pn)7P(pn))(0a07$2ax3) = C_pl(H(pn))d_pl(P(pn))fl(fL'Q,$’3) == fi(l‘z,l‘g).

Hence,

A

[Floet o B0 (H (p,), P(pa))(0,0,2%, 2% = ] fila? o).
=1
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For any set of Schwartz functions {fi, -, fin} on S, we can extend them to be
Schwartz functions on R* as described above, and thus we have

N(v)

S @yt (E o N (F)L = (S, [1® palE). {}) .
B=1 i=1

If we let
Cm = Span {¢a1,n(F1) o 'Qbamm(Fm)l : E S 1@7 1 S Q; S M}a

we see that the sum of subspaces, Y °_ C,, is dense in L?(S) ® p,(g). This follows
from Lemma [3.19

This will show that we can find a sequence of vectors in the sum >~  C,,
and approximate any vector of the form (S, fo ® p,(E®), {ea}3_,), whereby f, is
measurable on a compact rectangular surface S inside 2% — 23 plane.

Now suppose span of A is not equal to g. Thus, n > 2. By definition of A, we
see that

span {ad(F*)---ad(F*" " )F*%: 1<aq; <N, 1<n<n}=g.
Thus, for each 1 < v < N, we can write for some 1 < n < n,
-~ N(v)
EY — Z d(~, §)ad(Fa1(7’£)) .. .ad(Faﬁ—1(%£))Faﬁ(%£)7
e=1
for real coefficients d(v,¢) and natural numbers 1 < o;(v,€) < N. Here, {E*: 1<
a < N} is a basis for g.

Let € > 0 and f € 5. From the proof of Lemma [3.19, we can find g1, -+, g5 €
P such that

€
| f—a1-9a ll12< m

Using an earlier argument, there exists Gi,--- , Gy such that Gl{eo’el} =g; for 1 <
i <mn.
Hence, we have that

N(v)
d(7y, &)™ MGy - a1 PO (G ) g (PO (G
£=1

<S> H 9i @ pn(Ew)a {ea}2=0> :
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A direct computation will show that

< €.

<S, f ® p(EV)’ {ea}izo) - <Sv H Gi ® pn(Ew)v {ea}20>

This completes the proof. [

Remark 3.21 Given any (S, fa @ p(E*), {fa 2:()), we can find a sequence of

Schwartz functions {g7 : R* — C | m € N}, for which its partial Fourier Trans-
form approzimates fo, for each 1 < a < N. Here, for each g" : R* — C,
we can take the Fourier Transform on the time and space variables, i.e. g' —

g&n’{fo’fl}([:[(p),p(p))(f), T € 8. As explained at the end of subsection [223, the

A

eigenvalues {H (p), P(p)} will be defined using a Yang-Mills path integral in subsec-
tion[7.3. Therefore, (S, fa @ p(E*), {fa 2:()) € J(p) can be written as the limit of

{(S, ggl’{fo’fl} ® p(E%), {fa}iz())} , using the inner product given in Definition

[2.9, and hence they are referred to as Yang-Mills fields.

3.4 Tempered Distribution

Proposition 3.22 Let S, S be bounded space-like surfaces lying inside some plane.
Let (S, 95 @ pn(EP), {fa}‘zzo) ) <§,§5 @ pu(E?), { [, ‘2:0> € 9. Suppose f, = Ae,
for A € SL(2,C).

Write
? = AN Ty [—[ad(pn(F°)) pu(EM)lpn(E”)]

with an implied sum over 6. Guwven a test function f € &, we define for a smooth
parametrization o : 1> — SN S C R?,

T(f) = (67" () (53 @ pu(B), Afu¥oo) » (.95 @ pu(E), {fu}iss))
= [ di [5G, 55 (o0 - 1ol
12
Then T is a linear functional on &2. Furthermore, it is a tempered distribution.

Proof. It is clear that it is a linear functional on &2. It remains to show that it
is a tempered distribution.

Let o : I? — R* be a parametrization of S := SN S, and write
h=13,-gs) oo |do|c”.
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Then,

T(f)= | fY9Ia(b)n() di.

12

Let 6 : 58— 5(3) = sfo+5f1, s,5 € R, whereby {f,}3_, is a Minkowski frame
for S. By definition,
T fU (@) = U (H(pu), P(pa) (@)
/ e_i[a'(é)'(H(Pn)f0+P(pn)f1)]
scR2 2

Write @ = H(py) fo + P(py) f1. Thus

7(f) = [ 19 o(@)nt) di

—i[5(3)-a)
~ N IR , . , ~ (A - . ~
:/A dtds f(o(t) +5(3)) 45| (3) |4s] (2) - ——19 - Fp] oo(t)- .
5,ieR2 T
Note that
. . . etile®a ) 5
(8,1) € RYv— |05 (8) 14| (1) - —5—19, - Gal 0 0(2) - &,

is a tempered distribution, because {gs, gv}fg’ =1 are Schwartz functions. Therefore,
T is a tempered distribution. [ ]

Remark 3.23 The map
fezr

. o emie®a .
[ dtds f(o(t) +5(3)) 65l (3) o] () - ———1g, -5l 0 0 (?)
5,tcR4 ™
X Tr [=[ad(-) pn(E7)]pn(B7)]
defines a p,(g)-valued distribution, using the inner product on p,(g) defined in Equa-

tion (7).
Corollary 3.24 Suppose S =S5 = S,. For any f € &, we can write
T(f)

il H(pn)—a' P(pn)]
= /R4 f(Z) o (G- gal(«*, 2°) dZ - Tr [—[ad(pn(F)) pu(E")]pu(E”)]
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Proof. We note that {e,}2_, is the default Minkowski frame. In this case, A =
+1 € SL(2,C), and A(x1) = 1. Furthermore, we can choose the parametrizations
o(2?, 23) = 2?ey + 23e3, 6(2°, 21) = 2% + x'e;. A direct calculation shows |g,| =
|p5| = 1. The result hence follows. n

Remark 3.25 In this corollary, we see that the function that maps

¢ila® H(pn) —2" Ppn)]

2T

0

7= ("2, 2% %) 9+ - g8l (%, 2%),

is not in &2, but rather it is a tempered distribution.

4 'Transformation Law of the Field Operator

Recall g has dimension N and has an irreducible representation p : g — End((CN ).
Without any loss of generality, consider a space-like surface .S, contained inside some
plane. From Definition 2.5, we have a Minkowski frame {f,}3_, assigned to it.

In Definition [3.6] we have a finite set A C g, which defines a spinor indexed by
1 <o < N. This spinor transforms under the action A(A) : ¢*" — A(A)§¢"" for
A € SL(2,C).

For A € SL(2,C), we consider A~'(S — @), which is also a space-like surface, with
{9a}2_o = {A71f,}3_, assigned as a Minkowski frame to it by Definition

Proposition 4.1 We have the transformation law for the field operators acting on

H(p), i.e.
U(@, Mo (U@ A) (5,95 @ pu(B), {fuFo)
= AN (AT = @) (895 @ pulBY). (ko)

whereby S 1s some rectangular space-like surface contained in some plane.

Recall S is the 2° — 2 plane. However,
U(a, N> (f)U(a,A)~"1
— <ASO +a, e—i[i-(ﬁ(pn)éoJrﬁ(pn)@l)}f{ﬁo,ﬁl}(A—l(. — @) ® pp(F%), {ga}izo) .

Here, {ga}2_y = {Aeo}2_, is a Minkowski frame for ASy.
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Proof. By Definition 23] there is a A € SL(2,C) such that f, = Y/(A)e,. Thus,
{A " Ae,}3_ = {A1f.}2_, is a Minkowski frame for A~(S — a).

Write d3 = A(A™'A)g = A(AH)2A(A)],
T(pp, @) = e~ HE ot PEI] () 7)1 = (@) fotPlon) )]
and f€ = fOT0ATAY with @ = {A~1fo, AT A), D = {A 113,

We have

mAwmu>WA>(s%®%<%&ﬂiﬂ
—U(@,N)o™"(f T(pn,@) " gs(A - +3@) ® py (E®) ,@)
—Umzw0\<s—a>[u% @) FO)O)S - gs(A - +) © ad(pu(F))po (E7) D)
(8. T (o, T (pn, @) FEAT (- = @) g5() @ ad(pu (F))p (B, {fuFia).

(4.1)

Let [A"1(S — @)’ be the span of {A~'fy, A='f;}. By definition, for any point
7 € S, we have that
15 5 1§, A-14 15 5
FEANE - @) = fOT AT RN (A1 (7 - @),
means we do a partial integration using Equation (8:2)) on f in the time-like plane
7+ [AYS — @), for ¥ = A~H(T — @).

Let o(s,5) = sfo+5f1, 5,5 € R. Let go = A fy and §, = A1 f;. We will let
o(8) =A"to(8) = sgo + Sa1, 5,5 € R,

Now, A=l - A1 f, =5 - f, and ps = po. See Remark [A.4l Hence,

f{§°’§1}(ﬁ(p ); P(pn))(/\‘l(f— @))

—i[6:(3)-(H (pn)do+P(pn)dn)] L X
G+ 6(5))]6s1(8) ds
3€R? 27
_1[0(5) (H(Pn)fO‘f'P(Pn)fl)} . 1 .
= FG+A"0(3))]4s](5) ds
3€R2 27
_1[0(5) (H(Pn)fO‘f'p(Pn)fl)} 1/ N .
= JINTH(Z + 0(8) — a@))|4(5) ds

5cR2 27T

FATY = @)oY (H (p,), P(pa)) (D).



Therefore, Equation (1)) is equal to

(ST = )P ANTTAR) - 95 © ad(pn(F))p(B7), {Re ey )

= AN (AT = )] (8,95 © pu(BY), {Aeaty):

To prove the second statement, note that U(d,A)l = 1. Let g, = Ae,, a =
0,---,3. Then,
U(a, N)¢™"(f)U(@,A) "1 = U@, A)¢™"(f)1
:U(Ja A) (SOa f{emm} ® pn(Fa)a {ea}iz())
= (ASO + @, 6—i[6~(ﬁ(ﬂn)§o+ﬁ(0n)91)]f{eo,el}(A—l(_ — @) ® pa(F), {ga}2:0> ’

by definitions. [ ]

Remark 4.2 Relative to ASy and for Ad = a®go + a'§1, we see that multiplication
by e—iAG(H (pn)do+P(pn)d1)] — ei[aoH(ﬂn)*alp(pn”, corresponds to a shift

f(,){?)m?h} s f( _ A&’){?}o,ﬁl}’

when we take Fourier Transform.

5 Causality

We are now down to the final Wightman’s axiom. Recall that we have a countable
set {H(pn), P(pn)}nen to be defined later in Definition I3, We will see in this
section that to satisfy local commutativity, we must have H(p,)* — P(p,)? > 0, for
each n.

Definition 5.1 (Space-like separation)
Let f,g € . The support of f, denoted supp f, is the closed set obtained by taking
the complement of the largest open set in which f vanishes. We say that supp f
and supp g are space-like (time-like) separated if f(Z)g(y) = 0 for all pairs of points
7= (2%2), y=(y°,y) € R* such that

3

@ =) (@ = =—" =y’ +) (@ =)< (2)0.

i=1

33



Remark 5.2 e Given a connected space-like rectangular surface S contained in
a plane, any two distinct points &,y € S are actually space-like separated. By
Definition [5.1), if f and g have supports which are space-like separated, then
we must have f(Z)g(Z) =0 for any & € S.

e Note that on a time-like rectangular surface, two distinct points in it may not
be time-like separated.

Notation 5.3 For this section, we only consider a space-like surface S contained
in a plane. It is equipped with a Minkowski frame {fa}izo, which will be assumed
throughout. To ease our notations, we will drop this Minkowski frame from our
notation. This means

(S, fa @ p(EY) = (S, fo ® p(B*). {fu}isy)-
Definition 5.4 Write the commutators of f and g in & as

[0™"(f), 67"(9)] := ™" (f)™" (9) — ™" (9)6™" (f),
(62" (f)", 67" (9)"] = ™" ()" 6" (9)" — ™" (9) " (f)".

Remark 5.5 We are using the version of Wightman’s last axiom taken from []),
and not from [3].

Lemma 5.6 Let S be a space-like surface contained in a plane. Then, we have

[o™"(f), ¢B,n(g)‘| (S, hy @ pu(E7)) =0,

for any (S, hy ® pu(E7)) € 2, and [6"(f), 67" (g)]1 = 0.

We also have

[™"(£)", 07" (@) 1L =0,  [¢*" ()" ¢""(9)"] (S, hy @ pu(E7)) = 0,
for any (S, hy ® p,(E7)) € 9.

Proof. The first two commutator relations follow from Definitions 3.7, B.12] and
that flofit . glfoil — glfo. /it . flfo.fi} - By taking the adjoint, the last two follow
immediately. ]

Remark 5.7 These commutation relations hold, regardless of whether the supports
of f and g are space-like separated or not.
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5.1 CPT Theorem

Definition 5.8 Define the anti-commutators and commutators of f and g in &,
as

(™" (), 67" (9)" |2 = 6" ()¢ (9)" £ ™" (9)¢™" (f)",
L™ () 07" (9) ]+ = 6" (f) 67" (9) £ 6" (9)"¢""(f)-

Lemma 5.9 Recall ad(p(E®)) refers to its adjoint representation on p(g). Suppose
the Minkowski frame on S is fo, = Ae,, a =0,1,2,3. Write C = {fo, f1}-

For any (S, h, ® p,(E")) € 2, we have

6% (f), 0"™(9)* ]+ (S, hy ® pu(E™))

= —ANFAMN)] (8BS g g Ty ®ad(pnwé))ad(pn<F“>>pn<EV>)
+{(S, hy ® pu(E)), "™ (g)1) ¢*"(f

(S, hy ® pu(E")), 6*"(F)1) 6™ (g (5.1)
whereby Bt = Re and B~ = Im for anti-commutation and commutation relations
respectively.

And

(677 ()67 (9)) 2 (S, by @ palE7)
— —AMNFAN)] (BT g% £ % 1)+ by @ ad(pa (F))ad(pu(F*))pu (7))
+ (8,95 AW - by @ ad(pu(F)pu(E7)) 6 (£)1) 1

£ (S, FEAW] - by © ad(pu(F¥)pa(BY)) 67" (9)1) 1. (5.2)
whereby BT = Re and B~ = Im for anti-commutation and commutation relations
respectively.

Proof. From Definitions 3.7, and 314 we see that
¢ (£)¢""(9)* (S, hy @ pu(E7))
= (VAW (8. by adlpn () (7))

+ (S, hy @ pu(E)) ;07" (9)1) 1]

—— AA (555 s @ad(pnwé))ad(pn(w»pn<EV>)
+<(Svhv®pn(E7> (bﬁn 1> (ban
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Similarly,
¢*"(9)"" (f)" (S, hy © pu(E?))
—— A(NFAMN) (8,95 T 1y @ad(pnwé))ad(pn(w»pn<EV>)
+ (S, hy @ pu(E")), 7" (1) (g

Take the sum or difference, and we will obtain

—AN)FAN) ( (1€ g+ g% [ hy ® ad(pn(F°)) d(pn(F“))pn(EV))
+{(Ss hy ® pu(E)), 67" (9)1) ™™ ()1 £ {(S, hy ® pu(E)), $7"(£)1) 6*"(g)

Since f G-Fj: ge-ﬁ is real and purely imaginary respectively, this proves Equation
(51). The proof for Equation (5.2)) is similar, hence omitted. u

Remark 5.10 Without any loss of generality, we assume that a time-like plane S
spanned by { fo, f1}, is parametrized by §(3) = (s, 3) == sfo+5f1, 5,5 € R, whereby
Jorfo==1, fi-fi=1,fo- 1 =0.

Suppose we now assume that supp f and supp g are disjoint compact sets. Write
H= H(pn) P= P(pn) Let ¥ € S. By definition, for any ¥ € S,

g I, P)(@) = [

3€R2 2m

o—ilF(3)-(H fo+Pf1)] .
9(T +7(5))[65(5) ds,

Ui} (H, P)(Z)

G- (At PR
/ T @+ GO 5100 i
fer? @

Write gz(-) = g(Z+ ), fz(-) = f(Z+ ). Thus,

[ g i} f{fo,fl}} (H, P)(%)

e @) Hfo+PfO] NN DN £ (AN 2 1O A ad
[T 516 + DA BNl
s,fc

—i[§(8)-(H fo+Pf1)] . e
:/ 972 9z(9(8) + ¥(1)) f2(4(1)) |67 (8)| o5l (¢) dsd.
teR2,5eD ( 7T)

Similarly,

[f{fo,fl} . m] ([:L P)(f)

e~ ilU(8)-(H fo+Pf1)] o e
2[ 5 fz(7(8) + §())g=(4(t)) |51 (3) 65 (t) dsdt.
{€R2,3c—D (27T)
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From both expressions, we see that the integrals depend on the relative displace-
ment between pairs of positions in their respective supports. When the region of

integration s on D, it is clear that we are referring to g{fo’fl} . ftfofi}: when the

region of integration is on —D, then we are referring to f{fo’fl} - glfof1} . Note that

the vectors in the set §(—D), are in the opposite direction of those vectors in §(D).

Thus, by reversing time direction and taking space inversion (parity), we can
obtain its complex conjugate. The CPT theorem 1is being implied by these two ex-
pressions. See Remark[5.23. Note that here, ‘C” refers to complex conjugation, not
charge conjugation.

In general, the anti-commutators and commutators will not be equal to zero,
even when the supports are space-like separated.

Lemma 5.11 Let f,g € & for which their supports are space-like separated, and
let S be a space-like plane, equipped with a Minkowski frame {fa}3_,. Let S" be the

span of {fo,fl}.

Fiz af € 5. Write ga() = g(7+-), Jo() = F(E+-). Suppose A(pn'— P(pn)? >
0.

If supp fN(£+S°) =0 orsupp gN (£ + S°) = 0, then for any u,v € S°, we
have

e il(u=v)-(A (pn) fo+ Plon) f1)] _ e~ ilv=w)-(A (pn) fo+ Plon) f1)]

f#(0)gz(u) = 0. (5.3)

Suppose both sets are non-empty. If uw — v is parallel to P(pn)fo + ﬁ(pn)fl, then
the commutation and anti-commutation relations in Equation (5.3) hold when f - g
15 real and tmaginary respectively.

Proof. When one of the sets is empty, then fz(v)-gz(u) = 0, so clearly Equation
(B3) holds.
Now consider when both are non-empty. Since

~

(u - ’U) ’ (]:I(Pn)fo + p(pn)fl) = C(p(pn)fo + f{(pn)fl) ’ (]:I(pn)fo + p(pn)fl) =0,

we have

~ A ~

e N eI PRI = cos | (u —v) - (H(pa)fo+ Plpa) )] = 1.
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When fz(v) - gz(u) is real, then the LHS of Equation (5.3]) becomes
e—il(w=v)-(H(pn) fo+Plpn)f1)]  o=il(v—w)-(H(pn)fo+P(pn)f1)]
(27)2 N (27)2

which is zero.
When fz(v) - gz(u) is purely imaginary, then the LHS of Equation (5.3]) becomes
e—il(u=v)-(H(pn) fo+P(pn) f1)]  p=il(v—u)-(H(pn)fo+P(pn)f1)] -

which 1is zero. ]

Remark 5.12 Suppose both supp f N (Z + S°) and supp g N (& + S°) are non-
empty. The lemma says that there exists a space-like line in S°, such that the LHS
of Equation (2.3) is zero.

If H(p,) fo+P(pn) f1 is space-like or null, then the LHS of Equation (5.3) cannot
be zero, on any space-like line in S°. This can be inferred from Lemma[B.3.

Thus, it is essential that a positive mass gap exists in F(py,), for the lemma to
hold true.

Consider a bilinear map that sends

(f,g) e  x &
— (97 (£)6"(9)" (S, by @ pu(E")) (5, By © pu(EV)) )
— (8.1 @ pu(ET)) 0 (g)1) (677 (F)1, (S, hy @ pu(E7)) ).
From Proposition B22, we have a tempered distribution W (&, 7) such that

/ W, ) f(Z) ©x 9(§) didg
TeR? J jeR4

= (6" (£)0""(9)" (S, hy ® pu(E")) (S, h, @ pulE)))

— (8, hy ® pa(E7)) . 6°"(9)1) (6™ (£)1, (8. Fy @ pu(ET)) ).
See Remark [5.141
Indeed, writing 2 = 22:0 2°f, and 7 = Z‘ZZO y f,, we have that

(SUOJEO + $1f17y0f0 + ylfl) —
oo [ W@ es ) dtdsagtay (5.4)
z2,23)eR? J (y2,y3)cR2
defines a continuous function on S” x S°.
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Notation 5.13 Suppose f - g is real. Then we will define tempered distribution

Re W, such that
/ / Re W(Z, 7) [f(Z) ® 9(7)] dTdg
FeR4 cR4

_ / o wWER @ enew) didg

When f - g is purely imaginary, we will define tempered distribution Im W, such

that
/6R4 /ER4IH1 W<f’ g) [f( ) ®r g( )] dl’dy

- / W (&, 9) [f(7) @x ()] didy
TeR* JyeR4

Remark 5.14 Suppose we write f = [ + if, g = g +1ig, whereby f = Re f,
f=1Im f, g=Re g, g=1Im g. From Notation[5.13, we understand

/€R4 CRA W(Z,9) [f (%) ®r g(¥)] d¥dy
:/ / _Re W@ [[@9@) + F@3(@)] dzdy
H/ R4/ o W(E.9) [J(@)g(@) — [(@)g()] didy

Lemma 5.15 Fiz a space-like plane S and let the Minkowski frame on S be fa =
Aeg, a =0,1,2,3, as defined in Definition 2.3 Suppose H(pn)* — P(pn)? > 0.

We have
Re W(Z,y) — Re W(y,Z) =0,
Im W(Z,y) + Im W(y,z) =0,
provided 0 # & — § can be written as ¢1(P(pn)fo + H(pa)f1) + S22, eifi for some

constants ¢;’s

Proof. Choose any f,g € & such that their compact supports are space-like
separated. Write gs(-) = g(7 +-), fo(-) = [(@ + ), and H = H(p,), P = P(py).
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From the proof in Lemma [5.9]
" (£)67"(9) (S, by @ pulE7)) = (S, by @ pu(E7)) 67" (9)1) 6"(f)1
— — AMNFAN(S, [FHIY - gUnF] - by @ ad(pu (F2))ad (pu(F*)pu(E7) ).

Refer to the calculations in Remark 510 If we swap f with g in the above expression
and take the sum or difference, we will have

—ANFAN) (S, A% - by @ ad(pa(F*))ad (o (F)) pulE7) )

whereby
L e~ @& -g@)- (A fotPf)] e
A™(2) :/A Y f=(4(8))g:=(4(1)) | 65/(5)] 4] (t) dsdt
3,i€R2 (2)
e~ @O -gE)-(Hfo+Pfo]
i/A 5y 9=((6)) f=(4(3)) 165l (3)| o5l (£) d5d.
5,feR? ( 7T)

Since their supports are disjoint, by definition of W (#, ¥), we note that swapping
the arguments 7 and 7, is equivalent to swapping f and g, i.e. f(Z)g(y) — g(¥)f(Z)
in their respective integrals.

Consider when 0 # 7 — § = cl(PfO + ﬁfl) + 2?22 ¢; fi, whereby not all the ¢;’s
are zero. By Lemma [5.TT] we see that if ¢y or ¢ is non-zero, then we must have
W(Z,y) =W (y,z) = 0.

Consider when ¢; # 0 and fg is real. By Equation (5.3]), we have that

Re W(Z,9) — Re W(y, ¥) =0,
for the real part.

Now consider when ¢; # 0 and fg is purely imaginary. By Equation (5.3), we
have that

Im W(Z,y) +Im W (y,Z) =0,
for the imaginary part. [ ]
Remark 5.16 In the Wightman’s aziom for local commutativity, it is required that
|6 (f), %™ (g)* |+ is zero when their supports are space-like separated. This is not

true in general, even if f - g is real or purely imaginary. The same remark applies
to |6 (f)*, ¢%™(g)]+, as we will see in Lemmas[5.18 and [5.20.

Indeed, when (£ +S°)N supp f or (£ + S°) N supp g is empty for every & € S,
then we have |7 (f), 67" (g)" |+ = |67 (f)*, 6" (g) |+ = 0, acting on (S, fu® E*).
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The above lemma says that if we consider the orthogonal projection Py, on the
orthogonal complement of {1}, then the operators commute or anti-commute on the
hyperplane spanned by space-like vectors {P(pn)fo + H(pn)f1, fo, f3}. This fact will
be used in the proof of Lemma[8.23.

Consider another bilinear map that sends
(f,9) € P x 2 (6™"(£)"6°"(9) (S hy @ pu(E") (5, ]y ® pu( E)) ).
From Proposition 322, we have a tempered distribution W (Z, 7) such that
| [ WGE0s@ o didg
Fert J jeRrs

= (6" ()" (9) (S.hy © pulEN) (S, @ pa (7))

Similar to Equation (5.4]), we can define a continuous complex-valued function on
S’ x S from it.

Remark 5.17 Suppose we write f = [ + if, g = g +1ig, whereby f = Re f,

f=1Im f, g =Re g, g =1Im g. Define tempered distributions Re W and Im W,
similar to how we defined Re W and Im W in Notation[5.13. We understand

/R4 R4W(f’5) [/ (%) ®r g(y)] didy
/€R4/GR4R8WW ) [f(@)g() + F(@)g(§)] didy
i / » / WD) (@50 - F@a)] didy

Lemma 5.18 Fiz a space-like plane S and let {fa}‘zzo be a basis as defined in
Definition 2.3, Suppose H(pn)* — P(pn)? > 0.

We have

Re W(Z,§) — Re W (i, %)

0,
Im W (Z, ) + Im W (¢, Z) =0

provided 0 # & — ¢ can be written as ¢1(P(pn)fo + H(pa)f1) + S0, eifi for some
constants ¢;’s
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Proof. Proof is similar to Lemma [5.15] hence omitted. [ ]

Finally consider the following bilinear map that sends

(f,9) € P x P — (8" (F)' " (9)1, (5. hy & pulE7))
From Proposition B.23, we have a tempered distribution W (&, #) such that
[ [ @@ o didg
TeR4 JjeR4
= (6" (£ 6""(9)1, (5, Ry @ pu(E7)) ).

Similar to Equation (5.4]), we can obtain a continuous complex-valued function de-
fined on S” x S, from the integral.

Remark 5.19 Suppose we write f = [ + if, g = g + 1g, whereby [ = Re f,
f=1Im f, g =Re g, g =1Im g. Define tempered distributions Re W and Im W,
similar to how we defined Re W and Im W in Notation[5.13. We understand

[ L WED @ @r (@) didy
- / / Re W(Z.9) [f(#)9(5) + F(@)7(5)] ddy

+Z'/m@ /KW Im W(Z,9) [f(#)9(§) — f(@)g(y)] dzdy.

Lemma 5.20 Fiz a space-like plane S and let {fa}zzo be a basis as defined in
Definition 2.3, Suppose H(pn)* — P(pn)? > 0.

We have
Re W(#,§) — Re W (7, )
Im W(f, j) + Im W(g, z)

0,
0,

provided 0 # & — ¢ can be written as ¢1(P(pn)fo + H(pa)f1) + 320, eifi for some
constants ¢;’s.

Proof. Proof is similar to Lemma [5.15] hence omitted. [
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Remark 5.21 Note that ¢*"(f)*1 = 0 by definition, thus we always have
oM (f)eP" (9) 1 £ 6" (g)d> " (f) 1 = 0.

The Lemmas (5.0, [5.13, [5.18 and[5.20 are collectively known as the local commu-
tation and anti-commutation relations.

Indeed, we see that the relations hold, because ﬁ(pn)foJrf’(pn)fl 15 time-like. If it
is space-like or null vector, then we see local commutativity only holds for space-like
directions in the span of { fa, f3}.

Now, {f’(pn)fo + ]:I(pn)fl, fa, fg} is a set of space-like vectors. In fact, for any
vector given by a linear combination of these three vectors, there exists a sequence of
translations and Lorentz transformations that rotates it by 7 radians in R*, which
is time and space inversion. Refer to LemmalB1 and Remark[B.2.

Corollary 5.22 (CPT Theorem) o
Fiz a space-like plane S, with a time-like plane S’ spanned by {fo, 1}, whereby
{fa}2_y is a basis defined in Definition[2.3. By abuse of notation, write

W=ReW++vV—1ImW, W=ReW++vV—1Im W, W=ReW++v—1ImW.

Suppose H(p,)* — P(p,)% > 0. We have that

W(y,7) =W(Z,9), W(y.2)=W(Ey), Wz =WZay),
provided 0 # & — if = c1(P(pn) fo + H(pn) f1) + Z?:z ¢ifi, for constants ¢;’s.
Proof. Immediate from the statements in Lemmas [5.15] and (.20 [ ]

Remark 5.23 In Lemma 813, we will see that we can write W (¢, &) = # (€), for
some distribution W, and §& = § — ¥. The same remark applies to W(y,Z) and

W (7, 7).

Thus, the above corollary says that by taking time inversion and space inversion
(parity) of a space-like vector, i.e. & — —&, is equivalent to taking the complex con-
Jugation. This is the content of the CPT Theorem. Refer also to Remark[2.10. But,
this only applies if £ lies in the hyperplane spanned by {P(p,) fo + H(pn) f1, f2, f3}-

In [3], it is actually stated that

¢ (o™ (g) £ 67" (9)9™" (f)
o™ (f) 67" (g) £ 67" (9)¢™ " (f)'

9

0
0,
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if their respective supports are space-like separated. But this is only true iff
Supp f{nyfl} ﬂ Supp g{f07f1} — @

It would be ideal, that Lemmas [5.17), and hold provided 0 # ¥ — ¢/ is
any space-like vector. But, this cannot be true in general. What we have shown
instead, is that the commutation and anti-commutation relations hold in a three
dimensional subspace, containing space-like vectors.

We would suggest that the final Wightman’s axiom be replaced by the following.

Axiom 5.24 Let H be a Hilbert space, as described in Wightman’s zeroth axiom.
Let f,g € & and define tempered distributions €2, Q Q: Px P C, such that

[, 2G@01@a@) iy = (5" (6" 2. V).

\.&l
<y

| D@D @) didf = (5716 (0) B, B) = (2,6 (1) (6" (L 9},
/R4 - ﬁ( ,9) f(%)g(y) dady = <¢a(f)*¢5<g>q)’ \I’>,

whereby the field operators ¢*(f), ¢°(g) act on ®,¥ € P C H.

Then, there exists a three-dimensional subspace V in R*, such that
Qz,y) = 2Qy, %), QU9 =2y, 7), Q.y) =y, D),

8y

if 04 Z— g e V. Here, any non-zero vector v € V is space-like.

6 Yang-Mills path integrals

We have completed the description of Wightman’s axioms. We have seen that to
satisfy local commutativity, the vector H(pyn)fo + P(pn)fi must be time-like, thus
H(py)?—P(p,)* = m2 > 0, for each n > 1. Local commutativity already implies the
existence of a positive mass gap in each component Hilbert space 77’ (pn)- Indeed
we will see that H(p,)fo + P(py)fi defines a time- ik vector ma f0, fo - o= —1,
in Definition [R.28 which is crucial to prove the Clustering Theorem [8.34]

But how do we choose {(H(p,),P(p,)) : n € N}? In the next section, we
will explain how we are going to compute the eigenvalues for the Hamiltonian and

momentum operator. To prove the existence of a positive mass gap, we need to
further show that inf, cym, > 0.

To do the quantization, we need to turn to Yang-Mills path integrals, which we
will now summarize the construction done in [8] and [6].

2Tn subsection [8.2] we will see that the mass gap m,, is the generator for translation in the fg‘
direction.
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6.1 Hermite polynomials

Consider the inner product space 8,(R*), consisting of functions of the form f+/¢,,

whereby ¢,(%) = k*e "’ 1#°/2/(27)? is a Gaussian function and f is a polynomial in

7= (20 2% 22, 23) € R*. Its inner product is given by

(1Vonavory= [ -6,

A is Lebesgue measure on R*.

Suppose h;/v/i is a normalized Hermite polynomial of degree i on R. Let 8, (R?*)
be the smallest Hilbert space containing 8, (R*) and hence

{ hi(ka®)h;(kat) g (ka?) hy(ka?)
NGE

forms an orthonormal basis. Note its dependence on k > 0.

Ow(T)

7= (22" 2% %) e R, 0, k1> O}

Recall we chose the standard metric on TR*, thus the volume form on R* is
given by dw = da® A dzt A daz? A dx®. Using the Hodge star operator and the above
volume form, we will define an inner product on §,(R?*) @ A?(R*) from Equation
(C2). Explicitly, it is given by

< N fu@detadat, Y fab®dxa/\dxb>: 3 <fab,fab>_ (6.1)

0<a<b<3 0<a<b<3 0<a<b<3

Write 8, = 8/0z%. Given f =30 | fi @ da’ € 8,(R*) @ A'(R?), the differential
df is given by

3
df =Y Oofi®@da® Nda'+ Y (9if; — 0;fi)dxt Ada?. (6.2)
i=1 1<i<j<3
Definition 6.1 Recall {E* € g: 1 < a < N} is an orthonormal basis in g. Define

? = -Tr [E"[E*,E’]], E*,E°,E" € g.
The term c§‘5 1s referred to as the structure constant.
Proposition 6.2 Suppose A=Y"_ 3% 4, @dr'® E* € 8,(RY) @ AYR?) @ g.
Write ag.j, = 0a;~/02" and a;j o, = 0a; /017 — Oa;,/0x". Then,

3

N
dA+A/\A:Z Za():jﬁ@dxo/\dijr Z ai;m®dxi/\dxj

y=1 | j=1 1<i<j<3

+ Z Z awaj,gcf‘/ﬁ Rdr' Ndr’ | @ B, (6.3)

1<i<j<31<aq,B<N
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Proof. By direct computation, using Equation (6.2]). [ ]

6.2 Yang-Mills measure

We will now summarize the following results proved in [6]. After applying axial
gauge fixing to the time-axis, the only g-valued gauge fields A over R*, which we
need to consider are in L?*(R?) ® A'(R3) @ g. Instead of making sense of a path
integral over in the Hilbert space L?*(R?*) @ A'(R?) ® g, we will make sense of a
Yang-Mills measure over 8, (R*) @ A'(R?) @ g, of the form

%65 Jpa |dA+ANAJ? de[dA], (64)

whereby

7 / o= 3 Jaa |dA+ANAP @ D[dA],
{dA: A8, (RHRAL(R3)®g}

and D[dA] is ‘Lebesgue measure’ on 8, (R*) ® A*(R*) ® g, which does not exist.

Remark 6.3 1. This is analogous to how Balaban in his series of papers from
1984 to 1989, defined a finite dimensional integral over a finite lattice gauge
of spacing €, synonymous with 1/k. A complete citation of Balaban’s work can
be found in [8].

2. The norm |- | on 8,.(R*) ® A% (R*) ® g is from the tensor inner product, taken

from Equations (6.1) and ({13).

Using Equation (6.I]) and Proposition [6.2]

N N
2 _ 2 S aB ap
[Jaasanapa= 3 [ [zzz Z
1<i<j<3 =1 =1 a8
A AWAS « Y ap

N
F2) D i iat; ey’

=1 o,

3 N
dw + Z/ Z aam dw.
j=1 /R a=1

(6.5)

Remark 6.4 Those terms that contain the structure constants in Equation (6.5)
will henceforth be referred to as the interaction terms in the Yang-Mills Lagrangian.
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It is conventional wisdom to interpret

N 3
exp [_%Z—; /]R o D et ) Ghya| DlAA]

1<i<j<3 j=1

as a Gaussian measure. To define this measure, we will work with holomorphic
sections of 2-forms over C*, instead of working on 8, (R*) @ A%(R*). We will go over
the construction, done in [§].

Consider the real vector space spanned by {z" : z € C}2,, integrable with

respect to the Gaussian measure, equipped with a real inner product, given by

/ 1 —
(2M2") = — / 22l dr dp, 2 = x4+ V/—1p. (6.6)
T Jc
Note that Z means complex conjugate. Denote this (real) inner product space by

H?(C), which consists of polynomials in z. An orthonormal basis is hence given by

)

Consider the tensor product H2(C)®", which we will also denote it as H2(C%), to
consist of all polynomials in z = (2q, 21, 29, 23) € C*, equipped with the tensor inner

product from Equation (6.6). Denote the closure of H*(C*) using this tensor inner
product by H?*(C?).

The Segal Bargmann Transform maps the inner product space 8, (R*) to H?(C?),
Le.

g B ) ) e

Given any f;,®dr'@ B € §,(RY) @ A'(R?) @4, fio € 8x(R?), we map it inside
H?*(CY @ A'(R?) @ g by

Uyt fia® dr' @ E® — U(fia) ® dz' @ E°.

We will term U, as a renormalization flow, mapping a continuous sequence of vector
spaces, into a fixed vector space H?(C*) @ A'(R?) ® g.

We will further define an inner product on H?(C*) ® A?(R*) by

< Y fw@dtAdd, Y fab®dxa/\dxb>: 3 <fab7fab>. (6.7)

0<a<b<3 0<a<b<3 0<a<b<3

We will continue to use (-, -) to denote the tensor inner product on H?*(C*)@A?(R*)®
g, together with Equation (L3]).
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Definition 6.5 For cach a =0,1,2,3, define a linear operator 0, acting on H*(C*)
as

0, | 2P H Zt| = Bzé’ L pﬂ] H 2z,

b;éa

The Segal Bargmann Transform maps 0, to the linear operator kd,. As a conse-
quence, we will have the following renormalization rule on H?(C*). For each x > 0,
we will add an extra factor x to 0., i.e. 0, — K0,.

In [8], we defined an operator ? : H?(C*) @ AY(R3) — H?*(C*) ® A?(R?),

3 3
i=1 i=1

1<i<j<3

Extend the Segal Bargmann Transform ¥, : §,(R?) @ A?>(R*) ® g — H*(CY) ®
AMRY ®g, ie

v, : Z fz,]oc@dx /\dl‘]@)Ea'—) Z f”a ®dl‘ /\d:EJ®Ea

1<i<j<3 1<i<5<3

Thus, W,[dA] = kdV,[A], due to the renormalization rule. As such, the Se-
gal Bargmann Transform W, is an isometry (up to a constant x?) between their
respective spaces, i.e.

(dA,dA) = K* (0T ,[A], 00, [A]),
A € 8,.(R?) ® AY(R?) ® g, using their respective tensor inner products.

Balaban used a renormalization flow to map a finite gauge lattice of spacing €, to
a finite gauge lattice of unit spacing. The analogous procedure here would be to use
the Segal Bargmann Transform, to define Expression 6.4l over in H?(C*)®@A%(R*)®g,

as
%eé Jea IR0A+ANAP Dy A] (6.8)

whereby
7 / o3 Jes |nDA+A/\A\2d>\4D[OA]’
{0A: AcH?2(CH)®AL(R3)®g}

and D[0A] is ‘Lebesgue measure’ on H?*(C*) ® A?(R?) ® g, which does not exist.
Note that d), is a 4-dimensional Gaussian measure on C*, by using the tensor inner
product from Equation (6.0).

The factor k is due to the above renormalization rule. As a result of this factor,
we complete the inner product space into a Banach space equipped with a Wiener
measure of variance 1/x?%, as was constructed in [8] and [6].
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Theorem 6.6 Let the span of {dz° Adx',1 <i < 3} and the span of {dz* Adx’,1 <
i < j <3} be denoted by *xA*(R3) and A*>(R3) respectively. Define

H:= {[0o*(C)] ® [+*A*(R%)] } @ {H*(C) @ A*(R®)} € H*(C') ® A*(RY),
00H?(C*) denotes the range of .

In [8], we completed it into a Banach space B using a supremum norm, equipped
with a o-algebra defined on it. On this Banach space, we constructed a product
Wiener measure denoted as fi2, which is an infinite dimensional Gaussian measure
of variance 1/k%, therefore making (B, ji.2) a probability space.

When we consider the tensor inner product space H® g, then the completion of it
into a Banach space will be B&g. The product Wiener measure on it, hereby denoted
as [L:QN, will make B ® g into a probability space. We will denote the expectation on
this probability space using E.

Because of the renormalization flow {¥, : k > 0}, we showed in [06] that there
exists a sequence of positive functions defined on the Wiener space B ® g, denoted
by {Y® : k > 0}, such that we can define a measure as H"‘dﬂ:QN. Hence, we will
interpret the Yang-Mills measure in Expression 0.8 as

1 1

ke xN K g xN
2675 Jea \RDA+A/\A|2d)\4D[DA] — Y dlunQ _ d d'un2

Joq ¥rdie  E[9]7

which 1s also a probability measure on the Banach space B ® g.

Notation 6.7 For each kK > 0, the Yang-Mills measure is a probability measure,
so it would be more convenient to use expectation to denote this integral. For any
measurable and bounded function F on B ® g, we will write

i 1 N
BjulF) = v | PV dis
fB®gyn d/JLKQ B@g

Remark 6.8 This sequence of Yang-Mills measure is analogous to how Balaban de-
fined a sequence of finite-dimensional integrals on a finite lattice gauge, with spacing
€, which were renormalized into finite lattice gauge with unit spacing. One should
think of € as synonymous to 1/k. Refer to [§] and [G] for details.

We will term the vectors in B ® g as Yang-Mills gauge fields. When we complete
the space into a Banach space using a supremum norm, we showed in [8] that this
Banach space consists of holomorphic A?(R*)®gc-valued functions, over the complex
space C*. Or one can refer this Banach space as containing holomorphic sections of
the complexified trivial bundle C* x [A%(R?) @ g¢] — C*.
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6.3 Asymptotic freedom

In physics, asymptotic freedom refers to the phenomenon whereby the coupling
constant ¢ goes to zero as the momentum scale (or energy scale) increases. See page
425 in [9]. This coupling constant, which depends on momentum, satisfies a certain
differential equation. See page 459 in [4]. Thus, it must vary continuously with
momentum.

In physics literature, the interaction terms in Equation (6.5]) is actually due to the
non-linear term in Equation (6.3]). Physicists would introduce a coupling constant ¢
to the non-linear term, so that they can make the interaction terms small. See [4].
When the coupling constant c is zero, we obtain the free theory.

In a compact semi-simple Yang-Mills gauge theory, the structure constant c?/ﬁ
of a semi-simple Lie Algebra is non-zero, only if «, f and v are all distinct, and
this introduces interaction terms into the Yang-Mills Lagrangian, making the Yang-
Mills path integrals impossible to compute analytically. The coupling constant ¢ is
introduced so that one can apply perturbation theory to compute the path integrals.
When c is small, that means one can use Feynmann diagrams to compute the path
integrals. This happens when the energy scale is large.

Unfortunately, perturbation methods are no longer valid if the energy scale is
small. It is believed that non-abelian gauge theories exhibit asymptotic freedom. It
was showed in [I1] that for renormalizable quantum field theories in 4-dimensional
space-time, only non-abelian gauge theories are asymptotically free. On page 541
in [9], one sees that for a non-abelian gauge group, the coupling constant c(k)?

1
decreases at a rate of e whereby k is the momentum scale.
n

In [6], we set the coupling constant ¢ = 1/k, and we approximate the Dirac
delta function with a Gaussian function s*e™*1#/2/(27)2, so the variance is given
by 1/k?. To resolve points separated by short distances, we need a small variance,
which means that x is large. Therefore, at short distances, the coupling constant is
small.

6.4 Callan-Symanzik beta function

To determine how k varies with the energy scale, we need to impose a Callan-
Symanzik Equation, by first introducing a beta function 8(c), which depends on the
coupling constant. The purpose is to formulate renormalization conditions in the
energy scale, instead of the renormalization scale k.

In the next section, we will define the quadratic Casimir operator, for each
irreducible representation p, : g — End(C™"). Because the Lie Algebra is simple,
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the Casimir operator is a constant Cy(p,,) times the identity. We will interpret the
increasing sequence {iC’g(pn) : n € N} as the set of quantized energy levels squared
in the theory.

Instead of using Cy(p,), it is actually more appropriate to use N,,, the dimension
of the representation p,. Hence, we will define the beta function as,

dc
Blc) = EIEAk (6.9)

to determine how the coupling constant varies. Compare this with Equation 12.90
in [9]. We will compute the 8 function in the next section, using a path integral.
Because asymptotic freedom holds, beta must be chosen to be negative.

Remark 6.9 The dimension N, is defined using the highest weights of an irre-
ducible representation, from the Weyl dimension formula. As such, the set {Nn :
n € N} is unbounded. In the definition of the beta function, we treat N, as a
continuous variable.

7 Hamiltonian and Momentum operator

7.1 Renormalization

Notation 7.1 (Casimir operator)
Let g be a semi-simple Lie Algebra. For an irreducible representation p : g —
End(CY) such that p(g) consists of skew-Hermitian matrices, we define C(p) € R
such that

Te[p(E*)p(E)] = C(p)Te[E*E7). (7.1)

Also define

E(p) ==Y _ p(E*)p(E*)

to be its (quadratic) Casimir operator. When g is simple, the Casimir operator is a
constant multiple of the identity. We write Cy(p) to denote this constant.

Remark 7.2 When g is simple, note that C(p) satisfies Co(p)N = NC(p).

Definition 7.3 Suppose € is a directional vector in the time direction, with length

|e°| = T, and a € R3 be any directional spatial vector, with length |a|. Let o :
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I? — R* be some parametrization of a compact time-like rectangular surface Rla, T|
contained in a plane, spanned by € and a, of dimensions height T and length |al.
When T =1, we will write R[a,1] = R[a].

Define a p(g)- valued random variable <-, V;’[Z T]) , which sends
T
> ivzl Z?Zl 0040 ®@di® Nd) @ E* € B® g to

T L B Ao (2 @ o), (72

J=1

whereby Y (w) := \/%?e*‘wpﬂ, and |JG| is defined in Definition [A 1l

Remark 7.4 This p(g)-valued random variable on B ® g first appeared in [6l]. The
factor (w) is known as a renormalization factor. Its importance was explained in
[8]. The factor 1/v/2m can be replaced with any number 0 < & < 1/+/2.

The factors of k which appeared in Expression[7.3 are all due to renormalization:

1. The factor K in front of ¥ - 9yA; o is due to the renormalization rule.

2. We embed R* inside C*, by & € R* — kZ'/2. Hence, the factor k/2 in paren-
thesis is due to this renormalization transformation, which will also give us an
extra factor k2 /4 for the surface integral.

The factor 1/k outside of the integral, is due to asymptotic freedom, whereby we
set the coupling constant ¢ = 1/k.

For a gauge field A € H*(C*) ® A'(R?) ® g, we can interpret

X [ SR ey (o) & ). 73

as measuring the field strength of 9A 4+ A A A, over the time-like rectangular surface
Rla,T] C R* — C*. Tt has dimension of energy and it is similar to Expression [T.2]
but without the factors of k and renormalization factor ¥ (w).

Remark 7.5 Note that we introduced the coupling constant c¢ to the quantity in
Expression [7.3, instead to the non-linear term in Equation (6.3). So, by applying
the renormalization techniques and asymptotic freedom explained in Remark[7.4), to
ch[a] 0A+ AN A, we will obtain Expression[7.2

52



Write
K,p 2 K,p 2 K
<VR[a,T}> =-E |:<7 yR[a,T])ﬁ ‘H :| )

2
whereby Y* was defined in Theorem 6.6l We interpret <1/§’[Z T]> as measuring the

average flux passing through the time-like rectangular surface over a time interval
T, using the non-abelian Yang-Mills measure, and hence it has dimension of energy.
See also Equation 19.11 in [20].

Remark 7.6 Our term (DA, V;’[Z T]> 15 actually a skew-Hermitian matriz. When
T

we square it, it will be a non-positive definite matriz. We need to put a negative sign
in front, to make it non-negative definite.

For an irreducible representation p for g and A = Zgil Z?Zl Ui ® da' @ E°,
;o € 8, (RY), we will write

AP =" "0 @ da’ ® p(E”) € 84(R*) @ A'(R*) ® p(g).

a=1 =1

In [6], we made sense of a non-abelian Yang-Mills path integral using the renor-
malization flow {U, : k > 0},

1

— exp [C/ d[Ap]} e 2Svm(4) D[dA]
Z J{aaes, R @A2(RY)o0} Rla)

P K

eXp {( ”%)J ] !

whereby D[dA] is some Lebesgue type of measure and

7 :/ e*%SYM(A) DA.
{dA€8 . (R)@A2(RY)®g}

Taking the limit as k — oo, it will give us the Wilson Area Law formula.

And in the same article, we also showed that the average flux squared

—-E K, y}’;ﬁ): ‘j"‘] = % ® &E(pn) + €(n, k), (7.4)

whereby the error term €(n, k), is a negative definite matrix, if K > ko for some
ko € N. Its trace norm is given by

I'e(n, ) [l= O (Clpn)/K") - (7.5)
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Remark 7.7 In the proof of Equation (7F]) in [6], we did a series expansion for
Y~ in terms of 1/k. This accounts for the 1/k* term in the trace norm estimate.
Because of this series expansion, we see that indeed e(n,1/c) is differentiable in c.

Due to the compactness of the gauge group, we can assume that p,(g) consists
of skew-Hermitian matrices, so the LHS of Equation (7.4)) is indeed non-negative
definite. But because its representation p, is irreducible, we can prove that it is
in fact positive definite. Besides using renormalization techniques and applying
asymptotic freedom, the structure constants of a simple Lie Algebra and the quartic
term in the Yang-Mills action, are all instrumental in proving this equality. Refer
to the proof in [6].

Remark 7.8 In Equation (7.4), we see that |a| is the area of the rectangular time-
like surface Rla]. In general, we will obtain the area |a|T for a time-like surface
Rla,T.

As such, the Yang-Mills path integral will give us the area density dp given in
Definition [A1, which in turn allows us to construct a unitary representation of
SL(2,C), which acts on space-like surfaces in R*.

Recall we used the quantized values H(py), P(py) in Equation (323). They will be
defined via a Yang-Mills path integral, given by Equation (7). For a given space-
like surface S, associated with it is a set {fo, fl} contained in a Minkowski frame,
spanning a time-like plane S°. From Definition[2.3, this set can be transformed from
{eo, €1}, a set spanning the z° — x' plane. Without any loss of generality, we will
quantize energy and momentum using a time-like rectangular surface R[a], contained
in a plane parallel to the time-axis.

7.2 Callan-Symanzik Equation

To define our sequence of masses {m, : n € N}, we need to determine the beta
function, so that we can see how k correlates with INV,,. The beta function is found
typically by solving a Callan-Symanzik Equation.

The set {pn(E*)/\/C(p,)}Y_, forms an orthonormal basis. If we replace each
pn(E*) with p,(E*)/+/C(pn) in Equation (7.2)), we will obtain from Equation (7.4)),
1 la]  Ca(pn) 1

"o [(" ”2’[57>§W] =1 O 0 oy 10

whereby I, is a Nn X Nn identity matrix for an irreducible representation p, : g —
End(CN).
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Cs(p)

Clp)
la| = 4. Since {p,(E*)//C(p,)}Y_, is an orthonormal basis for every n € N, from
Equation (T.2) and that Y* is independent of any representation used, it is not
difficult to see that Tr e(n, k) = C(p,)Tr €(1,)/C(p1) for all n € N.

When we take the trace on the RHS of Equation (7.6), we will obtain

Note that = % which varies according to the representation p. Set

- Csy(py, 1
N, 2(Pn) + Tr e(n, k) = N +

C(pn) C(pn)

C(pl)Tr €(1, k).

Write €(k) := €(1,k)/C(p1). Recall, ¢ = 1/k. Using the trace estimate given in
Equation (7)), for each n € N, we will define

G (c,e) ==L +Tr e(1/c)

n

— AN+ f(),

m‘glm‘zl

whereby ) is some positive number, and the remainder term is denoted by f(c®),
which has bounded derivatives in ¢, all independent of n. See Remark [7.7]

Furthermore, there exists a constant C, independent of n, such that |\ < o

and |f(c®)| < Cyc°.

Remark 7.9 The integral Gg)(c, N,/N) is actually a 2-point Green’s function,
which follows from taking the trace of Equation (7.0]).

Recall the definition of the beta function, e% = B(c), with e = N. We will
e

impose the following Callan-Symanzik Equation

0 0

s+ Ble) 2 +2(0) | GP(ere) =0, (.7)
See Equation (12.41) in [9]. This equation asserts that there exist two scalar func-
tions f(c) and 7(c), related to the shifts in the coupling constant and the field
strength, that compensates for the shift in the ‘new’ renormalization scale e.

Proposition 7.10 For ¢ small, there exists a scalar-valued function 3(c) = —c/4+
M) and v = 1/2 that solves Equation (777). Note that |X(c)] < Cyc®, for some
constant Cy independent of n.
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Proof. Now

G¥(c,e) = % — AN+ ().

A direct computation shows that

0
I alC) — _
06G" (c,e)

N, 0 -
_n hilialt) = 4 3 4
T 20 (ee) = 4N+ (),
f(e") = 8f(c?)/dc is scalar valued and |f(c')] < Coct, Cy is a constant independent
of n.

Plug into Equation (7)), we have that

“% — 4B()*A + 29() G (e, e) + B(e) (') = 0.

To satisfy the above Callan-Symanzik Equation, we must have that 5(c) = —c¢/4 +
M), v(c) = 1/2, A(c) to be determined.

Hence, we have

C ~ _ ~
—Zf(c‘l) + f(®) = 4NN+ o) f(ch) = 0.

Because the error term €(x) in Equation (Z.4) is a negative definite matrix, we
see that A, which is independent of n, is positive. Furthermore, we have a constant

C’g such that . .
IR+ 7)) < G,

whereby this constant Cs is independent of n.

Therefore, if ¢ is small enough, then —4¢3X + f(c*) is indeed non-zero. Hence,

1 c =
Ac) = — [— A — ()],
=~ L1 = 1)
is scalar valued, and is such that [\(c)| < Cyc?, 0 < Cy is independent of n. n

Definition 7.11 The Callan-Symanzik beta function is given as [(c) = —2 + Ae),
whereby |A(c)| < Cyc?.

This will allow us to correlate the coupling constant ¢ with the dimension N,.
Its solution will be found in the next subsection.
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7.3 Existence of positive mass gap

In Wightman’s zeroth axiom, we note that A2 — P2 = m? > 0. Rewriting this
equation, the Hamiltonian and momentum eigenvalue equation is equivalent to

P2 2

1= (7.8)
H? H?

In this equation, it should be understood that P and H are eigenvalues of their
respective operators on €9 -, 5 (p,).

We now need to define momentum and Hamiltonian eigenvalues, that satisfy the
above equation, in such a way that the operators are unbounded. We will see later
that m? — oo and 0 > P2/H% —1 — 0, all implying their respective eigenvalues
tend towards infinity.

The error term in Equation (7.4)) comes from the interaction terms in the Yang-
mills action in Equation (6.5). Equation (7.5) gives us its trace bound, and because
of the quartic term, it also gives us a positive mass gap. Indeed, Equation (Z4) is
actually a ‘continuous’ version of the above eigenvalue equation.

Let us review our setup. We have a compact gauge group G with a (real) simple
Lie Algebra g, henceforth considered as a sub-Lie Algebra in u(N), for which we can
define an inner product on g. Hence, we will assume that p(£) is skew-Hermitian,
ie. —p(E) = p(E)*. We also let {ay, -+ ,q;} be a simple system of roots for gc.
Furthermore, let {H;, Hy, - -+, H;} be a basis for a Cartan subalgebra h C g. It may

not be orthonormal, so we can define an orthonormal set {E*}!_; as
!
Y = ZaaﬂHB, 1 S « S l.
B=1
Define an invertible I x [ matrix B = {aq s}, 35—, For any vector u € R/, there

exists a constant ¢ > 0 such that |Bul|3 > c|ul3, | - |2 is the standard Euclidean norm.
Extend {E%: 1 < a <1} to be an orthonormal basis {E*}Y_ in g.

a=1
Each inequivalent irreducible representation is indexed uniquely by the highest
weight
)‘P = <)‘P<Hl)7 T 7)‘P(Hl)) )

which is a [-tuple of non-negative half-integers or integers, i.e. A\, (H;) > 0. We will
1/2
write [Ay|g := (Zizl )\p(Hi)Q) :

For each representation p: g — End((:]\7 ), its corresponding Casimir operator is

given by
N

E(p) ==Y p(E*)p(E) = Cy(p)I, Cs(p) > 0.

a=1
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Since p(E®) is skew-Hermitian, we have
(=p(E*)p(E*)v,v) = (p(E*)v, p(E*)v) = 0

for any vector v € cV.

Because p(H) is skew-Hermitian, its eigenvalues are purely imaginary. Let v be
a unit weight vector corresponding to the highest weight, i.e. (p(H)v,p(H)v) =
)‘P(H )27 H € b

In terms of the highest weight, we have

(Ca(p)v,v) =D (p(E*)v, p(E*)v Z

1 a=1

Zaaﬁ)\ Hﬁ)

B=1

I
>
>
S
Q
Q
sy
S
Q
)
>
S8
vV
S
>
=

Therefore, we see that {C2(p,) : n € N} is unbounded, because the highest weight
is a [-tuple consisting of non-negative half-integers or integers.

We can thus list the inequivalent irreducible representations as a sequence
{pn Ly — End(CN")} ., such that 0 < Cay(pn) < Co(pnt1)s
n=1

for all n > 1.

Recall for each inequivalent irreducible non-trivial representation p : g — End((CN ),
we defined a Hilbert space J#(p). Using the above sequence, construct a Hilbert
space {1} ® @, , #(py), for which the Wightman’s axioms are satisfied.

Define the Hamiltonian eigenvalue H(p,) to be

X N, N
H(p,)? = TCz(pn) = ZC(pn) > 0,

for each irreducible non-trivial representation p, : g — End(CN"). See Remark

When n € N is large, we see that the energy level is correspondingly large. By
asymptotic freedom, the coupling constant ¢ should weaken with large values of n.
Since ¢ = 1/k, this means that x must be large when n is large. To define the
momentum eigenvalues, we need to choose an unbounded sequence {k,, : n € N} for
Equation (7.4]).

Recall we solved for the beta function in subsection By Definition [Z. 11, we
have that

dc c N

dlnN] 4




Now,

d d d{ln N
CN :_E+)\<C> — ¢ = — [n ]
d[In N] 4

Write u(c) = —4A(c)/c. Thus,

1 de _ dnA] =$[l§3@4VN@V]mﬁZ—QmAq

1+ plc) 4 ¢

whereby p(c) is such that |u(c)| < Cse. Integrate, we obtain
1 ~
Inc+ fi(c) = —ZlnN—l—C,

C is some constant. Note that ji(c) is a scalar function such that |fi(c)| < Cec.
Exponentiate, we have
cefe) = iN’l/‘l = c(1+p(c) = iAN’l/‘l,
C C

whereby 0 < C'is some positive constant and ji(c) = ) — 1 is such that |(c)| <

2 ~ 1 1
Crc. Thus, we have that cNV4 = =

~ — and
C1+ffe)

< é 14+ Gila(o)]] < = [1+GCid]

C
C

1 ~ ~ 1 - -~ 1 N-1/4
< 5 |:1 +C708—AN71/4 (1 +CSC7>:| = _ +

C 2

@@@+@@)

Thus ) )
NWWMsmM@s%+9@@@+a@)

C2

Recall ¢ = 1/k. Hence,

K :% = CNY4(1 + fi(c))
=CNY* + R(c),

whereby the remainder term R(c) is such that

N - Cra N 1 -~
[R(o)] < Cr + 5 CrC (1+CoCs) = Cr + =0
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In the above calculations, Cy are positive constants, 5 < k <9, all independent of
N. And we see that if C' > 1, then we have that |R(c)| < C7 + Cy, independent of
C and N.

We will henceforth define for n € N, r,, := ONY* 4 C.,,, for some fixed positive
constant C' > 1 and |C,,| < C7 + Cy for all n € N.

Set |a| = 1. Start with the representation p; : g — End(C™). We choose a

constant large enough, such that when we plug in CNY* 4 Ci = k1 > Ko into
Equation (7.4]), we have

| - |l is a matrix trace norm defined as || A ||= Tr [A[. Since the mass gap m; > 0,
we define the quantized momentum eigenvalue P(p;)? := H(p;)? — m3.

Take the trace on Equation (.4,

o[ i)

Rewrite this, we will obtain

v B |G v

Compare this with Equation (7Z.8). Note that we made use of Remark and the
trace norm for matrices. It remains to plug in kK = k,, in the RHS of the equation,
to determine the momentum eigenvalues.

0 < m? ] (L) = M) - [ (- VWI)QW
1= y K1 T 2(pP1 ' VR[a) g

] = 220y (pu)— | el ) | (7.9)

A eln, k) |
NC(/)n)

-

Consider n > 2. For any irreducible representation p, : g — End(CM), we
define m,,, such that

m?2 = —Trle(n, k,)] =| e(n, 5n) || - (7.10)

If one examines the proof of Equation (4]) in [6], we have that for all n € N,

C 1 c
0< — < —mTr[E(n, Kn)] < e

n

(7.11)

for constants ¢, ¢ independent of p,,.

Hence, the trace —Tr[e(n, #,)] is of the order C(p,)/k,,. In terms of the dimension
scale, we see that it is of the order C'(p,)/C*N, = Cy(p,)/NC*. From Equation
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Ca(pn . e
(T.I1), we must have that m? is of the order 2§p ) > (), which tends to infinity, as
n — 0o, because {Cy(p,) : n € N} is unbounded,

Define the quantized momentum eigenvalue, in the direction of a unit vector a
as

P(p,)?=—TrE {( , I’%fn)j ynj|

Ny, Ny,
== Calpa)= Il €(n, 1n) [|I= —=Colpn) —my, >0,

from Equations (7.9) and (Z.I0). Thus, the average of the flux through the time-like
rectangular surface R[a] using the Yang-Mills measure, quantize the momentum in
the direction a.

A 1
Note that m?2/H(p,)?, is of the order T oh > 0. Hence, we see that the mo-

n
mentum operator eigenvalues will go to infinity, from

D 2 2
{)(p") —1- — 1,
H(pn)? H(pn)?

as n — o0.

Remark 7.12 Note that we interpret NCQ(p) as energy squared. Because of the beta
function, we see that k increases with the dimension of the irreducible representation.
In the case of SU(2) or SU(3), we see that the Casimir operator is large, when
the dimension of the representation is large. More generally, the Weyl dimension
formula says that when the dimension of the representation p is large, then |\,| will
be large, which also implies that the Casimir constant Co(p) will be large. Since the
coupling constant ¢ = 1/k, the coupling constant weakens at high energies, which
the physicists will term as asymptotic freedom.

Definition 7.13 (Hamiltonian and momentum operator)
For each n € N, let p, be an irreducible non-trivial representation for a simple Lie
Algebra g. Recall we defined H(p,)? = 22Cs(p,) > 0 and P(p,) such that

H(/)n)2 - P(/)n)z = mi >0,

for some positive mass gap m,, > 0 defined by Equation (7.10).

From Definition [2.3, we have a basis for R*. Define a Hamiltonian H(a p), i
the direction @ € R, as H(a p) (@- fo)H(p)fo. Eaxplicitly, if @ = S 0 bfy, we
will write H(@, p) == —aOH( ) fo-
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We define a momentum opemtor P(a p), in the direction @ € R*, as :
(@- f1)P(p)fr. Explicitly, if a = S 0@ bf,, we will write P(a@, p) == alP(p) 1. Thus

U@1) (S fa @ p(B), LYo )
_e—i[fo-ﬁ(d’,p)—i—fl-15(570)} <S + 6, fa(' - 6) ® p(Ea)7 {fa 2:0>

:ei[aoﬁ(ﬂ)*alﬁ'([))] (S + a, fa( _ d’) ® p<Ea)7 {fa 220) .

We also define H(po) = P(py) = 0, thus for the vacuum state, Pl = H1=0.
The momentum operator P and Hamiltonian H act on the Hilbert space Hyn(g),
as

00 00 00 00
P E Un § pn Un, H E Un, § pn Un,
n=0 n=1 n=0 n=1

provided the sum converges. Because {C2(py)}n>1 is unbounded and the eigenvalues
are real, we see that P and H are unbounded self-adjoint operators.

Theorem 7.14 (Positive mass Gap Theorem)

Consider the Hilbert space deﬁned in Equation (21]). The quantized momentum
operator P and Hamiltonian H are non- negative, unbounded self-adjoint operators
on this Hilbert space. They annihilate the vacuum state 1 and their other eigenspaces
are H(p,), n > 1, with corresponding eigenvalues P(py,) and H(p,) respectively,
such that, H(pn)? — P(pn)? = m2 for some positive mass gap my, > 0.

These eigenvalues were chosen because of the Callan-Symanzik Equation, and we
have that lim,,_, mi = 00. Thus mqy := inf,,exm,, > 0, showing the existence of a
positive mass gap in a 4-dimensional quantum compact and simple Yang-Mills gauge
theory.

Remark 7.15 In [2])], they explicitly state that the mass gap refers to the gap in
the spectrum of the Hamiltonian operator. But this cannot be correct, as the mass
gap refers to the difference between the Hamiltonian and the momentum operator.
A strictly positive mass gap is required to show the short range nature of the weak
force.

Our discussion on the construction of a 4-dimensional quantum Yang-Mills simple
and compact gauge group is now complete. Does our construction apply to an
abelian gauge group? Answer is no.
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When we have an abelian group U(1), we can define a non-trivial representation
F,:ueu(l)— 0+#aé€R, for any a. It is clear that F, is a representation of u(1).
Essentially, there is only one irreducible representation of u(1), up to a constant.
As a consequence, using the construction as outlined, the momentum operator and
Hamiltonian, will not be unbounded operators.

An abelian gauge group describes the quantum electromagnetic force. As pho-
tons are massless, we see that (]:I , P, 0,0) must be a null-vector. As a result, the
commutation and anti-commutation relations discussed in Section [ will only hold
on a 2-dimensional subspace.

A positive mass gap does not exist for an abelian gauge group U(1). The ex-
istence of a mass gap is due to the quartic term of the interaction term in the
Yang-Mills action. And this gives us Equation (Z.4]), proved in [6] using asymptotic
freedom and the structure constants of the Lie Algebra g, which do not apply to an
abelian gauge group. Incidently, it will also give us the area law formula. Because
of the absence of asymptotic freedom, the area law formula will not hold in the case
of an abelian gauge group, as was shown in [§].

8 Clustering

One important feature of the weak and strong force is that both are short range. This
is formulated mathematically as the Clustering Theorem. To further validate that
our construction of a 4-dimensional quantum field over in R*, satisfying Wightman’s
axioms with a mass gap is correct, we will devote this section to the proof of the
Clustering Theorem.

The first version was proved by Ruelle in [19]. The proof that it decays exponen-
tially is taken from [22]. Our main reference for the Cluster Decomposition Property
will be from [3], and we will follow closely the notations used in there.

Remark 8.1 We will use the standard orthonormal basis {e,}3_,, whereby {eq, e3}

span Sy, and {ey, e} will span a time-like plane S}. The coordinates used in this
section will be pertaining to the standard orthonormal basis. Thus, @ = (a°, a', a?, a®)

3
means the vector y,_, a’e, € R*.

Definition 8.2 (Fourier Transform)
We define the Fourier Transform of a L? function f : R — R by

~

F(p) = F1f1(p) = \/%7 / e (1) da.
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On R*, our Fourier Transform is given by

F) = T1010) = s [ 77 1@) a
See Equation (8.1).

Recall we fixed a surface Sy, which is the 22 — 2% plane, and we have the quan-
tum state (SO, fo ® p(E®), {ea}iz()). But how does one understand it? From the
definition of the field operators in Section [B] we see that f, is synonymous with

A

F, (ﬁ(p), P(p), z2, ZL‘3), whereby F, (H(p), P(p),-, ) : 8o — C, is a Schwartz func-
tion on Sp.

Let F, be the Fourier Transform of F,. By taking the Fourier Transform of F,
over in Sy,

1 2 9 9 ~ R
(\/271’) /S e +qu3}F0< (H(P)> P(p),a* 963) dz*dz® @ p(E*)
0

:Q<HWMWMﬂ3f)®ME%-

Hence one can view the quantum state as an operator-valued tempered distribution,
over in momentum-energy space.

Remark 8.3 The momentum coordinates <ﬁ(p),]5(p),q2,q3) are with respect to
the basis {e,}3_. In general, if S is a space-like plane equipped with a Minkowski
frame {f.}3_,, then the Fourier Transform will yield F, (I:I(p), P(p), ¢, q3> Qp(EY),
but with the coordinates pertaining to the basis { fa 3 o

Thus, it is clear that F, depends on the basts {fa}izo- We wish to point out that
it is also dependent on @ = a’fy + a'fi in space-time, which is a position vector in
the space-like plane S. This is because its Fourier Transform is

F () fo+ Po)fi + o+ i)
o~ ilaT(p)—a' P(p)]

= / e (I (F(p), P(p))(sfo + 5/3) d5 (8.1)
27T 5cR2

= ¢ il Hp)~a' P(o)] <g(ﬂ)fo +P(p)fi + o+ qgfs) )

from Equation (32). Also refer to Item|[3 in Remark[3.3.
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Hence, F, <ﬁ(p)f0 +P(p)fi + o+ q3f3) ® p(E*) allows us to reconstruct
(S fu® p(E") {Ta}oss)

For a Schwartz function f € &2, supp f may or may not lie in the positive
light cone in energy-momentum space. Thus, H(p) — lf’(p)2 7*? — ¢*% may not be
greater than or equal to 0. But this does not matter, as we are still able to prove the
Clustering Decomposition Property in Theorem[8.32. Even though it is not required
or necessary to impose the condition that H(p)2—P(p)2—¢*2—¢*® > 0, this approach
18 not quite correct.

In the proof of Clustering Theorem we will see that by a suitable choice
of a Minkowski frame, we will instead use (m,q', ¢, ¢*) as the coordinates in a 4-
dimensional mass-momentum space after taking Fourier Transform. The translation
operator in a time-like direction will be generated by mass, not energy. The momen-
tum coordinates q'’s will be free, and the existence of a positive mass gap mg says
that the total energy is given by m* + 320 |¢'|* > m2.

Refer to Definition When we take the Fourier Transform of
U(d, 1) (So, fa ® p(E*),{e.}3_,), a similar set of calculations will give us

e i AP ([H(p), P(p), ¢ a*) @ (),

a = (H(p), P(p),0,0).

Recall, {0} U{H(p,), P(pn)}n>1 are the discrete eigenvalues of the Hamiltonian
and momentum operator. By the SNAG theorem, we see that when @ € S, i.e.
a = a’ey + a'ey, the spectrum of the translation operator U(a,1) on Hyy(g) is
{1} U {ella’Hlpm)=a' Po)]} - which is discrete.

Now, recall S} is the 2° — 2! plane and we have the field operator ¢*"(f),
feZ, deﬁned in Definitions B.7 and B2l We can define a distribution, denoted
as <¢>a” 1,¢%"(§)1), via sending (f,g) € Z x P to

(67 ()L, 6P (g)1) = C(p,) x|~ F*F7] /

: |:f{60761}g{60761} ([A{(pn)’p(pn))(§) ds.
)

From this, we can define an p,(g)-valued distribution ¢®" (), and write

o= [ az @,

when it acts on vacuum state. See [3] [19)].

Using the transformation law for the field operator, we see that
U(a,1)e™"(@)U(a, 1)~ = ¢™"(7 + a).
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Remark 8.4 We present an alternative way to understand quantum fields. One
will be tempted to view ¢*"(Z)1 heuristically as

%e@-[mompnmm(pn)](;(. — (22, 2%)) @ pu(F*),
T

whereby 0 is the 2-dimensional Dirac delta function. But this is not entirely correct.

Suppose we replace the Dirac delta function with a Gaussian function pE(-) =
(k3/2v/27) exp[—k2|T — -|2/4]/(27). When we take the inner product,

2
Pe(2)pl(Z) dZ = exp|—k°|T — y|*/8].

Write z+ = (0,0,22,2%), H = H(p,) and P = P(p,). Thus, we can approzimate
(p*™(@)1, 7" (§)1) with

1 o5 15 1 o5 1p
ilxYH—z1P] ot s ily'H—y' Pl yt FB
<27T6 pﬁ ®pn( )7 277'6 p/@ ®pn( )>’

as

1 GTH (20 —0)— P (2l —q1 ot = + N a
(%)26[11( yO)—P(z!—y )]ﬁ R4p” (2)pY () dz-<pn(F ),pn(F5)>
ze

HJZ

i[H (20 —9y0)— Pzt —y! «@
:me H (=g =P =) exp[—/iQ\:ﬁ - y+|2/8] : </7n(F )7/7n(Fﬁ)>-

Taking the limit, we see that we can understand the distribution (¢*"(Z)1,$*"(§)1)
as

1 .
Gt P ot ) Clp )T FUE, 2y € Sy

Therefore, we can approzimate (¢*"(f), d*"(g)) as

1 NN W(xOH—21P) x a (O H—yl P = 71—
W/ (@) <6( H=P)pr™ @ p(F®), e v Ppy ®pn(Fﬁ)>dwdy
Z,jeR

1 . .
_ fleoert(g)gleoer} () — exp[—r2|3 — | /8]d3di - {pu(F), pu(FP)),
4 5,t€So 27

which approaches to

/ . [f{eo,el}g{eo,el}](g)dg . <pn(F°‘),pn(F5)>,
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when k — oo. This justifies the inner product given in Definition [2.4. These
calculations can also be found in [8].

Observe that
lim pa(?)f(2) d7 =0,

K—00 ZcR4

forany f € P. Thus, ¢*"(Z)1 itself has no meaning. But, we can give meaning to

Jrers AT f(Z)o™" (T)1.

8.1 Vacuum Expectation

Notation 8.5 Let {fi,---, f.} and {q1,- - ,gs} be two sets of compactly supported
functions in P. Let =" (f;) be either the creation operator ¢*="(f.) or annihila-
tion operator ¢°~"(f.)*. Similar notation for %" (ge). Without loss of generality,
we assume that r > s.

_ Fiz an € N. Throughout this subsection[8.1, we will write H(p,) =H, P(pn) =
P. Define

AL = (o) - (), BY =97 (1) 7" (gs).
Consider the vacuum expectation
(Al PyBI1,1) = (ArBI1,1) — (Ar1,1) (B'1,1) .
Here, I is the orthogonal projection onto P, -, 7 (pn)-

To write down an explicit formula, we need the following notation.

Notation 8.6 Define {hy € 2},* as follows. When 1 < 6 <r, then

b { fo, AL (fo) = 0" (fo);
P T iU (fo) = 00 (fo)"

Whenr+1<60<r-+s, then

h@ _ { 90—r; if wﬁe‘“n(gew) - Qﬁﬁe_T’n(ngr);
_gﬁ—ra if @Z)ﬁe_mn(QG—r) = ¢ﬁ0_mn(ge—r)*-

~ r+s
Similarly, define {hg € @}67

as follows. When 1 < 0 <'s, then
1

B@ _ { 9o, if waem(g@) = ¢a97n(99)).
— G, i 2" (gg) = 90" (go)".
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When s +1 <60 <r, then

;L _ { f@:sa if ¢a9’n(f9—s) = gbag,n(fe_s);
DT Fome B0 (foms) = 070 (fos)"

Whenr+1<6<r+s, then

}NL { f9 s if wﬁe " n(fos) = (bﬁe_mn(f@fs);
P Foms G P (fos) = 6% (fos)

For those 6 € {1,2,--- .1+ s}, such that

wag,n(h) — ¢a9,n(h)*’ 1 S 0 S ,r’
Yot (h) = gt (R) T+ 1< <1t

we will say that 6 is adjoint. Then, we will write

—1, 0 1s adjoint;
x(0) = { !

1, otherwise.

For ¥ = (2° 2, 2% 2%), we will write d¥ = dx’dz'dx?dx®. And we will write
T=(z7,2%), 2= = (2% 2!, 2t = (2%, 23), do™ = da¥dx!, dzt = da?da3.

A partition of R = {1,2,--- ,r + s} is given by Q = {Ay,..., Ay}, whereby
[ ] RIU?:(?) Al;

o AANA=0,ifl#1;

o Ay ={z,z+1,--- ,z+k}, for some z € R and some 0 < k <r+s.

Let T be the set of all such possible partitions of R. For a partition Q) =
{A4,..., An(Q)} e I', we will write

. cix(O)lygH—y; P I
T (T =
0 GeAl yee 2

n(Q eiX(G)[yeH yeP] )
- H / H/ —. T 6 (Yo, vg, v°,y° ) dygdyy | dydy’®
SO GGAZ yg’yéER T

Note that it is a product of n(Q) integrals and Ay = {z,z+ 1,--- ,z + k} for some
k.

By abuse of notation, we will write R = {1,2,--- ,r + s} € [, which is itself a
partition of R.
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From Definitions B.7] B.12, B.14], we see that we can write

ArRBILT) = Y e / (holyts, (8.2)
Q

Qer

for some set of complex coefficients {cg € C}oer.

Remark 8.7 [t is not difficult to see from Definitions [3.14 and [3.14), that if Q
contains a subset {z}, z € R, then we must have cg = 0.

Definition 8.8 Refer to Notation[8.3. Recall we assume r > s. Define

=" (gy) - ™ (g )W (fr) - (frms),
D? = wﬁhn(frferl) o 'wﬁsm(fr)'

Refer to Notation [8.6. Define the following tempered distribution

W' i Qr fr Or 1 Qr -+ - Or gs — (AT Py BI'1,1) .

Here,
P (@ o ATl ) = 77 ({82 AT} l040)
= Wn <f17 tee 7frafr+17 e 7':?7‘4»8) 9
is a tempered distribution such that (¥ = (2°,x) = (2%, 2', 2% 23) € R?)

(APB™,1) — (A™1,1) (B"1,1) = (A"PyB"1,1)
r+s r4+s

B / v ({f’f}::h {fe}giiH) ®pT(fT) ’ H di
R4 x...xR4 =1 T=1

—en [ [H

T r+s
/ E(x ) h, (z7,x")dx - H / E(xy)hg(zy,x") dxy | dx™
z, €R?

r=1 @7 €R? O=r+1
+) CQ/{he}Zii, (8.3)
Q+4R Q
Qer

ix(r) 22 H 1 P]

whereby E(x-) = E(2%,21) = — Note that x(7) was defined in Nota-
T
tionande:fT Zfl STSTI.pT:gT—T Zf’l“+1 §T§T+S-

If we switch the sets such that

" g1 ®r - Orgs Or [1 Or -+ R fr — (Cr P DY1, 1),
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then

s+r s+r

:/ ({xT}T 17{x9}6 s+1 ®p7 xq— Hd.’lfT
R4 x..-xR4 e
S N S+r
:CR/ H/ Blar)he(ar, 2" H / E(xy )ho(ay, a*) day | da*
So | =1/ zr €R? Pt x5 ER2
! ZCQ/ (ol (8.4)
Q#R
Qer

Note that p, = g, if 1 <7 <s;p,=frsifs+1<7<s+r.
Remark 8.9 Refer to Remark[8.22.
Write B™@1 as

Wi (- = @) 0P g (= @) (S0 + @ gl (- = @) @ pu(FF), ekl ).
and VP "(g; v = U(a@, 1)y (g,)U(@, 1), for 1 <7 < s.
By definition of the field operator and its adjoint, we have from Proposition 4.1],
PoU(@, 1) B! =Py "™ (g1)v@ ™™ (92)v (@) - - - 07" (gs—1)v@U (@, )¢ " (g5)1
—eiltf=a'P| p gy — gila®H—a'P) [pnd _ (prq 1)1],
for @ =3";_, abes.
Hence, we have
(APPyU(@,1) B, 1) = " H=a PLT( AP Bray 1) — (AP1,1) (B"1,1)] . (8.5)

When @ ¢ Sy, by our construction, we see that (A?PyU(d,1)B!1,1) is zero,
because Sy N (Sy + @) = 0.

By definition, we have

2 2T

or ez[sH tP)]
gila’H—al / f (s,t,xQ,xg) dsdt

=

f (s, t, z?, ZL‘S) dsdt

/ ez[(era YH—(t+a')P]
2w
i[sH—tP]

el
N

e

f(s—a t—a', z? x) dsdt

el
N

(a a*,0,0)) (7, P)(0,0,2% 2%). (8.6)

/‘\

f(
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Hence, after a translation by @ = (a°, a',0,0), we can consider
ei[aOHfalp] (SO + &” f{eo,el}(. — &’) ® p(Fa)’ {60, 61}), as
(So, f(- = @)t} @ p(F*), {e,}3_y). Thus, we will define the following.

Notation 8.10 Let @ = (a°,a) € R*. Write
W (TN AT+ AN = W Fr, e s Ty Brgs @y, Tops + ).

And write h§(§) = ho(y°,y) if 1 < 0 < r; hi(§) = ho(y° — a®,y —a) if r+1 <
0<r-+s.

Definition 8.11 Refer to Definition [7.13, Notations and [810. Write a =
(@, a) = (a° a', a?, a®) € RL.

Using Equations (83), (823) and (84), we will define

H™ (@)
T r+s r+s
- / P (o Gobi5) @ean) - @ pldco =)L
Rt xR r=1 f=r+1

r+s r+s

- / W (7Y L7+ a5 ) Qv () - [ 47
R x--- xR T=1 T=1

T r+s
~on [ |1 Boneter oo TT [ By nitag o)y | o
So | =1 /a7 €R? g=r+ Y Tg ER?
3 e / [y, (5.7)
Q#R
Qer

eiX(7)[29 H—2P)
where E(x) = E(22,z2}) = — and p, = frif 1 <7 <r;p, =g, if
T
r+1<7<r+s.

Remark 8.12 We will use H"(@), instead of (AT PyU(d, 1)B21,1), to prove the both
the Cluster Decomposition Property and Clustering Theorem. When a € Sy, then
they are equal to each other.

Lemma 8.13 Refer to Notation 8.3, whereby we have the two sets {*~"}_, and
{wfon}s . Suppose the sum >\ x(7) + > pio . x(0) =0, x was defined in Nota-
tion [8.0.

Define for1 <i<r+s—1, 5; = T; — Tjy1, which are relative coordinates. Let
a=(a° a',a® a3), pertaining to the standard orthonormal basis.
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1. Forany 1 < a <r+s, #" is independent of the variables {x>

(o) Oé

2. There exists a tempered distribution W™, such that

W (& Yo (B ) r) = W7 (& — @& Gt )

) gr—la gr

3. Their Fourier Transforms are related by

wr (ﬁla T aﬁr-f—s)

r+s
) (ZZ%) (D1, Py + D2y -+, p1+ P2+ Prgs—1) . (8.8)
Proof. Recall we have a set of Schwartz functions {fi, -+, fr, g1, - 9s} C Z.

Since Y7, x(7)+ > 55, x(0) = 0, the set of adjoint integers {dy, - - - ,d.} is in one
to one correspondence with the set of non-adjoint integers {ey,-- -, €.}. We will pair

each §; with ¢;. Note that foreachi=1,---,¢c, c= %, we can write
f&' - fez’ = 5_;1 + gt;i-l—l +eeet éi_17 (89)
when §; < ¢;. When 9; > ¢;, we have
551' - fez’ = - <€;z + éﬁ-l +-- gt;i—l) . (810)
Hence, we can write
r ) . r+s ) . r+s—1 ) )
Y ox(MEYH =2l Pl + Y x(O)agH — 3Pl = = Y ale)H - &P, (8.11)
T=1 O=r+1 =1
for some integers ¢;’s. Therefore,
r+s 1 r+s—1 . .
HE H E(xy) 2 exp | —i Z ¢[E)H — & P] (8.12)
O=r+1 j=1

Thus, Remark B and Equation (87) imply that

1. #™ is independent of any chosen variables {22, 23}, by letting 2™ = (22, 23)

in the equation;

o

2. there is a tempered distribution W" such that

>€r+s—1) =" ({$r}r 15 {T0 ol r+1)
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We also have
v ({fT}::lv {59 + 6}zif’+1) =w" <§17 U 757’*17 gr - 67 £r+17 o 7£r+571> 5

by definition of é;»’s.
The proof for Equation (88) can be found in [3], hence omitted. ]

Lemma 8.14 Refer to Definition[7.13, Assume the sum " _ x(7)+> 5o, x(0) =
0. Recall in the proof of Lemma [813, we defined the integers c;’s in Equation
(811). For @ € R*, write a= = (a°,at,0,0), a™ = (0,0,a?,a®), da~ = da’da', and
da™ = da*da®. For any 1 <t <r+s—1, we have

/2 e—iaf-qfwn <£_17 751; _a_7é+17”' 7g’+871) da~
R
vanishes if ¢~ £ —c(H(p.). P(p2),0,0).

Proof. Let & = (H(p,), P(py),0,0), and t* = t + 1. Using Equations (87) and
(BI2)), we see that

W (& 6= a7 G ) = €I (e 6 Gy )

(8.13)
If we take the Fourier Transform,
_ /R T (G 6 G Eaan) da”
=2 W (&0 G et ) <0 (a7 + alflpa), Plp),0,0))
This completes the proof. [

Remark 8.15 If one examines the proof, we note that the Fourier Transform of

a- )—)F_((l_) =w" (5’ 75"_(1_’5’4-1"” 7g;"+8—1>7

~ ~

is simply a multiple of the Dirac delta function o ()\; +CT(H(pn),P(pn))). From

Equation (88), \; = > pi, i = (pY,p}) is the momenta variable conjugate to
position variable z; = (29, z}).

1771
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A similar calculation will show that the Fourier Transform of
a” > F (a™) =" ({Zo +a Yoo A7 15 500)
=wr (év U 75_; —|—a*,£_;+1, U 7g’+871) )

~ ~

is simply a multiple of the Dirac delta function 0 <)\g —cs(H(pn), P(,on))) In this
case, the support is on the set {)\; = c,[H(pn)eo + f’(pn)el]}, cs € Z.

Definition 8.16 Refer to Notation [8.3. We say that the set {*"} _, is regular
if there exists a unique 0 < k < r such that for any h € &2,

o Yom(h) = ¢*"(h)*, for every 1 <1 <k, and

o 7" (h) = ¢*~"(h), for every k+1 <7 <r.

Proposition 8.17 Refer to Notation (8.3, whereby we have the two sets {{p*—"}"_,
and {yPorYs_ v > s. Suppose

e both sets are reqular as defined in Definition [810;
e the former has 0 # k annihilation operators, and | := r — k creation operators;

e the latter has k annihilation operators, and 0 # | :== s — k creation operators;

o the sum > x(1) + 350, x(0) = 0, x was defined in Notation [84. That
18, we have equal number of annihilation and creation operators, i.e.

k4+k=1+1 (8.14)

Suppose min {k,l} # 0. If k > I, then the coefficients c;’s in Equation (8.11)
can all be chosen to be positive. In particular, we have that ¢, > 0. If k <, then
the coefficients ¢;’s, 2k + 1 < ¢ < r, are all negative. In particular, we have that
¢ < 0.

When min {k,[} = 0, the coefficients c;’s in Equation (8I1) can all be chosen
to be positive. In particular, we have that ¢, > 0.

Proof. First consider min {k, i} # 0. We have the sets 4; := {1,--- ,k} and
Ay :={r+1,--- ,r+ k}, both containing integers which are adjoint. And we have
the sets By := {k+1,--- ,k+{} and By := {r+k+1,--- ,7+k+1}, both containing
integers which are not adjoint.
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We will pair the numbers in A; UA}, Wi:l?h numbers in B;UBs, since the cardinality
of both sets are the same. Assume k > [. Define a bijective map G : A; U Ay —
Bl U BQ by

a+k, 1<a<l;
Gla)=4q a+k+k, [+1<a<k
atk+k—Il=a+l,r+1<a<r+k.

Using this map, we see that we can pair in such a way that each §; € A; U Ay is
paired with a unique ¢; € By U By, with each §; < ¢;. Equation (89) holds for all the
1<§ <kandr+1<6 <r+k The map G shows that all the ¢;’s in Equation
(BII), except at i = r, are all positive integers. But if we assume k > [, we will
have G : I+ 1~ 7+ k + 1, thus we see that ¢, > 0.

Assume k < [. Define a bijective map G:A,UA, — B, U B, by

a+k, 1<a<k; -
Gla)=<¢ a+k—1 r+l1<a<r+1l-—k;
at+k—Il+k=a+l,r+l—-k+1<a<r+k.

In this case, we see that for r +1 < §; < r + [ — k, we have that §; > é(c?z) = €.
Equation (810) holds instead, for such §; and corresponding ¢;. Thus, the coefficients
¢i’s, 2k +1 < i < r in Equation (8II)) are negative. In particular, we have that
¢ < 0.

Now we consider min {k,I} = 0. When [ = 0, this implies that » = s and
thus r = k = [ = s. Define a bijective map G : {1, ,r} — {r+1,---,2r}
as G(a) = a + r. Then clearly, a < G(a) and since G : r — r + s = 2r, all the
coefficients in Equation (8I1]) are strictly positive. In particular, ¢, > 0.

When k = 0, then we must have k= l_'+ [. Define a bijective map G that sends
atoa+k, for 1 <a <k Again, a < G(a) and because G : k +— r + s, all the
coefficients in Equation (8I1) are strictly positive. In particular, ¢, > 0. ]

Remark 8.18 When k = I, we see that ¢, = 0 in the proof, which implies that the
support in Lemma[8.14 is at {q= 0}. This will pose a problem later, when we try to
prove the Clustering Theorem [8.34. Hence, we do not consider this particular case.

When k=0 orl =0, then #™ = 0, which is trivial.

Remark 8.19 Assume the conditions in Proposition [8.17 hold. We will further
assume one of the following cases hold:

1. min {k,1} = 0; or
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2. min {k,1} #0 and k > I; or
8. min {k, [} #0, k<1l and 2k +1 < s.

When we assume one of the above 3 cases holds, Proposition [8.17 says that
sgn(cs) = sgn(c,). Then the supports described in Remark are on respective
positive and negative cones in energy-momentum space. The fact that the supports

are separated is key to prove the Clustering Decomposition Property, as demonstrated
in [3] and [22)].

In general, it is not true that

7 ({7 ATl ) = 27 ({Fedp i AT )

The commutation and anti-commutation relations in Lemmas 5.5, (.18 and (.20
hold only for real or purely imaginary functions respectively. Thus, we need to
consider in a similar fashion.

Remark 8.20 Proposition will imply that the above equality holds, provided
x;—xj#Oforanylngr andr+1<0<r+s.

Notation 8.21 For a natural number r, let the set X, :={1,2,---,r}. Decompose
X, into 2 sets Kk, Ky, i.e. k., UR, = X, and Kk, N K, = 0, one of it possibly empty.
Let Q. denote the set containing all such decompositions of X,..

Recall we have two sets {fi,---, fr} and {g1,-- -, gs}. Assume that each f; (g;)
is either real or purely imaginary. This defines 2 disjoint sets k, (7s), and R, (Ts),
whereby f; (g9;) is real if i € K, (j € ms), otherwise f; (g;) is purely imaginary if
i € Ry (j €ETs).

Then, we will write for (k,, k) € Q,., (ws,Ts) € Qs, tempered distributions such
that

W [1®r - ®r fr ®r 91 ®r - ®r g5 — (A7 P B{1,1),
W i 91 Or - Or gs @k f1 r - Or fr ¥ (CY DI, 1),

for these particular sets { f1,- -+, fr} and {g1, -+, gs}. Refer back to Equations (8.3)
and (87).

Remark 8.22 Recall from Notation[8.3, we have the sets {f1,---, f;} and{g1," -+ , gs}
Write for =1, ,r, fr = f_+1if,, whereby f =Re f: and f. =TIm f;. Simi-
larly, write for @ =1,--- s, go = g, + 19, whereby g, = Re gy and g, = Im gy.
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Refer to Notation[821. We can now understand

r+s r+s
[ o i) @) L
R4x---xR4 =1 it

r+s r+s

E n = \r - Yr+s o, .

C,‘Q,ﬂﬂ s / %T’ﬂ—s ({I’T} -1 {xe}e i1 q{ r 7rs} l‘ = ’
(kr,Rr)EQr R4x-.-xR4 =r | | 1 7
(7s,7s)ENs | | T

whereby for each integral term in the above sum, indexed by {K,, 75},
® . .. takes values in {+1,4+/—1};
o for1 <7 <r, q{m’m} is f_if T € Ky, otherwise qT’w’m} is f;
o forr+1<7<r+s, q{ﬁ’"’m} isg_ if T —r € g, otherwise qT““WS} 1S Gr_y-

To apply the commutation or anti-commutation relations in Lemmas [5.6] [5.15]
(.18 and to switch the variables, we need to assume regularity of the sets in
Definition 816l Making this assumption and using the above notations, we will have
the following lemma. The proof involves applying successively, the commutation and
anti-commutation relations in the lemmas, and the details will be left to the reader.

Lemma 8.23 Assume the two sets {i*="}"_, and {Pe"}5_,, r > s, both are
reqular. We have that

%ﬁ,ns ({fT}::la {fG}EiiH) i%’:,m ({M}e r+1) {fr}:=1) ) (8-16)

provided for any 1 < 17 < r, r—+1 §9 < r+4s, we have 0 # ¥, — Ty lies in
the hyperplane spanned by {P(pn)eo + H(pn)e1, ea,e3}. The + sign depends on how
many anti-commutation relations in Lemmas .13, [5.18 and [2.20 are applied.

8.2 Proof of Cluster Decomposition Property

Definition 8.24 Let o, @, be Schwartz functions on R* and R* respectively,
r > s. Define

W:A4Rjﬁmwﬂmﬂ)HWWM,

T=1
r+s r+s
T2n ZI/ H dﬂfe ©2 {xe}g r+1) : H 1/}697Nn<f9)-
R4X"'XR4€ r+1 O=r+1
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And define
A O Y
r+s r+s
S T RN (e R | )
Réx-xR% g

O=r+1

TS ({fT}:—szrl)

;:/R deT o2 ({7-}5-) - H (),

A XR4T 1 =1
whereby Yo" () is either ¢*~"(F,) or its adjoint operator. Likewise for pPe-r"(Zy).
We will need to assume the following:
e both the sets {4~} _, and {YPe"}s_, are reqular, as defined in Definition
[8.16;

o > _ x(T)+ £+f,+1 x(0) =0, i.e. there are an equal number of creation and

annihilation operators.

Suppose @ € R*. Define
7 (@) :=U
Ty (a) =U
By default, we will write T"" = T*(0). Define similarly
(‘T{L ({fT}::s+17 6) ) (‘Tg ({57'}::54—1’ 5) )

replacing T with T} respectively in the above formulas.

Refer to Definition R.241 Define

00 o'}
Jp— n . mn
T1 = E Cl,nTI y T2 = E C27nT2 y
n=1 n=1
e}

T ({2 o) = DTy ({2 )

n=1

72 ({fT}::s+1 . 20271 {xT}T s+1)

each {c;,}52, is a sequence of numbers in {2 space, such that > > |c;n[>C(pn)*

00, for any k£ € N.
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Remark 8.25 Note that for j = 1,2, |TF1]> = O(C(pn)), |T71)P = O(C(pn)).
Because for any k € N, Y °7  |¢;n|*C(pn)* < o0, we see that

(AT (- )17 <Y Clpn) ™ el IT7 (1) < oo, (8.17)
n=1

Similar bound for T;. This is required to prove the Clustering Decomposition Prop-

erty[8.32 and Clustering Theorem [8.3).
Indeed,

(T () T () 1,1)

= Z C1nC2n <U(?7a l)Tan(?ja 1)_1U(57 1)T2nU(fa 1)_117 1>

= chnczn (TPU(F — §,1)T31, 1),

which converges by Equation (8.17]).

Similarly,

(To ({7 @) To ({8, ) 1,1)
= Z C1,nCan <T§L <{f7'}::5+1’ f) I ({fr}::sﬂa .7]) 1, 1> )
n=1

which also converges.

Definition 8.26 Forad =1 —y € Sy, we will define
hiy (@) := (17" (y) P13 (1) 1,1)

Similarly, define (st =s+1)
hi, (@)

::/ H dz, (T3 ({Z: Vi, @) PoT7 ({@- }o_ye, ) 1, 1)
Rix- xR

</R4(r ; H dz, Ty ({7} _ ) U(=a, DT} ({23} _ ) 1, 1>

:5+

/]R4(T s) H de {xT}T S"') 1 1> <TS ({fr}:—:s+) 1, 1> .

r=st
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Using Definition B.IT], we will extend the definitions of A7, (@) and h3; (@), for
@ € Sy, to all of @ € R*.

From Equation (8.1), we will have (r* =r 4 1)
his (@)

::/R [ a2 7" (&3 A + a@Ytes) o ({2 Fm) w2 ({To )52 ) -

AxxRE T

(8.18)
Similarly, we will define (s = s+ 1)
h3, (d)
r+s
= [ TLde o (G ayss b o () o2 (105
RAx--xR* 75
(8.19)

Definition 8.27 Define for any a € R%,

h12 (6) = Z Cl,nCQ,nhlz (6) h21 (6) = Z Cl,nCQ,nhgl (5:) .
n=1 n=1

Definition 8.28 Recall from Deﬁmtzon@ we defined the set {H (p,), P(pn) }nen,
such that H(p,)? — P(py)? = m2, with m, > 0 as the mass gap in 7 (p,).

Let A, be a Lorentz transformation that maps the standard orthonormal basis
eq > fI = Ayeq, whereby f§' and fI* are

~

(p )€0+ (p )617 (p )€0+ (p )61
mn mn mn mn

respectively, and fzn = €9, fg = e3, which together spans the plane Sy.

Proposition 8.29 Write @ = (a™,a™), whereby a= = (a°,a'), a™ = (a?a®). If
wf —af #£at foranyl <7 <randr+1<60<r+s, then we have that

7" ({3 o AT + atpE ) = 0.
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Proof. It is not difficult to see from Equation (8I3]) that

v ({fr}::h {fﬁ +a giiﬂ)
r+s

_pidermn f§ H E(l‘g_) W ({xi}::p {ZL‘Z + a+}gii+1) ) (8.20)
0=1

zx(G)[zgl:Ifxép}
2T
Wy ({xj}::b {l’; + a+}gii+1) =" ({077 $i}::17 {07, x; + a+}gii+1) . (8.21)

e

whereby E(z,) = E(x), z5) = and (0~ = (0,0))

Because we subtract off (A'1,1) (B7'1, 1) in Equation (83]), we see that ¢ defined
in Equation (82]) is non-zero, iff there exists a set A; € ) which contains both r
and r + 1. From Equation (87), we have that #{" = 0, if f — z; # a* for any
1<7<randr+1<60<r+s, and this completes the proof. ]

Remark 8.30 From Item[2din Lemmal8.13, we see that #™ = 0 iff for any partition
Q ={A1, ..., Ay} €T, there exists some 0 # r such that {0,0+1} C A; for some

1 <1< n(Q) and & # 0, or & # a.

Corollary 8.31 Refer to Definition [8.28. Recall the sets k, C {1,---,r}, ms C
{1,---,s}, as explained in Notation 821

Suppose
W v (E o AT + @tp,0) = 2770 ({00 + Yl {37300)

holds for any space-like vector a = aofgl +a2f2" +a3fgl. Then it is necessary and suf-
ficient that #," . ({Z Yy {Zs + aYytl,)) and #7,. ({Zs + @}y, {Z 1) both
must vanish.

Recall from Definition B.3] we defined the norm || - ||,, for Schwartz functions
on R* We can generalize this definition, for a Schwartz function defined on the
Euclidean space R", for any r € N.

By considering hjy — hoy, we can mimic the proof of Theorem 3-4 (Cluster De-
composition Property) in [3], or the lemma in [19], to prove that |his (@)] decays at
the rate of ﬁ for |a*| large and for any p € N. However, using Lemma 823 is
inadequate to prove this result. We instead need local commutativity as given by
Corollary [R.3T] and assuming one of the 3 cases hold in Remark [8.19] to prove the re-
sult. We will however, prove the following slightly stronger result, using Proposition
and without assuming any of the cases in Remark hold.
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Theorem 8.32 (Cluster Decomposition Property)

Recall mq is the mass gap of the 4-dimensional quantum Yang-Mills theory. Suppose
the assumptions in Definition hold, i.e. regularity of the two sets and equal
number of creation and annihilation operators. Let d = Zgzo a’ey be a space-like
vector, with a= = (a°,a') and at = (a* a®). Then, we have for some positive
constant C,

|hia (@)| =

o0
Z C1nCon s (@)
n=1

C

— mb+ |at]k

(o1 lp.all 02 llpa) (8.22)

for any k,l € N, provided p,q € N are large enough.

Proof. Recall thesets k. C {1,--- 7}, ms C {1, -+, s}, as explained in Notation

R.21l Consider the real vector spaces Y, and Y,,, each spanned by tensor products
of functions of the form

[iOr fo@r---Qr fr and g1 Qr- - Qr gs

respectively, whereby each f; (¢;) isrealif i € k, (j € m,), purely imaginary if i ¢ x,
(J ¢ ms).

Instead of proving the result for general ¢;’s, from Equation (817, it suffices to
prove it for ¢ € Y,;, and ¢, € gﬂs, whereby we need to change the definition of hf,,
by replacing #" with %, _in Equation (8.IS).

Without any loss of generality, we assume that C'(p,) > 1, otherwise we can
replace C'(p,,) in the following inequalities with (1 4+ C(p,)) instead. Write

o ({Zo}pl1) = o1 ({7 }21) ®r 02 ({T0}5554) -

Let ¢~ = (¢°, ¢*) be coordinates pertaining to the {eg, e;} basis, with z7 - ¢- =
—22¢% + 21¢}, and define the following partial Fourier Transforms,

T (e rts

A CUANE Ay Y ':AerT'w ({ar . 2l 3o Hdl“w

8.23
7"+8 T _ZX(G Yo o 7’+s = ( )
({%7 ol r+1 : / H T P2 ({359, ol r+1 H dzy
2 O=r+1 O=r+1

and

({qT y Lr }TJFS) =P ({qq— y U }T 1) 902 ({q6 » L gif’—f—l) :
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Suppose we let H; = (H(p,), P(pn)) and recall we defined #{" in Equation
(B21). Then, we see that

hiy(a)

r+s

_ e—iCrMna~f(§l/ Hdl‘+ V/n ({x+}T 1 {"Eé) + a+}g+i+) ({Hn ,:E;" :-l—s) ’
RQ(r+s)

which shows that it is a constant in the fI* direction.

Since the Fourier transform of a Schwartz function remains a Schwartz function,
we see that for some n € N, independent of n,

16 ({ay 22 15)| < Clpn)” 19 N 7

o1 (a8 + lag )2 + (| + |

for some k > k, [ > I large enough. In particular, (H(p,)?+ P(pn)?)"2 > ml. Thus,
we have that

|| @ ||;;i
ZrJrs ( i 32)16/2

There exists a set containing polynomially bounded continuous functions {G7, :
0 < |m| <N}, such that

} ({ n> 9 TJFS)’ SC(pn)ﬁ

r+s

,zcrmna f0 Z / H derDmGn {er}:Jrsh ) ({H er r+s)
<N RQ(T+S)
=hi, (d@)
and
> DTG (e Yitia™) =75 ({af Yo {ag +a}0)
|| <N
with

~ r+s v/2
Yo 1GH ({5 a®) < Clpa) [lat]® + (ZI@“+ 2) ,

[m|<N
for constants k&, av, v, all independent of n.

Choose Ry = |a™|/2 > 0, because a is space-like. For 0 < € < |a™|/2 small, the

set
r+s

{R > Ry — €} :== {{x+}r+5 ; Z |25 |? > (Ry — €)? } C R2Ar+s),
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Hence, we can apply Proposition 29 and D™G™ (-;a™) vanishes on its comple-
ment. Thus we have
r+s

Z / [t D76 (7 5i) (a7 )
R(T-FS)

| <N

r+s
=S / [Tdet DTG ({1 a%) & (o 1it5) -
{R>Ro—¢} .

|| <N

Using spherical coordinates,

hi (@)

r4+s

S R | G Y (e B (G ]

| <y AR>Ro—e} =

< C(pn)[(/ UaJr‘a + R’q H % ”p,q 7R2(T+S) deQ,
(R>Ro—c} (r +s)|my|t + Rt R
for some norm || - [, 4, and k1, [ can be any natural numbers less than p, ¢. And

K > k + n is some natural number, independent of n.
By choosing p > k+1, ¢ > [ and K large enough, we see that the above inequality

is less than some positive constant times

oyl 1 bl 0 I
on) o

)

for any |a™.

Since the above equation holds for any non-compact ¢;, we have for each n,
Witz (T o AT + kL) — 0,

as |a*| = |(a?, a®)| — oo, decaying at the rate of for any power k,l € N.

mp, + |a* ¥

For some fixed integer K > 0, C = O (Ele |cl,n027n\C(pn)f(> from Equation
®I7). Since my < m,, for all n € N, we have

h12 Z |Cl nC2 n‘ h'y 6)
C
< e ol 2 o).
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Notation 8.33 Refer to Notation[84. Let 2, denote the set consisting of partitions

in I', such that Q@ = {Ai, ..., Ay} € ., iff there exists a (unique) 1 < z < n(Q),
such that both r,r+1 € A,.

Recall H, = (H(pn), P(py)). Write for 1 <i < n(Q), ng :=0, n; = 22:1 | Akl
and

(.

|A;| copies of (H,f,yj)
Refer to Equation (8.23) for the notations

o1 ({Hy ot ¥ooy)  and @ ({Hy oy bpts,,) -

For a given partition Q = {Ay, ..., Ay} € b, we will write

955,1 ({x;}g:nzfﬁ-l)

z—1
= /RQ( , dej@ ({yj}ml\’ {y]{r}\AQI’ - ,{y]f}mz_l\’ (H7 afYoo, ).
=t

Similarly, for m, :=r+s—> ;_, |Ax|, we will write (z* =z+1)

956,2 ({x;};n:zﬁ)

n(Q)
= /R2( o dy; Py ({Hg,x; ZZW {y;‘}\AZ+|’ {y;L}\Azml’ o ’{y;‘}\An(Qﬂ) ]

+

Note that {n,_1+1,--- ,r,r+1,--- m,} = A, € Q. Finally, we will write
@51@:) = 95571 ({xj}gznz,lﬂ) ) %,z(fch) = 955,2 ({x;rﬂ}gb:zrﬂ) .

From Equations (8.7) and (818), we will leave to the reader to verify that for
any @ = (a",a") € R,

h12<6) — giermnd-fg Z cQ /R2 dx™ @g,l(er)@gz(er . a+)
Qe

=l Y [ ot [ ety e 0t - 5 palet), (520
Qe R R

whereby ¢ is Dirac delta function. Note that the coefficients cg were defined in

FEquation (8.2).
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Theorem 8.34 (Clustering Theorem,)
Suppose the assumptions in Definition [8.24] hold with ¢; is compactly supported for
i =1,2. Assume that 0 # ¢, in Equation (811).

Recall mq s the mass gap of the 4-dimensional quantum Yang-Mills theory.
There exist positive constants €, C, and p;,q; € N for i = 1,2, such that

b1z (@)] = ) ernanhly (@)
n=1
efmo\aﬂ
< Cm | @1 llpraill @2 llpzas (8.25)

provided |at| > €, with € depending only on the support of p1 and ps. And, C =
@) (Zzo:l \cl7n027n|0(pn)kem0€) for some fized integer k > 0. Note that a™ = (a2, a®)

are coordinates with respect to {es, es}, spanning the x? — 2* plane Sy.

Proof. Just like in the proof of Theorem [8:32] it suffices to prove it for p; € Y,
and ¢y € gﬂs. Recall in Definition B28, we defined a new basis {f7}3_,, which
depends on the representation p, on g. Let (a°, a', a?, a®) be coordinates with respect
to {f™}3_,. Further recall that h?, is independent of the a' coordinate, so we will

henceforth write h7, (@) = hiy(a®, a™), a™ = (a?,a?).

Define

D(p1,2) = {Z, — o € R*| {Z,}/_, € supp 1, {Fo}y 5., € supp ¢a},

and consider orthogonally projecting it onto the x> — x3 plane spanned by {es, e},
this projected set denoted by DP. It is bounded.

Denote a compact set D!, which is the convex closure of D°, which lies in the
plane spanned by {es, es}. Then, we see that there exists an e such that D; lies in
an open disc of radius ¢, center at the origin.

Let ngﬁbe any compact Schwartz function on R. Consider the following elliptic
equatio

o 7 0 ol 0 0 1
(e =) ol )= (3 g | Wt = it ot
1=0

3We used an elliptic equation, because the total energy squared is then given by (c,my)? +
2?21 ¢"?%, which is mass squared plus total momentum squared. The generator for translation in
the time-like direction f, is given by the mass eigenvalue —c,m,,, and not energy eigenvalue.
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Refer to Notation B33l We leave to the reader to verify from Equation (8.24]),
(rt=r+1)
U,(a°, a) = ™ G(n; a), and

G(n;a)
= Yo [d [ dnde g (a)Gula! — €5t + )l ol€),

Qe

whereby G,(a* — &2, 2t + a™) is a Green’s function that solves

3
62
<_(C7"mn)2 + E 8(li’2> G ((l _g "L‘r 7xr+1 ta ) - 5(0’1 - Sl,l’:_ - x:_—i-l - (l+)
1

=0(a—¢&),
whereby 4 is the Dirac delta function, a = (a',a™) and & = (£4,&5) = (¢, 2 —
+
xr—l—l)'

Write w = |e,m,,| # 0 and ¢ = (¢*, ¢%, ¢*) be the momentum coordinates dual to

a = (a',a?,a®). Using Fourier Transform techniques, the solution is given by

eiq' (afg'f)

1
Gpla' =&Y at af  +a — dg ——.
( g r r+1 ) (271_)3/2 /[[{3 q w2 + |q|2
Note that the integrand is invariant under spatial rotation. Without any loss of
generality, we can assume that (a — &) = (a' — &', at — &) lies in the z°-axis, or in
the e3 = f positive direction. Hence, q-(a—¢&,) = |q|R cos, whereby R = |(a—&,)]
and @ is the azimuthal angle a vector in 3-dimensional space makes with the positive

x3- axis.

Integrate out the polar and azimuthal angles in spherical coordinates, we have

1 1 [e8) ezRA o e—zR)\
G((l —5 [L'T,IL'T+1+(1, ): (27‘(‘)1 /(; )\Wd)\

B 1 1 /oo A iR I\
~ (2m)Y%iR A —iw) A +iw)

We will evaluate this integral using Cauchy’s Residue Theorem, by considering
an upper semi-circle, which contains a simple pole at z = 1w in its interior. We
choose the upper semi-circle because on the upper half plane, |e**| < 1 has an
exponential decay. Finally taking its radius to be infinity, the result is that the
integral is equal to

2mi 1 dwe @ e~ Blermn|
Gula! = &l 07) = (o mp, = VAT g
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with B2 = [al = €12 + |a? + €22 +]® + €3]
Therefore, (Gp(a — &) = G, (a' — &5 27, 27 +a™))

|hiy(@)g (a')| = ' [6@072 - ?] U, (a’, a)

co [ de [ a7 Gy )Gala =) [(ema)? + 7] Gl o(e)

= e—molat+at—yT|

1
< m%é&ﬁﬂW+ﬂwwﬂ~5W+ﬁ_m

x/df@%@ﬂw/dfummf+ﬂ¢@uﬂQ
RQ RQ

e—mo\aﬂ

< Cpn) €™ || g llpsas | 91 llprar | 92 lpaas 'ma

for some natural numbers k, p;’s, ¢;’s, provided |zt — yT| < € < |a*]| is large
enough. Note that all these natural numbers are independent of n, a™ and the
Schwartz functions. We can assume that C(p,) > 1, otherwise we will replace it
with 14+ C(p,) in the above inequality.

Because the above inequality holds for any compact Schwartz function g : R — R
and any a' € R, we have the inequality

e—mo|a+|

[Py (@)] < Clpn)*e™ | @1 llprall €2 lpaas Jat[—€

for |at| > e.

Since the above inequality holds for any n € N, we see that Equation (8.25)
follows immediately from triangle inequality and Equation (8.17)). [ ]

Remark 8.35 When the space like separation @ lies in the x*> —x3 plane or Sy, then
hi2(@) is equivalent to the vacuum expectation (T (§) PoTy' (Z) 1,1) from Definition
[8.26. Suppose we are given two sets of cluster points {Tp € R*}5_,, {7, € R}5_,,
and project them orthogonally onto Sy, as A = {zy € So}p_y, B = {yf € So}i_,
respectively. Clustering Theorem hence says that the vacuum expectation decays
exponentially, at a rate dependent on the mass gap mq, provided the space-like sep-
aration a’es + a’es € Sy between A, B C Sy, is large enough. In other words,

[ (@30, (T + @ty )| < Cn)emole™,
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for some constant C'(n) dependent on n, and a™ larger than the space-like separation
between the two sets in Sy.

Note that Equation ([8.23) holds, even for space-like distance |a™| small and close
to zero. When there is no minimum mass gap myg, the given upper bound is not
meaningful for small |a™|. For |a*| small and for each component mass gap m, > 1,
we see that the heavier the mass gap m,, the faster is the rate of decay. Of course,
when |a™t| is large, then the impact of mg to the inverse power decay law is minimal.

An inverse power decay is definitely not as rapid a decline, as an exponential
decay, which was proved in [22]. They showed that the decay is at most We_mo‘“ﬂ,
which is stronger than our result. But do note that the authors proved exponential
decay, by using a homogeneous wave equation, for the cases when 1, Yo are both
compactly supported, and the space-like separation needs to be greater than some e.
In contrast, we used an elliptic equation, reason given in the footnote. Any of the
three cases in Remark [8.19 will imply that ¢, # 0. The rate of decay ﬁe*mo‘“ﬂ
which we have shown, is asymptotically the same as the Yukawa potential, who used
it as a basis to describe the nuclear force. Refer to [9].

For large space-like separation, an exponential decay will be a lot faster than the
inverse power decay given in Equation (822). But for small space-like separation,
an inverse power decay might be better.

Local commutativity in Wightman’s last axiom allows us to define a Lorentz trans-
formation A, in Definition [828, which implies an exponential decay e~ but
depending on each n € N. We will need a Yang-Mills path integral, to prove the
existence of a minimum positive mass gap mg < m,,, which gives us a best possible
exponential decay e=™1"1 independent of the representation pn on the simple Lie
algebra g, for the vacuum expectation.

A Surface Integrals

Let o = (09,01, 09,03) : [0,1]> = I — R* be a parametrization of a surface S C R%.

Here, 0’ = 0o /0s and ¢ = o /Ot.

Definition A.1 Fora,b=0,1,2,3, define Jacobian matrices,
- o,(s,t) 04(s,t
(S 0). ot

and write |J%| = \/[det J9]2 and W< .= J2,J%7", a,b,¢,d all distinct. Note that
e = (W)™
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For a,b, c,d all distinct, define p? : 1> — R by
1
P = = || : (A.1)
\/ det |1+ W W] \/ det | J5" T, + J5" Jg)

oo

which s independent of the parametrization o used.

Z/ b(s,t)].J%|(5,t) dsdt,

0<a<b<3

We leave to the reader to check that | g dp gives us the area of the surface S.
Area of a surface is invariant under spatial rotation, but it is not invariant under
boost.

To construct an unitary representation of the Lorentz group, we need to consider
imaginary time axis. Instead of using p® as defined in Equation (A1) by some
parametrization o for S, we will replace the time component oy with imaginary
time 20y.

Definition A.2 Let o : [0,1]2 = I? — R* be a parametrization of a surface S C R*.
Fora,b=0,1,2,3 and a < b, define Jacobian matrices,

, gb(svt)a a 7é O;

- B ) g

(s,t) = (wa(s,t) wa(s,t)) Ca=0.
Tp

(s,t) ap(s,t)

For a,b, c,d all distinct, define p2° : 1> — C by
det .Jo,

=
\/det o g+ I

9

and

= / )[det J7, ()] ds,

/ 0<a<b<3
Jan=[ |3
12

b(5)[det J7] ()| ds.

0<a<b<3
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We will also write
a(8) = Y (3)[det JG)(3),
0<a<b<3

Bel(3) =| Y p(8)[det JG](3)|.

0<a<b<3

Lemma A.3 Let S be a compact time-like or space-like surface, contained in a
plane. Then fs dp and fs d|p| remain invariant under any Lorentz transformation

A:S— S=AS, A isadx4 Lorentz matriz.

Proof. Let o : I? — S be a parametrization of S. Then 6 = Ao is a parametriza-
tion of S = AS. We leave to the reader to verify that

> Alldet S = Vo oo 6] — o7 - o,

0<a<b<3

Since ¥ - ¢/ is invariant under Lorentz transformation, we thus have
Y. AldetJGl= Y pPldet J7)
0<a<b<3 0<a<b<3
This shows that [;dp = [gdp and [ d|p| = [, d|p]. ]

Remark A.4 1. When S is a surface in spatial R?, we see that [ d|p| = [ dp,
which is the area of the surface S.

2. Note that fs dp 1s complex valued.

3. As a consequence, when S is a space-like surface, fs dp is real; when S is a
time-like surface, fS dp is purely imaginary. That is, fS dp = ifs d|pl.

4. By definition and from the proof, we see that p, = pas+a, for any Lorentz
transformation A and any vector a.

B Lorentz transformation of a space-like vector

Lemma B.1 Let S be a space-like rectangular surface contained in a plane. Without
loss of genemlz’ty, we assume a pammezfm’zatz’on of S given in Definition (2.2 From
Definition 2.3, we can define a basis {f,}3_

Let 0 #£ v be a space-like directional vector lying in the time-like plane T + S,
ie. U = sfo+5fi € S, whereby |5| > |s|, and & € S. There exists a finite
sequence of translations and Lorentz transformations, which depends on X, U, such
that v € T+ S — —T e T+ 9.
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Proof. First, assume that S contains the zero vector. Without any loss of
generality, we assume that S is parametrized according to Definition 2.2l with @ = 0.
From this parametrization, we can define {f,}3_, as in Definition 27, and it is easy
to see that we have a Lorentz transformation A which sends A : fa > eq, for
a=0,---,3. Hence, AS C S,.

Then, AZ = Ei:o 1%, = x2es + 23e5. Let R; be a rotation about z-axis, and A
be boost in the e; direction, that sends

A seg + Seq — |sgn(s)Vs? — 52] e,

whereby sgn(s) is the sign of s.
Then, we have
F+0=sfo+sfh+a°fr+2°fs
—x (5,5,2%, 2°%) = seg + 5ey + 2%eq + 1les
—a (0,5gn(5)V32 — 52, 2%, %)
—p, (0,5gn(5)V222 + 52 — 52,0, 2°)
—p, —(0,5gn(5)Va22 + 52 — 52,0, 2%)

—> A1 —Sfo — §f1 + I‘Qfg + xsfg.

Hence, we have

A(#,0) := A' Ry AT Ry Ry Ry A,

which sends ¥ € ¥ + S* — —v € ¥+ S°. Note that all the rotations depend on #
and v, except Ry and Ry, which rotate by angle 7w radians.

Suppose S~ does not contain the origin. Then, we consider S = U(—a, 1)5,
whereby @ € S. For any space-like vector 7 € Z + S°, we can map ¥ — —7, using
the above transformations. Finally, apply U(d, 1) to translate back to S. [ |

Remark B.2 On the 2*>—x2 plane or Sy, any two points on it is space-like separated.
Clearly, there is a Lorentz transformation (rotation) which transforms p € Sy —
—p € Sy. In general, we see that there is a sequence of translations and Lorentz
transformation which transforms p € S — —p € S, for some space-like plane S.

On a time-like plane S, we do not have a rotation in the Lorentz group that maps
a time-like vector p € S — —p € S. It is not possible to do time and space inversion
simultaneously for a time-like vector using Lorentz transformations.
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Lemma B.3 Refer to Definition[Z3. Let S° be a time-like plane spanned by {fo, fl}
Fiz a time-like vector u € S°. For any time-like or space-like vector v € S, there
exist a ¢, 0 depending on u and v respectively, such that

veu=sinn(o )= (S0~ ) - (1)

when v s space-like; and

B _ ( cosh(¢ —0) 1
v-u=—cosh(¢—0) = <sinh(¢—9)) . (0),
when v is time-like.

Proof. Any vector on S” can be represented as a 2-vector (a,b)”, which are the
coordinates with respect to the basis { fy, f1}. Define

cosh 6 sth) ' (B.1)

A(0) = <sinh9 cosh 6

For a time-like vector, we will write it as A(¢)(1,0)T. For any space-like vector, we
will write it as A(0)(0,1)T. Then, we have

0 1) [ sinhf cosh ¢
A(9) (1> - A9) <0) o <cosh9) . <Sinh¢>
= — sinh € cosh ¢ + cosh 6 sinh ¢ = sinh(¢ — )
~ ( cosh(¢ —0) 0
~ \sinh(¢—6) ) "\ 1 )"

A similar calculation will show that
A0 () 0 () = oo -0 = (0270 )- ()

From the calculations, when 6 = ¢, we see that e " = cos(0) = 1, which is real.
This happens when v is space-like, u is time-like. However, if both are time-like or
both are space-like, then we have ™™ = cos(u - v) — isin(u - v) # 1.
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